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❚❤✐s ♠♦❞❡❧ ✐s ❢r❡q✉❡♥t❧② ✉s❡❞ ✐♥ ❤②❞r♦❣❡♦❧♦❣②✳ ❲❡ ❛♣♣r♦①✐♠❛t❡ t❤✐s ❝♦❡✣❝✐❡♥t ❜② ❛ ✜♥✐t❡
❞✐♠❡♥s✐♦♥❛❧ ♥♦✐s❡ ✉s✐♥❣ ❛ tr✉♥❝❛t❡❞ ❑❛r❤✉♥❡♥✲▲♦è✈❡ ❡①♣❛♥s✐♦♥✳ ❲❡ ❣✐✈❡ t❤❡♥ ❡st✐♠❛t❡s
♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r ♦♥ t❤❡ s♦❧✉t✐♦♥✱ ❜♦t❤ ❛ str♦♥❣ ❡rr♦r ❡st✐♠❛t❡ ❛♥❞ ❛ ✇❡❛❦ ❡rr♦r
❡st✐♠❛t❡✱ t❤❛t ✐s t♦ s❛② ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❡rr♦r ❝♦♠♠✐t❡❞ ♦♥ t❤❡ ❧❛✇ ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❲❡
♦❜t❛✐♥ ❛ ✇❡❛❦ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✇✐❝❤ ✐s t✇✐❝❡ t❤❡ str♦♥❣ ♦♥❡✳ ❇❡s✐❞❡s t❤✐s✱ ✇❡ ❣✐✈❡ ❛
❝♦♠♣❧❡t❡ ❡rr♦r ❡st✐♠❛t❡ ❢♦r t❤❡ st♦❝❤❛st✐❝ ❝♦❧❧♦❝❛t✐♦♥ ♠❡t❤♦❞ ✐♥ t❤✐s ❝❛s❡✱ ✇❤❡r❡ ♥❡✐t❤❡r
❝♦❡r❝✐✈✐t② ♥♦r ❜♦✉♥❞❡❞♥❡ss ❛r❡ st♦❝❤❛st✐❝❛❧❧② ✉♥✐❢♦r♠✳ ❚♦ ❝♦♥❝❧✉❞❡✱ ✇❡ ❛♣♣❧② t❤❡s❡ r❡s✉❧ts
♦❢ s tr♦♥❣ ❛♥❞ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ t♦ t✇♦ ❝❧❛ss✐❝❛❧ ❝❛s❡s ♦❢ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ ❝❤♦✐❝❡s✿ t❤❡ ❝❛s❡
♦❢ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ ♦♥ ❛ ❜♦① ❛♥❞ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❛♥❛❧②t✐❝ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧✱
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❊st✐♠❛t✐♦♥s ❞✬❡rr❡✉rs ❢♦rt❡ ❡t ❢❛✐❜❧❡ ♣♦✉r ❞❡s éq✉❛t✐♦♥s

❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ❡❧❧✐♣t✐q✉❡s à ❝♦❡✣❝✐❡♥ts ❛❧é❛t♦✐r❡s

❘és✉♠é ✿ ❖♥ s✬✐♥tér❡ss❡ à ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞✬✉♥❡ éq✉❛t✐♦♥ ❛✉①
❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ❡❧❧✐♣t✐q✉❡ à ❝♦❡✣❝✐❡♥ts ❛❧é❛t♦✐r❡s✱ ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❉✐r✐❝❤❧❡t ❤♦✲
♠♦❣è♥❡s ❛✉ ❜♦r❞✳ ❖♥ s❡ ❝♦♥❝❡♥tr❡ s✉r ❧❡ ❝❛s ❞✬✉♥ ❝♦❡✣❝✐❡♥t ❧♦❣♥♦r♠❛❧✱ ♦♥ ❡st ❛✐♥s✐ ❝♦♥✲
❢r♦♥té ❛✉ ❢❛✐t q✉❡ ❝❡ ❝♦❡✣❝✐❡♥t ♥✬❡st ♥✐ ✉♥✐❢♦r♠é♠❡♥t ❜♦r♥é✱ ♥✐ ✉♥✐❢♦r♠é♠❡♥t ❝♦❡r❝✐❢ ♣❛r
r❛♣♣♦rt à ❧✬❛❧é❛t♦✐r❡✳ ❈❡ ♠♦❞è❧❡ ❡st ❢réq✉❡♠♠❡♥t ✉t✐❧✐sé ❡♥ ❤②❞r♦❣é♦❧♦❣✐❡✳ ❖♥ ❛♣♣r♦❝❤❡
❝❡ ❝♦❡✣❝✐❡♥t ❞❛♥s ✉♥ ❡s♣❛❝❡ ❛❧é❛t♦✐r❡ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡✱ ❡♥ ✉t✐❧✐s❛♥t ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t
❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡✳ ❖♥ ❞♦♥♥❡ ❛❧♦rs ❞❡s ❡st✐♠❛t✐♦♥s ♣♦✉r ❧✬❡rr❡✉r q✉✐ ❡♥ ❞é❝♦✉❧❡ s✉r ❧❛
s♦❧✉t✐♦♥✱ ✉♥❡ ❡st✐♠❛t✐♦♥ ❞✬❡rr❡✉r ❢♦rt❡ ♠❛✐s é❣❛❧❡♠❡♥t ✉♥❡ ❡st✐♠❛t✐♦♥ ❞✬❡rr❡✉r ❢❛✐❜❧❡✱ ❝✬❡st à
❞✐r❡ ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧✬❡rr❡✉r ❝♦♠♠✐s❡ s✉r ❧❛ ❧♦✐ ❞❡ ❧❛ s♦❧✉t✐♦♥✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs ✉♥ t❛✉① ❞❡
❝♦♥✈❡r❣❡♥❝❡ ❢❛✐❜❧❡ ❞♦✉❜❧❡ ❞✉ t❛✉① ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❢♦rt❡✳ ❉❡ ♣❧✉s✱ ♦♥ ❞♦♥♥❡ ✉♥❡ ❡st✐♠❛t✐♦♥
❞✬❡rr❡✉r ❝♦♠♣❧èt❡ ♣♦✉r ❧❛ ♠ét❤♦❞❡ ❞❡ ❝♦❧❧♦❝❛t✐♦♥ ❛♣♣❧✐q✉é❡ ❞❛♥s ❝❡ ❝❛s ♦ù ❧❡ ❝♦❡✣❝✐❡♥t ♥✬❡st
♥✐ ✉♥✐❢♦r♠é♠❡♥t ❜♦r♥é✱ ♥✐ ✉♥✐❢♦r♠é♠❡♥t ❝♦❡r❝✐❢ ♣❛r r❛♣♣♦rt à ❧✬❛❧é❛t♦✐r❡✳ P♦✉r ❝♦♥❝❧✉r❡✱
♦♥ ❛♣♣❧✐q✉❡ ❝❡s rés✉❧t❛ts à ❞❡✉① ❝❤♦✐① ♣❛rt✐❝✉❧✐❡rs ❞❡ ♥♦②❛✉① ❞❡ ❝♦✈❛r✐❛♥❝❡✿ ❧❡ ❝❛s ❞✬✉♥❡
❝♦✈❛r✐❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ s✉r ✉♥ ♣❛✈é ❡t ❧❡ ❝❛s ❞✬✉♥❡ ❝♦✈❛r✐❛♥❝❡ ❛♥❛❧②t✐q✉❡✱ ❞♦♥♥❛♥t ❞❡s t❛✉①
❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❢♦rt❡ ❡t ❢❛✐❜❧❡ ❡①♣❧✐❝✐t❡s ❞❛♥s ❝❤❛q✉❡ ❝❛s✳

▼♦ts✲❝❧és ✿ q✉❛♥t✐✜❝❛t✐♦♥ ❞❡s ✐♥❝❡rt✐t✉❞❡s✱ ❊❉P ❡❧❧✐♣t✐q✉❡ à ❝♦❡✣❝✐❡♥ts ❛❧é❛t♦✐r❡s✱
❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡✱ ❡st✐♠❛t✐♦♥ ❞✬❡rr❡✉r ❢♦rt❡✱ ❡st✐♠❛t✐♦♥ ❞✬❡rr❡✉r ❢❛✐❜❧❡✱
❞✐str✐❜✉t✐♦♥ ❧♦❣♥♦r♠❛❧❡
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▼❛♥② ❡♥❣✐♥❡❡r✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ✐♥✈♦❧✈❡ ✉♥❝❡rt❛✐♥t② ♦♥ t❤❡ ✐♥♣✉t ❞❛t❛✱ s✉❝❤ ❛s ♠❛t❡r✐❛❧ ♣r♦♣✲
❡rt✐❡s✳ ❚❤✐s ✉♥❝❡rt❛✐♥t② r❡s✉❧ts ❢r♦♠ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ t❤❡ ♠❡❞✐✉♠ ❛♥❞ ✐♥❝♦♠♣❧❡t❡ ❦♥♦✇❧❡❞❣❡
♦♥ t❤❡ ♠❡❞✐✉♠ ♣r♦♣❡rt✐❡s ❛♥❞ ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❜② ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ r❛♥❞♦♠
❝♦❡✣❝✐❡♥ts✳ ❚❤✐s ✇♦r❦ ❛❞❞r❡ss❡s ❡❧❧✐♣t✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ r❛♥❞♦♠ ❝♦❡✣✲
❝✐❡♥ts ❛♥❞ ❢♦❝✉s❡s ♦♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❤②❞r♦❣❡♦❧♦❣②✱ ♥❛♠❡❧② t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ ✢♦✇ ✐♥ ♣♦r♦✉s
♠❡❞✐❛✱ ❜✉t t❤❡r❡ ❛r❡ ♠❛♥② ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s✱ ❡✳❣✳✱ r❛♥❞♦♠ ✈✐❜r❛t✐♦♥s✱ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧s✱
s❡✐s♠✐❝ ❛❝t✐✈✐t② ❛♥❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ✐♥❤♦♠♦❣❡♥❡♦✉s ♠❛t❡r✐❛❧s s✉❝❤ ❛s ✇♦♦❞ ♦r ❜✐♦♠❛t❡r✐❛❧s✳
❚❤❡ ❛✐♠ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ❧❛✇ ♦❢ t❤❡ s♦❧✉t✐♦♥✱ ❜✉t ✐♥ ♣r❛❝t✐❝❡ ✇❡ ❛r❡ ✉s✉❛❧❧② ✐♥t❡r❡st❡❞ ♦♥❧②
✐♥ s♦♠❡ ♠♦♠❡♥ts✳
❙❡✈❡r❛❧ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✿ ▼♦♥t❡✲❈❛r❧♦ ❛♥❞ ▼♦♥t❡✲❈❛r❧♦ ❜❛s❡❞ ♠❡t❤♦❞s✱ ♠♦✲
♠❡♥t ❡q✉❛t✐♦♥s✱ ♣❡rt✉r❜❛t✐♦♥ ♠❡t❤♦❞s ✇❤✐❝❤ ❛r❡ ❛❞❛♣t❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ s♠❛❧❧ ✉♥❝❡rt❛✐♥t②✱
❤♦♠♦❣❡♥✐③❛t✐♦♥✱ ♠✉❧t✐s❝❛❧❡ ❛♥❛❧②s✐s ❛♥❞ st♦❝❤❛st✐❝ s♣❡❝tr❛❧ ♠❡t❤♦❞s ❬✶✱ ✷✱ ✸✱ ✹✱ ✻✱ ✼✱ ✽✱ ✾✱
✶✵✱ ✶✷✱ ✶✸✱ ✶✻✱ ✶✼✱ ✶✽✱ ✶✾✱ ✷✷✱ ✷✸✱ ✷✹✱ ✷✺❪✱ ✇❤✐❝❤ r❡❣r♦✉♣ st♦❝❤❛st✐❝ ❣❛❧❡r❦✐♥ ♠❡t❤♦❞s ❛♥❞
st♦❝❤❛st✐❝ ❝♦❧❧♦❝❛t✐♦♥ ♠❡t❤♦❞s✳
❆s ✐♥ ♠❛♥② ♣r❡✈✐♦✉s ✇♦r❦s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠♦❞❡❧ ❡q✉❛t✐♦♥

−div(a(ω, x)∇xu(ω, x)) = f(ω, x).

❇♦t❤ st♦❝❤❛st✐❝ ●❛❧❡r❦✐♥ ♠❡t❤♦❞s ❛♥❞ st♦❝❤❛st✐❝ ❝♦❧❧♦❝❛t✐♦♥ ♠❡t❤♦❞s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❛♣✲
♣r♦①✐♠❛t✐♦♥ ♦❢ a ✐♥ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ✐✳❡✳ ✉s✐♥❣ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢
r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❡s❡ ♠❡t❤♦❞s ❛r❡ t❤❡r❡❢♦r❡ ❛❞❛♣t❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ ❤❛s ❛ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧✐t②✱ ✐✳❡✳ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ aN ♦❢
a s✉❝❤ t❤❛t aN ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ N r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ N s♠❛❧❧✳ ❙✉❝❤ ❛♣♣r♦①✐♠❛t✐♦♥s aN

♦❢ a ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ ❡✐t❤❡r ❛ ❑❛r❤✉♥❡♥✲▲♦è✈❡ ♦r ❛ ♣♦❧②♥♦♠✐❛❧ ❝❤❛♦s ❡①♣❛♥s✐♦♥✳
❲❡ ❝♦♠♣✉t❡ t❤❡♥ t❤❡ s♦❧✉t✐♦♥ uN ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❡q✉❛t✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠ r❡♣❧❛❝✐♥❣ a
❜② aN ✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ uN t♦ u✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇♦r❦ ❤❡r❡ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ❛ ❤♦✲
♠♦❣❡♥❡♦✉s ❧♦❣♥♦r♠❛❧ r❛♥❞♦♠ ✜❡❧❞ a✳ ❚❤✐s ✐s ❛ ❢r❡q✉❡♥t❧② ✉s❡❞ ♠♦❞❡❧ ❢♦r ✢♦✇ ❡q✉❛t✐♦♥
✐♥ ♣♦r♦✉s ♠❡❞✐❛✳ ❚❤❡ tr✉♥❝❛t❡❞ ❑❛r❤✉♥❡♥✲▲♦è✈❡ ❡①♣❛♥s✐♦♥ ♦❢ log(a) ❛t ♦r❞❡r N ♣r♦✈✐❞❡s
t❤❡♥ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ aN ♦❢ a✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t ✐♥ s✉❝❤ ❛ ❝❛s❡✱ ✉♥❧✐❦❡ ✇❤❛t
✐s ❢r❡q✉❡♥t❧② ❛ss✉♠❡❞✱ ♥❡✐t❤❡r t❤❡ r❛♥❞♦♠ ✜❧❡❞ a ♥♦r ✐ts ❛♣♣r♦①✐♠❛t✐♦♥s aN ❛r❡ ✉♥✐❢♦r♠❧②
❝♦❡r❝✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ ω✳
❯♣ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ uN t♦ u ❤❛s ♥❡✈❡r ❜❡❡♥ st✉❞✐❡❞ ✉♥❞❡r r❡❛❧✐st✐❝ ❛s✲
s✉♠♣t✐♦♥s ♦♥ a✱ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ❛ ❧♦❣♥♦r♠❛❧ ✜❡❧❞✳ ❚❤✐s ✐s t❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s ❛rt✐❝❧❡✳ ❲❡
✜rst ❣✐✈❡ ❛ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ♦❢ uN t♦ u✱ ✐✳❡✳ ❛ ❜♦✉♥❞ ❢♦r t❤❡ ❡rr♦r ✐♥ Lp(H1

0 )✲♥♦r♠✳
❚❤❡♥ ❛ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ✐s ♦❜t❛✐♥❡❞✱ ✐✳❡✳ ✇❡ ❜♦✉♥❞ t❤❡ ❡rr♦r ❝♦♠♠✐t❡❞ ♦♥ t❤❡ ❧❛✇ ♦❢
u✳ ❲❡ ✜♥❞ ❛ ❜♦✉♥❞ ❢♦r t❤❡ ✇❡❛❦ ❡rr♦r ✇❤♦s❡ ♦r❞❡r ✐s t✇✐❝❡ t❤❡ str♦♥❣ ♦r❞❡r✱ ✇❤✐❝❤ ♣r❡s❡♥ts
❛ s✐❣♥✐✜❝❛♥t ✐♥t❡r❡st s✐♥❝❡ t❤❡ ♥✉♠❜❡r N ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❤❛s t♦ ❜❡ s♠❛❧❧ ✐♥ ♦r❞❡r t♦ ❜❡
❛❜❧❡ t♦ ❝♦♠♣✉t❡ uN ❛♥❞ s✐♥❝❡ t❤❡ ❧❛✇ ♦❢ u ✐s ✇❤❛t ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡
❛ss✉♠❡ t❤❛t f ✐s ❞❡t❡r♠✐♥✐st✐❝✱ ❜✉t ❛❧❧ t❤❡ r❡s✉❧ts ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡♥
f ✐s r❛♥❞♦♠✱ ✉♥❞❡r ❛❞❡q✉❛t❡ ❛ss✉♠♣t✐♦♥s✳
❚♦ ❜❡❣✐♥ ✇✐t❤✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ u✱ r❡♠❛r❦✐♥❣ ♦♥❝❡
❛❣❛✐♥ t❤❛t ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝❛s❡✱ t❤❡ r❛♥❞♦♠ ✜❡❧❞ a ✐s ♥♦t ✉♥✐❢♦r♠❧② ❝♦❡r❝✐✈❡ ✇✐t❤ r❡✲
s♣❡❝t t♦ ω✳ ❚❤❡♥ ✇❡ ♠❛❦❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ♦♥ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡
❑❛r❤✉♥❡♥✲▲♦è✈❡ ❡①♣❛♥s✐♦♥✱ ✇❤✐❝❤ ❡♥❛❜❧❡ ✉s t♦ ♣r♦✈❡ t✇♦ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts✿ t❤❡ str♦♥❣
❝♦♥✈❡r❣❡♥❝❡ ♦❢ aN t♦ a ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐❢♦r♠ ❜♦✉♥❞ ✐♥ Lp✲♥♦r♠ ❢♦r amax

N ❛♥❞ 1
amin

N
✳

❲❡ ❝❛♥ t❤❡♥ ❣✐✈❡ ❛ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ♦❢ uN t♦ u✱ ✇✐t❤ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞
Lp ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡ str♦♥❣ ❡rr♦r ✐s ❜❛s✐❝❛❧❧② ❜♦✉♥❞❡❞ ❜② t❤❡ sq✉❛r❡❞ r♦♦t ♦❢ t❤❡ r❡♠❛✐♥❞❡r

❘❘ ♥➦ ✼✸✵✵
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♦❢ t❤❡ s❡r✐❡s ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✳ ❲❡ ♣r♦✈❡ ♥❡①t ❛ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✱ s❤♦✇✐♥❣ t❤❛t t❤❡
❡rr♦r ❝♦♠♠✐t❡❞ ♦♥ t❤❡ ❧❛✇ ♦❢ u ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ s❡r✐❡s ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✳
❇❡s✐❞❡s t❤✐s ✇♦r❦ ❣✐✈❡s ❛ ❝♦♠♣❧❡t❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♠❡t❤♦❞✱ ❛❞❛♣t✐♥❣
t❤❡ r❡s✉❧ts ♦❢ ■✳ ❇❛❜✉s❦❛✱ ❋✳ ◆♦❜✐❧ ❡ ❛♥❞ ❘✳ ❚❡♠♣♦♥❡ ✐♥ ❬✶❪✱ ✐♥ ✇❤✐❝❤ ✉♥✐❢♦r♠ ❝♦❡r❝✐✈✐t② ♦❢ a
✇✐t❤ r❡s♣❡❝t t♦ ω ✐s ❛ss✉♠❡❞✳ ❋✐♥❛❧❧② ✇❡ ❣✐✈❡ ❡①❛♠♣❧❡s ♦❢ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ ❢♦r ✇❤✐❝❤ t❤❡s❡
r❡s✉❧ts ❛♣♣❧②✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝❛s❡ ♦♥ ❛ ❜♦① ❛♥❞ t❤❡ ❣❛✉ss✐❛♥ ❝❛s❡ ❛r❡ st✉❞✐❡❞✱
t❤❡s❡ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧s ❜❡✐♥❣ ❢r❡q✉❡♥t❧② ✉s❡❞ t♦ ♠♦❞❡❧ t❤❡ ❤②❞r❛✉❧✐❝ ❝♦♥❞✉❝t✐✈✐t② ❢♦r t❤❡
✢♦✇ ❡q✉❛t✐♦♥ ✐♥ ♣♦r♦✉s ♠❡❞✐❛✳

✷ ❊q✉❛t✐♦♥✱ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst ❞❡✜♥❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❧♦❣♥♦r♠❛❧ r❛♥❞♦♠ ✜❡❧❞ a ❛♥❞ ♠❛❦❡ s♦♠❡
r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ ✐ts ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧✱ t❤❡♥ ✇❡ ❞❡✜♥❡ ❛ ❧✐♥❡❛r ❡❧❧✐♣t✐❝ ♣❛rt✐❛❧ ❞✐❢✲
❢❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇✐t❤ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥ts✱ ♥❛♠❡❧② a✱ ❛♥❞ ✜♥❛❧❧② s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❡q✉❛t✐♦♥✳ ▲❡t D ❜❡ ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ R

d ✇✐t❤ C2

❜♦✉♥❞❛r② ❛♥❞ (Ω,F ,P) ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ k ∈ C0,1(R+, R)✱ ❛♥❞
g : Ω × D̄ → R ❛ ♠❡❛♥✲❢r❡❡ ❣❛✉ss✐❛♥ ✜❡❧❞ ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ cov[g](x, y) = k(‖x − y‖)✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ g ❛❞♠✐ts ❛ ✈❡rs✐♦♥ ✇❤♦s❡ tr❛❥❡❝t♦r✐❡s ❜❡❧♦♥❣ t♦
C0,α ❛✳s✳ ❢♦r α < 1/2✳

Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② L t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ♦❢ k✳

E[|g(x) − g(y)|2] = E[g(x)2] − 2E[g(x)g(y)] + E[g(y)2]

= 2(k(0) − k(‖x − y‖))
≤ 2L‖x − y‖.

❲❡ r❡❝❛❧❧ t❤❡ ❡①✐st❡♥❝❡✱ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r p✱ ♦❢ ❛ ❝♦♥st❛♥t cp = 1√
2π

∫

R
x2pe−

x2

2 dx s✉❝❤
t❤❛t ❢♦r ❛❧❧ ♠❡❛♥✲❢r❡❡ ❣❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X✱

E[|X|2p] ≤ cpE[|X|2]p.

❚❤❡r❡❢♦r❡✱ s✐♥❝❡ g(x) − g(y) ✐s ❛ ♠❡❛♥✲❢r❡❡ ❣❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥②
♣♦s✐t✐✈❡ ✐♥t❡❣❡r p✱

E[|g(x) − g(y)|2p] ≤ cp(2L)p‖x − y‖p.

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❑♦❧♠♦❣♦r♦✈ ❝♦♥t✐♥✉✐t② t❤❡♦r❡♠ ❬✺❪✱ t❤❡r❡ ❡①✐sts ❛ ✈❡rs✐♦♥ ♦❢ g ✇❤✐❝❤ ✐s ❛✳s✳
❍ö❧❞❡r✲❝♦♥t✐♥✉♦✉s ✇✐t❤ ❛♥② ❡①♣♦♥❡♥t β < p−d

2p ✳ ❙✐♥❝❡ t❤✐s ❤♦❧❞ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r p✱
❧❡tt✐♥❣ p → +∞✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❛ ✈❡rs✐♦♥ ♦❢ g ✇❤✐❝❤ ✐s ❛✳s✳ ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s
✇✐t❤ ❛♥② ❡①♣♦♥❡♥t β < 1/2✳

❲❡ ❞❡✜♥❡ t❤❡ ❧♦❣♥♦r♠❛❧ ❤♦♠♦❣❡♥❡♦✉s r❛♥❞♦♠ ✜❡❧❞ a : Ω × D̄ → R ❛s a(ω, x) = eg(ω,x)✳
❇② Pr♦♣♦s✐t✐♦♥ 1✱ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ a ❛r❡ ❛✳s✳ ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡ ❝♦♠♣❛❝t s❡t D̄✱ ✇❡ ❝❛♥
t❤❡♥ ❞❡✜♥❡ ❛✳s✱ amin(ω) = min

x∈D̄
a(ω, x) ❛♥❞ amax(ω) = max

x∈D̄
a(ω, x)✳ ❚❤❡s❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

❤❛✈❡ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❜✐❧✐t② ♣r♦♣❡rt✐❡s✿

Pr♦♣♦s✐t✐♦♥ ✷✳ 1
amin(ω) ∈ Lp(Ω) ❛♥❞ amax(ω) ∈ Lp(Ω) ❢♦r ❛♥② p > 0✳
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Pr♦♦❢✳ ❲❡ ❤❛✈❡ amin(ω) ≥ e−||g(ω)||C0(D) ❛♥❞ amax(ω) ≤ e||g(ω)||C0(D) ✳ ❇② ❋❡r♥✐q✉❡✬s t❤❡♦r❡♠
❬✺❪✱ s✐♥❝❡ g ❞❡✜♥❡s ❛ ♠❡❛♥✲❢r❡❡ ❣❛✉ss✐❛♥ ♠❡❛s✉r❡ ♦♥ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ C0(D)✱ t❤❡r❡ ❡①✐sts

λ > 0 s✉❝❤ t❤❛t E[e
λ||g(ω)||2C0(D) ] < +∞✳ ❚❤✉s✱ ❢♦r ❛♥② p > 0✱

E[ep||g(ω)||C0(D) ] ≤ E[e
λ||g(ω)||2C0(D)

+ p2

4λ ] < +∞.

❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ s❡❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ 7✳ ❚❤❡r❡❢♦r❡ e||g(ω)||C0(D) ∈ Lp(Ω)✱ ❛♥❞ ✜♥❛❧❧②
1

amin(ω) ∈ Lp(Ω) ❛♥❞ amax(ω) ∈ Lp(Ω)✱ ❢♦r ❛♥② p > 0✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ▲❡t f ✐♥ L2(D)✱ t❤❡♥ t❤❡ ❡q✉❛t✐♦♥✿

− div(a(ω, x)∇u(ω, x)) = f(x) ♦♥ D, ✭✶✮

u = 0 ♦♥ ∂D,

❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u✱ ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ Lp(Ω, H1(D))✱ ❢♦r ❛♥② p > 0✳

❘❡♠❛r❦✿ ❆❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ❤♦❧❞ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❢♦r❝✐♥❣ t❡r♠ f ✐s st♦❝❤❛st✐❝✱
✉♥❞❡r ❛❞❡q✉❛t❡ ❛ss✉♠♣t✐♦♥s✳

Pr♦♦❢✳ ❋♦r ❛❧♠♦st ❛❧❧ ω ∈ Ω✱ t❤❡ ❡q✉❛t✐♦♥ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u(ω) ∈ H1
0 (D)✱ t❤❡

♠❛♣♣✐♥❣ ω 7→ u(ω) ✐s ♠❡❛s✉r❛❜❧❡ ❛♥❞ ✇❡ ❤❛✈❡✱ ❛✳s✳ ✿

‖u(ω, x)‖H1
0 (D) ≤ CD

‖f‖L2(D)

amin(ω)
✭✷✮

✇❤❡r❡ CD ✐s t❤❡ ❝♦♥st❛♥t ❣✐✈❡♥ ❜② P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②✳ ❋♦r ❡✈❡r② p > 0✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✱
1

amin ∈ Lp(Ω)✱ s♦ ❢♦r ❛♥② p > 0✱

E

[

‖u(ω, x)‖p
H1

0 (D)

]

≤ Cp
DE

[(

1

amin(ω)

)p]

‖f‖p
L2(D) < +∞.

✸ ❙tr♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ aN t♦ a

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ r❛♥❞♦♠ ✜❡❧❞ aN ❛♥❞ st✉❞② t❤❡ str♦♥❣ ❝♦♥✲
✈❡r❣❡♥❝❡ ♦❢ aN t♦ a✱ ✐✳❡✳ t❤❡ Lp(Ω, C0(D))✲❝♦♥✈❡r❣❡♥❝❡✱ ❛♥❞ t❤❡ ❛❧♠♦st✲s✉r❡ ❝♦♥✈❡r❣❡♥❝❡✳
▲❡t {(λn, bn)} ❞❡♥♦t❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❡✐❣❡♥♣❛✐rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❛❝t s❡❧❢✲❛❞❥♦✐♥t
♦♣❡r❛t♦r t❤❛t ♠❛♣s

f ∈ L2(D) 7→
∫

D

cov[g](x, .)f(x)dx ∈ L2(D),

✇❤❡r❡ λ1 ≥ λ2 ≥ ... ≥ 0✱ ❛♥❞ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❛r❡ ♦rt❤♦♥♦r♠❛❧✳ ❲❡ r❡❝❛❧❧ t❤❛t E[g(ω, x)] =
0 ❛♥❞ t❤❛t cov[g](x, y) = k(‖x − y‖)✳ ❚❤❡r❡❢♦r❡

∑

n≥1 λn = |D|k(0)✳ ❚❤❡♥ t❤❡ tr✉♥❝❛t❡❞
❑❛r❤✉♥❡♥✲▲♦è✈❡ ❡①♣❛♥s✐♦♥ ❬✶✹✱ ✶✺❪ gN ♦❢ t❤❡ st♦❝❤❛st✐❝ ❣❛✉ss✐❛♥ ♣r♦❝❡ss g ❛♥❞ ✐ts ❡①♣♦♥❡♥✲
t✐❛❧ aN ❛r❡ ❞❡✜♥❡❞ ❜②

gN (ω, x) =

N
∑

n=1

√

λnbn(x)Yn(ω), aN (ω, x) = e
PN

n=1

√
λnbn(x)Yn(ω).
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✇❤❡r❡ t❤❡ r❡❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (Yn)n≥1 ❛r❡ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜②

Yn(ω) =
1√
λn

∫

D

g(ω, x)bn(x)dx.

❚❤❡② ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❣❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ ✉♥✐t ✈❛r✐❛♥❝❡✳ ▼❡r❝❡r
t❤❡♦r❡♠ ❬✷✵❪ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✿

sup
x∈D

E[(g − gN )2](x) → 0 ❛s N → +∞.

❚❤✐s ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❞♦❡s ♥♦t ❛❝t✉❛❧❧② ❡♥❛❜❧❡ ✉s t♦ ❝♦♥❝❧✉❞❡ ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡
s♦❧✉t✐♦♥✳
❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿

❼ ❚❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s bn ❛r❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✳

❼ ❚❤❡r❡ ❡①✐sts ❝♦♥st❛♥ts C ❛♥❞ a > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② n ∈ N✱

‖bn‖∞ ≤ C ❛♥❞ ‖∇bn‖∞ ≤ Cna.

❼ ❚❤❡r❡ ❡①✐sts b > 0 s✉❝❤ t❤❛t
∑

n≥1 λnnb ✐s ❝♦♥✈❡r❣❡♥t✳

❘❡♠❛r❦✿ ❙✉❝❤ ❛ss✉♠♣t✐♦♥s ❛r❡ ❢✉❧✜❧❧❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ ♦♥ ❛
r❡❝t❛♥❣✉❧❛r ❞♦♠❛✐♥✳ ❆❧t❤♦✉❣❤ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡ ♥♦t ❢✉❧✜❧❧❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❛✉ss✐❛♥
❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧✱ s✐♠✐❧❛r r❡s✉❧ts ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s ❤♦❧❞ ✐♥ t❤✐s ❝❛s❡✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧②
✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❛♥❛❧②t✐❝ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧✱ ❢♦r ♠♦r❡ ❞❡t❛✐❧s s❡❡ s❡❝t✐♦♥ 6✳

❉❡✜♥✐t✐♦♥ ✶✳ ❋♦r α ≤ b✱ ✇❡ ❞❡✜♥❡

Rα
N =

∑

n>N

λnnα.

❲❡ ♥♦t✐❝❡ t❤❛t Rα
N ≤ Nα−b(

∑

n>N λnnb)✱ ❛♥❞ t❤❡r❡❢♦r❡✱ Rα
N = o(Nα−b) ✇❤❡♥ N →

+∞✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ❋♦r ❛♥② p✱α✱ β s✉❝❤ t❤❛t 0 < α ≤ min{b, 2a} ❛♥❞ β < α
2a ✱ t❤❡r❡ ❡①✐sts ❛

❝♦♥st❛♥t Aα,β,p s✉❝❤ t❤❛t ❢♦r ❛❧❧ N ✐♥ N ✿

‖gN − g‖Lp(Ω,C0,β) ≤ Aα,β,p(R
α
N )

1
2 .

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛❧❧ p✱ ❢♦r ❛♥② 0 < α ≤ min{b, 2a}✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Aα,p s✉❝❤ t❤❛t
❢♦r ❛❧❧ N ✐♥ N✱

‖gN − g‖Lp(Ω,C0) ≤ Aα,p(R
α
N )

1
2 .

Pr♦♦❢✳ ❋♦r ❛❧❧ x, y ∈ D✱ ❛♥❞ θ ∈]0, 1[ s✉❝❤ t❤❛t θ ≤ b
2a ✱

(bn(x) − bn(y))2 ≤ (2‖bn‖∞)2(1−θ)(‖b′n‖∞‖x − y‖)2θ

≤ Cθn
2aθ‖x − y‖2θ,

❘❘ ♥➦ ✼✸✵✵



❊❘❘❖❘ ❊❙❚■▼❆❚❊❙ ❋❖❘ P❉❊s ❲■❚❍ ❘❆◆❉❖▼ ❈❖❊❋❋■❈■❊◆❚❙ ✼

✇❤❡r❡ Cθ = 22(1−θ)C2✳

E

[

((gN − g)(x) − (gN − g)(y))
2
]

=
∑

n>N

λn(bn(x) − bn(y))2

≤ Cθ

(

∑

n>N

λnn2aθ

)

‖x − y‖2θ

≤ CθR
2aθ
N ‖x − y‖2θ.

❋♦r ❛❧❧ x, y ∈ D ❛♥❞ N ✐♥ N✱ (gN − g)(x) − (gN − g)(y) ✐s ❛ ♠❡❛♥✲❢r❡❡ ❣❛✉ss✐❛♥ r❛♥❞♦♠
✈❛r✐❛❜❧❡✱ ❛s ❛ ❧✐♠✐t ✐♥ L2 ♦❢ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❣❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱

(gN − g)(x) − (gN − g)(y) = lim
p→+∞

p
∑

n=N+1

√

λnYn(ω)(bn(x) − bn(y))✳

❆r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ 1 ②✐❡❧❞s

E

[

((gN − g)(x) − (gN − g)(y))
2p
]

≤ cpE

[

((gN − g)(x) − (gN − g)(y))
2
]p

≤ Cp
θ cp(R

2aθ
N )p‖x − y‖2θp.

❚❤✉s✱ ❢♦r ❛♥② 0 < α ≤ min{b, 2a}✱ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r p✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cα,p

s✉❝❤ t❤❛t✿

E

[

((gN − g)(x) − (gN − g)(y))
2p
]

≤ Cα,p(R
α
N )p‖x − y‖αp

a .

❲❡ ♥♦✇ ❛r❡ ❣♦✐♥❣ t♦ ✉s❡ t❤❡ ❑♦❧♠♦❣♦r♦✈ ❝♦♥t✐♥✉✐t② t❤❡♦r❡♠ ❬✺❪✳ ❋♦r ❛♥② 0 < α ≤ min{b, 2a}✱
❧❡t ν ❜❡ s✉❝❤ t❤❛t α p

a − d − 2pν > −d ✐✳❡✳ ν < α
2a ✱ t❤❡♥

E[‖gN − g‖2p
W ν,2p ] =

∫

Ω

∫

D

∫

D

|(gN − g)(x) − (gN − g)(y)|2p

‖x − y‖d+2pν

≤ Cα,p(R
α
N )p

∫

D

∫

D

‖x − y‖α p
a−d−2pν

≤ Cα,p,ν(Rα
N )p.

✇✐t❤ Cα,p,ν = Cα,p

∫

D

∫

D
|x − y|α p

a−d−2pν < +∞✳
◆❡①t ✇❡ ✉s❡ t❤❛t W ν,2p ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ C0,β ❢♦r β < min{1, ν − d

2p}✱ ❧❡t kβ,ν

❞❡♥♦t❡ t❤❡ ♥♦r♠ ♦❢ t❤✐s ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣✳ ❋♦r ❛♥② α s✉❝❤ t❤❛t 0 < α ≤ min{b, 2a}✱
❢♦r ❛♥② β s✉❝❤ t❤❛t β < α

2a ✱ t❤❡r❡ ❡①✐sts p0 ≥ 1 s✉❝❤ t❤❛t ❢♦r ❛❧❧ p ≥ p0✱ β + d
2p < α

2a ✱ t❤❡♥

✇❡ ❝❤♦♦s❡ ν s✉❝❤ t❤❛t β + d
2p < ν < α

2a ✱ ✜♥❛❧❧② gN − g ∈ C0,β ❢♦r ❛❧♠♦st ❛❧❧ ω✱ ✇✐t❤✿

E[‖gN − g‖2p
C0,β ] ≤ k2p

β,νCα,p,ν(Rα
N )p.

❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② 0 < α ≤ min{b, 2a}✱ ❢♦r ❛♥② β s✉❝❤ t❤❛t β < α
2a ✱ t❤❡r❡ ❡①✐sts p0 > 0

s✉❝❤ t❤❛t ❢♦r ❛♥② p ≥ p0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Aα,β,p s✉❝❤ t❤❛t ❢♦r ❛♥② N ✐♥ N ✿

‖gN − g‖L2p(Ω,C0,β) ≤ Aα,β,p(R
α
N )

1
2 .

❙✐♥❝❡ ✐♥ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ✐❢ p ≤ q✱ f ∈ Lq ✐♠♣❧✐❡s f ∈ Lp ✇✐t❤ ‖f‖Lp ≤ ‖f‖Lq ✱ ✇❡ ❝❛♥
❝♦♥❝❧✉❞❡ t❤❛t ❢♦r ❛♥② p > 0 ❛♥❞ 0 < α < b✱ ❢♦r ❛♥② β s✉❝❤ t❤❛t β < α

2a ✱ t❤❡r❡ ❡①✐sts ❛
❝♦♥st❛♥t Aα,β,p s✉❝❤ t❤❛t ❢♦r ❛❧❧ N ✐♥ N✿

‖gN − g‖Lp(Ω,C0,β) ≤ Aα,β,p(R
α
N )

1
2 .

❘❘ ♥➦ ✼✸✵✵
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Pr♦♣♦s✐t✐♦♥ ✺✳ ❋♦r ❛♥② β < min{1, b
2a}✱ ❢♦r ❛❧♠♦st ❛❧❧ ω✱ gN → g ✐♥ C0,β(D) ❛s N → +∞

❛♥❞ s♦ aN → a ✐♥ C0(D) ❛s N → +∞✳
■t ❢♦❧❧♦✇s t❤❛t amax

N ❝♦♥✈❡r❣❡s ❛✳s✳ t♦ amax ❛♥❞ amin
N ❝♦♥✈❡r❣❡s ❛✳s✳ t♦ amin ❛s N → +∞✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ❇♦r❡❧✲❈❛♥t❡❧❧✐ ❧❡♠♠❛✿ ❧❡t 0 < α ≤ min{b, 2a} s✉❝❤ t❤❛t β < α
2a ❛♥❞ p

s✉❝❤ t❤❛t p > 2
b−α ✱ ❜② t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Aα,β,p s✉❝❤ t❤❛t ❢♦r

❛❧❧ N ✐♥ N✿

‖gN − g‖Lp(Ω,C0,β) ≤ Aα,β,p(R
α
N )

1
2 ,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② ε > 0✱

P(‖gN − g‖C0,β ≥ ε) ≤
‖gN − g‖p

Lp(Ω,C0,β)

εp

≤
Ap

α,β,p(R
α
N )

p
2

εp
.

▲❡t γ > 0 s✉❝❤ t❤❛t 2
p < γ < b − α✱ t❤❡♥ Rα

N ≤ Rα+γ
N N−γ = o(N−γ)✱ ✇❤❡♥ N → +∞

❛♥❞ s✐♥❝❡
∑

N≥1

N− γp
2 < +∞ ✱ ✇❡ ❤❛✈❡

∑

N≥1

P(‖gN − g‖C0,β ≥ ε) < +∞✳ ❚❤❡ ❇♦r❡❧✲❈❛♥t❡❧❧✐

❧❡♠♠❛ ②✐❡❧❞s P(lim sup(‖gN − g‖C0,β ≥ ε)) = 0 ❢♦r ❛❧❧ ε > 0✱ ❛♥❞ s♦ gN → g ❛✳s✳ ✐♥ C0,β ❛s
N → +∞✳ ❋✐♥❛❧❧②✱ t❤❛♥❦s t♦ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
aN = egN → a = eg ❛✳s✳ ✐♥ C0 ❛s N → +∞✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✱ ✇❤✐❝❤ ❣✐✈❡ ✉♥✐❢♦r♠ ❜♦✉♥❞s ❢♦r t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s amax
N ❛♥❞

1
amin

N
✐♥ t❤❡ Lp✲♥♦r♠ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ❛♥❞ ✐♥ t❤❡ ♥❡①t t✇♦ s❡❝t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✷✳ ❋♦r N ∈ N✱ ν ∈ [0, 1]N ✱ ✇❡ ❞❡✜♥❡ gν,N : Ω × D → R ❛♥❞ aν,N : Ω × D → R

❜②✿ gν,N (ω, x) =
∑N

n=1

√
λnYn(ω)νnbn(x)✱ ❛♥❞ aν,N (ω, x) = egν,N (ω,x).

Pr♦♣♦s✐t✐♦♥ ✻✳ ❋♦r ❛♥② β < min{ b
2a , 1}✱ p > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Bβ,p s✉❝❤ t❤❛t ❢♦r

❛♥② N ✐♥ N✱ ❛♥❞ ν ✐♥ [0, 1]N ✳

||gν,N ||Lp(Ω,C0,β) ≤ Bβ,p

Pr♦♦❢✳ ❋♦r ❛♥② θ s✉❝❤ t❤❛t 0 < θ < min{1, b
2a}✱ ❢♦r ❛♥② N ∈ N✱ ν ∈ [0, 1]N

E[(gν,N (ω, x) − gν,N (ω, y))2] =
N
∑

n=1

λnν2
n(bn(x) − bn(y))2

≤ Cθ

(

N
∑

n=1

λnn2aθ

)

‖x − y‖2θ

≤ CθR
2aθ
0 ‖x − y‖2θ.

❙✐♥❝❡✱ ❢♦r ❛♥② x, y ✐♥ D✱ N ✐♥ N✱ (gν,N (x)−gν,N (y)) ✐s ❛ ♠❡❛♥✲❢r❡❡ ❣❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱
✇❡ ❤❛✈❡✿

E[(gν,N (ω, x) − gν,N (ω, y))2p] ≤ cp(R
2aθ
0 )p‖x − y‖2θp.

❘❘ ♥➦ ✼✸✵✵
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❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② 0 < α ≤ min{b, 2a}✱ ❢♦r ❛♥② p ≥ 1✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Mα,p s✉❝❤
t❤❛t✱ ❢♦r ❛♥② NN ❢♦r ❛♥② ν ∈ [0, 1]N ✱ ✇❡ ❤❛✈❡✿

E[(gν,N (ω, x) − gν,N (ω, y))2p] ≤ Mα,p‖x − y‖α p
a ,

✇❤❡r❡ Mα,p = cp(R
2aθ
0 )p, t❤❡♥ ✇❡ ✉s❡ ❑♦❧♠♦❣♦r♦✈ ❝♦♥t✐♥✉✐t② t❤❡♦r❡♠ ❬✺❪ ❛♥❞ ❝♦♥❝❧✉❞❡ ❛s

✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ 4✳

❉❡✜♥✐t✐♦♥ ✸✳ ❇② t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥✱ ❢♦r ❛♥② N ∈ N ❛♥❞ ν ∈ [0, 1]N ✱ t❤❡ tr❛❥❡❝t♦r✐❡s
♦❢ aν,N ❛r❡ ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡ ❝♦♠♣❛❝t s❡t D̄ ❛✳s✱ s♦ ✇❡ ❝❛♥ ❞❡✜♥❡✱ ❢♦r ❛❧♠♦st ❛❧❧ ω ∈ Ω✱
amax

ν,N (ω) = max
x∈D̄

aν,N (ω, x) ❛♥❞ amin
ν,N (ω) = min

x∈D̄
aν,N (ω, x)✳

❲❡ ❝❛♥ ✜♥❛❧❧② ❜♦✉♥❞ amax
ν,N ❛♥❞ 1

amin
ν,N

✐♥ Lp✲♥♦r♠✱ ✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠ N ❛♥❞ ν✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ❋♦r ❛♥② p > 0✱ amax
ν,N ❛♥❞ 1

amin
ν,N

∈ Lp(Ω)✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Dp

s✉❝❤ t❤❛t ❢♦r ❛♥② N ∈ N✱ ❛♥❞ ν ∈ [0, 1]N

∥

∥

∥

∥

∥

1

amin
ν,N

∥

∥

∥

∥

∥

Lp(Ω)

≤ Dp, ❛♥❞ ‖amax
ν,N ‖Lp(Ω) ≤ Dp.

■♥ ♣❛rt✐❝✉❧❛r✱

‖aN‖Lp(Ω,C0) ≤ Dp.

Pr♦♦❢✳ ❲❡ ❛♣♣❧② ❋❡r♥✐q✉❡✬s t❤❡♦r❡♠ ❬✺❪✱ ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t t♦ N ❛♥❞ ν✳ ❚❤❡r❡ ❡①✐sts
x0 ∈]0, 1[ s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ [x0, 1[✱ log( 1−x

x ) ≤ −2✳ ❚❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ②✐❡❧❞s t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥st❛♥t B2 s✉❝❤ t❤❛t ❢♦r ❛♥② N ∈ N✱ ❛♥❞ ν ∈ [0, 1]N ✿

||gν,N ||L2(Ω,C0) ≤ B2.

❚❤✉s✱ s❡tt✐♥❣ r0 = B2√
1−x0

✱ ✇❡ ❤❛✈❡✱ ❢♦r ❡✈❡r② r ≥ r0✱

P(‖gν,N‖C0 ≥ r) ≤
‖gν,N‖2

L2(Ω,C0)

r2

≤ B2
2

r2
≤ 1 − x0.

❲❡ ♥♦✇ ❝❤♦♦s❡ λ s✉❝❤ t❤❛t 32λr2
0 ≤ 1✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② µν,N t❤❡ ❧❛✇ ♦❢ gν,N : Ω → C0(D)✳

❙✐♥❝❡ t❤❡ µν,N ❛r❡ ❝❡♥tr❡❞ ❣❛✉ss✐❛♥ ♠❡❛s✉r❡s ♦♥ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ C0(D)✱ ✇❡ ❤❛✈❡ t❤❡♥✱ ❢♦r
❛♥② N ∈ N✱ ❛♥❞ ν ∈ [0, 1]N ✱

ln

(

1 − µν,N (B̄(0, r0))

µν,N (B̄(0, r0))

)

+ 32λr2
0 ≤ −1.

❯s❡ ❋❡r♥✐q✉❡ t❤❡♦r❡♠ ❬✺❪✱ s❡t k = e16λr2
0 + e2

e2−1 ✱ t♦ ♦❜t❛✐♥ t❤❛t ❢♦r ❛❧❧ N ∈ N✱ ❛♥❞ ν ∈ [0, 1]N ✱

E[e
λ‖gν,N‖2

C0(D) ] ≤ k.

❍❡♥❝❡✱ ❢♦r ❛♥② p > 0✱ N ∈ N✱ ❛♥❞ ν ∈ [0, 1]N ✱

E[ep‖gν,N‖C0(D) ] ≤ e
p2

4λ E[e
λ‖gν,N‖2

C0(D) ]

≤ ke
p2

4λ .

❘❘ ♥➦ ✼✸✵✵
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❉❡♥♦t✐♥❣ Dp = (ke
p2

4λ )
1
p ✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✿
∥

∥

∥

∥

∥

1

amin
ν,N

∥

∥

∥

∥

∥

Lp(Ω)

≤ ‖e‖gν,N‖C0(D̄)‖Lp(Ω) ≤ Dp,

❛♥❞

‖amax
ν,N ‖Lp(Ω) ≤ ‖e‖gν,N‖C0(D̄)‖Lp(Ω) ≤ Dp.

Pr♦♣♦s✐t✐♦♥ ✽✳ ❋♦r ❛♥② p > 0✱ ❛♥❞ 0 < α ≤ min{b, 2a}✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Eα,p s✉❝❤
t❤❛t ❢♦r ❛♥② N ∈ N✱

‖aN − a‖Lp(Ω,C0) ≤ Eα,p(R
α
N )

1
2

Pr♦♦❢✳ ❚❛❦❡ p > 0✱ ❝❤♦♦s❡ q, r > 0 s✉❝❤ t❤❛t 1
r = 1

p + 1
q ✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②

∀x, y ∈ R |ex − ey| ≤ |x − y|(ex + ey),

t♦❣❡t❤❡r ✇✐t❤ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❧❡❛❞s t♦ ✿

‖egN − eg‖Lr(Ω,C0) ≤ ‖gN − g‖Lp(Ω,C0)‖egN + eg‖Lq(Ω,C0),

✇❤✐❝❤ ✇❡ r❡✇r✐t❡ ❛s

‖aN − a‖Lr(Ω,C0) ≤ ‖gN − g‖Lp(Ω,C0)‖aN + a‖Lq(Ω,C0)

≤ Aα,p(R
α
N )

1
2 (Dq + ‖a‖Lq(Ω,C0)).

❲❡ ❝♦♥❝❧✉❞❡ ❜② s❡tt✐♥❣ Eα,r = Aα,p(Dq + ‖a‖Lq(Ω,C0(D)))✱ ✇✐t❤ p = q = r
2 ❢♦r ✐♥st❛♥❝❡✳

✹ ❙tr♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ uN t♦ u

❚❤❛♥❦s t♦ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❝❛♥ ♥♦✇ ❡st✐♠❛t❡ t❤❡ str♦♥❣ ❡rr♦r ❝♦♠♠✐t❡❞
♦♥ t❤❡ s♦❧✉t✐♦♥ u✱ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ a ❜② aN ✳

❙✐♥❝❡ ❢♦r ❛❧❧ N ∈ N ❛♥❞ ν ∈ [0, 1]N ✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s amax
ν,N ❛♥❞ 1

amin
ν,N

❜❡❧♦♥❣ t♦ Lp(Ω)

❢♦r ❛❧❧ p > 0✱ t❤❡ ❡q✉❛t✐♦♥

−div(aν,N (ω, x)∇uν
N (ω, x)) = f(x) ♦♥ D,

uν
N (ω, x) = 0 ♦♥ ∂D,

❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ uν
N ∈ Lp(Ω, H1

0 (D)) ❢♦r ❛❧❧ p > 0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ν = 1N ✱
aν,N = aN ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② uN t❤❡ s♦❧✉t✐♦♥✳ ▲❡t ✉s s❡t ❢♦r (y1, ..., yN ) ∈ R

N ❛♥❞ x ∈ D✱
ãN (y1, ..., yN , x) = e

PN
n=1

√
λibi(x)yi ❛♥❞ ũN (y1, ..., yN , .) ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢

−divx(ãN (y, x)∇xũN (y, x)) = f(x) ♦♥ D,

ũN (y, x) = 0 ♦♥ ∂D.

■t ✐s ❝❧❛ss✐❝❛❧ t❤❛t ũN ✐s ❛ C∞ ❢✉♥❝t✐♦♥ ♦❢ y1, ..., yN ✳ ❲❤❡♥ ✇❡ ♥❡❡❞ t♦ ❡♠♣❤❛s✐③❡ t❤❡ ❞❡♣❡♥✲
❞❛♥❝❡ ♦❢ ũN ♦♥ y1, ..., yN ✱ ✇❡ ✇r✐t❡ ũN (y1, ..., yN )✳ ❲❡ ❤❛✈❡ t❤❡♥ ũN ∈ C∞(RN , H1

0 (D)). ❲❡
♥♦t✐❝❡ t❤❛t ❛✳s✳ aN (ω, x) = ãN (Y1(ω), ..., YN (ω), x)✱ ❛♥❞ uN (ω, x) = ũN (Y1(ω), ..., YN (ω), x)
✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ãN ✇✐❧❧ st✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② aN ❛♥❞ ũN ❜② uN ✳

❲❡ ✜rst s❤♦✇ t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ uN t♦ u✳

❘❘ ♥➦ ✼✸✵✵
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Pr♦♣♦s✐t✐♦♥ ✾✳ uN (ω, x) ❝♦♥✈❡r❣❡s t♦ u(ω, x) ✐♥ H1
0 (D)✱ ❢♦r ❛❧♠♦st ❛❧❧ ω✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ (5)✱ ❢♦r ❛❧♠♦st ❛❧❧ ω✱ aN ❝♦♥✈❡r❣❡s t♦ a ✐♥ C0(D) ✐✳❡✳ ✉♥✐❢♦r♠❧②✳ ❚❤❡♥
✇❡ ✉s❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥ u ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦❡✣❝✐❡♥t a ♦❢ t❤❡ ❡q✉❛t✐♦♥✱ ✐♥❞❡❡❞
✇❡ ❤❛✈❡ ❛✳s✳✿

amin
N ‖u − uN‖2

H1
0 (D) ≤

∫

D

aN |∇(u − uN )|2

=

∫

D

(aN − a)∇u∇(u − uN )

≤ ‖a − aN‖C0(D)‖u − uN‖H1
0 (D)‖u‖H1

0 (D).

❚❤❡r❡❢♦r❡✱ t❤❛♥❦s t♦ ✭2✮✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧♠♦st ❛❧❧ ω✿

‖u − uN‖H1
0 (D) ≤

1

amin
N

‖a − aN‖C0(D)‖f‖L2(D)
CD

amin
.

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ✐♥❡q✉❛❧✐t② ❝♦♥✈❡r❣❡s ❛✳s✳ t♦ 0 ❛s N → +∞ ❜② Pr♦♣♦s✐t✐♦♥ 5✳

◆❡①t ✇❡ ❣✐✈❡ ❛ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❛♥❞ ❛♥ ❡st✐♠❛t❡ ❡rr♦r ✐♥ Lp✲♥♦r♠✳

❚❤❡♦r❡♠ ✶✳ ❋♦r ❛❧❧ p > 0✱ uN ❝♦♥✈❡r❣❡s t♦ u ✐♥ Lp(Ω, H1
0 (D))✱ ❛♥❞ ❢♦r ❛♥② 0 < α ≤

min{b, 2a}✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Fα,p s✉❝❤ t❤❛t

‖u − uN‖Lp(Ω,H1
0 (D)) ≤ Fα,p(R

α
N )

1
2 .

Pr♦♦❢✳ ❋♦r ❛❧❧ p > 0✱ ❢♦r ❛❧♠♦st ❛❧❧ ω✱

‖u − uN‖H1
0 (D) ≤

1

amin
N

‖a − aN‖C0(D̄)‖f‖L2

CD

amin
.

❍❡♥❝❡✱ ❜② ❝❤♦♦s✐♥❣ q, r, s > 0 s✉❝❤ t❤❛t 1
p = 1

q + 1
r + 1

s ✐t ❢♦❧❧♦✇s ❢r♦♠ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞
Pr♦♣♦s✐t✐♦♥ ✭8✮ t❤❛t ❢♦r ❛♥② 0 < α ≤ b

‖u − uN‖Lp(Ω,H1
0 (D)) ≤

∥

∥

∥

∥

1

amin
N

∥

∥

∥

∥

Lq(Ω)

‖a − aN‖Lr(Ω,C0)‖f‖L2CD

∥

∥

∥

∥

1

amin

∥

∥

∥

∥

Ls(Ω)

≤ Dq‖f‖L2DsEα,r(R
α
N )

1
2 .

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ❣✐✈❡s ❛ ❜♦✉♥❞ ❢♦r uν
N ✐♥ Lp(H1

0 )✲♥♦r♠ ✐♥❞❡♣❡♥❞❡♥t ♦❢ N ❛♥❞ ν✱
✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

▲❡♠♠❛ ✶✳ ❋♦r ❛❧❧ p > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Gp s✉❝❤ t❤❛t ❢♦r ❛❧❧ N ∈ N✱ ❛♥❞ ν ∈ [0, 1]N

‖uν
N‖Lp(Ω,H1

0 (D)) ≤ Gp.

Pr♦♦❢✳ ❋♦r ❛❧♠♦st ❛❧❧ ω✱ ❢♦r ❛♥② p > 0✱ N ∈ N✱ ❛♥❞ ν ∈ [0, 1]N ✱ ✇❡ ❤❛✈❡ ❜② Pr♦♣♦s✐t✐♦♥ 7✿

‖uν
N‖H1

0 (D) ≤ CD

aν,N
min

‖f‖L2(D),

‖uν
N‖Lp(Ω,H1

0 (D)) ≤ CD

∥

∥

∥

∥

∥

1

aν,N
min

∥

∥

∥

∥

∥

Lp

‖f‖L2(D)

≤ CDDp‖f‖L2(D).

❘❘ ♥➦ ✼✸✵✵
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✺ ❲❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ uN t♦ u

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡rr♦r ❝♦♠♠✐tt❡❞ ♦♥ t❤❡ ❧❛✇ ♦❢ u✱ ♠♦r❡ ♣r❡❝✐s❡❧② ✇❡
s❤♦✇ t❤❛t t❤❡ ♦r❞❡r ♦❢ t❤❡ ❜♦✉♥❞ ❢♦r t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ uN t♦ u ✐s t✇✐❝❡ t❤❡ ♦r❞❡r ♦❢
t❤❡ ❜♦✉♥❞ ❢♦r t❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡✳ ■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ ✇❡❛❦ ❡rr♦r✱ t❤❛t ✐s t♦ s❛②
t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ϕ(uN ) − ϕ(u)✱ ❢♦r s♦♠❡ r❡❣✉❧❛r ❢✉♥❝t✐♦♥ ϕ✱ ✇❡ ♥❡❡❞ ❡st✐♠❛t❡s ♦♥ t❤❡
❣r♦✇t❤ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ ϕ(uN ) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ yi✱ ✇❤✐❝❤ ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣
❡st✐♠❛t❡s ♦♥ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ uN ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ yi✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳ ❋♦r ❛♥② ♠✉❧t✐✲✐♥❞❡① α ∈ N
N ✇✐t❤ ✜♥✐t❡ s✉♣♣♦rt✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❡st✐♠❛t❡ ♦♥ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ uN ✇✐t❤ r❡s♣❡❝t t♦ y ✿

∥

∥

∥

∥

∂αuN

∂yα

∥

∥

∥

∥

H1
0 (D)

≤ C|α|

√

aN
max(y)

aN
min(y)

||uN ||H1
0
C |α|

∏

i∈N

√

λαi
i .

✇❤❡r❡ C|α| ♦♥❧② ❞❡♣❡♥❞s ♦❢ α t❤r♦✉❣❤ ❤✐s ❧❡♥❣t❤✳

Pr♦♦❢✳ ❲❡ r❡❝❛❧❧ t❤❛t ❢♦r ❛❧❧ y ∈ R
N ✱ u(y, .) s♦❧✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

∫

D

aN (y, x)∇xuN (y, x)∇xv(x) =

∫

D

f(x)v(x), ∀v ∈ H1
0 (D).

❲❡ ❝♦♠♣✉t❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ aN ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ yi✳ ❋♦r ❛❧❧ 1 ≤ i, j ≤ N ✿

∂aN

∂yi
(y, x) =

√

λibi(x)aN (y, x),
∂aN

∂yi∂yj
(y, x) =

√

λibi(x)
√

λjbj(x)aN (y, x).

■♥ ❡✈❡r② ♣♦✐♥t y ∈ R
N ✱ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ u ✇✐t❤ r❡s♣❡❝t t♦ yi ❛♥❞ ✇✐t❤ r❡s♣❡❝t t♦ yi ❛♥❞ yj ✱

❢♦r 1 ≤ i, j ≤ N s❛t✐s❢②✿ ∀v ∈ H1
0 (D)

∫

D

∂aN

∂yi
(y, x)∇uN (y, x)∇v(x) +

∫

D

aN (y, x)∇∂uN

∂yi
(y, x)∇v(x) = 0,

∫

D

(

∂2aN

∂yi∂yj
∇uN +

∂aN

∂yi
∇∂uN

∂yj
+

∂aN

∂yj
∇∂uN

∂yi
+ aN∇ ∂2uN

∂yi∂yj

)

(y, x)∇v(x) = 0.

❘❡❝❛❧❧ t❤❛t C ✐s ❛ ❝♦♥st❛♥t s✉❝❤ t❤❛t ❢♦r ❡✈❡r② i ∈ N✱ ‖bi‖∞ ≤ C✳
❈❤♦♦s✐♥❣ v(x) = ∂uN

∂yi
(y, x) ✐♥ t❤❡ ✜rst ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✱ ✇❡ ❤❛✈❡✿

∥

∥

∥

∥

√
aN (y, x)∇∂uN

∂yi

∥

∥

∥

∥

L2

≤
√

λi‖bi‖∞||√aN (y, x)∇uN ||L2

≤
√

λiC
√

aN
max(y)||uN ||H1

0
,

∥

∥

∥

∥

∂uN

∂yi

∥

∥

∥

∥

H1
0

≤
√

λiC

√

aN
max(y)

aN
min(y)

||uN ||H1
0
.

❈❤♦♦s✐♥❣ v(x) = ∂2uN

∂yi∂yj
(y, x) ✐♥ t❤❡ s❡❝♦♥❞ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿

∥

∥

∥

∥

√
aN (y, x)∇ ∂2uN

∂yi∂yj

∥

∥

∥

∥

L2

≤
√

λi

√

λjC
2||√aN∇uN ||L2

+
√

λiC||√aN∇∂uN

∂yj
||L2 +

√

λjC||√aN∇∂uN

∂yi
||L2

≤ 3
√

aN
max(y)

√

λi

√

λjC
2||uN ||H1

0
.

❘❘ ♥➦ ✼✸✵✵
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❚❤❡r❡❢♦r❡✿

∥

∥

∥

∥

∂2uN

∂yi∂yj
(y)

∥

∥

∥

∥

H1
0

≤ 3

√

aN
max(y)

aN
min(y)

√

λi

√

λjC
2||uN ||H1

0
.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❜② ✐♥❞✉❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳ ▲❡t ϕ ∈ C4(R, R)✱ ✇❤♦s❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t Cϕ✱ t❤❡♥
❢♦r ❛♥② ♠✉❧t✐✲✐♥❞❡① α ∈ N

N ✇✐t❤ |α| ≤ 4✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ♦♥ t❤❡ ❣r♦✇t❤ ♦❢
t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ ϕ ◦ uN ✇✐t❤ r❡s♣❡❝t t♦ y✿

∥

∥

∥

∥

∂αϕ ◦ uN

∂yα

∥

∥

∥

∥

H1
0 (D)

≤ C ′
|α|CϕC |α|

(

1 +

√

aN
max(y)

aN
min(y)

||uN ||H1
0

)|α|
∏

i∈N

√

λαi
i ,

✇❤❡r❡ C ′
|α| ♦♥❧② ❞❡♣❡♥❞s ♦❢ α t❤r♦✉❣❤ ❤✐s ❧❡♥❣t❤✳

Pr♦♦❢✳ ❋♦r |α| = 1✱ ✇❡ ❤❛✈❡✿

∂ϕ ◦ uN

∂yi
(y) = ϕ′ ◦ uN (y)

∂uN

∂yi
(y)

∥

∥

∥

∥

∂ϕ ◦ uN

∂yi
(y)

∥

∥

∥

∥

H1
0

≤ Cϕ

∥

∥

∥

∥

∂uN

∂yi
(y)

∥

∥

∥

∥

H1
0

≤ Cϕ

√

λiC

√

aN
max(y)

aN
min(y)

||uN ||H1
0
.

❚❤❡♥✱ ❢♦r |α| = 2✿

∂2ϕ ◦ uN

∂yi∂yj
(y) = ϕ′ ◦ uN (y)

∂2uN

∂yi∂yj
(y) + ϕ′′(uN )(y)

∂uN

∂yi
(y)

∂uN

∂yj
(y)

∥

∥

∥

∥

∂2ϕ ◦ uN

∂yi∂yj
(y)

∥

∥

∥

∥

H1
0

≤ Cϕ

∥

∥

∥

∥

∂2uN

∂yi∂yj
(y)

∥

∥

∥

∥

H1
0

+ Cϕ

∥

∥

∥

∥

∂uN

∂yi
(y)

∥

∥

∥

∥

H1
0

∥

∥

∥

∥

∂uN

∂yj
(y)

∥

∥

∥

∥

H1
0

≤ 2Cϕ

√

λi

√

λjC
2

(

1 +

√

aN
max(y)

aN
min(y)

||uN (y)||H1
0

)2

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❜② ✐♥❞✉❝t✐♦♥ ❛♥❞ ❋❛à ❞✐ ❇r✉♥♦✬s ❢♦r♠✉❧❛✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❡st✐♠❛t❡ t❤❡ ✇❡❛❦ ❡rr♦r✱ ✐✳❡✳ t❤❡ q✉❛♥t✐t② E[ϕ(uN ) − ϕ(u)] ✐♥ H1
0 ✲

♥♦r♠✳ ❇❡❢♦r❡ st❛t✐♥❣ ❛♥❞ ♣r♦✈✐♥❣ t❤❡ ❡st✐♠❛t❡ ♦♥ t❤❡ ✇❡❛❦ ❡rr♦r✱ ✇❡ ❣✐✈❡ t❤❡ ❜❛s✐❝ ✐❞❡❛
♦❢ t❤❡ ♣r♦♦❢✳ ❚♦ ❡st✐♠❛t❡ t❤❡ ✇❡❛❦ ❡rr♦r✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❛t ♦r❞❡r 2 ♦❢
ϕ(uN )−ϕ(u) ❛♥❞ r❡♠❛r❦ t❤❛t ✜rst ♦r❞❡r t❡r♠s ❛♥❞ s❡❝♦♥❞ ♦r❞❡r t❡r♠s s✉❝❤ t❤❛t i 6= j ❛r❡
♠❡❛♥✲❢r❡❡✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ϕ ✐s t❤❡ ✐❞❡♥t✐t②✱ ❢♦r♠❛❧❧② t❤❡ s❡❝♦♥❞ ♦r❞❡r ❞❡✈❡❧♦♣♠❡♥t ✐s✿

u(ω, x) − uN (ω, x) = u(Y1(ω), ..., YN (ω), YN+1(ω), ..., x) − u(Y1(ω), ..., YN (ω), 0, ..., x)

=
∑

i>N

∂u

∂yi
(Y1(ω), ..., YN (ω), 0, ..., x)Yi(ω)

+
∑

i,j>N

∂2u

∂yi∂yj
(Y1(ω), ..., YN (ω), 0, ..., x)Yi(ω)Yj(ω) + ...

❘❘ ♥➦ ✼✸✵✵
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❈♦♠❜✐♥✐♥❣ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ Yi ✇✐t❤ t❤❡ ❢❛❝t t❤❛t t❤❡ Yi ❛r❡ ♠❡❛♥✲❢r❡❡ ②✐❡❧❞s t❤❛t
t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠s ❛r❡ ♠❡❛♥✲❢r❡❡✿

E

[

∂u

∂yi
(Y1(ω), ..., YN (ω), 0, ..., x)Yi(ω)

]

= E

[

∂u

∂yi
(Y1(ω), ..., YN (ω), 0, ..., x)

]

E[Yi(ω)]

= 0.

❆♥❛❧♦❣♦✉s❧②✱ ❢♦r i 6= j✱

E

[

∂2u

∂yi∂yj
(Y1(ω), ..., YN (ω), 0, ..., x)Yi(ω)Yj(ω)

]

= E

[

∂2u

∂yi∂yj
(Y1(ω), ..., YN (ω), 0, ..., x)

]

E[Yi(ω)]E[Yj(ω)]

= 0.

❚❤❡ ♣r♦♦❢ ❜❡❧♦✇ s❤♦✇s t❤❛t ✐♥❞❡❡❞ t❤❡ ❞♦♠✐♥❛♥t ✐♥ t❤❡ ❡rr♦r ♦♥ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ✐s
∑

i>N

E

[

∂2u

∂y2
i

(Y1(ω), ..., YN (ω), 0, ..., x)

]

❲❡ ♥♦✇ ❣✐✈❡ t❤❡ ❣❡♥❡r❛❧ ❛♥❞ ♣r❡❝✐s❡ r❡s✉❧t ❛♥❞ ✐ts ♣r♦♦❢✳

❚❤❡♦r❡♠ ✷✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c s✉❝❤ t❤❛t ❢♦r ❛❧❧ N ∈ N✱ ❢♦r ❛❧❧ ϕ ∈ C4(R, R) ✇❤♦s❡
❞❡r✐✈❛t✐✈❡s ✭❡①❝❧✉❞✐♥❣ ϕ ✐ts❡❧❢✮ ❛r❡ ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t Cϕ✱ ✇❡ ❤❛✈❡✿

‖Eω[ϕ(uN ) − ϕ(u)]‖H1
0 (D) ≤ cCϕ

∑

i>N

λi

❘❡♠❛r❦✿ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ t❤❡ r❡s✉❧t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢
ϕ ❛r❡ ❜♦✉♥❞❡❞ ❜② ❛ ♣♦❧②♥♦♠✐❛❧✱ ✉♥❞❡r ❡①tr❛ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ f ✳ ❚❤✐s ✐s ✐♠♣♦rt❛♥t
s✐♥❝❡ ✐t ❡♥❛❜❧❡s t♦ tr❡❛t t❤❡ ❝❛s❡ ♦❢ t❤❡ ♠♦♠❡♥ts ♦❢ a✳ ❍♦✇❡✈❡r✱ t❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ r❡q✉✐r❡s
❛❞❞✐t✐♦♥♥❛❧ t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐❡s✳
❘❡♠❛r❦✿ ❚❤❡ ✇❡❛❦ ❡rr♦r ❛t ♦r❞❡r N ✐s ❜♦✉♥❞❡❞ ❜② R0

N ✱ ✇❤❡r❡❛s t❤❡ str♦♥❣ ❡rr♦r ❛t ♦r❞❡r N
✐s ❜♦✉♥❞❡❞ ❜②

√

Rα
N ❢♦r ❛♥② 0 < α ≤ min{2a, b}✳ ❚❤❡r❡❢♦r❡ t❤❡ ✇❡❛❦ ♦r❞❡r ✐s ✐♥❞❡❡❞ t✇✐❝❡

t❤❡ str♦♥❣ ♦r❞❡r✳

Pr♦♦❢✳ ▲❡t M > N ✱ ❛♥❞ x ∈ D✱ t❤❡ ✜rst ♦r❞❡r ❚❛②❧♦r t❤❡♦r❡♠ ✇✐t❤ ✐♥t❡❣r❛❧ r❡♠❛✐♥❞❡r ❣✐✈❡s✿

Eω[(ϕ(uM ) − ϕ(uN ))(ω, x)]

= Eω[ϕ(uM )(Y1(ω), ...YM (ω), x) − ϕ(uM )(Y1(ω), ...YN (ω), 0, ...0, x)]

= Eω[Dy(ϕ ◦ uM )(Y1(ω), ...YN (ω), 0, ...0, x).(0, ...0, YN+1(ω), ..., YM (ω))]

+ Eω

[∫ 1

0

(1 − t)D2
y(ϕ ◦ uM )(Y1, ...YN , tYN+1, ..., tYM , x).(0, ...0, YN+1, ..., YM )2dt

]

❙✐♥❝❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Yi ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ ✉♥✐t ✈❛r✐❛♥❝❡✱ t❤❡ ✜rst
♦r❞❡r t❡r♠ ✐s ♠❡❛♥✲❢r❡❡✿

Eω [Dy(ϕ ◦ uM )(Y1(ω), ...YN (ω), 0, ...0, x).(0, ...0, YN+1(ω), ..., YM (ω))]

= Eω

[

M
∑

i=N+1

∂(ϕ ◦ uM )

∂yi
(Y1(ω), ...YN (ω), 0, ...0, x)Yi(ω)

]

=

M
∑

i=N+1

Eω

[

∂(ϕ ◦ uM )

∂yi
(Y1(ω), ...YN (ω), 0, ...0, x)

]

Eω[Yi(ω)]

= 0

❘❘ ♥➦ ✼✸✵✵
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❲❡ ♥♦✇ ❜♦✉♥❞ t❤❡ ✐♥t❡❣r❛❧ r❡♠❛✐♥❞❡r t❡r♠✱ t♦ ❜❡❣✐♥ ✇✐t❤ ✇❡ s♣❧✐t ✐t ✐♥t♦ t✇♦ t❡r♠s✿

Eω [(ϕ(uM ) − ϕ(uN ))(ω, x)]

=
∑

N+1≤i,j≤M

∫ 1

0

(1 − t)Eω

[

∂2(ϕ ◦ uM )

∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM , x)YiYj

]

dt

=
∑

N+1≤i≤M

∫ 1

0

(1 − t)Eω

[

∂2(ϕ ◦ uM )

∂y2
i

(Y1, ...YN , tYN+1, ..., tYM , x)Y 2
i

]

dt

+
∑

N+1≤i 6=j≤M

∫ 1

0

(1 − t)Eω

[

∂2(ϕ ◦ uM )

∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM , x)YiYj

]

dt

❋✐rst ✇❡ ❣✐✈❡ ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ✜rst ❡rr♦r ❝♦♥tr✐❜✉t✐♦♥✳ ❯s✐♥❣ t❤❡ ❜♦✉♥❞ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s
♦❢ ϕ ◦ uM ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ 11✱ ✇❡ ❣❡t ❢♦r N + 1 ≤ i ≤ M ✿

∥

∥

∥

∥

∫ 1

0

(1 − t)Eω

[

∂2(ϕ ◦ uM )

∂y2
i

(Y1, ...YN , tYN+1, ...tYM , x)Y 2
i

]

dt

∥

∥

∥

∥

H1
0 (D)

≤
∫ 1

0

(1 − t)Eω

[

∥

∥

∥

∥

∂2(ϕ ◦ uM )

∂y2
i

(Y1, ...YN , tYN+1, ...tYM , x)

∥

∥

∥

∥

H1
0 (D)

Y 2
i

]

dt

≤ C ′
2CϕC2λi

∫ 1

0

Eω





(

1 +

√

amax
N

amin
N

||uM ||H1
0

)2

(Y1, ..., YN , tYN+1, ..., tYM , x)Y 2
i



 dt

≤ 2C ′
2CϕC2λi

∫ 1

0

Eω

[(

1 +
amax

N

amin
N

||uM ||2H1
0

)

(Y1, ..., YN , tYN+1, ..., tYM )Y 4
i

]

dt.

❲❡ ❞❡✜♥❡✱ ❢♦r t ∈ [0, 1]✱ νt ∈ [0, 1]M ❜② νt(i) = 0 ❢♦r i ≤ N ❛♥❞ νt(i) = t ❢♦r i > N ✱ t❤❡♥ ❜②
❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ Pr♦♣♦s✐t✐♦♥s 7 ❛♥❞ 1 ✇❡ ❤❛✈❡✿

Eω

[

amax
M

amin
M

‖uM‖2
H1

0
(Y1, ..., YN , tYN+1, ..., tYM , x)Y 2

i

]

≤ ‖amax
νt,M‖L4(Ω)

∥

∥

∥

∥

∥

1

amin
νt,M

∥

∥

∥

∥

∥

L4(Ω)

‖uνt

M‖2
L8(Ω,H1

0 )‖Yi‖L4(Ω)

≤ D2
4G

2
8m4.

❲❤❡r❡ m4 ✐s t❤❡ ♠♦♠❡♥t ♦❢ ♦r❞❡r 4 ♦❢ ❛ ❣❛✉ss✐❛♥ ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ ✉♥✐t ✈❛r✐❛♥❝❡✳
❲❡ ♦❜t❛✐♥ ✜♥❛❧❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ❢♦r t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ❡rr♦r ❝♦♥tr✐❜✉t✐♦♥✳

∥

∥

∥

∥

∥

∥

∑

N+1≤i≤M

∫ 1

0

(1 − t)Eω

[

∂2uM

∂y2
i

(Y1, ..., YN , tYN+1, ..., tYM , x)Y 2
i

]

dt

∥

∥

∥

∥

∥

∥

H1
0 (D)

≤ 2C ′
2CϕC2(m4 + D2

4G
2
8m4)

∑

N+1≤i≤M

λi

≤ Cϕk1

∑

N+1≤i≤M

λi.

❲❤❡r❡ k1 = 2C ′
2C

2(m4 + D2
4G

2
8m4)✳ ◆❡①t ✇❡ ❣✐✈❡ ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡

❡rr♦r ❝♦♥tr✐❜✉t✐♦♥✱ ❜② ✉s✐♥❣ ♦♥❝❡ ❛❣❛✐♥ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Yi✱ ❢♦r

❘❘ ♥➦ ✼✸✵✵
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N + 1 ≤ i < j ≤ M ✇❡ ❣❡t✿

∫ 1

0

(1 − t)E

[

∂2(ϕ ◦ uM )

∂yi∂yj
(Xt,1,1

i,j , x)YiYj

]

dt

=

∫ 1

0

(1 − t)E

[

∂2(ϕ ◦ uM )

∂yi∂yj
(Xt,1,1

i,j , x)YiYj

]

dt

−
∫ 1

0

(1 − t)E

[

∂2(ϕ ◦ uM )

∂yi∂yj
(Xt,0,1

i,j , x)YiYj

]

dt

= E

[

∫∫

[0,1]2
(1 − t)(1 − u)t

∂3(ϕ ◦ uM )

∂y2
i ∂yj

(Xt,u,1
i,j , x)Y 2

i Yjdtdu

]

= E

[

∫∫

[0,1]2
(1 − t)(1 − u)t

∂3(ϕ ◦ uM )

∂y2
i ∂yj

(Xt,u,1
i,j , x)Y 2

i Yjdtdu

]

− E

[

∫∫

[0,1]2
(1 − t)(1 − u)t

∂3(ϕ ◦ uM )

∂y2
i ∂yj

(Xt,u,0
i,j , x)Y 2

i Yjdtdu

]

= E

[

∫∫∫

[0,1]3
(1 − t)(1 − u)(1 − s)t2

∂4(ϕ ◦ uM )

∂y2
i ∂y2

j

(Xt,u,s
i,j , x)Y 2

i Y 2
j dtduds

]

.

❲❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xt,u,s
i,j (ω) ❛r❡ ❞❡✜♥❡❞ ❜②

Xt,u,s
i,j (ω) = (Y1, ..., YN , tYN+1, ..., tuYi, ..., tsYj , ..., tYM )(ω).

❇② Pr♦♣♦s✐t✐♦♥ 11✱ ✇❡ ❤❛✈❡ t❤❡♥✿
∥

∥

∥

∥

∥

E

[

∫∫∫

[0,1]3
(1 − t)(1 − u)(1 − s)t2

∂4(ϕ ◦ uM )

∂y2
i ∂y2

j

(Xt,s,u
i,j , x)Y 2

i Y 2
j dtduds

]∥

∥

∥

∥

∥

H1
0 (D)

≤
∫∫∫

[0,1]3
(1 − t)(1 − u)(1 − s)t2E





∥

∥

∥

∥

∥

∂4(ϕ ◦ uM )

∂y2
i ∂y2

j

(Xt,s,u
i,j , x)

∥

∥

∥

∥

∥

H1
0 (D)

Y 2
i Y 2

j



 dtduds

≤ C ′
4C

4Cϕλiλj

∫∫∫

[0,1]3
E





(

1 + ‖uM‖H1
0

√

amax
M

amin
M

)4

(Xt,s,u
i,j , x)Y 2

i Y 2
j



 dtduds

≤ 23C ′
4C

4Cϕλiλj



m4 +

∫∫∫

[0,1]3
E





(

‖uM‖H1
0

√

amax
M

amin
M

)4

(Xt,s,u
i,j , x)Y 2

i Y 2
j



 dtduds



 .

❲❡ ❞❡✜♥❡✱ ❢♦r t, s, u ∈ [0, 1]✱ νt,s,u ∈ [0, 1]M ❜② νt,s,u(n) = 0 ❢♦r n ≤ N ✱ νt,s,u(n) = t ❢♦r
n > N s✉❝❤ t❤❛t n 6= i, n 6= j✱ νt,s,u(i) = tu✱ ❛♥❞ νt,s,u(j) = ts✳

❘❘ ♥➦ ✼✸✵✵
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❚❤❡♥✱ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❝♦♠❜✐♥❡❞ ✇✐t❤ Pr♦♣♦s✐t✐♦♥s 7 ❛♥❞ 1 ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

Eω





(√

amax
M

amin
M

‖uM‖H1
0

)4

(Xt,s,u
i,j , x)Y 2

i Y 2
j





≤ ‖amax
νt,s,u,M‖2

L10(Ω)

∥

∥

∥

∥

∥

1

amin
νt,s,u,M

∥

∥

∥

∥

∥

2

L10(Ω)

‖uνt,s,u

M ‖4
L20(Ω,H1

0 (D))‖Y 2
i ‖L5(Ω)‖Y 2

j ‖L5(Ω)

≤ D4
10‖u

νt,s,u

M ‖4
L20(Ω,H1

0 (D))m
2
5
10

≤ D4
10G

4
20m

2
5
10.

❲❡ ❤❛✈❡ ✜♥❛❧❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ ❡rr♦r ❝♦♥tr✐❜✉t✐♦♥✿
∥

∥

∥

∥

∥

∥

∑

N+1≤i 6=j≤M

∫ 1

0

(1 − t)E

[

∂2uM

∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM , x)YiYj

]

dt

∥

∥

∥

∥

∥

∥

H1
0 (D)

≤ 27C ′
4C

4Cϕ(m4 + D4
10G

4
20m

2
5
10)

∑

N+1≤i 6=j≤M

λiλj

≤ Cϕk2

∑

N+1≤i 6=j≤M

λiλj .

❲❤❡r❡ k2 = 27C ′
4C

4(m4 + D4
10G

4
20m

2
5
10).

❲❡ ❤❛✈❡ ✜♥❛❧❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❢♦r t❤❡ t♦t❛❧ ❡rr♦r✿

Eω [(ϕ(uM ) − ϕ(uN ))(ω, x)]

=
∑

N+1≤i≤M

∫ 1

0

(1 − t)Eω

[

∂2uM

∂y2
i

(Y1, ...YN , tYN+1, ..., tYM , x)Y 2
i

]

dt

+
∑

N+1≤i 6=j≤M

∫ 1

0

(1 − t)Eω

[

∂2uM

∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM , x)YiYj

]

dt.

❚❤❡r❡❢♦r❡

‖Eω[(ϕ(uM ) − ϕ(uN ))(ω, x)]‖H1
0 (D)

≤ Cϕk1

∑

N+1≤i≤M

λi + Cϕk2

∑

N+1≤i 6=j≤M

λiλj

≤ Cϕk1

∑

N+1≤i≤M

λi + k2Cϕ





∑

N+1≤i≤M

λi





2

≤ Cϕ(k1 + k2|D|k(0))
∑

i>N

λi.

■♥❞❡❡❞ ✇❡ r❡❝❛❧❧ t❤❛t
∑

n≥0 λn = |D|k(0)✳ ❲❡ ❞❡✜♥❡ t❤❡♥ c = k1 + k2k(0)|D|✳
❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❝♦♥❝❧✉❞❡✱ ❜② ❣✐✈✐♥❣ ❛ ❜♦✉♥❞ ❢♦r Eω[ϕ(u) − ϕ(uN )] ✐♥ H1

0 ✲♥♦r♠✳

❘❘ ♥➦ ✼✸✵✵
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▲❡t N ≥ 1✱ t❤❡♥ ❢♦r ❛❧❧ M > N ✱ ✇❡ ❤❛✈❡✿

||Eω[ϕ(u) − ϕ(uN )]||H1
0

≤ ||Eω[(ϕ(u) − ϕ(uM ))]||H1
0

+ ||Eω[(ϕ(uM ) − ϕ(uN )))]||H1
0

≤ ||ϕ(u) − ϕ(uM )||L2(Ω,H1
0 (D)) + cCϕ

∑

i>N

λi

≤ Cϕ||u − uM ||L2(Ω,H1
0 (D)) + cCϕ

∑

i>N

λi.

▲❡tt✐♥❣ M → +∞✱ ❜② Pr♦♣♦s✐t✐♦♥ 1 ✇❡ ❤❛✈❡✿

||Eω[ϕ(u) − ϕ(uN )]||H1
0
≤ cCϕ

∑

i>N

λi.

❘❡♠❛r❦✿ ◆♦t❡ t❤❛t t❤❡ ✐♥❞❡♣❡♥❞❛♥❝❡ ♦❢ t❤❡ Yi ✐s ❝r✉❝✐❛❧ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ 2✳ ❚❤✐s ✐s ❛❧✇❛②s
t❤❡ ❝❛s❡ ❢♦r ❛ ❧♦❣♥♦r♠❛❧ ✜❡❧❞✳

✻ ❆♥ ❡st✐♠❛t❡ ♦❢ t❤❡ t♦t❛❧ ❡rr♦r ❢♦r t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♠❡t❤♦❞

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ t❤❡ st♦❝❤❛st✐❝ ❝♦❧❧♦❝❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ s❧✐❣❤t❧② ❣❡♥❡r❛❧✐③❡ t❤❡ ♣r♦♦❢
♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❣✐✈❡♥ ✐♥ ❬✶❪ t♦ t❤❡ ❝❛s❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✇❤❡r❡ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢
✉♥✐❢♦r♠ ❝♦❡r❝✐✈✐t② ✇✐t❤ r❡s♣❡❝t t♦ ω ✐s ♥♦t ✈❛❧✐❞✳ ❙✐♥❝❡ ✇❡ ✉s❡ ♠❛♥② ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ♦❢
❬✶❪✱ ✇❡ ❦❡❡♣ t❤❡✐r ❢r❛♠❡✇♦r❦ ❛♥❞ t❤❡✐r ♥♦t❛t✐♦♥s✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ ✐t ✐s ✉♥❢♦rt✉♥❛t❡❧②
❞✐✣❝✉❧t t♦ ❣❡t ❛ r❡❧❡✈❛♥t ❡st✐♠❛t❡ ♦❢ t❤❡ ❞❡♣❡♥❞❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ N ♦❢ t❤❡ ❝♦♥st❛♥t
❛♣♣❡❛r✐♥❣ ❜② ❜♦✉♥❞✐♥❣ t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ❡rr♦r✳
❲✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛♥❞ ❛ss✉♠♣t✐♦♥s ❛s ❛❜♦✈❡✱ ✇❡ ❤❛✈❡ ❛ r❡❣✉❧❛r✐t② r❡s✉❧t ❢♦r t❤❡
s♦❧✉t✐♦♥ uN ✇✐t❤ r❡s♣❡❝t t♦ y✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ✇❡✐❣❤t σ(y) =

∏N
n=1 σn(yn)✱ ✇❤❡r❡ σn(yn) =

e−αn|yn|✱ ❢♦r ❛♥② α ∈ R
N s✉❝❤ t❤❛t αn ≥ C

√
λn ❢♦r ❛❧❧ 1 ≤ n ≤ N ✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡

C0
σ(RN , V ) = {v : R

N → V ✱ v ❝♦♥t✐♥✉♦✉s ✐♥ y✱ sup
y∈RN

‖σ(y)v(y)‖V < +∞},

❢♦r ❛♥② ❇❛♥❛❝❤ s♣❛❝❡ V ✳ ❲❡ ❞❡♥♦t❡ ❜② ρ t❤❡ ❞❡♥s✐t② ♦❢ Y = (Y1, ..., YN )✱ ✇❡ ❤❛✈❡ t❤❡♥

ρ(y) =
∏N

n=1 ρn(y) = 1
(2π)N/2 e−

PN
n=1

y2
n
2 ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥ ❤♦❧❞s tr✉❡✿

C0
σ(RN , H1

0 (D)) ⊂ L2
ρ(R

N , H1
0 (D)),

✇✐t❤ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛♥② v ∈ C0
σ(RN , H1

0 (D))✱ ✇❡ ❤❛✈❡

‖v‖L2
ρ(RN ,H1

0 (D)) ≤ kα‖v‖C0
σ(RN ,H1

0 (D))

✇❤❡r❡ k2
α =

∏N
n=1

1√
2π

∫

e−
y2

n
2 +2αn|yn|dyn✳

Pr♦♣♦s✐t✐♦♥ ✶✷✳ ❚❤❡ s♦❧✉t✐♦♥ uN ♦❢ t❤❡ ❡q✉❛t✐♦♥✿

−divx(aN (y, x)∇xuN (y, x)) = f(x) ♦♥ D,

uN (y, x) = 0 ♦♥ ∂D,

s❛t✐s✜❡s uN ∈ C0
σ(RN , H1

0 (D))✳

❘❘ ♥➦ ✼✸✵✵
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Pr♦♦❢✳ ❲❡ r❡❝❛❧❧ t❤❛t y 7→ u(y) ✐s ❝♦♥t✐♥✉♦✉s ❢r♦♠ R
N t♦ H1

0 (D)✳ ❋♦r ❛❧❧ y ∈ R
N ✱ s✐♥❝❡

1
amin

N (y)
≤ eC

PN
n=1

√
λn|yn|✱ ❜② ✭2✮ ✇❡ ❤❛✈❡✿

σ(y)‖uN (y)‖H1
0 (D) ≤ σ(y)

CD

amin
N (y)

‖f‖L2(D)

≤ CD‖f‖L2(D)e
PN

n=1(C
√

λn−αn)|yn|

≤ CD‖f‖L2(D).

❲❡ ♥♦✇ ❣✐✈❡ ❛♥ ❛♥❛❧②t✐❝✐t② r❡s✉❧t ♦❢ t❤❡ s♦❧✉t✐♦♥ uN ✇✐t❤ r❡s♣❡❝t t♦ y✱ ❜❛s❡❞ ♦♥ ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧ ❛r❣✉♠❡♥ts ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥ yn✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿ ❢♦r ❛♥②
1 ≤ n ≤ N ❛♥❞ y ∈ R

N ✱ y = (yn, y∗
n)✱ ✇❤❡r❡ y∗

n ∈ R
N−1✳ ❲❡ s❡t ρ∗n(y) =

∏

j 6=n ρj(y) ❛♥❞
σ∗

n(y) =
∏

j 6=n σj(y)✳

Pr♦♣♦s✐t✐♦♥ ✶✸✳ ❋♦r ❛♥② 1 ≤ n ≤ N ✱ t❤❡ s♦❧✉t✐♦♥ uN (yn, y∗
n, x) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ yn✱

uN : R → C0
σ∗

n
(RN−1, H1

0 (D)) ❛❞♠✐ts ❛♥ ❛♥❛❧②t✐❝ ❡①t❡♥s✐♦♥ uN (z, y∗
n, x), z ∈ C, ✐♥ t❤❡

r❡❣✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡ Σ(τ) = {z ∈ C, dist(z, R) ≤ τ}✱ ❢♦r τ < 1✱ ♠♦r❡♦✈❡r✱ ❢♦r ❛❧❧
z ∈ Σ(τ)✱

‖σn(Re z)uN (z)‖C0
σ∗

n
(RN−1,H1

0 (D)) ≤
CDeeC

√
λn

1 − τ
‖f‖l2(D)e

ταn . ✭✸✮

Pr♦♦❢✳ ❋♦r ❛♥② y ∈ R
N ✱ uN (y) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✿

∫

D

aN (y, x)∇uN (y, x)∇v(x)dx =

∫

D

f(x)v(x)dx ∀v ∈ H1
0 (D).

❚❤❡r❡❢♦r❡✱ ❢♦r ❡✈❡r② y ∈ R
N ✱ ❢♦r ❛♥② k ≥ 1✱ t❤❡ kt❤ ❞❡r✐✈❛t✐✈❡ ♦❢ uN ✇✐t❤ r❡s♣❡❝t t♦ yn

s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✿
∫

D

aN (y, x)∇∂kuN

∂yk
n

(y, x)∇v(x)dx

= −
k
∑

l=1

(

k
l

)∫

D

∂laN

∂yl
n

(y, x)∇∂k−luN

∂yk−l
n

(y, x)∇v(x)dx ∀v ∈ H1
0 (D).

❙✐♥❝❡ |∂laN

∂yl
n

(y, x)| ≤ (
√

λnC)l|aN (y, x)|✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡❝✉rs✐✈❡ ✐♥❡q✉❛❧✐t✐❡s

∥

∥

∥

∥

√

aN (y, x)∇∂kuN

∂yk
n

(y, x)

∥

∥

∥

∥

L2(D)

≤
k
∑

l=1

(

k
l

)

(C
√

λn)l

∥

∥

∥

∥

√

aN (y, x)∇∂k−luN

∂yk
n

(y, x)

∥

∥

∥

∥

L2(D)

,

∥

∥

∥

√

aN (y, x)∇∂kuN

∂yk
n

(y, x)
∥

∥

∥

L2(D)

k!
≤

k
∑

l=1

(C
√

λn)l

l!

‖
√

aN (y, x)∇∂k−luN

∂yk
n

(y, x)‖L2(D)

(k − l)!
.

❆ r❡❝✉rr❡♥❝❡ ②✐❡❧❞s✿

‖
√

aN (y, x)∇∂kuN

∂yk
n

(y, x)‖L2(D)

k!
≤ ‖

√

aN (y, x)∇uN (y, x)‖L2(D)e
Pk

l=1

(C
√

λn)l

l!

≤ ‖
√

aN (y, x)∇uN (y, x)‖L2(D)e
eC

√
λn

.

❘❘ ♥➦ ✼✸✵✵
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❆♥❞ ✜♥❛❧❧②✿
‖∂kuN

∂yk
n

(y, .)‖H1
0 (D)

k!
≤ CD

amin
N (y)

‖f‖L2(D)e
eC

√
λn

.

❲❡ ♥♦✇ ❞❡✜♥❡ ❢♦r ❡✈❡r② yn ∈ R t❤❡ ♣♦✇❡r s❡r✐❡s uN : C → C0
σ∗

n
(RN−1, H1

0 (D)) ❛s

uN (z, y∗
n, x) =

+∞
∑

k=0

(z − yn)k

k!

∂kuN

∂yk
n

(yn, y∗
n, x).

❙✐♥❝❡
∥

∥

∥

∥

|z − yn|k
k!

∂kuN

∂yk
n

(yn, y∗
n, x)

∥

∥

∥

∥

C0

σ∗
n(RN−1,H1

0(D))

≤ CD

amin
N (yn, y∗

n)
‖f‖L2(D)e

eC
√

λn |z − yn|k

t❤❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s s❡r✐❡s ✐s 1✳ ▼♦r❡♦✈❡r✱ t❛❦❡ τ ∈]0, 1[✱ s✐♥❝❡ ❢♦r ❛❧❧ z ∈ C s✉❝❤
t❤❛t |z − yn| ≤ τ ✱ σn(Re(z)) ≤ eαnτσn(yn) ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖σn(Re(z))uN (z)‖C0

σ∗
n(RN−1,H1

0(D))
≤ CDeeC

√
λn

1 − τ
‖f‖L2(D)e

PN
i=1(C

√
λi−αi)|yi|eαnτ

≤ CDeeC
√

λn

1 − τ
‖f‖L2(D)e

αnτ .

❍❡♥❝❡✱ ❜② ❛ ❝♦♥t✐♥✉❛t✐♦♥ ❛r❣✉♠❡♥t✱ t❤❡ ❢✉♥❝t✐♦♥ uN (y) ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ❛♥❛❧②t✐❝❛❧❧② ♦♥ t❤❡
✇❤♦❧❡ r❡❣✐♦♥ Σ(τ) ❛♥❞ ❡st✐♠❛t❡ (3) ❢♦❧❧♦✇s✳

❲❡ r❡❝❛❧❧ ❤❡r❡ t❤❡ st♦❝❤❛st✐❝ ❝♦❧❧♦❝❛t✐♦♥ ♠❡t❤♦❞✿ ✇❡ s❡❡❦ ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ t♦
t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ uN ♦❢ t❤❡ ❡q✉❛t✐♦♥

− divx(aN (y, x)∇xuN (y, x)) = f(x) ♦♥ D, ✭✹✮

uN (y, x) = 0 ♦♥ ∂D,

✐♥ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ Vp,h ❜❛s❡❞ ♦♥ ❛ t❡♥s♦r ♣r♦❞✉❝t✱ Vp,h = Rp(R
N ) ⊗ Hh(D)✱

✇❤❡r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✿

❼ Hh(D) ⊂ H1
0 (D) ✐s ❛ st❛♥❞❛r❞ ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s ❝♦♥t✐♥✉♦✉s ♣✐❡❝❡✲

✇✐s❡ ♣♦❧②♥♦♠✐❛❧s ❞❡✜♥❡❞ ♦♥ r❡❣✉❧❛r tr✐❛♥❣✉❧❛t✐♦♥s Th t❤❛t ❤❛✈❡ ❛ ♠❛①✐♠✉♠ ♠❡s❤
s♣❛❝✐♥❣ ♣❛r❛♠❡t❡r h > 0✳

❼ Rp(R
N ) ⊂ L2

ρ(R
N ) ✐s t❤❡ s♣❛♥ ♦❢ t❡♥s♦r ♣r♦❞✉❝t ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ❞❡❣r❡❡ ❛t ♠♦st

p = (p1, ..., pN ) ✐✳❡✳✱ Rp(R
N ) = ⊗N

n=1Rpn
(R)✱ ✇✐t❤

Rpn
(R) = span(ym

n , m = 0, ..., pn), n = 1, ..., N.

❲❡ ✜rst ✐♥tr♦❞✉❝❡ t❤❡ s❡♠✐❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ uh
N : R → Hh(D)✱ ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♥❣

✭4✮ ♦♥t♦ t❤❡ s✉❜s♣❛❝❡ Hh(D)✱ ❢♦r ❡❛❝❤ y ∈ R✱ ✐✳❡✳
∫

D

aN (y, x)∇uh
N (y, x)∇v(x)dx =

∫

D

f(x)v(x)dx, ∀v ∈ Hh(D). ✭✺✮

❚❤❡ ♥❡①t st❡♣ ❝♦♥s✐sts ✐♥ ❝♦❧❧♦❝❛t✐♥❣ (5) ♦♥ t❤❡ ③❡r♦s ♦❢ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ❜✉✐❧❞✐♥❣
t❤❡ ❞✐s❝r❡t❡ s♦❧✉t✐♦♥ uh,p

N ∈ Rp(R
N )⊗Hh(D) ❜② ✐♥t❡r♣♦❧❛t✐♥❣ ✐♥ y t❤❡ ❝♦❧❧♦❝❛t❡❞ s♦❧✉t✐♦♥s✳

❘❘ ♥➦ ✼✸✵✵
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❋♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ n = 1, ..., N, ❧❡t yn,kn
✱ 1 ≤ kn ≤ pn + 1✱ ❜❡ t❤❡ pn + 1 r♦♦ts ♦❢ t❤❡

❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧ qpn+1 ♦❢ ❞❡❣r❡❡ pn + 1✱ ✇❤✐❝❤ t❤❡♥ s❛t✐s✜❡s
∫

R
qpn+1(y)v(y)ρ(y)dy = 0

❢♦r ❛❧❧ v ∈ Rpn(R)✳ ❚♦ ❛♥② ✈❡❝t♦r ♦❢ ✐♥❞❡①❡s [k1, ..., kN ] ✇❡ ❛ss♦❝✐❛t❡ t❤❡ ❣❧♦❜❛❧ ✐♥❞❡①

k = k1 + p1(k2 − 1) + p1p2(k3 − 1) + ...

❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② yk t❤❡ ♣♦✐♥t yk = [y1,k1
, y2,k2

, ..., yN,kN
] ∈ R

N ✳ ❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡✱ ❢♦r
❡❛❝❤ n = 1, 2, ..., N t❤❡ ▲❛❣r❛♥❣❡ ❜❛s✐s {ln,j}pn+1

j=1 ♦❢ t❤❡ s♣❛❝❡ Rpn
(R)✱

ln,j ∈ Rpn(R), ln,j(yn,k) = δjk, j, k = 1, ..., pn + 1,

✇❤❡r❡ δjk ✐s t❤❡ ❑r♦♥❡❝❦❡r s②♠❜♦❧✱ ❛♥❞ ✇❡ s❡t lk(y) =
∏N

n=1 ln,kn
(yn)✳ ❚❤❡ ♣♦✐♥ts yk ❛r❡

t❤❡♥ t❤❡ ♥♦❞❡s ♦❢ t❤❡ ●❛✉ss✐❛♥ q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✇❡✐❣❤t ρ✳ ❍❡♥❝❡✱ t❤❡
✜♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②

uh,p
N (y, x) =

Np
∑

k=1

uh
N (yk, x)lk(y),

✇❤❡r❡ uh
n(yk, x) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ (5) ❢♦r y = yk✳

❊q✉✐✈❛❧❡♥t❧②✱ ✐❢ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦❧❛♥t ♦♣❡r❛t♦r

Lp : C0(RN , H1
0 (D)) → Rp(R

N ) ⊗ H1
0 (D),

s✉❝❤ t❤❛t

Lpv(y) =
N
∑

n=1

v(yk)lk(y), ∀v ∈ C0(RN , H1
0 (D)),

t❤❡♥ ✇❡ ❤❛✈❡ s✐♠♣❧② uh,p
N = Lpu

h.
❋✐♥❛❧❧②✱ ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ g : R

N → R ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ●❛✉ss q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛
Ep

ρ [g] ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ✐♥t❡❣r❛❧
∫

RN g(y)ρ(y)dy ❛s

Ep
ρ [g] =

Np
∑

k=1

ωkg(yk), ωk =

N
∏

n=1

ωkn , ωk,n =

∫

R

l2kn
(y)ρn(y)dy.

❚❤✐s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❧❛✇ ♦❢ uN ✱ ✐✳❡✳ ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡s
E[ϕ(uN (Y (ω), x))] ❛s E

p
ρ[ϕ(uh

N )]✱ ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ ϕ✳

❖✉r ❛✐♠ ✐s t♦ ❣✐✈❡ ❛♥ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ❢♦r t❤❡ t♦t❛❧ ❡rr♦r ε = uN − uh,p
N ✐♥ t❤❡ ♥❛t✉r❛❧

♥♦r♠ L2
ρ(R

N , H1
0 (D))✳ ❚❤✐s t♦t❛❧ ❡rr♦r ♥❛t✉r❛❧❧② s♣❧✐ts ✐♥t♦ ε = (uN − uh

N ) + (uh
N − uh,p

N )✳
❚❤❡ ✜rst t❡r♠ ✐s ❛ t❡r♠ ♦❢ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ❛♥❞ ❝❛♥ ❜❡ ❡st✐♠❛t❡ ❡❛s✐❧②✱ ✐♥❞❡❡❞✱
❢♦r ❛❧❧ y ∈ R

N ✱ t❤❡ ❢✉♥❝t✐♦♥ uh
N (y) ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ uN (y) ♦♥t♦ t❤❡ s✉❜s♣❛❝❡

Hh(D) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t (u, v) →
∫

D
aN (y, x)∇u(x)∇v(x)dx✳ ❚❤❡r❡❢♦r❡✱

❢♦r ❛❧❧ y ∈ R
N ✱

‖(uN − uh
N )(y)‖H1

0 (D) ≤
√

1

amin
N (y)

inf
v∈Hh(D)

(∫

D

aN (y, x)|∇(uN (y) − v)|2dx

)
1
2

≤
√

amax
N (y)

amin
N (y)

inf
v∈Hh(D)

‖uN (y) − v‖H1
0 (D)

≤ eC
PN

n=1

√
λn|yn| inf

v∈Hh(D)
‖uN (y) − v‖H1

0 (D).
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❲❡ ❝❛♥ ✜♥❛❧❧② ❝♦♥❝❧✉❞❡ ❢♦r t❤❡ ✜rst t❡r♠✱ t❤❛♥❦s t♦ t❤❡ st❛♥❞❛r❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❡st✐♠❛t❡
❢♦r t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡ Hh(D)✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cfe s✉❝❤ t❤❛t ❢♦r ❛♥② v ∈ H2(D)
❛♥❞ h > 0

min
w∈Hh(D)

‖v − w‖H1
0 (D) ≤ Cfeh‖v‖H2(D).

❙✐♥❝❡ aN (y) ✐s s♠♦♦t❤ ❢♦r ❛♥② y ∈ R
N ✱ ❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t② ②✐❡❧❞s t❤❛t uN (y) ∈ H2(D) ❢♦r ❛❧❧

y ∈ RN ✱ ✇✐t❤✿

‖uN (y)‖H2(D) ≤ k
‖f‖L2(D)

amin
N (y)

(

1 +
amax

N (y)

amin
N (y)

)(

1 +
amax

N (y)

amin
N (y)

+
‖a′

N (y)‖L∞(D)

amin
N (y)

)

≤ k‖f‖L2(D)e
5C

PN
n=1

√
λn|yn|(1 + C

N
∑

n=1

√

λn|yn|na)

✇❤❡r❡ k ✐s ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ f ✱ N ❛♥❞ y ✇❤♦s❡ ✈❛❧✉❡ ❝❤❛♥❣❡s✳ ❲❡ ❝❛♥ t❤❡♥ ❜♦✉♥❞
t❤❡ s♣❛❝✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r✿

‖uN − uh
N‖L2

ρ(R,H1
0 (D)) ≤ k

(2π)N/2
‖f‖L2(D)Cfeh

√

∫

RN

e
PN

n=1(12C
√

λn|yn|(1+na)− y2
n
2 )dy.

Pr♦♣♦s✐t✐♦♥ ✶✹✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t k ✐♥❞❡♣❡♥❞❡♥t ♦❢ N s✉❝❤ t❤❛t ❢♦r ❛❧❧ h > 0

‖uN − uh
N‖L2

ρ(R,H1
0 (D) ≤ k‖f‖L2(D)2

N/2e
PN

n=1 72C2λn(1+na)2h.

❘❡♠❛r❦✿ ■t ✐s ♥❛t✉r❛❧ t♦ ♦❜t❛✐♥ ❛ ❜♦✉♥❞ t❤❛t ❡①♣❧♦❞❡s ❛s N → +∞✱ ❜✉t t❤✐s ❜♦✉♥❞ ✐s
r♦✉❣❤✳ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❤❛✈❡ ❛ ❜❡tt❡r ❡st✐♠❛t❡ ♦❢ t❤❡ ❝♦♥st❛♥t✳

❚❤❡ s❡❝♦♥❞ t❡r♠ uh
N − uh,p

N ✐s ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❡rr♦r✱ ✐♥❞❡❡❞ uh,p
N = Lpu

h
N ✳ ❋✐rst✱ ✇❡ r❡✲

❝❛❧❧ s♦♠❡ ❦♥♦✇♥ r❡s✉❧ts ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ t❤❡♦r② ❢♦r ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
❞♦♠❛✐♥ ✇✐t❤ ✈❛❧✉❡s ✐♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❞❡♥♦t❡❞ ❜② V ✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ♠♦♥♦✲❞✐♠❡♥s✐♦♥❛❧

✇❡✐❣❤ts ρ1 ❛♥❞ σ1 ❛r❡ ❞❡✜♥❡❞ ♦♥ R ❜② ρ1(y) = 1√
2π

e−
y2

2 ❛♥❞ σ1(y) = e−α|y| ❢♦r s♦♠❡
α > 0✱ ❛♥❞ ❝♦♥s✐❞❡r ❛ ♠♦♥♦✲❞✐♠❡♥s✐♦♥❛❧ ✇❡✐❣❤t ν s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C ✇✐t❤

ν(y) ≥ Ce−
y2

4 ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ♣r♦♣♦s✐t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶❪ ❛♥❞ ✐♥ t❤❡
r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳

Pr♦♣♦s✐t✐♦♥ ✶✺✳ ❚❤❡ ♦♣❡r❛t♦r Lp : C0
ν(R, V ) → L2

ρ1
(R, V ) ✐s ❝♦♥t✐♥✉♦✉s✳ ❚❤❡ ♥♦r♠ ♦❢ t❤✐s

❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② C1✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ r❡s✉❧t ❢r♦♠ ❯s♣❡♥s❦② ❬✷✶❪✱ r❡❧❛t❡s
t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r v − Lpv ✐♥ t❤❡ L2

ρ✲♥♦r♠ ✇✐t❤ t❤❡ ❜❡st ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✐♥ t❤❡
✇❡✐❣❤t❡❞ C0

σ1
✲♥♦r♠✳

Pr♦♣♦s✐t✐♦♥ ✶✻✳ ❋♦r ❡✈❡r② ❢✉♥❝t✐♦♥ v ∈ C0
ν(R, V ) t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❡rr♦r s❛t✐s✜❡s

‖v − Lpv‖L2
ρ1

(R,V ) ≤ C2 inf
w∈Rp(R)⊗V

‖v − w‖C0
ν(R,V )

✇✐t❤ ❛ ❝♦♥st❛♥t C2 ✐♥❞❡♣❡♥❞❡♥t ♦❢ p✳

❲❡ ♥♦✇ ❛♥❛❧②③❡ t❤❡ ❜❡st ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ❢♦r ❛ ❢✉♥❝t✐♦♥ v : R → V ✇❤✐❝❤ ❛❞♠✐ts
❛♥ ❛♥❛❧②t✐❝ ❡①t❡♥s✐♦♥ ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✱ ✐♥ t❤❡ r❡❣✐♦♥ Σ(τ) = {z ∈ C, dist(z, R) ≤ τ}
❢♦r s♦♠❡ τ > 0✳ ❲❡ st✐❧❧ ❞❡♥♦t❡ t❤❡ ❡①t❡♥s✐♦♥ ❜② v❀ ✐♥ t❤✐s ❝❛s❡✱ τ r❡♣r❡s❡♥ts t❤❡ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ R ❛♥❞ t❤❡ ♥❡❛r❡st s✐♥❣✉❧❛r✐t② ♦❢ v(z) ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s
❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ r❡s✉❧t ❢r♦♠ ❍✐❧❧❡ ❬✶✶❪✳
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Pr♦♣♦s✐t✐♦♥ ✶✼✳ ▲❡t v ❜❡ ❛ ❢✉♥❝t✐♦♥ ✐♥ C0
σ1

(R, V )✳ ❲❡ ❛ss✉♠❡ t❤❛t v ❛❞♠✐ts ❛♥ ❛♥❛❧②t✐❝
❡①t❡♥s✐♦♥ ✐♥ t❤❡ str✐♣ ♦❢ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡ Σ(τ) ❢♦r s♦♠❡ τ > 0✱ ❛♥❞ t❤❛t

∀z = (y + iw) ∈ Σ(τ), σ1(y)‖v(z)‖V ≤ Cv(τ).

❚❤❡♥✱ ❢♦r ❛♥② δ > 0 t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t ❈✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ p✱ ❛♥❞ ❛ ❢✉♥❝t✐♦♥ Θ(p) =
O(

√
p) s✉❝❤ t❤❛t

min
w∈Rp(R)⊗V

max
y∈R

∣

∣

∣

∣

‖v(y) − w(y)‖V e−
(δy)2

4

∣

∣

∣

∣

≤ CΘ(p)e−τδ
√

p.

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ❣✐✈❡s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ t♦t❛❧
✐♥t❡r♣♦❧❛t✐♦♥ ❡rr♦r✿

Pr♦♣♦s✐t✐♦♥ ✶✽✳ ❋♦r ❛♥② τ < 1✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cτ,N ✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❛♥❞ p s✉❝❤
t❤❛t

‖uh
N − uh,p

N ‖L2
ρ1

(R,H1
0 (D) ≤ Cτ,N

N
∑

n=1

√
pne

− τ√
2

√
pn .

❘❡♠❛r❦✿ ❲❡ ❝♦✉❧❞ ♣r❡❝✐s❡ ❤♦✇ t❤❡ ❝♦♥st❛♥t Cτ,N ❞❡♣❡♥❞s ♦♥ N ✱ ❜✉t ✐t ✇♦✉❧❞ ♥♦t ❜❡
r❡❛❧❧② ❡①♣❧✐❝✐t ❛♥❞ ♥♦t ♥❡❝❡ss❛r② r❡❧❡✈❛♥t✳

Pr♦♦❢✳ ❃❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛r❡ ❜❛❝❦ t♦ t❤❡ t❤❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦
s♣❧✐t t❤❡ t♦t❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ❡rr♦r ✐♥t♦ N ♣❛rt✐❛❧ ❡rr♦rs ❧✐♥❦❡❞ t♦ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✐♥t❡r♣♦❧❛✲
t✐♦♥ ❡rr♦rs✳
❚♦ ❜❡❣✐♥ ✇✐t❤✱ r❡♣❡❛t✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ♦❢ ♣r♦♣♦s✐t✐♦♥ 13✱ ✇❡ ♦❜t❛✐♥ t❤❛t uh

N ❤❛s t❤❡ s❛♠❡
r❡❣✉❧❛r✐t② ✇✐t❤ r❡s♣❡❝t t♦ y ❛s t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ uN ✱ ✐✳❡✳ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❛t uh

N ✈❡r✐✜❡s
t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❛s ♣r♦✈❡❞ ❢♦r uN ✐♥ ♣r♦♣♦s✐t✐♦♥ 13✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ✜rst ❞✐r❡❝t✐♦♥ y1

❛♥❞ ❞❡✜♥❡ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r
L1 : C0

σ1
(R, L2

ρ∗
1
(R, H1

0 (D))) → L2
ρ1

(R, L2
ρ∗
1
(R, H1

0 (D)))✱ ❜②

L1(y1, y
∗
1 , x) =

p1+1
∑

k=1

v(y1,k, y∗
1 , x)l1,k(y1).

❚❤❡♥✱ t❤❡ ❣❧♦❜❛❧ ✐♥t❡r♣♦❧❛♥t Lp ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ ✐♥t❡r♣♦❧❛t✐♦♥

♦♣❡r❛t♦rs Lp = L1 ◦ L(1)
p ✱ ✇❤❡r❡ L(1)

p ✐s t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ✐♥ ❛❧❧ t❤❡ ❞✐r❡❝t✐♦♥s y2, y3, ..., yN

❡①❝❡♣t y1✱ ✐✳❡✳ L(1)
p : C0

σ∗
1
(RN−1, H1

0 (D)) → L2
ρ∗
1
(RN−1, H1

0 (D))✳ ❲❡ ❤❛✈❡ t❤❡♥

‖uh
N − Lpu

h
N‖L2

ρ(RN ,H1
0 ) ≤ ‖uh

N − L1u
h
N‖L2

ρ(RN ,H1
0 ) + ‖L1(u

h
N − L(1)

p uh
N )‖L2

ρ(Rn,H1
0 ).

▲❡t ✉s ❜♦✉♥❞ t❤❡ ✜rst t❡r♠✳ ❲❡ t❤✐♥❦ ♦❢ uh
N ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ y1 ✇✐t❤ ✈❛❧✉❡s ✐♥ ❛ ❇❛♥❛❝❤

s♣❛❝❡ V ✱ uh
N ∈ L2

ρ1
(R, V )✱ ✇❤❡r❡ V = L2

ρ∗
1
(RN−1, H1

0 (D))✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥s ❤♦❧❞
tr✉❡✿

C0
σ1

(R, V ) ⊂ C0
G1

(R, V ) ⊂ L2
ρ1

(R, V )

✇✐t❤ G1(y1) = e−
y2
1
8 ✳ ❙✐♥❝❡ G1 ≥ Ce−

y2

4 ✱ Pr♦♣♦s✐t✐♦♥ 16 ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡

‖uh
N − L1u

h
N‖L2

ρ(Rn,H1
0 (D)) ≤ C2 inf

w∈Rp1
(R)⊗V

‖uh
N − w‖C0

G1
(R,V ).

❘❘ ♥➦ ✼✸✵✵
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❚♦ ❜♦✉♥❞ t❤❡ ❜❡st ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✐♥ C0
G1

(R, V )✱ ✇❡ ❡♠♣❧♦② t❤❡ ❢❛❝t t❤❛t uh
N ∈ C0

σ1
(R, V )

❛♥❞ t❤❡ ❛♥❛❧②t✐❝✐t② r❡s✉❧t ♦❢ Pr♦♣♦s✐t✐♦♥ 13✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❛♥❛❧✐t②❝✐t② ♦❢ uh
N ❛s ❛ ❢✉♥❝t✐♦♥

♦❢ R ✐♥t♦ V ♦♥ Σ(τ) ❢♦r ❡✈❡r② τ < 1 ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞✱ ❢♦r ❛❧❧ z ∈ Σ(τ)✿

σ1(z)‖uh
N (z)‖C0

σ∗
1
(RN−1,H1

0 (D)) ≤
CDeeC

√
λ1

1 − τ
‖f‖L2(D)e

α1τ ,

✇❤✐❝❤ ✐♠♣❧✐❡s✱ t❤❛♥❦s t♦ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ ♦❢ C0
σ∗
1
(RN−1, H1

0 (D)) ✐♥t♦

L2
ρ∗
1
(RN−1, H1

0 (D))✱ t❤❛t

σ1(z)‖uh
N (z)‖L2

ρ∗
1
(RN−1,H1

0 (D)) ≤ kα∗
1

CDeeC
√

λ1

1 − τ
‖f‖L2(D)e

α1τ .

❘❡❝❛❧❧✐♥❣ t❤❛t ✇❡ ❤❛✈❡ ✜①❡❞ V = L2
σ∗
1
(RN−1, H1

0 (D)) ✐♥ t❤✐s ♣r♦♦❢✱ ✇❡ ❛r❡ ♥♦✇ r❡❛❞② t♦

❝♦♥❝❧✉❞❡ ✇✐t❤ t❤❡ ✜rst t❡r♠ ❜② ❛♣♣❧②✐♥❣ ♣r♦♣♦s✐t✐♦♥ 17 t♦ uh
N ∈ C0

σ1
(R, V )✱ ❢♦r τ < 1 ❛♥❞

δ1 = 1√
2
✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ❢♦r t❤❡ ❜❡st ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r✿

inf
w∈Rp1

(R)⊗V
‖uh

N − w‖C0
G1

(R,V ) ≤ CΘ(p1)e
− τ√

2

√
p1 .

■t ❣✐✈❡s t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ❢♦r t❤❡ ✜rst t❡r♠✿

‖uh
N − L1u

h
N‖L2

ρ(Rn,H1
0 (D)) ≤ C2CΘ(p1)e

− τ√
2

√
p1 .

▲❡t ✉s ❜♦✉♥❞ t❤❡ s❡❝♦♥❞ t❡r♠✳ ❇② Pr♦♣♦s✐t✐♦♥ 15 ❛♣♣❧✐❡❞ ✇✐t❤ ν = σ1✱ ✇❡ ❜♦✉♥❞ t❤❡ s❡❝♦♥❞
t❡r♠✿

‖L1(u
h
N − L(1)

p uh
N )‖L2

ρ(Rn,H1
0 (D)) ≤ C1‖uh

N − L(1)
p uh

N‖C0
σ1(R,V )

.

❚❤❡ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐③❡ ✐s ❛❣❛✐♥ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❡rr♦r✳ ❚❤✉s ✇❡ ❤❛✈❡ t♦ ❜♦✉♥❞ t❤❡
✐♥t❡r♣♦❧❛t✐♦♥ ❡rr♦r ✐♥ ❛❧❧ t❤❡ ♦t❤❡r N − 1 ❞✐r❡❝t✐♦♥s✱ ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t t♦ y1 ✭✐♥ t❤❡
✇❡✐❣❤t❡❞ ♥♦r♠ C0

σ1
✮✳ ❲❡ ❝❛♥ ♣r♦❝❡❡❞ ✐t❡r❛t✐✈❡❧②✱ ❞❡✜♥✐♥❣ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ L2✱ ❜♦✉♥❞✐♥❣ t❤❡

r❡s✉❧t✐♥❣ ❡rr♦r ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ y2✱ ❛♥❞ s♦ ♦♥✳

✼ ❊①❛♠♣❧❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❡①❛♠♣❧❡s ♦❢ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ cov[g] ❛♥❞ t❤❡ str♦♥❣ ❛♥❞ ✇❡❛❦ ❝♦♥✲
✈❡r❣❡♥❝❡ r❡s✉❧ts ❝♦rr❡s♣♦♥❞✐♥❣✳

✼✳✶ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧ ❝❛s❡ ♦♥ ❛ ❜♦①

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ cov[g] ✐s ❡①♣♦♥❡♥t✐❛❧✱
✐✳❡✳ k(x) = σ2e−

x
ℓ ❛♥❞ D ✐s ❛ ❜♦①✱ t❤❡ ❧❡♥❣t❤ ℓ ✐s ❝❛❧❧❡❞ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ ❛♥❞ t❤❡ ♥♦r♠

❝❤♦♦s❡♥ ♦♥ D ✐s ‖x−y‖1 =
∑d

i=1 |xi−yi|✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s
❝❛♥ ❜❡ ❢♦✉♥❞ ❛♥❛❧②t✐❝❛❧❧②✱ ✇❡ ✜rst s❤♦✇ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥s ❞♦♥❡ ✐♥ s❡❝t✐♦♥ 1 ❛r❡ ❢✉❧✜❧❧❡❞
❛♥❞ t❤❡♥ ❣✐✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❢♦r t❤❡ str♦♥❣ ❛♥❞ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ uN t♦ u✳ ❲❡ ✜rst
tr❡❛t t❤❡ ♠♦♥♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❞♦♠❛✐♥ D ✐s (0, 1)✳
❲❡ ❤❛✈❡ t❤❡♥ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s✱ t❤❡ ♣r♦♦❢ ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ ❬✷✻❪✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥

(ℓ2w2 − 1) sin(w) = 2ℓw cos(w)

❘❘ ♥➦ ✼✸✵✵
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❛♥❞ ❞❡♥♦t❡ ❜② (wn)n≥1 t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐ts ♣♦s✐t✐✈❡ r♦♦ts s♦rt❡❞ ✐♥ ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r✱
t❤❡♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡ ❞❡✈❡❧♦♣♠❡♥t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s λn = 2ℓσ2

ℓ2w2
n+1

❛♥❞ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❛s bn(x) = αn(sin(wnx)+ ℓwn cos(wnx)) ✇❤❡r❡ αn = 1√
(ℓ2w2

n+1)/2+ℓ
✳

❚❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ r♦♦ts (wn) s❛t✐s✜❡s wn ∼
n→+∞

nπ✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥ts

❢♦r t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s✿

λn ∼
n→+∞

2σ2

ℓπ2n2

bn(x) ∼
n→+∞

√
2 cos(wnx).

❲❡ ❝❛♥ ♥♦✇ s❤♦✇ t❤❛t s✉❝❤ ❛ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ ❢✉❧✜❧❧s t❤❡ ❛ss✉♠♣t✐♦♥s ❞♦♥❡ ✐♥ s❡❝t✐♦♥ 1✿
k ∈ C0,1(R)✱ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s bn ❛r❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❛♥❞ ✇❡ ❤❛✈❡ ‖bn‖∞ ≤ 2

√
2✱

‖b′n‖∞ ≤ 2
√

2(n + 1/2)π ❢♦r ❡✈❡r② n ≥ 0 ❛♥❞ ❢♦r ❛♥② b < 1✱
∑

n≥1 λnnb ✐s ❝♦♥✈❡r❣❡♥t✳ ❲❡
❝❛♥ t❤❡r❡❢♦r❡ ❛♣♣❧② t❤❡ r❡s✉❧ts ♦❢ s❡❝t✐♦♥s 3 ❛♥❞ 4✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ 1 ❣✐✈❡s t❤❡
❢♦❧❧♦✇✐♥❣ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✶✾✳ ❋♦r ❡✈❡r② p > 0 ❛♥❞ 0 < α < 1✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cα,p s✉❝❤ t❤❛t ❢♦r
❛♥② N ∈ N✱

‖u − uN‖Lp(Ω,H1
0 (D)) ≤ Cα,pN

α−1
2 .

Pr♦♦❢✳ ❚❛❦❡ 0 < α < 1✱ ✇❡ ❤❛✈❡

Rα
N =

∑

n>N

λnnα ≤ 2σ2

ℓπ2

∑

n>N

nα−2 ≤ 2σ2

ℓπ2(1 − α)
Nα−1.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❚❤❡♦r❡♠ 2 ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✷✵✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t ❢♦r ❛♥② N ∈ N ❛♥❞ ϕ ∈ C4(R, R)
✇❤♦s❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t Cϕ✱ ✇❡ ❤❛✈❡✿

‖E[ϕ(uN ) − ϕ(u)]‖H1
0 (D) ≤ CCϕ

1

N
.

❲❡ ♥♦✇ tr❡❛t t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ✐s d = 2✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝❛♥
❜❡ ❡①t❡♥❞❡❞ ❢♦r ❛♥② ❞✐♠❡♥s✐♦♥ d✳ ❲❡ ❝❤♦♦s❡ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② D = (0, 1)2✱ ❜✉t
✐t ❝❛♥ ❜❡ ✐♠♠❡❞✐❛t❡❧② ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ D ✐s ❛ ❜♦①✳ ❲❡ ❞❡♥♦t❡ ❜② (µn)n≥1

t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✱ r❡♣❡❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♠✉❧t✐♣❧✐❝✐t② ❛♥❞ s♦rt❡❞ ✐♥ ❛
❞❡❝r❡❛s✐♥❣ ♦r❞❡r ❛♥❞ ❜② (cn)n≥1 t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥❢✉♥❝t✐♦♥s✳ ❙✐♥❝❡ t❤❡ bn ❛r❡ ❞✐st✐♥❝t✱
❢♦r ❛♥② n ≥ 1✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ (i, j) ∈ (N∗)2 s✉❝❤ t❤❛t cn(x) = bi(x1)bj(x2) ❛♥❞ ✇❡
❤❛✈❡ t❤❡♥ µn = λiλj ✳ ■♥❞❡❡❞ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ✐♥ ❞✐♠❡♥s✐♦♥ 2 ❛r❡ ♦❜t❛✐♥❡❞ ❛s t❤❡ t❡♥s♦r
♣r♦❞✉❝t ♦❢ t❤❡ ♠♦♥♦✲❞✐♠❡♥s✐♦♥❛❧ ❡✐❣❡♥✈❡❝t♦rs✱ s✐♥❝❡ ✇❡ ❝❤♦♦s❡ t❤❡ ♥♦r♠ ‖.‖1✳ ❲❡ ❝❛♥ t❤❡♥
❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✿

g : (N∗)2 → N
∗

(i, j) 7→ n s✉❝❤ t❤❛t cn(x) = bi(x1)bj(x2)

❋✐rst ✇❡ ♥♦t✐❝❡ t❤❛t
(

n − 1
2

)

π ≤ wn ≤
(

n + 1
2

)

π✱ t❤❡r❡❢♦r❡✱ ❢♦r ❛♥② n ≥ 1

λn ≤ 2ℓσ2

ℓ2
(

n − 1
2

)2
π2

≤ 8σ2

ℓπ2

1

n2
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❛♥❞

λn ≥ 2ℓσ2

ℓ2
(

n + 1
2

)2
π2 + 1

≥ 2ℓσ2

1 + 4π2ℓ2
1

n2
.

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ♠♦♥♦✲❞✐♠❡♥s✐♦♥❛❧ ❡✐❣❡♥❢✉♥❝t✐♦♥s bn ❛r❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞
t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t ‖bn‖∞ ≤ C ❛♥❞ ‖b′n‖∞ ≤ Cn ❢♦r ❛❧❧ n ≥ 1✳
❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② (i, j) ∈ (N∗)2✱ cg(i,j)(x) = bi(x1)bj(x2) ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱
‖cg(i,j)‖∞ ≤ ‖bi‖∞‖bj‖∞ ≤ C2✱ ❛♥❞

‖∇cg(i,j)‖∞ =

∥

∥

∥

∥

(

b′i(x1)bj(x2)
bi(x1)b

′
j(x2)

)∥

∥

∥

∥

∞
≤ C2(i + j) ≤ 2C2ij.

g(i, j) ≥ Card {(p, q)|λpλq > λiλj}

≥ Card

{

(p, q)|pq ≤ ℓ2π2

4(1 + 4π2ℓ2)
ij

}

≥ Cℓ ij,

✇❤❡r❡ Cℓ ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ ℓ✱ ❜❡❝❛✉s❡

Card{(i, j)|ij ≤ n} ≥ n + E[
n

2
] + E[

n

3
] + ... + 1

≥ n(1 + log(n)).

❲❡ ♥♦✇ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ ❜♦✉♥❞ ♦♥ t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s✿ ❢♦r ❛♥②
i, j ≥ 1

‖c′g(i,j)‖∞ ≤ 2C2ij ≤ 2C2

Cl
g(i, j),

✇❤✐❝❤ ♠❡❛♥s t❤❛t ❢♦r ❛♥② n ≥ 1✱ ‖c′n‖∞ ≤ 2C2

Cl
n.

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞❡❝❛② ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✳ ❚❛❦❡ (i, j) s✉❝❤ t❤❛t
ij = n✱ t❤❡♥ ✐❢ (p, q) ✐s s✉❝❤ t❤❛t λpλq ≥ λiλj ✇❡ ❤❛✈❡✿

(

8ℓσ2

ℓ2π2

)2
1

p2q2
≥ λpλq ≥ λiλj ≥

(

2ℓσ2

1 + 4π2ℓ2

)2
1

n2

✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ❢♦r g(i, j)✿

g(i, j) ≤ Card {(p, q)|λpλq ≥ λiλj}

≤ Card

{

(p, q)|pq ≤ 4(1 + 4π2ℓ2)

ℓ2π2
n

}

≤ C ′
ℓ n log(n),

✇❤❡r❡ C ′
ℓ ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ ℓ✱ ❜❡❝❛✉s❡

Card{(i, j)|ij ≤ n} ≤ n +
n

2
+

n

3
+ ... + 1

≤ n(1 + log(n + 1)).

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ ❧❛st ❛ss✉♠♣t✐♦♥ ♠❛❞❡ ✐♥ s❡❝t✐♦♥ 3 ✐s ❢✉❧✜❧❧❡❞✳
❚❛❦❡ b < 1

∑

ij=n

λiλjg(i, j)b ≤ d(n)C ′
ℓ

(

8ℓσ2

ℓ2π2

)

(n log(n))b 1

n2
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✇❤❡r❡ d(n) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✈✐s♦rs ♦❢ n✳ ❋♦r ❛♥② ε > 0 s✉❝❤ t❤❛t b + ε < 1✱ t❤❡r❡ ❡①✐sts ❛
❝♦♥st❛♥t kℓ,ε ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ ℓ ❛♥❞ ε s✉❝❤ t❤❛t✿

∑

ij=n

λiλjg(i, j)b ≤ kℓ,εn
b+ε−2.

❚❤❡r❡❢♦r❡ t❤❡ s❡r✐❡s
∑

n≥1 µnnb ✐s ❝♦♥✈❡r❣❡♥t ❢♦r ❛♥② b < 1✳ ❲❡ ❝❛♥ t❤❡♥ ❛♣♣❧② ❚❤❡♦r❡♠ 1
✇❤✐❝❤ ❣✐✈❡s ❛ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t

Pr♦♣♦s✐t✐♦♥ ✷✶✳ ❋♦r ❡✈❡r② p > 0 ❛♥❞ 0 < β < 1✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cβ,p s✉❝❤ t❤❛t ❢♦r
❛♥② N ∈ N✱

‖u − uN‖Lp(Ω,H1
0 (D)) ≤ Cβ,pN

β−1
2 .

Pr♦♦❢✳ ❋♦r ❛♥② ε > 0 t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cℓ,ε s✉❝❤ t❤❛t ❢♦r ❛❧❧ i, j ≥ 1

g(i, j) ≤ Cℓ,ε(ij)
1+ε.

❚❤❡r❡❢♦r❡ g(i, j) > N ✐♠♣❧✐❡s ij > pN,ε =
(

N
Cℓ,ε

)
1

1+ε

❢♦r ❛♥② ε > 0✳

❚❛❦❡ 0 < α < 1, ε > 0✱ ✇✐t❤ α + ε < 1✱ ✇❡ ❤❛✈❡

Rα
N =

∑

n>N

µnnα ≤
∑

n>pN,ε

∑

ij=n

λiλjg(i, j)α

≤ kℓ,ε

∑

n>pN,ε

nα+ε−2

≤ kℓ,ε
(pN,ε)

α+ε−1

1 − α − ε

≤ kℓ,ε

(1 − α − ε)C
α+ε−1

1+ε

ℓ,ε

N
α+ε−1

1+ε

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❚❤❡♦r❡♠ 2 ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✷✷✳ ❋♦r ❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cε s✉❝❤ t❤❛t ❢♦r ❛♥② N ∈ N ❛♥❞
ϕ ∈ C4(R, R) ✇❤♦s❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t Cϕ✱ ✇❡ ❤❛✈❡✿

‖E[ϕ(uN ) − ϕ(u)]‖H1
0 (D) ≤ CεCϕN−1+ε.

Pr♦♦❢✳ ❚❛❦❡ 1 > ε > 0✱ ✇❡ ❤❛✈❡

R0
N =

∑

n>N

µn ≤
∑

n>pN,ε

∑

ij=n

λiλj

≤ kℓ,ε

(ε − 1)C
ε−1
1+ε

ℓ,ε

N
ε−1
1+ε
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✼✳✷ ❚❤❡ ❛♥❛❧②t✐❝ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ ❝❛s❡

❲❡ s✉♣♣♦s❡ ❤❡r❡ t❤❛t t❤❡ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ cov[g] ✐s ❛♥❛❧②t✐❝ ♦♥ D × D✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡

♦❢ ❛ ❣❛✉ss✐❛♥ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ cov[g](x, y) = σ2e
− ‖x−y‖2

ℓ2|D|2 ✐♥ ♣❛rt✐❝✉❧❛r✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢r♦♠ ❋r❛✉❡♥❢❡❧❞❡r✱ ❙❝❤✇❛❜ ❛♥❞ ❚♦❞♦r ❣✐✈❡♥ ✐♥ ❬✻❪ ❛❜♦✉t t❤❡ ❡✐❣❡♥✈❛❧✉❡s
❞❡❝❛② ❛♥❞ ❛❜♦✉t t❤❡ ❞❡❝❛② ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s✿

Pr♦♣♦s✐t✐♦♥ ✷✸✳ ❚❤❡r❡ ❡①✐sts t✇♦ ❝♦♥st❛♥ts c1, c2 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ n ≥ 1

λn ≤ c1e
−c2n1/d

.

❋♦r ❛♥② s > 0 t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t cs s✉❝❤ t❤❛t ❢♦r ❛♥② n ≥ 1✱

‖bn‖∞ ≤ cs|λn|−s ❛♥❞ ‖b′n‖∞ ≤ cs|λn|−s.

❚❤❡ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ t♦ ♣r♦✈❡ t❤❡ r❡s✉❧ts ❣✐✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ❛♣♣❧② ✇✐t❤
s♦♠❡ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥s✱ ❧❡❛❞✐♥❣ t♦ s✐♠✐❧❛r r❡s✉❧ts✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
str♦♥❣ ❡rr♦r ❛♥❞ ✇❡❛❦ ❡rr♦r r❡s✉❧ts✿

Pr♦♣♦s✐t✐♦♥ ✷✹✳ ❋♦r ❛♥② 0 < s < 1
2 ✱ ❛♥❞ p > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Hs,p s✉❝❤ t❤❛t ❢♦r

❛❧❧ N ∈ N

‖u − uN‖Lp(Ω,H1
0 (D)) ≤ Hs,p

√

∑

n>N

λ1−2s
n ,

t❤❡r❡❢♦r❡✱ ❢♦r ❛♥② 0 < s < 1/2 ❛♥❞ p > 0 t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Id,s,p ❞❡♣❡♥❞✐♥❣ ♦♥ p, s, d, c1

❛♥❞ c2 s✉❝❤ t❤❛t ❢♦r ❛♥② N ∈ N

‖u − uN‖Lp(Ω,H1
0 (D)) ≤ Id,s,pN

d−1
2d e−

c2(1−2s)
2 N1/d

.

Pr♦♣♦s✐t✐♦♥ ✷✺✳ ❋♦r ❛♥② 0 < s < 1
2 ✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Js s✉❝❤ t❤❛t ❢♦r ❛❧❧ N ∈ N✱

❢♦r ❛❧❧ ϕ ∈ C4(R, R) ✇❤♦s❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t Cϕ✱ ✇❡ ❤❛✈❡✿

‖E[ϕ(uN ) − ϕ(u)]‖H1
0 (D) ≤ JsCϕ

∑

n>N

λ1−2s
n ,

t❤❡r❡❢♦r❡✱ ❢♦r ❛♥② 0 < s < 1
2 ✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Kd,s ❞❡♣❡♥❞✐♥❣ ♦♥ d, s, c1 ❛♥❞ c2 s✉❝❤

t❤❛t ❢♦r ❛❧❧ N ∈ N✱ ❢♦r ❛❧❧ ϕ ∈ C4(R, R) ✇❤♦s❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t Cϕ

‖E[ϕ(uN ) − ϕ(u)]‖H1
0 (D) ≤ Kd,sCϕN

d−1
d e−c2(1−2s)N1/d

.

✽ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ✇♦r❦ ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ ❡st✐♠❛t❡s ♦❢ t❤❡ ❡rr♦r ♦♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ♣❛r✲
t✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧♦❣♥♦r♠❛❧ r❛♥❞♦♠ ✜❡❧❞
a t❤r♦✉❣❤ t❤❡ tr✉♥❝❛t✉r❡ ♦❢ t❤❡ ❑▲ ❡①♣❛♥s✐♦♥ ♦❢ log(a)✳ ❚❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ✐♥❞❡❡❞ t❤❡
✜rst st❡♣ ♦❢ s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱ ✐♥ ♣❛rt✐❝✉❧❛r ❣❛❧❡r❦✐♥ st♦❝❤❛st✐❝ ♠❡t❤♦❞s ❛♥❞ ❝♦❧✲
❧♦❝❛t✐♦♥ ♠❡t❤♦❞s✳ ■♥ t❤❡s❡ ♠❡t❤♦❞s✱ s✐♥❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ✐♥❝r❡❛s❡s ✈❡r② ❢❛st ✇✐t❤
t❤❡ tr✉♥❝❛t✉r❡ ♦r❞❡r N ✱ ✐t ✐s ❝r✉❝✐❛❧ t♦ ❤❛✈❡ ❣♦♦❞ ❡st✐♠❛t❡s ♦❢ t❤❡ ❡rr♦r ❝♦♠♠✐t❡❞ ♦♥ t❤❡
s♦❧✉t✐♦♥ u✳
❲❡ ✜rst s❤♦✇❡❞ t❤❛t t❤❡ str♦♥❣ ❡rr♦r ❞❡❝r❡❛s❡s ❧✐❦❡ t❤❡ ❡rr♦r ♦♥ t❤❡ ❑▲ ❡①♣❛♥s✐♦♥ ♦❢ log(a)
✐♥ t❤❡ ♥❛t✉r❛❧ L2(Ω × D) ♥♦r♠✱ ✐✳❡✳ ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ sq✉❛r❡❞ r♦♦t ♦❢ t❤❡ r❡♠❛✐♥❞❡r ♦❢

❘❘ ♥➦ ✼✸✵✵
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t❤❡ ❡✐❣❡♥✈❛❧✉❡s s❡r✐❡s✳ ❲❡ ♥❡①t s❤♦✇❡❞ t❤❛t t❤✐s ❜♦✉♥❞ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡
✇❡❛❦ ❡rr♦r✱ ✇❤✐❝❤ ✐s ❛ ♥❛t✉r❛❧ q✉❛♥t✐t② ♦❢ ✐♥t❡r❡st s✐♥❝❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ♦♥ t❤❡ ❧❛✇ ♦❢ t❤❡
s♦❧✉t✐♦♥✳ ❚❤❡ ❜♦✉♥❞ ❢♦r t❤❡ ✇❡❛❦ ❡rr♦r ✐s ✐♥❞❡❡ ❞ t❤❡ sq✉❛r❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❜♦✉♥❞ ❢♦r t❤❡
str♦♥❣ ❡rr♦r✳
❲❡ ❝♦♠♣❧❡t❡ t❤❡♥ t❤✐s ✇♦r❦ ❜② ❣❡♥❡r❛❧✐③✐♥❣ t❤❡ r❡s✉❧t ♦❢ ❬✶❪✱ ✇❤✐❝❤ ❣✐✈❡s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡
❝♦❧❧♦❝❛t✐♦♥ ❡rr♦r✱ t♦ t❤❡ ❝❛s❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✜❡❧❞ a ✐s ♥❡✐t❤❡r ✉♥✐❢♦r♠❧②
❜♦✉♥❞❡❞ ♥♦r ✉♥✐❢♦r♠❧② ❝♦❡r❝✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ ω✳
❋✐♥❛❧❧② ✇❡ s❤♦✇ t❤❛t t❤❡ str♦♥❣ ❛♥❞ ✇❡❛❦ ❡rr♦r r❡s✉❧ts ❛♣♣❧② t♦ t✇♦ ❡①❛♠♣❧❡s ✇❤✐❝❤ ❛r❡
✐♠♣♦rt❛♥t ♦♥ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❝♦✈❛r✐❛♥❝❡ ❛♥❞ t❤❡ ❝❛s❡
♦❢ ❛♥ ❛♥❛❧②t✐❝ ❝♦✈❛r✐❛♥❝❡✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ ❝❛s❡ ♦❢ ❛ ❣❛✉ss✐❛♥ ❝♦✈❛r✐❛♥❝❡ ✐♥ ♣❛rt✐❝✉❧❛r✳
❲❡ ❣✐✈❡ t❤❡♥ ❡①♣❧✐❝✐t ❜♦✉♥❞s ❢♦r t❤❡ ❡rr♦r ✐♥ t❤❡s❡ t✇♦ ❝❛s❡s ✇❤✐❝❤ ❛r❡ ❛♠♦♥❣ t❤❡ ♠♦st
❢r❡q✉❡♥t❧② ✉s❡❞ t♦ ♠♦❞❡❧ ♣❡r♠❡❛❜✐❧✐t② ✜❡❧❞s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✢♦✇ ❝♦♠♣✉t❛t✐♦♥ ✐♥ ♣♦r♦✉s
♠❡❞✐❛✳
❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❡♣❡♥❞❛♥❝❡ ♦❢ t❤❡ ❡rr♦r ♦♥ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ ℓ ❛♥❞ ♦♥ t❤❡ ♠✉❧t✐✲
♣❧✐❝❛t✐✈❡ ❢❛❝t♦r σ ✐♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ✐s t❤❡ s✉❜❥❡❝t ♦❢ ♦♥❣♦✐♥❣ r❡s❡❛r❝❤✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ■✈♦ ❇❛❜✉➨❦❛✱ ❋❛❜✐♦ ◆♦❜✐❧❡✱ ❛♥❞ ❘❛ú❧ ❚❡♠♣♦♥❡✳ ❆ st♦❝❤❛st✐❝ ❝♦❧❧♦❝❛t✐♦♥ ♠❡t❤♦❞ ❢♦r
❡❧❧✐♣t✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ r❛♥❞♦♠ ✐♥♣✉t ❞❛t❛✳ ❙■❆▼ ❏✳ ◆✉♠❡r✳ ❆♥❛❧✳✱
✹✺✭✸✮✿✶✵✵✺✕✶✵✸✹ ✭❡❧❡❝tr♦♥✐❝✮✱ ✷✵✵✼✳

❬✷❪ ■✈♦ ❇❛❜✉➨❦❛✱ ❘❛ú❧ ❚❡♠♣♦♥❡✱ ❛♥❞ ●❡♦r❣✐♦s ❊✳ ❩♦✉r❛r✐s✳ ●❛❧❡r❦✐♥ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦①✲
✐♠❛t✐♦♥s ♦❢ st♦❝❤❛st✐❝ ❡❧❧✐♣t✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❙■❆▼ ❏✳ ◆✉♠❡r✳ ❆♥❛❧✳✱
✹✷✭✷✮✿✽✵✵✕✽✷✺ ✭❡❧❡❝tr♦♥✐❝✮✱ ✷✵✵✹✳

❬✸❪ ❋r❡❞ ❊s♣❡♥ ❇❡♥t❤ ❛♥❞ ❏♦♥ ●❥❡r❞❡✳ ❈♦♥✈❡r❣❡♥❝❡ r❛t❡s ❢♦r ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦①✐♠❛t✐♦♥s
♦❢ st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❙t♦❝❤❛st✐❝s ❙t♦❝❤❛st✐❝s ❘❡♣✳✱ ✻✸✭✸✲✹✮✿✸✶✸✕
✸✷✻✱ ✶✾✾✽✳

❬✹❪ ▼❛r❝❡❧ ❇✐❡r✐ ❛♥❞ ❈❤r✐st♦♣❤ ❙❝❤✇❛❜✳ ❙♣❛rs❡ ❤✐❣❤ ♦r❞❡r ❋❊▼ ❢♦r ❡❧❧✐♣t✐❝ sP❉❊s✳ ❈♦♠♣✉t✳
▼❡t❤♦❞s ❆♣♣❧✳ ▼❡❝❤✳ ❊♥❣r❣✳✱ ✶✾✽✭✶✸✲✶✹✮✿✶✶✹✾✕✶✶✼✵✱ ✷✵✵✾✳

❬✺❪ ●✐✉s❡♣♣❡ ❉❛ Pr❛t♦ ❛♥❞ ❏❡r③② ❩❛❜❝③②❦✳ ❙t♦❝❤❛st✐❝ ❡q✉❛t✐♦♥s ✐♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥s✱
✈♦❧✉♠❡ ✹✹ ♦❢ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②
Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ✶✾✾✷✳

❬✻❪ P❤✐❧✐♣♣ ❋r❛✉❡♥❢❡❧❞❡r✱ ❈❤r✐st♦♣❤ ❙❝❤✇❛❜✱ ❛♥❞ ❘❛❞✉ ❆❧❡①❛♥❞r✉ ❚♦❞♦r✳ ❋✐♥✐t❡ ❡❧❡♠❡♥ts
❢♦r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s ✇✐t❤ st♦❝❤❛st✐❝ ❝♦❡✣❝✐❡♥ts✳ ❈♦♠♣✉t✳ ▼❡t❤♦❞s ❆♣♣❧✳ ▼❡❝❤✳ ❊♥❣r❣✳✱
✶✾✹✭✷✲✺✮✿✷✵✺✕✷✷✽✱ ✷✵✵✺✳

❬✼❪ ❇❡♥❥❛♠✐♥ ●❛♥✐s✱ ❍❡❝t♦r ❑❧✐❡✱ ▼❛r② ❋✳ ❲❤❡❡❧❡r✱ ❚✐♠ ❲✐❧❞❡②✱ ■✈❛♥ ❨♦t♦✈✱ ❛♥❞ ❉♦♥❣①✐❛♦
❩❤❛♥❣✳ ❙t♦❝❤❛st✐❝ ❝♦❧❧♦❝❛t✐♦♥ ❛♥❞ ♠✐①❡❞ ✜♥✐t❡ ❡❧❡♠❡♥ts ❢♦r ✢♦✇ ✐♥ ♣♦r♦✉s ♠❡❞✐❛✳
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❬✽❪ ❘✳ ●✳ ●❤❛♥❡♠ ❛♥❞ P✳ ❉✳ ❙♣❛♥♦s✳ ❙♣❡❝tr❛❧ t❡❝❤♥✐q✉❡s ❢♦r st♦❝❤❛st✐❝ ✜♥✐t❡ ❡❧❡♠❡♥ts✳
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