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Abstract

We provide a suitable framework for the concept of finite qa#id variation for processes with values in a separa-
ble Banach spacB using the language of stochastic calculus via reguladmatiintroduced in the cas® = R by

the second author and P. Vallois. A special attention is welvto thewindowprocess associated with a real finite
guadratic variation process which takes naturally valuethé Banach spac® = C([-7,0]). An appropriated Itd
formula is presented, from which we derive a generalizedkS@cone formula for non-semimartingales having the
same quadratic variation as Brownian motion. The reprasientis based on solutions of an infinite dimensional PDE.

Résumé

Nous présentons un cadre adhéquat pour le concept dévaaadratique finie lorsque le processus de référestce e
avaleurs dans un espace de Banach sépaBalble langage utilisé est celui de I'intégrale via régidations introduit
dans le cas réel par le second auteur et P. Vallois. Unetiattgmarticuliere est dédiée au casBu= C([—7,0]) et le
processus considéré esfémétred’'un processus réel a variation quadratique finie. Nowséons une formule d’ltd
appropriée de laquelle nous déduisons une formule d&-Clapne relative a des non-semimartingales réellestayan
la méme variation quadratique que le mouvement browniarreprésentation est basée sur des solutions d’'une EDP
infini-dimensionnelle.

Keywords: Calculus via regularization, Infinite dimensional anady$§ilark-Ocone formula, 1td formula, Quadratic
variation, Hedging theory without semimartingales.
2010 MSC: 60H05, 60H07, 60H30, 91G80.

Version francaise abiegee

Dans cette Note nous développons un calcul stochastiguegularisation de type progresdibifvard) lorsque
le processus intégrateur est a valeurs dans un espacendelBspac®. Ceci est basé sur une notion sophistiquée de
variation quadratiquegue nous appelleronsvariation quadratique, ou le symbogjeest référée a un sous-espace
du dual deB&,B. Le calcul via régularisation a &té introduit lorsgBie- R dans ] et depuis il a été étudié par de
nombreux auteurs qui ont fait avancer la théorie et ontyitqudusieurs applications. Le lecteur peut consul@ [13]
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pour une revue incluant une liste assez complete dear@fés. Dans ce contexte, les auteurs introduisent unennotio
de covariation entre deux processus reeét Y, notée K, Y] qui généralise le crochet droit usuel lorsgget Y sont

des semimartingales. Un vecteur de procedses(X', ..., X" est dit admettre tous ses crochets mutuelXsi{/]
existe pour tous entiers4.i, j < n.

LorsqueB = R", X posséde ung-quadratic variation aveg = (B®,B)* si et seulement sk admet ses crochets
mutuels. On peut voir qu’un processus a valeurs dans urcesfmBanacHhocalement semi-sommableaXi sens

de [E], admet ung- variation quadratique avee = (B&,B)*. Dans ce travail nous tragons une ébauche du calcul
stochastique via la formule d’Itd enoncée au Théorénde ®ne attention spéciale est consacrée au caB ell
C([-,Q]), pour un certaimr > 0, qui est typiquement un espace de Banach non-réflexaf uete formule de Clark-
Ocone généralisée. Sdit> 0; tout processus réel contiti= (X)«[o,1] €St prolongé par continuité poug [0, T].

Soit 0< 7 < T et X un processus réel continu; nous appelfemgtre le processus a valeurs dadg—, 0]) défini par

X() = 4(hepor) = 4(W) = X U € [-7,01 L€ [0, T])

La théorie de l'intégration infini-dimensionnelle pappmort & des martingales (ou des semimartingajéq, 14]20, 6]
n'est pas appliquable, méme lorsque I' intégrateur efgn@&treW(-) associée au mouvement brownien standérd

En dfetW(-) n’est d’aucune maniére une semimartingale a valeurs@gr, 0]).

Motivés par des applications liees a la couverture doopst dépendant de toute la trajectoire, nous discutons une
formule de type Clark-Ocone visant a décomposer uneekigsificativeh de v.a. dépendant de la trajectoire d’'un
processu¥ dont la variation quadratique vauX]; = t. Ceci généralise des résultats inclus dank[fLl, 1, Zinvia
déterminer des formules de valorisation et de couvertagtidns vanille ou asiatique dans un modeéle de prix dfact
ayant la méme variation quadratique que le modeéle de Blatloles. Si le bruit dans un environnement stochastique
est modélisé par la dérivée d’un mouvement browhigre théoreme de représentation des martingales etriauiler
classique de Clark-Ocone sont deux outils de calcul fondaheLe théoremg 7.1 et les considérations a la fin de
la sectiorﬂ7 montrent que dans une certaine mesure cecivedatde lorsque la loi du processus soujacent n’est plus
la mesure de Wiener mais le processus conserve la méméomiguadratique queV. In est en fait possible de
représenter des variables aléatolies H(X1(-)), ouH : C([-T,0]) — R, comme

.
h=Ho+ f £6d™Xs (0.1)
0

sous des conditions fisantes raisonnables sur la fonctionnélleou Hy est un nombre réel étest un processus
non-anticipatif qui sont donnés de facon quasi-ex@iciCes quantités sont exprimées a 'aide d'une fonctdan

u: [0, T]xC([-T,0]) — R de class€? ([0, T[xC([-T, 0])), qui est solution d’une équation aux dérivées partelle
plus précisement la répresentatipn}0.1padieu avedo = u(0, Xo(")) et& = D%u (t, X(-)), ot D%u (t, ) symbolise

la projection de la dérivée de Fréchita (t, 7) sur le sous espace vectoriel constitué par les multipda chesure de
Dirac do; en particulier nous avori3®u (t, ) := Du(t, n)({0}).

Si X est un mouvement brownien standattlet h e D2, 'expression [0]1) coincide avec la formule de Clark-
Ocone classique. Ces considérations montrent que la feielClark-Ocone classique admet une certaine robustesse
relativement a la mesure de Wiener qui est la loVdg).

1. Introduction

In the whole paper®, I, P) is a fixed probability space, equipped with a given filtratfb= (F)o fulfilling the
usual conditionsB will be a separable Banach space atd B-valued processW will always denote an;)-real
Brownian motion. LefT > 0 be a fixed maturity time. All the real processés= (X)) are prolongated by
continuity fort ¢ [0, T] settingX; = Xo fort < 0 andX; = Xy fort > T.
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We first recall the basic concepts of forward integral andaciation and some one-dimensional results concerning
calculus via regularization, a fairly complete survey oa Hubject beingm3]. For simplicity, all the considered
integrator processes will be continuous.

Definition 1.1. Let X (respectivelyY) be a continuous (resp. locally integrable) process.
Theforward integral of Y with respect to X (resp. thecovariation of X and Y), whenever it exists, is defined as

e—0*

t t —
f Ysd™Xs := lim f Ysts in probability for allt € [0, T] , (1.1)
0 0 €

1 t
(resp. K Y]y = Iing - f (Xsre — X5)(Ysie — Ys)ds in the ucp sense with respecttt}) (1.2)
e—0+ € 0

provided that the limiting process admits a continuousiverdf fot Y<d™ X exists forany <t < T, fOT Ysd™ X will

symbolize theémproper forward integral defined by lim,t fot Ysd~ Xs, whenever it exists in probability.

If [ X, X] exists thenX is said to be dinite quadratic variation process. X, X] will also be denoted byX] and
it will be called quadratic variation of X. If [X] = 0, thenX is said to be &ero quadratic variation process
If X = (X3,...,X") is a vector of continuous processes we say that it has afitsial covariations (brackets) if
[X!, XI] exists for any 1< i, j < n.

When X is a (continuous) semimartingale (resp. Brownian motiard ¥ is a cadlag adapted process (resp.
such thatfoT Y§ds < o a.s.), the integrafo' Y<sd~Xs exists and coincides with classical Itd’s integfsih(sdxs, see
Proposition 6 in @3]. Stochastic calculus via regulalimatis a theory which allows, in many specific cases to
manipulate those integrals wh#ris anticipating oiX is not a semimartingale. ), Y are (f;)-semimartingales then
[X, Y] coincides with the classical brackeX, Y), see Corollary 2 in|EI3]. Finite quadratic variation promes will
play a central role in this note: this class includes of cewt (7;)-semimartingales. However that class is much
richer. Typical examples of finite quadratic variation psses aref()-Dirichlet processedD is called (;)-Dirichlet
process if it admits a decompositi@ = M + A whereM is an (f;)-local martingale and\ is a zero quadratic
variation process. It holds in that cad®][= [M]. This class of processes generalizes the semimartingales a
locally bounded variation process has zero quadratic tiamiaA slight generalization of that notion is the notion of
weak Dirichlet, which was introduced iﬁl [7X is called (;)-weak Dirichlet if it admits a decompositioh= M + A
whereM is an (f;) local martingale and is a process such tha[N] = 0 for any continuousf;) local martingaleN.

An (F)-weak Dirichlet process is not necessarily a finite quadxatriation process. On the other handihas finite
guadratic variation then it holdX] = [M] + [A]. Another interesting example is the bifractional Browmiaotion
B"K with parameter$d € (0,1) andK e (0, 1] which has finite quadratic variation if and onlyHK > 1/2, see
[L3]. Notice that ifk = 1, thenB™! coincides with a fractional Brownian motion with Hurst pareterH € (0, 1). If

HK = 1/2 it holds B™K] = 21Kt; if K # 1 this process is not even a Dirichlet with respect to its owrafion. Other
significant examples are the so-called w&adrder Brownian motions, for fixekl > 1, constructed bﬂS], which are

in general not GaussiarX is a weakk-order Brownian motion if for every & t; < --- <t < +co, (Xy,, -+, Xy ) iS
distributed as\\t,, - - - , W, ). If k> 4 then [X]; = t.

One central object of this work will be the generalizationrfinite dimensional valued processes of the stochastic
integral via regularization, see Definitipn]3.1. A stociw@salculus for Banach valued martingales was considered by
[P, [[3] and references therein generalizing the classioahastic calculus of |4, 1] 6].

We introduce now a particular Banach valued process. Givenr & T and a real continuous processwe will call
window processthe C([-t, 0])-valued process denoted By-) defined as

X() = (Xt('))te[o,T] = {Xi(u) ;= Xyu; U € [-7,0],t € [0, T]} .
3



We observe that even the window Brownian motii() is not aC([—, 0])-valued semimartingale, in fact
M([-T,o)<#’W(')>C([fr,0]) is even not a real semimartingale for= 6o + 6;/2. Motivated by the necessity of an Itd
formu]Ia available also faB = C([—, 0])-valued processes, we introduce a quadratic variatocept which depends
on a subspacg of the dual of the tensor square Bf equipped with the projective topology, denoted BR{B)*,
see Definitio3. We recall the fundamental identificaiiB®,B)* = B(B x B), which denotes the space Bf
valued bounded bilinear forms ddix B. An Itd formula for processes admittingyaquadratic variation is given
in Theorem[5]1. After formulating a theory f@valued processes with geneilin Sectiond}6 anfl] 7 we fix the
attention on window processes settiig= C([-7, 0]). Sectior[b is devoted to the evaluationyafjuadratic variation
for window processes; in particular Proposit@ 6.4 gives principal results concerning tiyequadratic variation
for windows of real finite quadratic variation processes.SEction[P we give a representation result for random
variableh := H(Xt(:)) of the typeh = Hp + T &d"Xs whereH : C([-T,0]) — R and the integral has to be
considered as a forward integral as defined (1.2). In gérnveinenH is continuous an is a general finite
guadratic variation process such th4}[= t this representation will be obtained by expresdirasu(T, Xr(-)) where
ue CH2 ([0, T[xC([-T,0]); R)nCO ([0, T] x C([-T, 0]); R) solves an infinite dimensional partiafdirential equation
of type ). In this case we obtain

)
h = u(0. Xo()) + fo Do (5, Xo())dXs

whereD%u (s, 7) denotes th@rojectionof the Fréchet derivativBu (t, ) on the linear space generated by Dirac mea-
sured, i.e. Du(t, ) := Du(t, n)({0}).

2. Notations

Symbol%([0, T]) denotes the linear space of continuous real processeagpeguwith the ucp (uniformly con-
vergence in probability) topolog* will be the topological dual of the Banach spa@e We introduce now some
subspaces of measures that we will frequently use. Symia(l-, 0]) ( resp. Doo([—-7, 0]%)) will denote the one
dimensional Hilbert space of the multiples of Dirac measmecentrated at O (resp. at (D), i.e.

Do([-7,0]) := {u € M([-7,0]); stu(dX) = A60(dX) with 2 € R} (2.1)
and
Doo([-7,00?) := {u € M([-7,0]%); stu(dx dy) = 150(dX)do(dy) with 1 € R} = Do&rDo (2.2)

where®y, stands for the Hilbert tensor product.
SymbolDiag([-, 0]?) (shortly Diag) will denote the subset of([—7, 0]?) defined as follows:

Diag([-7, 0%) := {u € M([-7,0]%) st. u(dx dy) = g(X)6,(dX)dy; g € L=([-7,0])} . (2.3)

Diag([-, 0]?), equipped with the Norniul|piagq--o) = 19lle, is @ Banach space.

3. Calculus via regularization

In this section we introduce an infinite dimensional stotihdstegral via regularization. In this construction teer
are two main dficulties. The integrator is generally not a semimartingalie integrand may be anticipativBjs a
general non-reflexive Banach space.



Definition 3.1. Let (X)o.1] (respectively {i)ieo,1;) be aB-valued (respectively B*-valued) stochastic process. For
simplicity we suppos& to be continuous ansfj)T [[Ysllg-ds < +oo a.s.

For every fixed € [0, T] we define thalefinite forward integral of Y with respect to X denoted byfot g (Ys, d"Xs)p
as the following limit in probability:

t t
f 5 (Ys, d"Xo)g := lim f & (Y(9), M)Bds
0 -0 Jo €

We say that théorward stochastic integral of Y with respect to X exists if the process

t
( f o (Ve d-xs>B)
0 te[0,T]

admits a continuous version. In the sequel indBesdB* will often be omitted.

4. Chi-quadratic variation

Definition 4.1. A closed linear subspageof (B&,B)*, endowed with its own norm, such that

-1y = Il llg&,B) (4.1)
will be called aChi-subspace of(B&,B)*.

Let v be a Chi-subspace 0B&,B)*, X be aB-valued stochastic process aad> 0. We denote byX]¢, the
application

. t (Xs+e - XS) ®2)
[X]¢:x — €([0,T]) defined by ¢ f R f»‘* ds (4.2)
0 te[0.T]

whereJ : B®,B — (B&®,B)** denotes the canonical injection between a space and italbidu
With application K]¢ it is possible to associate another one, denoteldy, defined, forw € Q, by

_ 2
I (Ko =X )>X* ds] . (4.3)

X(@):[0,T]—x"  gvenby  te [¢ - f @,
Remark 4.2.
1. We recall thay c (B&,B)* implies B&®,B)** c x*.
2. As indicated, (-, ), denotes the duality between the spgcand its dual*; in fact, by assumptions is an
element ofy and elemeng ((XSH - X) ®2) naturally belongs toB&,B)* c y*.

3. With a slight abuse of notation, in the sequel applicafionill be omitted. The tensor produ¢Xs,. — Xs) ®?
has to be considered as the elemb((ixsﬁ - Xs) ®2) which belongs tg/*.

We give now the definition of the-quadratic variation of 8-valued stochastic proceXs

Definition 4.3. Let y be a separable Chi-subspace B&{B)* and X a B-valued stochastic process. We say tKat
admits a y-quadratic variation if the following assumptions are fulfilled.



H1 For every sequencey | O there is a subsequeneg, | such that

T (Xs+snk - XS)®2
SUp | - SUp | (¢, —————)y-

k 0 il <1 N

ds < +o0, as

H2 It exists an application denoted bX][: v — %([0, T]), such that
[XI(¢) — [XI(9)

for all ¢ € S, whereS c y such thatS par{S) = y.

Definition 4.4. When X admits ay-quadratic variation, thg*-valued measurable procesfs‘(f()ogg defined for
almost allw € Q andt € [0, T] by ¢ = [X](w, t)(¢) = [X](¢)(w,1). is calledy-quadratic variation of X. Sometimes,
with a slight abuse of notation, eveX][will be called y-quadratic variation and it will be confused witK].

Remark 4.5.

1. We observe that for almost all € Q, they"-valued proces@(w](w, -) has bounded variation on,[D].
2. The existence d¢iX] guarantees tha¥{] admits a proper version which allows to consider it as pathintegral.

Definition 4.6. We say that a continuouB-valued procesX admitsglobal quadratic variation if it admits a y-
quadratic variation witly = (B®,B)*.

When B is the finite dimensional spad®”, X admits all its mutual brackets if and only X admits a global
guadratic variation. A Banach valudakcally semi summablprocessX in the sense 0f[[6], admits again a global
guadratic variation, see Section 6 Eh [5] for more details.

We observe an interesting feature in the case (B®,B)*. The natural convergence topology is the weak star
convergence in the spacB&;B)* for elementgX]". In fact for anyt € [0, T], it exists a null subsell of Q such and
a sequencezf) such that

XI" (@.t) — [X](.)
weak star for allw ¢ N. We recall that)(B&, B) is weak star dense irBg, B)*, so[FXw] takes values “a priori” in
(B&,B)**. The weak star convergence is weaker then the strong camnvesgnB®,B, i.e. the convergence with
respect to the topology defined by the norm. If the BanachesBagB is not reflexive, theng®, B)** strictly contains
B®,B. In generaB&,B is not reflexive even iB is a Hilbert space.
5. 1td’s formula

We are now able to state an Itd formula for stochastic peewith values in a general Banach space. Its proof
is given in Section 8 of]5].

Theorem 5.1. Let B be a separable Banach spagehye a Chi-subspace 0B§,B)* and X a B-valued continuous
process admitting g-quadratic variation. Lef : [0, T] x B — R of classC*? Fréchet. such that

D?F : [0,T] x B— x c (B&,B)* continuously with respect tp . (5.2)

Then the forward integral

t
\fﬁWQMJ%m,wmﬂ,
0



exists and the following formula holds

t

t t
FLX) = FO0.X0) + [ aF(sXads+ [ o(DF(sX.dXe+ 5 [ (DF(X). X as  (62)
0 0 0

6. Evaluation of y-quadratic variations for window processes

From this section we fiB as the Banach spa€¥[—, 0]). First we give some evaluationspfquadratic variations
of window processeX(-). Examples of Chi-subspaces &, B)* are

o the space of measures onr| 0]2 denoted byM([-7, 0]?);

the spacé.?([-, 0]%);
the Hilbert tensor produdt?([—7, 0])&,Do([-T, 0]);

the spaceDg ([, 0]%);
the spacdiag([—, 0]2);

the spacg®([-, 0]?), (shortlyy?), will denote the subset of¥4([—, 0]?) defined by

X°([~7.01%) = (Do([-. 0]) @ L([-7, O]))&; (6.1)
which equals

x°([-7,01%) = L*([-7, 0F%) @ L*([ -7, O])&n Do ([ -7, 0]) ® Do([—7, O))@nL>([~, O]) ® Doo([ -7, 0]%) . (6.2)
Proposition 6.1. Let X be a real valued process with Holder continuous paths afrpatery > 1/2. ThenX(:) admits
a zero global quadratic variation.

Example 6.2. Examples of real processes with Holder continuous patipsiEmetety > 1/2 are fractional window
Brownian motionB"(-) with H > 1/2 or a bifractional window Brownian motioB™K(-) with KH > 1/2.

Remark 6.3. Presumably the window Brownian motioN(-) does not admit a global (not evenf([-T, 0]%)-)
guadratic variation because Conditid should not be verified. In fact it is possible to show that

i
. 1
| [ € IWasc) = Wl rop I = . (6.3)

(@) follows taking into account the fact that foxOr;, < 15, there are positive constar@s, C, such that

C.:<E

Wa, e — Wy
sup M SC2

SE[Tl,TQ] € |I"I(1/€)

For general finite quadratic variation processes we haviotlosving.

Proposition 6.4. Let X be a real continuous process with finite quadratic variagiott 0< 7 < T. The following
properties hold true.

1) X(-) admits zerd_?([-, 0]?)-quadratic variation.
2) X(-) admits zerd_?([—, 0])&Do([ -7, 0])-quadratic variation.

7



3) X(-) admits zeraDo([-, 0])&L3([-7, 0])-quadratic variation.
4) X(-) admits aDo o[-, 0]%)-quadratic variation given by

[XO)(w) = u((0,0N[X],  Yu € Doo([-T,0]%). (6.4)
5) X(-) admits a°([-, 0]?)-quadratic variation which equals

X)) = p(10,0DIX], VY € x°([-7, 0F). (6.5)

6) X(-) admits aDiag-quadratic variation given by

tAT

= X)) = : 9(=x)[X]e-xdx te[0.T], (6.6)

whereu is a generic element iDiag([ -, 0]?) of typeu(dx, dy) = g(X)d,(dX)dy, with associated in L* ([, 0]).

Remark 6.5. We remark that in the treated cases, the quadratic varigpof the real finite quadratic variation
processX insures the existence of (and completely determinesytgeadratic variation. For exampleX is a real
finite quadratic variation process such th¥};[ = t, thenX(-) has the samg®-quadratic variation as the window
Brownian motion.

We conclude this section spending some words on the stabiljprocesses admitting a quadratic variation even
if this will not be the object of this paper. The class of reammémartingales with respect to a given filtration is
known to be stable with respect @(R) transformations and finite quadratic variation processesstable under
CY(R) transformations. Also Dirichlet processes are stabld wéspect taCl(R) transformations and they admit
a decomposition result. In some applications, in partictdacontrol theory, one often needs to know the nature
of process E(t, X)) whereF € C%Y(R* x R) and X is a real continuous#)-weak Dirichlet process with finite
guadratic variation. It was shown iﬁ [9], Proposition 3.tt@t(F(t, X;)) is an (F;)-weak Dirichlet process. Analogous
stability results are obtained in the infinite dimensiomahiework for theC([-, 0])-valued window Dirichlet and
weak Dirichlet processes, see Theorems 7.33 and 7.3p in [5].

7. A generalized Clark-Ocone formula

In this section we will consider = T and we recall thaB = C([-T, 0]). Let X be a real continuous stochastic
process such thafy = 0 and [X]; = t. LetH : C([-T,0]) — R be a Borel functional; we aim at representing the
random variable

h=HX()). (7.1)

The main task will consist in looking for classes of functidsH for which there isHp € R and a predictable process
& with respect to the canonical filtration ¥fsuch that admits the representation

T
h = HO + f é‘:SdiXS . (7.2)
0

Moreover we look for an explicit expression fHp and¢. As a consequence of Itd’s formu@S.Z) for path dependent
functionals of the process we will observe that, in thosesaisis possible to find a functianwhich solves an infinite
dimensional PDE and which gives at the same time the regmimnresultZ). One possible representation is the
following.



Theorem 7.1.LetH : C([-T,0]) — R be a Borel functional. Lat € C1? ([0, T[xC([-T, 0]))nC° ([0, T] x C([-T, 0]))
such thatx — D&°u(t,n) has bounded variation, for anye [0, T], n € C([-T,0]). We suppose moreover that
D?u (t,5) € x°([-T, 0]%) continuously for every € [0, T], n € C([-T, 0]).

Suppose that is a solution of

At + f D*u(t, ) dn + DUt 7)((0.0)) = O
1-t.0]

(7.3)
u(T,n) = H(n)
where the integraﬁft 0 D2 (t, n) dn has to be understood via an integration by parts as follows:
[ D*utndn = D<u@. )~ DUt~ [ DRy
1-t0] 1-t0]
Let X be a real continuous finite quadratic variation process [Mih=t andXy = 0.
Then the random variable:= H(Xr(-)) admits the following representation
T
=0, Xa() + [ DUt X(O)d % (7.4)
0
o

Sections 9.8 and 9.9 in|[5] provideftirent reasonable conditions ¢h : C([-T,0]) — R such that there
is a functionu solving PDE ) in general situations, i.e. fulfilling thgpotheses of Theore@.l. Section 9.8
considers an?([-T, 0])-regularity onH : C([-T,0]) c L?([-T,0]) — R and Section 9.9 considers a non smooth
but L2([-T, 0])-finitely based functionals!.

Remark 7.2. In relation to Theorerh 7.1 we observe the following.
e Only pathwise considerations intervene and there is no teesdppose that the law ofis Wiener measure.
e SinceH(n) = u(T, 1), we observe thatl is automatically continuous by hypothesis C° ([0, T] x C([-T, 0])).

e Letus supposX =W.

1. Making use of probabilistic technology, (7.4) holds imgocases even Hl is not continuous ant ¢
LY(Q); we refer to Section 9.6 ir[|[5] for this type of results.
2. 1If fOT £ds< +o0 a.s., then the forward integrﬁ)lT & d~W, coincides with the 1td integr%T & dW.

3. If the r.v. h = H(Ws(-)) belongs toD?, by uniqueness of the martingale representation theorem an
point 2., we haveHy = E[h] and& = E [D"h|#:], whereD™ is the Malliavin gradient; this agrees with
Clark-Ocone formula.

¢ If X is nota Brownian motion, in generdly # E[h] sinceE [fOT gtd*Xt] does not generally vanish. In fa€fh]
will specifically depend on the unknown law ¥f

In chapter 9 in |ﬂ5] we enlarge the discussion presented iru). We can give examples wherg[0, T] x
C([-T.0]) — R of classC™? ([0, T[xC([-T, 0]); R) n C° ([0, T] x C([-T, 0]); R) such that[(7]4) holds andsolves
an infinite dimensional PDE of the type

A0
. 1
Bt ) + f D*u(t ) dn + 5(%u(t ) To)=0
-t

u(T,n) = H(n)

(7.5)



1 ifx=y, xye[-T,0]

ac i 1
0 otherwise andD®u (t, ) is the absolute continuous part of the meagét, ).

wherelp(x,y) = {

The integral fj D2Cu (t,;) diy” has to be suitably defined and tex@?u (t,) , 1p) indicates the evaluation of the
second order derivative on the diagonal of the squate (]°.
We observe that solution om.3) are also solutionﬂ (@ire(D?u(t, n), 1p) = D?u(t, )({0, 0)).
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