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Commande par modes glissants en temps disretave suppression du phénomène de �hattering�Résumé : Ce travail onerne la ommande par modes glissants en temps dis-ret. L'aspet multivalué est pleinement exploité, e qui permet de supprimer lehattering dû à la disrétisation en temps, et d'autre part d'atténuer les pertur-bations par un fateur h (h le pas d'intégration ou la période d'éhantillonnage)ou par un fateur h2. Les méthodes d'Euler impliite et ZOH (zero order holder)sont étudiées.Mots-lés : sliding-mode, bakward Euler method, zero-order-hold method,disrete-time sliding mode, disturbane ompensation, twisting ontroller



Chattering-free digital sliding-mode ontrol 31 IntrodutionSliding-mode ontrol is an important �eld of feedbak ontrol, with many ap-pliations, see e.g. [6, 15, 19, 22, 27, 28℄. The issue related to the digi-tal de�nition and implementation of sliding mode systems, has been the ob-jet of many works sine the publiation of pioneering works [9, 20℄, see e.g.[4, 12, 17, 27, 31, 28, 24, 25℄. It appears however that suh ontrol methods arenot yet fully understood and their implementation is still prone to serious prob-lems like numerial hattering [13, 30, 14, 18, 16, 29, 28, 32, 5℄. The objetiveof this paper is threefold: a) to show that an impliit Euler ontroller permitsto numerially implement the multivalued part of disontinuous sliding-modeontrollers and onsequently suppress the numerial hattering that is presentin the expliit implementations, b) to extend it to the ase when one part ofthe state is observed, ) to show that when a disturbane ats on the system(full-state or partial-state feedbak) the numerial hattering is still suppressedand the disturbane is rejeted. By disturbane rejetion it is meant that in theideal (analytial) ontinuous-time system, the disturbane is exatly rejeted,while in the digital implementation it is attenuated by a fator h where h > 0is the sampling time. The major features of the impliit ausal disrete-timeinput are on one hand that the ontinuous-time system sliding surfae (thatmay be of odimension larger than one) is not hanged after the disretization,on the other hand a �nite sampling frequeny is su�ient to assure the slidingmotion of the disrete-time system, and �nally the hattering e�ets observedon expliit ontrollers (named the numerial hattering) are suppressed.De�nition 1 The numerial hattering orresponds to the osillations (limityles) whih are solely due to the digital implementation of the ontroller.De�nition 2 The disturbane hattering orresponds to the osillations thatan appear due to a high frequeny disturbane ating on the system.A �rst fundamental step is to eliminate the numerial hattering with theappliation of a suitable impliit disrete-time ontroller. The disturbane hat-tering will not be eliminated in the system's state around the sliding surfae, butthe disturbane is attenuated by a fator h (of a fator h2 on the system's po-sition for an order-two system). In pratie it is expeted that this orrespondsto a high ompensation of the disturbane. The ontrol input obtained by theimpliit method is not of the bang-bang type when the state evolves on the slid-ing surfae. On the ontrary it is a ontinuous input whih evolves inside themultivalued part of the sign multifuntion (the multivalued part orresponds inthe Filippov ase to the set representing the losed onvex losure of the vetor�elds on the swithing surfae, whih is a segment if the odimension is equalto one).De�nition 3 Let h = tk+1 − tk > 0 be the sampling period, k > 0. An m-disrete-time sliding surfae Σd is a odimension m subspae of the state spae,suh that the disrete state vetor xk
∆
= x(tk) satis�es xk ∈ Σd for all kmin 6

k 6 kmax, kmin < kmax − 1, kmin > 0. Moreover this holds whatever h > 0.A very attrative feature of the digital method based on the impliit Eulermethod is that the numerial sliding surfae Σd and the ontinuous-time slidingRR n° 7326



Chattering-free digital sliding-mode ontrol 4surfae Σc satisfy Σd = Σc: the disretization does not modify the sliding surfae[1℄. If, for instane, Σc = {x ∈ IRn | Cx + D = 0}, C ∈ IRm×n, D ∈ IRm, then
Σd = {xk ∈ IRn | Cxk + D = 0}. The ontrollers whih are designed in thispaper onsist of the stabilization of an unperturbed nominal plant, oupled tothe plant's dynamis (see �gure 1). Both the nominal and the real plant haveto be disretized with the same method (impliit Euler or zero-order holder).

nominal system
τk+1

−τk+1

xk

−

disrete-time plantϕk+1

solverequationgeneralizedFigure 1: The disrete-time losed-loop system.The paper is organized as follows: setion 2 is dediated to the analysis ofa simple �rst-order system, without and with disturbane ompensation. Anextension to higher-order systems is also presented, with the Euler and the ZOHmethods. In setion 3 seond-order systems are treated and several types ofontrollers are analyzed. In all ases the ontinuous-time system is introdued,then its time-disretization is studied, and �nally simulation results are shown.Conlusions end the paper.Notation: In the sequel sgn(x) is the multivalued sign funtion: sgn(x) =






+1 if x > 0
−1 if x > 0[-1,1℄ if x = 0

. Let K ⊂ IRn be a losed non empty onvex set. Thenormal one to K at x ∈ K ⊂ IRn is NK(x) = {z ∈ IRn | zT (y − x) >

0 for all y ∈ K}. Let M = MT > 0 be an n × n matrix. For any x ∈ IRn and
y ∈ IRn, one has
−x+y ∈ M−1NK(x) ⇔ x = projM (K; y) ⇔ x = argminz∈K

1

2
(z−y)T M(z−y)(1)where projM(K; y) denotes the orthogonal projetion of y on K in the metride�ned by M . For any reals x and y, one has

x ∈ sgn(y) ⇔ y ∈ N[−1,1](x). (2)For x ∈ IRm, Sgn(x) = (sgn(x1) ...sgn(xm))T , ||x||∞ = max(|x1|, ..., |xm|),
||x||1 =

∑m
i=1 |xi|. For any matrix M and vetor x, the norms ||M || and ||x|| aresupposed to be ompatible norms so that ||Mx|| 6 ||M || ||x||. For a funtion

f : IR → IR one has ||f ||∞ = esssup
t∈IR|f(t)|. In is the n × n identity matrix.RR n° 7326



Chattering-free digital sliding-mode ontrol 52 A �rst-order systemWe analyze in this setion the simplest ase to illustrate how the method works.Two ases are treated: without and with disturbane ompensation (in theontinuous-time system). The basi ideas are illustrated on a simple �rst-ordersystem.2.1 The ase without disturbane ompensationLet us start by onsidering the following basi sliding mode system:
{

ẋ(t) = −aτ(t) + ϕ(t)

τ(t) ∈ sgn(x(t)),
(3)where ϕ(·) is the perturbation suh that ‖ϕ‖∞ < ρ < a. The ontrol input ishere u(t) = τ(t). It may be seen, in the language of di�erential inlusions theory,as a seletion of the set-valued right-hand-side of the system. Choosing orretlythis seletion is the objet of the following disretization. The system (3) has

x = 0 as its unique equilibirum point, whih is globally asymptotially stableand is reahed in �nite time (this may be shown with the Lyapunov funtion
V (x) = x2). The disrete-time sliding mode system is implemented as follows:











x̃k+1 = xk − ahτk+1

τk+1 ∈ sgn(x̃k+1)

xk+1 = xk − ahτk+1 + hϕk+1

(4)The �rst two lines of (4) may be onsidered as the nominal unperturbed plant,from whih one omputes the input at time tk. The third line is the bakwardEuler approximation of the plant, on whih the disturbane is ating. One has
u(t) = τk+1 on the time-interval [tk, tk+1).Proposition 1 Suppose that the initial state in (4) satis�es |x0| > ah > 0.Then after a �nite number of steps k0 one obtains that x̃k = 0 and xk = hϕkfor all k > k0. In other words, the disturbane is attenuated by a fator h.Moreover the approximated derivative of the state satis�es xk+1−xk

h
= ϕk+1−ϕkfor all k > k0 + 1 whereas x̃k+1−x̃k

h
= 0 for all k > k0. The ontrol input takesvalues inside the sign multifuntion multivalued part on the sliding surfae forall k > k0.Proof: The generalized equation x̃k+1 = xk −ahτk+1 and τk+1 ∈ sgn(x̃k+1)is found to be equivalent, using (1) and (2), to the inlusion τk+1 − xk

ah
∈

−N[−1,1](τk+1) whih is equivalent to τk+1 = proj([−1, 1]; xk

ah
). Thus one ob-tains:� If xk > ah then x̃k+1 = xk − ah and sgn(x̃k+1) = 1,� If xk < −ah then x̃k+1 = xk + ah and sgn(x̃k+1) = −1,� If 0 > xk > −ah then x̃k+1 ∈ (0, ah), and sgn(x̃k+1) = −1,� If 0 < xk < ah then x̃k+1 ∈ (−ah, 0), and sgn(x̃k+1) = 1.RR n° 7326



Chattering-free digital sliding-mode ontrol 6From the above we infer that:� If xk > ah then xk+1 = xk+hϕk+1−ah = xk+h(ϕk+1−a) < xk+h(ρ−a).Sine ρ − a < 0 the state is stritly dereased from step k to step k + 1.� If xk < −ah then xk+1 = xk + hϕk+1 + ah = xk + h(ϕk+1 + a) > xk +
h(a−ρ). Sine a−ρ < 0 the state is stritly inreased from step k to step
k + 1.One dedues that if the initial data satis�es |x0| > ah then after k0 =

⌈ x0

h|a−ρ|⌉ steps one gets x̃k0
= 0. Indeed at k0 the state xk reahes the interval

(−ah, ah) and then the unique solution for x̃k is zero. From x̃k0
= 0 one deduesthat |xk0

| < ah. To ompute the next value of x̃k one has to solve the generalizedequation
{

x̃k0+1 = xk0
− ahτk0+1

τk0+1 ∈ sgn(x̃k0+1),
(5)whose unique solution is found by inspetion to be x̃k0+1 = 0 1. The reasoningan be repeated to onlude that x̃k = 0 for all k > k0. Therefore x̃k+1−x̃k

h
= 0for all k > k0. Now let us assume that for k > k0 we have

x̃k+1 = xk − ahτk+1 = 0, k > k0, (6)that is
τk+1 =

xk

ha
. (7)In this ase, the state xk+1 is given by

xk+1 = hϕk+1, (8)and therefore
xk = hϕk, τk+1 =

ϕk

a
for all k > k0 + 1, (9)so that xk+1−xk

h
= ϕk+1 − ϕk for all k > k0 + 1.

�Notie that the bakward (or impliit) Euler disretization of the unper-turbed plant oinides for (3) with the zero-order holder (ZOH) disretization.Considering the perturbed plant, the only di�erene between (4) and the ZOHdisretization is that hϕk+1 beomes ∫[tk,tk+1)
ϕ(t)dt. And hϕk+1 in (8) and (9)has to be replaed by ∫

[tk,tk+1)
ϕ(t)dt < ah. The attenuation of the disturbanestill holds with the ZOH method. In other words the state x(·) of the plantsatis�es x(t) =

∫

[tk,t) ϕ(t)dt 6 hρ. In a more general setting, the disretizationof the ontroller and the disretization of the plant have to be the same (bothimpliit Euler, or both ZOH) in order for the disturbane attenuation to hold.Notie that the above shows that Vk = |x̃k| is a Lyapunov funtion for thenominal system.1The underlying ruial property that makes this hold is the maximal monotoniity of thesign multifuntion.
RR n° 7326



Chattering-free digital sliding-mode ontrol 72.2 The ase with disturbane ompensationLet us onsider the ase with disturbane ompensation. Let us de�ne ˙̂x(t) =
−aτ1(t), τ1(t) ∈ sgn(x(t)), e = x − x̂, and the ontroller u = −asgn(x(t)) −
αsgn(e(t)), a > 0, α > 0 and a < α. Thus the losed-loop system is given by:



















ẋ(t) = −aτ1(t) − ατ2(t) + ϕ(t)

ė(t) = −ατ2(t) + ϕ(t)

τ1(t) ∈ sgn(x(t))

τ2(t) ∈ sgn(e(t)) (10)where ϕ(·) is a disturbane suh that ‖ϕ‖∞ < ρ < min(a, α). The �xed point
(x, e) = (0, 0) of the system may be shown in a rather standard way [27℄ to beglobally strongly asymptotially stable with the nonsmooth Lyapunov funtion
V (x, e) = |x| + |e|. Moreover, the system attains in a �nite time the slidingsurfae e = 0 where it evolves aording to the sliding dynamis ẋ(t) = −aτ1(t)+
ϕ(t). The ondition a < α implies that the origin is not attained diretly, but�rst the system slides on the surfae e = 0. On this surfae it is apparent from(10) that the dynamis in x evolves as a disturbane-free system. The disretesliding mode system is implemented as follows:



















x̃k+1 = xk − ahτ1,k+1 − αhτ2,k+1

ẽk+1 = ek − αhτ2,k+1

τ1,k+1 ∈ sgn(x̃k+1)

τ2,k+1 ∈ sgn(ẽk+1),

(11)and the update proedure representing the plant dynamis is given by:
{

xk+1 = xk − ahτ1,k+1 − αhτ2,k+1 + hϕk+1

ek+1 = ek − αhτ2,k+1 + hϕk+1.
(12)Proposition 2 Assume that |e0| > αh > 0. Then after a �nite number of steps

k0 one obtains ẽk = 0 and ek = hϕk+1 for all k > k0. Let |xk0
− hϕk0+1| >

ah > 0. Then there exists k1 < +∞ suh that x̃k = 0 for all k > k0 + k1 and
xk = hϕk for all k > k0 + k1.Proof: From (11) we have

{

ẽk+1 = ek − αhτ2,k+1

τ2,k+1 ∈ sgn(ẽk+1),
(13)whih is exatly the �rst two lines in (4). Therefore the onlusions drawnfor (4) apply, just replaing a by α. Thus the ek−dynamis is ek+1 = ek −

αh proj([−1, 1]; ek

αh
) + hϕk+1. After k0 the disrete trajetory evolves on thesliding surfae ẽk = 0 while τ2,k+1 = ek

αh
and ek = hϕk+1, and one obtains using(1):











x̃k+1 = xk − hϕk+1 − ahτ1,k+1

τ1,k+1 ∈ sgn(x̃k+1)

xk+1 = xk − ahτ1,k+1

⇔ xk+1 = xk − ah proj([−1, 1]; xk−hϕk+1

ah
)(14)RR n° 7326



Chattering-free digital sliding-mode ontrol 8Then we an redo again the same alulations as in the proof of Proposition1 (by replaing xk by xk − hϕk+1 in the �rst line of (4), and xk + hϕk+1 by xkin the third line), to infer that after a �nite number of steps one gets x̃k = 0,
τ1,k+1 =

xk−hϕk+1

ah
, and

xk+1 = xk − ek − (xk − hϕk+1) + hϕk+1 = hϕk+1 (15)Indeed let us now assume that:
{

x̃k+1 = xk − ahτ1,k+1 − αhτ2,k+1 = 0

ẽk+1 = ek − αhτ2,k+1 = 0,
(16)that is







τ1,k+1 =
xk − ek

ah
τ2,k+1 =

ek

αh
.

(17)After the update proedure (12), we get
{

xk+1 = hϕk+1

ek+1 = hϕk+1.
(18)We an onlude that one the sliding mode in x̃ and ẽ is reahed we have,

{

xk+1 = hϕk+1

ek+1 = hϕk+1

, for all k > k0 (19)and
{

τ1,k+1 = 0

τ2,k+1 =
ϕk

α

, for all k > k0 + 1. (20)
�Consequently the disrete-time ontroller guarantees the onvergene of thestate of the nominal system in �nite time to the origin, while the plant's stateis equal to the disturbane attenuated by a fator h. To summarize, from (11)and (12) the disrete-time losed-loop system is therefore:















xk+1 = xk − ahτ1,k+1 − αhτ2,k+1 + hϕk+1

ek+1 = ek − αhτ2,k+1 + hϕk+1

τ1,k+1 = proj([−1, 1];
xk−αhτ2,k+1

ah
)

τ2,k+1 = proj([−1, 1]; ek

αh
)

(21)One sees that this is very easily implementable with nested projetions.2.3 Extension to higher-order systemsIn order to show that the foregoing method extends to n−th order systems withthe equivalent-ontrol-based sliding-mode-ontroller (ECB-SMC [28, Chapter2℄) and also to better �x the ideas on the struture of the proposed ontrollers,let us onsider the linear time-invariant system with disturbane ẋ(t) = Ax(t)+
Bu(t)+Dϕ(t) with ||ϕ(t)||1 6 pϕmax for all t, ϕmax > |ϕi|∞ for all 1 6 i 6 p andRR n° 7326



Chattering-free digital sliding-mode ontrol 9
D ∈ IRn×p. Let us hoose a sliding surfae Σ = {x ∈ IRn | Cx = 0, C ∈ IRm×n},where m is the dimension of the input vetor u(t). The ECB-SMC takes the form
u ∈ −(CB)−1CAx − α(CB)−1Sgn(Cx), provided CB is full-rank. Let z

∆
= Cx.The redued losed-loop dynamis is ż(t) = −ατ + CDϕ(t), τ ∈ Sgn(z), whihis globally asymptotially stable and Σ is reahed in �nite time provided α >

p||CD|| ϕmax (this an be shown with the Lyapunov funtion V (z) = 1
2zT z thatsatis�es along the losed-loop trajetories V̇ (t) 6 ||z||1(−α + p||CD||ϕmax)).The system is disretized as

xk+1 = xk + hAxk + hBuk+1 + hDϕk+1, (22)and the nominal system is simply given by x̃k+1 = (I + hA)xk + hBuk+1. Theimpliit Euler ontroller is de�ned as






uk+1 = −(CB)−1CAxk − α(CB)−1τk+1

τk+1 ∈ Sgn(Cx̃k+1).
(23)Therefore τk+1 is given by (see (1) and (2)):

τk+1 ∈ Sgn(Cxk − αhτk+1) ⇔ τk+1 = proj([−1, 1]m;
1

αh
Cxk), (24)where [−1, 1]m = [−1, 1] × ... × [−1, 1] m−times. Thus the ontroller to beapplied at time tk is

uk+1 = −(CB)−1CAxk − α(CB)−1proj([−1, 1]m;
1

αh
Cxk). (25)We therefore obtain, with zk = Cxk and z̃k = Cx̃k:







z̃k+1 = zk − αhτk+1

τk+1 ∈ Sgn(z̃k+1)
zk+1 = zk − αhτk+1 + hCDϕk+1,

(26)that is similar to (4). Thus the same onlusions as in Proposition 1 may bedrawn for this disrete-time system provided that α > p ||CD||ϕmax: the slidingsurfae Cx̃k = 0 is attained after a �nite-number of steps whatever the boundedinitial state, and the disrete-time system evolves smoothly on this surfae whilethe disturbane e�ets on the variable Cxk are attenuated by a fator h.Remark 1 The disrete-time input obtained from [28, Equ.(9.36)℄ (see also[4, 17℄ and [9℄ for the original ontribution) when applied to (22) is alulatedto be: uk+1 = −(hCB)−1C(I + hA)xk = −(CB)−1 Cxk

h
− (CB)−1CAxk, whihis linear. The disrepany with (25) is the projetion on the set [−1, 1]m thatis intrinsially present in the impliit Euler input (that is nonlinear Lipshitzontinuous), and is not a onsequene of adding saturations beause of atuatorlimitations. Also the ontroller in (25) remains bounded when h → 0, a propertyshared by all the ontrollers onsidered in this paper. One may say that bothontroller designs share the same �philosophy� sine they are both alulatedin order to fore the disrete sliding surfae to be zero, with a suitable input.However they are not at all equivalent. In pratie the ontrollers proposed inthis paper may be alulated using a suitable omplementarity problem solver [2℄.RR n° 7326



Chattering-free digital sliding-mode ontrol 10As alluded to in setion 2.1, the plant and the ontroller have to be dis-retized with the same method (bakward Euler or ZOH) in order to assurethe disturbane attenuation. Let us investigate the zero-order-holder method(ZOH) on this example. The input is assumed to be onstant on [tk, tk+1] andis omputed at t = tk. The ZOH disretization of the ECB-SMC ontroller on
[tk, tk+1] takes the form [32℄:

xk+1 = A∗(h)xk − αB∗(h)τk+1 + ϕ∗(h), (27)with A∗(h) = eAh −
∫ h

0 eAtdt B(CB)−1CA, B∗(h) =
∫ h

0 eAtdt B(CB)−1,
ϕ∗

k(h) =
∫ h

0
eAtDϕ((k+1)h−τ)dτ . Notie that as h → 0 then A∗(h) ≈ In+Ah−

hB(CB)−1CA+O(h2), B∗(h) ≈ hB(CB)−1 +O(h2), onsequently the impliitEuler and ZOH methods yield the same disrete-time system when the samplingperiod is small. Also one may ompute that ||ϕ∗
k(h)||1 6 hp ||D||ϕmax +O(h2).This yields the generalized equation:

(a)







x̃k+1 = A∗(h)xk − αB∗(h)τk+1

τk+1 ∈ Sgn(Cx̃k+1)
xk+1 = A∗(h)xk − αB∗(h)τk+1 + Cϕ∗

k(h)
⇒ (b)















Cx̃k+1 = CA∗(h)xk − αCB∗(h)τk+1

τk+1 ∈ Sgn(Cx̃k+1)
Cxk+1 = CA∗(h)xk − αCB∗(h)τk+1

+Cϕ∗
k(h)(28)Suppose that the matrix CB∗(h) is symmetri positive de�nite (sine CB∗ =

hIm +O(h2) it follows that for h small enough CB∗ > 0 is guaranteed if CB isinvertible). Then from (1) and (2) the �rst two lines of (28) (b) are equivalentto:
CA∗(h)xk − αCB∗(h)τk+1 ∈ N[−1,1]m(τk+1) ⇔ τk+1 = projCB∗(h)([−1, 1]m; 1

α
(CB∗(h))−1CA∗(h)xk)

⇔ τk+1 = argminz∈[−1,1]m
1
2 (z − 1

α
(CB∗(h))−1CA∗(h)xk)T CB∗(h)(z − 1

α
(CB∗(h))−1CA∗(h)xk),(29)where projCB∗(h) is the projetion in the metri de�ned by CB∗(h). There-fore at eah step the ontroller is alulated as the solution of a quadrati pro-gramme and is unique. Notie that when h is small then CB∗(h) ≈ hIm and

CA∗(h) ≈ C so that
τk+1 = argminz∈[−1,1]m

1

2
(z−

1

hα
Cxk)T (z−

1

hα
Cxk) ⇔ τk+1 = proj([−1, 1]m;

1

hα
Cxk).The input remains bounded when the sampling time dereases. The nextresult is obvious from (28) (b):Lemma 1 Let Cx̃k+1 = 0 for some k > 0. Then ||Cxk+1||1 = ||Cϕ∗

k(h)|| =6

hp ||C|| ||D||ϕmax.Thus the disturbane attenuation on the nominal disrete-time system slid-ing surfae holds with the ZOH method. If the higher order terms in h2 arenegleted, one sees that (28) (b) is the same as (26) where only the disturbaneterm is modi�ed, so that one again the onlusions of Proposition 1 apply: thedisrete-time system reahes the nominal system sliding surfae in a �nite num-ber of steps. The analysis for any h > 0 is more involved beause the terms in
h2 introdue a oupling between (28) (b) and (a). However sine we are fousingRR n° 7326



Chattering-free digital sliding-mode ontrol 11on the sliding modes and �nite-time onvergene to the sliding surfae only, wemay assume that the solution x(·) of the losed-loop system is bounded for anybounded initial data, and that the solution xk of its ZOH ounterpart in (28)(a) is bounded as well, i.e. ||xk|| 6 M for all k > 0 and some M . Then thefollowing holds:Proposition 3 Let h > 0 be given. Suppose that the solution of (28) (a) satis-�es ||xk|| 6 M for all k > 0 and some M < +∞, and that CB∗(h) is symmetripositive de�nite, with CB∗(h) > γIm > 0 for some known γ. Then there exists aonstant δ(h2, M) suh that if α > m
γ
||C|| hρ ||D|| ϕmax + δ(h2, M), Cx̃k+1 = 0for some k > 0 implies Cx̃k+n = 0 for all n > 2.Proof: from Lemma 1 the �rst line of (28) (b) rewrites at step k + 2 as:

Cx̃k+2 = (C + O(h2))xk+1 − αCB∗(h)τk+2

= Cϕ∗
k(h) + O(h2)xk+1 − αCB∗(h)τk+2

(30)Thus (30) and τk+2 ∈ Sgn(Cx̃k+2) form a generalized equation whih possessesa unique solution beause αCB∗(h) is positive de�nite. We may rewrite it as:
0 ∈

1

α
(CB∗(h))−1Cx̃k+2 −

1

α
(CB∗(h))−1(Cϕ∗

k(h) + O(h2)xk+1) + Sgn(Cx̃k+2)(31)Therefore if 1
α
(CB∗(h))−1(Cϕ∗

k(h)+O(h2)xk+1) ∈ [−1, 1]m then Cx̃k+2 = 0is the unique solution of (31). From the proposition's assumptions one has
||(CB∗(h))−1(Cϕ∗

k(h)+O(h2)xk+1)||1 6 m
γ
||C|| hp ||D||ϕmax +δ(h2, M), where

δ(h2, M) is an upper bound for O(h2)xk+1. This upper bound depends only on
M , the system's matries, and h. It is therefore uniform with respet to thestep number k.

�Then Lemma 1 may be applied to show the disturbane attenuation on thenominal system disrete-time sliding surfae.2.4 Numerial simulationsThe numerial simulations are obtained with the sionos software pakage ofthe INRIA2 that is dediated to non-smooth dynamial systems. In order toreprodue the ontinuous-time nature of the plant, the plant dynamis is inte-grated in all the simulations with the mahine preision, whereas the ontrollersampling time is muh larger: h = 10−1s. This is equivalent to implementinga ZOH method. The disturbane is taken as ϕ(t) = φ sin(ωt) and we simulatethe system in (10).The above developments are illustrated on �gure 2 with a = 1, α = 2, ω = 5and φ = 0.1. Illustrations are given on Figures 3 and 4 with a = 1, α = 2,
ω = 100 and φ = 0.1. The disturbane attenuation is learly shown.3 Seond order systemsLet us now fous on a more general lass of systems and perform the samesteps as for the �rst order ase (a short reall of the ontinuous-time ase, and2http://sionos.gforge.inria.fr/RR n° 7326
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Chattering-free digital sliding-mode ontrol 15then the time-disretization). The simulations will be given after the theoretialpresentations.3.1 First-order sliding-mode stabilization with disturbaneompensation3.1.1 The ontinuous-time systemThe plant dynamis is given by
ẍ(t) = u(t) + ϕ(x(t), t), (32)where x(t) ∈ IR is the state vetor, u(t) ∈ IR is the ontrol input. The distur-bane ϕ(x, t) ∈ IR represents the system unertainty and its in�uene on theontrol proess should be rejeted. It is assumed that ϕ(x, t) is an unknownfuntion with an a priori known upper estimate ϕmax > 0 suh that

|ϕ(x, t)| < ϕmax (33)for almost all x, t ∈ IR. The model repeats the struture of the plant and isgiven by:
¨̂x(t) = u(t) + v(t), (34)where v(t) ∈ IR is the model input. The error dynamis is then written asfollows:

ë(t) = −v(t) + ϕ(x(t), t), (35)where e = x − x̂ is the deviation of the model state from the plant state. Theerror dynamis, driven by the sliding-mode input, is given by:
v(t) ∈ keė(t) + ksse(t) + Mvsgn(se(t)), (36)and it is globally asymptotially stabilized provided that Mv > ϕmax and se =

ė + kee where ke and ks are positive onstants. To reprodue this onlusion itsu�es to rewrite the state equation for se, thus arriving at the equation
ṡe(t) ∈ −ksse(t) − Mvsgn(se(t)) + ϕ(x(t), t), (37)whih has s∗e = 0 as its unique �xed point, whih is globally �nite-time stable.Thus, by the equivalent ontrol method one has that:

veq(t) = ϕ(x(t), t) (38)on the surfae se = 0 and it is expeted that the ontrol law
u ∈ −v − Mxsgn(sx) − kxẋ, (39)with sx = ẋ + kxx, asymptotially ompensates for the disturbane ϕ(x, t).Indeed, one the sliding mode ours on the surfae se = 0, the plant equationtakes the disturbane-free form







ṡx(t) ∈ −Mxsgn(sx(t)) − keė(t)

ė(t) = −kee(t).
(40)RR n° 7326



Chattering-free digital sliding-mode ontrol 16beause on this sliding surfae one has Mvsgn(se(t)) = ϕ(x(t), t). Sine thedynamis (40) has s∗x = 0 as a globally asymptotially stable �xed point, thedesired disturbane ompensation is thus provided. Summarizing, the followingresult, guaranteeing the global asymptoti stability of the losed-loop system,is obtained. Let us denote by z the state vetor z = [e se x sx]T . The oupledplant/error dynamis in the losed-loop system is given by:
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−ke 1 0 0

0 −ks 0 0

0 0 −kx 1

−ke −ks 0 0











z(t) −











0 0

Mv 0
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τ(t) +











0

ϕ(x(t), t)

0

ϕ(x(t), t)











τ(t) ∈ Sgn([ 0 1 0 0

0 0 0 1

]

z(t)

)

, (41)It is noteworthy that the (e se) subdynamis is deoupled from the (x sx)subdynamis.Proposition 4 Consider the losed-loop system (41) with positive gains ke, ks, Mx, Mvand an external disturbane ϕ(x, t) suh that (33) holds for almost all x ∈ IR,
t ∈ IR and Mv > ϕmax. Then after a �nite time, this system evolves in thesliding mode along the surfaes se = 0 and sx = 0, and along these surfaes,the system dynamis is governed by the asymptotially stable, disturbane-freeequations (40).The proof of Proposition 4 is rather standard [27℄ and it is therefore omitted.The parameter subordination kv >> kx ensures a faster onvergene of the errordynamis ompared to the state variables of the plant whereas the ontrollermagnitude Mx is required to be positive only. As a matter of fat, the higher
Mx the higher the plant onvergene rate.3.1.2 The bakward Euler time-disretizationLet us proeed with the same disretization as in the above �rst-order examples.For this let us onsider the �rst error dynamis in (37), and disretize it on
[tk, tk+1) as:















s̃e,k+1 = se,k − hksse,k − hMvτ1,k+1

τ1,k+1 ∈ sgn(s̃e,k+1)
se,k+1 = se,k − hksse,k − hMvτ1,k+1 + hϕ(xk+1, tk+1)
ek+1 = ek + hėk+1

(42)for all k > 0. The �rst two lines are a generalized equation with unknown s̃e,k+1,whih we may rewrite as 0 ∈ F (s̃e,k+1) for some multifuntion F : IR → 2IR.It has a unique solution sine the sign multifuntion is maximal monotone and
F (·) is 2-monotone as the sum of a monotone and a 2-monotone multifuntions(see De�nition 2.3.1 and Theorem 2.3.3 in [10℄, and Exerise 12.4 in [26℄). Notiethat if s̃e,k+1 = 0 then (1 − hks)se,k = hMvτ1,k+1 and se,k+1 = hϕ(xk+1, tk+1).Also τ1,k+1 is a funtion of se,k only, that is of ėk = ek−ek−1

h
and ek. So there isRR n° 7326



Chattering-free digital sliding-mode ontrol 17not an exat ompensation as in the ontinuous-time ase, but a disturbane-attenuation by a fator h. Notie that (42) is exatly (4), replaing xk by
(1 − hks)se,k, −a by −Mv. Hene the onlusions of Proposition 1 hold for(42). We infer that after a �nite number of steps k0, one obtains s̃e,k = 0 and
se,k = hϕ(xk+1, tk+1) so that |se,k| < hϕmax for all k > k0 for some �nite k0.The next result haraterizes the evolution of ek on the sliding surfae s̃e,k =
0.Lemma 2 Suppose that the sliding surfae Σ̃e = {s̃e,k ∈ IR | s̃e,k = 0} isattained at k = k0 and that the system stays on it. Take for simpliity k0 = 0.Then:

ek+1 = (1 + hke)
−k−1e0 + h2(1 + hke)

−1
k
∑

i=0

(1 + hke)
i−kϕ(xi, ti). (43)Proof: One has ek = ek−1 + hėk and se,k = ėk + keek. We infer that

ek = (1 + hke)
−1ek−1 + (1 + hke)

−1h2ϕk+1 (44)from whih (43) follows.
�Notie that if we implement ek+1 = ek + hėk then we obtain ek = (1 −

hke)ek−1 + h2ϕk and similar alulations may be done, using the fat that for
h > 0 small enough 0 < 1 − hke < 1. Therefore on the sliding surfae thedisrete-time error is the sum of an asymptotially vanishing term, plus a termthat depends on the disturbane, attenuated by a fator h2. The seond part ofthe error dynamis in (40) is now disretized as follows:














s̃x,k+1 = sx,k − hkeėk − hksse,k − hMvτ1,k+1 − hMxτ2,k+1

τ2,k+1 ∈ sgn(s̃x,k+1)
sx,k+1 = sx,k − hkeėk − hksse,k − hMvτ1,k+1 − hMxτ2,k+1 + hϕ(xk+1, tk+1)
xk+1 = xk + hẋk+1 (45)Notie that if k > k0 then (1−hks)se,k = hMvτ1,k+1 and se,k = hϕ(xk+1, tk+1).For k > k0 the system evolves on the sliding surfae s̃e,k = 0 and we obtain:







s̃x,k+1 = sx,k − hϕ(xk+1, tk+1) − hMxτ2,k+1

τ2,k+1 ∈ sgn(s̃x,k+1)
sx,k+1 = sx,k − hkeėk − hMxτ2,k+1

(46)From (43) we infer that hkeėk = ǫk +h2αk where |αk| 6 ϕ0

∑k
i=0(1+hke)

i−k−1and ǫk is exponentially dereasing sine 1 + hke > 1. It follows also that |αk|is upper bounded by a onstant not depending on k and we may write |αk| 6

αϕmax for some onstant α. We therefore rewrite (46) as






s̃x,k+1 = sx,k − hϕ(xk+1, tk+1) − hMxτ2,k+1

τ2,k+1 ∈ sgn(s̃x,k+1)
sx,k+1 = sx,k − ǫk − h2αk − hMxτ2,k+1.

(47)It is noteworthy that (47) is similar to (14) and to (4) exept for the expo-nentially deaying term ǫk. Thus the following holds, whih shows that thedisturbane e�ets are still attenuated by a fator h:RR n° 7326



Chattering-free digital sliding-mode ontrol 18Proposition 5 Consider the disrete-time system (47) that represents the sys-tem's dynamis on the sliding surfae Σ̃e = {s̃e,k ∈ IR | s̃e,k = 0}, �.e. for
k > k0. Suppose that Mx > ϕmax. There exists k1 < +∞, k1 > k0, suh thatfor all k > k1 one has s̃x,k = 0. Then |sx,k+1| 6 hϕmax + |ǫk| + h2αϕmax.Proof: The �rst part of the proof follows the same lines as the above proofsof �nite-time onvergenes and is omitted. The seond part follows easily from(47) by imposing s̃x,k+1 = 0 and inserting the value of hMxτ2,k+1 into the thirdline of (47).

�The next result haraterizes the dynamis of xk on the sliding surfae x̃k =
0. For simpliity we take k1 = 0 in Proposition 5.Lemma 3 Suppose that for k > 0 the system evolves on the sliding surfae
s̃x,k = 0, so that (negleting terms in h2) |sx,k+1| 6 hϕmax + |ǫk|. Then
xk = (1+hkx)−1x0 −h(1+hkx)−1

k−1
∑

i=0

(1+hkx)−i(ǫk−1−i +h2αk−1−i +hϕk−i).(48)Proof: From sx,k+1 = 0 one easily derives:
xk+1 = (1 + hkx)−1xk − h(1 + hkx)−1(ǫk + h2αk + hϕk+1) (49)from whih (48) is dedued. �The disturbane is therefore attenuated by a fator h2 on the state �position�

xk. Similarly to (21), using (1) we may rewrite the disrete-time losed-loopsystem as:






























sx,k+1 = sx,k − hkeėk − hksse,k − hMvτ1,k+1 − hMxτ2,k+1 + hϕ(xk+1, tk+1)
se,k+1 = se,k − hksse,k − hMvτ1,k+1 + hϕ(xk+1, tk+1)
xk+1 = xk + hẋk+1

ek+1 = ek + hėk+1

τ1,k+1 = proj([−1, 1];
se,k−hksse,k

hMv
)

τ2,k+1 = proj([−1, 1];
sx,k−hke ėk−hksse,k−hMxτ1,k+1

hMx
). (50)One has also se,k = ėk +keek, sx,k = ẋk +kxxk, so that xk+1 = (1+hkx)−1(xk +

hsx,k+1) and ek+1 = (1 + hke)
−1(ek + hse,k+1). The ontroller has a nested-projetion struture and is easily implementable at time t = tk with the knowl-edge of xk, xk−1 and ek, ek−1.3.2 Position feedbak stabilization of a double integratorLet us now pass to other types of sliding-mode disontinuous ontrollers whihhave been proposed in the literature, known as the twisting and super-twistingalgorithms [11℄ [28, �3.6.2, 3.6.3℄. They possess advantages (�nite-time stabilityof the origin, better disturbane attenuation), however their stability analysisis more intriate.RR n° 7326



Chattering-free digital sliding-mode ontrol 193.2.1 Finite-time stabilizing state feedbak synthesisTo begin with, we present a stati feedbak ontroller that globally stabilizesthe double integrator:
ẋ(t) = y(t), ẏ(t) = u(t). (51)A feedbak law u(x, y) is further referred to as �nite-time stabilizing if it rendersthe origin of the losed-loop system (51) a �nite-time stable equilibrium asde�ned in [22℄. The following state feedbak

u = −µ sgn(y) − ν sgn(x) (52)with parameters ν > µ > 0 is proposed to globally stabilize the double integrator(51).Theorem 1 Consider the dynamis of the losed-loop system in (51) (52). Thisdynamis has a unique �xed point (x, y) = (0, 0) whih is globally �nite-timestable, provided that the ontroller parameters are suh that ν > µ > 0.The proof may be found in the Example 3.2 and setion 4.6 of [22℄. Let usnow onsider the disturbane-orrupted version:
ẋ(t) = y(t), ẏ(t) = u(t) + ϕ(x(t), y(t), t) (53)and investigate the robustness properties of the losed-loop system (52), (53)against external disturbanes ϕ(x, y, t), being a loally integrable funtion on allpotential trajetories x(t), y(t). Aording to [22, Theorem 4.2℄, the disturbedsystem in (52) (53) renders the system �nite-time stable, regardless of whiheverdisturbane ϕ(·) with a uniform upper boundess sup

t>0
|ϕ(x(t), y(t), t)| 6 ϕmax (54)on its magnitude suh that

0 < ϕmax < µ < ν − ϕmax (55)a�ets the system. This robustness property is ahieved due to the high fre-queny ontroller swithing in the sliding mode of the seond order that oursin the origin.Theorem 2 [22, Setion 4.6℄ Given µ and ν > 0, the losed-loop system in (52)(53) has a unique �xed point (x∗, y∗) = (0, 0) whih is globally asymptotially�nite-time stable, regardless of whihever disturbane ϕ(·), satisfying (54) and(55), a�ets the system.Let us propose the following impliit Euler time-disretization, where ϕk+1
∆
=

ϕ(xk+1, yk+1, tk+1):






























x̃k+1 = xk + hỹk+1

ỹk+1 = yk − hντ1,k+1 − hµτ2,k+1

τ1,k+1 ∈ sgn(x̃k+1)
τ2,k+1 ∈ sgn(ỹk+1)
xk+1 = xk + hyk+1

yk+1 = yk − hντ1,k+1 − hµτ2,k+1 + hϕk+1,

(56)RR n° 7326



Chattering-free digital sliding-mode ontrol 20from whih it follows applying (1) to the seond and the fourth lines of (56)that
τ2,k+1 = proj([−1, 1];

yk − hντ1,k+1

hµ
). (57)The disrete-time system in (56) is still onstruted along the same lines asthe ones in the foregoing setions: one omputes the input from a nominalunperturbed system (the �rst four lines of (56)) and then one injets the om-puted input into the plant dynamis (the last two lines of (56)). However thistime there is no deoupling between the x̃k−dynamis and the ỹk−dynamis.Let us now alulate the ontrol input. One has ỹk+1 = yk − hντ1,k+1 −

hµproj([−1, 1];
yk−hντ1,k+1

hµ
). Therefore ỹk+1 = yk−hντ1,k+1−proj([−hµ, hµ]; yk−

hντ1,k+1). Thus three �modes� are possible:� (i) if yk −hντ1,k+1 > hµ one gets ỹk+1 = yk −hντ1,k+1 −hµ, yk+1 = yk −
hντ1,k+1−hµ+hϕk+1 and x̃k+1 = xk+h(yk−hντ1,k+1)−h2µ, xk+1 = xk+
h(yk −hντ1,k+1)−h2µ+h2ϕk+1. Also τ1,k+1 = 1

h2ν
proj([−h2ν, h2ν]; xk +

hyk − h2µ), τ2,k+1 = 1.There are three sub-modes:� (i-1) let xk + hyk − h2µ > h2ν: then τ1,k+1 = 1, yk > h(ν + µ),
xk+1 = xk + hyk − h2(ν + µ)+ h2ϕk+1, yk+1 = yk − h(ν + µ + ϕk+1).� (i-2) let xk + hyk − h2µ < −h2ν: then τ1,k+1 = −1, yk > h(µ − ν),
xk+1 = xk + hyk + h2(ν −µ)+ h2ϕk+1, yk+1 = yk + h(ν −µ + ϕk+1).� (i-3) let |xk + hyk − h2µ| 6 h2ν: then xk < 0, τ1,k+1 = xk+hyk−h2µ

h2ν
,

xk+1 = h2ϕk+1, yk+1 = −xk

h
+ hϕk+1, x̃k+1 = 0, ỹk+1 = −xk

h
.� (ii) if yk−hντ1,k+1 < −hµ one gets ỹk+1 = yk−hντ1,k+1+hµ, yk+1 = yk−

hντ1,k+1+hµ+hϕk+1 and x̃k+1 = xk+h(yk−hντ1,k+1)−h2µ, xk+1 = xk+
h(yk −hντ1,k+1)+h2µ+h2ϕk+1. Also τ1,k+1 = 1

h2ν
proj([−h2ν, h2ν]; xk +

hyk + h2µ), τ2,k+1 = −1.There are three sub-modes:� (ii-1) let xk + hyk + h2µ > h2ν: then τ1,k+1 = 1, yk < h(ν − µ),
xk+1 = xk + hyk − h2(ν − µ − ϕk+1, yk+1 = yk + h(ν − µ − ϕk+1).� (ii-2) let xk +hyk +h2µ < −h2ν: then τ1,k+1 = −1, yk < −h(ν +µ),
xk+1 = xk + hyk + h2(ν + µ + ϕk+1, yk+1 = yk + h(ν + µ + ϕk+1).� (ii-3) let |xk + hyk + h2µ| 6 h2µ: then τ1,k+1 = xk+hyk+h2µ

h2ν
, xk+1 =

h2ϕk+1, x̃k+1 = 0, yk+1 = −xk

h
+ hϕk+1, ỹk+1 = −xk

h
.� (iii) if |yk − hντ1,k+1| 6 hµ one gets ỹk+1 = yk − hντ1,k+1 − (yk −

hντ1,k+1) = 0, yk+1 = hϕk+1 and xk+1 = xk + h2ϕk+1. Also τ1,k+1 ∈sgn(xk), τ2,k+1 =
yk−hντ1,k+1

hµ
.One sees that the ontroller (τ1,k+1, τ2,k+1)

T is a ausal input at time t = tkand there is no singularity in τ1,k+1 as h tends to zero. In (i) and (ii) the valuefor τ1,k+1 is obtained from the generalized equation τ1,k+1 ∈ sgn(xk + hyk −
h2ντ1,k+1 − h2µ) and using (1). In all ases τ2,k+1 is obtained from (57).It is easily heked that (x∗, y∗) = (0, 0) is the unique �xed point of theunperturbed system (56) (take ϕk+1 = 0 in (56)). The next result holds.RR n° 7326



Chattering-free digital sliding-mode ontrol 21Lemma 4 Suppose ϕk ≡ 0. (a) Let |yk0
− hντ1,k0+1| 6 hµ and xk0

= 0 forsome k0 > 0. Then |yk−hντ1,k+1| 6 hµ for all k > k0, so that xk+1 = yk+1 = 0for all k > k0. (b) If xk0
= yk0

= 0 for some k0 > 0, then xk = yk = 0 and
|yk − hντ1,k+1| 6 hµ for all k > k0.Proof: (a) From (iii) above it follows that |yk0

− hντ1,k0+1| 6 hµ and
xk0

= 0 imply yk0+1 = xk0+1 = 0. Therefore |yk0+1 − hντ1,k0+2| = hν|τ1,k0+2|.Now suppose that hν|τ1,k0+2| > hµ, one obtains from (i) and (ii) that τ1,k0+2 =
1

h2ν
proj([−h2ν, h2ν]; xk0+1 + hyk0+1 ± h2µ) = 1

h2ν
proj([−h2ν, h2ν];±h2µ) = µ

νsine µ < ν. So indeed |yk0+1−hντ1,k0+2| = hµ, a ontradition. It follows that
hν|τ1,k0+2| 6 hµ and therefore |yk0+1−hντ1,k0+2| 6 hµ and xk0+2 = yk0+2 = 0.Now xk0+2 = xk0+1 = 0. We an repeat the reasoning at the next step and (a)is proved. (b) From xk = yk = 0 we dedue that xk+1 = hyk+1 and yk+1 =
−hντ1,k+1 − hµτ2,k+1. Also τ1,k+1 ∈ sgn(−hντ1,k+1 − hµτ2,k+1) form whih weinfer that τ1,k+1 = proj([−1, 1];−µ

ν
τ2,k+1) while τ2,k+1 = proj([−1, 1];− ν

µ
τ1,k+1).Sine µ < ν it follows that τ1,k+1 = −µ

ν
τ2,k+1. Also | ν

µ
τ1,k+1| 6 1 so that

|τ1,k+1| 6
µ
ν

< 1. Hene sine τ1,k+1 ∈ sgn(xk+1) neessarily xk+1 = 0. Fromthe fat that xk+1 = hyk+1 it follows that yk+1 = 0. The reasoning an berepeated at the next step. Furthermore it easily follows that |τ1,k+1| 6
µ
ν
sopart (b) is proved.
�Lemma 4 says that (in the unperturbed ase), one the system has reahedthe �xed point it stays on it without any spurious osillations. This is aninteresting property of impliit Euler shemes [1℄. The lemma shows also thatmode (iii) is the unperturbed system's mode at the equilibrium point. Thefollowing results haraterize the disturbane attenuation on the nominal systemsliding mode.Proposition 6 Suppose that x̃k+1 = 0 and ỹk+1 = 0. Then yk+1 = hϕk+1 and

xk+1 = h2ϕk+1. Therefore |yk+1| 6 hϕmax and |xk+1| 6 h2ϕmax.Proof: From the �rst line of (56) it follows that xk = 0. From the thirdand last lines one has yk+1 = hϕk+1. From the �fth line it follows that xk+1 =
h2ϕk+1.

�There is however a major di�erene between (56) and the systems in theforegoing setions. Indeed the onditions of Proposition 6 an hold only atone time step. Assume that x̃k+1 = ỹk+1 = 0. Then xk+1 = h2ϕk+1 and
yk+1 = hϕk+1, so that x̃k+2 = xk+1 +hỹk+2 implies ỹk+2 = −hϕk+1. One mustre�ne Proposition 6.Proposition 7 Suppose that x̃k+1 = 0 for some k > 0. Then xk+1 = h2ϕk+1.Moreover if x̃k+1 = 0 for all k > 0, then yk+1 = h(ϕk+1 − ϕk) and ∑n

k=1 yk =
h(ϕn − ϕ0), while ỹk+1 = −hϕk for all k > 0.Proof: Let x̃k+1 = 0. Then xk = −hỹk+1. Thus −hỹk+1 = xk = −hyk +
h2ντ1,k+1 + h2µτ2,k+1, so that xk + hyk = h2ντ1,k+1 + h2µτ2,k+1. Thus xk+1 =
xk + hyk − h2ντ1,k+1 − h2µτ2,k+1 + h2ϕk+1 = h2ϕk+1. Now we have x̃k+1 = 0implies xk+1 = h2ϕk+1 and x̃k+2 = 0 implies xk+2 = h2ϕk+2. Thus xk+2 =
xk+1 +hyk+1 = h2ϕk+1 +hyk+1 = h2ϕk+2 so that yk+1 = h(ϕk+2 −ϕk+1). TheRR n° 7326



Chattering-free digital sliding-mode ontrol 22same an be done for the next step if x̃k+3 = 0. The sum immediately follows.Finally yk+1 = h(ϕk+1 − ϕk) = ỹk+1 + hϕk+1 so that ỹk+1 = −hϕk.
�Propositions 6 and 7 show that the disturbane attenuation holds for (56),however the nominal system's trajetories annot slide along both x̃k = 0 and

ỹk = 0.Remark 2 The di�erential inlusions in (3), (10), (41) and (52) (53) are writ-ten more ompatly as:






ż(t) = Az(t) − Bτ(t) + Φ(z(t), t)

τ(t) ∈ Sgn(Cz(t)),
(58)with obvious de�nitions of z, A, B, C and Φ(·). The results in [1℄ do not applyto (10), (41) and (52) (53) beause the �input-output� ondition PB = CT with

P = PT > 0 that is entral in [1℄ is not satis�ed for these systems. This meansthat the underlying maximal monotoniity arguments whih allow one to drawonlusions about the onvergene in [1℄, are absent in (10), (41) and (52) (53).The same applies to (53) (59) (64). Finally the twisting algorithm is moreomplex than (10) and (41) beause it is the equilibrium that is reahed in �nitetime, not a odimension one sliding surfae that allows one to treat the problemas a two-stage problem.3.2.2 Finite-time veloity observer designThe fous of the present study is on the stability analysis of the veloity observerof the supertwisting observer






˙̂x(t) = ŷ(t) + k1|x(t) − x̂(t)|
1
2 sgn(x(t) − x̂(t)) + k2(x(t) − x̂(t)),

˙̂y(t) ∈ u(t) + k3sgn(x(t) − x̂(t)) + k4(x(t) − x̂(t)),

(59)that was �rst proposed in [8℄ with k2, k4 = 0 and is now augmented with non-trivial linear gains k2, k4 > 0. Clearly, the observation error e = (e1 e2)
T , e1 =

x − x̂, e2 = y − ŷ between the state of the double integrator (51) and that ofthe veloity observer (59) proves to be governed by the following seond-ordersystem






ė1(t) ∈ e2(t) − k1

√

|e1(t)|sgn(e1(t)) − k2e1(t)

ė2(t) ∈ −k3sgn(e1(t)) − k4e1(t).
(60)The following result is extrated from [21, 23℄.Theorem 3 Given k1, k3 > 0, k2, k4 > 0, the system (60) is globally �nite-timestable.In the rest of this setion, we arry out the subordination for the observergains ki, i = 1, 2, 3, 4 that ensures the robustness of the perturbed dynamis:







ė1(t) = e2(t) − k1

√

|e1(t)|sgn(e1(t)) − k2e1(t)

ė2(t) = ϕ(x(t), y(t), t) − k3sgn(e1(t)) − k4e1(t).
(61)RR n° 7326



Chattering-free digital sliding-mode ontrol 23As a matter of fat, this dynamis orresponds to the observation errors e =
(e1 e2)

T , e1 = x − x̂, e2 = y − ŷ between the state of the veloity observer(59) and that of the double integrator (53), a�eted by an admissible externaldisturbane.Theorem 4 Let the system (61) be a�eted by a uniformly bounded disturbane(54). Furthermore, let the system gains be suh that
k1, k3 > 0, k2, k4 > 0, if k4 = 0 then k2 = 0. (62)Then the system (61) is globally �nite-time stable whenever the upper bound

ϕmax on the magnitude of the external disturbane ϕ(x, y, t) meets the ondition
ϕmax < min{

k1

2
,

k1k3

1 + k1
}. (63)The proof of Theorem 4 follows the same line of reasoning as that proposed in[21, 23℄ and it is therefore omitted.3.2.3 Finite-time stabilizing position feedbak synthesisIn this setion, we proeed with the design of the position feedbak, stabilizingthe double integrator in �nite time. For this purpose, we substitute the veloityestimate ŷ in the state feedbak (52) for y and, if desired, augment the resultingontrol law with the term k3sgn(e1) that ompensates the disturbane w on thesliding manifold e1 = e2 = 0, to arrive at the �nite-time stabilizing positionfeedbak law:

u ∈ −µ sgn(ŷ) − ν sgn(x), (64)(or at that
u ∈ −µ sgn(ŷ) − ν sgn(x) − k3 sgn(e1) (65)with the disturbane ompensating term). Then the losed-loop system (53)(59), driven by (64) (or by (65), respetively) proves to be globally �nite-timestable regardless of whihever admissible disturbane a�ets the system.Theorem 5 Let the system (53) be a�eted by a uniformly bounded distur-bane (54) and let it be driven by the observer-based dynami feedbak (59) (64)(respetively (65)) with positive ontroller gains µ, ν subjet to (55), and withobserver parameters ki, i = 1, 2, 3, 4, satisfying onditions (62) (63). Then thelosed-loop system (53) (59) (64) is globally �nite-time stable.Proof: the losed-loop system (53) (59) (64) rewritten in terms of the ob-servation error (61), meets the onditions of Theorem 4. By applying Theorem4 to the observation error system (61), we onlude that starting from a �nitetime instant T , the losed-loop system evolves on the manifold e = 0 where

ŷ = y, thereby ensuring that the position ontrol signal (64) oinides with thestate feedbak signal (52). To omplete the proof it remains to apply Theorem 2to (53) (59) (64) for t > T when the position feedbak equals the state feedbak.RR n° 7326



Chattering-free digital sliding-mode ontrol 24The global asymptoti stability of the losed-loop system (53) (59) (64) is thusestablished. �The system in (53) (64) and (59) is disretized as follows:






































x̃k+1 = xk + hỹk+1

ỹk+1 = yk − hµτ2,k+1 − hντ1,k+1

x̂k+1 ∈ x̂k + hk1|xk − x̂k|
1
2 sgn(x̃k+1 − x̂k+1) + hk2(x̃k+1 − x̂k+1) + hŷk+1

ŷk+1 ∈ ŷk − hµτ2,k+1 − hντ1,k+1 + hk3sgn(x̃k+1 − x̂k+1) + hk4(x̃k+1 − x̂k+1)
xk+1 = xk + hyk+1

yk+1 = yk − hµτ2,k+1 − hντ1,k+1 + hϕk+1

τ1,k+1 ∈ sgn(x̃k+1), τ2,k+1 ∈ sgn(ŷk+1) (66)Lemma 5 The unperturbed disrete-time multivalued system (66) possesses theunique equilibrium point (x̃∗, ỹ∗, x̂∗, ŷ∗, x∗, y∗)T = (0, 0, 0, 0, 0, 0)T .Proof: reall that in the unperturbed ase we may onsider that x̃k = xkand ỹk = yk for all k. From the �rst line of (66) it follows that x∗ = x∗ +
hy∗ ⇒ y∗ = 0. From the seond line one has y∗ = y∗ − hµτ∗

2 − hντ∗
1 , sothat µτ∗

2 + ντ∗
1 ∋ 0 ⇔ 0 ∈ sgn(x∗) + ν

µ
sgn(ŷ∗) whih is satis�ed if andonly if x∗ = ŷ∗ = 0 beause ν > µ from (55). From the third line x̂∗ =

x̂∗ +hk1

√

|x∗ − x̂∗|sgn(x∗− x̂∗)+hk2(x
∗− x̂∗)+hŷ∗ whih is equivalent to 0 ∈

k1

√

|x∗ − x̂∗|sgn(x∗− x̂∗)+k2(x
∗− x̂∗). The unique solution of this generalizedequation is x∗ = x̂∗, therefore x̂∗ = 0.

�Notie from the fourth and seventh lines of (66) that
τ2,k+1 = proj([−1, 1];

ŷk

h
− ντ1,k+1 + k3sgn(x̃k+1 − x̂k+1) + k4(x̃k+1 − x̂k+1)

µ
)(67)where (1) has been used. Similarly to the twisting algorithm we may determinethree main modes for (66):� (i) if ŷk

h
−ντ1,k+1 +k3sgn(x̃k+1− x̂k+1)+k4(x̃k+1− x̂k+1) > µ: τ2,k+1 = 1,

τ1,k+1 = proj([−1, 1];
yk−hµ+

xk
h

hν
), ỹk+1 = yk−hµ−hνproj([−1, 1];

yk−hµ+
xk
h

hν
);� (ii) if h ŷk

h
−ντ1,k+1+k3sgn(x̃k+1−x̂k+1)+k4(x̃k+1−x̂k+1) 6 −µ: τ2,k+1 =

−1, τ1,k+1 = proj([−1, 1];
yk+hµ+

xk
h

hν
), ỹk+1 = yk+hµ−hνproj([−1, 1];

yk+hµ+
xk
h

hν
);� (iii) if | ŷk

h
− ντ1,k+1 + k3sgn(x̃k+1 − x̂k+1) + k4(x̃k+1 − x̂k+1| < µ: thenone obtains τ2,k+1 =

ŷk
h

−ντ1,k+1+k3sgn(x̃k+1−x̂k+1)+k4(x̃k+1−x̂k+1)

µ
; let α =

1+h2k4+hk2

h2k3+hk1|xk−x̂k+1|
1
2

and β = xk−x̂k+hyk

h2k3+hk1|xk−x̂k+1|
1
2

, then x̃k+1−x̂k+1 = 1
α
(β−proj([−1, 1]; β); �nally

τ1,k+1 = proj([−1, 1];
xk+hyk−hµτ2,k+1

hν
);The deomposition into sub-modes beomes umbersome and is not done herefor the sake of paper's brevity. To provide an idea on how this works let usalulate x̂k+1 in a sub-mode of mode (i). Let us onsider (i-1) suh that

yk − hµ + xk

h
> hν. Then τ1,k+1 = 1. The ondition for the ativation of modeRR n° 7326



Chattering-free digital sliding-mode ontrol 25(i) thus boils down to ŷk

h
− ν + k3sgn(x̃k+1 − x̂k+1) + k4(x̃k+1 − x̂k+1) > µ,whih is equivalent to k3sgn(x̃k+1 − x̂k+1) + k4(x̃k+1 − x̂k+1) > µ + ν − hŷk ⇔

x̃k+1−x̂k+1 > max(0,
ŷk
h

+µ+ν−k3

k4
). Then x̂k+1 = x̂k+hk1|xk−x̂k|

1
2 +hk2(x̃k+1−

x̂k+1) + hŷk+1. Sine τ2,k+1 = 1 we have x̃k+1 = xk + h(yk − hµ − hν) > 0 sothat x̂k+1 = x̂k +hk1|xk − x̂k|
1
2 +hk2(xk +hyk −h2µ−h2ν)−hk2x̂k+1 +hŷk+1,and ŷk+1 = ŷk − hµ − hν + hk3 + hk4(x̃k+1 − x̂k+1). Hene

(1 + hk2 + h2k4)x̂k+1 = x̂k + hk1|xk − x̂k|
1
2 + h(k2 + hk4)xk − h2(h2k4 + hk2 + 1)(µ + ν)

+h2(k2 + hk4)yk + hŷk. (68)The omputation of ŷk+1 is done in the same way, showing that the disrete-timeobserver dynamis (the third, fourth and seventh lines of (66)) is ausal. Similaralulations may be done for the sub-modes (i-2): yk − hµ + xk

h
< −hν, (ii-1):

yk + hµ + xk

h
> hν, (ii-2): yk + hµ + xk

h
< −hν, and so on. Let us now provethat the disturbane attenuation holds on the nominal system sliding mode:Lemma 6 Suppose that x̃k+1 = 0, then xk+1 = h2ϕk+1. If x̃k+n = 0 for all

n > 1 then yk+n+1 = h(ϕk+n − ϕk+n−1).Proof: From (66) it follows that x̃k+1 = 0 ⇒ ỹk+1 = −xk

h
. Thus −xk

h
=

yk −hµτ2,k+1 − hντ1,k+1, so that yk+1 = yk −
xk

h
− yk +hϕk+1 = −xk

h
+ hϕk+1.Thus xk+1 = xk − hxk

h
+ h2ϕk+1 = h2ϕk+1. The seond part of the lemmafollows easily. �Remark 3 (Twisting ontrollers implementation) For both the twisting (se-tion 3.2.1) and the super-twisting (setion 3.2.3) ontrollers, we have shown thatin all ases the inputs τ1,k+1 and τ2,k+1 an be omputed from the knowledge ofthe state values at t = tk only. In pratie the ontroller may be omputed asfollows. Let zk

∆
= (x̃k ỹk x̂k ŷk)T and τk

∆
= (τ1,k τ2,k)T . Then the �rst four linesin (66) are rewritten ompatly as:

zk+1 = hFzk+1 + Gzk − hBτk+1 + hH(zk)Sgn(Czk+1)
m

zk+1 = (I4 − hF )−1[Gzk − hBτk+1 + hH(zk)Sgn(Czk+1)]
m

zk+1 = (I4 − hF )−1[Gzk + h
(

−B H(zk)
)Sgn(Dzk+1)]

(69)where the matries F , G, H(·), B, C, D an be easily identi�ed from (66).The generalized equation (69) with unknown zk+1 may be solved at eah stepusing a spei� iterative solver like those implemented in the software pakagesionos [1, 2, 3℄ (on Figure 1 this is the �generalized equation solver� blok).In the simulations of this paper Lemke's algorithm has been used. The ontrolalgorithms presented in this paper an therefore easily be implemented on-line.The same applies to (56).3.3 Numerial simulationsThe system in (50) is simulated with ϕ = ϕ(t) under the same onditions asthose of setion 2.4, with the software pakage sionos. With ϕ(t) ≡ 0, theresults are depited on Figure 5. With ϕ(t) = φ sin(ωt) φ = 0.1, ω = 5, theRR n° 7326
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(b) Sliding variable s(t)Figure 5: Simulation of (50) with ϕ(t) = 0.results are depited on Figure 6. We have hosen ke = ks = 5 , kx = 1.5,
Mx = 1, Mv = 2. On Figure 6() and 6(d), sine τ1,k and τ2,k are inside (−1; 1),one noties that the sliding surfaes se = 0 and sx = 0 are reahed in �nite timeas expeted from Proposition 4.The system in (66) is simulated with ϕ = ϕ(t) with the same onditionexept for the sampling time hosen as h = 10−2. The initial onditions are
x0 = 2, y0 = 6, x̂0 = 1, ŷ0 = 1. We have hosen µ = 1, ν = 2 and k1 = k2 =
k3 = k4 = 5. With ϕ(t) = φ sin(ωt) φ = 0.1, ω = 5, the results are depitedon Figure 7. On Figure 7(d), one noties again that the sliding surfaes arereahed in �nite time as expeted in Theorem 5. The attenuation is shown onFigure 8 and we notie that e1,k = O(h2) and e2,k = O(h). It is worth notingthat the origin is attained after an in�nite number of events (the swithes of thesign funtions) in the ontinuous-time twisting ontrollers. This an be seen onFigures 7(b) and 7(d). Despite we have no onvergene proof for the disrete-time solutions of the twisting algorithms, it is known that a very nie feature ofbakward Euler time-stepping methods is that they an handle aumulationsRR n° 7326
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Chattering-free digital sliding-mode ontrol 28of events (Zeno phenomena), see e.g. [2, Chapters 1 and 10℄. For this reasonthey are sometimes alled event-apturing methods.4 ConlusionIn this paper a novel disrete-time implementation of sliding-mode ontrollersis proposed. It is based on an impliit Euler method, and also applies to thezero-order holder disretization. The ontrollers are simple and take the form ofprojetions on the interval [−1, 1], or may be omputed from simple quadratiprograms. Most importantly the disrete-time ontrollers are able to representthe intrinsi multivalued feature of their ontinuous-time ounterparts heneavoiding fast swithes and high-gain behaviours. The analysis shows that asmooth stabilization on the sliding surfaes is obtained in the ase there is nodisturbane (hattering-free ontrollers), while when a disturbane is presentits e�ets are attenuated by fators h or h2. These properties are independentof the sampling period magnitude, whih an be large. The ontroller has thenie property that the ontinuous-time and the disrete-time sliding surfaesare the same. Many simulation results illustrate the theory. Future worksshould onern the proof of onvergene to the origin in a �nite number of stepsfor the disrete-time twisting and super-twisting algorithms (as a omplementto the numerial simulations presented in this paper), the extension towardsother sliding-mode ontrollers (like systems with mismathed unertainties),the numerial study of some optimal ontrol problems that take the form ofnonlinear variable-struture systems [6℄, and experimental omparisons withexisting solutions for hattering redution [5℄.Referenes[1℄ V. Aary, B. Brogliato, �Impliit Euler numerial sheme and hattering-free implementation of sliding mode systems�, Systems and Control Letters,doi:10.1016/j.sysonle.2010.03.002, 2010.[2℄ V. Aary, B. Brogliato, Numerial Methods for Nonsmooth Dynamial Sys-tems, Springer Leture Notes in Applied and Computational Mehanis,vol.35, 2008.[3℄ V. Aary, F. Pérignon, �An introdution to sionos�, INRIA TehnialReport RR-0340, July 2007, http://hal.inria.fr/inria-00162911/fr/ .[4℄ G. Bartolini, A. Ferrara, V.I. Utkin, �Adaptive sliding mode ontrol indisrete-time systems�, Automatia, vol.31, no 5, pp.769-773, 1995.[5℄ D. Biel, E. Fossas, �Some experiments on hattering suppression in poweronverters�, Proeedings of the 18th IEEE International Conferene onControl Appliations, Part of 2009 IEEE Multi-onferene on Systems andControl, pp.1523-1528, Saint Petersburg, Russia, July 8-10, 2009.[6℄ F.L. Chernous'ko, I.M. Ananievski, S.A. Reshmin, Control of NonlinearDynamial Systems, Springer Verlag, CCE series, London, 2008.RR n° 7326
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