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Abstract

We consider least-squares regression using a randomly generated subspace Gp C F of finite dimen-
sion P, where F is a function space of infinite dimension, e.g. L2([0,1]?). Gp is defined as the span
of P random features that are linear combinations of the basis functions of F weighted by random
Gaussian i.i.d. coefficients. In particular, we consider multi-resolution random combinations at all
scales of a given mother function, such as a hat function or a wavelet. In this latter case, the result-
ing Gaussian objects are called scrambled wavelets and we show that they enable to approximate
functions in Sobolev spaces H*([0,1]%). As a result, given N data, the least-squares estimate § built
from P scrambled wavelets has excess risk || f* — g||» = O(||f*|/2 s(jo,1)4)1og N)/ P+ P(log N) /N)
for target functions f* € H*([0,1]%) of smoothness order s > d/2. An interesting aspect of the
resulting bounds is that they do not depend on the distribution P from which the data are gener-
ated, which is important in a statistical regression setting considered here. Randomisation enables
to adapt to any possible distribution.

We conclude by describing an efficient numerical implementation using lazy expansions with
numerical complexity O(2¢N3/21og N + N?), where d is the dimension of the input space.

1. Problem setting

In this paper, we consider the setting of linear regression with noise. We observe data points
(Zn)n<n € X and measurements (y,)n<n € R assumed to be independently and identically dis-
tributed (i.i.d.), from some distribution P. The regression model is given by

Tn ~ Px and Yn = f*(xn) + 7

where f* is the (unknown) target function we want to learn and 7, is a centred independent noise.
We will assume that f* is bounded by ||f*||cc < L and that the noise 7, has tail distribution
controlled in such a way that ||7,]]y, < C where 15 is the Orlicz norm of order 2. Moreover, L and
C are assumed to be known.

For a given class of functions F, the goal is to return a regression function f € F that minimises
the excess risk || f* — f||p (where [|g]||% = Ex~p[g(X)?]), that classically measures the closeness to
optimality.

In this paper, we consider infinite dimensional spaces F that are generated by the span over a
denumerable family of functions {¢; };>1, called initial features (such as wavelets). Moreover, we will
assume that f* € F.

Since F is an infinite dimensional space, the empirical risk minimiser in F is certainly subject to
overfitting. Traditional methods to circumvent this problem have considered penalization, i.e. one

searches for a function in F which minimises the empirical error Ly (f) o ~ 2;1 [Yn — f(2,)]? plus

a penalty term, for example f = arg minger Ly (f) + Al|f|[) for p=1 or 2, where A is a parameter
and usual choices for the norm are ¢y (ridge-regression Tikhonov (1963)) and ¢; (LASSO Tibshirani
(1994)).

(©2000 author list.
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In this paper we follow an alternative approach introduced in Maillard and Munos (2009), called
Compressed Least Squares Regression, which considers generating randomly a subspace Gp (of finite
dimension P) of F, and then returning the empirical risk minimiser in Gp, i.e. arg mingeg, Ln(g).
Their work considered the case when F is of finite dimension. Here we consider specific cases of
infinite dimensional spaces F and provide a characterisation of the resulting approximation spaces.

2. Preliminary theory of Gaussian Objects

In this Section we give an interpretation of the random features in terms of random processes using
the notion of Gaussian objects (Section 2.1). This enables us to analyse the corresponding limit
object when the dimension of the initial feature space F' is infinite. We also define the kernel space
K of a gaussian object (Section 2.2), and its expansion (Section 2.5) so as to determine the spaces
generated by the random features.

2.1 Gaussian objects

Let S be a vector space and S’ its dual. We write (-, ) its duality product.

Definition 1 (Gaussian objects) A random W € S is called a Gaussian object if for all v € S,
then (v, W) is a Gaussian (real-valued) variable. Now we call

e a €8 an expectation of W if Vv € &', E(v, W) = (v,a).
o K:S8 — 8§ a covariance operator of W if Vv,v/ € &', Cov((v, W)(v',W)) = (v, KV').

When a and K exists, we write W ~ N (a, K).

Example 1: Consider the case where S = C([0,1]) is the space of continuous real-valued func-
tions of the unit interval. Then &’ is the set of signed measures and we can define (v, f) = f[071] fdv.
Then the Brownian motion indexed by [0, 1] is a Gaussian object W € C([0,1]) with a = 0 and K
defined by (Kv)(t) = f[O,l] min(s, t)v(ds).

2.2 Definition of the kernel space

Given a Gaussian centred object W, one may naturally define a space K C S called the kernel space
of the law A/ (0, K). Tt is built by first enriching 8’ with all measurable linear functionals (w.r.t. W),
and then taking the dual of its closure. We now define it precisely by introducing the canonical
injection I’ of the continuous linear functionals into the space of measurable linear functionals, and
its adjoint I. We refer the interested reader to Lifshits (1995) or Janson (1997) for refinements.

For any v € &', we have (v, Kv) = E(v, W)? < co. Thus (v,-) € L*(S,N(0, K)) which is the space
of square integrable functionals under measure N (0, K), i.e. {z : S — R, Ewnr(0,x)2(W)|? < o0}
Now we define the injection I’ : &' — L*(S,N(0, K)) by I'(v) = (v,-). Then the space of measurable
linear functionals Sy, = I'(S’) is defined to be the closure of the image of S’ by I’ (in the L?
sense). Note that this is a Hilbert space with inner product inherited from L?(S,N(0, K)), i.e.
<z1,22>55\/ = E(z1(W)z2(W)) (where z can be written as z = lim,, (v, -) with v, € §’).

Now, provided that I’ is continuous (see Section 2.3 for practical conditions ensuring when this is
the case) we define the adjoint I : S), — S of I', by duality: For any p € §', (u,1z) = (I'p, Z>$;\, =

Ew ((u, W)z(W)), from which we deduce that (Iz)(x) = Ew (W (z)z(W)).

Eventually, the kernel space of N (0, K) is defined as K def I(1rs)) cs.
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2.3 Application to Hilbert spaces

Let S be a Hilbert space and (¢;); an orthonormal basis, then consider & ~ A(0,1) i.i.d. and positive
coefficients o; > 0. Assuming that ), 0? < o0, we define the Gaussian object W = > &ioidi, and
we want to know what is the kernel of the law of W.

To this aim we identify the functions I’ and I. Since S is a Hilbert space, then &’ = S, thus we can
consider f =", a;¢; € §’. For such an f, the injection mapping is given by (I' f)(g) = >, ai(g, ¢:),
and we also deduce that

11 f1[5;, = E(I'f, X Zm&av = oia}

Note that since ||f||ls = [|a||2, the continuity of I’ is insured by assumption on (o;);. Now one
can easily check that the kernel space of the law of W is

K= {f Zal(b“z l) <OO}

endowed with inner product (f,g)x = >, * ﬁl_

Example 2: Scrambled wavelets A direct consequence of this characterisation is the possibility
to handle Sobolev spaces.

Indeed, let us consider an orthonormal family of wavelets given by (¢;); = (. 1) € C?([0,1]%)
(where € is a multi-index, j is a scale index, | a multi-index). Then when the wavelet functions
are C9([0,1]?) with at least ¢ > s vanishing moments, it is known that the (homogeneous) Besov
space Bs g~([0,1]?) admits the following characterisation (independent of the choice of the wavelets
Frazier and Jawerth (1985); Bourdaud (1995)): Bs g, = {f;||f|ls,3,y < 0o} where

291

fllosm def Z (Z [2j(s+d/27d/ﬁ)( Z | <f7 > |ﬁ)1/ﬁ} ) 1/

€ J ll---ld:O

In particular, one can see that if f = 3, Gy, then || f]|25, = ZZ(%)Z where 0; = o j; = 2775,
Thus, under the assumption that >, 0?7 = (2¢ — )32 2js95d < 00, l.e. s > d/2, we can define

the gaussian object W = . §;¢;, where ¢ ;1 = zijqEE,j,l, and the kernel space of the law of W is
exactly the Besov space B 22, which is also the Sobolev space H5([0,1]¢). We name the Gaussian
object W a scrambled wavelet in order to refer to the disorderly construction of this multi-resolution
random process built from wavelets.

This result extends similarly to inhomogeneous Sobolev spaces Hj, where 5 € R? is a multi-index,
via tensorisation of one dimensional Sobolev spaces (see Sickel and Ullrich (2009)). In this case, if
;i >1/2forall 1 <i<d,and (¢;;);, is an orthonormal wavelet basis of H3([0,1]%) (adapted to this
space), then one can check that the kernel space of the law of Brownian (inhomogeneous) wavelets
dju =27 imdgy i H3 (0, 1]7).

2.4 Equivalent construction of the kernel space.

The kernel space can be built alternatively based on a separable Hilbert space H as follows:

Lemma 2 Lifshits (1995) Let J : H — S be an injective linear mapping such that K = JJ', where

J' is the adjoint operator of J. Then the kernel space of N'(0, K) is K = J(H), endowed with inner

product (Jhi, Jha) 4 o (h1,ha)y,.
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Example 1 (continued) In the case of the Brownian motions already considered, one may
build K by choosing the Hilbert space H = L?([0,1]) and the mapping J : H +— S defined by
(Jh)(t) = f[07t] h(s)ds, which satisfies (J'v)(t) = v([t,1]) and K = JJ’. Thus, the kernel space K is
J(L*([0,1])) = {k € H'([0,1]); k(0) = 0}, the Sobolev space of order 1 with functions being equal
to 0 on the left boundary.

Now, for the extension to dimension d, we consider the space S = C([0, 1]¢) and the covariance op-
erator of the Brownian sheet (Brownian motion in dimension d) (Kv)(t) = f[o,ud L, min(s;, t;)v(ds).
The Hilbert space is H = L2([0, 1]%) and we choose J to be the volume integral (Jh)(t) = f[OJ] h(s)ds,
which implies that K = JJ'.

Thus K = J(L?([0,1]¢)) is the so-called Cameron-Martin space Janson (1997), endowed with the

norm || fl||x = ||%€I(i”[{2([071]d). One may interpret this space as the set of functions which have a

d-th order crossed (weak) derivative amf)_gmd in L2([0,1]%), vanishing on the “left” boundary (edges
containing 0) of the unit d-dimensional cube.

Note that in dimension d > 1, this space differs from the Sobolev space H'.

2.5 Expansion of a Gaussian object:

Let (¢;); be an orthonormal basis of K (for the inner product (-,-)x). From Lemma 2, in the case
of the alternative construction via the mapping J and the Hilbert space H, one can build such an
orthonormal basis with the functions ¢; = Jh; where (h;); is an orthonormal basis of H.

We now define the expansion of a Gaussian object W (see Lifshits (1995)):

Lemma 3 Let {§; o N(0,1)};>1. Then Y32, &gy is a Gaussian object, written W, with law
N(0,K). It is called an expansion of W ~ N (0, K).

Example 1 (continued) To build an expansion for the Brownian motions, we use the Haar basis
of L2([0,1]). It is defined by hj,(z) = 27/2h(27z — 1), where h(z) = ljo.1/2( — U1 /2,1, together with
ho(z) = Djg,1j(). We deduce that a basis of the kernel space is obtained by the integrals of those
functions (since Jh(t) = fg h(s)ds), i.e. which are the hat functions defined in the introduction:
Aj’l = th,la and AO = Jho

Note that the rescaling factor inside A;; naturally appears as 279/2 and not 27/2 as usually
defined in wavelet-like transformations.

In the sequel, we only consider the case of an orthogonal basis since this corresponds to the
Examples 1 and 2, but note that orthogonality is actually not required (dictionaries of functions
could be handled as well).

3. Regression with random subspaces

In this section, we describe the construction of the random subspace Gp C F that is generated
from the span of features (¢,)p,<p that are randomly generated from the initial features (¢;);>1.
This method was originally described in Maillard and Munos (2009) for the case when F is of finite
dimension, and we extend it here to the non obvious case of infinite dimensional spaces F. Ensuring
that the randomly generated features (t,,),<p are well defined in this case is indeed not trivial and
makes use of some results of the theory of Gaussian Objects (see Section 2).

The next subsection is devoted to the analysis of approximation power of the the random features.
We then describe the algorithm that builds the proposed regression function and then provide excess
risk bounds for this algorithm. Eventually, we discuss some asymptotic behaviour of the random
subspace Gp, when P tends to +00, so as to provide more intuition about the terms that appear in
the performance bounds.
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3.1 Construction of random subspaces

Assumption on initial features. In this paper we assume that the set of features (¢;);>1 are
continuous and satisfy the assumption that,

%ywmm<mwmmwmw@zwmﬁ (1)

i>1

Examples of feature spaces satisfying this property include rescaled wavelets as described in Sec-
tion 2.3.

Random features. The random subspace Gp is generated by building a set of P random fea-
tures (p)1<p<p defined as linear combinations of the initial features {¢;}1>1 weighted by random
coefficients:

Yp(2) def ZAp,id)i(x)a forl<p<P (2)

i>1

where the (infinitely many) coefficients A, ; are drawn i.i.d. from a centred distribution with variance
1/P. Here we explicitly choose a Gaussian distribution N'(0,1/P). Such a definition of the features
1p as an infinite sum of random variable is not obvious (this is called an expansion of a Gaussian
object) and we refer to the Section 2 for elements of theory about Gaussian objects and Lemma 3 for
the expansion of a Gaussian object. It is shown that under assumption (1), the random features are
well defined. Actually, they are random samples of a centred Gaussian process indexed by the space
X with covariance structure given by + (¢(z), ¢(z')), where we used the notation (u,v) = Y, uv;
for two square-summable sequences v and v. Indeed, E4, [, (x)] = 0, and

Cova, (4 (), 6y &) = Ea, [ () (2)] = 55 S 6:(@)6(e') = 3 (9(2), 6())

i>1
The continuity of the initial features (¢;) guarantees that there exists a continuous version of the

process 1, which is thus a Gaussian process.

Random subspace. We finally define Gp C F to be the (random) vector space spanned by those
features, i.e.

P
Gr ' {gs(2) <Y Bty (). 5 € R},
p=1

3.2 Approximation error of random projections

In this section, we analyse the approximation error of the random projection method. Thus, we
are interested in bounding infeg || f* — T1(g)||% in high probability with respect to any source of
randomness.

Thanks to the properties of random projections, we can derive the following statement, the proof
of which is reported in Appendix A.

Theorem 4 (Approximation error) With probability higher than 1—0 with respect to any source
of randomness, the following approximation error bound holds true:

. 8log(8m/d) log(2/4)
f *x_T 2 < O Pe\PY Y *(12 2 2L 2, [ Ho\=/")
we =Tl <t S | sup ()] + (2L)% 55
Moreover, the following bound also holds true, provided that P > %;
3
: 10[Je*[3E(|¢(X)][3) 1
* 2 2 2
Egp[inf [If* ~ Ti(9)llp] < iz T
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where we introduced the quantity v = m

Then we deduce the following corollary, after optimisation:

Corollary 5 Provided that P > 30 1og(PT72 log(2/48)/0), then with probability higher than 1 — §
with respect to any source of randomness, the following holds true:

2 2 P 2
it 177~ To()lfp < 1612 (1100 (P g 75775))

Proof Indeed, optimising the right hand term without constrained gives the following optimal value
for m:

P2L*log(2/9)
mO = m =
v 2°(|f|* sup,, [|p(2)][2
We thus deduce that provided that P > 30log(% /10g(2/5)/6m)7 then with probability
z 2

higher than 1 — 0 with respect to any source of randomness, the following holds true:

o] sup, [|6()]13 P/log(2/8)/3L?
p o FsGRp TewiE)

inf || f* — T 2 <16
inf I f L(9)llp <

Note that the rate |||3sup, ||¢(z)||3 given here is not tight. We can actually replace it with

|l )3(E(]|o(X)]|3) + (sup, ||¢(z)]|2)? W) using Hoeffding’s inequality, which leads to the fol-
lowing improved bound:

Corollary 6 Provided that P > 30log(P~?/log(4/8)/25), then with probability higher than 1 — ¢
with respect to any source of randomness, the following holds true:

4 a 2 T 2 7 a 2811 T 2
2AAPEIE) , Pl v [0 1 s ey,

inf ||[f* =T 2 <
glfelng L(g)||797[

Intuitively, when L ~ [|a||2 sup, ||¢(z)||2, this result says that, provided that P is larger than a
constant (depending on 4), then with probability higher than 1 — § the following result holds

[lo]|*El|¢(X)]3 1og(P/0)
P

inf [|f* —T1(9)|[» < O( )-
Y

Note that even assuming sup, ||¢(z)|]2 < oo is not needed. Indeed the careful reader may
have seen that a weaker assumption still strong enough in order to derive high probability bounds
would be to control the tail distribution of the same quantity, by assumption such that ||||¢(z)||3 —
E(||g(@)]13]|w. < Dok [107(X) — E(¢7(X))||¢, < 0o where ¢, is the Orlicz norm of order a € [1,2].
Such an assumption will only modify the second order terms (i.e. in P2?) of Corollary 6, at the price
of poorer readability.

3.3 Regression algorithm.

Now, the least-squares estimate 95 € Gp is the function in Gp with minimal empirical error, i.e.

s =arg min L , 3
95 = arg min ~(9s) (3)
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and is the solution of a least-squares regression problem, i.e. B = 'Y € RP, where ¥ is the

N x P-matrix composed of the elements: ¥, , def VU, (2,), and ¥T is the Moore-Penrose pseudo-

inverse of W!. The final prediction function §(x) is the truncation (to the threshold +L) of 9gs, ie.

A def def (% if |u < L,
§(w) = Trlgs(@)], where Ty (u) = { L sign(u) ot}|1€|rwise.

In next subsection 3.4, we provide excess risk bounds w.r.t f* in Gp.

3.4 Excess risk of the random projection estimator

In this section, we analyse the excess risk of the random projection method. Thus, we are interested
in bounding || f* — T, (gﬁ)H% in high probability with respect to any source of randomness.
The main result of this section is the following Theorem.

Theorem 7 Assuming that P > 15log(24n/4), then with probability higher than 1 — & with respect
to any source of randomness, the following holds true:

64 log(12n/d 1
1 -Tugpl < SO e L sm g
i=1
1602 (253P + 145log(18/6))
C n
N (24L)22P10g(n)—17;4103;(9/5))7

where ||n|]y, < C and c is the universal constant of Lemma 19.
Assuming that P > 15log(8n/d), then with probability higher that 1 — dg with respect to the
choice of the random supspace Gp,

log(4n/d
Exxllr ~Tuloplial < B0 0o )2
207
+ T (253P +258)
+ PP o pioein) +6).

Moreover, assuming that P > 12log(4n), we also have the following upper bound, in expectation
w.r.t. any source of randomness,

12(log(4n) + 1)

S o IBEx v (16(X) 1)

Eo,xv (Il = Telgpllp] <
2 2
+ i(253P+258)

cn

N (24L)?

(2Plog(n) +6).

Note that this bound can be seen in the more readable way as the sum of three different terms:

1 = Tulg )HP < O(log n/6 Z||¢ I+ CQP—H(;g(l/(S) +L2Plog(n) +10g(1/5))

n

In order to prove this Theorem, we first decompose the excess risk || f*—T7(g;)| |% of the estimate
built using random projections into three different terms:

1. In the full rank case when N > P, Ut = (¢T¥)~1yT
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Lemma 8 The following decomposition holds,
1f*=Telgp)llp < IIf* = g5l + 19z — g5l + Sup (f = Tell = 1 = Te(9)ll7)
g

where g5 =11} 11, (f*,G) and ghatp = 11| 11,, (Y, G) are the projections of the target function and noise
function into the random linear space G with respect to the empirical norm ||.||,.

Remark 9 The attentive reader aware about classical proof techniques for regression would have
noticed that we do not use at this point the standard decomposition of the excess risk in terms of
the sum of the approximation error of the class G in La(P) norm plus the estimation and noise
error coming from the finiteness of the sample. The reason is that without any further assumption
on the features, we cannot bound the approximation error of the class G in Lo(P) norm but only
the approzimation error of the truncated class Tr,(G) in Lo(P) norm, that unfortunately does not
seem to be useful for controlling the excess risk. Thus, the above decomposition makes use of the
approzimation error of the class G in empirical I3 norm.

Note also that the same modification of the proof replacing sup, ||¢(x)||3 with E(]|¢(X)||3) plus
some small order term can be performed here. We now discuss each of these three terms separately.
The proof of Proposition 10,11 and 12 are reported in Appendix B.

3.4.1 APPROXIMATION TERM

The first term, ||f* — gEwa is an approximation error term in empirical norm, it makes appear the
number of projections as well as the norm of the target function. This terms plays the equivalent of
the approximation term that exists for regression with penalization by a factor A|| f||?.

We can prove the first bound on the approximation term using the fact that by definition

2
n

17* = 93112 < Il for = g0
and the following proposition:

Proposition 10 Assuming that P > 15log(4n/d), then with probability higher than 1 — 0 w.r.t. the
gaussian random variables and random sample (X;)i=1..n, we have that:

8log(4n/d 1 —
1o = 9aall2 < S o LS o
=1

3.4.2 NOISE TERM

The second term, [|g5 — g4 |2, is an error term due to the observation noise 7. This term classically

decreases at speed DT"2 where o2 is the variance of the noise and D is related to the log entropy
of the space of function G considered. Without any more assumption, we only know that this is a
linear space of dimension P, so this term finally behaves like g, but note that this dependency with
P may change with the knowledge on the functions v (for instance, if G is included in a Sobolev
space of order s, we would have P'/2% instead).

We may consider different assumptions on the noise term. The assumption that leads to the
most straightforward proof is that the noise is bounded ||n||o, < L. Other classical assumption is
that the noise has finite variance o?. We here consider and assumption saying that the tail of the
distribution of the noise behaves nicely, like for instance that ||n||y, < C, where 9, is the Orlicz
norm or order &. We may consider for instance either that ||n]]y, < C or that ||n||4, < C but in
order to improve readability of the final bound, we now assume that ||n||4, < C.
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Proposition 11 Assuming that ||n||y, < C, then with probability higher than 1—¢§ w.r.t. any source
of randomness, the following holds true:

2C? (253P + 14510g(6/9))
n

2
gz — 951l <
where ¢ is the universal constant defined in Lemma 19.

3.4.3 ESTIMATION TERM

The third term, sup e (||f* —=TL(9)|[H —|[/*=Tw(g)|[7), is an estimation error term due to finiteness
of the data. This term also depends on the log entropy of the space of functions, thus the same
remark applies to the dependency with P. We bound the third term by applying Theorem 11.2 of
Gyorfi et al. (2002) to the class of functions G° = {f* — T1(g),g € G}, for fixed random gaussian
variables. Note that for all f € G%, ||f|| < 2L.

Proposition 12 Assuming that nlog(n) > %, then with probability higher than 1 — § w.r.t. all
sources of randomness, the following holds true:

,41og(3/0) + 2P log(n)
n

sup [|f* = Tr(9)|[» — 8IIf* = Trg)ll7 < (24L)
geg

Note that this bound may be improved further, without loosing the constant 8. This would result
in a bound of order max (£, 4/ %), for some ¢, ¢/, that has to be compared to the speed of order % one
could get on the quantity sup,cg(||f* —Tw(9)||% — 2I|f* — Tr(9)||2), at the price of loosing “just” a
constant factor 2. Actually, it appears that due to the fact we loose this constant factor, the bound
that scales as 1 is indeed less tight that the one that scales with max(<, /<) (so % for large n).

n
This phenomenon is not a consequence of using random projections and is a general fact in the non
asymptotic setting. However, we do not consider such refinements here for clarity.

4. Application to specific function spaces

In this section, we now consider application of Theorem 7 to specific function spaces. We first
consider the case of Brownian motions that is linked to Cameron-Martin spaces, and then the case
of Scrambled Wavelets that enables to handle Sobolev spaces.

4.1 Cameron-Martin spaces

Regression with Brownian motions When one considers Brownian sheets for regression with
a target function f* =3, aj¢; that lies in the Cameron-Martin space K (defined previously), then
we have:

Lemma 13 Assume that f* lies in the the Cameron-Martin space K, then the following bound holds
true:

[l sup [lo(2)[1* < 27| f*|I%-
zeX

Proof Since the Haar basis (h;); is an orthonormal basis of L ([0, 1]¢), we have || f*||% = ||% | |%2([071]d)

which by definition is also Y, (a)?||h;]|* = |Ja*||?. Thus
o[ = 11£*]Ik

Now remember that the functions (¢;); are the hat functions A;;. The mother hat function A
satisfies ||Al|oc < 1/2. In dimension d, we consider the tensor product ¢;; of one-dimensional hat
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functions (thus j and ! are multi-indices). Since the support of A is [0, 1], then for any x € [0,1]%,
for all j there exists at most one I(z ) I = (l1,...,1q) such that ¢; (x) = HL A;, 1, (z;) # 0. Thus

2d
le@)|I* = 325, 62,(2) = X, (M Ay, ()2 < 30527 Eimadi/2274)2 = 222 — 974, and the
result follows. ]

Thus, from Theorem 7, ordinary least-squares performed on random subspaces spanned by P
Brownian sheets has an expected excess risk

log N log N

Ecrxvllf* = 3llh = O(Zo—P+ =5 [If %) (4)

(and a similar bound holds in high probability).

4.2 Sobolev spaces

Construction of adapted wavelets When we consider wavelet functions that are C9([0,1]%)
with at least ¢ > s vanishing moments, we have proved that provided s > d/2, the Kernel space of
the law of the associated scrambled wavelets is the homogeneous Sobolev space H*([0,1]9).

We now provide practical construction of such wavelets. One easy example is given by Daubechies
wavelets in dimension 1. For instance, for s = 1, the Daubechies 3 wavelets with 3 > 1 vanishing
moments are Lipschitz of order 1,08 > s, i.e. C'([0,1]). For s = 2, we can consider Daubechies 10
wavelets with 10 vanishing moments (see Mallat (1999)). The extension to dimension d is easy.

However, one may want an easier way to control the Lipschitz order of the wavelets, i.e. having
wavelets such that by construction the wavelet of order p is CP. To do so, one may consider some
approximations of the Gabor wavelet. We remind that the Gabor wavelet is given by the mother
function ¢(z) = €@ g(x) where g is a gaussian window, and also that the gaussian window can be
seen as the limit of an iterated convolution filter. Indeed, let u denote the following function defined
by u(x) = lj_1,1j(7), and let also define, for h > 0, up(v) = hd/2 u(%). Then the following Lemma
holds (see for instance Theorem 3.3 page 46, in Guichard et al. (2001))

Lemma 14 Let (hy), be a sequence of positive real numbers, andt > 0. Then provided that hyp — ¢,
we have the following (uniform) convergence property
U}Z —p Gt

|2

where gi(x) = W(i% is the gaussian window that satisfies g * gs = gry+s and * is the symbol

for the convolution operation.

Thus, if we set h, = -, and define the wavelet of order p to be o) (z) = ei"zu;zg?:l)(z) for some

well chosen 7, then we have by construction that ¢®) is CP, with p vanishing moments. Note that
the Gabor wavelet is C* with oo vanishing moments.

Regression with scrambled wavelets

Lemma 15 Assume that the mother wavelet q; has compact support [0,1]¢ and is bounded by X,
and assume that the target function f* =3, af¢; lies in the Sobolev space H*([0,1]%) with s > d/2
(i.e. such that ||a*|| < o0). Then, we have

A2d(2d _ 1)
*||2 2
]| jlelg\lqﬁ(l’)ll < T 9 1 177 (jo,119)-

Proof Indeed, we have by definition of the Kernel space of the law of the scrambled wavelets,

eI =111, .., = 11k

10
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In addition, by definition, the rescaled wavelet are ¢, j () = 2775 ¢ ; () = 277°204/2¢ (27 —1),
where ¢ (2) = II&, ¢, (x). Thus for all z € [0, 1]%, by the assumption on the support on ¢, ||¢(z)||* =
> >0, (27952992¢ (272, — 1;))?, and by definition of A, this is bounded by 35 Y7, (277 (=~ 4/2)\)? <

(24 — 1)#?:,(1/2) whenever s > d/2. Thus ||¢(z)||* < % [ ]

Note that in the case of inhomogeneous Sobolev spaces, we would have instead: ||a*||?||¢(+)]]?

IA

~ 17112
H?=1(1_2—2(si—1/2)) 25‘
Thus from Theorem 7, ordinary least-squares performed on random subspaces spanned by P
scrambled wavelets has an expected excess risk of the following order

logn
P

N logn
171 o0y + P2 ). (5)

[EQP,X,YHf*—f/H%:O( .

(and a similar bound holds in high probability).

4.3 Adaptivity to the law

The bounds on the excess risk obtained in (4) and (5) do not depend on the distribution P under
which the data are generated. This is crucial in our setting since P is usually unknown. It should
be noticed that this property does not hold when one considers non-randomised approximation
spaces. Indeed, it is relatively easy to exhibit a particularly well-chosen set of features ¢; that will
approximate functions in a given class using a particular measure P. For example when P = A, the
Lebesgue measure, and f* € H*([0,1]¢) (with s > d/2), then linear regression using wavelets (with
at least d/2 vanishing moments), which form an orthonormal basis of La ([0, 1]¢), enables to achieve
a bound similar to (5). However, this is no more the case when P is not the Lebesgue measure and
it seems very difficult to modify the features ¢; in order to recover the same bound, even when P is
known. This seems to be even harder when P is arbitrary and not known in advance.

Randomisation enables to define approximation spaces such that the approximation error (either
in expectation or in high probability on the choice of the random space) is controlled, whatever the
measure P used to assess the performance (even when P is unknown) is.

Example For illustration, consider a very peaky (a spot) distribution P in a high-dimensional
space X. Regular linear approximation, say with wavelets (see e.g. DeVore (1997)), will most
probably miss the specific characteristics of f* at the spot, since the first wavelets have large support.
On the contrary, scrambled wavelets, which are functions that contain (random combinations of)
all wavelets, will be able to detect correlations between the data and some high frequency wavelets,
and thus discover relevant features of f* at the spot. This is illustrated in the numerical experiment
below.

Here P is a very peaky Gaussian distribution and f* is a 1-dimensional periodic function. We
consider as initial features (¢;);>1 the set of hat functions defined in Section 2.5. Figure 4.3 shows
the target function f*, the distribution P, and the data (zn,yn)i1<n<i00 (left plots). The middle
plots represents the least-squares estimate ¢ using P = 40 scrambled objects (¢p)1<p<ao (here
Brownian motions). The right plots shows the least-squares estimate using the initial features
(¢i)1<i<ao. The top figures represent a high level view of the whole domain [0,1]. No method is
able to learn f* on the whole space (this is normal since the available data are only generated from
a peaky distribution). The bottom figures shows a zoom [0.45,0.51] around the data. Least-squares
regression using scrambled objects is able to learn the structure of f* in terms of the measure P.

Approximately P-smooth functions Let us consider the case when f* € H*(P) but not in
H?*(A). In this case, the bound we have makes appear ||f||z:(x) that is infinite. However, since we
only see the function through the points generated by the distribution P, the intuition is that it
should be possible to have a better bound.

11
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Target function Predicted function: BLSR_Hat Predicted function: LSR_Hat

Predicted function: LSR_Hat

050 051 - 045 046 047 048 049 050 051 045 046 047 048 049 050 051

Figure 1: LS estimate of f* using N = 100 data generated from a peaky distribution P (left plots),
using 40 Brownian motions (¢,) (middle plots) and 40 hat functions (¢;) (right plots).
The bottom row shows a zoom around the data.

We introduce for that purpose H*(\, P), the space of functions f such that || f||zsx) < || f|lzs(p)
and [f*]gs(p), the space of functions f such that ||f||gs¢p) < 00 and f|supp(p) = flsupp(py- Intu-
itively speaking, the space H*(\,P) is the space of functions that are smooth for the P Sobolev
norm, and that can be embedded in H*(\) with same smoothness degree, while [f*]z(p) is the set
of P-smooth functions that are not distinguishable from f* via P.

We say that f* is approzimatively P-smooth if the projection of f* in the space H*(\,P) N
[f*] 1= (p) for the sobolev norm of H*(P) exists. We write it f = ILys(p)(f*, H* (A, P) O [f*]5=(p))-
When this is the case, then we can replace in the bounds the quantity ||f*[|gs(x) with the following
finite quantity

WA=y < W fla=y < NNy + 1 = Fllae )

5. Efficient implementation

In practice, in order to build the least-squares estimate, one needs to compute the values of the
random features (v,)1<p<p at the data points (z,)i1<n<n, i.e. the matrix ¥ = (¢¥p(zn))p<pPn<n-
Moreover, due to finite memory and precision of computers, numerical implementations can only
handle a finite number F' of initial features (¢;)1<i<p.

Approximation error Using a finite F' introduces an additional approximation (squared) error
term in the final excess risk bounds. This additional error (due to the numerical approximation)
is of order O(F~"#) for a wavelet basis adapted to H*([0,1]%) and can be made arbitrarily small,
e.g. o( N=1/2), whenever the depth of the wavelet dyadic-tree is bigger than lmgTN. Our main concern
is thus about efficient computation.

Numerical complexity In Maillard and Munos (2009) it was mentioned that the computation
of ¥, which makes use of the random matrix A = (4, ;)p<p:i<r, has a complexity O(FPN).

In the multi-resolution schemes described here, provided that the mother function has compact
support (such as the hat functions or the Daubechie wavelets), we can significantly speed up the

12
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computation of the matrix ¥ by using a tree-based lazy expansion, i.e. where the expansion of the
random features (v,)p<p is built only when needed for the evaluation at the points ().

Example: Consider the example of the scrambled wavelets. In dimension 1, using a wavelet
dyadic-tree of depth H (i.e. ' = 27+1) the numerical cost for computing ¥ is O(HPN) (using one
tree per random feature). Now, in dimension d the classical extension of one-dimensional wavelets
uses a family of 2¢ — 1 wavelets, thus requires 2% — 1 trees each one having 29¥ nodes. While the
resulting number of initial features F is of order 2¢(H+1) thanks to the lazy evaluation (notice that
one never computes all the initial features), one needs to expand at most one path of length H per
training point, and the resulting complexity to compute ¥ is O(2?HPN).

Note that one may alternatively use the so-called sparse-grids instead of wavelet trees, which
have been introduced by Griebel and Zenger (see Zenger (1990); Bungartz and Griebel (2004)).
The main result is that one can reduce significantly the total number of features to F' = O(2H H?)
(while preserving a good approximation for sufficiently smooth functions). Similar lazy evaluation
techniques can be applied to sparse-grids.

Thus, using P = O(v/N) random features, we deduce that the complexity of building the matrix
VU is O(22N3/2log N). Then in order to solve the least squares system, one has to compute W7,
that has cost O(P?N), and then solve the system by inversion, which has numerical cost O(P?-376)
by Coppersmith and Winograd (1987). Thus, with P = O(v/N), the overall cost of the algorithm is
O(2?N3/?log N + N?).

Eventually, the numerical complexity to make a new prediction is O(2¢N'/2log(N)).
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Appendix A. Approximation error

In order to prove Theorem 4, we use the fact that random projections of a function f, approximately
preserves its norm. More precisely we firstprove proposition 10.

A.1 Proof of Proposition 10

In this section, we prove Proposition 10. Thus we want to bound ||f, — gaa||? for one given a.

In order to state our result, we first remind the so-called Johnson-Lindenstrauss Lemma con-
cerning the approximate preservation of norms, and then we extend this result to the preservation
of inner products of vectors and then of sequences satisfying some conditions satisfied by Gaussian
objects.

Johnson-Lindenstrauss Lemma Let A be a P X F matrix of iid gaussian A/(0,1/P) entries.
Then the following lemma states that the random (with respect to the choice of the matrix A)
variable ||Au||? concentrates around its expectation ||u||?> when P is large.

Lemma 16 For any vector u in R and any € € (0,1), we have

e—P(e2/4—63/6)

IN

P(IlAul > (1+ ¢)llull?)

67P(e2/4753/6)

P(JlAul < (1= o)llull?)

IN

The proof directly uses concentration inequalities (1938 Cramer’s large deviation Theorem) and
may be found e.g. in Achlioptas (2003). Note that the Gaussianity is not needed here, and this is
also true for some other distributions, like for instance:

e + Bernoulli distributions, i.e. which takes values +1/v/P with equal probability 1/2,
e Distribution taking values ++/3/P with probability 1/6 and 0 with probability 2/3.

Thus, we deduce by polarisation of the Euclidean norm that a similar result holds for dot prod-
ucts:

Lemma 17 Let (ug)1<kp<x andv be vectors of RE'. Let A be a P x F matriz of i.i.d. elements drawn
from one of the previously defined distributions. For any € € (0,1), 6 > 0, for P > ——— log %,

we have, with probability at least 1 — 0, for all k < F, L

[ Auy, - Av — ug - v| < elfugl[[|v]]-

Proof To prove the Lemma, we apply Lemma 16 to any couple of vectors u + w and u — w, where
u and w are vectors of norm 1. By polarisation, we have that

4Au - Aw = ||Au+ Aw|]® — ||Au — Aw]||?

(14 O)fu+w|* = (1 = &)fu —w||?

= du-w+e(||u+wl[* + [Ju —wl|*)

= du-w+ 2e(||ul|* + |Jw|?) = 4u - w + 4e

IN

fails with probability 2= (€*/4=€%/6) (we applied the previous lemma twice at line 2).

Thus for each k < K, we have with same probability:

Auy, - Av < ug - v + €l|ug ]| |v]].

15
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Now the symmetric inequality holds with the same probability, and using a union bound for consid-
ering all (uy)k<x, we have that

[Aug, - Av — ug - v| < elfugl[[|v]],

holds for all £ < K, with probability 1 — 4K6_P(62/4_€3/6), and the proposition follows. |

Random projections with Gaussian object In our setting, we deal with infinite dimensional
spaces, and thus we have to extend the Johnson-Lindenstrauss Lemma to the case of infinite se-
quences. Fortunately, thanks to the measurability properties of Gaussian Objects, this extension is
a direct consequence of the theory of Gaussian objects. Indeed, Lemma 17 applies to the two trun-
cated sequences ar = (a1,...,ar) that plays the role of v and 55 = (1( X (w1))s - 01 (X (w1))F)
that plays the role of u; for any finite F'. Then the extension to sequences follows due to the con-
verging properties of these two sequences w.r.t. the random gaussian elements (A, ;)1<p<pi>1 and
the measurability of the limit objects, ensured by the properties of Gaussian objects.

Thus, if we now set €2 = %ﬁn/a), we deduce that for P > 15log(4n/d), then e < 3/4, so

€/4 — €3/6 > €2/8 and thus P > %, which enables us to apply Lemma 17 and state the

following result:

Lemma 18 Provided that P > 15log(4n/d), we have with probability higher than 1 — dg w.r.t. the
gaussian random variables, for fized variables (X;)i=1. n:

8log(4n/5g Z 6(X

- I

| fa = gaall3 <

A.2 Proof of Theorem 4

In this section, we prove Theorem 4.
Since f* = f,+, we have the following first bound

(1" = Tolo)lfp < 1o = Tilgaa) |-

Now if we introduce m i.i.d. ghost samples (X;)jgm, since by definition

[ far = TL(g4ax) Z far = Tr(gaa-))* (X)),

and for all j, (for —TrL(gAax ))2(X]’) € [0, (2L)?] a.s. we can apply Hoeffding’s inequality, and deduce
that there exists an event of probability higher than 1 — ¢’ such that

||fa* *TL(ngz*) < ||foc* *TL(ngz )

+(2L)

lo(1/5)
om

Now it remains to bound the first term of the right hand of this inequality. Thanks to fact that
[|faxlloo < L, we have

||fa* _TL(gAa*) ; < ||fa* — JAa* iw

and this term is bounded on an event of probability higher than 1 — § according to Proposition 10.
Thus, we deduce the final result by an union bound over the two events.

16
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Bound in expectation In order to deduce the bound in expectation, we first use the fact that
Eglinf (11" — Tr(9)llp] < Eglllfar = Tr(gaa-)ll7]

EGEp || for — Tr(ga0-)|[%]
= EpEg(||far — Tr(gaa*)|2).

Then by Lemma 16, we have for all € € (0, 1),

[PG'(Hfa - gAaH%z > €2u2) < 4mexp(—P(e2/4 - 63/6))

where we introduced the quantity u? = ||o*||> L {|¢(X;)]|2,.
Thus, we deduce that

, (2L)? ¢ £3/2
oo~ Telgaclls) < infly+tm [ ep(=P(y — s
(2L)? P 1
. v
< infly+4m / exp(—5 (7 = T)t)dt).
Now, provided that P > %, the optimal point is reached for n = %, where v =
-3t 4 3
L
o Tz sup, e oG 20 we get
) 2 u2
Ec(lfa = TLlgadlll) €1 log(4m), (log(4m) + 1)].
: CmTIP(G3-3) P(3-3)
Thus, by optimizing over m, this enables to deduce that provided P > %, then
3
*IBE(le(X)|13) log(4) + 1
: - 27 || [I3 2 )
Eg[inf (Ilf" = Tu(9)llp] < P I3

Appendix B. Excess risk bounds with explicit constants

In this section, we prove Theorem 7. Thus, we bound the three terms identified as an approximation
term, a noise term and an estimation term.
We remind the following decomposition:

1F*=Tu(gp)llr < 8l —gzlla +8llgz — g5l + sup (17" = Te(llp = 8l1f* = Te(9)ll2)
Proof First we can write the following inequality:
f* = Trlgp)llp < 8|If* = Trlgp)lln + sup (17 =T = 8IIf* = Tr(9)ll7)-
Then, we deduce the desired statement using the fact that [[f*||oc < L and the definition of g5:
= Te(gplln < |5 = galla <5 = g5l + llgz — g5l

Thus in order to prove Theorem 7, we combine Proposition 10, Proposition 11 and Proposi-
tion 12 using a union bound over the three events. Not that the condition for Proposition 10,
P > 15log(24n/d), ensures that the condition for Proposition 12, nlog(n) > 4, is also satisfied.
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B.1 Noise term

We can bound the noise term ||g; — g[;||$l using a simple Chernoff bound together with a chaining
argument. Indeed, by definition of 95 and 95> if we write Y = f 4+ 1 where we introduced the noise
vector 7, we have

gz —9slln = (95— 951
5 5

= % Z ni(95 — 95)(Xy)

Ly
ni9(Xi)
< (sup 2= g5 — g5l
9€G lgln Aok
1 n
w2 i1 Mig(Xi)\2
< (SuanL_lng( )).
9€G lglln

Thus, we focus on the space G! = {g € G;||g]|, = 1}.

Generic chaining enables to bound the supremum term, once we have introduced the distance d
such that the following holds true

P(] Zm(gl(Xi) — 92(X0))| > td(g1,92)) < 2exp (—°/2),

where the probability is taken over the noise term only, i.e. conditionally on the sampling points
(X;)i=1..n and the gaussian random variables.

Thus, we apply the following Lemma that enables to control the deviations in Orlicz norm:

Lemma 19 There exists an absolute constant ¢ > 0 such that the following holds. Let o € [1,2]
and X1,..., X, be independent random variables such that for all i, || X;||y, < C. Then, for every
vector a € R™ and every € > 0 we have

P(| ZaiXi| >tC) < 2exp(—cmin(|‘a 55
i=1

!
where a™ ! +a ~1 =1.

Thus, since we assumed that the noise satisfies ||n;||y, < C, then we deduce that conditionally
on the sampling points and gaussian random variables,

P g1(X;) — g2(Xi))mi| > tC) < 2exp(—c—=x .
13 001(5%) = (XD 2 1€) S 2expl ez )
Thus, the distance d is given by d(g1,92) = \/%—6(22;1(91()( ) — g2(Xi))V2 =Cy/ sellgr — g2lln-

Note that under the stronger assumption that the noise is bounded7 ie. ||n]lec < C, then by
Hoeffding’s inequality, we would have d(g1, g2) = C(> 1, (g1(X:) — g2(X:))?)Y2 = Cv/nl|g1 — g2||n-
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We can give an intuition of the final result thanks to Generic chaining. Indeed, we have the
following property:

E(sup — Zm ) < O(%/OO V1og(N (e, G, d))de)

gegt

o0 [ s
c\/;/o \/log+(g)de)
_ o<cﬁ).

where we used the fact that since G! is a linear space of dimension P, its covering number in empirical
norm is bounded above by NV (e, G%, [|.[|n)) < (2 + 1) < max(2,1)”

IN

n))de)

IN

Now we prove Proposition 11, that gives the behaviour of the noise error term in high probability
with explicit constants:

Proposition 20 With probability higher than 1 — § w.r.t all sources of randomness:

2C2 (253P + 1451og(6/9))

n

gz — g5ll7 <

We introduce for convenience the following notation, for fixed gaussian random variables and
data points (X;)i=1..n:

121 1 1i9(X:)

p(t) = Py(3g € G2 >t1) = [Py(ﬂgegl Zm ) > t).

gl -

Let us consider €j-covers C; of G!, for j = 0...00, with Cy = go. We moreover assume that Cji;
is a refinement of C; and that €; < €j—1. Then for a given g € G, we define g; = Il(g,C;) the

projection of g into C;, for the norm ||g||,. Thus, g — go = (9 — g7) + ijl(gj gj—1). Note that
since by definition of G we have ||g — go||» < 2, we need to consider ey > 2.
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Thus if we now introduce v and «y; such that ijl v; <, then,

2
ctsn

1 n
1
p(yti +t2+1t3) < P(Egeg ﬁgm(g—go)(X)>7t1+tz)+2exp( -

n

n J J
1 1
< Plge 39152771'(9—91)()(1') +Zﬁ2’71 9; — 9j-1)(Xi) = Z’Y'h +12)
i=1 Jj=1 i=1 j=1
ctin
+2exp(— C%Q )
< Z[P g € g1l Zm —gj-1)(Xi) > t1;)
ct3n t%n
+2 eXp(_CQe?,) + 2exp(— ol ——)
J
< EY N(g, GL [N (g1, G L ln) Zm = g;-1)(Xi) > t17;)
j=1
ct3n t3n
+26Xp(—02792]) + 2exp(— o2 —).

Now, note that since €; < €;_1, then N(ej—1, G, ||.|ln) < N(e;, G, ||.|ln). Note also that ||g; —
gj—1l|n < nj since Cj is arefinement of C;_1. We can bound the entropy number by N (e;, G, |.|[,) <
N; = max(2,1)” where P is the dimension of G. Thus we deduce that:

J

o ctiny; ct’n ctin
plyty +to +t3) < 2; N exp(— 0265 )+ 2exp(fCT€L21) + Qexp(fﬁ).

Now, we define v; = %\/ logc(iv) to = Cegv/ % and ts = Cy/ %, for some 82, 83 € (0, 1].

Thus, we get:
7
plnts 12 +13) < D5 02+ 5.
j=1""J
Thus, it remains to define ¢;. Since N; = max(é 1)P, we define the covering radius €; to be

¢ = 273'35%/2P(22P — 1)Y/2F for some d§; € (0,1]. Thus Z] 1 NJQ

j — 00, we can make the sum goes to infinity. We deduce that:

< 60;. Now since €; — 0 when

log(2/d3)

pyt1 +C
cn

) < 8y + 65+ 5.
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LINEAR REGRESSION WITH RANDOM PROJECTIONS

Now, in order to bound the term ~t; + t2 + t3,we look at the following term:

/log(
’}/tl = 22 Ej g )

< 3% Z Qj\/jplog(Q) + %log(l/él) - %log(QQP -1
< 125 22 \/ ( — 1)Plog(2) + 3 log(2/51)
< 1 e (Y2 PIe® + 5 los(2/61))

j=1
< %((1 +v2)/Plog(2) + \/%log(2/51)>.

where we use the fact that Zjoil 277 <1, 23011 277 /(j—1) <1+ 2.
Using the inequalities v/a + b < /a 4+ vb < \/2(a + b), we thus deduce the following bound:

Yt +ta +t3

IN

fa (12(1 +v2)\/Plog(2) + /14410g(2/61) + 2 1Og(2/53))
2 C
f

Thus, conditionally on the gaussian random variables and the random sample (X;)1...,, we deduce
that

V/253P + 14410g(2/6,) + log(2/d3).

1
P(dg e G2

Z]_Zg

1911 \[\ﬁ\/253p+ 14510g(6/0)|G, X) <

Thus, by independence of the three sources of randomness (noise, random sample and gaussian
variables), since we only consider one G and one sample (X;);=1., at a time, this enables to deduce
that the following bound for the second term holds with probability higher than 1 —¢§ w.r.t all source
of randomness:

2C? (253P + 1451og(6/6))

gz — g5l < — /%)
n

B.2 Estimation term

We prove Proposition 12 that we remind here:

Proposition 21 Assuming that nlog(n) > %, then with probability higher than 1 — dx w.r.t. all
source of randomness, the following holds true:

sup ||F* — To(9)|[3 — 8|1 — Tu(g)|2 < (24r)22108(3/0) & 2P log(n)
geg

n

Proof Indeed, let us introduce the space of functions G¥ = {f* — T (g),g € G}. Then we have for

g€ G°% |9lln < 19]]lee < 2L. Thus Theorem 11.2 of Gydérfi et al. (2002) gives the following bound:
V2 ne?

[P(Elelg 1f* = To(gllp = 2/|f* = TL(g)|ln > €) < 3[E(N(ﬁ6»g07 H~||2n))exp(—m)~
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Then, since G° = f* + T (G), we bound the entropy number by:

V2 V2 2(2L).24
N5 6% IHlan) SN (G 6 TL(G) [Hln) < (52— + 17,
V2
Thus we deduce that if € > 22:2Ly;, then with probability higher than 1 —¢§ w.r.t the law P, for fixed

V2
random gaussian variables,

1 2
sup || f* = TrL(g)llp = 2[|f" = Tr(9)lln < €= 24L\/10g(3/5) + Plog(— + 1)\[-
g€y u n

7, and deduce that, provided that nlog(n) > %, then with probability
higher than 1 — § w.r.t the law P, for fixed random gaussian variables (i.e. conditionally on them),

Thus,we consider u = n%

21og(3/0) + Plog(n)'

mgﬁ*ﬂﬂMbMﬁn@Mgnu¢
IS

Thus, we deduce that on this event, for all g € G

2log(3/0) + Plog(n)

n y
o 41og(3/6) + 2Plog(n) '

I =Tl < QU ~ Tl + 2L

IN

8IIf* = Te(g)ll7 + (24L)

This gives the following upper bound, that holds with probability higher than 1 — ¢ w.r.t. all source
of randomness (after deconditioning, by independence and since we consider one G at a time):

24log(3/6) + 2Plog(n)
n

sup [|f* = Tr(9)|[p = 8[1f* = Tr(9)l[7 < (24L)
9geg

B.3 Expectation

In order to state the results in expectation over (X,Y’), note that we deduce from the previous
propositions, that there is an event Q with probability 1 — (dx + dy + d¢) with respect to the all
sources of randmoness, such that on this event, provided that P > 15log(8n/dg) and nlog(n) > 4,
then

641 4 (5
17— Tutas)l3 s—iﬂﬁﬁa|njzw X012
1602 (253P + 145 log(6/5y))
C n
N (24L)22P10g(n) +n4 log(3/6x)>.

Now we also now that ||f* — TL(95)||P (2L)2 on Q€. This enables us to deduce a bound on
Ex,y(||f* = Tr(gp)llp) as well as Eg x,v (|| f* — Tr(g5)|[3)-
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