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Abstrat: We onsider the problem of numerially approximating the solution of an elliptipartial di�erential equation with random oe�ients and homogeneous Dirihlet boundaryonditions. We foused on the ase of a lognormal oe�ient, we have then to deal withthe lak of uniform oerivity and uniform boundedness with respet to the randomness.This model is frequently used in hydrogeology. We approximate this oe�ient by a �nitedimensional noise by using a trunated Karhunen-Loève expansion. We give then estimatesof the orresponding error on the solution, both a strong error estimate and a weak errorestimate, that is to say an estimate of the error ommited on the law of the solution. Weobtain a weak rate of onvergene wih is twie the strong one. Besides this, we give aomplete error estimate for the stohasti olloation method in this ase, where neitheroerivity nor boundedness are stohastially uniform. To onlude, we apply these resultsof strong and weak onvergene to two lassial ases of ovariane kernel hoies: the aseof an exponential ovariane kernel on a box and the ase of an analyti ovariane kernel,yielding expliit weak and strong onvergene rates.Key-words: unertainty quanti�ation, ellipti PDE with random oe�ients, Karhunen-Loève expansion, strong error estimate, weak error estimate, stohasti olloation method
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Estimations d'erreurs fortes et faibles pour des solutionsd'équations aux dérivées partielles elliptiques àoe�ients aléatoiresRésumé : On s'intéresse au problème de l'approximation numérique de la solution d'uneéquation aux dérivées partielles elliptique à oe�ients aléatoires, ave onditions de Dirih-let homogènes. On se plae dans le as d'un oe�ient lognormal, qui n'est ni uniformémentoerif, ni uniformément borné par rapport à l'aléatoire. C'est un modèle fréquemmentutilisé en hydrogéologie. On approhe e oe�ient aléatoire dans un espae aléatoire dedimension �nie en utilisant un développement de Karhunen-Loève tronqué. On donne alorsdes majorations de l'erreur qui en déoule sur la solution, pour l'erreur forte mais aussipour l'erreur faible, 'est à dire l'erreur ommise sur la loi de la solution. On obtient unordre de onvergene faible qui est le double de l'ordre de onvergene forte. De plus, ondonne une estimation d'erreur omplète pour la méthode de olloation stohastique danse as où le oe�ient n'est ni uniformément borné ni uniformément oerif par rapport àl'aléatoire. Pour onlure on applique es résultats de onvergene forte et faible à deuxexemples de hoix de ovariane : le as d'une ovariane exponentielle sur un pavé et le asd'une fontion de ovariane analytique, donnant des taux de onvergenes expliites poures deux as.Mots-lés : quanti�ation des inertitudes, EDP elliptique à oe�ients aléatoires,développement de Karhunen-Loève, estimation d'erreur forte, estimation d'erreur faible,méthode de olloation stohastique



Strong and weak error estimates for ellipti PDE with random oe�ients 31 IntrodutionMany engineering appliations involve unertainty on the input data, suh as material prop-erties. This unertainty results from heterogeneity of the medium and inomplete knowledgeabout the medium properties and an be modelized by partial di�erential equations withrandom oe�ients. This work addresses ellipti partial di�erential equations with randomoe�ients and fouses on appliation to hydrogeology, namely the predition of �ow inporous media, but there are many other appliations, e.g., random vibrations, ompositematerials, seismi ativity and deformations of inhomogeneous materials suh as wood orbiomaterials. The aim is to ompute the law of the solution, but in pratie we are usuallyinterested only in some moments.Several methods have been developed: Monte-Carlo and Monte-Carlo based methods, mo-ment equations, perturbation methods whih are adapted to the ase of small unertainty,homogenization and multisale analysis and stohasti spetral methods [1, 2, 3, 4, 6, 7, 8,9, 10, 12, 13, 16, 17, 18, 19, 22, 23, 24, 25, 26℄, whih regroup stohasti galerkin methodsand stohasti olloation methods.Here we onsider the model equation
−div(a(ω, x)∇xu(ω, x)) = f(ω, x).Both stohasti Galerkin methods and stohasti olloation methods are based on theapproximation of a in a �nite dimensional probability spae, i.e. by using a �nite number ofrandom variables. These methods are therefore adapted to the ase where the probabilityspae has a low dimensionality, i.e. in the ase where we have a good approximation aN of

a suh that aN is a funtion of N random variables with N small. Suh approximations aNof a an be obtained by using either a Karhunen-Loève or a polynomial haos expansion.We ompute then the solution uN of the approximated equation resulting from replaing aby aN . In this paper we fous on the onvergene of uN to u.More preisely, we work here with homogeneous Dirihlet boundary onditions and that a isan homogeneous lognormal random �eld, whih is a frequently used model for �ow equationin porous media. The trunated Karhunen-Loève expansion of log(a) at order N providesthen an estimate aN of a. It is important to notie that in suh a ase, unlike what isfrequently assumed, neither the random �led a nor its approximations aN are uniformlyoerive with respet to ω. We give a strong onvergene result of uN to u, i.e. a bound forthe error in Lp(H1
0 )-norm, and a weak onvergene result, i.e. we bound the error ommitedon the law of u. We obtain a bound for the weak error whose order is twie the strong order,whih presents a signi�ant interest sine the number N of random variables has to be smallin order to be able to ompute uN and sine the law of u is what we are interested in. Forsimpliity we assume that f is deterministi, but all the results an be easily extended tothe ase where f is random, under adequate assumptions.To begin with, we prove the existene and uniqueness of the solution u, remarking one againthat in the onsidered ase, the random �eld a is not uniformly oerive with respet to ω.Then we make assumptions on the eigenvalues and on the eigenfuntions of the Karhunen-Loève expansion, whih enable us to prove two preliminary results: the strong onvergeneof aN to a and the existene of a uniform bound in Lp-norm for amax

N and 1
amin

N
. We anthen give a strong onvergene result of uN to u, with almost surely onvergene and Lponvergene. The strong error is basially bounded by the squared root of the remainder ofthe series of the eigenvalues. We prove next a weak onvergene result, showing that theerror ommited on the law of u is bounded by the remainder of the series of the eigenvalues.Besides this work gives a omplete onvergene analysis of the olloation method, adaptingRR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 4the results of I. Babuska, F. Nobile and R. Tempone in [1℄, in whih uniform oerivity of awith respet to ω is assumed. Finally we give examples of ovariane kernel for whih theseresults apply. In partiular the exponential ase on a box and the gaussian ase are studied,these ovariane kernels being frequently used to model the hydrauli ondutivity for the�ow equation in porous media.2 Equation, existene and uniqueness of the solutionIn this setion, we �rst de�ne the homogeneous lognormal random �eld a and make someregularity assumptions on its ovariane kernel, then we de�ne a linear ellipti partial dif-ferential equation with random oe�ients, namely a, and �nally show the existene anduniqueness of the solution of this equation. Let D be an open bounded domain in R
d with C2boundary and (Ω,F ,P) be a probability spae. We onsider a funtion k ∈ C0,1(R+, R), and

g : Ω × D̄ → R a mean-free gaussian �eld with ovariane kernel cov[g](x, y) = k(‖x − y‖).Proposition 1. Under these assumptions, g admits a version whose trajetories belong to
C0,α a.s. for α < 1/2.Proof. We denote by L the Lipshitz onstant of k.

E[|g(x) − g(y)|2] = E[g(x)2] − 2E[g(x)g(y)] + E[g(y)2]

= 2(k(0) − k(‖x − y‖))
≤ 2L‖x− y‖.We reall that there exists, for any positive integer p, a onstant cp = 1√

2π

∫

R
x2pe−

x2

2 dxsuh that for all mean-free gaussian random variable X ,
E[|X |2p] ≤ cpE[|X |2]p.Therefore, sine g(x) − g(y) is a mean-free gaussian random variable, we have, for anypositive integer p,

E[|g(x) − g(y)|2p] ≤ cp(2L)p|x − y|p.Aording to the Kolmogorov ontinuity theorem [5℄, there exists a version of g whih is a.s.Hölder-ontinuous with any exponent β < p−d−1
2p . Sine this hold for any positive integer p,letting p → +∞, it follows that there exists a version of g whih is a.s. Hölder ontinuouswith any exponent β < 1/2.We de�ne the lognormal homogeneous random �eld a : Ω × D̄ → R as a(ω, x) = eg(ω,x).By Proposition 1, the trajetories of a are a.s. ontinuous on the ompat set D̄, we anthen de�ne a.s, amin(ω) = min

x∈D̄
a(ω, x) and amax(ω) = max

x∈D̄
a(ω, x). These random variableshave then the following integrability properties:Proposition 2. 1

amin(ω) ∈ Lp(Ω) and amax(ω) ∈ Lp(Ω) for any p > 0.Proof. We have amin(ω) ≥ e−||g(ω)||C0(D) and amax(ω) ≤ e||g(ω)||C0(D) . By Fernique's theorem[5℄, there exists λ > 0 suh that E[e
λ||g(ω)||2C0(D) ] < +∞. Thus, for any p > 0,

E[ep||g(ω)||C0(D) ] ≤ E[e
λ||g(ω)||2C0(D)

+p2

4λ ] < +∞.RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 5For more details, see the proof of Proposition 8. Therefore e||g(ω)||C0(D) ∈ Lp(Ω), and �nally
1

amin(ω) ∈ Lp(Ω) et amax(ω) ∈ Lp(Ω), for any p > 0.Proposition 3. Let f in L2(D), then the equation:
− div(a(ω, x)∇u(ω, x)) = f(x) on D (1)

u = 0 on ∂Dadmits a unique solution u, whih belongs to Lk(Ω, H1(D)), for any k > 0.Remark 1. All the following results hold in the ase where the foring term f is stohasti,under adequate assumptions.Proof. For almost all ω ∈ Ω, the equation admits a unique solution u(ω) ∈ H1
0 (D), themapping ω 7→ u(ω) is measurable and we have, a.s. :

‖u(ω, x)‖H1
0(D) ≤ ‖f‖L2(D)

amin(ω)
.For every k > 0, by proposition 2, 1

amin ∈ Lk(Ω), so for any k > 0,
E

[

‖u(ω, x)‖k
H1

0 (D)

]

≤ E

[

(

1

amin(ω)

)k
]

‖f‖L2(D) < +∞.Our aim is to ompute the law of the solution u, and espeially its �rst moments, byusing a stohasti olloation method. This method is based on the approximation of a bya funtion of a �nite number of independent random variables aN .3 Strong onvergene of aN to aIn this setion, we de�ne the approximated random �eld aN and study the strong on-vergene of aN to a, i.e. the Lp(Ω, C0(D))-onvergene, and the almost-sure onvergene.Let {(λn, bn)} denote the sequene of eigenpairs assoiated with the ompat self-adjointoperator that maps
f ∈ L2(D) 7→

∫

D

cov[g](x, .)f(x)dx ∈ L2(D),where λ1 ≥ λ2 ≥ ... ≥ 0, and the eigenfuntions are orthonormal. We reall that E[g(ω, x)] =
0 and that cov[g](x, y) = k(‖x − y‖). Therefore ∑n≥1 λn = |D|k(0). Then the trunatedKarhunen-Loève expansion [14, 15℄ gN of the stohasti gaussian proess g and its exponen-tial aN are de�ned by

gN (ω, x) =
N
∑

n=1

√

λnbn(x)Yn(ω), aN (ω, x) = e
PN

n=1

√
λnbn(x)Yn(ω).where the real random variables (Yn)n≥1 are uniquely determined by

Yn(ω) = 1√
λn

∫

D
g(ω, x)bn(x)dx. They are independent gaussian random variables withmean zero and unit variane. Merer theorem [20℄ gives the following onvergene result:

sup
x∈D

E[(g − gN)2](x) → 0 as N → +∞.RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 6This onvergene result does not atually enable us to onlude on the onvergene of thesolution.From now on, we make the following assumptions:� The eigenfuntions bn are ontinuously di�erentiable.� There exists onstants C and a > 0 suh that, for any n ∈ N,
‖bn‖∞ ≤ C and ‖b′n‖∞ ≤ Cna� There exists b > 0 suh that ∑n≥1 λnnb is onvergent.Remark 2. Suh assumptions are ful�lled in the ase of an exponential ovariane kernel ona retangular domain. Altrough these assumptions are not ful�lled in the ase of a gaussianovariane kernel, similar results as the following ones hold in this ase, and more generallyin the ase of an analyti ovariane kernel, for more details see setion 6.De�nition 1. For α ≤ b, we de�ne

Rα
N =

∑

n>N

λnnα.Then Rα
N ≤ Nα−b(

∑

n>N λnnb), and therefore, Rα
N = o(Nα−b) when N → +∞.Proposition 4. For any p,α, β suh that 0 < α ≤ min{b, 2a} and β < α

2a , there exists aonstant Aα,β,p suh that for all N in N :
‖gN − g‖Lp(Ω,C0,β) ≤ Aα,β,p(R

α
N )

1
2 .In partiular, for all p, for any 0 < α ≤ min{b, 2a}, there exists a onstant Aα,p suh thatfor all N in N,

‖gN − g‖Lp(Ω,C0) ≤ Aα,p(R
α
N )

1
2 .Proof. For all x, y ∈ D, and θ ∈]0, 1[ suh that θ ≤ b

2a ,
(bn(x) − bn(y))2 ≤ (2‖bn‖∞)2(1−θ)(‖b′n‖∞|x − y|)2θ

≤ Cθn
2aθ|x − y|2θ,where Cθ = 22(1−θ)C2.

E

[

((gN − g)(x) − (gN − g)(y))
2
]

=
∑

n>N

λn(bn(x) − bn(y))2

≤ Cθ

(

∑

n>N

λnn2aθ

)

|x − y|2θ

≤ CθR
2aθ
N |x − y|2θ.Sine, for all x, y ∈ D and N in N, (gN −g)(x)− (gN −g)(y) is a mean-free gaussian randomvariable, as a limit in L2 of a linear ombination of independent gaussian random variables,RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 7
(gN − g)(x) − (gN − g)(y) = lim

p→+∞

p
∑

n=N+1

√

λnYn(ω)(bn(x) − bn(y)).The same result has seen in the proof of Proposition 1 yields
E

[

((gN − g)(x) − (gN − g)(y))
2p
]

≤ cpE

[

((gN − g)(x) − (gN − g)(y))
2
]p

≤ Cp
θ cp(R

2aθ
N )p|x − y|2θp.Thus, for any 0 < α ≤ min{b, 2a}, for any positive integer p, there exists a onstant Cα,psuh that:

E

[

((gN − g)(x) − (gN − g)(y))
2p
]

≤ Cα,p(R
α
N )p|x − y|αp

aWe now are going to use the Kolmogorov ontinuity theorem [5℄. For any 0 < α ≤ min{b, 2a},let ν be suh that ν < 1 and
α p

a − 1 − 2pν > −d i.e. ν < ad+αp−a
2ap , then

E[‖gN − g‖2p
W ν,2p ] =

∫

Ω

∫

D

∫

D

|(gN − g)(x) − (gN − g)(y)|2p

|x − y|1+2pν

≤ Cα,p(R
α
N )p

∫

D

∫

D

|x − y|α p
a−1−2pν

≤ Cα,p,ν(Rα
N )p.with Cα,p,ν = Cα,p

∫

D

∫

D |x − y|α p
a−1−2pν < +∞.Next we use that W ν,2p is ontinuously embedded in C0,β for β < min{1, ν − d

2p}, let kβ,νdenote the norm of this ontinuous embedding.For any α suh that 0 < α ≤ min{b, 2a}, for any β suh that β < α
2a , there exists p0 > 0suh that for all p ≥ p0, β < αp−a

2ap , then we hoose ν < 1 suh that β + d
2pν < ad+αp−a

2ap ,�nally gN − g ∈ C0,β for almost all ω, with:
E[‖gN − g‖2p

C0,β ] ≤ k2p
β,νCα,p,ν(Rα

N )p.Therefore, for any 0 < α ≤ min{b, 2a}, for any β suh that β < α
2a , there exists p0 > 0suh that for any p ≥ p0, there exists a onstant Aα,β,p suh that for any N in N :

‖gN − g‖L2p(Ω,C0,β) ≤ Aα,β,p(R
α
N )

1
2 .Sine in a probability spae, if p ≤ q, f ∈ Lq implies f ∈ Lp with ‖f‖Lp ≤ ‖f‖Lq , we anonlude that for any p and 0 < α < b, for any β suh that β < α

2a , there exists a onstant
Aα,β,p suh that for all N in N:

‖gN − g‖Lp(Ω,C0,β) ≤ Aα,β,p(R
α
N )

1
2 .Proposition 5. For any β < min{1, b

2a}, for almost all ω, gN → g in C0,β(D) as N → +∞and so aN → a in C0(D) as N → +∞.RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 8Proof. We are going to use the Borel-Cantelli lemma: let 0 < α ≤ min{b, 2a} suh that
β < α

2a and p suh that p > 2
b−α , by the previous proposition, there exists a onstant Aα,β,psuh that for all N in N:

‖gN − g‖Lp(Ω,C0,β) ≤ Aα,β,p(R
α
N )

1
2 ,whih implies that for any ǫ > 0,

P(‖gN − g‖C0,β ≥ ǫ) ≤
‖gN − g‖p

Lp(Ω,C0,β)

ǫp

≤
Ap

α,β,p(R
α
N )

p
2

ǫp
.Let γ > 0 suh that 2

p < γ < b − α, then Rα
N ≤ Rα+γ

N N−γ = o(N−γ), when N → +∞and sine ∑
N≥1

N− γp
2 < +∞ , we have ∑

N≥1

P(‖gN − g‖C0,β ≥ ǫ) < +∞. The Borel-Cantellilemma yields P(lim sup(‖gN − g‖C0,β ≥ ǫ)) = 0, whih show that gN → g in C0,β as
N → +∞ a.s. and �nally, thanks to the ontinuity of the exponential funtion, we onludethat aN = egN → a = eg a.s. in C0 as N → +∞.Proposition 6. It follows that amax

N onverges a.s. to amax and amin
N onverges a.s. to

amin as N → +∞.The following results, whih give uniform bounds for the random variables amax
N and

1
amin

N

in the Lp-norm will be used to onlude this setion and in the next two setions.De�nition 2. For N ∈ N, τ ∈ [0, 1]N , we de�ne gτ,N : Ω × D → R and aτ,N : Ω × D → Rby: gτ,N(ω, x) =
∑N

n=1

√
λnYn(ω)τnbn(x), and aτ,N (ω, x) = egτ,N (ω,x)Proposition 7. For any β < min{ b

2a , 1}, p > 0, there exists a onstant Bβ,p suh that forany N in N, and τ in [0, 1]N ,
||gτ,N ||Lp(Ω,C0,β) ≤ Bβ,pProof. For any θ suh that 0 < θ < min{1, b

2a}, for any N ∈ N, τ ∈ [0, 1]N

E[(gτ,N (ω, x) − gτ,N(ω, y))2] =

N
∑

n=1

λnτ2
n(bn(x) − bn(y))2

≤ Cθ

(

N
∑

n=1

λnn2aθ

)

|x − y|2θ

≤ CθR
2aθ
0 |x − y|2θSine, for any x, y in D, N in N, (gτ,N(x)−gτ,N (y)) is a gaussian random variable, we have:

E[(gτ,N(ω, x) − gτ,N(ω, y))2p] ≤ cp(R
2aθ
0 )p|x − y|2θpTherefore, for any 0 < α ≤ min{b, 2a}, for any p, there exists a onstant Mα,p suh that,for any τ , for any N , we have:

E[(gτ,N (ω, x) − gτ,N(ω, y))2p] ≤ Mα,p|x − y|α p
awhere Mα,p = cp(R

2aθ
0 )p, then we use Kolmogorov ontinuity theorem [5℄ and onlude asin the proof of proposition 4.RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 9De�nition 3. By the previous proposition, for any N ∈ N and τ ∈ [0, 1]N , the trajetoriesof aτ,N are ontinuous on the ompat set D̄ a.s, so we an de�ne, for almost all ω ∈ Ω,
amax

τ,N (ω) = max
x∈D̄

aτ,N(ω, x) and amin
τ,N (ω) = min

x∈D̄
aτ,N (ω, x).We an �nally bound amax

τ,N and 1
amin

τ,N

in Lp-norm, independently from N and τ .Proposition 8. For any p > 0, amax
τ,N and 1

amin
τ,N

∈ Lp(Ω), and there exists a onstant Dpsuh that for any N ∈ N, and τ ∈ [0, 1]N

∥

∥

∥

∥

∥

1

amin
τ,N

∥

∥

∥

∥

∥

Lp(Ω)

≤ Dp,and
‖amax

τ,N ‖Lp(Ω) ≤ Dp.In partiular,
‖aN‖Lp(Ω,C0) ≤ Dp.Proof. We are going to apply Fernique's theorem [5℄, uniformly with respet to N and τ .There exists x0 ∈]0, 1[ suh that for all x ∈ [x0, 1[,

ln(1−x
x ) ≤ −2. The previous proposition yields the existene of a onstant B2 suh that forany N ∈ N, and τ ∈ [0, 1]N :

||gτ,N ||L2(Ω,C0) ≤ B2.Thus, setting r0 = B2√
1−x0

, we have, for every r ≥ r0,
P(‖gτ,N‖C0 ≥ r) ≤

‖gτ,N‖2
L2(Ω,C0)

r2

≤ B2
2

r2

≤ 1 − x0.We now hoose λ suh that 32λr2
0 ≤ 1, and we denote by µτ,N the law of gτ,N : Ω → C0(D).Sine the µτ,N are entred gasusian measures on the Banah spae C0(D), we have then, forany N ∈ N, and τ ∈ [0, 1]N ,

ln

(

1 − µτ,N(B̄(0, r0))

µτ,N (B̄(0, r0))

)

+ 32λr2
0 ≤ −1.Use Fernique theorem [5℄, set k = e16λr2

0 + e2

e2−1 , to obtain that for all N ∈ N, and τ ∈ [0, 1]N ,
E[e

λ‖gτ,N‖2
C0(D) ] ≤ k.Hene, for any p > 0, N ∈ N, and τ ∈ [0, 1]N ,

E[ep‖gτ,N ‖C0(D) ] ≤ e
p2

4λ E[e
λ‖gτ,N ‖2

C0(D) ]

≤ ke
p2

4λRR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 10Denoting Dp = (ke
p2

4λ )
1
p , we onlude that:

∥

∥

∥

∥

∥

1

amin
τ,N

∥

∥

∥

∥

∥

Lp(Ω)

≤ ‖e‖gτ,N‖C0(D̄)‖Lp(Ω)

≤ Dp,and
‖amax

τ,N ‖Lp(Ω) ≤ ‖e‖gτ,N‖C0(D̄)‖Lp(Ω)

≤ Dp.Proposition 9. For any p > 0, and 0 < α ≤ min{b, 2a}, there exists a onstant Eα,p suhthat for any N ∈ N,
‖aN − a‖Lp(Ω,C0) ≤ Eα,p(R

α
N )

1
2Proof. Take p > 0, hoose q, r > 0 suh that 1

r = 1
p + 1

q , then the following inequality
∀x, y ∈ R |ex − ey| ≤ |x − y|(ex + ey),together with Hölder's inequality leads to :

‖egN − eg‖Lr(Ω,C0) ≤ ‖gN − g‖Lp(Ω,C0)‖egN + eg‖Lq(Ω,C0),whih we rewrite as
‖aN − a‖Lr(Ω,C0) ≤ ‖gN − g‖Lp(Ω,C0)‖aN + a‖Lq(Ω,C0)

≤ Aα,p(R
α
N )

1
2 (Dq + ‖a‖Lq(Ω,C0)).We onlude by setting Eα,r = Aα,p(Dq + ‖a‖Lq(Ω,C0(D))), with p = q = r

2 for instane.4 Strong onvergene of uN to uThanks to the results of the previous setion, we an now estimate the strong error ommitedon the solution u, resulting from the approximation of a by aN .De�nition 4. Sine for all N ∈ N and τ ∈ [0, 1]N , the random variables amax
τ,N and 1

amin
τ,Nbelong to Lp(Ω) for all p > 0, the equation

−div(aτ,N (ω, x)∇uτ
N (ω, x)) = f(x) on D

uτ
N (ω, x) = 0 on ∂D,admits a unique solution uτ

N ∈ Lp(Ω, H1
0 (D)) for all p > 0. In partiular, for τ = 1N ,

aτ,N = aN and we denote by uN the solution.We have aN (ω, x) = ãN (Y1(ω), ..., YN (ω), x), therefore by the Doob-Dynkin lemma
uN (ω, x) = ũN(Y1(ω), ..., YN (ω), x), with ũ ∈ C∞(RN , H1

0 (D)), sine the appliation thatmaps the oe�ients to the solution is smooth. For onveniene, ãN will still be denoted by
aN and ũN by uN . Then, for almost all y ∈ RN , uN(y, .) solves the equation:

−div(aN (y, x)∇uN (y, x)) = f(x) on D

uN(y, x) = 0 on ∂D.We �rst show the almost sure onvergene of uN to u.RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 11Proposition 10. uN(ω, x) onverges to u(ω, x) in H1
0 (D), for almost all ω.Proof. By proposition (5), for almost all ω, aN onverges to a in C0(D) i.e. uniformly. Thenwe use the ontinuity of the solution u with respet to the oe�ient a of the equation,indeed we have a.s.:

amin
N ‖u − uN‖2

H1
0(D) ≤

∫

D

aN |∇(u − uN)|2

=

∫

D

(aN − a)∇u∇(u − uN )

≤ ‖a − aN‖C0(D)‖u − uN‖H1
0(D)‖u‖H1

0(D).Therefore a.s. we have:
‖u − uN‖H1

0 (D) ≤
1

amin
N

‖a − aN‖C0(D)‖f‖L2(D)
CD

amin
,where CD is the onstant given by Poinaré inequality. The right-hand side of this inequalityonverges a.s. to 0 as N → +∞ by Propositions 5 and 6.Next we give a onvergene result in Lp-norm.Theorem 1. For all p > 0, uN onverges to u in Lp(Ω, H1

0 (D)), and for any 0 < α ≤
min{b, 2a}, there exists a onstant Fα,p suh that

‖u − uN‖Lp(Ω,H1
0 (D)) ≤ Fα,p(R

α
N )

1
2 .Proof. For all p > 0, for almost all ω,

‖u − uN‖H1
0 (D) ≤

1

amin
N

‖a − aN‖C0(D̄)‖f‖L2

CD

amin
.Hene, by hoosing q, r, s > 0 suh that 1

p = 1
q + 1

r + 1
s it follows from Hölder inequality thatfor any 0 < α ≤ b

‖u − uN‖Lp(Ω,H1
0 (D)) ≤

∥

∥

∥

∥

1

amin
N

∥

∥

∥

∥

Lq(Ω)

‖a − aN‖Lr(Ω,C0)‖f‖L2CD

∥

∥

∥

∥

1

amin

∥

∥

∥

∥

Ls(Ω)

≤ Dq‖f‖L2DsEα,r(R
α
N )

1
2 .The following proposition gives a bound for uτ

N in Lp(H1
0 )-norm independent of N and

τ , whih will be useful in the next setion.Proposition 11. For all p > 0, there exists a onstant Gp suh that for all N ∈ N, and
τ ∈ [0, 1]N

‖uτ
N‖Lp(Ω,H1

0 (D)) ≤ GpProof. For almost all ω, for any p > 0, N ∈ N, and τ ∈ [0, 1]N

‖uτ
N‖H1

0(D) ≤ CD

aτ,N
min

‖f‖L2(D)

‖uτ
N‖Lp(Ω,H1

0 (D)) ≤ CD

∥

∥

∥

∥

∥

1

aτ,N
min

∥

∥

∥

∥

∥

Lp

‖f‖L2(D)

≤ CDDp‖f‖L2(D)RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 125 Weak onvergene of uN to uIn this setion we are interested in the error ommitted on the law of u, more preisely weshow that the order of the bound for the weak onvergene of uN to u is twie the order ofthe bound for the strong onvergene.Proposition 12. For any multi-index α ∈ NN with �nite support, we have the followingestimate on the growth of the derivatives of uN with respet to y :
∥

∥

∥

∥

∂αuN

∂yα

∥

∥

∥

∥

H1
0 (D)

≤ C|α|

√

aN
max(y)

aN
min(y)

||uN ||H1
0
C|α|

∏

i∈N

√

λαi

i .where C|α| only depends of α through his length.Proof. We reall that for all y ∈ RN , u(y, .) solves the following equation
∫

D

aN (y, x)∇xuN(y, x)∇xv(x) =

∫

D

f(x)v(x) ∀v ∈ H1
0 (D).We ompute the derivatives of aN with respet to the yi: for all 1 ≤ i, j ≤ N :

aN (y) = e
PN

n=1

√
λnbn(x)yn

∂aN

∂yi
(y, x) =

√

λibi(x)aN (y, x)

∂aN

∂yi∂yj
(y, x) =

√

λibi(x)
√

λjbj(x)aN (y, x).In every point y ∈ RN , the derivatives of u with respet to yi and with respet to yi and yj,for 1 ≤ i, j ≤ N satisfy:
∫

D

∂aN

∂yi
(y, x)∇uN (y, x)∇v(x) +

∫

D

aN (y, x)∇∂uN

∂yi
(y, x)∇v(x) = 0

∫

D

(

∂2aN

∂yi∂yj
∇uN +

∂aN

∂yi
∇∂uN

∂yj
+

∂aN

∂yj
∇∂uN

∂yi
+ aN∇ ∂2uN

∂yi∂yj

)

(y, x)∇v(x) = 0.Namely, we reall that C is a onstant suh that for every i ∈ N, ‖bi‖∞ ≤ C. By hoosing
v(x) = ∂uN

∂yi
(y, x) in the �rst variational formulation, we have:

∥

∥

∥

∥

√
aN (y, x)∇∂uN

∂yi

∥

∥

∥

∥

L2

≤
√

λi‖bi‖∞||√aN(y, x)∇uN ||L2

≤
√

λiC
√

aN
max(y)||uN ||H1

0

∥

∥

∥

∥

∂uN

∂yi

∥

∥

∥

∥

H1
0

≤
√

λiC

√

aN
max(y)

aN
min(y)

||uN ||H1
0
.By hoosing v(x) = ∂2uN

∂yi∂yj
(y, x) in the seond variational formulation, we have:

∥

∥

∥

∥

√
aN(y, x)∇ ∂2uN

∂yi∂yj

∥

∥

∥

∥

L2

≤
√

λi

√

λjC
2||√aN∇uN ||L2

+
√

λiC||√aN∇∂uN

∂yj
||L2 +

√

λjC||√aN∇∂uN

∂yi
||L2

≤ 3
√

aN
max(y)

√

λi

√

λjC
2||uN ||H1

0
.RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 13Therefore:
∥

∥

∥

∥

∂2uN

∂yi∂yj
(y)

∥

∥

∥

∥

H1
0

≤ 3

√

aN
max(y)

aN
min(y)

√

λi

√

λjC
2||uN ||H1

0
.The result follows by a reurrene.In order to estimate the weak error, that is to say the expeted value of ϕ(uN )−ϕ(u), forsome regular funtion ϕ, we need estimates on the growth of the derivatives of ϕ(uN ) withrespet to the yi, whih follow diretly from the previous proposition. More preisely, let ϕin C4(R, R), we assume that its derivatives (inluding ϕ itself) are bounded by a onstant

Cϕ.Proposition 13. For any multi-index α ∈ NN with |α| ≤ 4, we have the following estimateon the growth of the derivatives of ϕ ◦ uN with respet to y:
∥

∥

∥

∥

∂αϕ ◦ uN

∂yα

∥

∥

∥

∥

H1
0 (D)

≤ C′
|α|CϕC|α|

(

1 +

√

aN
max(y)

aN
min(y)

||uN ||H1
0

)|α|
∏

i∈N

√

λαi

i .where C′
|α| only depends of α through his length.Proof.

∂ϕ ◦ uN

∂yi
(y) = ϕ′ ◦ uN(y)

∂uN

∂yi
(y)

∥

∥

∥

∥

∂ϕ ◦ uN

∂yi
(y)

∥

∥

∥

∥

H1
0

≤ Cϕ

∥

∥

∥

∥

∂uN

∂yi
(y)

∥

∥

∥

∥

H1
0

≤ Cϕ

√

λiC

√

aN
max(y)

aN
min(y)

||uN ||H1
0
.

∂2ϕ ◦ uN

∂yi∂yj
(y) = ϕ′ ◦ uN (y)

∂2uN

∂yi∂yj
(y) + ϕ′′(uN )(y)

∂uN

∂yi
(y)

∂uN

∂yj
(y)

∥

∥

∥

∥

∂2ϕ ◦ uN

∂yi∂yj
(y)

∥

∥

∥

∥

H1
0

≤ Cϕ

∥

∥

∥

∥

∂2uN

∂yi∂yj
(y)

∥

∥

∥

∥

H1
0

+ Cϕ

∥

∥

∥

∥

∂uN

∂yi
(y)

∥

∥

∥

∥

H1
0

∥

∥

∥

∥

∂uN

∂yj
(y)

∥

∥

∥

∥

H1
0

≤ 2Cϕ

√

λi

√

λjC
2

(

1 +

√

aN
max(y)

aN
min(y)

||uN (y)||H1
0

)2The result follows by a reurrene and Faà di Bruno's formula.We are now ready to estimate the weak error, i.e. the quantity
E[ϕ(uN )−ϕ(u)] in H1

0 -norm. Before expressing and proving the estimate of the weak error,we give the basi idea of the proof. To estimate the weak error, we onsider the Taylordevelopment at order 2 of ϕ(uN )−ϕ(u) and remark that �rst order terms and seond orderterms suh that i 6= j are mean-free. In the ase where ϕ is the identity, formally the seondRR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 14order development is:
u(ω, x) − uN(ω, x) = u(Y1(ω), ..., YN (ω), YN+1(ω), ..., x) − u(Y1(ω), ..., YN (ω), 0, ..., x)

=
∑

i>N

∂u

∂yi
(Y1(ω), ..., YN (ω), 0, ..., x)Yi(ω)

+
∑

i,j>N

∂2u

∂yi∂yj
(Y1(ω), ..., YN (ω), 0, ..., x)Yi(ω)Yj(ω) + ...Combining the independene of the Yi with the fat that the Yi are mean-free yields thatthe following terms are mean-free:

E

[

∂u

∂yi
(Y1(ω), ..., YN (ω), 0, ..., x)Yi(ω)

]

= E

[

∂u

∂yi
(Y1(ω), ..., YN (ω), 0, ..., x)

]

E[Yi(ω)]

= 0.Analogously, for i 6= j,
E

[

∂2u

∂yi∂yj
(Y1(ω), ..., YN (ω), 0, ..., x)Yi(ω)Yj(ω)

]

= E

[

∂2u

∂yi∂yj
(Y1(ω), ..., YN (ω), 0, ..., x)

]

E[Yi(ω)]E[Yj(ω)]

= 0.The proof below shows that indeed the dominant in the error on the expeted value is
∑

i>N

E

[

∂2u

∂y2
i

(Y1(ω), ..., YN (ω), 0, ..., x)

]We now give the general and preise result and its proof.Theorem 2. There exists a onstant c suh that for all N ∈ N, for all ϕ ∈ C4(R, R) whosederivatives are bounded by a onstant Cϕ, we have:
‖Eω[(ϕ(uN ) − ϕ(u))]‖H1

0 (D) ≤ cCϕ

∑

i>N

λiRemark 3. We do not need ϕ to be bounded in this proof, but only its derivatives. Moregenerally, the result an be easily extended to the ase where the derivatives of ϕ are boundedby a polynomial, whih enables to treat the ase of any moment of u.Remark 4. The weak error at order N is bounded by R0
N , whereas the strong error at order

N is bounded by √Rα
N for any 0 < α ≤ min{2a, b}, that is why we said that the weak orderis twie the strong order.Proof. Let M > N , and x ∈ D, the �rst order Taylor theorem with integral remainder gives:

Eω[(ϕ(uM ) − ϕ(uN ))(ω, x)]

= Eω[ϕ(uM )(Y1(ω), ...YM (ω), x) − ϕ(uM )(Y1(ω), ...YN (ω), 0, ...0, x)]

= Eω[Dy(ϕ ◦ uM )(Y1(ω), ...YN (ω), 0, ...0, x).(0, ...0, YN+1(ω), ..., YM (ω))]

+ Eω

[∫ 1

0

(1 − t)D2
y(ϕ ◦ uM )(Y1, ...YN , tYN+1, ..., tYM , x).(0, ...0, YN+1, ..., YM )2dt

]RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 15Sine the random variables Yi are independent, with mean zero and unit variane, the �rstorder term is mean-free:
Eω [Dy(ϕ ◦ uM )(Y1(ω), ...YN (ω), 0, ...0, x).(0, ...0, YN+1(ω), ..., YM (ω))]

= Eω

[

M
∑

i=N+1

∂(ϕ ◦ uM )

∂yi
(Y1(ω), ...YN (ω), 0, ...0, x)Yi(ω)

]

=

M
∑

i=N+1

Eω

[

∂(ϕ ◦ uM )

∂yi
(Y1(ω), ...YN (ω), 0, ...0, x)

]

Eω[Yi(ω)]

= 0We are now going to bound the integral remainder term, to begin with we split it into twoterms:
Eω [(ϕ(uM ) − ϕ(uN ))(ω, x)]

=
∑

N+1≤i,j≤M

∫ 1

0

(1 − t)Eω

[

∂2(ϕ ◦ uM )

∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM , x)YiYj

]

dt

=
∑

N+1≤i≤M

∫ 1

0

(1 − t)Eω

[

∂2(ϕ ◦ uM )

∂y2
i

(Y1, ...YN , tYN+1, ..., tYM , x)Y 2
i

]

dt

+
∑

N+1≤i6=j≤M

∫ 1

0

(1 − t)Eω

[

∂2(ϕ ◦ uM )

∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM , x)YiYj

]

dtFirst we give an estimate for the �rst error ontribution, by using the bound of the derivativesof ϕ ◦ uM given in Proposition 13:
∥

∥

∥

∥

∥

∥

∑

N+1≤i≤M

∫ 1

0

(1 − t)Eω

[

∂2(ϕ ◦ uM )

∂y2
i

(Y1, ...YN , tYN+1, ..., tYM , x)Y 2
i

]

dt

∥

∥

∥

∥

∥

∥

H1
0 (D)

≤
∑

N+1≤i≤M

(

∫ 1

0

(1 − t)2
∥

∥

∥

∥

Eω

[

∂2(ϕ ◦ uM )

∂y2
i

(Y1, ...YN , tYN+1, ..., tYM , x)Y 2
i

]∥

∥

∥

∥

2

H1
0 (D)

dt

)1/2

≤
∑

N+1≤i≤M

(

∫ 1

0

(1 − t)2Eω

[

∥

∥

∥

∥

∂2(ϕ ◦ uM )

∂y2
i

(Y1, ...YN , tYN+1, ..., tYM , x)

∥

∥

∥

∥

2

H1
0 (D)

Y 4
i

]

dt

)1/2

≤ C′
2CϕC2

∑

N+1≤i≤M

λi





∫ 1

0

Eω





(

1 +

√

amax
N

amin
N

||uM ||H1
0

)4

(Y1, ...YN , tYN+1, ..., tYM , x)Y 4
i



 dt





1/2

≤ 8C′
2CϕC2

∑

N+1≤i≤M

λi

(

∫ 1

0

Eω

[(

1 +

(

amax
N

amin
N

)2

||uM ||4H1
0

)

(Y1, ...YN , tYN+1, ..., tYM )Y 4
i

]

dt

)1/2

.
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Strong and weak error estimates for ellipti PDE with random oe�ients 16We de�ne, for t ∈ [0, 1], τt ∈ [0, 1]M by τt(i) = 0 for i ≤ N and τt(i) = t for i > N , thenby Hölder inequality and Propositions 8 and 11 we have:
Eω

[

(

amax
M

amin
M

)2

‖uM‖4
H1

0
(Y1, ...YN , tYN+1, ..., tYM , x)Y 4

i

]

≤ ‖amax
τt,M‖2

L8(Ω)

∥

∥

∥

∥

∥

1

amin
τt,M

∥

∥

∥

∥

∥

2

L8(Ω)

‖uτt

M‖4
L16(Ω,H1

0 )‖Yi‖4
L16(Ω)

≤ D4
8G

4
16m

1/4
16 .Where m16 is the moment of order 16 of a gaussian with mean zero and unit variane.We obtain �nally the following bound for the �rst term of the error ontribution.

∥

∥

∥

∥

∥

∥

∑

N+1≤i≤M

∫ 1

0

(1 − t)Eω

[

∂2uM

∂y2
i

(Y1, ...YN , tYN+1, ..., tYM , x)Y 2
i

]

dt

∥

∥

∥

∥

∥

∥

H1
0 (D)

≤ 8C′
2CϕC2

√

m4 + D4
8G

4
16m

1/4
16

∑

N+1≤i≤M

λi = Cϕk1

∑

N+1≤i≤M

λi.Where k1 = 8C′
2C

2

√

m4 + D4
8G

4
16m

1/4
16 . Next we give an estimate for the seond term ofthe error ontribution, by using one again the independene of the random variables Yi :

∑

N+1≤i<j≤M

∫ 1

0

(1 − t)E

[

∂2(ϕ ◦ uM )

∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM )YiYj

]

dt

=
∑

N+1≤i<j≤M

∫ 1

0

(1 − t)E

[

∂2(ϕ ◦ uM )

∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM )YiYj

]

dt

−
∑

N+1≤i<j≤M

∫ 1

0

(1 − t)E

[

∂2(ϕ ◦ uM )

∂yi∂yj
(Y1, ...tYi−1, 0, tYi+1, ..., tYM )YiYj

]

dt

=
∑

N+1≤i<j≤M

E

[∫ 1

0

(1 − t)(1 − u)t
∂3(ϕ ◦ uM )

∂y2
i ∂yj

(Y1, ...YN , tYN+1, ..., tuYi, tYM )Y 2
i Yjdtdu

]

=
∑

N+1≤i<j≤M

E

[∫ 1

0

(1 − t)(1 − u)t
∂3(ϕ ◦ uM )

∂y2
i ∂yj

(Y1, ...YN , tYN+1, ..., tuYi, tYM )Y 2
i Yjdtdu

]

−
∑

N+1≤i<j≤M

E

[∫ 1

0

(1 − t)(1 − u)t
∂3(ϕ ◦ uM )

∂y2
i ∂yj

(Y1, .., tuYi, ..., tYj−1, 0, tYj+1, ..., tYM )Y 2
i Yjdtdu

]

=
∑

N+1≤i<j≤M

E

[

∫ 1

0

(1 − t)(1 − u)(1 − s)t2
∂4(ϕ ◦ uM )

∂y2
i ∂y2

j

(Y1, ..., tuYi, ..., tsYj , ...tYM )Y 2
i Y 2

j dtduds

]

.
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Strong and weak error estimates for ellipti PDE with random oe�ients 17By Proposition 13, we have then:
∥

∥

∥

∥

∥

E

[

∫ 1

0

(1 − t)(1 − u)(1 − s)t2
∂4(ϕ ◦ uM )

∂y2
i ∂y2

j

(Y1, tuYi, ..., tsYj , ...tYM , x)Y 2
i Y 2

j dtduds

]∥

∥

∥

∥

∥

H1
0 (D)

≤





∫ 1

0

(1 − t)2(1 − u)2(1 − s)2t4E





∥

∥

∥

∥

∥

∂4(ϕ ◦ uM )

∂y2
i ∂y2

j

(Y1, ..., tuYi, ...tsYj , ...tYM )

∥

∥

∥

∥

∥

2

H1
0 (D)

Y 4
i Y 4

j



 dtduds





1/2

≤ C′
4C

4Cϕλiλj




∫ 1

0

E





(

1 + ‖uM‖H1
0

√

amax
M

amin
M

)8

(Y1, ...tYN+1, ...tuYi, ...tsYj , ...tYM )Y 4
i Y 4

j



 dtduds





1/2

≤ 27C′
4C

4Cϕλiλj


m8 +

∫ 1

0

E





(

‖uM‖H1
0

√

amax
M

amin
M

)8

(Y1, ...tYN+1, ...tuYi, ...tsYj , ...tYM )Y 4
i Y 4

j



 dtduds





1/2

.We de�ne, for t, s, u ∈ [0, 1], τt,s,u ∈ [0, 1]M by τt,s,u(n) = 0 for n ≤ N , τt,s,u(n) = t for
n > N suh that n 6= i, n 6= j, τt,s,u(i) = tu, and τt,s,u(j) = ts.Then, Hölder inequality ombined with Propositions 8 and 11 yields the following estimate:

Eω





(√

amax
M

amin
M

‖uM‖H1
0

)8

(Y1, ...tYN+1, ...tuYi, ...tsYj , ...tYM )Y 4
i Y 4

j





≤ ‖amax
τt,s,u,M‖4

L20(Ω)

∥

∥

∥

∥

∥

1

amin
τt,s,u,M

∥

∥

∥

∥

∥

4

L20(Ω)

‖uτt,s,u

M ‖8
L40(Ω,H1

0 (D))‖Y 4
i ‖L5(Ω)‖Y 4

j ‖L5(Ω)

≤ D8
20‖u

τt,s,u

M ‖8
L40(Ω,H1

0 (D))m
2
5
20

≤ D8
20G

8
40m

2
5
20.We have �nally the following estimate for the seond term of the error ontribution:

∥

∥

∥

∥

∥

∥

∑

N+1≤i6=j≤M

∫ 1

0

(1 − t)E

[

∂2uM

∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM , x)YiYj

]

dt

∥

∥

∥

∥

∥

∥

H1
0 (D)

≤ 27C′
4C

4Cϕ

√

m8 + D16
40G

8
40m

2
5
20

∑

N+1≤i6=j≤M

λiλj = Cϕk2

∑

N+1≤i6=j≤M

λiλj .Where k2 = 27C′
4C

4

√

m8 + D16
40G

8
40m

2
5
20.We have �nally the following estimate for the total error:

Eω [(ϕ(uM ) − ϕ(uN ))(ω, x)]

=
∑

N+1≤i≤M

∫ 1

0

(1 − t)Eω

[

∂2uM

∂y2
i

(Y1, ...YN , tYN+1, ..., tYM , x)Y 2
i

]

dt

+
∑

N+1≤i6=j≤M

∫ 1

0

(1 − t)Eω[
∂2uM

∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM , x)YiYj ]dtRR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 18Therefore
‖Eω[(ϕ(uM ) − ϕ(uN ))(ω, x)]‖H1

0 (D)

≤ Cϕk1

∑

N+1≤i≤M

λi + Cϕk2

∑

N+1≤i6=j≤M

λiλj

≤ Cϕk1

∑

N+1≤i≤M

λi + k2Cϕ





∑

N+1≤i≤M

λi





2

≤ Cϕ(k1 + k2|D|k(0))
∑

i>N

λi.Indeed we reall that ∑n≥0 λn = |D|k(0). We de�ne then c = k1 + k2k(0)|D|.We are now ready to onlude, by giving a bound for Eω[ϕ(u) − ϕ(uN )] in H1
0 -norm.Let N ≥ 1, then for all M > N , we have:

||Eω [ϕ(u) − ϕ(uN )]||H1
0

≤ ||Eω [(ϕ(u) − ϕ(uM ))]||H1
0

+ ||Eω [(ϕ(uM ) − ϕ(uN )))]||H1
0

≤ ||ϕ(u) − ϕ(uM )||L2(Ω,H1
0 (D)) + cCϕ

∑

i>N

λi

≤ Cϕ||u − uM ||L2(Ω,H1
0 (D)) + cCϕ

∑

i>N

λiLetting M → +∞, by proposition 1 we have:
||Eω [ϕ(u) − ϕ(uN )]||H1

0
≤ cCϕ

∑

i>N

λi.Remark 5. The independane of the Yi is ruial in this proof.6 An estimate of the total error for the olloation methodIn this setion, we reall the stohasti olloation method and slightly generalize the proofof the onvergene result given in [1℄ to the ase onsidered here where the assumption ofuniform oerivity with respet to ω is not valid. Sine we use many preliminary results of[1℄, we keep their notations. As we will see later, it is unfortunately di�ult to get a relevantestimate of the dependane with respet to N of the onstant appearing by bounding theolloation error. With the same notations and assumptions as above, we have a regularityresult for the solution uN with respet to y. We introdue a weight σ(y) =
∏N

n=1 σn(yn),where σn(yn) = e−αn|yn|, for any α ∈ RN suh that αn ≥ C
√

λn for all 1 ≤ n ≤ N , and thefuntional spae
C0

σ(RN , H1
0 (D)) = {v : R

N → H1
0 (D), v ontinuous in y, sup

y∈RN

‖σ(y)v(y)‖H1
0 (D) < +∞}.We denote by ρ the density of Y = (Y1, ..., YN ), we have then ρ(y) =
∏N

n=1 ρn(y) =

1
(2π)N/2 e−

PN
n=1

y2
n
2 . Under the above assumptions, the following inlusion hold true:

C0
σ(RN , H1

0 (D)) ⊂ L2
ρ(R

N , H1
0 (D)).RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 19with ontinuous embedding. More preisely, for any v ∈ C0
σ(RN , H1

0 (D)), we have
‖v‖L2

ρ(RN ,H1
0 (D)) ≤ kα‖v‖C0

σ(RN ,H1
0(D))where kα =

∏N
n=1

1√
2π

∫

e−
y2

n
2 +2αn|yn|dyn.Proposition 14. The solution uN of the equation:

−divx(aN (y, x)∇xuN(y, x)) = f(x) on D

uN(y, x) = 0 on ∂Dsatis�es uN ∈ C0
σ(RN , H1

0 (D)).Proof. We have seen previously that y 7→ u(y) is ontinuous from RN to H1
0 (D). For all

y ∈ RN , sine 1
amin

N (y)
≤ eC

PN
n=1

√
λnyn , we have:

σ(y)‖u(y)‖H1
0 (D) ≤ σ(y)

CD

amin
N (y)

‖f‖L2(D)

≤ CD‖f‖L2(D)e
PN

n=1(C
√

λn−αn)|yn|

≤ CD‖f‖L2(D).The next result onerns the analytiity of the solution uN with respet to y, we willperform a one-dimensional analysis in eah diretion yn. For this, we introdue the followingnotation: for any 1 ≤ n ≤ N and y ∈ RN , y = (yn, y∗
n), where y∗

n ∈ RN−1. We set
ρ∗n(y) =

∏

j 6=n ρj(y) and σ∗
n(y) =

∏

j 6=n σj(y).Proposition 15. For any 1 ≤ n ≤ N , the solution u(yn, y∗
n, x) as a funtion of yn, u : R →

C0
σ∗

n
(RN−1, H1

0 (D)) admits an analyti extension u(z, y∗
n, x), z ∈ C, in the region of theomplex plane Σ(τ) = {z ∈ C, dist(z, R) ≤ τ}, for τ suh that τ < 1, moreover, for all

z ∈ Σ(τ),
‖σn(Re z)uN(z)‖C0

σ∗
n
(RN−1,H1

0 (D)) ≤
CDeeC

√
λn

1 − τ
‖f‖l2(D)e

ταn (2)Proof. In every point y ∈ RN , uN(y) satis�es the problem
∫

D

aN (y, x)∇uN (y, x)∇v(x)dx =

∫

D

f(x)v(x)dx ∀v ∈ H1
0 (D).Therefore, in every point y ∈ R

N , for any k ≥ 1, the kth derivative of uN with respet to
yn satis�es the problem

∫

D

aN (y, x)∇∂kuN

∂yk
n

(y, x)∇v(x)dx

= −
k
∑

l=1

(

k
l

)∫

D

∂laN

∂yl
n

(y, x)∇∂k−luN

∂yk−l
n

(y, x)∇v(x)dx ∀v ∈ H1
0 (D).Sine |∂laN

∂yl
n

(y, x)| ≤ (
√

λnC)l|aN (y, x)|, we obtain the reursive inequality
‖
√

aN (y, x)∇∂kuN

∂yk
n

(y, x)‖L2(D) ≤
k
∑

l=1

(

k
l

)

(Cλn)l‖
√

aN (y, x)∇∂k−luN

∂yk
n

(y, x)‖L2(D).RR n° 7300
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‖
√

aN(y, x)∇∂kuN

∂yk
n

(y, x)‖L2(D)

k!
≤

k
∑

l=1

(Cλn)l

l!

‖
√

aN (y, x)∇∂k−luN

∂yk
n

(y, x)‖L2(D)

(k − l)!
.A reurrene yields:

‖
√

aN (y, x)∇∂kuN

∂yk
n

(y, x)‖L2(D)

k!
≤ ‖

√

aN (y, x)∇uN(y, x)‖L2(D)e
Pk

l=1

(C
√

λn)l

l!

≤ ‖
√

aN (y, x)∇uN(y, x)‖L2(D)e
eC

√
λn

.And �nally :
‖∂kuN

∂yk
n

(y, x)‖H1
0 (D)

k!
≤ CD

amin(y)
‖f‖L2(D)e

eC
√

λn

.We now de�ne for every yn ∈ R the power series uN : C → C0
σ∗

n
(RN−1, H1

0 (D)) as
u(z, y∗

n, x) =

+∞
∑

k=0

(z − yn)k

k!

∂kuN

∂yk
n

(yn, y∗
n, x).Sine

∥

∥

∥

∥

|z − yn|k
k!

∂kuN

∂yk
n

(yn, y∗
n, x)

∥

∥

∥

∥

C0

σ∗
n(RN−1,H1

0
(D))

≤ CD

amin(yn, y∗
n)

‖f‖L2(D)e
eC

√
λn |z − yn|kthe radius of onvergene of this series is 1. Moreover, take τ ∈]0, 1[, sine for all z ∈ C suhthat |z − yn| ≤ τ , σn(Re(z)) ≤ eαnτσn(yn) we have the following estimate:

‖σn(Re(z))u(z)‖C0

σ∗
n(RN−1,H1

0(D))
≤ CDeeC

√
λn

1 − τ
‖f‖L2(D)e

PN
i=1 C

√
λi−αi|yi|eαnτ

≤ CDeeC
√

λn

1 − τ
‖f‖L2(D)e

αnτ .Hene, by a ontinuation argument, the funtion uN (y) an be extended analytially on thewhole region Σ(τ) and estimate (2) follows.We reall here the stohasti olloation method: we seek a numerial approximation tothe exat solution uN of the equation
− divx(aN (y, x)∇xuN (y, x)) = f(x) on D (3)

uN (y, x) = 0 on ∂Din a �nite dimensional subspae Vp,h based on a tensor produt, Vp,h = Rp(R
N ) ⊗ Hh(D),where the following hold:� Hh(D) ⊂ H1

0 (D) is a standard �nite element spae of dimension Nh, whih ontainsontinuous pieewise polynomials de�nes on regular triangulations Th that have amaximum mesh spaing parameter h > 0.� Rp(R
N ) ⊂ L2

ρ(R
N ) is the span of tensor produt polynomials with degree at most

p = (p1, ..., pN) i.e., Rp(R
N ) = ⊗N

n=1Rpn(R), with
Rpn(R) = span(ym

n , m = 0, ..., pn), n = 1, ..., N.RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 21We �rst introdue the semidisrete approximation uh
N : R → Hh(D), obtained by projeting(3) onto the subspae Hh(D), for eah y ∈ R, i.e.

∫

D

aN∇uh
N (y, x)∇v(x)dx =

∫

D

f(x)v(x)dx ∀v ∈ Hh(D). (4)The next step onsists in olloating (4) on the zeros of orthogonal polynomials and buildingthe disrete solution uh,p
N ∈ Rp(R

N )⊗Hh(D) by interpolating in y the olloated solutions.For eah dimension n = 1, ..., N, let yn,kn , 1 ≤ kn ≤ pn + 1, be the pn + 1 roots of theHermite polynomial qpn+1 of degree pn + 1, whih then satis�es ∫
R

qpn+1(y)v(y)ρ(y)dy = 0for all v ∈ Rpn(R). To any vetor of indexes [k1, ..., kN ] we assoiate the global index
k = k1 + p1(k2 − 1) + p1p2(k3 − 1) + ...and we denote by yk the point yk = [y1,k1 , y2,k2 , ..., yN,kN ] ∈ RN . We also introdue, foreah n = 1, 2, ..., N the Lagrange basis {ln,j}pn+1

j=1 of the spae Rpn(R),
ln,j ∈ Rpn(R), ln,j(yn,k) = δjk, j, k = 1, ..., pn + 1,where δjk is the Kroneker symbol, and we set lk(y) =

∏N
n=1 ln,kn(yn). The points yk arethen the nodes of the Gaussian quadrature formula assoiated the the weight ρ. Hene, the�nal approximation is given by

uh,p
N (y, x) =

Np
∑

k=1

uh
N(yk, x)lk(y),where uh

n(yk, x) is the solution of problem (4) for y = yk.Equivalently, if we introdue the Lagrange interpolant operator
Lp : C0(RN , H1

0 (D)) → Rp(R
N ) ⊗ H1

0 (D), suh that
Lpv(y) =

N
∑

n=1

v(yk)lk(y) ∀v ∈ C0(RN , H1
0 (D)),then we have simply uh,p

N = Lpu
h.Finally, for any ontinuous funtion g : RN → R we introdue the Gauss quadrature formula

Ep
ρ [g] approximating the integral ∫

RN g(y)ρ(y)dy as
Ep

ρ [g] =

Np
∑

k=1

ωkg(yk), ωk =

N
∏

n=1

ωkn , ωk,n =

∫

R

l2kn
(y)ρn(y)dy.This an be used to approximate the law of uN , i.e. we approximate the expeted values

E[ϕ(uN (Y (ω), x))] as E
p
ρ[ϕ(uh

N )], for some funtion ϕ.Our aim is to give a priori estimates for the total error ε = uN − uh,p
N in the naturalnorm L2

ρ(R
N , H1

0 (D)). This total error naturally splits into
ε = (uN − uh

N) + (uh
N − uh,p

N ).The �rst term is a term of spae disretization error and an be estimate easily, indeed,for all y ∈ RN , the funtion uh
N (y) is the orthogonal projetion of uN (y) onto the subspae

Hh(D) with respet to the inner produtRR n° 7300
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(u, v) →

∫

D aN (y, x)∇u(x)∇v(x)dx. Therefore, for all y ∈ R
N ,

‖(uN − uh
N )(y)‖H1

0 (D) ≤
√

1

amin
N (y)

inf
v∈Hh(D)

(∫

D

aN (y, x)|∇(uN (y) − v)|2dx

)
1
2

≤
√

amax
N (y)

amin
N (y)

inf
v∈Hh(D)

‖uN(y) − v‖H1
0 (D)

≤ eC
PN

n=1

√
λn|yn| inf

v∈Hh(D)
‖uN(y) − v‖H1

0 (D).We an �nally onlude for the �rst term, by using the standard approximation estimate forthe �nite element spae Hh(D): there exists a onstant Cfe suh that for any v ∈ H2(D)and h > 0
min

w∈Hh(D)
‖v − w‖H1

0 (D) ≤ Cfeh‖v‖H2(D),Sine aN (y) is smooth for any y ∈ RN , ellipti regularity yields that uN (y) ∈ H2(D) for all
y ∈ RN , with:

‖uN(y)‖H2(D) ≤ k
‖f‖L2(D)

amin
N (y)

(

1 +
amax

N (y)

amin
N (y)

)(

1 +
amax

N (y)

amin
N (y)

+
‖a′

N (y)‖L∞(D)

amin
N (y)

)

≤ k‖f‖L2(D)e
5C

PN
n=1

√
λn|yn|(1 + C

N
∑

n=1

√

λn|yn|na)where k is a onstant independent of f , N and y whose value hanges. We an then boundthe spaial disretization error.
‖uN − uh

N‖L2
ρ(R,H1

0 (D)) ≤ k

(2π)N/2
‖f‖L2(D)Cfeh

√

∫

RN

e
PN

n=1(12C
√

λn|yn|(1+na)− y2
n
2 )dyProposition 16. There exists a onstant k independent of N suh that for all h > 0

‖uN − uh
N‖L2

ρ(R,H1
0 (D) ≤ k‖f‖L2(D)2

N/2e
PN

n=1 72C2λn(1+na)2h.Remark 6. It is natural to obtain a bound that explodes as N → +∞, but this bound isrough, it would be interesting to have a better estimate of the onstant.The seond term uh
N − uh,p

N is an interpolation error, indeed uh,p
N = Lpu

h
N . First, we re-all some known results of approximation theory for funtions de�ned on a one-dimensionaldomain with values in a Banah spae denoted by V . Here we assume that the funtions ρand σ are de�ned on R by σ(y) = e−cλy and ρ(y) = 1√

2π
e−

y2

2 , with λ, C > 0. The proof ofthe following three propositions an be found in [1℄.Proposition 17. For any weight ν suh that ν = O(σ), the operator Lp : C0
ν(R, V ) →

L2
ρ(R, V ) is ontinuous. The norm of this linear ontinuous operator will be denoted by C1.The following proposition, whih is a onsequene of a result from Uspensky [21℄, relatesthe approximation error v − Lpv in the L2

ρ-norm with the best approximation error in theweighted C0
σ-norm.RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 23Proposition 18. For any weight ν suh that ν = O(σ), for every funtion v ∈ C0
ν(R, V )the interpolation error satis�es

‖v − Lpv‖L2
ρ(R,V ) ≤ C2 inf

w∈Rp(R)⊗V
‖v − w‖C0

ν(R,V )with a onstant C2 independent of p.We now analyze the best approximation error for a funtion v : R → V whih admits ananalyti extension in the omplex plane, in the region Σ(τ) = {z ∈ C, dist(z, R) ≤ τ} forsome τ > 0. We will still denote the extension by v; in this ase, τ represents the distanebetween R and the nearest singularity of v(z) in the omplex plane. The following result isa onsequene of a result from Hille [11℄.Proposition 19. Let v be a funtion in C0
σ(R, V ). We assume that v admits an analytiextension in the strip of the omplex plane Σ(τ) for some τ > 0, and that

∀r = (y + iw) ∈ Σ(τ), σ(y)‖v(z)‖V ≤ Cv(τ).Then, for any δ > 0 there exists a onstant C, independent of p, and a funtion Θ(p) =
O(

√
p) suh that

min
w∈Rp(R)⊗V

max
y∈R

∣

∣

∣

∣

‖v(y) − w(y)‖V e−
(δy)2

4

∣

∣

∣

∣

≤ CΘ(p)e−τδ
√

p.We are now ready to prove the following proposition, whih gives an estimate of the totalinterpolation error:Proposition 20. For any τ < 1, there exists a onstant Cτ,N , independent of h and p suhthat
‖uh

N − uh,p
N ‖L2

ρ(R,H1
0 (D) ≤ Cτ,N

N
∑

n=1

√
pne

− τ√
2

√
pn .Remark 7. We ould preise how the onstant Cτ,N depends on N , but it will be few expliitand not neessary relevant.Proof. From now on, we are bak to the the multi-dimensional problem, we are going to splitthe total interpolation error into N partial errors linked to one-dimensional interpolationerrors.To begin with, we admit that uh

N has the same regularity with respet to y as the exatsolution uN , i.e. more preisely that uh
N veri�es the same properties as proved for uN inproposition 15. We fous on the �rst diretion y1 and de�ne a one-dimensional interpolationoperator

L1 : C0
σ1

(R, L2
ρ1

(R, H1
0 (D))) → L2

ρ1
(R, L2

ρ∗
1
(R, H1

0 (D))), by
L1(y1, y

∗
1 , x) =

p1+1
∑

k=1

v(y1,k, y∗
1 , x)l1,k(y1).Then, the global interpolant Lp an be written as the omposition of two interpolationoperators Lp = L1 ◦ L(1)

p , where L(1)
p is the interpolation in all the diretions y2, y3, ..., yNexept y1, i.e. L(1)

p : C0
σ∗
1
(RN−1, H1

0 (D)) → L2
ρ∗
1
(RN−1, H1

0 (D)). We have then
‖uh

N − Lpu
h
N‖L2

ρ(Rn,H1
0 (D)) ≤ ‖uh

N − L1u
h
N‖L2

ρ(Rn,H1
0 (D)) + ‖L1(u

h
N − L(1)

p uh
N )‖L2

ρ(Rn,H1
0 (D)).RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 24Let us bound the �rst term. We think of uh
N as a funtion of y1 with values in a Banahspae V , uh

N ∈ L2
ρ1

(R, V ), where V = L2
ρ∗
1
(RN−1, H1

0 (D)). The following inlusions holdtrue:
C0

σ1
(R, V ) ⊂ C0

G1
(R, V ) ⊂ L2

ρ1
(R, V )with G1(y1) = e−

y2
1
8 . Sine G1 = O(σ), proposition (18) yields the following estimate

‖uh
N − L1u

h
N‖L2

ρ(Rn,H1
0 (D)) ≤ C2 inf

w∈Rp1(R)⊗V
‖uh

N − w‖C0
G1

(R,V ).To bound the best approximation error in C0
G1

(R, V ), we employ the fat that uh
N ∈ C0

σ1
(R, V )and the analytiity result of proposition (15), whih yields the analityity of uh

N as a funtionof R into V on σ(τ) for every τ < 1 and the following bound, for all z ∈ σ(τ):
σ1(z)‖uh

N (z)‖C0
σ∗
1
(RN−1,H1

0 (D)) ≤
CDeeC

√
λ1

1 − τ
‖f‖L2(D)e

α1τ ,whih implies, thanks to the ontinuous embedding of C0
σ∗
1
(RN−1, H1

0 (D)) into L2
ρ∗
1
(RN−1, H1

0 (D)),
σ1(z)‖uh

N(z)‖L2
ρ∗
1
(RN−1,H1

0 (D)) ≤ kα∗
1

CDeeC
√

λ1

1 − τ
‖f‖L2(D)e

α1τ .Realling that we have �xed V = L2
σ∗
1
(RN−1, H1

0 (D)) in this proof, we are now ready toonlude with the �rst term by applying proposition (19) to uh
N ∈ C0

σ1
(R, V ), for τ < 1 and

δ1 = 1√
2
, whih gives the following bound for the best approximation error:

inf
w∈Rp1(R)⊗V

‖uh
N − w‖C0

G1
(R,V ) ≤ CΘ(p1)e

− τ√
2

√
p1 .It gives then the following bound for the �rst term:

‖uh
N − L1u

h
N‖L2

ρ(Rn,H1
0(D)) ≤ C2CΘ(p1)e

− τ√
2

δ1
√

p1 .Let us bound the seond term. By proposition (17), we bound the seond term:
‖L1(u

h
N − L(1)

p uh
N)‖L2

ρ(Rn,H1
0 (D)) ≤ C1‖uh

N − L(1)
p uh

N‖C0
σ1(R,V )

.The term on the right-hand size is again an interpolation error. Thus we have to bound theinterpolation error in all the other N − 1 diretions, uniformly with respet to y1 (in theweighted norm C0
σ1
). We an proeed iteratively, de�ning an interpolation L2, bounding theresulting error in the diretion y2, and so on.7 ExamplesIn this setion, we give examples of ovariane kernel cov[g] and the strong and weak on-vergene results orresponding.
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Strong and weak error estimates for ellipti PDE with random oe�ients 257.1 The exponential kernel ase on a boxIn this subsetion, we onsider the ase where the ovariane kernel cov[g] is exponential,i.e. k(x) = σ2e−
x
l and D is a box, the length l is alled the orrelation length and the normhoosed on D is ‖x−y‖1 =

∑d
i=1 |xi−yi|. In this ase the eigenvalues and the eigenfuntionsan be found analytially, we �rst show that the assumptions done in setion 1 are ful�lledand then give the onvergene rate for the strong and weak onvergene of uN to u. We �rsttreat the mono-dimensional ase, for onveniene we assume that the domain D is (0, 1).We have then analyti expressions for the eigenvalues and eigenfuntions, the proof an befound in [27℄. We onsider the harateristi equation
(l2w2 − 1) sin(w) = 2lw cos(w)and denote by (wn)n≥1 the sequene of its positive roots sorted in an inreasing number,then the eigenvalues of the Karhunen-Loève development an be expressed as λn = 2lσ2

l2w2
n+1and the eigenfuntions as bn(x) = αn(sin(wnx) + lwn cos(wnx)) where αn = 1√

(l2w2
n+1)/2+l

.The sequene of the roots (wn) satis�es wn ∼
n→+∞

nπ, whih yields the following equivalentsfor the eigenvalues and eigenfuntions:
λn ∼

n→+∞
2σ2

lπ2n2

bn(x) ∼
n→+∞

√
2 cos(wnx).We an now show that suh a ovariane kernel ful�lls the assumptions done in setion 1:

k ∈ C0,1(R), the eigenfuntions bn are ontinuously di�erentiable, and we have ‖bn‖∞ ≤ 2
√

2,
‖b′n‖∞ ≤ 2

√
2(n + 1/2)π for every n ≥ 0 and for any b < 1, ∑n≥1 λnnb is onvergent. Wean therefore apply the results of setions 3 and 4. The appliation of Theorem 1 gives thefollowing strong onvergene result:Proposition 21. For every p > 0 and 0 < α < 1, there exists a onstant Cα,p suh that forany N ∈ N,

‖u − uN‖Lp(Ω,H1
0 (D)) ≤ Cα,pN

α−1
2 .Proof. Take 0 < α < 1, we have

Rα
N =

∑

n>N

λnnα ≤ 2σ2

lπ2

∑

n>N

nα−2 ≤ 2σ2

lπ2(1 − α)
Nα−1.On the other hand, Theorem 2 yields the following weak onvergene result:Proposition 22. There exists a onstant C suh that for any N ∈ N and ϕ ∈ C4(R, R)whose derivatives are bounded by a onstant Cϕ, we have:

‖E[ϕ(uN ) − ϕ(u)]‖H1
0 (D) ≤ CCϕ

1

N
.We now treat the ase where the spatial dimension is d = 2, the following result anbe easily extended for any dimension d. We hoose for the sake of simpliity D = (0, 1)2,but it an be immediately generalized to the ase where D is a box. We denote by (µn)n≥1RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 26the sequene of the eigenvalues sorted in a dereasing order and cn the orresponding eigen-funtions, for any n ≥ 1, there exists (i, j) suh that µn = λiλj , beause the eigenvalues indimension 2 are the produts of two eigenvalues in dimension 1, sine we hoose the norm
‖.‖1. We an then de�ne the following bijetive funtion :

g : N
∗ → (N∗)2

n 7→ (i, j) suh that µn = λiλjFirst we notie that (n − 1
2

)

π ≤ wn ≤
(

n + 1
2

)

π, therefore, for any n ≥ 1

λn ≤ 2lσ2

l2
(

n − 1
2

)2
π2

≤ 8σ2

lπ2

1

n2and
λn ≥ 2lσ2

l2
(

n + 1
2

)2
π2 + 1

≥ 2lσ2

1 + 4π2l2
1

n2
.We reall that the mono-dimensional eigenfuntions bn are ontinuously di�erentiable andthat there exists a onstant C suh that ‖bn‖∞ ≤ C and ‖b′n‖∞ ≤ Cn for all n ≥ 1.Therefore, for any (i, j) ∈ (N∗)2, cg(i,j)(x) = bi(x)bj(x) is ontinuously di�erentiable,

‖cg(i,j)‖∞ ≤ ‖gi‖∞‖gj‖∞ ≤ C2, and
‖c′g(i,j)‖∞ ≤ C2(i + j) ≤ 2C2ij

g(i, j) = Card {(p, q)|λpλq ≥ λiλj}

≥ Card

{

(p, q)|pq ≤ l2π2

4(1 + 4π2l2)
ij

}

≥ Cl ij,where Cl is a ontant whih depends only on l, beause
Card{(i, j)|ij ≤ n} ≥ n + E[

n

2
] + E[

n

3
] + ... + 1

≥ n(1 + log(n)).We now have the required bound on the �rst derivatives of the eigenfuntions : for any
i, j ≥ 1

‖c′g(i,j)‖∞ ≤ 2C2ij ≤ 2C2

Cl
g(i, j),whih means that for any n ≥ 1, ‖c′n‖∞ ≤ 2C2

Cl
n.We now prove that the assumptions on the deay of the eigenvalues.Take (i, j) suh that ij = n, then if (p, q) is suh that λpλq ≥ λiλj we have:

(

8lσ2

l2π2

)2
1

p2q2
≥ λpλq ≥ λiλj ≥

(

2lσ2

1 + 4π2l2

)2
1

n2whih yields the following bound for g(i, j):
g(i, j) = Card {(p, q)|λpλq ≥ λiλj}

≤ Card

{

(p, q)|pq ≤ 4(1 + 4π2l2)

l2π2
n

}

≤ C′
l n log(n),RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 27where C′
l is a ontant whih depends only on l, beause

Card{(i, j)|ij ≤ n} ≤ n +
n

2
+

n

3
+ ... + 1

≤ n(1 + log(n + 1)).We an now prove that the last assumption made in setion 3 is ful�lled.Take b < 1

∑

ij=n

λiλjg(i, j)b ≤ d(n)C′
l

(

8lσ2

l2π2

)

(n log(n))b 1

n2where d(n) is the number of divisors of n. For any ε > 0 suh that b + ε < 1, there exists aonstant kl,ε whih depends only on l and ε suh that:
∑

ij=n

λiλjg(i, j)b ≤ kl,εn
b+ε−2.Therefore the series∑n≥1 µnnb is onvergent for any b < 1. We an then apply Theorem 1whih gives a strong onvergene resultProposition 23. For every p > 0 and 0 < β < 1, there exists a onstant Cβ,p suh that forany N ∈ N,

‖u − uN‖Lp(Ω,H1
0 (D)) ≤ Cβ,pN

β−1
2 .Proof. For any ε > 0 there exists a onstant Cl,ε suh that for all i, j ≥ 1

g(i, j) ≤ Cl,ε(ij)
1+ε.Therefore g(i, j) > N implies ij > pN,ε =

(

N
Cl,ε

)
1

1+ε for any ε > 0. Take 0 < α < 1, ε > 0,we have
Rα

N =
∑

n>N

µnnα ≤
∑

n>pN,ε

∑

ij=n

λiλjg(i, j)α

≤ kl,ε

∑

n>pN,ε

nα+ε−2

≤ kl,ε
(pN,ε)

α+ε−1

α + ε − 1
≤ kl,ε

(α + ε − 1)C
α+ε−1

1+ε

l,ε

N
α+ε−1

1+εOn the other hand, Theorem 2 yields the following weak onvergene result:Proposition 24. For any ε > 0, there exists a onstant Cε suh that for any N ∈ N and
ϕ ∈ C4(R, R) whose derivatives are bounded by a onstant Cϕ, we have:

‖E[ϕ(uN ) − ϕ(u)]‖H1
0 (D) ≤ CεCϕN−1+ε.Proof. Take ε > 0, we have

R0
N =

∑

n>N

µn ≤
∑

n>pN,ε

∑

ij=n

λiλj

≤ kl,ε

(ε − 1)C
ε−1
1+ε

l,ε

N
ε−1
1+ε

RR n° 7300



Strong and weak error estimates for ellipti PDE with random oe�ients 287.2 The analyti ovariane kernel aseWe assume here that the ovariane kernel cov[g] is analyti on D × D, whih is the aseof a gaussian ovariane kernel cov[g](x, y) = σ2e
−‖x−y‖2

l2|D|2 in partiular. Then we have thefollowing result from Frauenfelder, Shwab and Todor given in [6℄ about the eigenvaluesdeay and about the deay of the derivatives of the eigenfuntions:Proposition 25. There exists two onstants c1, c2 > 0 suh that for all n ≥ 1

λn ≤ c1e
−c2n1/d

.For any s > 0 there exists a onstant cs suh that for any n ≥ 1,
‖bn‖∞ ≤ cs|λn|−s and ‖b′n‖∞ ≤ cs|λn|−s.The methods developed to prove the results given in the previous setions apply withsome slight modi�ations, leading to similar results. In partiular we have the followingstrong error and weak error results:Proposition 26. For any 0 < s < 1

2 , and p > 0, there exists a onstant Hs,p suh that forall N ∈ N

‖u − uN‖Lp(Ω,H1
0 (D)) ≤ Hs,p

√

∑

n>N

λ1−2s
n ,therefore, for any 0 < s < 1/2 and p > 0 there exists a onstant Id,s,p depending on p, s, d, c1and c2 suh that for any N ∈ N

‖u − uN‖Lp(Ω,H1
0 (D)) ≤ Id,s,pN

d−1
2d e−

c2(1−2s)
2 N1/d

.Proposition 27. For any 0 < s < 1
2 , there exists a onstant Js suh that for all N ∈ N,for all ϕ ∈ C4(R, R) whose derivatives are bounded by a onstant Cϕ, we have:

‖E[ϕ(uN ) − ϕ(u)]‖H1
0 (D) ≤ JsCϕ

∑

n>N

λ1−2s
n ,therefore, for any 0 < s < 1

2 , there exists a onstant Kd,s depending on d, s, c1 and c2 suhthat for all N ∈ N, for all ϕ ∈ C4(R, R) whose derivatives are bounded by a onstant Cϕ

‖E[ϕ(uN ) − ϕ(u)]‖H1
0 (D) ≤ Kd,sCϕN

d−1
d e−c2(1−2s)N1/d
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