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This model is frequently used in hydrogeology. We approximate this coefficient by a finite
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Estimations d’erreurs forte et faible pour des équations
aux dérivées partielles elliptiques & coefficients aléatoires

Résumé : On s’intéresse & ’approximation numérique de la solution d’une équation aux
dérivées partielles elliptique & coefficients aléatoires, avec des conditions de Dirichlet ho-
mogénes au bord. On se concentre sur le cas d’un coefficient lognormal, on est ainsi con-
fronté au fait que ce coefficient n’est ni uniformément borné, ni uniformément coercif par
rapport a l'aléatoire. Ce modéle est fréquemment utilisé en hydrogéologie. On approche
ce coefficient dans un espace aléatoire de dimension finie, en utilisant un développement
de Karhunen-Loéve. On donne alors des estimations pour l’erreur qui en découle sur la
solution, une estimation d’erreur forte mais également une estimation d’erreur faible, c’est &
dire une estimation de ’erreur commise sur la loi de la solution. On obtient alors un taux de
convergence faible double du taux de convergence forte. De plus, on donne une estimation
d’erreur compléte pour la méthode de collocation appliquée dans ce cas ot le coefficient n’est
ni uniformément borné, ni uniformément coercif par rapport a ’aléatoire. Pour conclure,
on applique ces résultats & deux choix particuliers de noyaux de covariance: le cas d’une
covariance exponentielle sur un pavé et le cas d’'une covariance analytique, donnant des taux
de convergence forte et faible explicites dans chaque cas.

Mots-clés : quantification des incertitudes, EDP elliptique & coefficients aléatoires,
développement, de Karhunen-Loéve, estimation d’erreur forte, estimation d’erreur faible,
distribution lognormale



FERROR ESTIMATES FOR PDEs WITH RANDOM COEFFICIENTS 3

1 Introduction

Many engineering applications involve uncertainty on the input data, such as material prop-
erties. This uncertainty results from heterogeneity of the medium and incomplete knowledge
on the medium properties and can be modelled by partial differential equations with random
coefficients. This work addresses elliptic partial differential equations with random coeffi-
cients and focuses on application to hydrogeology, namely the prediction of flow in porous
media, but there are many other applications, e.g., random vibrations, composite materials,
seismic activity and deformations of inhomogeneous materials such as wood or biomaterials.
The aim is to compute the law of the solution, but in practice we are usually interested only
in some moments.

Several methods have been developed: Monte-Carlo and Monte-Carlo based methods, mo-
ment equations, perturbation methods which are adapted to the case of small uncertainty,
homogenization, multiscale analysis and stochastic spectral methods [I, 21 [3] 4 [6] [7, 8] [O]
10, 12, 13, 16, 17, 18] 19l 22], 23] 24, 25], which regroup stochastic galerkin methods and
stochastic collocation methods.

As in many previous works, we consider the model equation

—div(a(w, 2)Vyu(w, z)) = f(w,x).

Both stochastic Galerkin methods and stochastic collocation methods are based on the ap-
proximation of a in a finite dimensional probability space, i.e. using a finite number of
random variables. These methods are therefore adapted to the case where the probability
space has a low dimensionality, i.e. in the case where we have a good approximation ap of
a such that ay is a function of N random variables with N small. Such approximations an
of a can be obtained by using either a Karhunen-Loéve or a polynomial chaos expansion.
We compute then the solution uy of the approximated equation resulting from replacing a
by apy. In this paper we focus on the convergence of uy to u.

More precisely, we work here with homogeneous Dirichlet boundary conditions and a ho-
mogeneous lognormal random field a. This is a frequently used model for flow equation
in porous media. The truncated Karhunen-Loéve expansion of log(a) at order N provides
then an approximation ay of a. It is important to notice that in such a case, unlike what
is frequently assumed, neither the random filed a nor its approximations ay are uniformly
coercive with respect to w.

Up to our knowledge, the convergence of ux to u has never been studied under realistic as-
sumptions on a, in particular for a lognormal field. This is the main goal of this article. We
first give a strong convergence result of uy to u, i.e. a bound for the error in LP(H})-norm.
Then a weak convergence result is obtained, i.e. we bound the error commited on the law of
u. We find a bound for the weak error whose order is twice the strong order, which presents
a significant interest since the number N of random variables has to be small in order to be
able to compute uy and since the law of u is what we are interested in. For simplicity we
assume that f is deterministic, but all the results can be easily extended to the case when
f is random, under adequate assumptions.

To begin with, we prove the existence and uniqueness of the solution u, remarking once
again that in the considered case, the random field a is not uniformly coercive with re-
spect to w. Then we make assumptions on the eigenvalues and on the eigenfunctions of the
Karhunen-Loéve expansion, which enable us to prove two preliminary results: the strong

convergence of ax to a and the existence of a uniform bound in LP-norm for a}** and a"}i" .

N
We can then give a strong convergence result of ux to u, with almost sure convergence and

LP convergence. The strong error is basically bounded by the squared root of the remainder

RR n°® 7300
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of the series of the eigenvalues. We prove next a weak convergence result, showing that the
error commited on the law of w is bounded by the remainder of the series of the eigenvalues.
Besides this work gives a complete convergence analysis of the collocation method, adapting
the results of I. Babuska, F. Nobil e and R. Tempone in [I], in which uniform coercivity of a
with respect to w is assumed. Finally we give examples of covariance kernel for which these
results apply. In particular the exponential case on a box and the gaussian case are studied,
these covariance kernels being frequently used to model the hydraulic conductivity for the
flow equation in porous media.

2 Equation, existence and uniqueness of the solution

In this section, we first define the homogeneous lognormal random field ¢ and make some
regularity assumptions on its covariance kernel, then we define a linear elliptic partial dif-
ferential equation with random coefficients, namely a, and finally show the existence and
uniqueness of the solution of this equation. Let D be an open bounded domain in R¢ with C?
boundary and (2, F,P) be a probability space. We consider a function k € C®!(R*,R), and
g:Q x D — R a mean-free gaussian field with covariance kernel cov[g](z,y) = k(||x — y||).

Proposition 1. Under these assumptions, g admits a version whose trajectories belong to
C% a.s. for a < 1/2.

Proof. Let us denote by L the Lipschitz constant of k.

Ellg(x) —g)’] = Elg(z)?] - 2E[g(2)g(y)] + E[g(y)]
= 2(k(0) = k(llz —yl))
< 2L|z -yl

22
We recall the existence, for any positive integer p, of a constant ¢, = \/% fR x?Pe~ T dx such
that for all mean-free gaussian random variable X,

E[|X|*] < ¢, B[ X[*)".

Therefore, since g(x) — ¢g(y) is a mean-free gaussian random variable, we have, for any
positive integer p,

Ellg(z) —g@)*] < ep2L)P[lz — gl

According to the Kolmogorov continuity theorem [3], there exists a version of g which is a.s.
Holder-continuous with any exponent § < pz—;fi. Since this hold for any positive integer p,
letting p — 400, it follows that there exists a version of g which is a.s. Hdélder continuous
with any exponent 5 < 1/2. O

We define the lognormal homogeneous random field a :  x D — R as a(w, T) = e9(@e),
By Proposition |1} the trajectories of a are a.s. continuous on the compact set D, we can
then define a.s, a™""(w) = min a(w, z) and a™**(w) = max a(w, z). These random variables

xeD zeD

have then the following integrability properties:

Proposition 2. —+— € L?(Q) and a™**(w) € LP(Q) for any p > 0.

min (w)

RR n°® 7300
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Proof. We have a™"(w) > e N19lleon) and a™* (w) < ellg@llco) By Fernique’s theorem
[5], since g defines a mean-free gaussian measure on the Banach space C°(D), there exists

A > 0 such that ]E[e’\llg(wmi”(m] < +00. Thus, for any p > 0,
E[ePHQ(W)HCU(D)] < E[6A||g(w)||go(D)+%] < +00.

For more details, see the proof of Proposition 7| Therefore ellg@llcon) ¢ LP(Q), and finally
i € LP(Q) and a™* (w) € LP(Q), for any p > 0. O

a™" (w)

Proposition 3. Let f in L?>(D), then the equation:

—div(a(w,z)Vu(w,z)) = f(z) on D, (1)
u = 0ondD,

admits a unique solution u, which belongs to LP(Q, H' (D)), for any p > 0.

Remark: All the following results hold in the case where the forcing term f is stochastic,
under adequate assumptions.

Proof. For almost all w € (, the equation admits a unique solution u(w) € H{(D), the
mapping w — u(w) is measurable and we have, a.s. :

1 f1lz2(p)

amin (w)

(2)

Ju(w, 2) | gy Dy <

where Cp is the constant given by Poincaré inequality. For every p > 0, by Proposition
— € LP(2), so for any p > 0,

1 p
E [lu(e. D ligeoy) < OBE | (s ) | 1Hecoy < +o¢

3 Strong convergence of ay to a

In this section, we define the approximated random field ay and study the strong con-
vergence of ay to a, i.e. the LP(Q,CY(D))-convergence, and the almost-sure convergence.
Let {(An,b,)} denote the sequence of eigenpairs associated with the compact self-adjoint
operator that maps

fe D) [ covlglle ) (@) € 12(D),
D

where A1 > Ay > ... > 0, and the eigenfunctions are orthonormal. We recall that E[g(w, z)] =
0 and that cov[g|(z,y) = k(||]x — y||). Therefore > ., A, = |D|k(0). Then the truncated
Karhunen-Loéve expansion |14} [I5] gy of the stochastic gaussian process g and its exponen-
tial ay are defined by

N
gN(wJ:) _ Z /)\nbn(m)yn(w)’ aN(w,x) —e N VAnbn (2)Yn (w)
n=1

RR n°® 7300
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where the real random variables (Y;,),>1 are uniquely determined by

1
VAn

They are independent gaussian random variables with mean zero and unit variance. Mercer
theorem [20] gives the following convergence result:

Yo (w) =

/D g(w, 2)bn (@) de

supE[(g — gN)z](x) — 0 as N — +oo.
x€D

This convergence result does not actually enable us to conclude on the convergence of the
solution.
From now on, we make the following assumptions:

e The eigenfunctions b,, are continuously differentiable.

e There exists constants C' and a > 0 such that, for any n € N,

||anoo < C and ”Vanoo < Cn®.

e There exists b > 0 such that > ., A,n® is convergent.

Remark: Such assumptions are fulfilled in the case of an exponential covariance kernel on a
rectangular domain. Although these assumptions are not fulfilled in the case of a gaussian
covariance kernel, similar results as the following ones hold in this case, and more generally
in the case of an analytic covariance kernel, for more details see section 6.

Definition 1. For o < b, we define
N = Z Ann®.
n>N

We notice that RS < Ne~°(Y
—+00.

non Annt), and therefore, Ry = o(N®~") when N —

Proposition 4. For any p,a, 3 such that 0 < o < min{b,2a} and § < 5-, there exists a
constant Ay g p such that for all N in N :

1
lgn — gHLP(Q,CW’) < Aapp(RY)Z.
In particular, for all p, for any 0 < o < min{b,2a}, there exists a constant A, , such that
for all N in N,

lgn — gllrr@,coy < Aap(Ry)2.

Proof. For all z,y € D, and 6 €]0, 1] such that § < %,

(bn(2) = bu(y))? (201blo0)*H O (I8, ool = y11)**

C@?’LQGGHCL' _ y||2497

IN A

RR n°® 7300



FERROR ESTIMATES FOR PDEs WITH RANDOM COEFFICIENTS 7

where Cp = 22(1-0)C2,
E[((gv = 9)@) = oy = )@)] = 3 Albul@) = ba(v)?

n>N
< (Zm >|x—y||29
n>N
< CoRY = —y|*.

For all z,y € D and N in N, (gy — g)(x) — (g — ¢)(y) is a mean-free gaussian random
variable, as a limit in L? of a linear combination of independent gaussian random variables,

(gv = 9)(x) = (9n = g)(y) = lim Z VYo (w — bu(y)).
n N+1
Arguing as in the proof of Pr0p051t10n [] yields

E [(ow ~ 6)(2) — (o — 0)())*]

IN

cpE {((gzv —9)(@) — (gn — 9)(9))2}17

Chep(RN )z =y,

IN

Thus, for any 0 < a < min{b, 2a}, for any positive integer p, there exists a constant C,
such that:

E[((gv — 9)(@) = (g5 = )W)?] < Cap(RR)lle —yl|F

We now are going to use the Kolmogorov continuity theorem [5]. For any 0 < o < min{b, 2a},
let v be such that a? —d —2pv > —die. v < 3, then

Elllgn — g% 0] = / / / \gN 9||m_y||<5iv2pyg><y>|

o (R3) / [ o=yt

< Copu(RY)?P

with Copy = Cap [ [ 12— yloe a2 < 4o,

Next we use that W2 is continuously embedded in C%# for 3 < min{1,v — %}, let kg,
denote the norm of this continuous embedding. For any « such that 0 < « < min{b 2a},
for any (3 such that 8 < 3= there exists pg > 1 such that for all p > po, 0 + 2 < 5=, then
we choose v such that (3 + —p <v < £, finally gy — g € C%# for almost all w, w1th.

Ellgny — gllZ8s] < k2, Copu(RY)P.

IN

Therefore, for any 0 < a < min{b, 2a}, for any 3 such that 8 < g-, there exists pg > 0
such that for any p > pg, there exists a constant A, g, such that for any N in N :

1
lgn — gllera,comy < Aapp(Ry)Z.

Since in a probability space, if p < ¢, f € L9 implies f € L? with ||f||z» < ||fllze, We can
conclude that for any p > 0 and 0 < a < b, for any 3 such that 3 < g, there exists a
constant A, g, such that for all NV in N:

1
lgn — gllrcosy < Aapp(RY)2.

RR n°® 7300
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Proposition 5. For any < min{1, 2%}, for almost all w, gy — g in C*?(D) as N — +o0
and so ay — a in C°(D) as N — +oo.
It follows that a}** converges a.s. to a

min min

mer gnd aj*" converges a.s. to a

as N — 4o00.

Proof. We use the Borel-Cantelli lemma: let 0 < o < min{b, 2a} such that 8 < 5= and p
such that p > ﬁ, by the previous proposition, there exists a constant A, g, such that for
all N in N:

1
N — Lr(,C0:8) = a,B,p\4tN )7
lgn — gl < Aapp(RY)?

which implies that for any € > 0,

llgn — gHIE,p(QpOﬁ)

P(llgn — gllco.s > €)

ep
P
Ai,ﬁ,p(R(Ix\/') 2

cb

Let v > 0 such that % <7y <b-a,then R} < RYT'N™Y = o(N™), when N — +o0

and since Z N™% < 400, we have Z P(llgny — gllgo.s > €) < +00. The Borel-Cantelli
N>1 N>1

lemma yields P(limsup(|lgn — gl/co.s > €)) = 0 for all € > 0, and so gy — g a.s. in C%# as

N — +4o00. Finally, thanks to the continuity of the exponential function, we conclude that

ay =eIN —ag=¢e9 as. in C° as N — +oo. m

The following results, which give uniform bounds for the random variables a7}** and
am% in the LP-norm will be used to conclude this section and in the next two sections.
N

Definition 2. For N € N, v € [0,1]V, we define g, n : 2 x D - R and a, y : Qx D — R
by: gy n(w, ) = 2521 VA Yn (w)vpby (), and a, y(w,x) = e9v.N (W)

Proposition 6. For any 8 < min{%, 1}, p > 0, there exists a constant Bg, such that for
any N in N, and v in [0,1]V.

||gV,N||L2”(Q,CUﬁ) < Bgy

Proof. For any 6 such that 0 < § < min{l1, %}, for any N € N, v € [0, 1]V
N

E[(gy.n(w,2) = gon(@,9)’] = Y A (ba(z) = bn(y))?
n=1

N
< Gy (Z AM“") lz = y)|*
n=1

< CoRg™|lx — ylI*.

Since, for any x,y in D, N in N, (¢ (2) —¢""" (y)) is a mean-free gaussian random variable,

we have:
E[(go.n (@, 7) = gun (@,9)*P] < cp(R3™)P||lz — yl**P.

RR n°® 7300
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Therefore, for any 0 < a < min{b,2a}, for any p > 1, there exists a constant M, , such
that, for any NN for any v € [0, 1], we have:

E[(QV,N(wv x) - gV,N(wﬂ y))2p] < Ma’pHx - yHOt%’

where M, , = c,(R2%%)P, then we use Kolmogorov continuity theorem [5] and conclude as
in the proof of Proposition O

Definition 3. By the previous proposition, for any N € N and v € [0,1]Y, the trajectories
of a,, N are continuous on the compact set D a.s, so we can define, for almost all w € €,

a™*(w) = max a, y(w,z) and a4 (w) = min a, y(w, ).
’ €D ’ z€D

1

min
a
v,

We can finally bound o'} and

in LP-norm, independently from N and v.

Proposition 7. For any p > 0, a)'3" and # € LP(Q2), and there exists a constant D,
’ v,N

such that for any N € N, and v € [0,1]¥

1
a

< D,, and ||a:/r,lgfx||LP(Q) < Dy,
Lr(Q)

min

v,N

In particular,
lanllze.coy < Dy

Proof. We apply Fernique’s theorem [5], uniformly with respect to N and v. There exists
xo €]0,1[ such that for all = € [z, 1], log(%) < —2. The previous proposition yields the
existence of a constant By such that for any N € N, and v € [0,1]V:

llgv,nllL2coy < Bo.

By

Thus, setting ro = iz’

we have, for every r > rg,

||gV7N||2L2(Q7co)
P(||gv,nllco > 7) < —

<

We now choose A such that 32\72 < 1, and we denote by p, n the law of g, v : @ — C°(D).
Since the y,, y are centred gaussian measures on the Banach space C°(D), we have then, for
any N € N, and v € [0,1]",

ln <1 — MV,NJB(O7TO))
fiv.n (B(0,70))

> + 3208 < 1.

Use Fernique theorem [3], set k = elOA8 1€t obtain that for all N € N, and v € [0,1]%,

e2—17

E[ek\lgu,Nﬂzow)] < k.

Hence, for any p > 0, N € N, and v € [0, 1]V,

E[GPHQV,NHCO(D)] < 6%E[6)\|‘9V,NH§0(D)}

22

< ketx,

RR n°® 7300
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2
Denoting D, = (ke%)%, we conclude that:
| a

lag s oy < el lee |y q) < Dy

1
min

v,N

< ||e”gu,N”C0(D)||Lp(Q) < Dy,

Lr(Q)

and

O

Proposition 8. For any p > 0, and 0 < o < min{b, 2a}, there exists a constant E , such
that for any N € N,

lan = allLog,co) < Fap(R3)?
Proof. Take p > 0, choose g, > 0 such that ; =  + <, then the following inequality
Ve,y e R |e* —eY| < |z —y|(e” + €Y),
together with Holder’s inequality leads to :
[[eN — €g||L'r(sz,c0) < gy — gHLP(Q,CO)HegN + eg||L<1(Q,CO)7

which we rewrite as

A

lan —allLr@coy < llgn — gllr(@.coyllan + allLa,coy
o\ L
Aap(RY)Z(Dg + [lal|La(a,co))-

We conclude by setting E,, , = Aap(Dg + ||lal|a(q,co(py)), With p = ¢ = § for instance. [

IN

4 Strong convergence of uy to u

Thanks to the results of the previous section, we can now estimate the strong error commited
on the solution u, resulting from the approximation of a by ay.
Since for all N € N and v € [0, 1]V, the random variables a]'4" and —— belong to L?(Q2)
’ v,N

for all p > 0, the equation

—div(ay, N (w, 2)Vuy(w,z)) = f(z) on D,

ufy(w,2) =0 on ID,
admits a unique solution u¥, € LP(Q, H}(D)) for all p > 0. In particular, for v = 1%V,
a, v = ay and we denote by uy the solution. Let us set for (y1,...,yn) € RN and z € D,

an (Y1, - YN, ) = eXn=1VAibi(@)yi gnd un (Y1, - YN, -) be the solution of

_divl(dN(y7x)vwﬁN(ya 3?)) = f(:E) on D,
an(y,z) =0 on 0D.

It is classical that @y is a C* function of y1, ..., yn. When we need to emphasize the depen-
dance of @y on yy, ..., yn, we write @y (Y1, ..., yn). We have then ay € C®(RY, H}(D)). We
notice that a.s. ay(w,z) = ay(Y1(w), ..., Yy (w),z), and uy(w,z) = an(Y1(w), ..., Yn(w), )
. For convenience, ay will still be denoted by ay and uyx by uy .

We first show the almost sure convergence of uy to u.

RR n°® 7300
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Proposition 9. uy(w, ) converges to u(w, ) in H}(D), for almost all w.

Proof. By Proposition , for almost all w, ay converges to a in C°(D) i.e. uniformly. Then
we use the continuity of the solution u with respect to the coefficient a of the equation, indeed
we have a.s.:

IN

/DaN|V(u —uy)|?

= /(aN—a)VuV(u—uN)
D

la — aN”CO(D)”U - UN||H3(D)||U||H5(D)~

Therefore, thanks to , we have, for almost all w:

afy™lu — UN||§13(D)

IN

1 Cp
lu—unllaa(py < agin lla = anllco) 1 llz2(p) -

The right-hand side of this inequality converges a.s. to 0 as N — +oo by Proposition
O

Next we give a convergence result and an estimate error in LP-norm.
Theorem 1. For all p > 0, ux converges to u in LP(2, H}(D)), and for any 0 < a <
min{b, 2a}, there exists a constant F, , such that
lu— unllzo (o, 130y < Fan(RR)?.
Proof. For all p > 0, for almost all w,
Cp

1
[l — uNHHé(D) < a%ﬁna - GN||CO(D)Hf||L2W'

Hence, by choosing ¢, r, s > 0 such that % = % + L 4+ 1 it follows from Hélder inequality and
Proposition that for any 0 < o < b

1 1
lu—unlze.mi(py)y < — la—anllr@colfll2Cp || =i
AN llLa@) a Ls(9)
< Dq||f||L2DsEa,T(R?V)§~

O

The following results gives a bound for u%, in LP(H{)-norm independent of N and v,
which will be useful in the next section.

Lemma 1. For all p > 0, there exists a constant G, such that for all N € N, and v € [0, v
[uXllLr(@,m1 (D)) < Gp-
Proof. For almost all w, for any p > 0, N € N, and v € [0,1]", we have by Proposition

v CD
luf 2oy < W”f”m(D),

min

IN

luX [l (@, 12 (D)) Co|==| Wl

min

Lp
CoDy| fllL2(p).-

IA
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5 Weak convergence of uy to u

In this section we are interested in the error committed on the law of u, more precisely we
show that the order of the bound for the weak convergence of uy to u is twice the order of
the bound for the strong convergence. In order to estimate the weak error, that is to say
the expected value of p(uy) — ¢(u), for some regular function ¢, we need estimates on the
growth of the derivatives of ¢(uy) with respect to the y;, which follow from the following
estimates on the derivatives of uy with respect to the y;.

Proposition 10. For any multi-index o € NN with finite support, we have the following
estimate on the growth of the derivatives of uy with respect to y :

Hao"uN C|o¢\ maz( ||UNH 10|a\]:[ /)\(xl

aya HH&(D) min( ieN

where C\o| only depends of o through his length.
Proof. We recall that for all y € R, u(y, .) solves the following equation

/DaN(y,x)VIuN(y,x)va(x):/Df(x)v(x), Vv € H}(D).

We compute the derivatives of ay with respect to the y;. For all 1 <i,j < N:

0 dan
aN \/7b aN y7 7 8 8 \/7b \/>b aN ya

ayi

In every point y € RY, the derivatives of u with respect to 3; and with respect to y; and Yj
for 1 <i,j < N satisfy: Vv € HE(D)

P P
90N () 2)Vun (g, ) Vola) + / an (1) 2 (y, 2) V() = 0,
D 0y; D 0yi
62aN 6aN 6UN 8aN 8uN 82’U,N )
TN Gy ZNGUN | TINGOUN g TUN ) (0 V() = 0.
/ (0%8% N0y oy, oy oy Y dyidy; v, 2)Vola)

Recall that C is a constant such that for every i € N, ||b;||o0 < C.

Choosing v(z) = 8“” *(y,z) in the first variational formulation, we have:
(9UN
H\ﬁam,xw | < VAlblVaR () V]l
< \% C ama"c ||UNHH1
8UN maw
15| < VAl e
Yi Hé mzn( )
Choosing v(z) = ;y;gy (y,x) in the second variational formulation, we obtain:
82u
HM(% N < VAVACPVanVuy|| 2
8yzay] L2
auN 8UN
+ VAClVan V5= ||L2+\/ iClVany 5 =l
< 3y ala (Y V AV )‘jOQHUNHHé'
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Therefore:
0%un +(Y)
02 UN 1.
)| y ezl Rl
The result follows by induction. O

Proposition 11. Let ¢ € C*(R,R), whose derivatives are bounded by a constant C,, then
for any multi-index o € NN with |a| < 4, we have the following estimate on the growth of
the derivatives of ¢ o uy with respect to y:

la|
8agpouNH y) )
—a < Ol Ce Ol | 1+ || Nz VAT
H oy~ H}(D) ol n(Y) 21611

where C|/a\ only depends of o through his length.
Proof. For |a| = 1, we have:

dpouy oun

_ ’
o0 (y) = ¢ oun(y) 0; )
Jdp oun Oun
(y)H < Coll5—(W)
araz(Y)
< O/ N0y | Rz 1.
= Gy
Then, for |a| = 2:
0%pouy , 0%uy " ouy ,  Oupn
Z v N — ou et + U iV
iy, () ¢ oun(y) iy, () + ¢" (un)(y) o, () a9; ()
0%pouy H Oun H Oun ‘ dupn H
LN < N +C,
‘am%@% uny ), + % | )], | 5w,
N 2
amU.I y
< 20,V i/ A C7 <1+ CLN((:y))|UN(y>|H§>
The result follows by induction and Faa di Bruno’s formula. O

We are now ready to estimate the weak error, i.e. the quantity E[p(uy) — ¢(u)] in Hg-
norm. Before stating and proving the estimate on the weak error, we give the basic idea
of the proof. To estimate the weak error, we consider the Taylor expansion at order 2 of
o(un) — p(u) and remark that first order terms and second order terms such that ¢ # j are
mean-free. In the case where ¢ is the identity, formally the second order development is:

u(w,x)—uN(w,m) = u(yl( ) "7YN(W)7YN+1("‘))7“~’$)_U(Yl(w)7'~'7YN(w)70a"'7:5)
_ g“(yl() SYn(@),0, . 2)Yi ()
i>N
’%:N 3y15yj ) ’YN(w)vov 756))/1((“0)}/](‘0)4'
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Combining the independence of the Y; with the fact that the Y; are mean-free yields that
the following terms are mean-free:
ou

E
0y;

(Yl(w),...,YN(w),O,...,x)K’(w)} = IE{au‘(Yl(w),...,YN(w),O,...,x)} E[Y;(w)]

Analogously, for i # 7,

By (16, - V0,0, (Y0
- [851-;%(“(”* +o Y (@), 0, w)} E[Y; (0)|E[Y; ()]

= 0.

The proof below shows that indeed the dominant in the error on the expected value is

0%u
Z E [W(Yl(w)» e, YN (w), 0, x)}
i>N Y
We now give the general and precise result and its proof.

Theorem 2. There exists a constant ¢ such that for all N € N, for all ¢ € C*(R,R) whose
derivatives (excluding ¢ itself) are bounded by a constant C,, we have:

Eulp(ux) = el lmyoy < Co 3 A
i>N

Remark: More generally, the result can be extended to the case where the derivatives of
o are bounded by a polynomial, under extra regularity assumptions on f. This is important
since it enables to treat the case of the moments of a. However, this generalization requires
additionnal technical difficulties.
Remark: The weak error at order N is bounded by RY;, whereas the strong error at order N
is bounded by /R%; for any 0 < o < min{2a, b}. Therefore the weak order is indeed twice
the strong order.

Proof. Let M > N, and z € D, the first order Taylor theorem with integral remainder gives:

Eo[((urr) — o(un))(w, )]
= Eu[o(unr) (Y1 (w), .Y (w), ) — o(upr) (Y1 (w),...YNn(w),0,...0, )]
= Eo[Dy(poup)(Yi(w),..Yn(w),0,...0,2).(0,...0, Y41 (w), ..., Yar (w))]

1
+ E, U (1= t)D2(p o un) (Y1, YN, t¥N41, oo Y21, 2).(0, .0, Yaga, .., Yar)Pdt
0

Since the random variables Y; are independent, with mean zero and unit variance, the first
order term is mean-free:

Ew [Dy((p o uM)(Yl(w), ...YN(w), 07 ...0, m)(O, ...07YN+1(W), ,YM(W))]

M
- Ew[ 3 W(Yl(w),...YN(w),o,...o,xm(w)
i=N+1

o~ [2leouu) |
i:%:ﬂ E. [8%(1/1 (W), -.Yn (w),0,...0, x)] E,[Yi(w)]

= 0
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We now bound the integral remainder term, to begin with we split it into two terms:
B, [((unr) — o(un))(w, z)]

1 2
> / (1 - 1., [W(Yl,...YN,tYNH,...,tYM,a:M/j} dt
0

N+1<ij<M 0yi9y;
1 2
0
= > / (1-t)E, {(%O;M)(Yl,...YN,tYN+1,...,tYM,x)Yf} dt
N+1<i<m V0 Y
1 2
0
+ ) /(14)}&0 TX00UM) (3 Yy Y ers o Vs, 2)V3Y; | dt
— 0 ayiayj
N+1<i#j<M

First we give an estimate for the first error contribution. Using the bound of the derivatives
of ¢ ouys given in Proposition [T1] we get for N +1 < i < M:

1 2
/ (1-t)E, [éWouM)(Yl,...YN7tYN+17...tYM7x))Q2} dtH
0

2
dy; H}(D)
1
< /(1 t)E,, Ha(</’02“M)(Y1,...YN,tYN+1,...tYM,x) Y2 dt
0 dy; H{(D)
1 qmaz
< C§C¢C2)\i/ E, <1+ ﬁfbm|uM||Hé>(Yl,...,YN,tYNH,...,tYM7x)YZ-2 dt
0 an
1 amaac
< 20504/,0%/ ]Ew{(l—i—gmHuMHzé)(Yl,...,YN,tYNH,...,tYM)Y;‘l} dt.
0 an

We define, for ¢ € [0,1], v € [0,1]™ by 14(i) = 0 for i < N and v4(i) =t for i > N, then by
Holder inequality and Propositions [7] and [T] we have:

ans™ 2 2
Ew aﬁ\"j” HUMHH(% (Yla "'aYN;tYN-‘rl? "'7tY]V[7'r))/i
maxr 1 vt (|12
< Nlagilla@) || =i lung 1zs,mn) 1 Yill Lo @)
vy, M L4(Q)

Where my4 is the moment of order 4 of a gaussian with mean zero and unit variance.
We obtain finally the following bound for the first term of the error contribution.

1 2
9
/ (1—-1t)E, {a“;”(yl,...,YN,tYN+1,...,tYM,x)Yf} dt
N+1<i<m /0 Yi H(D)

< 205C,C*(ma+ DiGEms) >\

N+1<i<M

< Coki Y A

N+1<i<M

Where ki = 2C%C?(my + D3GZmy). Next we give an estimate for the second term of the
error contribution, by using once again the independence of the random variables Y;, for

RR n°® 7300
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N+4+1<i<j <M we get:

1 92
/(1_01{5 M(X?’l’l,x)}/iifj dt
0

8ylayj 2] |
1 r a2 -
O*(poum) 11
= 1—t)E | ——2(XPP )Y | dt
/0 ( ) 8ylayj ( ] ) ]_
1 r o2 -
O*(poun) 01
\/0 ( ) L 8ylayj ( ] ) ]_
a <LPOUM) t,u,l 2
//01]2 ) aQay ( i,j 7:3) i ¥ u_
a (wOUM) t,u,l 2 |
= E ].—t xbw V2V dtd
//01]2 ) o 28y ( i,j ,:,C) i ¥ u_
a ((POUJV[) t,u,0 2 |
- E (=) X0 2)Y2Y, dtd
//01]2 ) aQay ( i.j ,:C) i ¥ ’LL_
= K /// 171& 17«“)(1 )t2a (QDO’U,M)(Xlt,y,s’x)ygyzdtduds '
0,11 oo,y i T

Where the random variables Xf;” (w) are defined by

X7%(W) = (Y1, oo, YN, YN 1y s tuYi, ooy t8Y5, o Y ) ().

]

By Proposition [IT}, we have then:

a (@OUM) t,s,u 2v 2

(1=t)(1 —u)(1 — 8)t* S (X", @)Y Y  dtduds

[///0 1]3 I ) 8y 82/ ( b @)
4

/// (1=)(1 —u)(1 - s)t°E HW(X;’;’%) Y2V2 | dtduds

[0,1]8 Yi9Y; HY(D)

4

051040¢Aixj/// E <1+uM||H5 a%ﬂ) (X0, 2)YPY] | dtduds
[0,1]3 a ?

Hg (D)

IN

IN

M

4
amaz s
25CC C LN m4+///[01]£E (HUM"H‘“/ai]\é") (X0, o) Y2V} | diduds

We define, for t,s,u € [0,1], v15. € [0,1]M by vy su(n) =0 for n < N, vy 4,(n) =t for
n>Nsuchthatn7éz n#j, Vswu(i) = tu, and vy 4 ,,(5) = ts.

IN
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Then, Holder inequality combined with Propositions [7] and [I] yields the following estimate:

4
a’l\’/}alﬂ t,s,u 2% 2
E. amin lunellgy | (X5% 2)Y;7Y;

2
1

min

Vt,s.uvM

| max

ap®® allFiogqy [y ||Lzo(Q,H3(D)) Y21 Lo o) 1Y Lo )

LIO(Q)

IN

2
4 t,s,u (|4 5
Do llupy HLZU(Q,H(}(D))mlO
2
4 4 5
< DigGogmyy-

We have finally the following estimate for the second term of the error contribution:

82
> /l—t [ uM_(Yl,...YN,tYNH,...,tYM,x)YZ-Yj dt

Oy 0y
N+1<i#£j<M J HA(D)
2
< 27040 Cyp(ma + DiyGagmiy) Z Aidj
N41<izj<M
< Coka D A
N+1<iz#j<M
2
Where ko = 27C}C*(my + D1,Gaomiy)-
We have finally the following estimate for the total error:
E., p(un))(w, )]
0?
= Z / [ UM (Y1, ..YN, YNy, ...,tYM,m)Yf] dt
N+1<i<M 0y}
82uM
+ > Eo | 5 (Vi Y Yy, o tYar, 2)Y:Y | dt.
N+1<i#£j<M Yoy,

Therefore

B [(p(unrr) = @(un))(w, @)l 3 ()

< Coki D> N4 Cokr Y A
N+1<i<M N+1<i#j<M
2
< Gk > N+keCo| DN
N+1<i<M N+1<i<M
< Cylky + k2| DIR(0) Y ;.
i>N

Indeed we recall that 3 -, A, = [D|k(0). We define then ¢ = k1 + k2k(0)|D|.
We are now ready to conclude, by giving a bound for E,[¢(u) — ¢(uy)] in H}-norm.
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Let N > 1, then for all M > N, we have:

|Ewlo(u) —oun)lllm < [[Eo(e(w) — e(uar)lmy + [[Bu[(0(urr) — @(un )
< le(w) = o(un)l|L2 .z (D)) +¢Cp Z Ai
i>N
< Cyllu—umllz2(0,m1 (D)) + ¢Co Z Ai-
>N

Letting M — 400, by Proposition [I] we have:
|[Ewlo(u) — (un)]||my < cCp Z Ai.
i>N
O

Remark: Note that the independance of the Y; is crucial in the proof of [2| This is always
the case for a lognormal field.

6 An estimate of the total error for the collocation method

In this section, we recall the stochastic collocation method and slightly generalize the proof
of the convergence result given in [I] to the case considered here where the assumption of
uniform coercivity with respect to w is not valid. Since we use many preliminary results of
[1], we keep their framework and their notations. As we will see later, it is unfortunately
difficult to get a relevant estimate of the dependance with respect to N of the constant
appearing by bounding the collocation error.

With the same notations and assumptions as above, we have a regularity result for the
solution uy with respect to y. We introduce a weight o(y) = Hﬁ;l on(yn), where o, (yn) =
e~nlvnl for any a € RY such that v, > Cv/A, for all 1 < n < N, and the functional space

CORN, V) ={v:RY — V, v continuous in y, sup |lo(y)v(y)||v < +oo},
yERN

for any Banach space V. We denote by p the density of Y = (Y1,...,Yn), we have then
P
p(y) = ngl on(y) = We’ 3251 %3, The following inclusion holds true:
Co(RY, Hy (D)) © Ly(RY, Hy(D)),

with continuous embedding. More precisely, for any v € CO(RY, H} (D)), we have

||U||L§(RN,H5(D)) < kallvlleo v, 131Dy

2
2 | — ¥ 420, |yn
where ka = Hn:l \/—ﬁfe 3 +20m |y |dyn

Proposition 12. The solution uy of the equation:

_din (aN (yu "E)VI’U,N (yu (E)) = f({IJ) on Da
un(y,z) =0 on 0D,

satisfies uy € CO(RN, H}(D)).
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Proof We recall that y — u(y) is continuous from RY to Hg(D). For all y € RY, since
< eCZn 1\/7\%\ by ‘I

W(,u) ) we have:

cWlluvWllmyoy < oW —Zm~I1flzeo

a()

Collfllz2(pye
Coll fll2(py-

Zn I(CF_an)lyn

IAIA

O

We now give an analyticity result of the solution uy with respect to y, based on one-
dimensional arguments in each direction y,. We introduce the following notation: for any
1<n<NandyeRY, y=(yn,y;), where yi: € RN"1. We set py,(y) =[], pj(y) and
on () =112, 0iW)-

Proposition 13. For any 1 < n < N, the solution un(yn,y),z) as a function of yy,
uy @ R — CI. (RN L H}(D)) admits an analytic extension un(z,y%,x), z € C, in the
region of the complez plane Y(1) = {z € C, dist(z,R) < 7}, for 7 < 1, moreover, for all
z € 3(71),

Cpec™™" ra
[[om (Re Z)UN(Z)HCEY*(]RN*HH&(D)) < ?Hfﬂﬂw)@ i (3)

Proof. For any y € RN, uy(y) satisfies the following variational formulation:
/ an(y,2)Vun(y, x)Vo(x)de = / f(x)v(z)dz Vv € HY(D).
D D

Therefore, for every y € RY, for any k > 1, the kth derivative of uy with respect to y,
satisfies the following variational formulation:

3’%]\;
CLN(ZJJ)VW(?JJ)VU(SC)M
D Yn

k
k dlan O tuy 1
= _§ Yy, x)V———-r(y,z)Vu(z)dx Vv € Hy(D).
l_1<l>D8yﬁb( )8y7’§l( )Vo(z) o(D)

Since |a “N( ,2)| < (VALC)an(y,z)|, we obtain the recursive inequalities

L2(D) ;( >

Y ‘LQ(D R C\/ ) INan . 2) V25 (y, @) | 12y
k! *zz: (k—1)! ‘

IN

Ny, x ;)

)

L*(D)

oku
H\/amy,x)vay,f(y,x)

A recurrence yields:

k
IVan (219 58 (3, 2) | 2y oy
o < Ian(y, ) Van (4, 2)llamye=io 1

v
IV an (y, 2)Vun (y,2)|| 12(pye .

Ny,

IN
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And finally:

k
HaaTuév(yw)HHé(D) Cp

£ e
= ; L2(D)€
k! aRy™ (y) )

We now define for every y,, € R the power series uy : C — CO. (RN~ H}(D)) as

+oo k gk
UN(Zvynvm) = Z k'n ayk (ynayn7$)
k=0 ’ "

Since

k ak
z —yp|® un Cp
| k|n| Oyk (yn7y:,$) < amin( *)
’ Yn cg;‘L(RN—lyHé(D)) N Yns Yn

cy/An
I fllz2(pye |z = yn|*

the radius of convergence of this series is 1. Moreover, take 7 €]0, 1], since for all z € C such
that |z — yn| < 7, on(Re(z)) < e*""0,(y,) we have the following estimate:

Ve
Cpe” S (CVR—a) il gant
||an(Re(Z))UN(Z)||Cg;§’(RN*1,Hé(D)) = ﬁ”f”[/z(D)e i=1 e
Van
CDeeC
< -y anT
< Bl

Hence, by a continuation argument, the function ux(y) can be extended analytically on the
whole region Y(7) and estimate follows. O

We recall here the stochastic collocation method: we seek a numerical approximation to
the exact solution uy of the equation

—divg(an(y,2)Vzun(y,x)) = f(x)on D, (4)
un(y,z) =0 on 9D,

in a finite dimensional subspace V},, based on a tensor product, V, 5 = R,(RY) @ Hy(D),
where the following hold:

e H,(D) C H}(D) is a standard finite element space, which contains continuous piece-
wise polynomials defined on regular triangulations 7, that have a maximum mesh
spacing parameter h > 0.

e R,(RN) C Li(RN) is the span of tensor product polynomials with degree at most
p=(p1,....,pn) i.e., Rp(RY) = @)_ | R, (R), with

R, (R) =span(y,’,m=0,...,p,), n=1,. N.

We first introduce the semidiscrete approximation u?, : R — Hy, (D), obtained by projecting
onto the subspace Hy, (D), for each y € R, i.e.

/aN(y,J;)Vu’]Q(y,x)Vv(a:)dxz/f(x)v(x)da:, Yv € Hp(D). (5)
D D

The next step consists in collocating on the zeros of orthogonal polynomials and building
the discrete solution uﬁ,’p € R,(RY)® Hy,(D) by interpolating in y the collocated solutions.
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For each dimension n = 1,...,N, let y, 1., 1 < k, < p, + 1, be the p, 4+ 1 roots of the
Hermite polynomial g, 41 of degree p, + 1, which then satisfies [, qp,+1(y)v(y)p(y)dy =0
for all v € R, (R). To any vector of indexes [k, ..., kn| we associate the global index

k=k +pi(ka—1)+pipa(ks — 1)+ ...

and we denote by yi the point yr = [Y1.k,,Y2.k» s UNkn] € RY. We also introduce, for
each n =1,2,..., N the Lagrange basis {l,, ; é’;‘fl of the space R, (R),

l"J € an(]R)? ln,j(yn,k) = Ojk; .77k = ]-a <oy Pn + ]-7
where d,; is the Kronecker symbol, and we set I (y) = ngl ln k, (Yn)- The points y, are

then the nodes of the Gaussian quadrature formula associated to the weight p. Hence, the
final approximation is given by

2

WPy, ) =) ul (e, )l (y),
1

x>~
Il

where u” (yx, z) is the solution of problem for y = yp.
Equivalently, if we introduce the Lagrange interpolant operator

L, : C°(RY, Hy (D)) — R,(RY) ® Hy (D),
such that N
Loo(y) =Y v(yr)lk(y), Vv e CO RN, Hy(D)),

n=1

then we have simply u’y? = L,u".

Finally, for any continuous function g : R — R we introduce the Gauss quadrature formula
EP[g] approximating the integral f]RN g9(y)p(y)dy as

N, N
Blal = Yo wna), wn = [[wnne wrn = [ 2,0)0u0)dy
k=1 n=1

This can be used to approximate the law of uy, i.e. we approximate the expected values
Elo(un(Y(w),x))] as Eg[go(u?v)], for some function .

Our aim is to give an a priori estimate for the total error e = uy — un” in the natural

norm L2(RY, H{(D)). This total error naturally splits into & = (uny — uly) + (uly — ulP).

The first term is a term of space discretization error and can be estimate easily, indeed,
for all y € RV the function u% (y) is the orthogonal projection of ux(y) onto the subspace
Hj, (D) with respect to the inner product (u,v) — [, an(y,z)Vu(x)Vo(z)dr. Therefore,

for all y € R,

2

—uh . < : inf / v —)|%d
l|(un UN)(y)HHO(D) > a]mvm(y)ve}}i(z)) DaN(y,x)| (un(y) —v)|“dx
ama:}c(y) .
< N__Z2 inf —
< a%m(y)vegi(D)HuN(y) U||H3(D)
S €C 25:1 VAn|yn| inf

veHh(D)HUN(y) - UHH&(D)~

RR n°® 7300



FERROR ESTIMATES FOR PDEs WITH RANDOM COEFFICIENTS 22

We can finally conclude for the first term, thanks to the standard approximation estimate
for the finite element space Hy (D), there exists a constant C's. such that for any v € H?(D)
and h >0
i - < Cfeh .
Lamin o= wlyp) < Crehlloll o
Since ay(y) is smooth for any y € RY, elliptic regularity yields that ux(y) € H?(D) for all
y € RN, with:

Ilfllz2(p) af ™ (y) an®(y)  llay W)l
lun W2y < k=i (14 2 1+ 2 i
) ag (y) a (y) ag (y) ag(y)
N
< k[ flpe(pye®© Eim VAl (14 03V Nlyaln®)
n=1

where k is a constant independent of f, N and y whose value changes. We can then bound
the spacial discretization error:

k N v2
h =1 C )\n n na)—In
luw = oz e myon < W||f|L2<D>CfehWRN€Z" (20 el () =8 dy,

Proposition 14. There exists a constant k independent of N such that for all h > 0

||UN _ ug{”L%(R,Hé(D) < ka||L2(D)2N/2eZ£’:1 7202)\n(1+na)2h_
Remark: Tt is natural to obtain a bound that explodes as N — +oo, but this bound is
rough. It would be interesting to have a better estimate of the constant.
The second term uf; — u? is an interpolation error, indeed uh? = L, ul. First, we re-
call some known results of approximation theory for functions defined on a one-dimensional
domain with values in a Banach space denoted by V. We recall that the mono-dimensional

2
weights p; and oy are defined on R by pi(y) = \/%76_% and o1(y) = e~ for some

a > 0, and consider a mono-dimensional weight v such that there exists a constant C' with
w2

v(y) > Ce~"T The proof of the following three propositions can be found in [I] and in the

references therein.

Proposition 15. The operator L, : C)(R,V) — L2 (R, V) is continuous. The norm of this
linear continuous operator will be denoted by C1.

The following proposition, which is a consequence of a result from Uspensky [21], relates
the approximation error v — £,v in the Lf)—norm with the best approximation error in the
weighted €9 -norm.

Proposition 16. For every function v € CO(R, V) the interpolation error satisfies

v— Ly <C inf v —w
l P HLgl(R,V) < 2weRP(R)®V|| llco®,v)

with a constant Cy independent of p.

We now analyze the best approximation error for a function v : R — V which admits
an analytic extension in the complex plane, in the region 3(7) = {z € C, dist(z,R) < 7}
for some 7 > 0. We still denote the extension by v; in this case, 7 represents the distance
between R and the nearest singularity of v(z) in the complex plane. The following result is
a consequence of a result from Hille [I1].
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Proposition 17. Let v be a function in C3 (R,V). We assume that v admits an analytic
extension in the strip of the complex plane X(7) for some 7 > 0, and that

Vz=(y+iw) € X(7), o1(y)llv(z)llv < Cu(r).

Then, for any 6 > 0 there ezists a constant C, independent of p, and a function ©(p) =
O(\/p) such that

min  max |[v(y) — w(y)|lye 2"
weR,(R)QV yeR Y yilv

< CO(p)e VP,

We are now ready to prove the following proposition, which gives an estimate of the total
interpolation error:

Proposition 18. For any 7 < 1, there exists a constant C y, independent of h and p such
that

N
h, —2=\/Pn
Hu}ﬂf - uNpHLf,l(]R,Hg(D) <Crn Z Vpne VEVET

n=1

Remark: We could precise how the constant C; ny depends on N, but it would not be
really explicit and not necessary relevant.

Proof. >From now on, we are back to the the multi-dimensional problem, we are going to
split the total interpolation error into N partial errors linked to one-dimensional interpola-
tion errors.

To begin with, repeating the arguments of proposition |13} we obtain that u% has the same
regularity with respect to y as the exact solution uy , i.e. more precisely that uf, verifies
the same properties as proved for uy in proposition [I3] We focus on the first direction y;
and define a one-dimensional interpolation operator

£1:CO, (R, L2, (R, H{(D))) — L2, (R, L2 (R, H}(D))), by

p1t+1
Liynyi,2) = D o(yie vi )low(y)-
k=1
Then, the global interpolant £, can be written as the composition of two interpolation
operators L, = L o E,(Jl), where [:1()1) is the interpolation in all the directions yo,ys, ..., yn
except y1, i.e. L3 : C0(RN=1, HY(D)) — L2, (RN—1, H}(D)). We have then

lulr — Louill Lz @n ay) < lluly = Lrufll oz @y, mg) + 1€ (uly — ﬁél)uﬁlv)HLg(Rn,Hg)-

Let us bound the first term. We think of u% as a function of y; with values in a Banach
space V, uy € Lj (R,V), where V = L7.(R¥~', Hj(D)). The following inclusions hold
true:

C(R,V)CCg (R, V)C L2 (R,V)

v y2

with Gy (y1) = e~ 5. Since G; > Ce™ ‘T, Proposition yields the following estimate

h h : h
- L n < f - .
[lun 1“N||L5(R JHE(D) = 2w€R;fl(R)®V||UN wHCOGl(R,V)
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To bound the best approximation error in C¢; (R, V'), we employ the fact that uN eCl (R,V)
and the analyticity result of Proposition [L3} which yields the analitycity of u”, as a function
of R into V on X(7) for every 7 < 1 and the following bound, for all z € X(7):

, Clpee SVETY

UI(Z)HUN(Z)HCgT(]RN*I,Hé(D)) < 7Hf||L2 ,
which implies, thanks to the continuous embedding of C?r{ (RN=1 HY(D)) into
L2 (RN' H{(D)), that

Cpe® VA
D
01(Z)||U7v(z)||L/§,{ (RN-1,HY(D)) < kallianL?(D)e

Recalling that we have fixed V = L2. (RV~", Hj(D)) in this proof, we are now ready to
conclude with the first term by applying proposition [17] to u%, € C2 (R, V), for 7 < 1 and

01 = —=, which gives the following bound for the best approx1mat10n error:
inf fluf — wlles, gy < COMr)e” V2V
1

wER, (R)®V
It gives then the following bound for the first term:

[ufy — ‘Cluilif”L%(]R",H&(D)) < C2C@(p1)€_ﬁ\/p?.
Let us bound the second term. By Proposition [I5applied with v = o, we bound the second

term:

L1 (ufy — ‘Cz(;l)uébv)HLg(R",Hé(D)) < Cyl|ufy — LDk nlee -

The term on the right-hand size is again an interpolation error. Thus we have to bound the
interpolation error in all the other N — 1 directions, uniformly with respect to y; (in the
weighted norm CZ ). We can proceed iteratively, defining an interpolation L?, bounding the
resulting error in the direction ys, and so on. O

7 Examples

In this section, we give examples of covariance kernel cov[g] and the strong and weak con-
vergence results corresponding.

7.1 The exponential kernel case on a box

In this subsection, we consider the case where the covariance kernel cov[g] is exponential,
i.e. k(z) = 0%e~7 and D is a box, the length / is called the correlation length and the norm
choosen on D is ||z —y|y = Y%, |#;—y;|. In this case the eigenvalues and the eigenfunctions
can be found analytically, we first show that the assumptions done in section 1 are fulfilled
and then give the convergence rate for the strong and weak convergence of uy to u. We first
treat the mono-dimensional case, for convenience we suppose that the domain D is (0,1).
We have then analytic expressions for the eigenvalues and eigenfunctions, the proof can be
found in [26]. We consider the characteristic equation

(Pw? — 1) sin(w) = 20w cos(w)
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and denote by (wy),>1 the sequence of its positive roots sorted in an increasing number,
then the eigenvalues of the Karhunen-Loéve development can be expressed as A\, = %
e

V(w2 41) /246"

The sequence of the roots (w,,) satisfies wy, ~ nm, which yields the following equivalents
n—-—+oo

and the eigenfunctions as b, (z) = a,,(sin(wy,x) + fw,, cos(wy,x)) where «;, =

for the eigenvalues and eigenfunctions:

202
" n—too fm2n?2
bo(z) ~  V2cos(w,z).
n—-4o00
We can now show that such a covariance kernel fulfills the assumptions done in section 1:

k € C%(R), the eigenfunctions b,, are continuously differentiable, and we have ||b, ||co < 2V/2,
167 ||0o < 2v/2(n + 1/2)7 for every n > 0 and for any b < 1, > -, A,n’ is convergent. We
can therefore apply the results of sections 3 and 4. The application of Theorem [I] gives the
following strong convergence result:

Proposition 19. For every p > 0 and 0 < o < 1, there exists a constant Cy, ;, such that for
any N € N,
a—1
lu—un|zeo,m1 (D)) < CaplN 7 .

Proof. Take 0 < o < 1, we have

R = E Aon® < 2;‘2 E n® 2?2 < LNOJ—l
N T 2 A2l —a) '
n>N n>N

On the other hand, Theorem [2] yields the following weak convergence result:

Proposition 20. There exists a constant C' such that for any N € N and ¢ € C*(R,R)

whose derivatives are bounded by a constant C,, we have:

1
IE[p(un) — ()]l 0y < CC«pN-

We now treat the case where the spatial dimension is d = 2, the following result can
be extended for any dimension d. We choose for the sake of simplicity D = (0,1)2, but
it can be immediately generalized to the case where D is a box. We denote by (in)n>1
the sequence of the eigenvalues, repeated according to their multiplicity and sorted in a
decreasing order and by (¢, )n>1 the corresponding eigenfunctions. Since the b,, are distinct,
for any n > 1, there exists a unique (i,5) € (N*)? such that c,(x) = b;j(x1)bj(x2) and we
have then p, = A;);. Indeed the eigenvectors in dimension 2 are obtained as the tensor
product of the mono-dimensional eigenvectors, since we choose the norm ||.||;. We can then
define the following bijective function :

g (N*)2 — N*
(,7) — n such that ¢, (x) = b;(z1)b;(z2)
First we notice that (n — 3) 7 < w, < (n+ 3) , therefore, for any n > 1

200 802 1
< P

An S @(n-1)7a " (2 n?
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and
2002 202 1

Ap > > —.
2 (n+%)2w2+1 T 1+ 4722 n?

We recall that the mono-dimensional eigenfunctions b,, are continuously differentiable and
that there exists a constant C such that ||byllec < C and ||V ||cc < Cn for all n > 1.
Therefore, for any (i,7) € (N*)2, ¢yi.5)(x) = bi(2z1)bj(z2) is continuously differentiable,
leg@i.gylloo < lIbilloolbjlloe < €2, and

bi(w1)b; o L
el = | paes) )| <+ i) <aci

9(i,j) > Card{(p,q)|A\pAq > Ai)j}

P2
Py
Card {(1% q)lpq < 4(1 4+ 47r2€2)”}

Y

> Cyiyg,
where () is a constant which depends only on ¢, because

Card{(i,j)lij <n} > n+E[5]+Bl5]+..+1

> n(1+log(n)).
We now have the required bound on the first derivatives of the eigenfunctions: for any
i,j =1
20
||c;(l’J)||oo S 2022] S F‘g(za])a

1
which means that for any n > 1, ||c,[lc < ZCCIQ
We now prove that the assumptions on the decay of the eigenvalues. Take (4,7) such that
ij = n, then if (p,q) is such that Ap,Aq > A;A; we have:

8ta2\? 1 2002 \? 1
(€271'2> p2q§ > ApAg = NAj > (1+47r2€2) 2

which yields the following bound for ¢(i, j):

n.

IN

Card{(p, ‘Z)|/\p)‘q 2 )‘i)‘j}
4(1 4 4x20?
Cm’d{(p, q)lpg < Gk ) }

0272
< Cfnlog(n),

g(i,7)

IN

where Cj is a constant which depends only on ¢, because

Card{(i,j)lij <n} < n+ g + g ol

n(l +log(n +1)).

N

We can now prove that the last assumption made in section 3 is fulfilled.
Take b < 1

. 8lo? 1
S ahiglid < dn)Ci (g ) (nlogn))' 5
1j=n
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where d(n) is the number of divisors of n. For any ¢ > 0 such that b+ ¢ < 1, there exists a
constant k¢ . which depends only on ¢ and ¢ such that:

> ANig(i,5)" < kpen®

j=n
Therefore the series ) -, pnn? is convergent for any b < 1. We can then apply Theorem
which gives a strong convergence result
Proposition 21. For every p > 0 and 0 < 3 < 1, there exists a constant Cg, such that for
any N € N,

p-1
v —unllr,mi (D)) < CppN 7 .

Proof. For any ¢ > 0 there exists a constant Cy . such that for all 4,7 > 1

9(i,§) < Coe(if)'*e.

1
Therefore g(i,7) > N implies ij > pnye = (%) " for any € > 0.

Take 0 < a < 1,e > 0, with a + ¢ < 1, we have

Ry = > man®< D> Njg(ing)°

n>N N>PN,e 1j=n

S k@,e § na+672

N>PN,e

+e—1

DNe)”

< kf,sL
l—a—c¢
k’ ate—1

< b ate—1 e

(I-a-¢e)C, "

On the other hand, Theorem [2] yields the following weak convergence result:

Proposition 22. For any ¢ > 0, there exists a constant C. such that for any N € N and
¢ € CH(R,R) whose derivatives are bounded by a constant Cy, we have:

[Elp(un) — o(@)]llyp) < C-CoN7HFe.

Proof. Take 1 > ¢ > 0, we have

Ry = D m< D Do NN

n>N N>PN,e 1j=n

_ hee e

e—1

(e - 1)02,5?

IA
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7.2 The analytic covariance kernel case

We suppose here that the covariance kernel cov[g] is analytic on D x D, which is the case
_l=—y|?
of a gaussian covariance kernel cov[g](z,y) = o%e ©P1 in particular. Then we have the

following result from Frauenfelder, Schwab and Todor given in [6] about the eigenvalues
decay and about the decay of the derivatives of the eigenfunctions:

Proposition 23. There exists two constants c1,co > 0 such that for all n > 1

A < 816762711/(1

For any s > 0 there ezists a constant cs such that for any n > 1,

bnlloe < cs|An|™* and ||b;LH<X> < es|An| 7

The methods developed to prove the results given in the previous sections apply with
some slight modifications, leading to similar results. In particular we have the following
strong error and weak error results:

Proposition 24. For any 0 < s < %, and p > 0, there exists a constant H,, such that for

all N e N
lu—unllzo,m(py) < Hep, | Z A%,
n>N

therefore, for any 0 < s <1/2 and p > 0 there ezists a constant Iy s, depending on p,s,d,c1
and co such that for any N € N

_ co(1—2s)
e = unll oo, ma(py) < TaspN 5 e =7 N7,

Proposition 25. For any 0 < s < %, there exists a constant Js such that for all N € N,
for all o € C*(R,R) whose derivatives are bounded by a constant C.,, we have:

IElp(un) = o)l gy py < JsCo D A,
n>N

therefore, for any 0 < s < %, there exists a constant K, s depending on d,s,c; and cy such
that for all N € N, for all ¢ € C*(R,R) whose derivatives are bounded by a constant C,,

d—1 _ . (1_25)N1/d
|E[e(un) — @)l (py < KasCpN T e 22N,

8 Conclusions

In this work we have established estimates of the error on the solution of the elliptic par-
tial differential equation, resulting from the approximation of the lognormal random field
a through the truncature of the KL expansion of log(a). This approximation is indeed the
first step of several numerical methods, in particular galerkin stochastic methods and col-
location methods. In these methods, since the computational cost increases very fast with
the truncature order N, it is crucial to have good estimates of the error commited on the
solution u.

We first showed that the strong error decreases like the error on the KL expansion of log(a)
in the natural L?(Q x D) norm, i.e. is bounded by the squared root of the remainder of
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the eigenvalues series. We next showed that this bound can be improved by looking at the
weak error, which is a natural quantity of interest since we are interested on the law of the
solution. The bound for the weak error is indee d the square of the previous bound for the
strong error.

We complete then this work by generalizing the result of [I], which gives an estimate of the
collocation error, to the case considered here where the random field a is neither uniformly
bounded nor uniformly coercive with respect to w.

Finally we show that the strong and weak error results apply to two examples which are
important on a practical point of view, the case of an exponential covariance and the case
of an analytic covariance, which includes the case of a gaussian covariance in particular.
We give then explicit bounds for the error in these two cases which are among the most
frequently used to model permeability fields in the context of flow computation in porous
media.

The analysis of the dependance of the error on the correlation length ¢ and on the multi-
plicative factor o in the covariance is the subject of ongoing research.
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