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Abstract: We consider the problem of numerically approximating the solution of an elliptic
partial differential equation with random coefficients and homogeneous Dirichlet boundary
conditions. We focused on the case of a lognormal coefficient, we have then to deal with
the lack of uniform coercivity and uniform boundedness with respect to the randomness.
This model is frequently used in hydrogeology. We approximate this coefficient by a finite
dimensional noise by using a truncated Karhunen-Loéve expansion. We give then estimates
of the corresponding error on the solution, both a strong error estimate and a weak error
estimate, that is to say an estimate of the error commited on the law of the solution. We
obtain a weak rate of convergence wich is twice the strong one. Besides this, we give a
complete error estimate for the stochastic collocation method in this case, where neither
coercivity nor boundedness are stochastically uniform. To conclude, we apply these results
of strong and weak convergence to two classical cases of covariance kernel choices: the case
of an exponential covariance kernel on a box and the case of an analytic covariance kernel,
yielding explicit weak and strong convergence rates.

Key-words: uncertainty quantification, elliptic PDE with random coefficients, Karhunen-
Loéve expansion, strong error estimate, weak error estimate, stochastic collocation method

* Inria Rennes, Irisa
T Ens Cachan antenne de Bretagne

Centre de recherche INRIA Rennes — Bretagne Atlantique

IRISA, Campus universitaire de Beaulieu, 35042 RennesxXCede
Téléphone : +33 2 99 84 71 00 — Télécopie : +33 299 84 71 71



Estimations d’erreurs fortes et faibles pour des solutions
d’équations aux dérivées partielles elliptiques a
coefficients aléatoires

Résumé : On s’intéresse au probléme de I'approximation numérique de la solution d’une
équation aux dérivées partielles elliptique & coefficients aléatoires, avec conditions de Dirich-
let homogeénes. On se place dans le cas d’un coefficient lognormal, qui n’est ni uniformément
coercif, ni uniformément borné par rapport a l'aléatoire. C’est un modéle fréquemment
utilisé en hydrogéologie. On approche ce coefficient aléatoire dans un espace aléatoire de
dimension finie en utilisant un développement de Karhunen-Loéve tronqué. On donne alors
des majorations de l’erreur qui en découle sur la solution, pour 'erreur forte mais aussi
pour lerreur faible, c’est & dire ’erreur commise sur la loi de la solution. On obtient un
ordre de convergence faible qui est le double de 'ordre de convergence forte. De plus, on
donne une estimation d’erreur compléte pour la méthode de collocation stochastique dans
ce cas oul le coefficient n’est ni uniformément borné ni uniformément coercif par rapport a
I’aléatoire. Pour conclure on applique ces résultats de convergence forte et faible & deux
exemples de choix de covariance : le cas d’'une covariance exponentielle sur un pavé et le cas
d’une fonction de covariance analytique, donnant des taux de convergences explicites pour
ces deux cas.

Mots-clés : quantification des incertitudes, EDP elliptique a coefficients aléatoires,
développement de Karhunen-Loéve, estimation d’erreur forte, estimation d’erreur faible,
méthode de collocation stochastique
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1 Introduction

Many engineering applications involve uncertainty on the input data, such as material prop-
erties. This uncertainty results from heterogeneity of the medium and incomplete knowledge
about the medium properties and can be modelized by partial differential equations with
random coefficients. This work addresses elliptic partial differential equations with random
coefficients and focuses on application to hydrogeology, namely the prediction of flow in
porous media, but there are many other applications, e.g., random vibrations, composite
materials, seismic activity and deformations of inhomogeneous materials such as wood or
biomaterials. The aim is to compute the law of the solution, but in practice we are usually
interested only in some moments.

Several methods have been developed: Monte-Carlo and Monte-Carlo based methods, mo-
ment equations, perturbation methods which are adapted to the case of small uncertainty,
homogenization and multiscale analysis and stochastic spectral methods [, 2, Bl 4, 6l 7
(T3, 06, 07, 1R, 19, 22, 23, 24, 25, 26], which regroup stochastic galerkin methods
and stochastic collocation methods.

Here we consider the model equation

—div(a(w, z)Vyu(w, z)) = f(w,z).

Both stochastic Galerkin methods and stochastic collocation methods are based on the
approximation of a in a finite dimensional probability space, i.e. by using a finite number of
random variables. These methods are therefore adapted to the case where the probability
space has a low dimensionality, i.e. in the case where we have a good approximation ay of
a such that ap is a function of N random variables with N small. Such approximations ay
of a can be obtained by using either a Karhunen-Loéve or a polynomial chaos expansion.
We compute then the solution uy of the approximated equation resulting from replacing a
by an. In this paper we focus on the convergence of uy to u.

More precisely, we work here with homogeneous Dirichlet boundary conditions and that a is
an homogeneous lognormal random field, which is a frequently used model for flow equation
in porous media. The truncated Karhunen-Loéve expansion of log(a) at order N provides
then an estimate ay of a. It is important to notice that in such a case, unlike what is
frequently assumed, neither the random filed a nor its approximations ay are uniformly
coercive with respect to w. We give a strong convergence result of uy to u, i.e. a bound for
the error in LP(Hg)-norm, and a weak convergence result, i.e. we bound the error commited
on the law of u. We obtain a bound for the weak error whose order is twice the strong order,
which presents a significant interest since the number N of random variables has to be small
in order to be able to compute ux and since the law of u is what we are interested in. For
simplicity we assume that f is deterministic, but all the results can be easily extended to
the case where f is random, under adequate assumptions.

To begin with, we prove the existence and uniqueness of the solution u, remarking once again
that in the considered case, the random field a is not uniformly coercive with respect to w.
Then we make assumptions on the eigenvalues and on the eigenfunctions of the Karhunen-
Loéve expansion, which enable us to prove two preliminary results: the strong convergence

of an to a and the existence of a uniform bound in LP-norm for a’{** and am% We can

then give a strong convergence result of uy to w, with almost surely converg]énce and LP
convergence. The strong error is basically bounded by the squared root of the remainder of
the series of the eigenvalues. We prove next a weak convergence result, showing that the
error commited on the law of w is bounded by the remainder of the series of the eigenvalues.
Besides this work gives a complete convergence analysis of the collocation method, adapting
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the results of I. Babuska, F. Nobile and R. Tempone in [IJ], in which uniform coercivity of a
with respect to w is assumed. Finally we give examples of covariance kernel for which these
results apply. In particular the exponential case on a box and the gaussian case are studied,
these covariance kernels being frequently used to model the hydraulic conductivity for the
flow equation in porous media.

2 Equation, existence and uniqueness of the solution

In this section, we first define the homogeneous lognormal random field a and make some
regularity assumptions on its covariance kernel, then we define a linear elliptic partial dif-
ferential equation with random coefficients, namely a, and finally show the existence and
uniqueness of the solution of this equation. Let D be an open bounded domain in R? with C?
boundary and (2, F,P) be a probability space. We consider a function k € C®!(R*,R), and
g:Q x D — R a mean-free gaussian field with covariance kernel cov[g](z,y) = k(||z — y||).

Proposition 1. Under these assumptions, g admits a version whose trajectories belong to
C% a.s. for a < 1/2.

Proof. We denote by L the Lipschitz constant of k.

Ellg(z) —g)’] = Elg(z)?] - 2E[g(z)g(y)] + E[g(y)]
= 2(k(0) = k(llz —yll))
< 2L[z -yl

:122
We recall that there exists, for any positive integer p, a constant ¢, = \/LQ—W fR e~ T dx
such that for all mean-free gaussian random variable X,

E[| X ) < ¢, B[ X|*]P.

Therefore, since g(x) — g(y) is a mean-free gaussian random variable, we have, for any
positive integer p,

Ellg(z) —g)|*] < (L) |z —y|P.

According to the Kolmogorov continuity theorem [&], there exists a version of g which is a.s.
Holder-continuous with any exponent 3 < 2=9=1_ Since this hold for any positive integer p,
letting p — 400, it follows that there exists a version of g which is a.s. Hoélder continuous
with any exponent 8 < 1/2.

O

We define the lognormal homogeneous random field a : Q x D — R as a(w, ) = e9(w:e),
By Proposition [ the trajectories of a are a.s. continuous on the compact set D, we can

then define a.s, ™" (w) = min a(w, r) and a™**(w) = max a(w, z). These random variables
reD zeD
have then the following integrability properties:

Proposition 2. —t— € LP(Q) and a™*(w) € LP(Q) for any p > 0.

amn (w)

Proof. We have a™"(w) > e~ 19lleow) and gmae () < ell9@llcow) | By Fernique’s theorem

[B], there exists A > 0 such that E[eAHg(“})HZWD)] < +o00. Thus, for any p > 0,

E[ePHg(w)HCO(D)] < E[ekllg(w)llgﬂ(D)J"%] < 400.

RR n°® 7300
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For more details, see the proof of Proposition B Therefore ell9@lleon) ¢ LP(Q), and finally
m € LP(Q) et a™*™(w) € LP(Q), for any p > 0. O

Proposition 3. Let f in L?(D), then the equation:

—div(a(w,z)Vu(w,z)) = f(z) on D (1)
v = 0ondD

admits a unique solution u, which belongs to L¥(Q, H(D)), for any k > 0.

Remark 1. All the following results hold in the case where the forcing term f is stochastic,
under adequate assumptions.

Proof. For almost all w € Q, the equation admits a unique solution u(w) € H}(D), the
mapping w — u(w) is measurable and we have, a.s. :

I fll2(p)

For every k > 0, by proposition Bl — € L*(Q2), so for any k > 0,

1 k
E ||U(w796)||]§13<n>} <E (amT(w)) ] 1fllz2(py < +oo.

O

Our aim is to compute the law of the solution u, and especially its first moments, by
using a stochastic collocation method. This method is based on the approximation of a by
a function of a finite number of independent random variables a .

3 Strong convergence of ay to a

In this section, we define the approximated random field an and study the strong con-
vergence of ay to a, i.e. the LP(Q,C%(D))-convergence, and the almost-sure convergence.
Let {(An,bn)} denote the sequence of eigenpairs associated with the compact self-adjoint
operator that maps

f e IA(D) /D covlg) (. ) f (@) € L3(D),

where A\; > A9 > ... > 0, and the eigenfunctions are orthonormal. We recall that E[g(w, z)] =
0 and that cov[g|(z,y) = k(|]x — y||). Therefore >~ ., A, = |D|k(0). Then the truncated
Karhunen-Loéve expansion |14} [T5] gy of the stochastic gaussian process g and its exponen-
tial ay are defined by

N
gN(wv‘T) = Z v )‘nbn(‘r)yn(w)a aN(LU,.Z‘) = 625:1 \/)\_nbn(l)yn(W)'
n=1

where the real random variables (Y;,)n>1 are uniquely determined by
Yo(w) = \/% Jp 9(w,z)by(x)dx. They are independent gaussian random variables with

mean zero and unit variance. Mercer theorem [20] gives the following convergence result:

supE[(g — gn)?](x) — 0 as N — 4-o0.
xeD

RR n°® 7300
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This convergence result does not actually enable us to conclude on the convergence of the
solution.
From now on, we make the following assumptions:

e The eigenfunctions b,, are continuously differentiable.

e There exists constants C' and a > 0 such that, for any n € N,

[bulloc < C and [, < O

e There exists b > 0 such that > ., A,n® is convergent.

Remark 2. Such assumptions are fulfilled in the case of an exponential covariance kernel on
a rectangular domain. Altrough these assumptions are not fulfilled in the case of a gaussian
covariance kernel, similar results as the following ones hold in this case, and more generally
in the case of an analytic covariance kernel, for more details see section 6.

Definition 1. For a < b, we define

N = Z Ann®.

n>N
Then Ry < N°7°(3, . v Annl), and therefore, R = o(N*~") when N — +oc.

Proposition 4. For any p,a, 3 such that 0 < o < min{b,2a} and § < 5=, there exists a
constant Aa g p such that for all N in N :

1
llgn — g”LP(Q,C“’ﬁ) < Aapp(RY)2.
In particular, for all p, for any 0 < oo < min{b,2a}, there exists a constant A, such that
for all N in N,

1
lgn = gllzracoy < Aap(RY)2.

Proof. For all x,y € D, and 0 €]0, 1] such that 0 < %,

(ba(@) = ba(®)® < @lIballo)* P (V] llool = y])*
S an2a0|:€ o y|26,

where Cp = 22(1-0)C2,

E[((gv = 9)@) = (ov = 9))*| = D Aalbala) = buly))?

n>N
< Gy (Z Ann2“9> = y|*
n>N
< CoRY|x—y*.

Since, for all z,y € D and N in N, (gn —g)(z) — (gn — ¢)(y) is a mean-free gaussian random
variable, as a limit in L? of a linear combination of independent gaussian random variables,

RR n°® 7300
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(ov = 9)(@) = (g —9)(®) = lim > VAYa(@)(bn(2) = ba(y))-
n=N+1

The same result has seen in the proof of Proposition [ yields

P

IN

E|((gv = 9)@) ~ (ov = )W)*| < &E[((ox — 9)(@) ~ (o5 — 9) )’

Cgcp(R?\?e)pm - y|20p-

IN

Thus, for any 0 < a < min{b, 2a}, for any positive integer p, there exists a constant C,
such that:

E[((gv = 9)@) = (o5 = ))*] < Cap(RR) o~y ¥
We now are going to use the Kolmogorov continuity theorem [5]. For any 0 < o < min{b, 2a},

let v be such that v < 1 and
al —1-2pv>—die. v< %, then
a ap

IgN g —(gv —9) W)™
y|1+2pu
,p Roz //|.’L'— |a——1 2pv
Ra

< Capl/

2
Elllgn — gllipv.20)

IN

with Copw = Cap [ [p |2 — y|@a 172 < fo0.

Next we use that W"?P is continuously embedded in C%# for 3 < min{1,v — %}, let kg,
denote the norm of this continuous embedding.

For any « such that 0 < o < min{b, 2a}, for any 8 such that § < =, there exists pg > 0

such that for all p > pg, 8 < ”‘fap“, then we choose v < 1 such that ﬁ + 5u < “d%ga,

finally gy — g € C%? for almost all w, with:

Elllgy — gllchs] < k55, Campu (RR)P:

Therefore, for any 0 < o < min{b, 2a}, for any 3 such that 8 < g-, there exists pg > 0
such that for any p > po, there exists a constant A, g, such that for any N in N :

1
||gN*g||L2P(Q,CUﬁ) < Aa,ﬂ,p(RJaV)z'

Since in a probability space, if p < q, f € L9 implies f € L? with ||f||z» < ||f||Le, We can
conclude that for any p and 0 < a < b, for any 3 such that 8 < g-, there exists a constant
Aq.pp such that for all N in N:

1
||gN*g||LP(Q,CU,ﬁ) < Aa,ﬁ,p(R%)z'
O

Proposition 5. For any < min{1, 2—%}, for almost all w, gy — g in C®P(D) as N — +o0
and so ax — a in C°(D) as N — +o0.

RR n°® 7300
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Proof. We are going to use the Borel-Cantelli lemma: let 0 < o < min{b,2a} such that
B < £ and p such that p > ;2-, by the previous proposition, there exists a constant A, g,
such that for all NV in N:

1
lgn = gllra,cosy < Aapp(RY)2,
which implies that for any € > 0,

HgN - QH;Zp(Q,co,ﬁ)

l24
A s (BY)

l24

P(llgn — gllco.s > €)

Let v > 0 such that % <~ <b-—a,then Ry < RY'N~7 = o(N~7), when N — +o0

ap

and since Z N~ < +o00, we have Z P(|lgn — gllco.s > €) < +00. The Borel-Cantelli
N>1 N>1

lemma yields P(limsup(|lgny — gllcos > €)) = 0, which show that gy — g in C%P as

N — 400 a.s. and finally, thanks to the continuity of the exponential function, we conclude

that ay = eI — a =e¢9 a.s. in C° as N — +oo. O

Proposition 6. It follows that a** converges a.s. to a™*® and a%¥" converges a.s. to
a™m as N — +o0.
The following results, which give uniform bounds for the random variables a’j**

am% in the LP-norm will be used to conclude this section and in the next two sections.
N

and

Definition 2. For N € N, 7 € [0,1]V, we define g, n : Qx D — R and a, n : Qx D — R
by: grn(w,x) = Zivzl VALY (W) Tnbn (2), and ar n(w,z) = e97N (@)

Proposition 7. For any 8 < min{%, 1}, p > 0, there exists a constant Bg, such that for
any N in N, and 7 in [0,1]",

llgr.nllLr(a,co8) < Bgp

Proof. For any 6 such that 0 < § < min{1, %}, for any N € N, 7 € [0,1]V

E[(grn(@,2) = grn(@,9))?] = Y A7 (bn(@) — b (y))?

N
< Gy <Z Ann2“9> |z —y|*°
n=1

< CoR}™|x —yl**

Since, for any x,y in D, N in N, (g7 (z) — g™ (y)) is a gaussian random variable, we have:

El(grn(w,2) — grn(w, 9)P] < cp(R3™)P|x — y[*P

Therefore, for any 0 < o < min{b, 2a}, for any p, there exists a constant M, , such that,
for any 7, for any N, we have:

E[(grn(w,2) = grn (W, y))P] < Maple —y|e

where M, , = c,(R2%%)P, then we use Kolmogorov continuity theorem [5] and conclude as
in the proof of proposition Hl O

RR n°® 7300
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Definition 3. By the previous proposition, for any N € N and 7 € [0, 1)V, the trajectories
of ar N are continuous on the compact set D a.s, so we can define, for almost all w € (,

min

al'f (w) = max ar n(w, ) and al'§} (w) = iréig ar N (w,z).

We can finally bound a4 and — in LP-norm, independently from N and 7.
’ N

Proposition 8. For any p > 0, al'{" and L+ € LP(Q), and there ezists a constant D,

a:_’f}"\}‘
such that for any N € N, and 7 € [0,1]¥

1
\ . < b,
amzn
N LP(Q)
and
la? N ze@) < Dy

In particular,

lanllze,coy < Dyp.

Proof. We are going to apply Fernique’s theorem [3], uniformly with respect to N and 7.
There exists zg €]0, 1[ such that for all z € [z, 1],
1n(1_TI) < —2. The previous proposition yields the existence of a constant Bs such that for

any N € N, and 7 € [0,1]V:

llgrNllL2c0y < Bo.

Thus, setting ro = \/13—_27%, we have, for every r > rg,
”gT,N”%? Q.co
P(lgrnlleo >7) < — 52
B3
s 2
< 1- Zo.

We now choose A such that 32A\r < 1, and we denote by y, y the law of g, v : Q — C°(D).
Since the p, n are centred gasusian measures on the Banach space C°(D), we have then, for
any N € N, and 7 € [0,1]%,

1— B
1n( . ( (0’”’))) + 3202 < 1.

tr, N (B(0,70))

Use Fernique theorem [A], set k = el6A8 1€ to obtain that for all N € N, and 7 € [0, 1],

e2—1>

E[eAHgT,N”ZO(D)] S k.
Hence, for any p >0, N € N, and 7 € [0, 1]V,

E[ep”gT,N”cU(D)] < 6§E[€A||QT,N||ZU(D)]

2
y2

< ke

RR n°® 7300
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Denoting D, = (kei_x)%, we conclude that:

1 _
|amm < el e gy
N |l Lr ()
< Dy,
and
”a:??VxHLp(Q) S ”eHgnNHcO(D)”Lp(Q)
< D,.

O

Proposition 9. For any p > 0, and 0 < o < min{b, 2a}, there exists a constant E, , such
that for any N € N,

lan = allLog.co) < Fap(R3)?
Proof. Take p > 0, choose g,7 > 0 such that 1 = % + i, then the following inequality
Ve,y e R |e® —eY| < |z —y|(e” + €Y),
together with Holder’s inequality leads to :

e~ eIN

—ercoy < gy — gllze,co)lle?™ + el Laga,coys

which we rewrite as

IN

lgn — gllze.coyllan + allLaq,co)
ayl
Aap(BY)2 (Dg + [lall Laaco))-
We conclude by setting E, . = Aa p(Dy + ||al|La,co(py)), with p = ¢ = 5 for instance. [

lan — allLr@.co)

IN

4 Strong convergence of uy to u

Thanks to the results of the previous section, we can now estimate the strong error commited
on the solution wu, resulting from the approximation of a by ay.

Definition 4. Since for all N € N and 7 € [0,1]", the random variables a3’ and a;n;%l
belong to LP(QY) for all p > 0, the equation
—div(ar y(w,z)Vuy(w,x)) = f(z) on D
uy(w,2) =0 on dD,
admits a unique solution u}, € LP(Q, HY(D)) for all p > 0. In particular, for T = 1V,
ar N =an and we denote by un the solution.

We have ay(w,z) = an(Y1(w),...,Yn(w),x), therefore by the Doob-Dynkin lemma
un(w,z) = an(Y1(w), ..., YN (w), x), with @ € C(RYN, H}(D)), since the application that
maps the coefficients to the solution is smooth. For convenience, ay will still be denoted by
ay and iy by uy . Then, for almost all y € RY, un(y,.) solves the equation:

—div(an(y,z)Vun(y,x)) = f(z) on D
un(y,z) =0 on dD.

We first show the almost sure convergence of uy to u.

RR n°® 7300
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Proposition 10. uy(w,z) converges to u(w,z) in HE(D), for almost all w.

Proof. By proposition (Hl), for almost all w, ay converges to a in C°(D) i.e. uniformly. Then
we use the continuity of the solution u with respect to the coefficient a of the equation,
indeed we have a.s.:

e unly iy < [ vVl =P

= /D(aN—a)VuV(u—uN)

la —anllcop)llw — un |l g2 oyl m2()-

IN

Therefore a.s. we have:
1 D
v —unllm (D) < T lla —anllcop) ||f||L2(D)—amin’

where Cp is the constant given by Poincaré inequality. The right-hand side of this inequality
converges a.s. to 0 as N — +oo by Propositions Bl and O
Next we give a convergence result in LP-norm.

Theorem 1. For all p > 0, uy converges to u in LP(Q, H}(D)), and for any 0 < a <
min{b,2a}, there exists a constant F, , such that

lu — unll 1o, 11 (py) < Fap(RY)E.

Proof. For all p > 0, for almost all w,

1 Cp
v —unllmp) < agin lla = anleo o) 1 £lle>

Hence, by choosing g, r, s > 0 such that % = % + % +% it follows from Holder inequality that
forany 0 < a <b
1

min

an

la —anllLr@.co)llfll22Cp
La()

DquHLZDsEoz,T(R?V)E-

v —unllzomi (D)) < amin
L=(Q)

IN

O

The following proposition gives a bound for u%, in LP(Hg)-norm independent of N and
7, which will be useful in the next section.

Proposition 11. For all p > 0, there exists a constant G, such that for all N € N, and
Tel0, 1]V
lunllLr,m2 (D) < Gp
Proof. For almost all w, for any p > 0, N € N, and 7 € [0,1]
Cp

lunllmyoy < —wIfllezo)
i 1
lunllr@.m2(D)) < Cb N I f1l2(p)
min || [,p
< CpDyllfllrzpy

RR n°® 7300
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5 Weak convergence of uy to u

In this section we are interested in the error committed on the law of u, more precisely we
show that the order of the bound for the weak convergence of uy to u is twice the order of
the bound for the strong convergence.

Proposition 12. For any multi-inder o« € NV with finite support, we have the following
estimate on the growth of the derivatives of uy with respect to y :

aau mail) (67 «
H > < Clq| (( un |l €1 T /A

8ya HH% (D) mzn ieN

where C\,| only depends of o through his length.
Proof. We recall that for all y € R, u(y, .) solves the following equation

/DaN(y,x)VmuN(y,x)va(x):/Df(z)v(z) VUGH&(D).

We compute the derivatives of ay with respect to the y;: for all 1 <4,7 < N:

aN(y) = eZ'JnV:lmbn(m)yn

GaN

Ty ) = VAb@av(,)
aaN \/7 \/_b aN y7

, X
iy, (y, )

In every point y € RY, the derivatives of u with respect to y; and with respect to 3; and Y,
for 1 <i,j < N satisfy:

/ day (y,2)Vun (y,z)Vo(x) +/DaN(y,x)V8;—y]:(y,z)Vv(x) =0

p OYi
82aN 8aN GuN GaN 8uN 82uN )
Vuy + \Y + \% +anV ,z)Vou(xz) =0.
/ (ayiayj VY DY by T oy ay Y agady; ) VR

Namely, we recall that C' is a constant such that for every i € N, ||b;]lcc < C. By choosing
v(z) = 6“N % (y,x) in the first variational formulation, we have:

ou
e e IR [N S
3 L2
< \% C amaz ||UN||H1
GuN )
< A C Oimas 1.
5], = vae S
By choosing v(z) = ;Z_%Z_ (y,x) in the second variational formulation, we have:
(9 u
[V avg | < VRVACa Vil
yi0y; L2

auN aUN

+ VRCIVaR Y e+ VACIVaN

3\/a%az(y)\/>\_i\/7jCQ|IUNlng-

mllls

IN
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Strong and weak error estimates for elliptic PDE with random coefficients 13

Therefore:

Pun H ez () N2
- < 3 —ax . )\z A C?lu 1.
H@yiayj ) H a%in(y)\/_ ool

The result follows by a recurrence.
O

In order to estimate the weak error, that is to say the expected value of ¢(un)—¢(u), for
some regular function ¢, we need estimates on the growth of the derivatives of ¢(uy) with
respect to the y;, which follow directly from the previous proposition. More precisely, let ¢
in C4(R,R), we assume that its derivatives (including ¢ itself) are bounded by a constant
Cop.

Proposition 13. For any multi-index o € NN with |a| < 4, we have the following estimate
on the growth of the derivatives of p o uy with respect to y:

lal
a a"r]Xaac(y) a;
< C(ﬂc@c\ | <1+ N ) ||UN||H3> I I AT

min i€N

=5
9 Nl

where C|Ia\ only depends of o through his length.

Proof.
Jdpou ou
%(9) = ¢ oun(y) 8; (v)
Odpoun oun
7(9)“ < C —(y)‘
H 0yi 1y 71 0y
apaz(Y)
< O/ NCy | 2= 1,
e R
0%poun , 0uy 1 Oouy ,  Oun
. o Y) = CuUn\y y) + un )y Y Y
S ) = @ ouN ()G () + ) (3) G (1) ()
v V| o, w5l 1)
—_r < — +C -
el w = O], | T, |aw],
~ 2
a’maz
< 20,/ N\ CP (1 T4/ N () ((?;))||UN(9)||H5>
The result follows by a recurrence and Faa di Bruno’s formula. O

We are now ready to estimate the weak error, i.e. the quantity
E[p(un) — ¢(u)] in Hi-norm. Before expressing and proving the estimate of the weak error,
we give the basic idea of the proof. To estimate the weak error, we consider the Taylor
development at order 2 of p(un) — ¢(u) and remark that first order terms and second order
terms such that ¢ # j are mean-free. In the case where ¢ is the identity, formally the second

RR n°® 7300



Strong and weak error estimates for elliptic PDE with random coefficients 14

order development is:

u(w, ) — un(w, ) u(Y1(w), ..., YN (w), Yni1(w), ..., ) — u(Y1(w), ..., YN (), 0, ..., )

ou
= (Y1 (w), ..., YN (w), 0, ..., 2)Y;(w)
i>N 8y
" ;N aylayj ) 7YN(W)’ 0, ’x)YZ(W)YJ(W) +

Combining the independence of the Y; with the fact that the Y; are mean-free yields that
the following terms are mean-free:

ou
i

E (Yl(w),...,YN(w),O,...,z)Yi(w)}

Analogously, for 7 # 7,

0?u
’ [MW% - Yo (@), 0, ---,wmwm(w)]

= B[y 01 e, 0| BCIE; o)

= 0.

We now give the general and precise result and its proof.

Theorem 2. There exists a constant ¢ such that for all N € N, for all ¢ € C*(R,R) whose
derivatives are bounded by a constant C,, we have:

IEu[(p(un) = (@)l m3(py < Coo D N

i>N

Remark 3. We do not need ¢ to be bounded in this proof, but only its derivatives. More
generally, the result can be easily extended to the case where the derivatives of ¢ are bounded
by a polynomial, which enables to treat the case of any moment of u.

Remark 4. The weak error at order N is bounded by RY;, whereas the strong error at order
N is bounded by /RS for any 0 < o < min{2a, b}, that is why we said that the weak order
is twice the strong order.

Proof. Let M > N, and z € D, the first order Taylor theorem with integral remainder gives:

Eu[(p(unm) — (un))(w, z)]
= Eulp(unm)(M1(w), .. Yu(w), ) — @(un) (Y1 (w), .. YN (w), 0, ...0, z)]
= Eu[Dy(poun)(Yi(w),..Yn(@),0,..0,2).(0,...0, Vi1(w), ... Yas (w))]

+ R, U (1= t)D7(p o un)(Ya, - YN, N4, oo 821, 2).(0, 0.0, Yoy g1, ooy Yar) dt

0

RR n°® 7300



Strong and weak error estimates for elliptic PDE with random coefficients 15

Since the random variables Y; are independent, with mean zero and unit variance, the first
order term is mean-free:

E, [Dy(p o unm)(Y1(w),..Yn(w),0,...0,2).(0,...0, Yni1(w), ..., Yar (w))]

Ewl Z M(H(M),...YN(w),O,...O,x)Yi(w)

i=N+1 Py
M
= > B [ ), ()0, 0,0)| B i)
i=N+1 ’

We are now going to bound the integral remainder term, to begin with we split it into two
terms:

By [(p(unr) = p(un))(w, z)]

1 2
0*(poupn)
1— 0B, |20 UM) vy YN Y 2)YiY | di
/0( ) [ayiayj (Y1, o Yns Va1, o 21, 2) VY,

N+1<i,j<M

1 2
/ (1 - DE, {M(Yh Y Y N ...,tYM,:c)Yf] dt
0

2
N+1<i<M 9y;
1 2
0
+ 3 /(14)1&, M(Yh...YN,tYNH,...,tYM,:c)YZ-Y]— dt
—~ 0 0y;0y;
N+1<i#j<M

First we give an estimate for the first error contribution, by using the bound of the derivatives
of ¢ oups given in Proposition

- / E, [ (%OQUM)(SG,...YN,tYNH,...,tYM,:E)Yf] dt
N+1<i<M HL(D)
1 9 T2 1/2
< Y (/ (1-1t)?||E, [W(Yh...YN,tYN+1,...,tYM,x)Yf dt)
N+1<i<M \’0 Yi 411 Hg (D)
L 9 1/2
0
< Y (/ (1-t)2E, “ (“QOQUM)(Yl,...YN,tYNJrl,...,tYM,x) v dt)
N+1<i<M \’0 Yi H{ (D)

4
1 max
< GC,C7 Y N /Ew <1+ agm||uM||Hé> (Y1, . YN YN 41, ooy 1Y, )Y
N+1<i<M 0 aN
1 qma 2
< BCHCLCT > N (/ E, <1+< mm) ||uM||‘}ié>(Yl,...YN,tYNH,...,tYM)Yf
0 an

N+1<i<M

RR n°® 7300
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16

We define, for ¢t € [0,1], 7 € [0,1]™ by 7(i) = 0 for i < N and 7(i) = ¢ for i > N, then

Y

by Hdlder inequality and Propositions B and [l we have:

IN

<

E‘*’ 0,7](?"
1 2
a2 % s ) || =
M || s (@)

4 ~4 1/4
DgGigmyg -

amax 2 4 4
(]M ) HuMHHé(Yh,..YN,tYNJrl,...,tYM,SC)}/i

||U‘IFJI||££16(Q,H3) HYi”%lG(Q)

Where mj¢ is the moment of order 16 of a gaussian with mean zero and unit variance.
We obtain finally the following bound for the first term of the error contribution.

Where ky = 8C3C21/

N+1<i<M

< 8C§C¢CQ\/m4 + DiGY

my + DyGigm,

1 2
0
/ (1 — f)Ew [% (Yl, YN, tYN+1, ceey tY]\/j, .’L')Y;Q:| dt
’ ' H3 (D)
emist Y. Ni=Coki Y. A
N+1<i<M N+1<i<M
1/4

6 - Next we give an estimate for the second term of

the error contribution, by using once again the independence of the random variables Y; :

N+1<i<j<M
N+1<i<j<M

N+1<i<j<M

>

N+1<i<j<M

>

N+1<i<j<M

>

N+1<i<j<M

N+1<i<j<M

RR n°® 7300

1 92
/0(1—t)E _%‘;Zﬂ
1 r 92
/O(l—t)E _82‘;7‘;;‘]@
1 r 92
/0(1—t)E _82‘;7‘;;‘]@
E _/01(1 — 9 —u)t%@ﬁ,
E _/01(1 —9( —u)t%@ﬁ,
E -/01(1 — (1 —u)t%(n,..,tun
E _/01(1 (1 —w)(1 s)tQ%(Yh..

(Y1,..YN, tYn i1, ...,tYM)Yin] dt

(Y1,..Yn, tYn 41, ...,tYM)Yin] dt
(Y1,..tY;_1,0,tYiq, ...,tYM)mfj] dt

YN YN, s tuY, tYM)Yijdtdu}

YN YN, s tuY, tYM)Yijdtdu}

ey tY 1,0, 1Y, ...,tYM)Yijdtdu]

StuYi, .., tsY;, ...tYM)YiQYdetduds] .
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By Proposition we have then:

1 4
9
E V (1—t)(1—u)(l— s)t2M(m,tm, s 1Y, Vi, 2) V2V Pdtduds
0

9;0y; 13(D)
. 9 1/2
84
< /(1—t)2(1—u)2(1—s)2t41[<} M(Yh...,tun,...tﬂ/},...tYM) YAV} dtduds
0 0ui 045 H3(D)
0
< CLOHCLNN
8 1/2
1 max
/IE <1+||uM|Hé Z%—n> (Y1, o YN, Yy, o tsY, . tYa) Y'Y | diduds
0 M
< 2TCLCHCoN N

1/2

8
1 max
m8+/ E <||uM|Hé “L) (Y1, Y N1, b, o tsY;, . tYa) Y'Y | dtduds
0

man
Apy

We define, for ¢,s,u € [0,1], 7t 54 € [0,1]™ by 7t 5u(n) = 0 for n < N, 735,(n) =t for
n > N such that n # i,n # j, 7.5, (7) = tu, and 7 5,.,(j) = ts.
Then, Hoélder inequality combined with Propositions B and [ yields the following estimate:

8
o < ar |uM||H&> (Vi ot Vg1, s, ctsYy, Vo) VAV

a,’!]‘l\}l’n
) 4
< HGZfi%u,MHiZO(Q) in ||U;Ci5’u||?:40(Q,H5(D))||1§4||L5(Q)HY}4||L5(Q)
Te,s,us M || L20()
< Diolluni™ [ Fa0(q JH(D)) ™30

< D20G40m250-

We have finally the following estimate for the second term of the error contribution:

0?
Z / |:a ’lg\/j (Yl,. .YN,tYN+1, ...,tY]u,.T)Y;'ij:| dt

NA41<i#j<M HL(D)

< 2704/104090 \/mg + DigGiOmQ%O Z )\i)\j = C[Pk/’g Z )\1)\]

N+1<i#j<M N+1<i#j<M

2
Where ko = 2705104\/m8 + D38GSym3,.-
We have finally the following estimate for the total error:

= P (un))(w, )
= Z / |:86U;\/I(Y1; .YN,tYNJrl,...,tYM,z)}/Z_Q dt
N+1<i<M
82uM
+ Z 1 - 8 a (Sfl,YN,tYNJ,_l,,tYM,x)Y;Y]]dt
N+1<i#j<M YiOy;

RR n°® 7300
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Therefore

[Bo[(p(unr) = p(un))(w, )]l 1y (p)

< Cuk Z i + Cyko Z Aid;
N+1<i<M N+1<i#j<M
2
< C:,akl Z i + 1{3204/, Z Ai
N+1<i<M N+1<i<M
< Colkr + k| DIK(0) Y Ai.
i>N

Indeed we recall that 3 -, A, = [D|k(0). We define then ¢ = k1 + k2k(0)|D|.

We are now ready to conclude, by giving a bound for E,[¢(u) — ¢(uy)] in H}-norm.
Let N > 1, then for all M > N, we have:

I[Eolp(u) —plun)lllmg < [Eo[(e(w) — o(un)mp + [Eo[(e(urr) — (un)]|m
< le(u) = olun)llrz,m2 (0)) +<Co Z Ai
>N
< Cyllu—unmlz2(0,m1 (D)) T ¢Co Z Ai
i>N

Letting M — 400, by proposition [[l we have:

[Eu () = p(un)lmy < cCp 3 e
i>N

Remark 5. The independance of the Y; is crucial in this proof.

6 An estimate of the total error for the collocation method

In this section, we recall the stochastic collocation method and slightly generalize the proof
of the convergence result given in [I] to the case considered here where the assumption of
uniform coercivity with respect to w is not valid. Since we use many preliminary results of
[1], we keep their notations. As we will see later, it is unfortunately difficult to get a relevant
estimate of the dependance with respect to IV of the constant appearing by bounding the
collocation error. With the same notations and assumptions as above, we have a regularity
result for the solution uy with respect to y. We introduce a weight o(y) = Hivﬂ n(Yn),
where o, (yn) = e~ onlunl for any o € RN such that o, > Cv/\, for all 1 <n < N, and the
functional space

CORYN, HY (D)) = {v: RN — H}(D), v continuous in y, szgljv||a(y)v(y)||Hé(D) < +oo}.
ye

We denote by p the density of Y = (Yi,...,Yy), we have then p(y) = ngl pn(y) =

2
N Yn

We‘ 2n=13", Under the above assumptions, the following inclusion hold true:

Co(RY, Hy (D)) € Ly(RY, Hy(D)).

RR n°® 7300
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with continuous embedding. More precisely, for any v € CJ(RY, H}(D)), we have

[0l 2@~ 13 (D)) < Kallvlleo @y, ma(p))

2
N _vi
where kq =[] L [e=2+2aulvnlgy,.

n=1 \/TTT
Proposition 14. The solution uy of the equation:
7din (aN(ya z)vzuN(ya :L')) = f(SC) on D

un(y,z) =0 on 0D
satisfies uy € CO(RY, H}(D)).
Proof. We have seen previously that y — u(y) is continuous from RY to H}(D). For all

. N
y € RY, since am’i(y) < eC2n=1 VAn¥n  we have:
N

Cp
agi™(y)
CDHfHLZ(D)esz:l(C\/ﬁwn)\yn\
CollfllL2(p)-

cWlulmypy < o) £l 220y

IAIA

O

The next result concerns the analyticity of the solution uy with respect to y, we will
perform a one-dimensional analysis in each direction y,,. For this, we introduce the following
notation: for any 1 < n < N and y € RN, y = (yn, ), where y: € RV~ We set
Pn(y) = 1120 pi(y) and o3 (y) = I,z 05 (y)-

Proposition 15. For any 1 <n < N, the solution u(yn, vy, x) as a function of yn, u : R —
Co (RN-Y HY(D)) admits an analytic extension u(z,y%,x), z € C, in the region of the
complex plane (1) = {2z € C, dist(z,R) < 7}, for 7 such that T < 1, moreover, for all
z € 3(7),

CDeec\/An

THJCHP(D)@T“" (2)

llon(Re 2)un(2)lleo, @n—1 m3(0)) < —

Proof. In every point y € RV, uy(y) satisfies the problem
/ an(y, z)Vun (y, z)Vo(z)dx = / f(@)v(x)dr Vv e Hy(D).
D D

Therefore, in every point y € RY, for any k > 1, the kth derivative of uy with respect to
Y satisfies the problem

k

0
[ axtua)v i () Vola)do
D Yn

k

k /QlaN 8k7luN 1
= — , 2)V———(y,z)Vu(z)dz Yve Hy(D).
S (1) [ G v G e }(D)

BLaN

Since |Z A (y, @) < (VAnC)an(y, )|, we obtain the recursive inequality

Ok b k oy
||VaN(yax)vW}jv(ya$)HL2(D) < Z ( ) ) (C)\n)lH\/GN(?J,ZC)VT,CN(%%)||L2(D)-
n =1 n
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IVan(y, 2) VS5 (y, 2) | L2 zk: () IVan(y, 2) V2 (y,2)| 2p)
P (k—1)! '

=1

A recurrence yields:

||\/ (y, @ Vau =73)||L2(D)
k' < |Wean(y,)Vun(y,z)|lL2(p)e

vk
Zk ( !n)

v
< |Wean(y,)Vun(y,z)||lL2(p)e :
And finally :
k
[ aa;év ( x)”H(}(D) Ch o/
k! = amzn( )||f||L2(D)€

We now define for every y,, € R the power series uy : C — Co (RN~ H}(D)) as

+<>O k k
(z— y 8 uUN
u(z, yp, ) = Y | - (s Y ).
k=0
Since
|Z - yn|k ak'UJN Cp v &
= Jnl < - v _
k?' ay (ynvynﬂ ) o — amzn(y yn)||f||L2(D)e |Z yn|

on RN =1 H} (D))

the radius of convergence of this series is 1. Moreover, take 7 €]0, 1], since for all z € C such
that |z — yn| < 7, on(Re(z)) < e* "0, (y,) we have the following estimate:

VAn
CDeeC N CVA —ailyil jonT
loa@elDu@ler, o1 gy = TTo7 Mz ¢
VAn
Cpe”
< B flaye

Hence, by a continuation argument, the function ux(y) can be extended analytically on the
whole region X(7) and estimate @) follows. O

We recall here the stochastic collocation method: we seek a numerical approximation to
the exact solution uy of the equation

—divi(an(y,2)Viun(y,2)) = f(xz)on D (3)
un(y,xz) =0 on 0D

in a finite dimensional subspace V},, based on a tensor product, V, 5 = R,(RY) ® H (D),
where the following hold:

e Hy(D) C H}(D) is a standard finite element space of dimension Nj, which contains
continuous piecewise polynomials defines on regular triangulations 7; that have a
maximum mesh spacing parameter h > 0.

o R,(RY) C LZ(RY) is the span of tensor product polynomials with degree at most
p=(p1,...pn) i€, Ry(RY) = @] R, (R), with

R, (R) =span(y,’,m=0,...,p,), n=1,.,N.
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We first introduce the semidiscrete approximation u’ﬁ, : R — H}j (D), obtained by projecting
@) onto the subspace Hy (D), for each y € R, i.e.

/aNVu;{,(y,z)Vv(:c)dx:/ f(z)v(x)dz Vv e Hyp(D). (4)
D D

The next step consists in collocating (@) on the zeros of orthogonal polynomials and building
the discrete solution u}]ﬁ,’p € R,(RY) ® Hp(D) by interpolating in y the collocated solutions.
For each dimension n = 1,..., N, let ¥, x,, 1 < k, < p, + 1, be the p, + 1 roots of the
Hermite polynomial g, 1 of degree p,, + 1, which then satisfies fR Ipn+1(W)v(W)p(y)dy =0
for all v € R, (R). To any vector of indexes [k, ..., kx| we associate the global index

k=k +pi(ka — 1)+ pipa(ks — 1)+ ...

and we denote by yx the point yx = [Y1.kysY2,ks» - YN kn] € RY. We also introduce, for
each n = 1,2,..., N the Lagrange basis {lnyj}fgfl of the space R, (R),

lnvj € an (R)’ l”h](yn,k) = 5]]% ja k = 1) 7pn + 13
where §,; is the Kronecker symbol, and we set {1 (y) = Hi:lzl Ink, (Yn). The points y; are

then the nodes of the Gaussian quadrature formula associated the the weight p. Hence, the
final approximation is given by

2

P

WPy, x) =) ul (e, o)l (y),
1

b
Il

where u” (yx, z) is the solution of problem @) for y = yj.
Equivalently, if we introduce the Lagrange interpolant operator
L, : CORN, HYD)) — R,(RY) ® HE(D), such that

Lyo(y) = Z v(yr)lk(y) Yo € CO(RYN, Hy (D)),

n=1

then we have simply u?v’p = Lyul.

Finally, for any continuous function g : RV — R we introduce the Gauss quadrature formula
EP[g] approximating the integral [pr g(y)p(y)dy as

N, N
ERlg) = wrg(yn), wr= [ @k, win= /IR I W)pn(y)dy.
k=1 n=1

This can be used to approximate the law of uy, i.e. we approximate the expected values
Elo(un (Y (w),x))] as Eg[cp(u’ﬁ,)], for some function .

Our aim is to give a priori estimates for the total error ¢ = uy — ug,’p in the natural
norm LZ(RY, Hj(D)). This total error naturally splits into
e = (un —uly) + (ufy — uy?).
The first term is a term of space discretization error and can be estimate easily, indeed,
for all y € RN, the function u’ (y) is the orthogonal projection of ux(y) onto the subspace

H}, (D) with respect to the inner product
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(u,v) — [, an(y,z)Vu(z)Vo(z)dz. Therefore, for all y € RV,

1
2

1
o - L </ \V/ _ 2d>
||(UN UN)(y)HHé(D) = a%zn(y)ve}}i([)) DGN(y7$)| (UN(y) 'U)| X
ar]{]zaz(y) .
N\ f -
a?&m(y)ue}ﬁ(p)”w(y) o
< O VRl inf luy(y) — vl gy p)-

vEHR (D)

We can finally conclude for the first term, by using the standard approximation estimate for
the finite element space Hy,(D): there exists a constant C. such that for any v € H?(D)
and h >0
min ||[v — w|| g1 < Creh||v||g2(D)Y,
Lm0 = wlny(p) < Crehlolmn o)
Since an(y) is smooth for any y € RY, elliptic regularity yields that uy(y) € H?(D) for all
y € RN, with:

5 mazx mazx a/ i
ol < #E (14 SO (1, RE0L Jeviy) o))
an (v) an (v) an (v) an (v)
N
< bl fllzapye® Enm VAl (14 03 /Ay n®)

n=1

where k is a constant independent of f, N and y whose value changes. We can then bound
the spacial discretization error.

k

h N_ (120 R yn| (14n0) — 2
lun —uyllz@ mip)) < WHfHLZ(D)C’feh\//RNean( Vinlyn|(+n®)=5) gy

Proposition 16. There exists a constant k independent of N such that for all h > 0

N 2 a\2
||UN o U}IIVHLI%(]R,H&(D) < k||f||L2(D)2N/QeZ":1 72C* X (14n%) h.
Remark 6. It is natural to obtain a bound that explodes as N — +oo, but this bound is
rough, it would be interesting to have a better estimate of the constant.

hop - . . . h .
The second term u% — uyx? is an interpolation error, indeed ux? = £, u”;. First, we re-

call some known results of approximation theory for functions defined on a one-dimensional
domain with values in a Banach space denoted by V. Here we assume that the functions p
2
1 y-

and o are defined on R by o(y) = e~ and p(y) = woril T, with \,C > 0. The proof of

the following three propositions can be found in [I].

Proposition 17. For any weight v such that v = O(o), the operator L, : CO(R,V) —
Li(R, V') is continuous. The norm of this linear continuous operator will be denoted by C;.

The following proposition, which is a consequence of a result from Uspensky [21], relates
the approximation error v — L,v in the Lﬁ—norm with the best approximation error in the
weighted C9-norm.
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Proposition 18. For any weight v such that v = O(o), for every function v € CO(R,V)
the interpolation error satisfies

y <Co inf -
v = Lpvllrzm,v) < 2weR1pI%R)®V||U wlleo(r,v)

with a constant Co independent of p.

We now analyze the best approximation error for a function v : R — V which admits an
analytic extension in the complex plane, in the region X(7) = {z € C, dist(z,R) < 7} for
some 7 > 0. We will still denote the extension by v; in this case, 7 represents the distance
between R and the nearest singularity of v(z) in the complex plane. The following result is
a consequence of a result from Hille [TT].

Proposition 19. Let v be a function in C2(R,V). We assume that v admits an analytic
extension in the strip of the complex plane X(1) for some 7 > 0, and that

Vr=(y+iw) € 5(7), a(y)llv(z)llv < Cu(7).

Then, for any 6 > 0 there exists a constant C, independent of p, and a function ©(p) =
O(\/p) such that

min  max ||[o(y) — w(y)lve”
weRL(R)QV yeR Y yiliv

< C@(p)eiﬂs\/ﬁ.

We are now ready to prove the following proposition, which gives an estimate of the total
interpolation error:

Proposition 20. For any 7 < 1, there exists a constant C™Y, independent of h and p such
that

N
h, —7= ]
lufy = Pl 2, mra 0y < Crnw D v/Bme VP

n=1

Remark 7. We could precise how the constant C; y depends on N, but it will be few explicit
and not necessary relevant.

Proof. From now on, we are back to the the multi-dimensional problem, we are going to split
the total interpolation error into N partial errors linked to one-dimensional interpolation
errors.

To begin with, we admit that v/, has the same regularity with respect to y as the exact
solution uy , i.e. more precisely that u”; verifies the same properties as proved for uy in
proposition [l We focus on the first direction y; and define a one-dimensional interpolation
operator

Ly: Cgl (R, Lﬁl (R, H(% (D)) — L;2;1 (R, L?;f (R, H(% (D)), by

Y

p1+1

Lilyn,yi,2) = D o(yievi )ls(y)-
k=1

Then, the global interpolant £, can be written as the composition of two interpolation
operators L, = £ o £1(,1), where Ez(,l) is the interpolation in all the directions yo,ys3, ..., yn
except y1, i.e. LV Co. (RN=1, Hy (D)) — Li- (RN=1, Hg(D)). We have then

||U}1§/ - ﬁpU?vHLg(Rn,H;(D)) < HU}ﬁ/ - £1U7V||Lg(]R”,H[}(D)) + ||£1(U}1§/ - ‘Cj(ol)uéIV)HLg(Rn,Hé(D))-
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Let us bound the first term. We think of u% as a function of y; with values in a Banach
space V, ufy € Ly (R,V), where V = L. (R¥~', Hj(D)). The following inclusions hold
true:

C)L(R,V)CCe (R, V)CL:(R,V)

with G1(y1) = e~ . Since Gy = O(o), proposition ([[R) yields the following estimate

h h . h
- L n < C f — .
llun 1UN||L§(1R JHY(D)) = 2w€R;?(R)®V||UN w||cg,1(1R,v)

To bound the best approximation error in Cgl (R, V), we employ the fact that u?, € 621 (R,V)
and the analyticity result of proposition ([H), which yields the analitycity of u?; as a function
of R into V on o(7) for every 7 < 1 and the following bound, for all z € o(7):

h CD eeC\/ﬁ
Ul(Z)HUN(Z)Hch (RN-1,H} (D)) = P Ifll2(pye™,
which implies, thanks to the continuous embedding of CJ. (RN ™", H§ (D)) into L2. (RN, Hi(D)),
CDeecm

01 (Z)Huflif(z)HLiT RN-1 HI(D)) < ko R ||f||L2(D)ealT.

Recalling that we have fixed V = L2. (RV~1 H}(D)) in this proof, we are now ready to
1

conclude with the first term by applying proposition ([[3) to u% € C2 (R,V), for 7 <1 and
0 = \/ig, which gives the following bound for the best approximation error:

inf ho_ < CO(p))e” vaVPr
weR,T(RmVHUN wHC%l(R,V)_ (p1)e

It gives then the following bound for the first term:

luke = Lrulzacen sy o)) < C20O(pr)e” V2P,

Let us bound the second term. By proposition (), we bound the second term:
h 1), h h 1), h
[ L1 (upy — 51(9 )UN)HLg(Rn,H(}(D)) < Cilluly — E;(a )UNHCC‘jl(R’V)'

The term on the right-hand size is again an interpolation error. Thus we have to bound the
interpolation error in all the other N — 1 directions, uniformly with respect to y; (in the
weighted norm Cgl ). We can proceed iteratively, defining an interpolation L2, bounding the
resulting error in the direction y2, and so on. O

7 Examples

In this section, we give examples of covariance kernel cov[g] and the strong and weak con-
vergence results corresponding.
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7.1 The exponential kernel case on a box

In this subsection, we consider the case where the covariance kernel cov[g] is exponential,
i.e. k(r) = 0%e~ T and D is a box, the length [ is called the correlation length and the norm

choosed on Dis ||z —y|1 = 2?21 |x; —y;|. In this case the eigenvalues and the eigenfunctions
can be found analytically, we first show that the assumptions done in section 1 are fulfilled
and then give the convergence rate for the strong and weak convergence of uy to u. We first
treat the mono-dimensional case, for convenience we assume that the domain D is (0, 1).
We have then analytic expressions for the eigenvalues and eigenfunctions, the proof can be
found in [27]. We consider the characteristic equation

(IPw? — 1) sin(w) = 2lw cos(w)

and denote by (wp)n>1 the sequence of its positive roots sorted in an increasing number,
then the eigenvalues of the Karhunen-Loéve development can be expressed as A\, = %
. . _ . _ 1 "
and the eigenfunctions as b, (x) = a, (sin(w,x) + lw, cos(w,xz)) where a,, = JER A
The sequence of the roots (w,,) satisfies w, ™ o which yields the following equivalents
n—-+0o0o
for the eigenvalues and eigenfunctions:

20>
" oo In?n?
by () et V2 cos(wn).

We can now show that such a covariance kernel fulfills the assumptions done in section 1:
k € C*(R), the eigenfunctions b,, are continuously differentiable, and we have ||b, [ s < 2V/2,
[0'n]|00 < 2v/2(n + 1/2)7 for every n > 0 and for any b < 1, 3, -, A,n is convergent. We
can therefore apply the results of sections 3 and 4. The application of Theorem [0 gives the
following strong convergence result:

Proposition 21. For every p > 0 and 0 < o < 1, there exists a constant Cy , such that for
any N € N,
a—1
v —unllzr,mi (D)) < CapN 2.

Proof. Take 0 < o < 1, we have

202 20?
R% _ )\n a 27 a—2 < 7]\[04—1-
N Z =T Z " ~Im2(1—a)
n>N n>N

On the other hand, Theorem B yields the following weak convergence result:

Proposition 22. There eists a constant C such that for any N € N and ¢ € C*(R,R)
whose derivatives are bounded by a constant C,, we have:

1
IE[p(un) — o]l py < CC“DN'
We now treat the case where the spatial dimension is d = 2, the following result can

be easily extended for any dimension d. We choose for the sake of simplicity D = (0,1)2,
but it can be immediately generalized to the case where D is a box. We denote by (5 )n>1
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the sequence of the eigenvalues sorted in a decreasing order and ¢, the corresponding eigen-
functions, for any n > 1, there exists (4, j) such that u, = A;\;, because the eigenvalues in
dimension 2 are the products of two eigenvalues in dimension 1, since we choose the norm
[I-lli. We can then define the following bijective function :

g+ N = (N*)?
n— (i,7) such that p, = A\,

First we notice that (n — %) T <w, < (n + %) x, therefore, for any n > 1

2102 802 1
_— <

2 (n— 1) r2 172 n?

An < -
2

and
2lo? 2lo? 1

An > > —.
T2 (n+%)27r2+1 T 144n22 n?

We recall that the mono-dimensional eigenfunctions b,, are continuously differentiable and
that there exists a constant C' such that [|b,||cc < C and ||b),]lcc < Cn for all n > 1.
Therefore, for any (i,j) € (N*)?, ¢gqj)(x) = bi(x)bj(x) is continuously differentiable,
llegiillee < llgillscllgsllee < C?, and

Hclg(i,j)Hoo < 02@ +7) < 2C%ij

1272
> G —— g
> Card{(p, 9)lpg < I +47T2l2)w}
Z Cl ’Lja

where ( is a contant which depends only on [, because
n

Card{(i,j)|ij <n} > n+ E[g] + E[3

> n(l+log(n)).

J+..+1

V

We now have the required bound on the first derivatives of the eigenfunctions : for any
i,j =1

20t
g lloe < 2C%i5 < “5=g(i ),

which means that for any n > 1, ||c},]|c < %n
We now prove that the assumptions on the decay of the eigenvalues.
Take (Z,7) such that ij = n, then if (p, ¢) is such that Ay ; > A\;A; we have:

8lo2\? 1 202 \? 1
(—W) 2 A 2 2 (TWP) 4

which yields the following bound for g(z, j):

4(1 + 4m21?
Card {(paQ)|pq < %n}

Ci nlog(n),

IN

A
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where C] is a contant which depends only on [, because

Card{(i,j)lij <n} < n+ g + g ol

n(l +log(n + 1)).

A

We can now prove that the last assumption made in section 3 is fulfilled.
Take b < 1

. 8lo? 1
S ahiglid) < dnCh (5% ) (nlos)’
ij=n

where d(n) is the number of divisors of n. For any € > 0 such that b+ ¢ < 1, there exists a
constant k; . which depends only on [ and ¢ such that:

> Aidig(i5)" < kien®t2

ij=n
Therefore the series >, -, inn? is convergent for any b < 1. We can then apply Theorem [
which gives a strong convergence result

Proposition 23. For every p > 0 and 0 < 3 < 1, there exists a constant Cg,, such that for
any N € N,

81
lu—unllzo,m1 (D)) < CopN 2 -
Proof. For any € > 0 there exists a constant Cj . such that for all ¢,7 > 1
9(i,j) < Cre(ig)" ™.

1

Therefore ¢(i,j) > N implies ij > py. = (%) " forany £ > 0. Take 0 < a < 1,& > 0,

RY = Zunnaé Z Z/\iAjg(ivj)a

we have

n>N N>PN,e 1j=n
< kl,e § note?
n>pN,a
ate—1 k
ate—1
< ks(pr — < SN
(e [

(a+e— 1)01,81“

On the other hand, Theorem B yields the following weak convergence result:

Proposition 24. For any ¢ > 0, there exists a constant C. such that for any N € N and
¢ € CHR,R) whose derivatives are bounded by a constant Cy, we have:

[Elp(un) — o(@)]ll gz (p) < C-CoNTHF=.
Proof. Take € > 0, we have

RY Zﬂnﬁ Z Z)\i)\j

n>N N>PN,e 1j=n

k 1
l,e Ni+5

IN

e—1

(e — 1)01?_5
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7.2 The analytic covariance kernel case

We assume here that the covariance kernel cov[g] is analytic on D x D, which is the case
_lz—y?
of a gaussian covariance kernel cov[g](z,y) = o*e  ?PI? in particular. Then we have the

following result from Frauenfelder, Schwab and Todor given in [6] about the eigenvalues
decay and about the decay of the derivatives of the eigenfunctions:
Proposition 25. There exists two constants c1,co > 0 such that for alln > 1
A < cle_CZ"I/d
For any s > 0 there exists a constant cs such that for any n > 1,

bnlloe < cs[An|™* and ||b;z||oo < es|An| 70

The methods developed to prove the results given in the previous sections apply with
some slight modifications, leading to similar results. In particular we have the following
strong error and weak error results:

1
27

v —unllzr,m (D)) < Hsp, | >,
n>N

therefore, for any 0 < s <1/2 and p > 0 there exists a constant Iy s, depending on p,s,d,c1
and ¢y such that for any N € N

Proposition 26. For any 0 < s <
all N ¢ N

and p > 0, there exists a constant Hs, such that for

d—1 762(1725)N1/d
lu—unlzr,mi(py) < laspN 27 e 2 .

Proposition 27. For any 0 < s < %, there exists a constant Js such that for all N € N,
for all o € C*(R,R) whose derivatives are bounded by a constant C,, we have:

[Elp(un) = @@)lllmyp) < J:Co D A7,
n>N

therefore, for any 0 < s < %, there exists a constant K4 s depending on d,s,c; and cy such
that for all N € N, for all ¢ € C*(R,R) whose derivatives are bounded by a constant Cy,

41 p(1-2s /
|E[p(un) — (W]l (p) < Ka,sCoN T e (1-25)NH/ 4

References

[1] Ivo Babuska, Fabio Nobile, and Raal Tempone. A stochastic collocation method for
elliptic partial differential equations with random input data. STAM J. Numer. Anal.,
45(3):1005-1034 (electronic), 2007.

[2] Ivo Babuska, Raul Tempone, and Georgios E. Zouraris. Galerkin finite element approx-
imations of stochastic elliptic partial differential equations. SIAM J. Numer. Anal.,
42(2):800-825 (electronic), 2004.

[3] Fred Espen Benth and Jon Gjerde. Convergence rates for finite element approximations
of stochastic partial differential equations. Stochastics Stochastics Rep., 63(3-4):313—
326, 1998.

RR n°® 7300



Strong and weak error estimates for elliptic PDE with random coefficients 29

[4] Marcel Bieri and Christoph Schwab. Sparse high order FEM for elliptic sSPDEs. Comput.
Methods Appl. Mech. Engrg., 198(13-14):1149-1170, 2009.

[5] Giuseppe Da Prato and Jerzy Zabczyk. Stochastic equations in infinite dimensions,
volume 44 of Encyclopedia of Mathematics and its Applications. Cambridge University
Press, Cambridge, 1992.

[6] Philipp Frauenfelder, Christoph Schwab, and Radu Alexandru Todor. Finite elements
for elliptic problems with stochastic coefficients. Comput. Methods Appl. Mech. Engrqg.,
194(2-5):205-228, 2005.

[7] Benjamin Ganis, Hector Klie, Mary F. Wheeler, Tim Wildey, Ivan Yotov, and Dongxiao
Zhang. Stochastic collocation and mixed finite elements for flow in porous media.
Comput. Methods Appl. Mech. Engrg., 197(43-44):3547-3559, 2008.

[8] R. G. Ghanem and P. D. Spanos. Spectral techniques for stochastic finite elements.
Arch. Comput. Methods Engrg., 4(1):63-100, 1997.

[9] Roger Ghanem and John Red-Horse. Propagation of probabilistic uncertainty in com-
plex physical systems using a stochastic finite element approach. Phys. D, 133(1-4):137-
144, 1999. Predictability: quantifying uncertainty in models of complex phenomena
(Los Alamos, NM, 1998).

[10] Roger G. Ghanem and Pol D. Spanos. Stochastic finite elements: a spectral approach.
Springer-Verlag, New York, 1991.

[11] Einar Hille. Contributions to the theory of Hermitian series. II. The representation
problem. Trans. Amer. Math. Soc., 47:80-94, 1940.

[12] O.P. Le Maitre, O. M. Knio, H. N. Najm, and R. G. Ghanem. Uncertainty propagation
using Wiener-Haar expansions. J. Comput. Phys., 197(1):28-57, 2004.

[13] O. P. Le Maitre, H. N. Najm, P. P. Pébay, R. G. Ghanem, and O. M. Knio. Multi-
resolution-analysis scheme for uncertainty quantification in chemical systems. SIAM J.
Sci. Comput., 29(2):864-889 (electronic), 2007.

[14] Michel Loéve. Probability theory. I. Springer-Verlag, New York, fourth edition, 1977.
Graduate Texts in Mathematics, Vol. 45.

[15] Michel Loéve. Probability theory. II. Springer-Verlag, New York, fourth edition, 1978.
Graduate Texts in Mathematics, Vol. 46.

[16] Hermann G. Matthies. Stochastic finite elements: computational approaches to stochas-
tic partial differential equations. ZAMM Z. Angew. Math. Mech., 88(11):849-873, 2008.

[17] Hermann G. Matthies and Christian Bucher. Finite elements for stochastic media
problems. Comput. Methods Appl. Mech. Engrg., 168(1-4):3-17, 1999.

[18] F. Nobile, R. Tempone, and C. G. Webster. An anisotropic sparse grid stochastic
collocation method for partial differential equations with random input data. SIAM J.
Numer. Anal., 46(5):2411-2442, 2008.

[19] F. Nobile, R. Tempone, and C. G. Webster. A sparse grid stochastic collocation method
for partial differential equations with random input data. SIAM J. Numer. Anal.,
46(5):2309-2345, 2008.

RR n°® 7300



Strong and weak error estimates for elliptic PDE with random coefficients 30

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

Frigyes Riesz and Béla Sz.-Nagy. Functional analysis. Dover Books on Advanced Math-
ematics. Dover Publications Inc., New York, 1990. Translated from the second French
edition by Leo F. Boron, Reprint of the 1955 original.

J. V. Uspensky. On the convergence of quadrature formulas related to an infinite
interval. Trans. Amer. Math. Soc., 30(3):542-559, 1928.

Tobias von Petersdorff and Christoph Schwab. Sparse finite element methods for oper-
ator equations with stochastic data. Appl. Math., 51(2):145-180, 2006.

Xiaoliang Wan and George Em Karniadakis. Solving elliptic problems with non-
Gaussian spatially-dependent random coefficients. Comput. Methods Appl. Mech. En-
grg., 198(21-26):1985-1995, 2009.

Dongbin Xiu. Efficient collocational approach for parametric uncertainty analysis. Com-
mun. Comput. Phys., 2(2):293-309, 2007.

Dongbin Xiu and Jan S. Hesthaven. High-order collocation methods for differential
equations with random inputs. SIAM J. Sci. Comput., 27(3):1118-1139 (electronic),
2005.

Dongbin Xiu and George Em Karniadakis. The Wiener-Askey polynomial chaos for
stochastic differential equations. SIAM J. Sci. Comput., 24(2):619-644 (electronic),
2002.

Dongxiao Zhang and Zhiming Lu. An efficient, high-order perturbation approach for
flow in random porous media via karhunen-loéve and polynomial expansions. J. Com-
put. Phys., 194(2):773-794, 2004.

RR n°® 7300



/<

Centre de recherche INRIA Rennes — Bretagne Atlantique
IRISA, Campus universitaire de Beaulieu - 35042 Rennes C@ttance)

Centre de recherche INRIA Bordeaux — Sud Ouest : Domainedsitaire - 351, cours de la Libération - 33405 Talence Cedex
Centre de recherche INRIA Grenoble — Rhéne-Alpes : 655, svele 'Europe - 38334 Montbonnot Saint-Ismier
Centre de recherche INRIA Lille — Nord Europe : Parc Scietii de la Haute Borne - 40, avenue Halley - 59650 Villeneuvactj
Centre de recherche INRIA Nancy — Grand Est : LORIA, Techifmpé Nancy-Brabois - Campus scientifiqgue
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lés-dyaBedex
Centre de recherche INRIA Paris — Rocquencourt : Domaineotlec¥au - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex
Centre de recherche INRIA Saclay — ile-de-France : ParcyQusaversité - ZAC des Vignes : 4, rue Jacques Monod - 9189&@&edex
Centre de recherche INRIA Sophia Antipolis — Méditerran2604, route des Lucioles - BP 93 - 06902 Sophia Antipolis ede

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 hedbay Cedex (France)
http://www.inria.fr

ISSN 0249-6399



	Introduction
	Equation, existence and uniqueness of the solution
	Strong convergence of aN to a
	Strong convergence of uN to u
	Weak convergence of uN to u
	An estimate of the total error for the collocation method
	Examples
	The exponential kernel case on a box
	The analytic covariance kernel case


