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❊♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ❜② st♦❝❤❛st✐❝

♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s

❩❤✐❤❛♦ ❈❡♥∗ ✱ ❏✳ ❋ré❞ér✐❝ ❇♦♥♥❛♥s† ✱ ❚❤✐❜❛✉❧t ❈❤r✐st❡❧‡

❚❤è♠❡ ◆❯▼ ✖ ❙②stè♠❡s ♥✉♠ér✐q✉❡s
➱q✉✐♣❡s✲Pr♦❥❡ts ❈♦♠♠❛♥❞s

❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ✼✷✽✾ ✖ ▼❛② ✷✵✶✵ ✖ ✷✷ ♣❛❣❡s

❆❜str❛❝t✿ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ♦♣t✐♠❛❧ ♠❛♥❛❣❡♠❡♥t ♦❢ ❡♥❡r❣② ❝♦♥✲
tr❛❝ts✱ ✇✐t❤ ❜♦✉♥❞s ♦♥ t❤❡ ❧♦❝❛❧ ✭t✐♠❡ st❡♣✮ ❛♠♦✉♥ts ❛♥❞ ❣❧♦❜❛❧ ✭✇❤♦❧❡ ♣❡✲
r✐♦❞✮ ❛♠♦✉♥ts t♦ ❜❡ tr❛❞❡❞✱ ✐♥t❡❣❡r ❝♦♥str❛✐♥t ♦♥ t❤❡ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡s ❛♥❞
✉♥❝❡rt❛✐♥t② ♦♥ ♣r✐❝❡s ♦♥❧②✳ ❆❢t❡r ❜✉✐❧❞✐♥❣ ❛ ✜♥✐t❡ st❛t❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❜② ✉s✐♥❣
✈❡❝t♦r✐❛❧ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ♠❡t❤♦❞✱ ✇❡ r❡❧② ♦♥ t❤❡ st♦❝❤❛st✐❝ ❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦✲
❣r❛♠♠✐♥❣ ✭❙❉❉P✮ ♠❡t❤♦❞ t♦ s♦❧✈❡ t❤❡ ❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ♦❢ t❤✐s st♦❝❤❛st✐❝
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❆♥ ❤❡✉r✐st✐❝ ❢♦r ❝♦♠♣✉t✐♥❣ s✉❜ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s t♦ t❤❡
✐♥t❡❣❡r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ❜❛s❡❞ ♦♥ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s
r❡❧❛①❛t✐♦♥✱ ✐s ♣r♦✈✐❞❡❞✳ ❈♦♠❜✐♥✐♥❣ t❤❡ ♣r❡✈✐♦✉s t❡❝❤♥✐q✉❡s✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡❛❧
✇✐t❤ ❤✐❣❤✲❞✐♠❡♥s✐♦♥ st❛t❡ ✈❛r✐❛❜❧❡s ♣r♦❜❧❡♠s✳ ◆✉♠❡r✐❝❛❧ t❡sts ❛♣♣❧✐❡❞ t♦ r❡❛❧✲
✐st✐❝ ❡♥❡r❣② ♠❛r❦❡ts ♣r♦❜❧❡♠s ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞✳

❑❡②✲✇♦r❞s✿ st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣✱ ♠✉❧t✐✲st❛❣❡✱ ❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠✲
♠✐♥❣✱ q✉❛♥t✐③❛t✐♦♥ tr❡❡✳

∗ ❚♦t❛❧✱ P❛r✐s ▲❛ ❉❡❢❡♥s❡✱ ❈❖▼▼❆◆❉❙ t❡❛♠✱ ■◆❘■❆✲❙❛❝❧❛② ❛♥❞ ❈▼❆P✱ ❊❝♦❧❡ P♦❧②t❡❝❤✲
♥✐q✉❡✱ P❛❧❛✐s❡❛✉✱ ❋r❛♥❝❡ ✭③❤✐❤❛♦✳❝❡♥❅♣♦❧②t❡❝❤♥✐q✉❡✳❡❞✉✮✳

† ❈❖▼▼❆◆❉❙ t❡❛♠✱ ■◆❘■❆✲❙❛❝❧❛②✱ ❈▼❆P✱ ❊❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡✱ P❛❧❛✐s❡❛✉✱ ❛♥❞ ▲❛❜♦✲
r❛t♦✐r❡ ❞❡ ❋✐♥❛♥❝❡ ❞❡s ▼❛r❝❤és ❞❡ ❧✬❊♥❡r❣✐❡✱ P❛r✐s✱ ❋r❛♥❝❡ ✭❋r❡❞❡r✐❝✳❇♦♥♥❛♥s❅✐♥r✐❛✳❢r✮✳

‡ ❚♦t❛❧✱ P❛r✐s ▲❛ ❉❡❢❡♥s❡✱ ❋r❛♥❝❡ ✭t❤✐❜❛✉❧t✳❝❤r✐st❡❧❅t♦t❛❧✳❝♦♠✮✳



●❡st✐♦♥ ❞❡ ❝♦♥tr❛ts ❞✬é♥❡r❣✐❡ ♣❛r ❞❡s t❡❝❤♥✐q✉❡s

❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ st♦❝❤❛st✐q✉❡

❘és✉♠é ✿ ◆♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❣❡st✐♦♥ ♦♣t✐♠❛❧❡ ❞❡ ❝♦♥tr❛ts
❞✬é♥❡r❣✐❡✱ ❛✈❡❝ ❜♦r♥❡s s✉r ❧❡s q✉❛♥t✐tés ❧♦❝❛❧❡s ❡t ❣❧♦❜❛❧❡s✱ ❞❡s ❝♦♥tr❛✐♥t❡s
❞✬✐♥té❣r✐té s✉r ❧❡s ✈❛r✐❛❜❧❡s ❞❡ ❞é❝✐s✐♦♥ ❡t ✉♥❡ ✐♥❝❡rt✐t✉❞❡ ♥❡ ♣♦rt❛♥t q✉❡ s✉r ❧❡s
♣r✐①✳ ❆♣rès ❛✈♦✐r ❝♦♥str✉✐t ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❡♥ ét❛t ✜♥✐❡ ♣❛r ❧❛ ♠ét❤♦❞❡
❞✬❛r❜r❡ ❞❡ q✉❛♥t✐s❛t✐♦♥✱ ♥♦✉s ♥♦✉s ❛♣♣✉②♦♥s s✉r ❧❛ ♠ét❤♦❞❡ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥
st♦❝❤❛st✐q✉❡ ❞②♥❛♠✐q✉❡ ❞✉❛❧❡ ✭❙❉❉P✮ ♣♦✉r rés♦✉❞r❡ ❧❛ r❡❧❛①❛t✐♦♥ ❝♦♥t✐♥✉❡ ❞❡
❝❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ st♦❝❤❛st✐q✉❡✳ ❯♥❡ ❤❡✉r✐st✐q✉❡ ❞❡ ❝❛❧❝✉❧ ❞❡ s♦❧✉t✐♦♥s
s♦✉s ♦♣t✐♠❛❧❡s ❞✉ ♣r♦❜❧è♠❡ ❡♥ ♥♦♠❜r❡s ❡♥t✐❡rs✱ ❜❛sé❡ s✉r ❧❡s ✈❛❧❡✉rs ❞❡ ❇❡❧❧♠❛♥
❞✉ ♣r♦❜❧è♠❡ r❡❧❛①é✱ ❡st ♣r♦♣♦sé❡✳ ❈♦♠❜✐♥❛♥t ❧❡s ❞❡✉① t❡❝❤♥✐q✉❡s ♣ré❝é❞❡♥t❡s✱
♥♦✉s s♦♠♠❡s ❡♥ ♠❡s✉r❡ ❞❡ tr❛✐t❡r ❞❡s ♣r♦❜❧è♠❡s ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥✳ ❉❡s t❡sts
♥✉♠ér✐q✉❡s ❛♣♣❧✐q✉és à ❞❡s ♣r♦❜❧è♠❡s ré❛❧✐st❡s ❞❡ ♠❛r❝❤és ❞❡ ❧✬é♥❡r❣✐❡ ♦♥t été
ré❛❧✐sés✳

▼♦ts✲❝❧és ✿ ♣r♦❣r❛♠♠❛t✐♦♥ st♦❝❤❛st✐q✉❡✱ ♠✉❧t✐ ét❛♣❡s✱ ♣r♦❣r❛♠♠❛t✐♦♥
❞②♥❛♠✐q✉❡ ❞✉❛❧❡✱ ❛r❜r❡ ❞❡ q✉❛♥t✐s❛t✐♦♥✳



❊♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ❜② st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s ✸

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣❤②s✐❝❛❧ ❡♥❡r❣② ♠❛r❦❡ts ❛r❡ ❛rt✐❝✉❧❛t❡❞ ❛r♦✉♥❞ ❧♦♥❣ t❡r♠ s✉♣♣❧② ❛♥❞ ❞❡✲
♠❛♥❞ ❝♦♥tr❛❝ts✳ ❚❤❡✐r ♣✉r♣♦s❡ ✐s t♦ ❛❝❝♦♠♠♦❞❛t❡ ❜♦t❤ ♣r♦❞✉❝❡rs ❛♥❞ ❝♦♥✲
s✉♠❡rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♥❡❡❞s✳ ❖♥ ♦♥❡ s✐❞❡✱ ❛ ♣r♦❞✉❝❡r ✇✐❧❧ ❜❡ ❦❡❡♥ ♦♥ s❡❧❧✐♥❣
❡♥❡r❣② ♦♥ ❛ ❧♦♥❣ t❡r♠ ❜❛s✐s ❢♦r ❝❛s❤ ✢♦✇ ❝❡rt❛✐♥t✐❡s ❛❧❧♦✇✐♥❣ ❤✐♠ t♦ s❝❤❡❞✉❧❡
♦t❤❡r ✐♥✈❡st♠❡♥ts✳ ❖♥ t❤❡ ♦t❤❡r s✐❞❡✱ ✐t ❡♥s✉r❡s t❤❡ ❝♦♥s✉♠❡r ♦❢ ❛ ❝❡rt❛✐♥t② ♦♥
✈♦❧✉♠❡s ❛♥❞ ❛❝ts ❛s ❛ ❤❡❞❣❡ ❛❣❛✐♥st s❤♦rt t❡r♠ ✉♥❝❡rt❛✐♥t✐❡s✳

▲♦♥❣ t❡r♠ ❡♥❡r❣② ❝♦♥tr❛❝ts t②♣✐❝❛❧❧② ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❡❛t✉r❡s✳ ❋✐rst ♦❢ ❛❧❧✱
t❤❡② ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❣r❛♥✉❧❛r✐t② ❞❡✜♥✐♥❣ t❤❡ ♣❡r✐♦❞s ❛t ✇❤✐❝❤ t❤❡ ❡♥❡r❣② ✐s
❡①❝❤❛♥❣❡❞✳ ❙❡❝♦♥❞ ♦❢ ❛❧❧✱ t❤❡ ❛♠♦✉♥ts ♦❢ tr❛❞❡❞ ❡♥❡r❣② ❛r❡ ❝♦♥tr❛❝t✉❛❧❧② ✉♣♣❡r
❛♥❞ ❧♦✇❡r ❜♦✉♥❞❡❞ ❞✉r✐♥❣ ❡❛❝❤ ♣❡r✐♦❞ ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ ♦✈❡r❛❧❧ ❝♦♥tr❛❝t✳ ❚❤❡
♠♦t✐✈❛t✐♦♥ ❜❡❤✐♥❞ t❤❡s❡ ❜♦✉♥❞s ✐s ❣❡♥❡r❛❧❧② t♦ ❛❧❧♦✇ t❤❡ ❝♦♥s✉♠❡r t♦ ♠♦❞✉❧❛t❡
❤✐s ❡♥❡r❣② ♣✉r❝❤❛s❡✳ ❋✐♥❛❧❧②✱ t❤❡ ♣r✐❝❡ ❛t ✇❤✐❝❤ t❤❡ ❡♥❡r❣② ✐s ❜♦✉❣❤t ♦r s♦❧❞ ❛t ❛
❣✐✈❡♥ ♣❡r✐♦❞ ✐s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥❞❡① s♣♦t ♣r✐❝❡ ❛t t❤❛t t✐♠❡ ✇❤✐❝❤ ✐s ❛ st♦❝❤❛st✐❝
✈❛r✐❛❜❧❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♦♣t✐♠❛❧ ♠❛♥❛❣❡♠❡♥t ♦❢ ❧♦♥❣ t❡r♠ ❝♦♥tr❛❝ts ✐♠♣❧✐❡s ❢♦r
t❤❡ ♦♣t✐♦♥✬s ❤♦❧❞❡r t♦ s✉❝❝❡ss✐✈❡❧② ❝❤♦♦s❡ t❤❡ ❜❡st ♣♦ss✐❜❧❡ ❞❡❝✐s✐♦♥ ♦✈❡r t❤❡
q✉❛♥t✐t② t♦ ❜❡ ❜♦✉❣❤t ♦r s♦❧❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r✐❝❡ ✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ ❛t
t❤❛t ♠♦♠❡♥t✳ ❊❛❝❤ ❞❡❝✐s✐♦♥ t❛❦❡♥ ✇✐❧❧ ✐♠♣❛❝t t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ❝♦♥tr❛❝t✳
■♥ ❛❞❞✐t✐♦♥✱ ♦♥❡ ♠✐❣❤t ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ❞❡❝✐s✐♦♥s t♦ ❜❡ ♠❛❞❡
❛r❡ ❞✐s❝r❡t❡✳ ■♥❞❡❡❞✱ ✉♥❧✐❦❡ ♣✐♣❡❧✐♥❡ ♥❛t✉r❛❧ ❣❛s ✇❤❡r❡ ✐t ✐s ❣❡♥❡r❛❧❧② ♣♦ss✐❜❧❡
t♦ ❛ss✉♠❡ t❤❛t ❛♥② q✉❛♥t✐t② ♦❢ ❣❛s ❝❛♥ ❜❡ ❡①❝❤❛♥❣❡❞ ❛s ❧♦♥❣ ❛s ✐t ❢✉❧✜❧❧s t❤❡
❝♦♥tr❛❝t✉❛❧ ❜♦✉♥❞❛r✐❡s✱ t❤✐s ✐s ♥♦ ❧♦♥❣❡r tr✉❡ ❢♦r s❡❛ s❤✐♣♣❡❞ ❝♦♠♠♦❞✐t✐❡s s✉❝❤
❛s ▲✐q✉❡✜❡❞ ◆❛t✉r❛❧ ●❛s ✭▲◆●✮✳ ■♥ ❢❛❝t✱ t❤❡ q✉❛♥t✐t② ♦❢ ❡♥❡r❣② t♦ ❜❡ ❡①❝❤❛♥❣❡❞
❝♦♥s✐sts ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ▲◆● ✈❡ss❡❧s t♦ ❛❧❧♦❝❛t❡ t♦ ❛ ❞❡st✐♥❛t✐♦♥✳ ❚❤❡ ❝♦♠❜✐✲
♥❛t✐♦♥ ♦❢ st♦❝❤❛st✐❝ ❛♥❞ ❞✐s❝r❡t❡ ❞❡❝✐s✐♦♥ ♠❛❦❡s t❤❡ ♣r♦❜❧❡♠ ✈❡r② ❞✐✣❝✉❧t✱ ❛♥❞
✐t ✐s ♥❛t✉r❛❧ t♦ ❝♦♥s✐❞❡r ❛ ❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❛t ❧❡❛st ❛s ❛
✜rst st❡♣✳

❋♦r s✉r✈❡②s ♦♥ st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣✱ ✇❡ r❡❢❡r t♦ ❬✺✱ ✶✸✱ ✷✷❪✳ ❯♥❧❡ss t❤❡ ✉♥✲
❞❡r❧②✐♥❣ r❛♥❞♦♠ s♣❛❝❡ ❤❛s ✜♥✐t❡ s✉♣♣♦rt✱ ♦✉r ♠♦❞❡❧ ✐s ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠
♦✈❡r ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❢✉♥❝t✐♦♥ s♣❛❝❡s✱ ✇❤✐❝❤ ✐s ❞✐✣❝✉❧t t♦ s♦❧✈❡✳ ❆♥❛❧②t✐❝❛❧
s♦❧✉t✐♦♥s ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡ ❡①❝❡♣t ❢♦r ✈❡r② s✐♠♣❧❡ ♠♦❞❡❧s✳ ◆✉♠❡r✐❝❛❧ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ❧❛r❣❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

▼♦st ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡s ❛r❡ ❜❛s❡❞ ♦♥ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣
r❛♥❞♦♠ s♣❛❝❡ ❜② ❛ s❝❡♥❛r✐♦ tr❡❡✳ ❆ s✉r✈❡② ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ ♣♦♣✉❧❛r s❝❡✲
♥❛r✐♦ ❣❡♥❡r❛t✐♦♥ t❡❝❤♥✐q✉❡s ✐s ♣r♦✈✐❞❡❞ ✐♥ ❬✶✹❪✳ ❆♠♦♥❣ t❤❡♠✱ ❧❡t ✉s ♠❡♥t✐♦♥
s❛♠♣❧✐♥❣✲❜❛s❡❞ ♠❡t❤♦❞s ✭q✉❛s✐ ▼♦♥t❡✲❈❛r❧♦ ❜❛s❡❞ ♠❡t❤♦❞✮ ❬✷✷✱ ❈❤❛♣t❡r ✸❪✱
♠♦♠❡♥t ♠❛t❝❤✐♥❣ ♠❡t❤♦❞s ❬✶✶❪✱ tr❡❡ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ♣r♦❜❛❜✐❧✐t②
♠❡tr✐❝ ❬✻✱ ✽❪✱ r❡❝♦♠❜✐♥✐♥❣ tr❡❡ ❬✶✺❪✳ ❖♥❝❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❜❡✲
❝♦♠❡s ❞✐s❝r❡t❡✱ ❡✈❡r② ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞
✇✐t❤♦✉t ❞✐✣❝✉❧t✐❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦❜❧❡♠ s✐③❡ ❣r♦✇s ♣♦❧②♥♦♠✐❛❧❧② ✇✐t❤ t❤❡
♥✉♠❜❡r ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ♣♦✐♥ts ❛♥❞ ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ st❛❣❡s✳
❙♦✱ ❣❡tt✐♥❣ ❛ ❤✐❣❤ ♣r❡❝✐s✐♦♥ ❢♦r t❤❡ ✈❛❧✉❡ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛
s♦❧✉t✐♦♥ ✐s st✐❧❧ ❛ ❜✐❣ ❝❤❛❧❧❡♥❣❡✳

❆♥♦t❤❡r ♠❛✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ✐s t♦ ♣r♦❥❡❝t t❤❡ ❝♦♥tr♦❧ ❢✉♥❝t✐♦♥ ♦r
❝♦st✲t♦✲❣♦ ❢✉♥❝t✐♦♥ ✐♥t♦ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ ❬✹✱ ✷✸✱ ✷✹❪✳ ❖♥❡ ❤❛s
❤❡♥❝❡ t♦ s♦❧✈❡ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠✱ ✇❤♦s❡ ❞✐♠❡♥s✐♦♥ ✐s t❤❡ ❝❛r❞✐♥❛❧✐t②
♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❜❛s✐s✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t❤❛t ✐t ❞♦❡s ♥♦t ♥❡❡❞
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ❝❛♥
❜❡ ❞♦♥❡ ✇✐t❤ ▼♦♥t❡✲❈❛r❧♦ ❜❛s❡❞ ♠❡t❤♦❞s✱ ❛♥❞ t❤✉s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s

❘❘ ♥➦ ✼✷✽✾



✹ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

✇✐❧❧ ❜❡ ❣✐✈❡♥ ❜② ❝❧❛ss✐❝❛❧ ▼♦♥t❡✲❈❛r❧♦ ♠❡t❤♦❞s ❛s ✇❡❧❧ ❛s ❍✐❧❜❡rt s♣❛❝❡ t❤❡♦r②✳
❚❤✐s ♠❡t❤♦❞ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ t♦ ♠❛♥② ♣r♦❜❧❡♠s ❬✷✵❪✳ ❍♦✇❡✈❡r✱ ✐♥
♣r❛❝t✐❝❡✱ t❤❡ r❡s✉❧t ❞❡♣❡♥❞s str♦♥❣❧② ♦♥ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❝❤♦s❡♥✱ ❛♥❞ ✇❤❡♥
t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ✭❛♥❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✮ ❞✐♠❡♥s✐♦♥ ✐♥❝r❡❛s❡s✱ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢
❜❛s✐s ❢✉♥❝t✐♦♥ s♣❛❝❡ ♦❢t❡♥ ✐♥❝r❡❛s❡s ❡①♣♦♥❡♥t✐❛❧❧②✳

❆♣❛rt ❢r♦♠ t❤❡s❡ t✇♦ ♠❛✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞s✱ s♦♠❡ s♣❡❝✐❛❧ ♠❡t❤♦❞s
❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❢♦r ❝❡rt❛✐♥ s♣❡❝✐✜❝ ♣r♦❜❧❡♠s✳ ❋♦r ❡①❛♠♣❧❡✱ P❡r❡✐r❛ ❛♥❞
P✐♥t♦ ❬✶✼❪ st✉❞② t❤❡ ♣r♦❜❧❡♠ ✇❤❡r❡ r❛♥❞♦♠♥❡ss ♦♥❧② ❛♣♣❡❛rs ♦♥ r✐❣❤t✲❤❛♥❞✲s✐❞❡
♦❢ ❝♦♥str❛✐♥t ❛♥❞ ✐s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ ♦♥❡ st❛❣❡ t♦ ❛♥♦t❤❡r✳ P❤✐❧♣♦tt ❛♥❞ ●✉❛♥
❬✶✽❪ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s ♠❡t❤♦❞✳ ❙❤❛♣✐r♦ r❡❝❡♥t❧② ❛♥❛❧②s❡s t❤❡
st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ❛♥❞ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s ♠❡t❤♦❞ ❬✷✶❪✳ ❚❤✐s ♠❡t❤♦❞
❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦ ❆❘▼❆ ♣r♦❝❡ss ❬✶✷❪✳

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t♦ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❞✐s❝r❡t✐③❛t✐♦♥
♠❡t❤♦❞ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ♥❛♠❡❧② t❤❡ ✈❡❝t♦r✐❛❧ q✉❛♥t✐③❛t✐♦♥
tr❡❡ ♠❡t❤♦❞✳ ❲❡ ❛♣♣❧② t❤❡ tr❛❞✐t✐♦♥❛❧ ❞✉❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠❡t❤♦❞ t♦ t❤❡ ❝♦♥✲
t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ t❡st r❡s✉❧ts ♣r❡s❡♥t ❣♦♦❞
♣❡r❢♦r♠❛♥❝❡ ✇❤❡♥ t❤❡ t✇♦ ♠❡t❤♦❞s ❛r❡ ❝♦♠❜✐♥❡❞✳ ▲✐❦❡ ♦t❤❡r ❞✉❛❧ ❞❡❝♦♠♣♦s✐✲
t✐♦♥ ♠❡t❤♦❞s ❛♣♣❧✐❡❞ t♦ ♠✉❧t✐✲st❛❣❡ st♦❝❤❛st✐❝ ♣r♦❣r❛♠s✱ t❤✐s ❛❧❣♦r✐t❤♠ ♣r♦✈✐❞❡s
✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ♦❢ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ❢♦r t❤❡ ✐♥✐t✐❛❧ ♣r♦❜❧❡♠✱ ❜♦t❤ ✐♥ ❛
st❛t✐st✐❝❛❧ s❡♥s❡✳ ❚❤✐s ❛rt✐❝❧❡ ✐s ♦r❣❛♥✐s❡❞ ❛s ❢♦❧❧♦✇s✿ ✐♥ s❡❝t✐♦♥ ✷✱ ✇❡ ♣r❡s❡♥t
t❤❡ ♠♦❞❡❧ ❛♥❞ s♦♠❡ ♣r♦♣❡rt✐❡s✳ ■♥ s❡❝t✐♦♥ ✸✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ q✉❛♥t✐③❛t✐♦♥
tr❡❡✱ ❛♥❞ t❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ✐♥ s❡❝t✐♦♥ ✹✳ ❋✐♥❛❧❧②✱
♥✉♠❡r✐❝❛❧ t❡sts ❛r❡ ♣❡r❢♦r♠❡❞ ♦✈❡r r❡❛❧✐st✐❝ ❡♥❡r❣② ♠❛♥❛❣❡♠❡♥t ♣r♦❜❧❡♠s ✐♥
s❡❝t✐♦♥ ✺✳ ❆ ❤❡✉r✐st✐❝ ❢♦r ❝♦♠♣✉t✐♥❣ ✐♥t❡❣❡r s✉❜♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❜❛s❡❞ ♦♥ t❤❡
❇❡❧❧♠❛♥ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❜② ❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ✐s ❛❧s♦ ♣r♦✈✐❞❡❞✳

✷ Pr♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥s

✷✳✶ ❋r❛♠❡✇♦r❦

❲❡ ♠❛② ❢♦r♠✉❧❛t❡ t❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
s❡tt✐♥❣✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❤❛✈❡ ❛ ❞✐s❝r❡t❡ t✐♠❡ ▼❛r❦♦✈ ♣r♦❝❡ss (ξt)t∈[1,T ] ✐♥ t❤❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ L2(Ω,F ,P; Rd)✳ ❲❡ ♠❛② ✇r✐t❡ ✐ts ❞②♥❛♠✐❝s ❛s

ξt+1 = f(Wt, ξt, αt) t = 1, . . . , T − 1, ✭✶✮

✇❤❡r❡ ξ1 ✐s ❞❡t❡r♠✐♥✐st✐❝✱ (αt)t∈[1,T−1] ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❞❡t❡r♠✐♥✐st✐❝ ♣❛r❛♠❡✲
t❡rs✱ ❛♥❞ (Wt)t∈[1,T−1] ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧②✲❞✐str✐❜✉t❡❞
✭✐✳✐✳❞✳✮ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦♥ L2(Ω,F ,P; Rd)✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ (ξt)❀ ✜♥❛❧❧② f ✐s
❛ ♠❡❛s✉r❛❜❧❡ ♠❛♣♣✐♥❣✳ ❚❤❡ ❝❛♥♦♥✐❝ ✜❧tr❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ (ξt) ✐s ❞❡♥♦t❡❞
❜② Ft = σ(ξs, 1 ≤ s ≤ t)✳ ❚❤❡ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ t♦ ❜❡ s♦❧✈❡❞ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣
❡①♣r❡ss✐♦♥✿

inf
(ut)t∈[1,T ]

E

[

T
∑

t=1

ct(ξt) · ut + g(ξT , xT+1)

]

✭✷✮

s✳t✳ ut ✐s Ft −♠❡❛s✉r❛❜❧❡, ut ∈ Ut ❛✳s✳

xt+1 = xt + Atut

x1 = 0, xT+1 ∈ XT+1.

■◆❘■❆



❊♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ❜② st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s ✺

✇❤❡r❡ ut ∈ R
n ✐s t❤❡ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡✱ Ut ✐s ❛ ❝♦♠♣❛❝t ♥♦♥❡♠♣t② ♣♦❧②❤❡❞r❛❧

s❡t ✐♥ R
n✱ xt ∈ R

m ✐s t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ r❡♣r❡s❡♥t✐♥❣ t❤❡ st♦r❛❣❡✱ XT+1 ✐s ❛
♥♦♥❡♠♣t② ♣♦❧②❤❡❞r❛❧ s❡t ✐♥ R

m✱ At ∈ R
m×n t❡❧❧s ❤♦✇ t❤❡ ❞❡❝✐s✐♦♥ ♠♦❞✐✜❡s

t❤❡ st♦r❛❣❡✱ ct(·) : R
d → R

n ✐s ❛ r✉♥♥✐♥❣ ❝♦st ❢✉♥❝t✐♦♥ ❜② ✉♥✐t ♦♥ ❝♦♥tr♦❧✱ ❛♥❞
g(ξ, x) : R

d×R
m → R ✐s ❝♦♥✈❡① ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✭❧✳s✳❝✳✮ ❢✉♥❝t✐♦♥ ♦❢ x ❛♥❞

❝❛♥ ♦❢t❡♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥ ❢♦r ✜♥❛❧ st❛t❡ xT+1✳

▲❡♠♠❛ ✷✳✶✳ ■❢
∑T

t=1 AtUt ∩ XT+1 6= ∅✱ ♣r♦❜❧❡♠ ✭✷✮ ❤❛s ❛ ♥♦♥❡♠♣t② s❡t ♦❢
s♦❧✉t✐♦♥s ✐♥ L∞(Ω,F ,P; Rn)✳

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ s❡ts (Ut), t = 1, . . . , T ❛r❡ ❝♦♠♣❛❝t✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ✐♥ H := L2(Ω,F ,P; Rn)✳ ❚❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ ♣♦❧✐❝✐❡s
✐s ❝❧♦s❡❞ ❛♥❞ ❝♦♥✈❡①✱ ❛♥❞ ❤❡♥❝❡✱ ✇❡❛❦❧② ❝❧♦s❡❞✳ ❚❤❡ ✜♥❛❧ ❝♦st E[g(ξT , xT+1)]
✐s ❛ ❧✳s✳❝✳ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ♦✈❡r L2(Ω,F ,P; Rm)✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐s ✇❡❛❦❧② ❧✳s✳❝✳
✐♥ t❤✐s s♣❛❝❡❀ s♦ ✐s t❤❡ ❛❧❧ ❝♦st ❢✉♥❝t✐♦♥ ✭ct(ξt)ut✮✳ ❊①tr❛❝t✐♥❣ ✐❢ ♥❡❝❡ss❛r② ❛
s✉❜s❡q✉❡♥❝❡✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ s❛② uk✱ ♥❡❝❡ss❛r✐❧②
❜♦✉♥❞❡❞ ✐♥ H✱ ✐s ✇❡❛❦❧② ❝♦♥✈❡r❣❡♥t ✐♥ t❤✐s s♣❛❝❡✳ P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡
st❛t❡ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❝♦♥str❛✐♥t ♦♥ t❤❡ ❞❡❝✐s✐♦♥ ❛♥❞ ✉s✐♥❣ t❤❡ ✇❡❛❦ ❧✳s✳❝✳ ♦❢
t❤❡ ❝♦st ❢✉♥❝t✐♦♥✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ✇❡❛❦ ❧✐♠✐t ♦❢ uk ✐s s♦❧✉t✐♦♥ ♦❢ ✭✷✮✳

❚❤✐s ❝♦♥❞✐t✐♦♥
∑T

t=1 Atut ∩ XT+1 6= ∅ ✐s ❛❧✇❛②s s❛t✐s✜❡❞ ✐♥ t❤✐s ❛rt✐❝❧❡ t♦
♠❛❦❡ s✉r❡ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥✳

❘❡♠❛r❦ ✷✳✷✳ ❚❤❡ ❢✉♥❝t✐♦♥ t♦ ❜❡ ♠✐♥✐♠✐③❡❞ ✐s ♥♦t str✐❝t❧② ❝♦♥✈❡①✳ ❚❤❡r❡❢♦r❡ t❤❡
♠✐♥✐♠✉♠ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ✉♥✐q✉❡✳

✷✳✷ ❉②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡

❚❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r st✉❞② ❤❛s t❤❡ ❞❡s✐r❡❞ str✉❝t✉r❡ ❢♦r t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠✲
♠✐♥❣ ♣r✐♥❝✐♣❧❡ t♦ ❤♦❧❞✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ r❡❛❧✐③❛t✐♦♥ ✉♣ t♦ t✐♠❡ t ♦❢ t❤❡ s✐❣♥❛❧
❛s ξ[t] = (ξ1, . . . , ξt)✳ ❚❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❛t st❛❣❡ t✱ ❞❡♥♦t❡❞ ❜② Q(t, xt, ξ[t])✱ ✐s
t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛♥t ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ♦❜t❛✐♥❡❞ ✇❤❡♥ st❛rt✐♥❣ ❛t t✐♠❡
t ✇✐t❤ st❛t❡ ✈❛r✐❛❜❧❡✭st♦r❛❣❡✮ xt✿

Q(t, xt, ξ[t]) := inf
(us)s∈[t,T ]

E

[

T
∑

s=t

cs(ξs) · us + g(ξT , xT+1)

]

✭✸✮

s✳t✳ us ✐s Fs −♠❡❛s✉r❛❜❧❡, us ∈ Us ❛✳s✳

xs+1 = xs + Asus, s = 1, . . . , T,

xT+1 ∈ XT+1

❚❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✐s Q(1, 0, ξ1)✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ▼❛r❦♦✈
♣r♦♣❡rt② ♦❢ (ξt)t∈[1,T ]✱ Q(t, xt, ξ[t]) ✐s ❛❝t✉❛❧❧② ❛ ❢✉♥❝t✐♦♥ ♦❢ (t, xt, ξt)✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ ✐s ❡❛s✐❧② ❡st❛❜❧✐s❤❡❞✿

Q(t, xt, ξt) := inf
ut∈Ut

ct(ξt) · ut + Q(t + 1, xt+1, ξt) ✭✹✮

s✳t✳ Atut + xt = xt+1

✇❤❡r❡ Q(·, ·, ·) ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❛t t✐♠❡ t+1 ♦❜t❛✐♥❡❞
✐♥ st❛t❡ xt+1✿

Q(t + 1, xt+1, ξt) := E
[

Q(t + 1, xt+1, ξt+1)|Ft

]

, t = 1, . . . , T − 1, ✭✺✮

❘❘ ♥➦ ✼✷✽✾



✻ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

❛♥❞

Q(T + 1, xT+1, ξT ) =

{

g(ξT , xT+1) ✐❢ xT+1 ∈ XT+1,

+∞ ♦t❤❡r✇✐s❡✳
✭✻✮

✷✳✸ ❋❡❛s✐❜✐❧✐t②

❚❤❡ ♣r♦♣❡rt② ♦❢ r❡❧❛t✐✈❡❧② ❝♦♠♣❧❡t❡ r❡❝♦✉rs❡ ❞♦❡s ♥♦t ❤♦❧❞ ❣❡♥❡r❛❧❧② ✐♥ t❤✐s
s❡tt✐♥❣✳ ❚❤❛t ✐s✱ ✐t ♠❛② ❤❛♣♣❡♥ t❤❛t ❢♦r ❣✐✈❡♥ t✐♠❡ t ❛♥❞ xt✱ s✉❝❤ t❤❛t t❤❡ ❛s✲
s♦❝✐❛t❡❞ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ✐s ✜♥✐t❡ ✭✐♠♣❧②✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ❢❡❛s✐❜❧❡
❞❡❝✐s✐♦♥s ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜♥❛❧ t✐♠❡ ❜❡❧♦♥❣s t♦ XT+1✮✱ s♦♠❡ u ∈ Us ♠❛②
r❡s✉❧t ✐♥ ❛ ♥♦♥ ❢❡❛s✐❜❧❡ st❛t❡ ✈❛r✐❛❜❧❡ xt+1 := xt + Atut✱ ✇❤♦s❡ ❛ss♦❝✐❛t❡❞ ❇❡❧❧✲
♠❛♥ ✈❛❧✉❡ ✇✐❧❧ t❤❡r❡❢♦r❡ ❜❡ ✐♥✜♥✐t❡✳ ❚❤❛t ✐s✱ t❤❡ ✜♥❛❧ st❛t❡ ❝♦♥str❛✐♥t ✐♥❞✉❝❡s
✐♠♣❧✐❝✐t ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❞❡❝✐s✐♦♥ ❛t t✐♠❡ t✳

❚❤❡ ❙❉❉P ❛♣♣r♦❛❝❤ ✐♥❝❧✉❞❡s ❛ ♠❡❝❤❛♥✐s♠ ❢♦r ❞❡❛❧✐♥❣ ✇✐t❤ t❤✐s s✐t✉❛t✐♦♥✱
❜② ❣❡♥❡r❛t✐♥❣ ❢❡❛s✐❜✐❧✐t② ❝✉ts ✭s✐♠✐❧❛r t♦ ❇❡♥❞❡r✬s ❢❡❛s✐❜✐❧✐t② ❝✉ts ❢♦r ❛ t✇♦ st❛❣❡
♣r♦❜❧❡♠ ❜✉t ❝♦♠❜✐♥❡❞ ✇✐t❤ ❜❛❝❦✇❛r❞ r❡❝✉rs✐♦♥✮✳ ❍♦✇❡✈❡r✱ ❣❡♥❡r❛t✐♥❣ ❢❡❛s✐✲
❜✐❧✐t② ❝✉ts ♠❛② ❜❡ ❛ ❧♦♥❣ ♣r♦❝❡ss ❛♥❞ ✇❡ ♣r❡❢❡r t♦ ❞❡❛❧ ✇✐t❤ t❤❡♠ ❜② ❛ ❞✐r❡❝t
❛♣♣r♦❛❝❤✱ t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s♣❡❝✐✜❝ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿ ♥♦ ✉♥❝❡rt❛✐♥t②
♦❝❝✉rs ✐♥ t❤❡ st❛t❡ ❞②♥❛♠✐❝s✳ ■♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ✜♥❛❧ ❝♦♥str❛✐♥ts
♠❛② ❜❡ ❢✉❧✜❧❧❡❞✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ s❡ts ♦❢ ❢❡❛s✐❜❧❡ ❝♦♥tr♦❧✿

U
ad :=

{

(ut)t∈[1,T ]

∣

∣

∣

∣

T
∑

t=1

Atut ∈ XT+1, ut ∈ Ut

}

. ✭✼✮

❲✐t❤ t✐♠❡ t ∈ [1, T ] ❛♥❞ s♦♠❡ st❛t❡ xt ✐s ❛ss♦❝✐❛t❡❞ t❤❡ ✭♣♦ss✐❜❧② ❡♠♣t②✮
❧♦❝❛❧ s❡t ♦❢ ❢❡❛s✐❜❧❡ ❝♦♥tr♦❧

U
ad
t (xt) :=

{

ut ∈ Ut

∣

∣

∣

∣

xt +

T
∑

s=t

Asus ∈ XT+1, us ∈ Us, s = t, . . . , T

}

. ✭✽✮

❍❡♥❝❡✱ ✇❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ Xt =
{

x |Uad
t (x) 6= ∅

}

✱ s✉❝❤ t❤❛t ♦♥❧② ❢♦r xt ∈ Xt✱
t❤❡r❡ ❡①✐sts ❢❡❛s✐❜❧❡ ❝♦♥tr♦❧ ❧❡❛❞✐♥❣ t♦ t❤❡ ✜♥❛❧ st❛t❡ s❡t XT+1✿

Xt :=

{

xt : ∃us ∈ Us s ≥ t, s.t. xt +

T
∑

s=t

Asus ∈ XT+1

}

= XT+1 −
T
∑

s=t

AsUs.

✭✾✮
❙✐♥❝❡ XT+1 ❛♥❞ Ut ❛r❡ ♣♦❧②❤❡❞r❛❧ s❡ts✱ s♦ ✐s Xt✳ ■❢ ✇❡ r❡♣❧❛❝❡ t❤❡ ❞❡❝✐s✐♦♥ ut

❜② ❛ s❡q✉❡♥❝❡ (ut, . . . , uT ) s✉❝❤ t❤❛t xt ∈ Xt✱ ✇❡ ❣❡t t❤❡ ♣r♦♣❡rt② ♦❢ r❡❧❛t✐✈❡❧②
❝♦♠♣❧❡t❡ r❡❝♦✉rs❡✳ ❚❤❡ ❝♦✉♥t❡r♣❛rt ✐s ❛♥ ✐♥❝r❡❛s❡ ♦❢ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❞❡❝✐s✐♦♥
✈❛r✐❛❜❧❡✱ ✇❤✐❝❤ ✐♥ ♦✉r ▲◆● ❛♣♣❧✐❝❛t✐♦♥ ✭s❡❡ s❡❝♦♥❞ ❡①❛♠♣❧❡ ✐♥ s❡❝t✐♦♥ ✺ ✮ ✐s
❛❝❝❡♣t❛❜❧❡✳

✷✳✹ ❙t♦❝❤❛st✐❝ ❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ✭❙❉❉P✮ ❢♦r✲
♠✉❧❛t✐♦♥

❲❡ ♥❡①t t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❛ ♣❛rt✐❛❧ ❝♦♥✈❡①✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ❇❡❧❧♠❛♥ ❢✉♥❝t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳ ❋♦r ❛♥② t = 1 t♦ T ✱ t❤❡ ❢✉♥❝t✐♦♥s Q (t, xt, ξt) ❛♥❞ Q(t, xt, ξt−1)
❛r❡ ❝♦♥✈❡① ❛♥❞ ❧✳s✳❝✳ ❢✉♥❝t✐♦♥s ♦❢ xt✳

■◆❘■❆



❊♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ❜② st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s ✼

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ ❝♦♥✈❡①✐t② ❛♥❞ ❧✳s✳❝✳ ♣r♦♣❡rt② ❜② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥✳ ■♥
✈✐❡✇ ♦❢ ✭✻✮✱ t❤❡② ❤♦❧❞ ✇❤❡♥ t = T + 1✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ✭✺✮ ❦❡❡♣s
t❤❡ ❝♦♥✈❡①✐t② ❛♥❞ ❧✳s✳❝✳ ♣r♦♣❡rt② ♦♥ xt✳ ❋♦r t ≤ T ✱ t❤❡ ❝♦♥✈❡①✐t② ❢♦❧❧♦✇s
❜② ✐♥❞✉❝t✐♦♥ ♦✈❡r t✱ ❢r♦♠ T t♦ ✶✱ ✉s✐♥❣ ✭✹✮✳ ❚♦ ♣r♦✈❡ t❤❡ ❧✳s✳❝✳✱ ✐♥ ✈✐❡✇ ♦❢
t❤❡♦r❡♠ ❬✶✾✱ ❚❤❡♦r❡♠ ✶✳✶✼❪ ♦♥ ♣❛r❛♠❡tr✐❝ ♠✐♥✐♠✐③❛t✐♦♥✱ t❤❡ ♣r♦♣❡rt② ❤♦❧❞s ❛s
t❤❡ ❡①♣r❡ss✐♦♥ ♦♥ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✹✮ ✐s ♣r♦♣❡r✱ ❧✳s✳❝✳ ❛♥❞ ❧❡✈❡❧✲❜♦✉♥❞❡❞ ✐♥
ut ❧♦❝❛❧❧② ✉♥✐❢♦r♠❧② ✐♥ xt ❬✶✾✱ ❉❡✜♥✐t✐♦♥ ✶✳✶✻❪✳ ❇② ✐♥❞✉❝t✐♦♥✱ ❜♦t❤ ♣r♦♣❡rt✐❡s
❢♦❧❧♦✇ ❢♦r ❛❧❧ t = 1, . . . , T ✳

❘❡♠❛r❦ ✷✳✹✳ Q(t, xt, ξt) ❛♥❞Q(t+1, xt+1, ξt) ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♥♦t ❝♦♥✈❡① ❢✉♥❝t✐♦♥s
♦❢ ξt✳

❲❡ ❞❡♥♦t❡ ❜② f∗ t❤❡ ❋❡♥❝❤❡❧ ❝♦♥❥✉❣❛t❡ ♦❢ ❛♥ ❡①t❡♥❞❡❞ r❡❛❧ ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥
f ♦♥ ❛♥ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ X✱ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ✐ts ❞✉❛❧✱ ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ x∗ ∈ X ❜②

f∗(x∗) := sup
x∈X

(x∗ · x − f(x)) . ✭✶✵✮

▲❡t f∗∗ ❞❡♥♦t❡ t❤❡ ❜✐❝♦♥❥✉❣❛t❡ ♦❢ f ✱ ❞❡✜♥❡❞ ❜② f∗∗(x) = supx∗∈X∗ (x · x∗ − f∗(x∗)) .
❇② t❤❡ ▼♦r❡❛✉ ❋❡♥❝❤❡❧ t❤❡♦r❡♠ ❬✶✾✱ ❚❤♠ ✶✷✳✶❪✱ f = f∗∗ ✇❤❡♥❡✈❡r f ✐s ❝♦♥✈❡①✱
❧✳s✳❝✳ ❛♥❞ ♣r♦♣❡r ✭t❤❡ ❧❛tt❡r ♠❡❛♥s t❤❛t f ✐s ❛❧✇❛②s ❣r❡❛t❡r t❤❛♥ −∞✱ ❛♥❞ ♥♦t
❛❧✇❛②s ❡q✉❛❧ t♦ +∞✮✳ ❆♣♣❧②✐♥❣ t❤✐s t❤❡♦r❡♠ t♦ Q(t, xt, ξt) ❛❧❧♦✇s t♦ ✇r✐t❡ t❤✐s
❢✉♥❝t✐♦♥ ❛s t❤❡ s✉♣r❡♠✉♠ ♦❢ ❛ ❢❛♠✐❧②✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t ❛♥❞ ξt✱ ♦❢ ❛✣♥❡ ❢✉♥❝t✐♦♥s
♦❢ x✿

Q(t, xt, ξt) = Q∗∗(t, xt, ξt) = sup
x∗

t ∈Rm

x∗
t · xt − Q∗(t, x∗

t , ξt),

✇❤❡r❡ Q∗ ❞❡♥♦t❡s t❤❡ ❝♦♥❥✉❣❛t❡ ♦❢ Q ✇✳r✳t✳ x ♦♥❧②✳
❚❤✉s✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ st♦❝❤❛st✐❝ ❞✉❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♣♣r♦❛❝❤ ♦♥ t❤❡ st❛t❡

✈❛r✐❛❜❧❡ xt ❬✺✱ ✷✷❪✱ ❜✉t ♥♦t ♦♥ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξt✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ ✐s

Q(t, xt, ξt) = inf
ut

ct(ξt) · ut + Q(t + 1, xt+1, ξt) ✭✶✶✮

= inf
ut

ct(ξt) · ut + Q∗∗(t + 1, xt+1, ξt) ✭✶✷✮

s.t. Atut + xt = xt+1

(❢❡❛s✐❜✐❧✐t②) ut ∈ U
ad
t (xt)

(♦♣t✐♠❛❧✐t② ❝✉t)

{

Q∗∗(t + 1, xt+1, ξt) ≥ E
[

Q∗∗(t + 1, xt+1, ξt+1)|Ft

]

Q∗∗(t + 1, xt+1, ξt+1) ≥ x∗ · xt+1 − Q∗(t + 1, x∗, ξt+1), ∀x∗.

❚❤✐s ✐s t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✇❡ ✇✐❧❧ ❛♣♣❧② t♦ ♦✉r ❛❧❣♦r✐t❤♠✳
❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥✱ ♦♥❡ st✐❧❧ ♥❡❡❞s t♦ ❝❛❧❝✉❧❛t❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①✲

♣❡❝t❛t✐♦♥s✳ ▼❛♥② ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✱ s✉❝❤ ❛s P❉❊ ♦r
▼♦♥t❡✲❈❛r❧♦✳ ❍❡r❡✱ ✇❡ ❝❤♦♦s❡ t♦ ❞✐s❝r❡t✐③❡ t❤❡ r❛♥❞♦♠ s♣❛❝❡✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡
s✐③❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ t❤❛t ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ s♦❧✈✐♥❣ ✭s❡❡ s❡❝♦♥❞ ❡①❛♠♣❧❡ ✐♥
s❡❝t✐♦♥ ✺✮✱ st❛♥❞❛r❞ s❝❡♥❛r✐♦ tr❡❡s ✇✐❧❧ ❝❛✉s❡ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡
♣r♦❜❧❡♠ s✉❝❤ t❤❛t ✐t ✇✐❧❧ ❜❧♦✇ ✉♣ ♥✉♠❡r✐❝❛❧❧②✳ ❚♦ ❛✈♦✐❞ t❤✐s ♣♦✐♥t✱ ✇❡ r❡❧② ♦♥
t❤❡ ✈❡❝t♦r✐❛❧ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ✇❤✐❝❤ ❜✉✐❧❞s ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ ✜♥✐t❡❧② ♠❛♥②
st❛t❡s✳

❘❘ ♥➦ ✼✷✽✾



✽ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

✷✳✺ ❍❡✉r✐st✐❝ ♠❡t❤♦❞ ❢♦r ✐♥t❡❣❡r s♦❧✉t✐♦♥

❲❡ r❡t✉r♥ t♦ t❤❡ ✐♥t❡❣❡r s♦❧✉t✐♦♥ ❢♦r ♣r♦❜❧❡♠✿

inf
(ut)t∈[1,T ]

E

[

T
∑

t=1

ct(ξt) · ut + g(ξT , xT+1)

]

✭✶✸✮

s✳t✳ ut ✐s Ft −♠❡❛s✉r❛❜❧❡, ut ∈ Z
n ∩ Ut ❛✳s✳

xt+1 = xt + Atut

x1 = 0, xT+1 ∈ XT+1.

❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t U
ad ∩ Z

n×T 6= ∅✳
❖✉r ❤❡✉r✐st✐❝ ♠❡t❤♦❞ ✐s t♦ ❧♦♦❦ ❢♦r t❤❡ ✐♥t❡❣❡r ❝♦♥tr♦❧ ✉s✐♥❣ t❤❡ ❇❡❧❧♠❛♥

✈❛❧✉❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥✿

Q(t, xt, ξt) = inf
ut

ct(ξt) · ut + Q∗∗(t + 1, xt+1, ξt) ✭✶✹✮

s.t. Atut + xt = xt+1

(❢❡❛s✐❜✐❧✐t②) ut ∈ Z
n ∩ U

ad
t (xt)

(♦♣t✐♠❛❧✐t② ❝✉t)

{

Q∗∗(t + 1, xt+1, ξt) ≥ E
[

Q∗∗(t + 1, xt+1, ξt+1)|Ft

]

Q∗∗(t + 1, xt+1, ξt+1) ≥ x∗ · xt+1 − Q∗(t + 1, x∗, ξt+1), ∀x∗.

✸ ❱❡❝t♦r✐❛❧ ◗✉❛♥t✐③❛t✐♦♥ ❚r❡❡

◗✉❛♥t✐③❛t✐♦♥ ♠❡t❤♦❞ st❛rt❡❞ ✐♥ t❤❡ ❡❛r❧② ✺✵✬s ❛♥❞ ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ ✐♥ ✐♥❢♦r✲
♠❛t✐♦♥ s❝✐❡♥❝❡ ❛♥❞ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣✳ ❘❡❝❡♥t❧②✱ ❱✳ ❇❛❧❧② ❛♥❞ ●✳ P❛❣ès ✉s❡❞
t❤✐s t❡❝❤♥✐q✉❡ ✐♥ ♦r❞❡r t♦ ❞✐s❝r❡t✐③❡ t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛♥❞ ❧❛t❡r ❛♣♣❧✐❡❞ ✐t t♦
✜♥❛♥❝✐❛❧ ❡♥❣✐♥❡❡r✐♥❣ ❬✶✱ ✷❪✳ ■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ♠❛✐♥ ✐❞❡❛s ❛♥❞ s♦♠❡ ✐♠♣♦rt❛♥t
r❡s✉❧ts ♦❢ ✈❡❝t♦r✐❛❧ q✉❛♥t✐③❛t✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞✳

✸✳✶ ❖♣t✐♠❛❧ q✉❛♥t✐③❛t✐♦♥

❖♣t✐♠❛❧ q✉❛♥t✐③❛t✐♦♥ ♦❢ r❛♥❞♦♠ ✈❡❝t♦rs ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ t❤❡ ❜❡st ♣♦ss✐❜❧❡ ❛♣✲
♣r♦①✐♠❛t✐♦♥ ✭✐♥ Lp ♥♦r♠ s❡♥s❡✮ ♦❢ ❛ R

d−✈❛❧✉❡❞ r❛♥❞♦♠ ✈❡❝t♦r ξ ∈ Lp(Ω,F ,P)
❜② ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ φ(ξ) t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ ❛ ✜♥✐t❡ s❡t Γ ♦❢ ❝❛r❞✐♥❛❧ ♦❢ ❛t
♠♦st N ✈❛❧✉❡s✳ ❚❤❛t ✐s✱ ♦♥❡ ✇✐s❤❡s t♦ s♦❧✈❡ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

min
{

‖ξ − φ(ξ)‖p |φ : Ω → R
d,♠❡❛s✉r❛❜❧❡, |φ(Ω)| ≤ N

}

✭✶✺✮

❛♥❞ Γ = φ(Ω)✳ ▲❡t ✉s ♥♦t❡ ξ̂ = φ(ξ)✳ ❚❤✐s ❡rr♦r ✐s ❞❡✜♥❡❞ ❛s ♠✐♥✐♠❛❧ ❞✐st♦rt✐♦♥
Dµ,p

N = ‖ξ − ξ̂‖p
p ♦❢ q✉❛♥t✐③❛t✐♦♥✱ ✇❤❡r❡ µ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦❢ ξ✳ ❖♥❡

❣❡ts ❡❛s✐❧② t❤❛t φ = ProjΓ✱ ✇❤❡r❡ ProjΓ ❞❡♥♦t❡s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ ❣r✐❞
Γ =

{

ξ1, . . . , ξn
}

❢♦❧❧♦✇✐♥❣ t❤❡ ♥❡❛r❡st ♥❡✐❣❤❜♦r r✉❧❡ ❢♦❧❧♦✇✐♥❣ Lp ❞✐st❛♥❝❡✳
❲❡ s❛② t❤❛t C(ξi) ✐s ❛ ❱♦r♦♥♦✐ t❡ss❡❧❧❛t✐♦♥ ♦❢ N ✲t✉♣❧❡ Γ ✐❢ ❢♦r ❛❧❧ ξi ∈ Γ✱

C(ξi) ✐s ❛ ❇♦r❡❧ s❡t s❛t✐s❢②✐♥❣✿

C(ξi) = Proj−1
Γ (ξi) ⊂

{

ξ | |ξ − ξi|p = minξj∈Γ |ξ − ξj |p
}

. ✭✶✻✮

❋♦❧❧♦✇✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥✱ ❛ N ✲t✉♣❧❡ ❞♦❡s ❤❛✈❡ ✐♥✜♥✐t❡❧② ♠❛♥② ❱♦r♦♥♦✐ t❡ss❡❧✲
❧❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❡❛❝❤ t❡ss❡❧❧❛t✐♦♥ ❛❧✇❛②s ❤❛s t❤❡ s❛♠❡ ❝❧♦s✉r❡ ❛♥❞ t❤❡ s❛♠❡

■◆❘■❆



❊♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ❜② st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s ✾

❜♦✉♥❞❛r②✳ ■❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ξ ✐s str♦♥❣❧② ❝♦♥t✐♥✉♦✉s✱ ✐✳❡✳✱ t❤❡ ♠❡❛s✉r❡ µ ♦❢
❤②♣❡r♣❧❛♥❡ ✐s ✵✱ ✇❡ ✇✐❧❧ ♥♦t ❜♦t❤❡r ✇✐t❤ ❜♦✉♥❞❛r✐❡s ❛♥❞ ♦♥❡ ♠❛② t❤✐♥❦ ❛s ✐❢
t❤❡r❡ ✐s ♦♥❧② ♦♥❡ t❡ss❡❧❧❛t✐♦♥✳ ❚❤✐s ❤②♣♦t❤❡s✐s ✐s s❛t✐s✜❡❞ ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥✳

❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ♦♣t✐♠❛❧ q✉❛♥t✐③❛t✐♦♥ ❜❡❝♦♠❡s ❛ ❣❧♦❜❛❧
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐s ✐♥ ❣❡♥❡r❛❧ ❞✐✣❝✉❧t t♦ s♦❧✈❡✳ ❍♦✇❡✈❡r✱ ♦♥❡ ❝❛♥
❡❛s✐❧② ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ✭❡✳❣✳ ❬✷✱ ♣r♦♣❡rt② ✶✲✸❪✮✿

❼ ❚❤❡ ♠✐♥✐♠❛❧ ❞✐st♦rt✐♦♥ ✐s ❞❡❝r❡❛s✐♥❣ ✇✳r✳t✳ N ✳

❼ lim
N→∞

min
|Γ|≤N

‖ξ − ξ̂‖p = 0✳

❖♥❡ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ✐s t❤❡ r❛t❡ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ ③❡r♦✱ ✇❤✐❝❤ ✐s
r❡❢❡rr❡❞ ❛s ❩❛❞♦r✬s t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✸✳✶✳ ❬✼✱ ❚❤❡♦r❡♠ ✻✳✷❪ ■❢ E[|ξ|p+η] < ∞ ❢♦r s♦♠❡ η > 0✱ t❤❡♥✱

lim
N

(

Np/d min
|Γ|≤N

‖ξ − ξ̂‖p
p

)

= Jp,d

(
∫

|g|d/(d+p)(u)du

)1+p/d

✇❤❡r❡ P(du) = g(u)λd(du) + ν, ν ⊥ λd ✭λd ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ R
d✮✳ ❚❤❡

❝♦♥st❛♥t Jp,d ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ [0, 1]d✳

❘❡♠❛r❦ ✸✳✷✳ ❚❤✐s t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t min
|Γ|≤N

‖ξ − ξ̂‖p = O(N1/d)✳

✸✳✷ ◗✉❛♥t✐③❛t✐♦♥ ✭r❡❝♦♠❜✐♥✐♥❣✮ tr❡❡

❚❤❡ q✉❛♥t✐③❛t✐♦♥ tr❡❡ (ξ̂t)t∈[1,T ] ✐s ❛ ✜♥✐t❡ st❛t❡ ▼❛r❦♦✈ ❝❤❛✐♥✱ s✉❝❤ t❤❛t ❛t ❡❛❝❤

st❛❣❡ t✱ ξ̂t ✐s ❛♥ ♦♣t✐♠❛❧ q✉❛♥t✐③❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ξt ✐♥ t❤❡
❞✐s❝r❡t❡ t✐♠❡ ♣r♦❝❡ss✳

▲❡t ✉s ❞❡♥♦t❡ ❜② Nt ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ q✉❛♥t✐③❛t✐♦♥ ♣♦✐♥ts ❛t st❛❣❡ t✱ ❛♥❞
s❡t N :=

∑T
t=1 Nt ✇✐t❤ N1 := 1✳ ❲❡ ✜rst s❡t t❤❡ ♥✉♠❜❡r ♦❢ t♦t❛❧ q✉❛♥t✐③❛t✐♦♥

♣♦✐♥ts N ✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❝❛♣❛❝✐t② ♦❢ t❤❡ ♠❛❝❤✐♥❡ ❛♥❞ ♦♥ t❤❡
r❡q✉✐r❡❞ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ r❡s✉❧t✳

❚❤❡ ♥❡①t st❡♣ ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♥✉♠❜❡r ♦❢ q✉❛♥t✐③❛t✐♦♥ ♣♦✐♥ts t❛❦❡♥ ❛t
❡❛❝❤ st❛❣❡ Nt✳ ■❢ ξt ∈ L2(Ω,Ft,P; Rd) ✱ ❢♦❧❧♦✇✐♥❣ ❬✷✱ ♣r♦♣♦s✐t✐♦♥ ✽❪ ✐♥ ♦r❞❡r t♦
♠✐♥✐♠✐③❡ t❤❡ L2 ❞✐st♦rt✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ tr❡❡✱ ♦♥❡ ❣❡ts t❤❛t

Nt =

⌈

at
∑T

τ=1 aτ

N

⌉

at := ‖ξt‖d/2(1+d)
d/(d+2) t = 2, . . . , T. ✭✶✼✮

❲❡ st✐❧❧ ❤❛✈❡ t♦ ❡✈❛❧✉❛t❡ ♣r♦❜❛❜✐❧✐t② tr❛♥s✐t✐♦♥s ❢♦r t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥✳ ▲❡t pij
t

❜❡ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❢r♦♠ ξi
t t♦ ξj

t+1✱ ❞❡✜♥❡❞ ❛s

pij
t = P

[

ProjΓt+1
(ξt+1) = ξj

t+1|ProjΓt
(ξt) = ξi

t

]

✭✶✽✮

■♥ ♣r❛❝t✐❝❡✱ ❛♥ ❛♥❛❧②t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② tr❛♥s✐t✐♦♥s ✐s ♦✉t ♦❢
r❡❛❝❤ ❢♦r d ≥ 2✳ ❖♥❡ ❡✣❝✐❡♥t ✇❛② ✐s t♦ ❝♦♠♣✉t❡ t❤❡ tr❛♥s✐t✐♦♥ ❜② ❛ ▼♦♥t❡✲❈❛r❧♦
♠❡t❤♦❞✱ ✐✳❡✳ pij

t ✐s t♦ ❜❡ ❡st✐♠❛t❡❞ ❜②

p̂ij
t =

∑M
m=1 1{ProjΓt

(ξm
t )=ξi

t}
1{ProjΓt+1

(ξm
t+1)=ξj

t+1}

∑M
m=1 1{ProjΓt

(ξm
t )=ξi

t}

✭✶✾✮

❘❘ ♥➦ ✼✷✽✾



✶✵ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

✇❤❡r❡ M ✐s t❤❡ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡ ✐♥ ▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥✳
❋♦r t❤❡ ❞❡t❛✐❧ ♦❢ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ❜✉✐❧❞✐♥❣✱ ♣❛rt✐❝✉❧❛r❧② t❤❡ ❡①t❡♥❞❡❞ ❝♦♠✲

♣❡t✐t✐✈❡ ❧❡❛r♥✐♥❣ ✈❡❝t♦r q✉❛♥t✐③❛t✐♦♥ ✭❈▲❱◗✮ ❛❧❣♦r✐t❤♠✱ ✇❡ r❡❢❡r t♦ ❬✷❪✳

✸✳✸ ❉✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❢♦r♠✉❧❛t✐♦♥ ♦♥ q✉❛♥t✐③❛✲
t✐♦♥ tr❡❡

■♥ t❤❡ s❡q✉❡❧ ✇❡ ❞❡♥♦t❡ t❤❡ q✉❛♥t✐③❡❞ ♣r♦❝❡ss ❜② (ξ̂t)✱ t❤❡ ❛ss♦❝✐❛t❡❞ ✜❧tr❛t✐♦♥
❜② (F̂t)✱ ❛♥❞ ✭❢♦r t❤❡ ♣r♦❜❧❡♠ s✐♠✐❧❛r t♦ ✭✷✮ ✐♥ ✇❤✐❝❤ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (ξt)

❛r❡ r❡♣❧❛❝❡❞ ❜② (ξ̂t)✮ t❤❡ ❛ss♦❝✐❛t❡❞ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❜② Q̂(t + 1, xt+1, ξ̂t)✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ r❡❛❞s

Q̂(t, xt, ξ̂t) := inf
ut∈Uad

t (xt)
ct(ξ̂t) · ut + Q̂(t + 1, xt+1, ξ̂t) ✭✷✵✮

s✳t✳ Atut + xt = xt+1

✇❤❡r❡ Q̂(·, ·, ·) ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❛t t✐♠❡ t+1 ♦❜t❛✐♥❡❞
✐♥ st❛t❡ xt+1✿

Q̂(t + 1, xt+1, ξ̂t) := E

[

Q̂(t + 1, xt+1, ξ̂t+1)|F̂t

]

, t = 1, . . . , T − 1, ✭✷✶✮

❛♥❞

Q̂(T + 1, xT+1, ξ̂T ) =

{

g(ξ̂T , xT+1) ✐❢ xT+1 ∈ XT+1,

+∞ ♦t❤❡r✇✐s❡✳
✭✷✷✮

■♥ t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❜❡ st✉❞✐❡❞ ♥❡①t✱ ♦♥❧② ❛ ✜♥✐t❡ s❡t ♦❢ ❛✣♥❡ ❧♦✇❡r ❜♦✉♥❞s ♦❢
t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡s Q̂(t, ·, ξ̂t) ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❉❡♥♦t❡ ❜② M i

t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t
❢♦r t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ξi

t✳ ❲❡ s❡❡ t❤❛t t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡s❡ ❛✣♥❡ ❧♦✇❡r ❜♦✉♥❞s
✐s ✐ts❡❧❢ ❛ ❝♦♥✈❡① ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡s✱ ❞❡♥♦t❡❞ ❜② ✿

θ(t, x, ξi
t,M

i
t ) := max

{

x∗ · x − e; (x∗, e) ∈ M i
t

}

✭✷✸✮

❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠✲
♠✐♥❣ ❡q✉❛t✐♦♥✱ ✇❤❡♥ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡s ❛r❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❧♦✇❡r ❜♦✉♥❞s
θ(t, x, ξi

t,M
i
t )✿

ϑ(t+1, ·, ξi
t,Mt+1) := E[θ(t+1, ·, ξt+1,M

j
t+1)ṽF̂t] =

∑

ξj
t+1∈Γt+1

p̂ij
t θ(t+1, ·, ξj

t+1,M
j
t+1)

✭✷✹✮

✇❤❡r❡ Mt+1 :=
(

M j
t+1, ξ

j
t+1 ∈ Γt+1

)

✳

❲❡ ♠❛② t❤❡♥ ✇r✐t❡ t❤❡ r❡s✉❧t✐♥❣ ❛♣♣r♦①✐♠❛t❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❡q✉❛✲
t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ✐s r❡♣❧❛❝❡❞ ❜② ✐ts ❧♦✇❡r ❡st✐♠❛t❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠✿

inf
ut∈Uad

t (xt)
ct(ξ

j
t ) · ut + ϑ(t + 1, xt+1, ξ

i
t,Mt+1) ✭✷✺✮

s✳t✳ xt+1 = xt + Atut,
{

ϑ(t + 1, xt+1, ξ
i
t,Mt+1) =

∑

ξj
t+1∈Γt+1

p̂ij
t θ(t + 1, xt+1, ξ

j
t+1,M

j
t+1)

θ(t + 1, xt+1, ξ
j
t+1,M

j
t+1) ≥ x∗ · xt+1 − e; ∀(x∗, e) ∈ M j

t+1.

■◆❘■❆



❊♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ❜② st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s ✶✶

❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ st❛t❡ x = 0✱ ❣❡♥❡r❛t✐♥❣ tr❛❥❡❝t♦r✐❡s ❢♦r (ξt)✱ ❛♥❞ ❢♦r ❡❛❝❤
♦❢ t❤❡s❡ tr❛❥❡❝t♦r✐❡s✱ s♦❧✈✐♥❣ t❤❡ ❛❜♦✈❡ ❧✐♥❡❛r ♣r♦❣r❛♠ ❛t ❡❛❝❤ t✐♠❡✱ ✇❡ ♦❜t❛✐♥
❛ s✉❜♦♣t✐♠❛❧ ♣♦❧✐❝② ✭✐♥ t❤❡ s♣✐r✐t ♦❢ ❛♣♣r♦①✐♠❛t❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✮✳ ❲❡
✇✐❧❧ ❝❛❧❧ t❤✐s ❝❛❧❝✉❧❛t✐♦♥ ❛ ❢♦r✇❛r❞ ♦♣❡r❛t✐♦♥✳ ❙✐♠✉❧t❛♥❡♦✉s❧②✱ ❡❛❝❤ t✐♠❡ ✇❡ s♦❧✈❡
✭✷✺✮✱ ❢r♦♠ t❤❡ ❞✉❛❧✐t② t❤❡♦r② ❢♦r ❧✐♥❡❛r ♣r♦❣r❛♠s ✇❡ ♦❜t❛✐♥ ❛♥ ❛✣♥❡ ❧♦✇❡r ❜♦✉♥❞
♦❢ θ(t, ·, ξ̂t) ✭❛♥❞ ❤❡♥❝❡✱ ❛❧s♦ ♦❢ Q(t, ·, ξ̂t)✮✱ ❡①❛❝t ❛t t❤❡ ♣♦✐♥t xt✳ ❚❤✐s ✐s ✇❤❛t
✇❡ ✇✐❧❧ ❝❛❧❧ ❛ ❜❛❝❦✇❛r❞ ❡❧❡♠❡♥t❛r② st❡♣✳ ❲❡ ♣❡r❢♦r♠ ❛ ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥ ❜②
♣r♦♣❛❣❛t✐♥❣ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ♦✈❡r ❛ ♣❛rt✐❝✉❧❛r tr❛❥❡❝t♦r②✱ ❢r♦♠ t❤❡ ✜♥❛❧ t✐♠❡ t♦
t❤❡ ✐♥✐t✐❛❧ ♦♥❡✳

■♥ t❤❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥ ✇❡ ♠❛❦❡ ♥♦ ✉s❡ ❛♥②♠♦r❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✭♥♦♥ q✉❛♥✲
t✐③❡❞✮ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✐t ✐s s♦✉♥❞✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛♥ ✉♣♣❡r ❜♦✉♥❞
♦❢ t❤❡ ❝♦st✱ t♦ ✉s❡ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❛❜✐❧✐t② ❧❛✇ ❢♦r ❝♦♠♣✉t✐♥❣ tr❛❥❡❝t♦r✐❡s✳ ❆t
t❤❡ s❛♠❡ t✐♠❡✱ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡ ❛t ❡❛❝❤ st❡♣✱ ✇❡ s♦❧✈❡ t❤❡ ❛♣✲
♣r♦①✐♠❛t❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠✱ ✇❤❡r❡ ❢♦r ξ̂t ✇❡ t❛❦❡ t❤❡ ♣r♦❥❡❝t✐♦♥
♦❢ ξt ♦✈❡r t❤❡ q✉❛♥t✐③❡❞ ❣r✐❞✳ ❚❤❡ ♣r♦❜❧❡♠ t♦ ❜❡ s♦❧✈❡❞ t❤❡♥ ✐s

inf
ut∈Uad

t (xt)
ct(ξt) · ut + ϑ(t + 1, xt+1,ProjΓt

(ξt) = ξi
t,Mt+1) ✭✷✻✮

s✳t✳ xt+1 = xt + Atut,
{

ϑ(t + 1, xt+1, ξ
i
t,Mt+1) =

∑

ξj
t+1∈Γt+1

p̂ij
t θ(t + 1, xt+1, ξ

j
t+1,M

j
t+1)

θ(t + 1, xt+1, ξ
j
t+1,M

j
t+1) ≥ x∗ · xt+1 − e; ∀(x∗, e) ∈ M j

t+1.

❍♦✇❡✈❡r✱ ❞✉r✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ t❡sts✱ ✇❡ ✜♥❞ t❤❛t t❤✐s ❢♦r♠✉❧❛t✐♦♥ ✐s st✐❧❧
t♦♦ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ✐♥t❡♥s✐✈❡✳ ❲❡ t❤❡r❡❢♦r❡ ♣r♦✈✐❞❡ ❛♥ ❛❣❣r❡❣❛t❡❞ ✈❡rs✐♦♥ ♦❢
t❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠✿

inf
ut∈Uad

t (xt)
ct(ξt) · ut + ϑ(t + 1, xt+1,ProjΓt

(ξt) = ξi
t, M̃

i
t+1) ✭✷✼✮

s✳t✳ xt+1 = xt + Atut,

ϑ(t + 1, xt+1, ξ
i
t,Mi

t+1) ≥ x∗ · xt+1 − e; ∀(x∗, e) ∈ Mi
t+1,

✇❤❡r❡ t❤❡ s❡t Mi
t+1 ♦❢ ❛✣♥❡ ❧♦✇❡r ❜♦✉♥❞s ✐s ♦❜t❛✐♥❡❞ ❜② ❛❣❣r❡❣❛t✐♥❣ t❤❡ ♥❡✇

❧♦✇❡r ❜♦✉♥❞ ❢♦r ❡❛❝❤ ξj
t+1 ∈ Γt+1 ✭❡❛❝❤ t✐♠❡ t❤❡② ❛r❡ ❣❡♥❡r❛t❡❞✮ ✐♥t♦ ❛ s✐♥❣❧❡

♦♥❡ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣r♦❜❛❜✐❧✐t② tr❛♥s✐t✐♦♥s✿

Mi
t+1 :=











(x∗, e) =
∑

ξj
t+1∈Γt+1

p̂ij
t ((x∗)j , ej), ((x∗)j , ej) ∈ M j

t+1











. ✭✷✽✮

❚❤❡r❡❢♦r❡✱ t❤✐s ❡①♣r❡ss✐♦♥ st✐❧❧ ♣r♦✈✐❞❡s ❧♦✇❡r ❜♦✉♥❞s✳ ■t ❧♦♦s❡s s♦♠❡ ✐♥❢♦r✲
♠❛t✐♦♥ ♣r♦✈✐❞❡❞ ❜② ♦♣t✐♠❛❧✐t② ❝✉ts✳ ❍❡♥❝❡✱ ✐t ✇✐❧❧ r❡q✉✐r❡ ♠♦r❡ ✐t❡r❛t✐♦♥s t♦
❝♦♥✈❡r❣❡ ✭s✉♣♣♦rt❡❞ ✐♥ ♦✉r ♥✉♠❡r✐❝❛❧ t❡sts✮✳ ❇✉t ✐t s✐♠♣❧✐✜❡s s✉❜♣r♦❜❧❡♠ ✭✷✻✮✱
❛♥❞ ♥✉♠❡r✐❝❛❧ t❡sts s❤♦✇ t❤❛t ✐t ❝❛♥ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡ ❛ ❧♦t✳

❚❤❡ ✈❡rs✐♦♥ ♦❢ ❤❡✉r✐st✐❝ ♠❡t❤♦❞ ✭✶✹✮ ❢♦r ✐♥t❡❣❡r s♦❧✉t✐♦♥ ❢♦❧❧♦✇s t❤❡ s❛♠❡
✐❞❡❛✿

inf
ut∈Zn∩Uad

t (xt)
ct(ξt) · ut + ϑ(t + 1, xt+1,ProjΓt

(ξt) = ξi
t, M̃

i
t+1) ✭✷✾✮

s✳t✳ xt+1 = xt + Atut,

ϑ(t + 1, xt+1, ξ
i
t,Mi

t+1) ≥ x∗ · xt+1 − e; ∀(x∗, e) ∈ Mi
t+1,

❍♦✇❡✈❡r✱ ✐t ♦♥❧② ✇♦r❦s ❢♦r ❢♦r✇❛r❞ ♣❛ss✱ ❛s ✇❡ ❝❛♥♥♦t ♦❜t❛✐♥ t❤❡ ❞✉❛❧ ✐♥❢♦r♠❛✲
t✐♦♥ ❢r♦♠ s✉❝❤ ♠✐①❡❞ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠✳

❘❘ ♥➦ ✼✷✽✾



✶✷ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

✹ ❆❧❣♦r✐t❤♠

❆❢t❡r ❤❛✈✐♥❣ ❞✐s❝r❡t✐③❡❞ t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ✉s❡ st♦❝❤❛st✐❝
❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♠❡t❤♦❞ ♦♥ t❤❡ r❡s✉❧t✐♥❣ ✜♥✐t❡ st❛t❡ ▼❛r❦♦✈ ❝❤❛✐♥✳
❙✐♥❝❡ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ✭❛♥❞ ✐ts ❛♣♣r♦①✐♠❛t✐♦♥ ❜② s♦♠❡ ♦♣t✐♠❛❧✐t② ❝✉ts✮ ✐s ♥♦♥✲
❝♦♥✈❡① ✇✳r✳t✳ t❤❡ ✉♥❞❡r❧②✐♥❣ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ ♦♥❡ ♥❡❡❞s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝✉ts
♦♥ ❡✈❡r② ✈❡rt❡① ♦❢ q✉❛♥t✐③❛t✐♦♥ tr❡❡✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✐t❡r❛t❡s ♦✈❡r ❛ ❢♦r✇❛r❞ ♣❛ss
❛♥❞ ❛ ❜❛❝❦✇❛r❞ ♣❛ss✳ ❚❤❡ ❢♦r✇❛r❞ ♣❛ss ❣❡♥❡r❛t❡s ❛ s❡t ♦❢ r❛♥❞♦♠ tr❛❥❡❝t♦r✐❡s
❢♦❧❧♦✇✐♥❣ t❤❡ ❞②♥❛♠✐❝ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥ ✭✶✮ ❛♥❞ r✉♥s t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦♥ t❤❡
✢② ♦♥ t❤❡s❡ tr❛❥❡❝t♦r✐❡s✳ ■t ♣r♦✈✐❞❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡✳ ❚❤❡
❜❛❝❦✇❛r❞ ♣❛ss ✉♣❞❛t❡s t❤❡ ♦♣t✐♠❛❧✐t② ❝✉ts ♦♥ ❡❛❝❤ ✈❡rt❡① ❛♥❞ ❝♦♠♣✉t❡s ❛ ❧♦✇❡r
❜♦✉♥❞ ❛t ✜rst st❛❣❡✳

✹✳✶ ❋♦r✇❛r❞ ♣❛ss

❚❤❡ ❢♦r✇❛r❞ ♣❛ss ❣❡♥❡r❛t❡s tr❛❥❡❝t♦r✐❡s ξm,m = 1, . . . ,Mf ❢♦❧❧♦✇✐♥❣ t❤❡ ❞②✲
♥❛♠✐❝ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥ ✭✶✮✱ ✐✳❡✳ ♦✉t ♦❢ s❛♠♣❧❡ ❢♦r q✉❛♥t✐③❛t✐♦♥ tr❡❡✳ ❋♦r ❡❛❝❤
tr❛❥❡❝t♦r②✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ✜rst st❛❣❡ ✭x1 = 0✮✱ t❤❡ ❝✉rr❡♥t ❞❡❝✐s✐♦♥ ut ❛♥❞
t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ xt+1 ❢♦r ♥❡①t st❛❣❡ ❛r❡ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ ✭✷✼✮✳

❆❢t❡r ❤❛✈✐♥❣ ❝♦♠♣✉t❡❞ ❛❧❧ t❤❡ tr❛❥❡❝t♦r✐❡s✱ ❛♥ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ vm ❢♦r ❡❛❝❤
tr❛❥❡❝t♦r② m = 1, . . . ,Mf ✐s ❛✈❛✐❧❛❜❧❡✳ ❚❤✉s✱ t❤❡ ❢♦r✇❛r❞ st❛t✐st✐❝ ❝❛♥ ❜❡ ♦❜✲
t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✿

v =
1

Mf

Mf
∑

m=1

vm ❛♥❞ s =
1

Mf

√

√

√

√

Mf
∑

m=1

(vm − v)2.

❘❡♠❛r❦ ✹✳✶✳ ❆❧s♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❝♦♥tr♦❧ (ut)t∈[1,T ] ❝♦♠♣✉t❡❞ ✐♥ t❤✐s ❛❧❣♦r✐t❤♠

✐s s✉❜✲♦♣t✐♠❛❧ s✐♥❝❡ ♦♥❡ ❛♣♣r♦①✐♠❛t❡s Q(t + 1, xt+1, ξt) ❜② Q̂(t + 1, xt+1, ξ̂t)✳
❍♦✇❡✈❡r✱ (ut)t∈[1,T ] ❜❡❧♦♥❣s t♦ t❤❡ ❞♦♠❛✐♥ U

ad ❛♥❞ ✐s Ft−♠❡❛s✉r❛❜❧❡✱ ❤❡♥❝❡ ✐s
❢❡❛s✐❜❧❡ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳ ❆s ✐t ✐s ❛ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ❡❛❝❤ vm ✐s
s✉❜✲♦♣t✐♠❛❧✱ s♦ v ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ✐♥ st❛t✐st✐❝ s❡♥s❡ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✿
t❤❡ 95% ❛s②♠♣t♦t✐❝ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ✐s ❣✐✈❡♥ ❜② [v − 1.96s, v + 1.96s]✳

❘❡♠❛r❦ ✹✳✷✳ ▲✐❦❡ ❛♥② ▼♦♥t❡✲❈❛r❧♦ t②♣❡ ♠❡t❤♦❞s✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s 1/
√

Mf ✱
✇❤✐❝❤ ✐s s❧♦✇✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜♣r♦❜❧❡♠s t♦ s♦❧✈❡ ✐♥ t❤❡ ❢♦r✇❛r❞
♣❛ss ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❢♦r✇❛r❞ ♣❛ss tr❛❥❡❝t♦r✐❡s Mf ✳ ❚❤❡r❡❢♦r❡✱
s♦♠❡ ✈❛r✐❛♥❝❡ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s ❛r❡ ✈❡r② ✉s❡❢✉❧ ❤❡r❡✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ✉s❡ ❛
q✉✐t❡ ❡✣❝✐❡♥t ❝♦♥tr♦❧ ✈❛r✐❛t❡ t❡❝❤♥✐q✉❡✱ s❡❡ s❡❝t✐♦♥ ✺✳

❘❡♠❛r❦ ✹✳✸✳ ❙✐♥❝❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❡❛❝❤ tr❛❥❡❝t♦r② ✐s ✐♥❞❡♣❡♥❞❡♥t✱ ✐t ✐s ♣♦ss✐❜❧❡
t♦ ✉s❡ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ ✐♥ ♦r❞❡r t♦ s♣❡❡❞ ✉♣ t❤❡ ❝❛❧❝✉❧❛t✐♦♥✳

✹✳✷ ❇❛❝❦✇❛r❞ ♣❛ss

❚❤❡ ❣♦❛❧ ♦❢ ❜❛❝❦✇❛r❞ ♣❛ss ✐s t♦ ✉♣❞❛t❡ t❤❡ ♦♣t✐♠❛❧✐t② ❝✉ts ✉s❡❞ ✐♥ ✭✷✼✮✳ ■t
❢♦❧❧♦✇s t❤❡ q✉❛♥t✐③❛t✐♦♥ tr❡❡✱ ✐✳❡✳ ✐♥ s❛♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥✳ ❖♥❡ st✐❧❧ ✉s❡s t❤❡ ❢♦r✲
♠✉❧❛t✐♦♥ ♦❢ s✉❜✲♣r♦❜❧❡♠ ✭✷✼✮✱ ✇❤❡r❡ ξ̂t ∈ Γt✱ ❛♥❞ xt ❤❛✈❡ ❜❡❡♥ st♦r❡❞ ❞✉r✐♥❣
t❤❡ ♣r❡✈✐♦✉s ❢♦r✇❛r❞ ♣❛ss✳ ❖♥❝❡ t❤❡ s✉❜✲♣r♦❜❧❡♠ ✭✷✼✮ ❤❛s ❜❡❡♥ s♦❧✈❡❞✱ t❤❡ ♦♣t✐✲
♠❛❧✐t② ❝✉t ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❞✉❛❧ ✈❛❧✉❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❞②♥❛♠✐❝ ❡q✉❛t✐♦♥
Atut + xt = xt+1✳ ❲❡ t❤❡♥ ❛❞❞ t❤✐s ❝✉t ✐♥t♦ t❤❡ ♦♣t✐♠❛❧✐t② ❝✉ts ❝♦❧❧❡❝t✐♦♥ ♦❢
✈❡rt❡① M i

t ✳

■◆❘■❆



❊♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ❜② st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s ✶✸

❘❡♠❛r❦ ✹✳✹✳ ❖♣t✐♠❛❧✐t② ❝✉ts ❤❛✈❡ t♦ ❜❡ ✉♣❞❛t❡❞ ❢♦r ❡❛❝❤ ✈❡rt❡① ♦❢ t❤❡ q✉❛♥t✐✲
③❛t✐♦♥ tr❡❡ ❞✉❡ t♦ t❤❡ ♥♦♥✲❝♦♥✈❡①✐t② ♦❢ Q(t, xt, ξt) ✭ ❛♥❞ Q̂(t, xt, ξ̂t)) ✇✳r✳t✳ ξt

✭❛♥❞ ξ̂t✮✳ ❚❤❡ ♥✉♠❜❡r ♦❢ s✉❜✲♣r♦❜❧❡♠s t♦ s♦❧✈❡ ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ♣❛ss ✐s ♣r♦♣♦r✲
t✐♦♥❛❧ t♦ t❤❡ q✉❛♥t✐③❛t✐♦♥ tr❡❡ s✐③❡ N t✐♠❡s t❤❡ ♥✉♠❜❡r ♦❢ tr❛❥❡❝t♦r✐❡s ❞❡♥♦t❡❞
Mb✳ ❙✐♥❝❡ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ✈❛❧✉❡s ❛r❡ st♦r❡❞ ❞✉r✐♥❣ t❤❡ ❢♦r✇❛r❞ ♣❛ss✱ Mb ✐s
❛❧✇❛②s ✐♥❢❡r✐♦r t♦ Mf ✳ ❇✉t ✐❢ ✇❡ ❛r❡ ✉s✐♥❣ ❛❧❧ Mf tr❛❥❡❝t♦r✐❡s ❢♦r t❤❡ ❜❛❝❦✇❛r❞
♣❛ss ✭Mf ✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡ ♦✇✐♥❣ t♦ r❡♠❛r❦ ✹✳✷✮✱ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜✲♣r♦❜❧❡♠s
✇♦✉❧❞ ❜❡ N × Mf ✇❤✐❝❤ ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② ✉♥♠❛♥❛❣❡❛❜❧❡✳ ❙♦✱ ♦♥❡ ✐❞❡❛ ✐s t♦
s❡❧❡❝t ♦♥❧② ❛ s♠❛❧❧ s✉❜s❛♠♣❧❡ Mb s❛♠♣❧❡s t♦ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ♣❛ss
✐♥ ♦r❞❡r t♦ ❛❧❧♦✇ t❤❡ ♣r♦❣r❛♠ t♦ ✜♥✐s❤ ✐♥ ❛ r❡❛s♦♥❛❜❧❡ t✐♠❡✳ ❆♥♦t❤❡r r❡❛s♦♥
✐s t❤❛t ✐♥ ♣r❛❝t✐s❡✱ s♦♠❡ st❛t❡ ✈❛❧✉❡s xt ❛r❡ ✈❡r② ❝❧♦s❡ ♦♥❡ ❛♥♦t❤❡r✱ s♦ t❤❡ s✉❜✲
♣r♦❜❧❡♠ ✇✐❧❧ r❡t✉r♥ ❛❧♠♦st t❤❡ s❛♠❡ ❞✉❛❧ ✐♥❢♦r♠❛t✐♦♥ ✇❤✐❝❤ ✇✐❧❧ ♥♦t ❤❡❧♣ ✉s
♠✉❝❤ ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡ Q̂(t, xt, ξ̂t)✳

❍♦✇❡✈❡r✱ t❤❡ ♣r♦❝❡ss ♦❢ s❡❧❡❝t✐♥❣ Mb tr❛❥❡❝t♦r✐❡s ❛♠♦♥❣ t❤❡ Mf ♦♥❡s ❞❡✲
♣❡♥❞s ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ♦♥ ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❛♣♣❧✐❡❞✳ ■♥ t❤❡
♥✉♠❡r✐❝❛❧ t❡sts ✐♥ s❡❝t✐♦♥ ✺✱ t❤❡ s❡❧❡❝t✐♦♥ ❢♦❧❧♦✇s t❤❡ r❡❥❡❝t✐♦♥ ♠❡t❤♦❞ ✇❤✐❝❤
❝♦♥s✐sts ✐♥ ❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♥❡✇ xt ❛♥❞ t❤❡ ❡①✐st✐♥❣
♦♥❡s ✐s ❜❡❧♦✇ ❛ ♣r❡❞❡✜♥❡❞ t❤r❡s❤♦❧❞ ♦r ♥♦t✳ ❚❤✐s ✐s ❛ r❛♥❞♦♠ ✇❛② ✇✐t❤ t❤❡
r❡q✉✐r❡♠❡♥t t❤❛t t❤❡② ❛r❡ ♥♦t t♦♦ ❝❧♦s❡ ❡❛❝❤ ♦t❤❡r✳

❘❡♠❛r❦ ✹✳✺✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❢♦r✇❛r❞ ♣❛ss✱ t❤❡ ❜❛❝❦✇❛r❞ ♣❛ss ❛❧❣♦r✐t❤♠ ♠❛②
❛❧s♦ ✉s❡ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥✱ ❜❡❝❛✉s❡ ❛t st❛❣❡ t✱ ❡❛❝❤ s✉❜✲♣r♦❜❧❡♠s ✭✷✻✮ ✉s✐♥❣
❞✐✛❡r❡♥t (xt, ξ

i
t) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳

❆❢t❡r s♦❧✈✐♥❣ t❤❡ s✉❜✲♣r♦❜❧❡♠ ❛t t❤❡ ✜rst st❛❣❡✱ ❛♥ ♦♣t✐♠❛❧ ✈❛❧✉❡ v ✐s ♦❜✲
t❛✐♥❡❞✱ ✇❤✐❝❤ ✐s ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✱ s✐♥❝❡ t❤✐s ✈❛❧✉❡ ✐s
❝❛❧❝✉❧❛t❡❞ ❜② ❇❡♥❞❡r✬s ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❍♦✇❡✈❡r✱ v ✐s ❝❛❧❝✉❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦
t❤❡ q✉❛♥t✐③❛t✐♦♥ tr❡❡✱ ❛♥❞ ✇♦✉❧❞ ❞✐✛❡r ✐❢ ❝❛❧❝✉❧❛t❡❞ ♦♥ ❛♥♦t❤❡r tr❡❡✳ ❚❤❡ ❡r✲
r♦r ❝❛✉s❡❞ ❜② t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♥❡①t
s✉❜s❡❝t✐♦♥✳

❘❡♠❛r❦ ✹✳✻✳ ❚❤❡ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s t♦ ❝❤❡❝❦ ✇❤❡t❤❡r v ∈ [v−1.96s, v+1.96s]✳
❍♦✇❡✈❡r✱ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ✐s s♦♠❡t✐♠❡s t♦♦ ❧❛r❣❡ ♠❛❦✐♥❣ t❤✐s ❝♦♥❞✐t✐♦♥
t♦♦ ❡❛s② t♦ s❛t✐s❢②✳ ❚♦ ❛✈♦✐❞ t❤✐s ♣r♦❜❧❡♠✱ ♦♥❡ ❛❞❞s ❛♥♦t❤❡r st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥
st❛t✐♥❣ t❤❛t t❤❡ ❜❛❝❦✇❛r❞ ♣❛ss ✈❛❧✉❡ v s❤♦✉❧❞ ❜❡ st❛❜❧❡✿ |vit − vit−1| ≤ ǫ|vit|✱
✇❤❡r❡ it ∈ Z++ ✐s t❤❡ ✐t❡r❛t✐♦♥ ♥✉♠❜❡r✳

✹✳✸ ❊rr♦r ❛♥❛❧②s✐s ♦♥ q✉❛♥t✐③❛t✐♦♥

■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ ❡rr♦r ❝❛✉s❡❞ ❜② q✉❛♥t✐③❛t✐♦♥✱ ✇❡ r❡❢❡r t♦ t❤❡ r❡s✉❧t ✐♥
❍✳ ❍❡✐ts❝❤ ❛♥❞ ❲✳ ❘ö♠✐s❝❤ ❬✶✵✱ ✾❪✳

❚❤❡♦r❡♠ ✹✳✼✳ ❬✶✵✱ ❚❤❡♦r❡♠ ✷✳✶❪ ❆ss✉♠❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ s❡t U
ad ✐s ♥♦♥❡♠♣t②✱

❛♥❞ ❜♦✉♥❞❡❞✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts L ❛♥❞ δ s✉❝❤ t❤❛t t❤❡ ❡st✐♠❛t❡

|v(ξ) − v(ξ̂)| ≤ L(‖ξ − ξ̂‖2 + Df (ξ, ξ̂)) ✭✸✵✮

❤♦❧❞s ❢♦r ❛❧❧ r❛♥❞♦♠ ❡❧❡♠❡♥t ξ̂ ∈ L2(Ω,F ,P; Rd) ✇✐t❤ ‖ξ − ξ̂‖2 ≤ δ✱ ✇❤❡r❡

Df (ξt, ξ̂t) = inf
u∈S(ξ),û∈S(ξ̂)

T−1
∑

t=2

max
{

‖ut − E[utṽFt(ξ̂)]‖2, ‖ût − E[ûtṽFt(ξ)]‖2

}

,

✭✸✶✮

❘❘ ♥➦ ✼✷✽✾



✶✹ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

✇❤❡r❡ S(ξ) ✭r❡s♣✳ S(ξ̂)✮ ✐s t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ ✇✐t❤ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ✭r❡s♣✳

ξ̂✮✱ ❛♥❞ v(ξ) ✭r❡s♣✳ v(ξ̂)✮ ❛r❡ t❤❡ r❡❧❛t❡❞ ♦♣t✐♠❛❧ ✈❛❧✉❡s✳

❙✐♥❝❡ (ξ̂t) ✐s t❤❡ q✉❛♥t✐③❛t✐♦♥ ♦❢ (ξt)✱ t❤❡♥ Ft(ξ̂) ⊂ Ft(ξ)✳ ❚❤❡ ♦♣t✐♠❛❧
❝♦♥tr♦❧ ût ✐s Ft(ξ̂) ♠❡❛s✉r❛❜❧❡✱ ❤❡♥❝❡ ✐t ✐s Ft(ξ) ♠❡❛s✉r❛❜❧❡✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ❢♦r
✭✸✶✮✿

Df (ξt, ξ̂t) = inf
u∈S(ξ),û∈S(ξ̂)

T−1
∑

t=2

‖ut − E[utṽFt(ξ̂)]‖2 ✭✸✷✮

❖✉r ❢r❛♠❡✇♦r❦ ✐s ❛ ❧✐tt❧❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♣r♦❜❧❡♠ st✉❞✐❡❞ ✐♥ ❬✶✵✱ ✾❪✱ s✐♥❝❡
♦✉r ♣r♦❜❧❡♠s ❤❛✈❡ t❤❡ ✜♥❛❧ ❝♦st g(ξT , xT+1)✳ ❇✉t ❤♦✇❡✈❡r✱ t❤❡✐r r❡s✉❧t ✐s s✉✐t✲
❛❜❧❡ ❤❡r❡ ✐❢ ✇❡ ❤❛✈❡ t❤❡ ▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ♦♥ t❤✐s ❢✉♥❝t✐♦♥✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r
✇✐t❤ t❤❡ ♦♥❡ ✐♥ t❤❡✐r ♣❛♣❡r✳

❚❤✐s ❡rr♦r ❜♦✉♥❞ ❝♦♥s✐sts ✐♥ ✷ t❡r♠s✱ t❤❡ ✜rst ♦♥❡ ♦❢ r✐❣❤t ❤❛♥❞ s✐❞❡ ✭✸✵✮ ✐s
t❤❡ l2✲❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦r✐❣✐♥❛❧ r❛♥❞♦♠ ♣r♦❝❡ss ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ♦♥❡✱
t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✷ ✜❧tr❛t✐♦♥s ♦✈❡r t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧✳
❚❤❡ ✜rst t❡r♠ ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ❜② t❤❡♦r❡♠ ✸✳✶✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡
r❛t❡ t♦ ✵✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✈❡r② ❞✐✣❝✉❧t t♦ ♣r♦✈✐❞❡ ❛ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ t♦ ✭✸✷✮✳

✹✳✹ ❆❧❣♦r✐t❤♠

❍❡r❡ ✐s t❤❡ ✇❤♦❧❡ ❛❧❣♦r✐t❤♠ ✭✜❣✳ ✶✮✿

❙t❡♣ ✵ ❈♦♥str✉❝t✐♦♥ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ✭♣♦ss✐❜❧❡ ♦✛✲❧✐♥❡✮
❜✉✐❧❞ ♦♥❡ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ❛♥❞ ❝♦♠♣✉t❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t②✳

❙t❡♣ ✶ ■♥✐t✐❛❧✐s❛t✐♦♥
❧❡t u1 ∈ U

ad
1 t❤❡ ❝✉rr❡♥t ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❛♥❞ ❝♦♠♣✉t❡ st❛t❡ ✈❛r✐❛❜❧❡ ✈❛❧✉❡ x2❀

❧❡t v0 = −∞✳
❙t❡♣ ✷ ❋♦r✇❛r❞ ♣❛ss

❝r❡❛t❡ Mf ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝ ✭✶✮❀
❢♦r t = 2, . . . , T ❞♦✿

❢♦r m = 1, . . . ,Mf ❞♦✿
❝❛❧❝✉❧❛t❡ ξ̂

m

t = ProjΓt
(ξm

t )✱
s♦❧✈❡ t❤❡ s✉❜♣r♦❜❧❡♠ ✭✷✼✮❀

❝♦♠♣✉t❡ t❤❡ ❢♦r✇❛r❞ st❛t✐st✐❝ v ❛♥❞ s✳
❙t❡♣ ✸ ❇❛❝❦✇❛r❞ ♣❛ss

❢♦r t = T, . . . , 2 ❞♦✿
❢♦r m = 1, . . . ,Mb ❞♦✿

s♦❧✈❡ t❤❡ s✉❜♣r♦❜❧❡♠ ✭✷✼✮ ❢♦r ❛❧❧ ✈❡rt✐❝❡s ✐♥ Γt❀
❝❛❧❝✉❧❛t❡ ♥❡✇ ♦♣t✐♠❛❧✐t② ❝✉t ❛♥❞ ❛❞❞ ✐t ✐♥t♦ Mt❀

t = 1
s♦❧✈❡ t❤❡ ✜rst st❛❣❡ ♣r♦❜❧❡♠ ❛♥❞ ❝❛❧❝✉❧❛t❡ t❤❡ ❜❛❝❦✇❛r❞ ✈❛❧✉❡ vit✳

❙t❡♣ ✹ ❈❤❡❝❦ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥
✐❢ v ∈ [v − 1.96s, v + 1.96s] ❛♥❞ |vit − vit−1| ≤ ǫ|vit−1|

❙❚❖P❀
❡❧s❡

❣♦ t♦ ❙t❡♣ ✷✳

❋✐❣✉r❡ ✶✿ ❆❧❣♦r✐t❤♠

■◆❘■❆



❊♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ❜② st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s ✶✺

✺ ◆✉♠❡r✐❝❛❧ t❡sts

■♥ t❤✐s s❡❝t✐♦♥✱ t✇♦ ♥✉♠❡r✐❝❛❧ t❡sts ❛r❡ ♣❡r❢♦r♠❡❞✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❛ s✇✐♥❣
♦♣t✐♦♥✱ ✇❤✐❝❤ ✐s ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡ ❜♦t❤ st❛t❡ ✈❛r✐❛❜❧❡ ❛♥❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❛r❡
s❝❛❧❛r✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ❝♦♥❝❡r♥s ❛ ▲◆● ♣♦rt❢♦❧✐♦ ♦♣t✐♠✐③❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❢❛r
♠♦r❡ ❝♦♠♣❧❡①✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ ♦♥ ❜♦t❤ ❡①❛♠♣❧❡s✳

✺✳✶ Pr✐❝❡ ♠♦❞❡❧

❋✐rst✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♣r✐❝❡ ♠♦❞❡❧❡❞ ❛s ❛ ▼❛r❦♦✈ ❝❤❛✐♥ (ξt) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♥✉♠❡r✐❝❛❧ t❡sts✳ ■t t❛❦❡s ❛s ✐♥♣✉ts t❤❡ ♠❛r❦❡t ✈♦❧❛t✐❧✐t✐❡s ❛♥❞ t❤❡ ❢♦r✇❛r❞ ❝✉r✈❡✳
❚❤❡ ❢♦r✇❛r❞ ♣r✐❝❡ ❛t t✐♠❡ s ✇✐t❤ ♠❛t✉r✐t② t✱ F (s, t) ❢♦❧❧♦✇s ✉♥❞❡r t❤❡ ❡q✉✐✈❛❧❡♥t
♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡ ✭❊▼▼✮ Q t❤❡ ❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝✿

lnF i(s + 1, t) − lnF i(s, t) =

d
∑

j=1

σij√
T − 1

W j
s − 1

2

d
∑

j=1

σ2
ij

T − 1
i = 1, . . . , d ✭✸✸✮

✇❤❡r❡ σ ∈ R
d×d ✐s t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ t❤❡ ✇❤♦❧❡ ♣❡r✐♦❞✱ Ws ✐s ❛ d−❞✐♠❡♥s✐♦♥ ✐✳✐✳❞✳

r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❢♦❧❧♦✇✐♥❣ ❛ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ N(0,1)✳
❍❡♥❝❡✱ ❡❛❝❤ ♦❢ t❤❡ ❢♦r✇❛r❞ ♣r✐❝❡ ✐s ❛ ♠❛rt✐♥❣❛❧❡ ✉♥❞❡r Q ❛♥❞ t❤❡ s♣♦t ♣r✐❝❡s

❛t t✐♠❡ t ❛r❡ ❣✐✈❡♥ ❜② ξt = F (t, t)✿

ξi
t = F i(t, t) = F i(1, t) exp

(

σi√
T − 1

· (
t−1
∑

s=1

Ws) −
1

2

|σi|2
T − 1

(t − 1)

)

✭✸✹✮

✺✳✷ ❙✇✐♥❣ ♦♣t✐♦♥

❙✇✐♥❣ ♦♣t✐♦♥s ❛r❡ ❢❛✐r❧② ❝♦♠♠♦♥ ✐♥ t❤❡ ❡♥❡r❣② ♠❛r❦❡t✳ ■t ❛❧❧♦✇s ✐ts ❤♦❧❞❡r t♦
♣✉r❝❤❛s❡ ❛ t♦t❛❧ ❛♠♦✉♥t ♦❢ ❝♦♠♠♦❞✐t② ❞✉r✐♥❣ ❛ ✜①❡❞ t✐♠❡ ♣❡r✐♦❞✳ ❆ ❜❛s✐❝
s✇✐♥❣ ♦♣t✐♦♥ ❝♦♥tr❛❝t ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s✿

sup
(ut)

E

[

T
∑

t=1

(ξt − Kt) · ut

]

✭✸✺✮

s.t. ut ∈ [0, 1] ❛♥❞ Ft −♠❡❛s✉r❛❜❧❡ ∀t
T
∑

t=1

ut ∈ [L,U ]

✇❤❡r❡ Kt ✐s t❤❡ str✐❦❡ ♣r✐❝❡✱ ❛ss✉♠❡❞ t♦ ❜❡ ❞❡t❡r♠✐♥✐st✐❝✱ L ❛♥❞ U ❛r❡ ❧♦✇❡r
❜♦✉♥❞ ❛♥❞ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥✳

▲❡t ✉s ✜rst ✢✐♣ t❤❡ s✐❣♥ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t♦ (Kt − ξt) ✐♥ ♦r❞❡r t♦
s✇✐t❝❤ ✐t t♦ ❛ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ■♥ t❤✐s t❡st✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t Kt = F (1, t)
✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳

■♥ t❤❡ ❝❛s❡ ✇❤❡♥ (L,U) ∈ Z
2✱ ❇❛r❞♦✉ ❡t ❛❧ ❬✸❪ s❤♦✇ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧

✐s ❜❛♥❣✲❜❛♥❣✱ ✐✳❡✳ ut ∈ {0, 1}✳ ❚❤✉s✱ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❝❛♥ ❜❡ ❞✐r❡❝t❧②
❛♣♣❧✐❡❞ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦ ❜② ❞✐s❝r❡t✐③✐♥❣ t❤❡ st❛t❡ s♣❛❝❡ xt✳ ❇❛r❞♦✉ ❡t ❛❧✳ ❤❛✈❡
❛♣♣❧✐❡❞ t❤✐s ✐❞❡❛ ❢♦r t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ❛♥❞ ✉s❡ ❛ q✉❛♥t✐③❛t✐♦♥ tr❡❡ t♦ ❞✐s❝r❡t✐③❡
t❤❡ ✉♥❞❡r❧②✐♥❣ r❛♥❞♦♠ s♣❛❝❡✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠♦r❡ ❝♦♠♣❧❡① ❝♦♥✲
❞✐t✐♦♥s ♦♥ t❤❡ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡ s✉❝❤ ❛s ut ∈ [l(xt), u(xt)] ✭❧✐❦❡ ✐♥ ♠♦st ♦❢ st♦r❛❣❡
❝❛♣❛❝✐t✐❡s t❡❝❤♥✐❝❛❧ ❢❡❛t✉r❡s✮✱ t❤❡ ❜❛♥❣✲❜❛♥❣ str❛t❡❣② ✐s st✐❧❧ ❛✈❛✐❧❛❜❧❡ ❜✉t t❤❡
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ st❛t❡ s♣❛❝❡ xt ♠❛② ❜❡❝♦♠❡ ✐♥tr❛❝t❛❜❧❡✳

❘❘ ♥➦ ✼✷✽✾



✶✻ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

✺✳✷✳✶ ❈♦♥tr♦❧ ✈❛r✐❛t❡

❙✐♥❝❡ t❤❡ ❢♦r✇❛r❞ ♣❛ss ♣r♦❞✉❝❡s ❛ ❧❛r❣❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ✇✐t❤ ❛ s♠❛❧❧ Mf ✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr♦❧ ✈❛r✐❛t❡ t❡❝❤♥✐q✉❡ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ t♦ r❡❞✉❝❡ ✐t✳ ▲❡t ✉s
❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡✿

vcv(ξ) =

T
∑

t=1

(Kt − ξt). ✭✸✻✮

❖❜s❡r✈❡ t❤❛t E[vcv(ξ)] = 0 s✐♥❝❡ ξt ✐s ❛ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ ❡①♣❡❝t❛t✐♦♥ Kt✳

✺✳✷✳✷ ◆✉♠❡r✐❝❛❧ r❡s✉❧t

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡st✱ ✇✐t❤♦✉t ❧♦s✐♥❣ ❛♥② ❣❡♥❡r❛❧✐t②✱ ✇❡ t❛❦❡ F (1, t) = 1, ∀t =
1, . . . , T ✐♥ t❤❡ ♣r✐❝❡ ♠♦❞❡❧ ✭✸✸✮✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❝♦♠♣❛r❡❞ t♦ ❛♥♦t❤❡r ♠❡t❤♦❞
✉s✐♥❣ ❜❛♥❣✲❜❛♥❣ str❛t❡❣② ❛♥❞ t❤❡ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ♠❡t❤♦❞ ❬✶✻❪✳ ❉✉r✐♥❣ t❤❡
s✐♠✉❧❛t✐♦♥✱ t❤❡ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ❤❛s 3000 ♣♦✐♥ts ✐♥ t♦t❛❧✳ ❲❡ s❡t ♣❛r❛♠❡t❡rs
Mf = 1000 ❛♥❞ Mb = 10✳ ❲❡ ✉s❡ 1000 s❝❡♥❛r✐♦s ✐♥ t❤❡ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③
♠❡t❤♦❞✳

T = 50 [L,U ] = [0, 25] [L,U ] = [20, 30]
σ = 0.5 σ = 0.75 σ = 1 σ = 0.5 σ = 0.75 σ = 1

❙❉❉P✳ v ✹✳✸✶ ✻✳✹✸ ✽✳✹✾ ✶✳✾✻ ✷✳✾✸ ✸✳✽✽
❝✳✐✳ ❬✹✳✵✹✱ ✹✳✹✵❪ ❬✺✳✾✶✱ ✻✳✺✶❪ ❬✼✳✽✻✱ ✽✳✻✷❪ ❬✶✳✼✼✱ ✶✳✾✼❪ ❬✷✳✻✻✱ ✸✳✵✵❪ ❬✸✳✻✽✱ ✹✳✶✻❪

❇❇✰▲❙▼✳ ❝✳✐✳ ❬✹✳✶✾✱ ✹✳✹✼❪ ❬✻✳✷✸✱ ✻✳✼✶❪ ❬✽✳✷✷✱ ✽✳✾✹❪ ❬✶✳✽✶✱ ✷✳✶✼❪ ❬✷✳✻✾✱ ✸✳✸✶❪ ❬✸✳✺✼✱ ✹✳✹✷❪

❋✐❣✉r❡ ✷✿ ◗✉❛♥t✐③❛t✐♦♥ tr❡❡ ✰ ❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ✈❡rs✉s ❜❛♥❣✲❜❛♥❣
str❛t❡❣② ✰ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ♠❡t❤♦❞ ✐♥ s✇✐♥❣ ♦♣t✐♦♥ ♣r✐❝✐♥❣ ✇✐t❤ ❝♦♥tr♦❧ ✈❛r✐✲
❛t❡

❋✐❣✉r❡ ✸✿ ❘❡s✉❧t ♦❢ s✇✐♥❣ ♦♣t✐♦♥ ♣r✐❝✐♥❣ ✉s✐♥❣ q✉❛♥t✐③❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ ❞✉❛❧
❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳ [L,U ] = [20, 30]✱ σ = 1.0

■◆❘■❆



❊♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ❜② st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s ✶✼

❲❡ s❤♦✇ ✐♥ ✜❣✳ ✸ ❤♦✇ t❤❡ ♣r♦❣r❛♠ ❜❡❤❛✈❡s ❞✉r✐♥❣ ✷✵ ✐t❡r❛t✐♦♥s✳ ❲❡ ♦❜✲
s❡r✈❡ t❤❛t t❤❡ ❜❛❝❦✇❛r❞ ✈❛❧✉❡ ✐s st❛❜❧❡ ❢r♦♠ ✸r❞ ✐t❡r❛t✐♦♥ ❛♥❞ t❤❛t ♠♦st ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❜❛❝❦✇❛r❞ ✈❛❧✉❡s ❜❡❧♦♥❣ t♦ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ♦❜t❛✐♥❡❞ ✇✐t❤♦✉t
❝♦♥tr♦❧ ✈❛r✐❛❜❧❡✳ ❆❧s♦✱ s♦♠❡ ♦❢ t❤❡♠ ❜❡❧♦♥❣ t♦ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ♦❜t❛✐♥❡❞
✇✐t❤ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡✳

✺✳✸ ❉②♥❛♠✐❝ ♣♦rt❢♦❧✐♦ ♦♣t✐♠✐③❛t✐♦♥

❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ ❣❛s tr❛❞✐♥❣ ♣♦rt❢♦❧✐♦✳ ❆ tr❛❞✐♥❣ ❝♦♠♣❛♥② ♣✉r❝❤❛s❡s ❧✐q✉❡✜❡❞
♥❛t✉r❛❧ ❣❛s✭▲◆●✳✮ ❢r♦♠ ❛ s❡t ♦❢ ♣r♦❞✉❝✐♥❣ ❝♦✉♥tr✐❡s ✐♥❞❡①❡❞ ❛t ❛ ♣r✐❝❡ ❢♦r♠✉❧❛
❛♥❞ s❡❧❧s ✐t t♦ ❝♦♥s✉♠✐♥❣ ❝♦✉♥tr✐❡s ❛t ❛♥♦t❤❡r ♦t❤❡r ♣r✐❝❡ ❢♦r♠✉❧❛ ✭s❡❡ ✜❣✳ ✹ ❢♦r
t❤❡ ♠❛✐♥ ♠❛r❦❡t ❛♥❞ t❛❜✳ ✶ ❢♦r t❤❡ ♣r✐❝❡ ❢♦r♠✉❧❛❡✮✳ ❆♥♥✉❛❧ q✉❛♥t✐t② ❛♥❞ ♣r✐❝❡
❢♦r♠✉❧❛❡ ❤❛✈❡ ❜❡❡♥ ❛❣r❡❡❞ ❝♦♥tr❛❝t✉❛❧❧②✱ t❤❡ ❧❛tt❡r ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢✉t✉r❡
♣r✐❝❡s ♦❢ ♠❛❥♦r ❡♥❡r❣② ♠❛r❦❡ts ξt✱ s✉❝❤ ❛s ❝r✉❞❡ ♦✐❧ ♣r✐❝❡ ✭❖■▲✮✱ ♥♦rt❤ ❆♠❡r✐❝❛♥
♥❛t✉r❛❧ ❣❛s ♣r✐❝❡ ✭◆❆ ◆●✮✱ ❡t❝✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ✜♥❞ ❛ str❛t❡❣② t❤❛t ♦♣t✐♠✐③❡s t❤❡
♣♦rt❢♦❧✐♦ ✈❛❧✉❡✳ ❚❤❡ ❞❡❝✐s✐♦♥ ✐s ♠❛❞❡ ♦✈❡r t❤❡ q✉❛♥t✐t② ♦❢ ▲◆● tr❛♥s♣♦rt❡❞ ♦♥
❡❛❝❤ r♦✉t❡✳ ❆t t❤❛t ♣♦✐♥t✱ ✇❡ r❡❧❛① t❤❡ ❞✐s❝r❡t❡ ♥❛t✉r❡ ♦❢ t❤❡ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡s✳
❚❤❡ ✜rst ❞✐✣❝✉❧t② ❧✐❡s ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐❝❡s ✇❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r ✇❤❡♥ ✇❡
♠♦❞❡❧ t❤❡ ♣♦rt❢♦❧✐♦✿ ξt ∈ R

2✳ ❚❤❡ s❡❝♦♥❞ ❞✐✣❝✉❧t② ✐s ❧✐♥❦❡❞ t♦ t❤❡ ❞✐♠❡♥s✐♦♥
♦❢ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ xt ∈ R

m✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣r♦❞✉❝t✐♦♥
❛♥❞ ❞❡❧✐✈❡r② ❝♦✉♥tr✐❡s✱ ✇❤✐❝❤ ✐s ❛❧s♦ ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥✱ m = 6 ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥✳

❋✐❣✉r❡ ✹✿ ❆ ✜❝t✐✈❡ s✉♣♣❧② ❛♥❞ ❞❡♠❛♥❞ ♣♦rt❢♦❧✐♦✱ ❛s ✇❡❧❧ ❛s t❤❡ ♣♦ss✐❜❧❡ r♦✉t❡✳
N✿ ♣r♦❞✉❝✐♥❣ ❝♦✉♥tr②❀ •✿ ❝♦♥s✉♠✐♥❣ ❝♦✉♥tr②✳

P♦rt ❈❛r❣♦ ❙✐③❡ ❆♥♥✉❛❧ ◗❈✳ ✭❚❇t✉✶✮ ▼♦♥t❤❧② ◗❈✳ ✭❚❇t✉✶✮ Pr✐❝❡ ❢♦r♠✉❧❛ ✭✩✴▼▼❇t✉✶✮

❈❛r✐❜❜❡❛♥ ✸✳✵ ❬✹✻✳✵✱ ✺✹✳✵❪ ❬✵✳✵✱ ✻✳✵❪ ◆❆ ◆●− 0.1

❙❝❛♥❞✐♥❛✈✐❛ ✸✳✵ ❬✷✶✳✵✱ ✷✾✳✵❪ ❬✵✳✵✱ ✸✳✵❪

(

0.05❖■▲ + 2.5 ✐❢ ❖■▲ ≤ 75

0.07❖■▲ + 1.0 ❡❧s❡✇✐s❡

◆♦rt❤ ❆❢r✐❝❛ ✹✳✵ ❬✾✻✳✵✱ ✶✵✵✳✵❪ ❬✵✳✵✱ ✶✷✳✵❪

(

0.9◆❆ ◆● + 0.4 ✐❢ ◆❆ ◆● ≤ 5

0.8◆❆ ◆● + 0.9 ♦t❤❡r✇✐s❡

◆♦rt❤ ❆♠❡r✐❝❛♥ ✸✳✵✱ ✹✳✵ ❬✽✶✳✵✱ ✽✾✳✵❪ ❬✵✳✵✱ ✽✳✵❪ ◆❆ ◆●
❊✉r♦♣❡ ✸✳✵✱ ✹✳✵ ❬✻✻✳✵✱ ✼✹✳✵❪ ❬✵✳✵✱ ✼✳✵❪ 0.055❖■▲ + 0.8

❆s✐❛ ✸✳✵✱ ✹✳✵ ❬✶✻✳✵✱ ✷✹✳✵❪ ❬✵✳✵✱ ✹✳✵❪ ✵✳✵✽❖■▲− 0.8

❚❛❜❧❡ ✶✿ ❈♦♥str❛✐♥ts ❛♥❞ ♣r✐❝❡ ❢♦r♠✉❧❛❡

❘❘ ♥➦ ✼✷✽✾



✶✽ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

❙♦✱ t❤❡ ♣r♦❜❧❡♠ ✐s

sup
(ut)t∈[1,T ]

E

[

T
∑

t=1

c̃t(ξt) · ut

]

✭✸✼✮

s✳t✳
T
∑

t=1

Atut ∈ XT+1

ut ∈ Ut ❛♥❞ Ft −♠❡❛s✉r❛❜❧❡

▲❡t ✉s ✢✐♣ t❤❡ s✐❣♥ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✿ ct = −c̃t t♦ s✇✐t❝❤ t♦ ❛ ♠✐♥✐♠✐③❛✲
t✐♦♥ ♣r♦❜❧❡♠✳

❚❤❡ ❢♦r✇❛r❞ ♣r✐❝❡ F (1, t) ✐♥ ✭✸✸✮ ✐s r❡❛❞ ❢r♦♠ t❤❡ ❡♥❡r❣② ♠❛r❦❡t✳ ❍❡r❡ ✐s
t❤❡ ✈❛❧✉❡ ✉s❡❞ ✐♥ t❡st✿

❋✐❣✉r❡ ✺✿ ❖■▲ ♣r✐❝❡ ✭❯❙✩ ✴❜❛rr❡❧✮
❋✐❣✉r❡ ✻✿ ◆❆ ◆● ♣r✐❝❡ ✭❯❙✩ ✴
▼▼❇t✉✮

P❧❡❛s❡ ♥♦t✐❝❡ t❤❛t ✐t ✐s s✉✣❝✐❡♥t t♦ ❜✉✐❧❞ ❛ tr❡❡ ❢♦r log(ξt)✱ ✇❤✐❝❤ ❢♦❧❧♦✇s
❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ✇❛s ♣r♦❝❡ss❡❞ ✇✐t❤ N = 8000
R

2✲✈❛❧✉❡❞ ❡❧❡♠❡♥t❛r② q✉❛♥t✐③❡rs ❞✐s♣❛t❝❤❡❞ ♦♥ T = 12 st❛❣❡s✳ ❚❤❡ ❡st✐♠❛✲
t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ✇❛s ❝❛rr✐❡❞ ♦✉t ❜② ▼♦♥t❡✲❈❛r❧♦ ♠❡t❤♦❞ ✉s✐♥❣ 109

s❛♠♣❧❡s✳

✺✳✸✳✶ ❈♦♥tr♦❧ ✈❛r✐❛t❡

❙✐♠✐❧❛r❧② t♦ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱ ✇❡ ❦❡❡♣ ✉s✐♥❣ ❛ ❝♦♥tr♦❧ ✈❛r✐❛t❡ t♦ r❡❞✉❝❡ t❤❡
❧❛r❣❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡✿

vcv(ξ) =

T
∑

t=1

ct(ξt)u
∗
t ✭✸✽✮

✶▼▼❇t✉ st❛♥❞s ❢♦r ❛ ♠✐❧❧✐♦♥ ❜r✐t✐s❤ t❤❡r♠❛❧ ✉♥✐t✱ ❛ ❚❇t✉ ✐s ❛ t❡r❛ ❜r✐t✐s❤ t❤❡r♠❛❧ ✉♥✐t
t❤✉s ❡q✉✐✈❛❧❡♥t t♦ ❛ ▼✐❧❧✐♦♥ ▼▼❇t✉✳

■◆❘■❆



❊♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ❜② st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s ✶✾

✇❤❡r❡ u∗
t ✐s ♦♥❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❢♦r ♣r♦❜❧❡♠

inf
(ut)t∈[1,T ]

T
∑

t=1

E [ct(ξt)]ut ✭✸✾✮

s✳t✳
T
∑

t=1

Atut ∈ XT+1

ut ∈ Ut t = 1, . . . , T

▲❡t v∗cv ❜❡ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡✳
❚❤✐s ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❧✐♥❡❛r ♣r♦❣r❛♠✱ ✇❤✐❝❤ ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s♦❧✈❡✳

❚❤❡ ♦♥❧② t❡❝❤♥✐❝❛❧ ♣♦✐♥t ✐s t❤❡ ✇❛② t♦ ❡✈❛❧✉❛t❡ E[ct(ξt)]✳ ❖♥❡ ♣♦ss✐❜❧❡ ♠❡t❤♦❞
✐s ✉s✐♥❣ q✉❛♥t✐③❛t✐♦♥✿

E[ct(ξt)] ≈
∑

ξi
t∈Γt

pi
tct(ξ

i
t)

❈❧❡❛r❧② ♦♥❡ ❤❛s E[vcv(ξ)] = v∗cv✳

✺✳✸✳✷ ❘❡s✉❧ts

❚❤❡ ♣r♦❝❡ss ♣❛r❛♠❡t❡rs ✐♥ t❤❡ t❡st ❛r❡ ✈♦❧❛t✐❧✐t② σ1 = σ2 = 66%✱ ❛♥❞ ❝♦rr❡❧❛t✐♦♥
ρ12 = 0.3✳ ❲❡ ❛♣♣❧② ❛❧❣♦r✐t❤♠ ✜❣✳✶✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs✿ ❢♦r✇❛r❞
♣❛ss s❛♠♣❧❡s Mf = 3000 t♦ 6000✱ ❜❛❝❦✇❛r❞ ♣❛ss s❛♠♣❧❡ Mb = 8 t♦ 12✳ ❚❤❡
♣r♦❣r❛♠ ✐s ❞♦♥❡ ✐♥ ❈✰✰ ✇✐t❤ ❈♣❧❡① ✶✵✳✶✱ ❛♥❞ t❤❡ t❡sts ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛
P❈ ✇✐t❤ ❛ ✷✳✷ ●❍③ ❉✉❛❧ ❈♦r❡ ❆▼❉ ❈P❯ ❛♥❞ ✶✻●❇②t❡ ♠❛✐♥ ♠❡♠♦r②✳

❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧t ✐s ✭✜❣✳ ✼✮✿

❋✐❣✉r❡ ✼✿ r❡s✉❧t ♦♥ ✐t❡r❛t✐♦♥s

◆♦t✐❝❡ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❜❛❝❦✇❛r❞ ♣❛ss ✐s ❛❧♠♦st st❛❜❧❡ ❢r♦♠ t❤❡ 6t❤
✐t❡r❛t✐♦♥ ❛♥❞ ♠♦st ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s ❛r❡ ✇✐t❤✐♥ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧
♦❢ t❤❡ ❢♦r✇❛r❞ ✈❛❧✉❡ ❣❡♥❡r❛t❡❞ ✇✐t❤♦✉t ❝♦♥tr♦❧ ✈❛r✐❛t❡✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts ❝✐r❝❛
20% ♦❢ t❤❡ ❢♦r✇❛r❞ ♣❛ss ✈❛❧✉❡✳ ❚❤✐s ✐s ❡①tr❡♠❡❧② ✐♠♣♦rt❛♥t✳ ❍♦✇❡✈❡r✱ t❤❡
❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❣❡♥❡r❛t❡❞ ✇✐t❤ ❝♦♥tr♦❧ ✈❛r✐❛t❡ r❡♣r❡s❡♥ts ❝✐r❝❛ 2% ♦❢ t❤❡

❘❘ ♥➦ ✼✷✽✾



✷✵ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

✉♣♣❡r ❜♦✉♥❞ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ♦❢ ✉✳❜✳ ❧♦✇❡r ❜♦✉♥❞ ❝♦♥tr♦❧ ✈❛r✐❛t❡ ✈❛❧✉❡
❈♦♥t✐♥✉♦✉s ✲✺✹✳✵✹✻✹ ✶✳✼✾✷✸✽ ✲✺✹✳✼✹✼✷ ✲✸✶✳✺✹✵✹
■♥t❡❣❡r ✲✸✶✳✽✶✸✸ ✹✳✷✾✹✺✻ ✲✷✽✳✵✸✺✷

❚❛❜❧❡ ✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ ❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠ ❛♥❞ ✐♥t❡❣❡r ♣r♦❜✲
❧❡♠

❢♦r✇❛r❞ ♣❛ss ✈❛❧✉❡✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ❝♦♥tr♦❧ ✈❛r✐❛t❡ ♣r♦✈❡s t♦ ❜❡ ❛❞❡q✉❛t❡
✐♥ t❤✐s ❡①❛♠♣❧❡✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ✐♥ 13 ✐t❡r❛t✐♦♥s✱ ✇❤✐❝❤ ✐s
✈❡r② ❡✣❝✐❡♥t✳ ❍♦✇❡✈❡r✱ ✐❢ ✇❡ t❡st t❤✐s ❛❧❣♦r✐t❤♠ ✇✐t❤ ❧❛r❣❡r ✈♦❧❛t✐❧✐t✐❡s✱ ♦r ✇✐t❤
♠♦r❡ ♣r♦❞✉❝✐♥❣✴❝♦♥s✉♠✐♥❣ ❝♦✉♥tr✐❡s✱ ✐t ✇✐❧❧ r❡q✉✐r❡ ♠♦r❡ ✐t❡r❛t✐♦♥s t♦ ❝♦♥✈❡r❣❡✳

❇❡❧♦✇ ❛r❡ t❤❡ ❣r❛♣❤s r❡♣r❡s❡♥t✐♥❣ t❤❡ ❈P❯ t✐♠❡ ♦❢ ❡❛❝❤ ✐t❡r❛t✐♦♥s ✭✜❣✳ ✽
❛♥❞ ✜❣✳ ✾✮✿

❋✐❣✉r❡ ✽✿ ❢♦r✇❛r❞ ❈P❯ t✐♠❡ ❋✐❣✉r❡ ✾✿ ❜❛❝❦✇❛r❞ ❈P❯ t✐♠❡

❚❤✐s ♣r♦❣r❛♠ ❞♦❡s ♥♦t ❝♦♥s✉♠❡ ♠✉❝❤ t✐♠❡ ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ❍♦✇❡✈❡r t❤❡
❝❛❧❝✉❧❛t✐♦♥ t✐♠❡ ✐♥❝r❡❛s❡s s❤❛r♣❧② ✇❤❡♥ t❤❡ ✐t❡r❛t✐♦♥ ❣♦❡s ♦♥✳ ❲❡ ❦♥♦✇ t❤❛t
t❤❡ ❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❢♦r✇❛r❞ s❛♠♣❧❡s
Mf ✱ ❛♥❞ t❤❛t t❤❡ ❜❛❝❦✇❛r❞ ❝♦♠♣✉t✐♥❣ t✐♠❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢
✈❡rt✐❝❡s ✐♥ t❤❡ q✉❛♥t✐③❛t✐♦♥ tr❡❡ N ❛♥❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❜❛❝❦✇❛r❞ s❛♠♣❧❡s Mb✳
❍❡♥❝❡✱ ✇❡ ❝❛♥ ♠♦❞✐❢② t❤❡s❡ ♣❛r❛♠❡t❡rs t♦ r❡❞✉❝❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ t✐♠❡ ✇❤❡♥ ✐t
❜❡❝♦♠❡s t♦♦ ❧♦♥❣✳ ❇✉t ✐❢ ✇❡ ❞♦ s♦✱ ✇❡ ✇✐❧❧ ❧♦♦s❡ t❤❡ ♣r❡❝✐s✐♦♥ ❜② ❡♥❧❛r❣✐♥❣ t❤❡
❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✳

■♥t❡❣❡r s♦❧✉t✐♦♥ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✺✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ❢❡❛s✐❜❧❡ ❛♥❞
s✉❜ ♦♣t✐♠❛❧ ✐♥t❡❣❡r s♦❧✉t✐♦♥s ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s
r❡❧❛①❛t✐♦♥ ❛♥❞ ✐♥t❡❣❡r ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡s ❞✉r✐♥❣ t❤❡ ❢♦r✇❛r❞
st❡♣✳ ❚❤❡ r❡s✉❧ts ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❛❜❧❡ ✷✳ ❚❤❡ ❝♦♥tr♦❧ ✈❛r✐❛t❡ ✈❛❧✉❡ ♦❢ ✲
✷✽✳✵✸✺✷ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ s♦❧✈✐♥❣ ✭✸✾✮ t❛❦✐♥❣ ❛❝❝♦✉♥t ♦❢ ✐♥t❡❣❡r ❝♦♥str❛✐♥ts ♦♥
❝♦♥tr♦❧ ✈❛r✐❛❜❧❡✳ ❚❤❡ ❤❡✉r✐st✐❝ ❣✐✈❡s ❛♥ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ✲✸✶✳✽✶✸✸✱ ✇✐t❤ ❛ ✾✺✪
❛s②♠♣t♦t✐❝ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ♦❢ ✹✳✷✾✹✺✻✱ ✇✐t❤ ✺✵✵✵ ❢♦r✇❛r❞ s❛♠♣❧✐♥❣s✳
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♦❜st❛❝❧❡ ♣r♦❜❧❡♠s✳ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s ✫ ❚❤❡✐r ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✵✻✭✶✮✿✶✕✹✵✱
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❬✾❪ ❍✳ ❍❡✐ts❝❤ ❛♥❞ ❲✳ ❘ö♠✐s❝❤✳ ❙t❛❜✐❧✐t② ❛♥❞ s❝❡♥❛r✐♦ tr❡❡s ❢♦r ♠✉❧t✐st❛❣❡
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