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Abstract: In this paper a novel discrete-time implementation of sliding-mode
control systems is proposed, which fully exploits the multivaluedness of the dy-
namics on the sliding surface. It is shown to guarantee a smooth stabilization
on the discrete sliding surface in the disturbance-free case, hence avoiding the
chattering effects due to the time-discretization. In addition when a distur-
bance acts on the system, the controller attenuates the disturbance effects on
the sliding surface by a factor h (where h is the sampling period). Most im-
portantly this holds even for large h. The controller is based on an implicit
Euler method and is very easy to implement with projections on the interval
[—1,1] (or as the solution of a quadratic program). The zero-order-hold (ZOH)
method is also investigated. First and second order perturbed systems (with
a disturbance satisfying the matching condition) without and with dynamical
disturbance compensation are analyzed, with classical and twisted sliding-mode
controllers.

Key-words: No keywords

* INRIA, 655 avenue de I’Europe, Inovallée, 38334 Saint-Ismier, France

T INRIA, 655 avenue de I’Europe, Inovallée, 38334 Saint-Ismier, France

f CICESE, Departamento de Electronica y Telecomunicaciones, Km.107, Carretera
Tijuana-Ensenada, 22860 Mexico

Centre de recherche INRIA Grenoble — Rhone-Alpes

655, avenue de 'Europe, 38334 Montbonnot Saint Ismier
Téléphone : +33 4 76 61 52 00 — Télécopie +33 4 76 61 52 52



Commande par modes glissants en temps discret
avec suppression du phénoméne de “chattering”

Résumé : Ce travail concerne la commande par modes glissants en temps dis-
cret. L’aspect multivalué est pleinement exploité, ce qui permet de supprimer le
chattering da & la discrétisation en temps, et d’autre part d’atténuer les pertur-
bations par un facteur h (h le pas d’intégration ou la période d’échantillonnage)
ou par un facteur h%. Les méthodes d’Euler implicite et ZOH (zero order holder)
sont étudiées.

Mots-clés : sliding-mode, backward Euler method, zero-order-hold method,
discrete-time sliding mode, disturbance compensation, twisting controller
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1 Introduction

Sliding-mode control is an important field of feedback control, with many ap-
plications, see e.g. [0l 03, M9, 22 27, 28]. The issue related to the digi-
tal definition and implementation of sliding mode systems, has been the ob-
ject of many works since the publication of pioneering works [9, 20], see e.g.

[, T2, 17, 27, BT, 28| 241 25]. It appears however that such control methods are

not yet fully understood and their implementation is still prone to serious prob-
lems like numerical chattering [13, B0, T4, I8, [16, 29, 28, B2, B]. The objective
of this paper is threefold: a) to show that an implicit Euler controller permits
to numerically implement the multivalued part of discontinuous sliding-mode
controllers and consequently suppress the numerical chattering that is present
in the explicit implementations, b) to extend it to the case when one part of
the state is observed, c¢) to show that when a disturbance acts on the system
(full-state or partial-state feedback) the numerical chattering is still suppressed
and the disturbance is rejected. By disturbance rejection it is meant that in the
ideal (analytical) continuous-time system, the disturbance is exactly rejected,
while in the digital implementation it is attenuated by a factor A where h > 0
is the sampling time. The major features of the implicit causal discrete-time
input are on one hand that the continuous-time system sliding surface (that
may be of codimension larger than one) is not changed after the discretization,
on the other hand a finite sampling frequency is sufficient to assure the sliding
motion of the discrete-time system, and finally the chattering effects observed
on explicit controllers (named the numerical chattering) are suppressed.

Definition 1 The numerical chattering corresponds to the oscillations (limit
cycles) which are solely due to the digital implementation of the controller.

Definition 2 The disturbance chattering corresponds to the oscillations that
can appear due to a high frequency disturbance acting on the system.

A first fundamental step is to eliminate the numerical chattering with the
application of a suitable implicit discrete-time controller. The disturbance chat-
tering will not be eliminated in the system’s state around the sliding surface, but
the disturbance is attenuated by a factor h (of a factor h? on the system’s po-
sition for an order-two system). In practice it is expected that this corresponds
to a high compensation of the disturbance. The control input obtained by the
implicit method is not of the bang-bang type when the state evolves on the slid-
ing surface. On the contrary it is a continuous input which evolves inside the
multivalued part of the sign multifunction (the multivalued part corresponds in
the Filippov case to the set representing the closed convex closure of the vector
fields on the switching surface, which is a segment if the codimension is equal
to one).

Definition 3 Let h = tj41 — tp > 0 be the sampling period, k > 0. An m-
discrete-time sliding surface X4 is a codimension m subspace of the state space,

such that the discrete state vector xj 2 x(ty) satisfies v, € Xg for all kpin <
k < kmax, Kmin < kmax — 1, kmin = 0. Moreover this holds whatever h > 0.

A very attractive feature of the digital method based on the implicit Euler
method is that the numerical sliding surface ¥4 and the continuous-time sliding
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surface Y. satisfy Xg = 3.: the discretization does not modify the sliding surface
0. If, for instance, X, = {x € R" | Cx+ D =0}, C € R™*", D € IR™, then
Y4 = {xr € R" | Cx, + D = 0}. The controllers which are designed in this
paper consist of the stabilization of an unperturbed nominal plant, coupled to
the plant’s dynamics (see figure [ll). Both the nominal and the real plant have
to be discretized with the same method (implicit Euler or zero-order holder).

l Prk4+1

Tk
O discrete-time plant

~Tk+1

nominal system

Th41 generalized

equatiomsolver

Figure 1: The discrete-time closed-loop system.

The paper is organized as follows: section Bl is dedicated to the analysis of
a simple first-order system, without and with disturbance compensation. An
extension to higher-order systems is also presented, with the Euler and the ZOH
methods. In section Bl second-order systems are treated and several types of
controllers are analyzed. In all cases the continuous-time system is introduced,
then its time-discretization is studied, and finally simulation results are shown.
Conclusions end the paper.

Notation: In the sequel sgn(x) is the multivalued sign function: sgn(z) =

+1 if >0

-1 if >0 . Let K C IR" be a closed non empty convex set. The

[-1,1] if =0
normal cone to K at z € K C IR" is Ng(z) = {z € R" | 2T(y —2) >
0forally € K}. Let M = MT > 0 be an n x n matrix. For any z € IR" and
y € IR™, one has

1
—r+y € M Ng(z) & o = proj,, (K;y) & = = argmin, ¢ x g(z—y)TM(z—y)

(1)
where projas(K;y) denotes the orthogonal projection of y on K in the metric
defined by M. For any reals x and y, one has

z € sgn(y) <y € Ny q(x). (2)
For 2 € IR™, Sgn(x) = (sgn(@1) sgn(@m))T, [[elloe = max((@il, .., lzm]),
l|z]l1 = >°i"; |2i]. For any matrix M and vector z, the norms ||M|| and ||z|| are

supposed to be compatible norms so that ||[Mz|| < ||M]| ||z||. For a function
[ IR — IR one has [|f|[oc = esssup,. p|f(t)]- I, is the n x n identity matrix.

RR n°® 7326
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2 A first-order system

We analyze in this section the simplest case to illustrate how the method works.
Two cases are treated: without and with disturbance compensation (in the
continuous-time system). The basic ideas are illustrated on a simple first-order
system.

2.1 The case without disturbance compensation

Let us start by considering the following basic sliding mode system:

#(t) = —ar(t) + () 5
7(t) € sgn(a(t)),

where ¢(+) is the perturbation such that ||¢|l« < p < a. The control input is
here u(t) = 7(¢). It may be seen, in the language of differential inclusions theory,
as a selection of the set-valued right-hand-side of the system. Choosing correctly
this selection is the object of the following discretization. The system @) has
x = 0 as its unique equilibirum point, which is globally asymptotically stable
and is reached in finite time (this may be shown with the Lyapunov function
V(x) = 2?). The discrete-time sliding mode system is implemented as follows:

Tht1 = T — ahTpq
Tht1 € Sg0(Tht1) (4)
Tpy1 = Tp — ahTp1 + horyr

The first two lines of (@) may be considered as the nominal unperturbed plant,
from which one computes the input at time ¢;. The third line is the backward
Euler approximation of the plant, on which the disturbance is acting. One has
u(t) = 41 on the time-interval [tx, txy1)-

Proposition 1 Suppose that the initial state in [{f)) satisfies |xo| > ah > 0.
Then after a finite number of steps ko one obtains that T = 0 and xi = hyyg
for all k > ko. In other words, the disturbance is attenuated by a factor h.

Moreover the approzimated derivative of the state satisfies 5—"E = 1 — @y,

for all k > ko + 1 whereas @ =0 for all k > ko. The control input takes
values inside the sign multifunction multivalued part on the sliding surface for
all k> ko.

Proof: The generalized equation Zy4+1 = o — ah7p41 and 741 € sgn(Tey1)
is found to be equivalent, using (@) and @), to the inclusion 7441 — o5 €
—N—1,1)(Te41) which is equivalent to 7411 = proj([—1,1]; Z¢). Thus one ob-
tains:

If 2 > ah then Ty = xp — ah and sgn(Zx41) = 1,

If 2, < —ah then Zyy1 = xp + ah and sgn(Tgy1) = —1,
e If 0 > z; > —ah then Zy11 € (0,ah), and sgn(Tx41) = —1,

e If 0 <z < ah then Zy41 € (—ah,0), and sgn(Zr11) = 1.

RR n°® 7326
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From the above we infer that:

o If xy, > ahthen xp11 = xp+hprt1 —ah = zp+h(prs1 —a) < z+h(p—a).
Since p — a < 0 the state is strictly decreased from step k to step k + 1.

o If z;, < —ah then xyy1 = zk + hgs1 + ah = xp + h(@py1 +a) > xp +
h(a—p). Since a — p < 0 the state is strictly increased from step k to step
k+1.

One deduces that if the initial data satisfies |xg| > ah then after ko =
[ﬁ] steps one gets Tr, = 0. Indeed at ko the state x;, reaches the interval
(—ah, ah) and then the unique solution for Zy, is zero. From &y, = 0 one deduces
that |zx,| < ah. To compute the next value of Z;, one has to solve the generalized
equation

Thot1 = Tho — a‘thoJrl (5)
Tho+1 € 8gN(Tho+1),

whose unique solution is found by inspection to be Zp,4+1 =0 [ The reasoning
can be repeated to conclude that z; = 0 for all k > kqg. Therefore @ =0
for all £ > kg. Now let us assume that for & > ko we have

Ipp1 =ap —ahty1 =0, k2 ko, (6)

that is -
—_— 7
Tk+1 ha ( )

In this case, the state xy4; is given by

Tpyr1 = hopir, (8)

and therefore
2k = hpp, Thp1 = % for all k > ko + 1, (9)

so that ZH—"k = o1 — ¢y for all k > ko + 1.
|
Notice that the backward (or implicit) Euler discretization of the unper-
turbed plant coincides for @) with the zero-order holder (ZOH) discretization.
Considering the perturbed plant, the only difference between (Hl) and the ZOH
discretization is that hygy1 becomes f[tk tesn) p(t)dt. And hpgtq in @) and @)
has to be replaced by f[tk tei1) @(t)dt < ah. The attenuation of the disturbance
still holds with the ZOH method. In other words the state z(-) of the plant
satisfies z(t) = f[tk " o(t)dt < hp. In a more general setting, the discretization

of the controller and the discretization of the plant have to be the same (both
implicit Euler, or both ZOH) in order for the disturbance attenuation to hold.
Notice that the above shows that Vi = |Zx| is a Lyapunov function for the
nominal system.

IThe underlying crucial property that makes this hold is the maximal monotonicity of the
sign multifunction.

RR n°® 7326
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2.2 The case with disturbance compensation

Let us consider the case with disturbance compensation. Let us define Z(t) =
—ari(t), T1(t) € sgn(z(t)), e = © — &, and the controller u = —asgn(z(t)) —
asgn(e(t)), a >0, a > 0 and a < . Thus the closed-loop system is given by:

z(t) = —ari(t) — ara(t) + o(t)

(10)

where ¢(-) is a disturbance such that ||¢]s < p < min(a, «). The fixed point
(x,e) = (0,0) of the system may be shown in a rather standard way [27] to be
globally strongly asymptotically stable with the nonsmooth Lyapunov function
V(z,e) = |z| + |e|]. Moreover, the system attains in a finite time the sliding
surface e = 0 where it evolves according to the sliding dynamics &(t) = —am (t)+
©(t). The condition a < « implies that the origin is not attained directly, but
first the system slides on the surface e = 0. On this surface it is apparent from
(@) that the dynamics in x evolves as a disturbance-free system. The discrete
sliding mode system is implemented as follows:

Tkt1 = Tk — ahTy pp1 — QAT k41

Ct1 = €k — ahTo oy

- (11)
T1 k1 € Sgn(Trt1)
To,k+1 € SgN(Ex11),
and the update procedure representing the plant dynamics is given by:
Tht1 = T — ahTy jp1 — ahTo 1 + g
(12)
€1 = ex — ahte i1 + hppyr.

Proposition 2 Assume that |eg| > ah > 0. Then after a finite number of steps
ko one obtains €, = 0 and ex, = hpp1 for all k > ko. Let |xr, — hoggt1| >
ah > 0. Then there exists k1 < +o0o such that T, = 0 for all k > ko + k1 and
xr = hey for all k > ko + k1.

Proof: From () we have

(13)

€ht1 = €k — ahTo jq
T2 k+1 € 8g0(€k11),

which is exactly the first two lines in #). Therefore the conclusions drawn
for @) apply, just replacing a by a. Thus the e,—dynamics is exy1 = e —
ah proj([—1,1]; &) 4 hpy1. After ko the discrete trajectory evolves on the
sliding surface €, = 0 while 79 41 = % and ey = hygy1, and one obtains using

@:
Tpr1 = T — hpgr1 — ahm k11
T1k+1 € SgN(Tp41) & ZTp1 = o — ah proj([—1,1]; %)
Tht1 = T — ahTy
(14)

RR n°® 7326
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Then we can redo again the same calculations as in the proof of Proposition
[ (by replacing xx by zx — hpgs1 in the first line of @), and xy + hpg1 by
in the third line), to infer that after a finite number of steps one gets I = 0,

_ wk*h¢k+1
Tl,k+1 == T, and

Try1 = Tk — e — (T — hort1) + hory1 = hopy (15)

Indeed let us now assume that:

41 = T — ahTy jyp1 —ahmo g1 =0 (16)
€kt1 = € — ahTy py1 =0,
that is
T — €L
T1,k4+1 =
ekah (17)
T = —.
2kt = o
After the update procedure [2), we get
Tp1 = hori1 (18)
er+1 = horyi.

We can conclude that once the sliding mode in & and € is reached we have,

=h
Tl T AP o all k > ko (19)
ept1 = hori
and
Tik+1 = 0
{ BT e forallk > ko + 1. (20)
T2,k+1 = —
(07
|

Consequently the discrete-time controller guarantees the convergence of the
state of the nominal system in finite time to the origin, while the plant’s state
is equal to the disturbance attenuated by a factor h. To summarize, from (I
and (@) the discrete-time closed-loop system is therefore:

Tpr1 = T — ah7i g1 — ahme g1 + hppga
eit1 = ek — ahTo 1 + hppp

o . L Tr—ahTo by
T1,k+1 = proj([—1,1]; T)

To k1 = proj([—1,1]; <)

(21)

One sees that this is very easily implementable with nested projections.

2.3 Extension to higher-order systems

In order to show that the foregoing method extends to n—th order systems with
the equivalent-control-based sliding-mode-controller (ECB-SMC [28, Chapter
2|) and also to better fix the ideas on the structure of the proposed controllers,
let us consider the linear time-invariant system with disturbance &(t) = Az(t) +
Bu(t)+Dp(t) with [|o(t)]]1 < pYmax for all £, omax = |pileo forall 1 < i < p and

RR n°® 7326
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D € IR™™P. Let us choose a sliding surface ¥ = {z € R" | Cx = 0,C € R™ "},
where m is the dimension of the input vector u(¢). The ECB-SMC takes the form
u € —(CB)~'CAz — a(CB)~'Sgn(Cz), provided C'B is full-rank. Let z 2 C.
The reduced closed-loop dynamics is 2(t) = —ar + CDp(t), T € Sgn(z), which
is globally asymptotically stable and ¥ is reached in finite time provided o >
p||CD|| ¢max (this can be shown with the Lyapunov function V/(z) = 327z that
satisfies along the closed-loop trajectories V(t) < ||z||1(— + p||CD||¢maz))-
The system is discretized as

Trt1 = Tk + hAzg + hBugy1 + hDggi1, (22)

and the nominal system is simply given by Zx4+1 = (I + hA)xg + hBugt+1. The
implicit Euler controller is defined as

Uk+1 = —(CB)fch!’Ek — a(CB)flTkJrl
(23)
Tk+1 € Sgn(OfckH).

Therefore 7,11 is given by (see (@) and (@)):
: m. 1
Trt1 € Sgn(Cay — ahti41) & Tpy1 = proj([—1,1]™; @ka)’ (24)

where [—1,1] = [-1,1] X ... X [=1,1] m—times. Thus the controller to be
applied at time % is

upr1 = —(CB) 'CAzxy — o(CB) 'proj([—1,1]™; %ka). (25)

We therefore obtain, with zp = Cxy and z = Cxy:

Zht1 = 2k — QTR
Th+1 € Sgn(Zk+1) (26)
Zpt1 = 2x — ahtp1 +hCDggy 1,

that is similar to #). Thus the same conclusions as in Proposition [l may be
drawn for this discrete-time system provided that o > p ||CD||¢@max: the sliding
surface CZj = 0 is attained after a finite-number of steps whatever the bounded
initial state, and the discrete-time system evolves smoothly on this surface while
the disturbance effects on the variable C'x; are attenuated by a factor h.

Remark 1 The discrete-time input obtained from [28, Equ.(9.36)] (see also
H, ] and [9] for the original contribution) when applied to (22) is calculated
to be: up1 = —(hCB)~'C(I + hA)zy, = —(CB)~ '€ — (OB)~'CAuy, which
is linear. The discrepancy with ([Z3) is the projection on the set [—1,1]™ that
is intrinsically present in the implicit Euler input (that is nonlinear Lipschitz
continuous), and is not a consequence of adding saturations because of actuator
limitations. Also the controller in (Z3) remains bounded when h — 0, a property
shared by all the controllers considered in this paper. One may say that both
controller designs share the same “philosophy” since they are both calculated
in order to force the discrete sliding surface to be zero, with a suitable input.
However they are not at all equivalent. In practice the controllers proposed in
this paper may be calculated using a suitable complementarity problem solver [Z].

RR n°® 7326
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As alluded to in section EZl, the plant and the controller have to be dis-
cretized with the same method (backward Euler or ZOH) in order to assure
the disturbance attenuation. Let us investigate the zero-order-holder method
(ZOH) on this example. The input is assumed to be constant on [tx, tx+1] and
is computed at t = t;. The ZOH discretization of the ECB-SMC controller on
[tk, trt1] takes the form [32]:

Tpy1 = A*(h)xg — aB* (h) Tk + ¢" (h), (27)

with A*(h) = — [Medt B(CB)™'CA, B*(h) = [I'eAdt B(CB)™

=" AtDcp ((k+1)h—7)dr. Notice that as h — 0 then A*(h) ~ In—f—Ah—
hB(OB) NEAs Oh2), B () ~ hB(CB)- 1 O(h?). consequently the implicit
Euler and ZOH methods yield the same discrete-time system when the sampling
period is small. Also one may compute that ||} (R)||1 < hp || D||¢max + O(h?).
This yields the generalized equation:

Ci‘k.ﬁrl = (CA* (h)xk - OzOB*(h)Tk_H
N (b) Tk4+1 € Sgn(CkaJrl)
ka+1 = (CA* (h)xk — OZCB*(h)Tk+1
+Coj(h)
(28)
Suppose that the matrix CB*(h) is symmetric positive definite (since CB* =
hI,, + O(h?) it follows that for i small enough CB* > 0 is guaranteed if CB is
invertible). Then from (@) and (@) the first two lines of @) (b) are equivalent
to:

CA*(h)fEk — aCB* (h)Tk+1 (S N[—l,l]m (Tk+1) & Tkl = prOjCB*(h)([_17 1]m, é(CB*(h))_lCA*(h)xk)

Thir = A" (h)ag — aB* (W) T
(a) Ti+1 € Sgn(CTp41)
1 = A*(h)xr, — aB*(h) 141 + Cpj(h)

© Th1 = argmin,c(_q qjm %(z — é(CB*(h))*lCA*(h)xk)TCB*(h)(z — é(CB*(h))*lCA*(h)xk),
(29)
where projcp-(n) is the projection in the metric defined by C'B*(h). There-
fore at each step the controller is calculated as the solution of a quadratic pro-
gramme and is unique. Notice that when h is small then CB*(h) ~ hl,, and

CA*(h) = C so that

: 11 1 , 1
Th41 = argmin,e_q qjm g(z—mka)T(z—mka) < Tpe1 = proj([—1,1]™; mka).

The input remains bounded when the sampling time decreases. The next
result is obvious from EX) (b):

Lemma 1 Let CZp11 = 0 for some k > 0. Then ||Cxir1]l1 = |[|Cei(h)]| =<
hp [|C]| 1Dl max-

Thus the disturbance attenuation on the nominal discrete-time system slid-
ing surface holds with the ZOH method. If the higher order terms in h? are
neglected, one sees that [28) (b) is the same as ([Z8) where only the disturbance
term is modified, so that once again the conclusions of Proposition [l apply: the
discrete-time system reaches the nominal system sliding surface in a finite num-
ber of steps. The analysis for any h > 0 is more involved because the terms in
h? introduce a coupling between [E8) (b) and (a). However since we are focusing

RR n°® 7326
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on the sliding modes and finite-time convergence to the sliding surface only, we
may assume that the solution z(-) of the closed-loop system is bounded for any
bounded initial data, and that the solution xj of its ZOH counterpart in (Z8)
(a) is bounded as well, i.e. ||zx|| < M for all k¥ > 0 and some M. Then the
following holds:

Proposition 3 Let h > 0 be given. Suppose that the solution of (Z8) (a) satis-
fies ||z|| < M for all k = 0 and some M < +o00, and that CB*(h) is symmetric
positive definite, with CB*(h) > ~vI,,, > 0 for some known . Then there exists a
constant 6(h?, M) such that if o > Z||C|| hp ||D|| pmax + 6(h*, M), Ciri1 =0
for some k > 0 implies CTj4p, =0 ]"Yor alln > 2.

Proof: from Lemma [ the first line of Z8) (b) rewrites at step k + 2 as:

Cipia =(CH+ O(hQ))mk_H — aCB*(h)Tk+2

= Ot (h) + O(h?)zrs1 — aCB* (h) T2 (30)

Thus B0) and 7,42 € Sgn(CZiy2) form a generalized equation which possesses
a unique solution because «C'B*(h) is positive definite. We may rewrite it as:

0 € S(CB (1) s — = (CB* () (Coi(h) + O)rpsr) + Sen(Ciy)

(31)

Therefore if 2(CB*(h)) " (Cp}(h)+O(h?)xk41) € [-1,1]™ then CZpyo =0

is the unique solution of I). From the proposition’s assumptions one has

I(CB*(h) = (Cpi(h) + O(h?)zki1)llr < ZIC|| hp || Dl @max +8(h*, M), where

§(h?, M) is an upper bound for O(h?)xy, 1. This upper bound depends only on

M, the system’s matrices, and h. It is therefore uniform with respect to the

step number k.

|

Then Lemma [0l may be applied to show the disturbance attenuation on the
nominal system discrete-time sliding surface.

2.4 Numerical simulations

The numerical simulations are obtained with the sSiCONOS software package of
the INRIAB that is dedicated to non-smooth dynamical systems. In order to
reproduce the continuous-time nature of the plant, the plant dynamics is inte-
grated in all the simulations with the machine precision, whereas the controller
sampling time is much larger: h = 10~!s. This is equivalent to implementing
a ZOH method. The disturbance is taken as ¢(t) = ¢sin(wt) and we simulate
the system in ().

The above developments are illustrated on figurePlwitha =1, a =2, w =5
and ¢ = 0.1. Illustrations are given on Figures B and Bl with a = 1, o = 2,
w = 100 and ¢ = 0.1. The disturbance attenuation is clearly shown.

3 Second order systems

Let us now focus on a more general class of systems and perform the same
steps as for the first order case (a short recall of the continuous-time case, and

2http://siconos.gforge.inria.fr/
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(b) Multiplier 71 41, T2,k+1 and perturbation ¢y /o vs. time

Figure 2: Simulation of the system ([I), ¢ = 0.1, w = 5.
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Figure 3: Simulation of the system ([[) with ¢(t) = ¢sinwt, ¢ = 0.1, w = 100.
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(b) Sliding variable s(t)

Figure 4: Simulation of the system ([[) with ¢(t) = ¢sinwt, w = 100.
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then the time-discretization). The simulations will be given after the theoretical
presentations.

3.1 First-order sliding-mode stabilization with disturbance
compensation

3.1.1 The continuous-time system

The plant dynamics is given by

B(t) = u(t) + p(x(t), 1), (32)

where z(t) € IR is the state vector, u(t) € IR is the control input. The distur-
bance ¢(x,t) € IR represents the system uncertainty and its influence on the
control process should be rejected. It is assumed that ¢(z,t) is an unknown
function with an a priori known upper estimate @max > 0 such that

l(2, )] < Pmax (33)

for almost all , ¢t € IR. The model repeats the structure of the plant and is
given by:

Z(t) = u(t) + v(t), (34)

where v(t) € IR is the model input. The error dynamics is then written as
follows:

é(t) = —v(t) + p(x(t), 1), (35)

where e =  — % is the deviation of the model state from the plant state. The
error dynamics, driven by the sliding-mode input, is given by:

0(t) € koé(t) + kyse(t) + Mysgn(se(t)), (36)

and it is globally asymptotically stabilized provided that M, > ymax and s, =
é + kee where k. and ks are positive constants. To reproduce this conclusion it
suffices to rewrite the state equation for s., thus arriving at the equation

Se(t) € —ksse(t) — Mysgn(se(t)) + p(x(t),t), (37)

which has s} = 0 as its unique fixed point, which is globally finite-time stable.
Thus, by the equivalent control method one has that:

Veq(t) = p(x(t),1) (38)
on the surface s, = 0 and it is expected that the control law
u € —v — Mysgn(sy) — kg, (39)

with s, = & + k,x, asymptotically compensates for the disturbance ¢(x,t).
Indeed, once the sliding mode occurs on the surface s, = 0, the plant equation
takes the disturbance-free form

S0 (t) € —Mysgn(se(t)) — keé(t)
(40)
é(t) = —kee(t).
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because on this sliding surface one has M,sgn(se(t)) = p(x(t),t). Since the
dynamics () has s& = 0 as a globally asymptotically stable fixed point, the
desired disturbance compensation is thus provided. Summarizing, the following
result, guaranteeing the global asymptotic stability of the closed-loop system,
is obtained. Let us denote by z the state vector z = [e s,  s,]7. The coupled
plant /error dynamics in the closed-loop system is given by:

“k 1 0 0 0 0 0
, 0 -k 0 0 M, 0 o(x(t),t)
t) = t) — t
) o o0 -k 1| o o |T®OF 0
—ke —ks 0 0 M, M, o(x(t),t)

T(7§)€Sgn<[8 (1) 8 Hz(t))

It is noteworthy that the (e s.) subdynamics is decoupled from the (z s;)
subdynamics.

Proposition 4 Consider the closed-loop system [{I) with positive gains ke, ks, My, M,
and an external disturbance ¢(x,t) such that {F3) holds for almost all x € IR,
t € IR and M, > pmax- Then after a finite time, this system evolves in the
sliding mode along the surfaces s = 0 and s, = 0, and along these surfaces,
the system dynamics is governed by the asymptotically stable, disturbance-free

equations ([Z0).

The proof of Proposition His rather standard [27] and it is therefore omitted.
The parameter subordination k, >> k, ensures a faster convergence of the error
dynamics compared to the state variables of the plant whereas the controller
magnitude M, is required to be positive only. As a matter of fact, the higher
M, the higher the plant convergence rate.

3.1.2 The backward Euler time-discretization

Let us proceed with the same discretization as in the above first-order examples.
For this let us consider the first error dynamics in ([BZ), and discretize it on
[tk, tk+1) as:

§e7k+l = Se,k — hksse,k - thTLkJrl

T1k+1 € 380(8e kt1) (42)
Set1 = Sep — hksSe s — hMyT1 g1 + ho(Tp41, tet1)

ek+1 = ek + hépy1

for all £ > 0. The first two lines are a generalized equation with unknown 5. 1,

which we may rewrite as 0 € F(3. x+1) for some multifunction F : R — ol
It has a unique solution since the sign multifunction is maximal monotone and
F(-) is 2-monotone as the sum of a monotone and a 2-monotone multifunctions
(see Definition 2.3.1 and Theorem 2.3.3 in [I0], and Exercise 12.4 in [26]). Notice
that if S¢ p+1 = 0 then (1 — hks)ser = hMyT1 p+1 and Se g1 = h(Tha1, thg1)-

Also 71 k41 is a function of s, only, that is of ¢, = “—*=L and ej. So there is
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not an exact compensation as in the continuous-time case, but a disturbance-
attenuation by a factor h. Notice that [EZ) is exactly @), replacing xy by
(1 — hkg)ser, —a by —M,. Hence the conclusions of Proposition [ hold for
[E2). We infer that after a finite number of steps ko, one obtains 5., = 0 and
See = ho(Xp41,tr41) s0 that [Se k| < hpmax for all k > ko for some finite k.

The next result characterizes the evolution of ej on the sliding surface 5., =
0.

Lemma 2 Suppose that the sliding surface Yo = {5cp, € R | 30 = 0} is
attained at k = ko and that the system stays on it. Take for simplicity ko = 0.
Then:

k
€1 = (14 hke) " leo + h*(1+ k)™ Y (14 hke) Fo(wi,ti).  (43)
1=0

Proof: One has ex, = ex—1 + héy and s. , = éx + keer. We infer that
ep = (1 + hke)_lek_l + (1 + hke)_th(pk_H (44)

from which 3) follows.
|
Notice that if we implement ey11 = e + hép then we obtain e, = (1 —
hke)er—1 + h%pi, and similar calculations may be done, using the fact that for
h > 0 small enough 0 < 1 — hk. < 1. Therefore on the sliding surface the
discrete-time error is the sum of an asymptotically vanishing term, plus a term
that depends on the disturbance, attenuated by a factor 22. The second part of
the error dynamics in [H{) is now discretized as follows:

gr,k+1 = Sx.k — hkeék - hksse,k - thTl,k+1 - th7-2,k+1
T2, k41 € SgN(35 kt1)
Sz k41 = Sz .k — Pkebl, — hksSe ky — hMyTi g1 — hMy7o kr1 + hp(Tht1, tht1)
Tp1 = Tp + hip
(45)
Notice that if & > ko then (1 —hks)se r = hMyT1 g1 and se = ho(Tg41, tet1)-
For k > kg the system evolves on the sliding surface 5. = 0 and we obtain:

Sz k+1 = Sak — h(Trg1, thr1) — AMyTo i1
T2, k+1 € Sgn(sz,k+1) (46)
Sz k+1 = Sx.k — hkeek - hMa:7—27k+l

From () we infer that hk.¢, = e, +h2ay where |ax| < o Zf:0(1+hke)i_k_1
and e is exponentially decreasing since 1+ hk, > 1. It follows also that ||
is upper bounded by a constant not depending on k and we may write |ay| <
Pmax for some constant a. We therefore rewrite (Eﬂ) as

Spk+1 = Sak — ho(Trg1, thr1) — AMaTo 1

To k1 € 580 (54 k41) (47)
2

Sp k1l = Suk — €k — Do, — hMyTo 4.

It is noteworthy that (D) is similar to (@) and to @) except for the expo-
nentially decaying term ¢e;. Thus the following holds, which shows that the
disturbance effects are still attenuated by a factor h:
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Proposition 5 Consider the discrete-time system ([{4) that represents the sys-
tem’s dynamics on the sliding surface Y, = {Se € R | Se, = 0}, 1e. for
k > ko. Suppose that M, > pmax. There exists k1 < 400, k1 > ko, such that
for all k > k1 one has 5, = 0. Then |8y k+1| < hpmax + |€k| + P2@max.

Proof: The first part of the proof follows the same lines as the above proofs
of finite-time convergences and is omitted. The second part follows easily from
ED) by imposing 5, k+1 = 0 and inserting the value of hM, s 41 into the third

line of (ED).
|

The next result characterizes the dynamics of xx on the sliding surface z, =
0. For simplicity we take k; = 0 in Proposition B

Lemma 3 Suppose that for k > 0 the system evolves on the sliding surface
Su.1 =0, so that (neglecting terms in h?) |sy j+1| < homax + |€x|. Then

xp = (1+hky) 'ag — h(1+ hk,)™? H(1 +hke) (ep—1—i +h2ap_1_i + hogp_i).
i (48)

Proof: From s, ;11 = 0 one easily derives:
Tpr1 = (1 + hky) o — h(1 4 hky) " ep + h2an + hopyr) (49)
from which [HY) is deduced. [ |

The disturbance is therefore attenuated by a factor h? on the state “position”
xy. Similarly to (21I), using [I) we may rewrite the discrete-time closed-loop
system as:

Sz k+1 = Sz .k — hkeéy — hksse y — RMyT1 gpy1 — AMaTo g1 + ho(@pt1, thyt)
Se k1 = Sek — hksSe x — hMyT1 g1 + ho(Trg1, tet1)

Tht1 = Tk + hTpp1

ept1 = ek + hépy1

Tike1 = proj([—1,1f; %hk hM
Togr1 = proj([—1, 1]; Szb ek h}g\;;’ki risiy)

(50)
One has also s,k = ¢ +keeg, Sz k = ik +kpTk, 50 that zx1 = (1+hk,) " (@ +
hsg k+1) and eppr = (1 + hke)~t(er + hser+1). The controller has a nested-
projection structure and is easily implementable at time ¢ = ¢; with the knowl-
edge of xy, v—1 and ey, ep_1.

3.2 Position feedback stabilization of a double integrator

Let us now pass to other types of sliding-mode discontinuous controllers which
have been proposed in the literature, known as the twisting and super-twisting
algorithms [TT] [28, §3.6.2, 3.6.3]. They possess advantages (finite-time stability
of the origin, better disturbance attenuation), however their stability analysis
is more intricate.
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3.2.1 Finite-time stabilizing state feedback synthesis

To begin with, we present a static feedback controller that globally stabilizes
the double integrator:

o(t) = y(t), y(t) = u(t). (51)

A feedback law u(z, y) is further referred to as finite-time stabilizing if it renders
the origin of the closed-loop system (EIl) a finite-time stable equilibrium as
defined in [22]. The following state feedback

u = —psgn(y) — v sgn(x) (52)

with parameters v > 1 > 0 is proposed to globally stabilize the double integrator

D).

Theorem 1 Consider the dynamics of the closed-loop system in ([(&0) (ZA). This
dynamics has a unique fized point (x,y) = (0,0) which is globally finite-time
stable, provided that the controller parameters are such that v > u > 0.

The proof may be found in the Example 3.2 and section 4.6 of [22]. Let us
now consider the disturbance-corrupted version:

() = y(t), y(t) = u(t) + @(x(t), y(t), t) (53)

and investigate the robustness properties of the closed-loop system [B2), ([B3)
against external disturbances ¢(z,y, t), being a locally integrable function on all
potential trajectories x(t),y(t). According to [22, Theorem 4.2], the disturbed
system in (B2) (B3) renders the system finite-time stable, regardless of whichever
disturbance ¢(-) with a uniform upper bound

ess igg lo(x(t), y(t),t)] < Pmax (54)

on its magnitude such that

0< Pmax < b <V — Pmax (55)

affects the system. This robustness property is achieved due to the high fre-
quency controller switching in the sliding mode of the second order that occurs
in the origin.

Theorem 2 [27, Section 4.6] Given i and v > 0, the closed-loop system in [&2)
@A) has a unique fized point (x*,y*) = (0,0) which is globally asymptotically
finite-time stable, regardless of whichever disturbance ¢(-), satisfying ([74)) and
@2), affects the system.

Let us propose the following implicit Euler time-discretization, where g1 2
O(Tht 1, Yt 1, L 1):

Tp1 = Tk + hyri1
Yk+1 = Yk — 71 g1 — hpte k1
T1,k+1 € sgn(i;;H_l)
T2, k41 € SEN(Trt1)
Th1 = Tp + hyr1
RR n° 7326 Ye+1 = Yk — T g1 — huto g1 + g,
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from which it follows applying (@) to the second and the fourth lines of (Bf)
that

Yk — hVTl,k-H)
i hu :
The discrete-time system in (BH) is still constructed along the same lines as

the ones in the foregoing sections: one computes the input from a nominal

unperturbed system (the first four lines of ([Bf)) and then one injects the com-

puted input into the plant dynamics (the last two lines of ([&6)). However this

time there is no decoupling between the Z;—dynamics and the y;—dynamics.

Let us now calculate the control input. One has §xy1 = yr — hv7 g1 —

huproj([—1,1]; %:M) Therefore i1 = yp—hv 71 g1 —proj([—hu, hpl; yp—
hvti g41). Thus three “modes” are possible:

To, k41 = proj([—1,1] (57)

o (i) if yr — hvTy kg1 > hp one gets Jry1 = Yk — hvTy g1 — D, Yep1 = Y —
hvty g1 —hu+hegrr and Zpp1 = p+h(yp —hvT ) —h2p, Tip1 = T+
h(yx — hvi g1) — 2+ h20p41. Also T py1 = %proj([—h%, h2v]; zp +
hyr — h? ), Tok1 = 1.

There are three sub-modes:

— (i-1) let xp + hyr — h2p > h?v: then Tiks1 = 1, yp > h(v +p
Tpy1 = T+ hye — W2 (v + 1) + hW20r41, Yr1 = Y — RV + 11+ Qr
— (i-2) let zp + hyr — h?u < —h2v: then 7y 441 = —1, yr. > h(p — v
Tpy1 = T+ hye + W2 (v — 1) + hW20r41, Yrg1 = Yk + (Vv — 1+ Qr
— (i-3) let |zg + hyy — h%p| < h?v: then z < 0, Ty jy1 = thye—h’p

h2v ’
_ 2 _ S g e
Tht1 = P 0k41, Yot1 = —5E + hop1, Tepr = 0, Grpr = — 3.

)

)

— —

o (ii) if yp—hvm k41 < —hpone gets Jp1 = Y —hAVT1 g1 AL, Ykt1 = Yu—
hvty g1 +hu+hegrr and Zpp1 = g +h(ye—hvT gp) —h2 i, Tip1 = T+
h(yx — hvty gr1) +h2p+h2ops1. Also Ty g1 = %proj([—hzu, h2v]; zp +
hyr, + h?p), T2 k1 = —1.

There are three sub-modes:

— (ii-1) let @y + hyy + h%p > h?v: then 71441 = 1, yp < h(v — p),
Tpyr = o+ hye — W2V — o — Ohi1, Yk = Yk + RV — 1 — Pry1).

— (ii-2) let zx + hygp +h%u < —h%v: then 7y 1 = —1, yp < —h(v+p),
Thp1 = Tk + hyk + B2V + A+ @ity Yo = Yk + (V4 g+ op).

— (ii-3) let |z + hyy + h?pu| < h?p: then 71 g1 = W, Tyl =

2 . : o /
hokt1, Tit1 =0, Y1 = — T + hog1, Ukt = — 5.

o (iii) if |yp — hvmige1| < hp one gets Gp+1 = yr — vy — (Y —
hl/Tl,k_H) =0, Yypo+r1 = hpgy1 and zp1 = o + hztpk_H. Also TL,k+1 €

_ yYr—hvTi kg
sg(ak), To 1 = g B

One sees that the controller (71 41, To.k+1)7 is a causal input at time t = ¢,
and there is no singularity in 71 x+1 as h tends to zero. In (i) and (ii) the value
for 71 p4+1 is obtained from the generalized equation 71 p4+1 € sgn(zp + hyr —
h?vTy k41 — h%p) and using ([@). In all cases 72 k1 is obtained from (&1).

It is easily checked that (z*,y*) = (0,0) is the unique fixed point of the
unperturbed system (B8l (take pr+1 = 0 in (@H)). The next result holds.
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Lemma 4 Suppose ¢, = 0. (a) Let |yp, — hvm go+1| < hp and g, = 0 for
some ko = 0. Then |yx, —hv gy1| < hy for all k > ko, so that xi41 = ygr1 =0
for all k > ko. (b) If xr, = yr, = 0 for some ko > 0, then x, = y, = 0 and
lye — hvmi 1| < hp for all k > k.

Proof: (a) From (iii) above it follows that |y, — hvT1 ko+1| < hp and
Ty = 0 imply Yko+1 = Thko+1 = 0. Therefore ka0+1 — hl/Tl,kO+2| = hl/|7'1’k0+2|.
Now suppose that hv|my k,+2| > hu, one obtains from (i) and (ii) that 71 k42 =
wDroj([=h2v, W3] ek 41 + hyke 1 £ h2p) = g proj([—h2y, h?v]; £h2p) = &
since p < v. So indeed |ygy+1 — hvT1 gy+2| = hpt, a contradiction. It follows that
hv|T1 ko+2| < hp and therefore |yg,+1 — hvTi got2| < by and g +2 = Yry+2 = 0.
Now 2y, +2 = Ti,+1 = 0. We can repeat the reasoning at the next step and (a)
is proved. (b) From xp = y; = 0 we deduce that z;11 = hyk1 and yry1 =
—hvTy g1 — hpto 1. Also Ty 41 € sgn(—hvt g1 — hpte 1) form which we
infer that 71 k11 = proj([—1,1]; =572 x41) while 75 11 = proj([—1, 1]; —ﬁﬁ,kﬂ).
Since p < v it follows that 7y py1 = —L7o k41, Also |ﬁTl7k+1| < 1 so that
IT1,k41] < £ < 1. Hence since 71 41 € sgn(zg41) necessarily xx41 = 0. From
the fact that zp41 = hygsq it follows that yi1 = 0. The reasoning can be
repeated at the next step. Furthermore it easily follows that |71 1] < £ so
part (b) is proved.

[ |

Lemma B says that (in the unperturbed case), once the system has reached
the fixed point it stays on it without any spurious oscillations. This is an
interesting property of implicit Euler schemes [1]. The lemma shows also that
mode (iii) is the unperturbed system’s mode at the equilibrium point. The
following results characterize the disturbance attenuation on the nominal system
sliding mode.

Proposition 6 Suppose that T11 =0 and §rr1 = 0. Then yr11 = hpr+1 and
Tpy1 = h2ppi1. Therefore |yrs1| < homax and |2r1| < h?Qmax-

Proof: From the first line of [@8) it follows that x; = 0. From the third
and last lines one has yi41 = hgr1. From the fifth line it follows that z;41 =
P Q1.

|

There is however a major difference between ([B) and the systems in the
foregoing sections. Indeed the conditions of Proposition B can hold only at
one time step. Assume that Tp41 = Yrp1 = 0. Then zp41 = h2g0k+1 and
Yr+1 = h@py1, so that Txro = Tr41 + hygro implies Yxro = —h@r+1- One must
refine Proposition B

Proposition 7 Suppose that T1,,1 = 0 for some k > 0. Then xp41 = h%@p 1.
Moreover if Z41 =0 for all k >0, then yrr1 = h(ps1 — @r) and Y7, yp =
h(en — @o), while Jir1 = —hey for all k > 0.

Proof: Let 341 = 0. Then xy = —hyr4+1. Thus —hyry+1 = zp = —hyr +
h2vTy g1 + h2ute g1, so that @y, + hy, = h2v7 g1 + h2ure k1. Thus T =
Tk + hyr — h2v7y g1 — h2puma k1 + h2@re1 = h?@ry1. Now we have 41 = 0
implies xgy1 = h2<pk+1 and Tyio = 0 implies x40 = h2<pk+2. Thus zp4o =
Tig1 4+ hyr1 = R2@rq1 + hyes1 = h2ppy2 so that yey1 = h(@rt2 — @rr1). The
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same can be done for the next step if 13 = 0. The sum immediately follows.
Finally yx+1 = h(pr+1 — ©k) = Gr+1 + hogt1 so that grr1 = —heg.
|
Propositions [{l and [ show that the disturbance attenuation holds for (&),
however the nominal system’s trajectories cannot slide along both z; = 0 and
gk = 0.

Remark 2 The differential inclusions in @), ), {1) and @A) (Z3) are writ-
ten more compactly as:

2(t) = Az(t) — B7(t) + ®(2(1), 1)
(58)
T(t) € Sgn(Cz(t)),

with obvious definitions of z, A, B, C and ®(-). The results in [1] do not apply
to ), F1) and EA) @A) because the “input-output” condition PB = CT with
P = PT >0 that is central in [1] is not satisfied for these systems. This means
that the underlying mazimal monotonicity arguments which allow one to draw
conclusions about the convergence in [1, are absent in (), () and &2) @&3).
The same applies to [23) @) (04). Finally the twisting algorithm is more
complez than (1) and [{J) because it is the equilibrium that is reached in finite
time, not a codimension one sliding surface that allows one to treat the problem
as a two-stage problem.

3.2.2 Finite-time velocity observer design

The focus of the present study is on the stability analysis of the velocity observer
of the supertwisting observer

&(t) = (1) + kala(t) — 2(0)] 2sgn(a(t) — &(1)) + ka(2(t) — 2(1)), 50)
G(t) € u(t) + kssgn(a(t) — &(t)) + ka(x(t) — (1)),

that was first proposed in [8] with k2, k4 = 0 and is now augmented with non-
trivial linear gains ko, k4 > 0. Clearly, the observation error e = (e; 62)T, e =
x — &, es =y — ¢ between the state of the double integrator (EIl) and that of
the velocity observer (Bd) proves to be governed by the following second-order

system
é1(t) € ez(t) — kiy/lex(t)[sgn(er(t)) — kaea(t)

ég(t) S —kgsgn(el(t)) — ]€4€1(t).
The following result is extracted from [211, 23].

(60)

Theorem 3 Given ki,ks > 0, ko, kg > 0, the system [G0) is globally finite-time
stable.

In the rest of this section, we carry out the subordination for the observer
gains k;, i = 1,2, 3,4 that ensures the robustness of the perturbed dynamics:

é1(t) = ea(t) — k1/|e1(t)[sgn(e1(t)) — kaeq(t)

éa(t) = p(2(1),y(t), 1) — kasgn(er(t)) — kaer(t).

(61)
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As a matter of fact, this dynamics corresponds to the observation errors e =
(e1 e2)T, ey = x — &, es = y — 9 between the state of the velocity observer
BY) and that of the double integrator (B3)), affected by an admissible external
disturbance.

Theorem 4 Let the system (1) be affected by a uniformly bounded disturbance
®4). Furthermore, let the system gains be such that

kl,k'g > 0, kz,k4 > 0, Zf ks = 0 then kg = 0. (62)

Then the system (E1) is globally finite-time stable whenever the upper bound
©max on the magnitude of the external disturbance o(x,y,t) meets the condition

ki kiks
21+ k

}- (63)

Omax < min{

The proof of Theorem B follows the same line of reasoning as that proposed in
[21), 23] and it is therefore omitted.

3.2.3 Finite-time stabilizing position feedback synthesis

In this section, we proceed with the design of the position feedback, stabilizing
the double integrator in finite time. For this purpose, we substitute the velocity
estimate ¢ in the state feedback ([B2) for y and, if desired, augment the resulting
control law with the term kssgn(e;) that compensates the disturbance w on the
sliding manifold e; = ey = 0, to arrive at the finite-time stabilizing position
feedback law:

u € —psgn(y) — v sgn(z), (64)
(or at that
u € —psgn(y) — v sgn(x) — ks sgn(er) (65)

with the disturbance compensating term). Then the closed-loop system (B3)
BY), driven by @) (or by (B3), respectively) proves to be globally finite-time
stable regardless of whichever admissible disturbance affects the system.

Theorem 5 Let the system ([2Z3) be affected by a wuniformly bounded distur-
bance [54) and let it be driven by the observer-based dynamic feedback (29) (64)
(respectively (BA)) with positive controller gains p,v subject to (B3), and with
observer parameters k;, i = 1,2,3,4, satisfying conditions [@4) [@3). Then the

closed-loop system ([&3) (Z9) ([64) is globally finite-time stable.

Proof: the closed-loop system (&3) (BED) (64) rewritten in terms of the ob-
servation error (E1l), meets the conditions of Theorem Bl By applying Theorem
H to the observation error system (1), we conclude that starting from a finite
time instant 7', the closed-loop system evolves on the manifold e = 0 where
9 =y, thereby ensuring that the position control signal ([&4) coincides with the
state feedback signal (B2). To complete the proof it remains to apply Theorem B
to B3 D) @) for ¢ > T when the position feedback equals the state feedback.
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The global asymptotic stability of the closed-loop system [B3) () (E4) is thus
established. [
The system in (B3)) (&4) and ([E9J) is discretized as follows:

Tp1 = 2k + hr

Uk+1 = Yk — T2 pp1 — ATy g

Bt € @ + hk |y — E|2sgn(@egr — Frr1) + hka(Frr1 — Tra1) + hijs
Uk+1 € Uk — hpTo k1 — hvm gy + hkasgn(Tr1 — Trg1) + hka(Thgr — Trt1)
Tpi1 = Tk + hyr

Yk+1 = Yk — MUT2 k1 — hvTi 1 + hopga

T k+1 € 8g0(Th+1), T2k+1 € Sg0(Yk+1)

(66)

Lemma 5 The unperturbed discrete-time multivalued system (B0) possesses the
unique equilibrium point (*,7*, &%, 9%, 2*,y*)T = (0,0,0,0,0,0)7.

Proof: recall that in the unperturbed case we may consider that z = xj
and g = yi for all k. From the first line of (BH) it follows that z* = z* +
hy* = y* = 0. From the second line one has y* = y* — hury — hvr{, so
that pr3 +vrf 5 0 <« 0 € sgn(z”) + Zsgn(f*) which is satisfied if and
only if z* = ¢* = 0 because v > p from (BH). From the third line z* =
¥+ hki/|z* — T*|sgn(a® — &%) + hka(a* — &%) + hg* which is equivalent to 0 €
kiy/|x* — @*|sgn(z* — &%) + ko (2* — 2*). The unique solution of this generalized
equation is x* = 2*, therefore 2* = 0.

|
Notice from the fourth and seventh lines of (B6) that
@Tk — VTl k+1 + kgsgn(i'k_i,_l — i‘k+1) —+ k4(i‘k+1 —_ i‘k—'rl)

)

(67)
where ([Il) has been used. Similarly to the twisting algorithm we may determine
three main modes for (GH):

T, k41 = proj([—1, 1]; p

o (i)if yf’” — VT k1 + K388 Th1 — 1) +ha(Thpr — Brg1) = 0 T2 goy1 = 1,

: —hp+E . —hpu+Zk
Tt = proj([—1,1); =220 ) g = ye—hp—hvproj([—1, 1); 2070 ),

o (ii) if h%—l/ﬁ,kﬂ—f—/fgsgn(ikﬂ—i“k+1)+/€4(ik+1—33k+1) <~ T2 kg1 =

. hu+3k | . hu+ Lk
—1, 7y g1 = proj([—1, 1]; LE0EETY gy 1 = yibhu—hwproj([—1,1]; 25050,

° (iii) if |ka — UTL g+1 T kgsgn(ik+1 — £k+1) + k4(3~3k+1 — f?k+1| < pu: then
. b pry gor1+ks S (T 1 — 3 ky(Fpp1—2
one obtains Ty 1 = - vT1 py1+k3Sg (a:u—; Bpy1)F+ka(Zrga wk+1); let o —

1+h%kathk zy—&x+hy ~ N 1
Thoht 2 and f = hTh TRk then Ty 1 —Tpg1 = 2 (6—
h2ks+hki|zg—2k41]2 h2ks+hki|zg—Zk41]|2

proj([—1,1]; 8); finally

3 hyr—h .
TLk+1 = proj([—1,1]; W),

The decomposition into sub-modes becomes cumbersome and is not done here
for the sake of paper’s brevity. To provide an idea on how this works let us
calculate #x11 in a sub-mode of mode (i). Let us consider (i-1) such that
Yk — hp+ 35 > hv. Then 71 ;41 = 1. The condition for the activation of mode
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(1) thus boils down to yf — v+ kasgn(ZTp41 — Trt1) + ka(Tppr — Tpr1) = 1,
which is equivalent to {cgsgn(izkH — Zpr1) + ka(Tpr1 — Tpy1) > p+v—hygp <

I
~ N B4 u4v—ks N N ~ 1 ~
ZTp41—Tk41 > max(0, "T) Then &1 = p+hk|zr—Tk|2 +hka(Tpi1—

Zrt1) + hxt1. Since 12 41 = 1 we have Tpp1 = @ + h(yr — hp — hv) > 0 so
that Tx+1 = T + hk1|$k — £k|% + hkz(mk + hy — h2,u — hzl/) — hkoZr+1 + hygr1,
and gr+1 = Yr — hp — hv + hks + hky(Zg41 — Tr11). Hence

(1+ hkg + h2ka)Zps1 = & + hkyle, — 5|2 + h(kg + hkg)xy, — h2(h2ka + hkg + 1) (1 + v)
+h2(k2 + hk)yr + hi.
(68)
The computation of g1 is done in the same way, showing that the discrete-time
observer dynamics (the third, fourth and seventh lines of (BH)) is causal. Similar
calculations may be done for the sub-modes (i-2): yx — hp + 5= < —hv, (ii-1):
Yk + hp + FE > hy, (1i-2): yp + hp+ 55 < —hv, and so on. Let us now prove
that the disturbance attenuation holds on the nominal system sliding mode:

Lemma 6 Suppose that x4 1 = 0, then xxi1 = h20pp1. If Tryn = 0 for all
n =1 then yrini1 = MPktn — Phtn—1)-

Proof: From (Bd) it follows that 741 =0 = gry1 = 5. Thus —3= =

Yk — hpte gr1 — hvT kg1, S0 that yer1 = Yk — 35 — yk + hogrr = =35 + hppya.
Thus 241 = o — A3 + h2pri1 = h?0ry1. The second part of the lemma
follows easily. |

Remark 3 (Twisting controllers implementation) For both the twisting (sec-
tion[ZZ1)) and the super-twisting (section[ZZA) controllers, we have shown that

in all cases the inputs Ty 11 and T2 11 can be computed from the knowledge of
the state values at t = tg only. In practice the controller may be computed as
follows. Let zy, E (Zr T 2x Or)T and T e (T1,k Tz,k)T. Then the first four lines
in @B4) are rewritten compactly as:

zkt1 = hFzp41 + Gz — hBTq1 + hH (25) Sgn(Cz41)
Zk+1 = (.[4 - hF)fl[GZk — hB1i41 + hH(zk)Sgn(CzkH)] (69)
2kp1 = (I — hF) "Gz + h ( —B H(z) ) Sgn(Dzj11)]

where the matrices F, G, H(-), B, C, D can be easily identified from (&0).
The generalized equation (BD) with unknown zp+1 may be solved at each step
using a specific iterative solver like those implemented in the software package
sicoNos [, [, [3] (on Figure [ this is the “generalized equation solver” block).
In the simulations of this paper Lemke’s algorithm has been used. The control
algorithms presented in this paper can therefore easily be implemented on-line.
The same applies to [24).

3.3 Numerical simulations

The system in ([B) is simulated with ¢ = ¢(t) under the same conditions as
those of section B2l with the software package siconos. With ¢(t) = 0, the
results are depicted on Figure B With ¢(f) = ¢sin(wt) ¢ = 0.1, w = 5, the
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Figure 5: Simulation of [B0) with ¢(t) = 0.

results are depicted on Figure B We have chosen k. = ks = 5, k, = 1.5,
M, =1,M, =2. On Figureand since 11, and 7o, are inside (—1;1),
one notices that the sliding surfaces s = 0 and s, = 0 are reached in finite time
as expected from Proposition El

The system in (BH) is simulated with ¢ = ¢(¢) with the same condition
except for the sampling time chosen as h = 1072, The initial conditions are
xo = 2,90 = 6,20 = 1,50 = 1. We have chosen y = 1,v = 2 and k; = ko =
ks = ky = 5. With p(t) = ¢sin(wt) ¢ = 0.1, w = 5, the results are depicted
on Figure @ On Figure one notices again that the sliding surfaces are
reached in finite time as expected in Theorem Bl The attenuation is shown on
Figure B and we notice that e; x = O(h?) and ez, = O(h). It is worth noting
that the origin is attained after an infinite number of events (the switches of the
sign functions) in the continuous-time twisting controllers. This can be seen on
Figures and Despite we have no convergence proof for the discrete-
time solutions of the twisting algorithms, it is known that a very nice feature of
backward Euler time-stepping methods is that they can handle accumulations
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of events (Zeno phenomena), see e.g. [2, Chapters 1 and 10]. For this reason
they are sometimes called event-capturing methods.

4 Conclusion

In this paper a novel discrete-time implementation of sliding-mode controllers
is proposed. It is based on an implicit Euler method, and also applies to the
zero-order holder discretization. The controllers are simple and take the form of
projections on the interval [—1, 1], or may be computed from simple quadratic
programs. Most importantly the discrete-time controllers are able to represent
the intrinsic multivalued feature of their continuous-time counterparts hence
avoiding fast switches and high-gain behaviours. The analysis shows that a
smooth stabilization on the sliding surfaces is obtained in the case there is no
disturbance (chattering-free controllers), while when a disturbance is present
its effects are attenuated by factors h or h?. These properties are independent
of the sampling period magnitude, which can be large. The controller has the
nice property that the continuous-time and the discrete-time sliding surfaces
are the same. Many simulation results illustrate the theory. Future works
should concern the proof of convergence to the origin in a finite number of steps
for the discrete-time twisting and super-twisting algorithms (as a complement
to the numerical simulations presented in this paper), the extension towards
other sliding-mode controllers (like systems with mismatched uncertainties),
the numerical study of some optimal control problems that take the form of
nonlinear variable-structure systems [6], and experimental comparisons with
existing solutions for chattering reduction [H].
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