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✹✳✷ ●r♦✉♥❞ ❞❡r✐✈❛❜✐❧✐t② ✐♥ ❉❨✰❆❈■ ✐s ✐♥ P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✺ ❙❛t✐s✜❛❜✐❧✐t② ♦❢ ❣❡♥❡r❛❧ ❉❨ ❝♦♥str❛✐♥t s②st❡♠ ✹✶

✻ ❈♦♥❝❧✉s✐♦♥s ✹✺

❆ ●❡♥❡r❛❧ ❝♦♥str❛✐♥ts ❢♦r s✉❜t❡r♠ t❤❡♦r✐❡s ✹✺

✶ ■♥tr♦❞✉❝t✐♦♥

❉❡t❡❝t✐♥❣ ✢❛✇s ✐♥ s❡❝✉r✐t② ♣r♦t♦❝♦❧ s♣❡❝✐✜❝❛t✐♦♥s ✉♥❞❡r t❤❡ ♣❡r❢❡❝t ❝r②♣t♦❣r❛♣❤② ❛ss✉♠♣t✐♦♥
✐♥ ❉♦❧❡✈✲❨❛♦ ✐♥tr✉❞❡r ♠♦❞❡❧ ✐s ❛♥ ❛♣♣r♦❛❝❤ t❤❛t ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ✐♥✈❡st✐❣❛t❡❞ ✐♥ r❡❝❡♥t
②❡❛rs ❬✶✺✱ ✽✱ ✺✱ ✼✱ ✶✶❪✳ ■♥ ♣❛rt✐❝✉❧❛r s②♠❜♦❧✐❝ ❝♦♥str❛✐♥t s♦❧✈✐♥❣ ❤❛s ♣r♦✈❡❞ t♦ ❜❡ ❛ ✈❡r②
s✉❝❝❡ss❢✉❧ ❛♣♣r♦❛❝❤ ✐♥ t❤❡ ❛r❡❛✳ ■t ❛♠♦✉♥ts t♦ ❡①♣r❡ss t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♠♦✉♥t✐♥❣ ❛♥ ❛tt❛❝❦✱
❡✳❣✳ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ s❡❝r❡t✱ ❛s ❛ ❧✐st ♦❢ st❡♣s ✇❤❡r❡ ❢♦r ❡❛❝❤ st❡♣ s♦♠❡ ♠❡ss❛❣❡ ❤❛s t♦
❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❝✉rr❡♥t ✐♥tr✉❞❡r ❦♥♦✇❧❡❞❣❡✳ ❚❤✐s st❡♣s ❝♦rr❡s♣♦♥❞ ✐♥ ❣❡♥❡r❛❧ t♦ t❤❡
♣r♦❣r❡ss✐♦♥ ♦❢ t❤❡ ♣r♦t♦❝♦❧ ❡①❡❝✉t✐♦♥✱ ✉♣ t♦ t❤❡ ❧❛st ♦♥❡ ✇❤✐❝❤ ✐s t❤❡ s❡❝r❡t ❞❡r✐✈❛t✐♦♥✳

❊♥r✐❝❤✐♥❣ st❛♥❞❛r❞ ❉♦❧❡✈✲❨❛♦ ✐♥tr✉❞❡r ♠♦❞❡❧ ✇✐t❤ ❞✐✛❡r❡♥t ❡q✉❛t✐♦♥❛❧ t❤❡♦r✐❡s ❧✐❦❡ ❡①✲
❝❧✉s✐✈❡ ❖❘✱ ♠♦❞✉❧❛r ❡①♣♦♥❡♥t✐❛t✐♦♥✱ ❆❜❡❧✐❛♥ ❣r♦✉♣s✱ ❡t❝✳ ❬✾❪ ❤❡❧♣s t♦ ✜♥❞ ✢❛✇s t❤❛t ❝♦✉❧❞

❘❘ ♥➦ ✼✷✼✻



✹ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

♥♦t ❜❡ ❞❡t❡❝t❡❞ ❝♦♥s✐❞❡r✐♥❣ ❢r❡❡ s②♠❜♦❧s ♦♥❧②✳ ❆ ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ t❤❡♦r② ✐s t❤❡ t❤❡♦r②
♦❢ ❛♥ ❆❈■ ♦♣❡r❛t♦r ✭t❤❛t ✐s ❛♥ ❛ss♦❝✐❛t✐✈❡ ❝♦♠♠✉t❛t✐✈❡ ❛♥❞ ✐❞❡♠♣♦t❡♥t ♦♣❡r❛t♦r✮ s✐♥❝❡ ✐t
❛❧❧♦✇s ♦♥❡ t♦ ❡①♣r❡ss s❡ts ✐♥ ❝r②♣t♦❣r❛♣❤✐❝ ♣r♦t♦❝♦❧s✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤✐s ✐♥tr✉❞❡r t❤❡♦r②
❤❛s ♥♦t ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❜❡❢♦r❡✳

❯♣ t♦ ♦♥❡ ❡①❝❡♣t✐♦♥ ❬✶✸✱ ✶✹❪✱ ❛❧❧ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s r❡❧② ♦♥ t✇♦ str♦♥❣ ❛ss✉♠♣t✐♦♥s
❛❜♦✉t t❤❡ ❝♦♥str❛✐♥ts t♦ ❜❡ ♣r♦❝❡ss❡❞✿ ❦♥♦✇❧❡❞❣❡ ♠♦♥♦t♦♥✐❝✐t② ❛♥❞ ✈❛r✐❛❜❧❡ ♦r✐❣✐♥❛t✐♦♥✳
❈♦♥str❛✐♥ts s❛t✐s❢②✐♥❣ t❤✐s ❤②♣♦t❤❡s✐s ❛r❡ ❝❛❧❧❡❞ ✇❡❧❧✲❢♦r♠❡❞ ❝♦♥str❛✐♥ts ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞
t❤❡② ❛r❡ ♥♦t r❡str✐❝t✐✈❡ ❛s t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❤♦❧❞ ✇❤❡♥ ❤❛♥❞❧✐♥❣ st❛♥❞❛r❞ s❡❝✉r✐t② ♣r♦❜❧❡♠s
✇✐t❤ ❛ s✐♥❣❧❡ ❉♦❧❡✈✲❨❛♦ ✐♥tr✉❞❡r✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ s❡❡ t❤❛t ✐♥ s♦♠❡ s✐t✉❛t✐♦♥s ✐t ❝❛♥ ❜❡ q✉✐t❡
✉s❡❢✉❧ t♦ r❡❧❛① t❤❡s❡ ❤②♣♦t❤❡s✐s ❛♥❞ ❝♦♥s✐❞❡r ❣❡♥❡r❛❧ ❝♦♥str❛✐♥ts✱ t❤❛t ✐s ❝♦♥str❛✐♥ts ✇✐t❤♦✉t
t❤❡ r❡str✐❝t✐♦♥s ❛❜♦✈❡✳ ●❡♥❡r❛❧ ❝♦♥str❛✐♥ts ♥❛t✉r❛❧❧② ♦❝❝✉rs ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ s❡❝✉r✐t② ♣r♦❜✲
❧❡♠s ✐♥✈♦❧✈✐♥❣ s❡✈❡r❛❧ ♥♦♥✲❝♦♠♠✉♥✐❝❛t✐♥❣ ❉♦❧❡✈✲❨❛♦ ✐♥tr✉❞❡rs ✭s❡❡ ➓ ✷✳✶✮✳ ❘❡♠❛r❦✱ t❤❛t ✐❢
✐♥tr✉❞❡rs ❝❛♥ ❝♦♠♠✉♥✐❝❛t❡ ❞✉r✐♥❣ ♣r♦t♦❝♦❧ ❡①❡❝✉t✐♦♥✱ t❤❡ ♠♦❞❡❧ ❜❡❝♦♠❡s ❛tt❛❝❦✲❡q✉✐✈❛❧❡♥t
t♦ ♦♥❡ ✇✐t❤ ❛ ✉♥✐q✉❡ ❉♦❧❡✈✲❨❛♦ ✐♥tr✉❞❡r ❬✶✽❪✳ ●❡♥❡r❛❧ ❝♦♥str❛✐♥ts ❛r❡ ❛❧s♦ ✐♥t❡r❡st✐♥❣ ❢♦r
♠♦❞❡❧❧✐♥❣ ❝r②♣t♦❣r❛♣❤✐❝ ♣r♦t♦❝♦❧s ✇❤❡r❡ s♦♠❡ ❞❛t❛ ✭❡✳❣✳ ✐♥✐t✐❛❧ ❛❣❡♥t ❦♥♦✇❧❡❞❣❡✮ ❛r❡ ♣❛✲
r❛♠❡t❡r✐③❡❞ ✭s❡❡ ➓ ✷✳✷✮✳

✶✳✶ ❈♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ♣❛♣❡r

❋✐rst✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ❛s ❢♦r t❤❡ st❛♥❞❛r❞ ❝❛s❡✱ ✐♥ t❤✐s ♠♦r❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ✐t ✐s st✐❧❧
♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ ❛♥ ◆P ❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r ❞❡t❡❝t✐♥❣ ❛tt❛❝❦s ♦♥ ❛ ❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢
♣r♦t♦❝♦❧ s❡ss✐♦♥s ✭❙❡❝t✐♦♥s ✺✱ ✹✮✳ ❙❡❝♦♥❞✱ ♦✉r r❡s✉❧t ❡①t❡♥❞s ♣r❡✈✐♦✉s ♦♥❡s ❜② ❛❧❧♦✇✐♥❣ t❤❡
✉s❛❣❡ ♦❢ ❛♥ ❛ss♦❝✐❛t✐✈❡ ❝♦♠♠✉t❛t✐✈❡ ✐❞❡♠♣♦t❡♥t ♦♣❡r❛t♦r ✭❙❡❝t✐♦♥s ✸✱ ✹✮ t❤❛t ❝❛♥ ❜❡ ✉s❡❞
❢♦r ✐♥st❛♥❝❡ t♦ ♠♦❞❡❧ s❡ts ♦❢ ♥♦❞❡s ✐♥ ❳▼▲ ❞♦❝✉♠❡♥t ✭s❡❡ ➓ ✷✳✸✮✳ ❚❤✐r❞✱ ✇❡ ✇✐❧❧ r❡♠❛r❦ t❤❛t
t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❝❡❞✉r❡ ✇❡ ♦❜t❛✐♥ ❢♦r ❣❡♥❡r❛❧ ❝♦♥str❛✐♥ts ✐s ❛ ♥♦♥ tr✐✈✐❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡
♦♥❡ ❢♦r ✇❡❧❧✲❢♦r♠❡❞ ❝♦♥str❛✐♥ts ❜② s❤♦✇✐♥❣ t❤❛t t❤✐s ♣r♦❝❡❞✉r❡ ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞ t♦ ❤❛♥❞❧❡
♦♣❡r❛t♦rs ✇✐t❤ s✉❜t❡r♠ ❝♦♥✈❡r❣❡♥t t❤❡♦r✐❡s s✐♥❝❡ s❛t✐s✜❛❜✐❧✐t② ❣❡ts ✉♥❞❡❝✐❞❛❜❧❡ ✐♥ t❤✐s ❝❛s❡
✭❆♣♣❡♥❞✐① ❆✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐t ✐s ❦♥♦✇♥ t❤❛t s❛t✐s✜❛❜✐❧✐t② r❡♠❛✐♥s ❞❡❝✐❞❛❜❧❡ ❢♦r t❤❡
st❛♥❞❛r❞ ❝❛s❡ ♦❢ ✇❡❧❧✲❢♦r♠❡❞ ❝♦♥str❛✐♥ts ✇✐t❤ t❤❡ s❛♠❡ ♦♣❡r❛t♦r ♣r♦♣❡rt✐❡s ❬✶❪✳ ❋✐♥❛❧❧② ✇❡
✇✐❧❧ s❦❡t❝❤ t❤❡ ♣♦t❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ r❡s✉❧ts ✭❙❡❝t✐♦♥ ✷✮✳

✶✳✷ ❘❡❧❛t❡❞ ✇♦r❦s

❚❤❡ ❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r s❛t✐s✜❛❜✐❧✐t② ♦❢ ❝♦♥str❛✐♥t s②st❡♠s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡❝✐❞❡ t❤❡
✐♥s❡❝✉r✐t② ♦❢ ❝r②♣t♦❣r❛♣❤✐❝ ♣r♦t♦❝♦❧s ✇✐t❤ ❛ ❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢ s❡ss✐♦♥s ❬✶✻❪✳ ■♥ t❤✐s ❞♦✲
♠❛✐♥✱ s❡✈❡r❛❧ ✇♦r❦s ❞❡✈✐❛t❡❞ ❢r♦♠ ♣❡r❢❡❝t ❝r②♣t♦❣r❛♣❤② ❛ss✉♠♣t✐♦♥ ❛♥❞ st❛rt❡❞ t♦ ❝♦♥s✐❞❡r
❛❧❣❡❜r❛✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❢✉♥❝t✐♦♥❛❧ s②♠❜♦❧s✳ ❋♦r ❡①❛♠♣❧❡ ♣r♦♣❡rt✐❡s ♦❢ ❳❖❘ ♦♣❡r❛t♦r ❛♥❞
❡①♣♦♥❡♥t✐❛t✐♦♥ ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✹✱ ✺✱ ✽✱ ✶✼❪ ❛♥❞ t♦❣❡t❤❡r ✇✐t❤ ❤♦♠♦♠♦r♣❤✐❝ s②♠❜♦❧ ✐♥
❬✶✵❪✳ ❙♦♠❡ ❛❧❣❡❜r❛✐❝ ♣r♦♣❡rt✐❡s ✭❧✐❦❡ ❛ss♦❝✐❛t✐✈❡ ❛♥❞ ❝♦♠♠✉t❛t✐✈❡ s②♠❜♦❧✮ ♠❛❦❡ t❤❡ ✐♥s❡❝✉✲
r✐t② ♣r♦❜❧❡♠ ✉♥❞❡❝✐❞❛❜❧❡ ❬✸❪✳ ❉✉❡ t♦ ❞❡❝✐❞❛❜✐❧✐t② ♦❢ ❝♦♥str❛✐♥t s②st❡♠ ✇✐t❤ ❆❈■ s②♠❜♦❧✱ t❤❡
♣r♦❜❧❡♠ ♦❢ ✐♥s❡❝✉r✐t② ❢♦r ♣r♦t♦❝♦❧s ✇✐t❤ ❆❈■ ❝♦♥str✉❝t♦r ✐s ❛❧s♦ ❞❡❝✐❞❛❜❧❡ ✭✉♥❞❡r ❝♦♥❞✐t✐♦♥
♦❢ ❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢ s❡ss✐♦♥s✮✳ ❲♦r❦s ❬✶✵✱ ✶✶✱ ✶✸✱ ✶✹✱ ✾✱ ✷❪ ✇❡ ❛✇❛r❡ ♦❢ ❞♦ ♥♦t ❝♦✈❡r t❤❡
❝❛s❡ ♦❢ ❣❡♥❡r❛❧ ❉❨✰❆❈■ ❝♦♥str❛✐♥ts
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❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✺

❆❧❧ t❤❡ ✇♦r❦s ❧✐st❡❞ ❛❜♦✈❡ ❝♦♥s✐❞❡r❡❞ s②st❡♠s ♦❢ ❝♦♥str❛✐♥ts ✇✐t❤ t✇♦ r❡str✐❝t✐♦♥s ♥❛♠❡❧②
❦♥♦✇❧❡❞❣❡ ♠♦♥♦t♦♥✐❝✐t② ✭❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ❛ ❝♦♥str❛✐♥t ✐s ✐♥❝❧✉❞❡❞ ✐♥t♦ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡
♥❡①t ♦♥❡✮ ❛♥❞ ✈❛r✐❛❜❧❡ ♦r✐❣✐♥❛t✐♦♥ ✭✈❛r✐❛❜❧❡ ❛♣♣❡❛rs ✜rst ✐♥ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ s♦♠❡ ❝♦♥✲
str❛✐♥t✮✿ t❤✐s ❧✐♠✐t❛t✐♦♥ ✐s ♥♦t ✐♠♣❡❞✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✉s✉❛❧ ♣r♦t♦❝♦❧ ✐♥s❡❝✉r✐t② ♣r♦❜❧❡♠s
s✐♥❝❡ t❤❡ ❝♦♥str❛✐♥ts ❣❡♥❡r❛t❡❞ ✇✐t❤ ❛♥ ❛❝t✐✈❡ ❉♦❧❡✈✲❨❛♦ ✐♥tr✉❞❡r ❛r❡ ♦❢ t❤❡ r❡q✉✐r❡❞ t②♣❡✳
❆♥ ❛tt❡♠♣t t♦ s✇❡r✈❡ ❢r♦♠ s♦✲❝❛❧❧❡❞ ✏✇❡❧❧✲❢♦r♠❡❞✑ ❝♦♥str❛✐♥ts ✇❛s ♠❛❞❡ ❜② ▼❛③❛ré ❬✶✸❪✳
❍❡ ❝♦♥s✐❞❡r❡❞ ✏q✉❛s✐ ✇❡❧❧✲❢♦r♠❡❞✑ ❝♦♥str❛✐♥t s②st❡♠s ❜② r❡❧❛①✐♥❣ t❤❡ ❦♥♦✇❧❡❞❣❡ ♠♦♥♦t♦♥✐❝✲
✐t②✳ ▲❛t❡r✱ ✐♥ ❤✐s t❤❡s✐s ❬✶✹❪✱ ❤❡ r❛✐s❡❞ ❛ s✐♠✐❧❛r ❞❡❝✐❞❛❜✐❧✐t② ♣r♦❜❧❡♠✱ ❜✉t ♥♦✇ ❢♦r ❣❡♥❡r❛❧
❝♦♥str❛✐♥t s②st❡♠s✳ ❍❡ s✉❝❝❡❡❞❡❞ t♦ ✜♥❞ ❛ ❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r s❛t✐s✜❛❜✐❧✐t② ♦❢ ❣❡♥❡r❛❧
❝♦♥str❛✐♥t s②st❡♠s ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ t❤❛t ❦❡②s ✉s❡❞ ❢♦r ❡♥❝r②♣t✐♦♥ ❛r❡ ❛t♦♠✐❝✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ♥♦ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❉♦❧❡✈✲❨❛♦ ❞❡❞✉❝t✐♦♥ s②st❡♠ ✇❛s ♣r♦♣♦s❡❞ ❢♦r
❣❡♥❡r❛❧ ❝♦♥str❛✐♥t s②st❡♠s✳

✶✳✸ ❆❝❦♥♦✇❧❡❞❣❡s

❚❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ✇❛s ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ❋P✼✲■❈❚✲✷✵✵✼✲✶ Pr♦❥❡❝t
♥♦✳ ✷✶✻✹✼✶✱ ✏❆❱❆◆❚❙❙❆❘✿ ❆✉t♦♠❛t❡❞ ❱❛❧✐❞❛t✐♦♥ ♦❢ ❚r✉st ❛♥❞ ❙❡❝✉r✐t② ♦❢ ❙❡r✈✐❝❡✲♦r✐❡♥t❡❞
❆r❝❤✐t❡❝t✉r❡s✑ ✭❤tt♣✿✴✴✇✇✇✳❛✈❛♥tss❛r✳❡✉✮✳

✷ ▼♦t✐✈❛t✐♥❣ ❡①❛♠♣❧❡s

✷✳✶ Pr♦t♦❝♦❧ ❛♥❛❧②s✐s ✇✐t❤ s❡✈❡r❛❧ ✐♥tr✉❞❡rs

■♥ t❤❡ ❞♦♠❛✐♥ ♦❢ s❡❝✉r✐t② ♣r♦t♦❝♦❧ ❛♥❛❧②s✐s ❉♦❧❡✈✲❨❛♦ ♠♦❞❡❧ ✐s ✇✐❞❡❧② ✉s❡❞ ✐♥ s♣✐t❡ ♦❢ ✐ts
❧✐♠✐t❛t✐♦♥s✳ ❲❡ ♣r♦♣♦s❡ ❤❡r❡ t♦ ❝♦♥s✐❞❡r ✐♥st❡❛❞ ♦❢ ❛ ♣♦✇❡r❢✉❧ ✐♥tr✉❞❡r t❤❛t ❝♦♥tr♦❧s t❤❡
✇❤♦❧❡ ♥❡t✇♦r❦✱ ♥♦♥ ❝♦♠♠✉♥✐❝❛t✐♥❣ s❡✈❡r❛❧ ✐♥tr✉❞❡rs ✇✐t❤ s♠❛❧❧❡r ❝♦♥tr♦❧❧❡❞ ❞♦♠❛✐♥s✳ ❲❡
❣✐✈❡ ❜❡❧♦✇ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧✳

▲❡t ✉s s✉♣♣♦s❡ t❤❛t ❢♦✉r ❛❣❡♥ts ✭❆✱ ❇✱ ❈ ❛♥❞ ❉✮ ✐♥t❡♥❞ t♦ ❡①❝❤❛♥❣❡ ♠❡ss❛❣❡s ✭s❡❡
❋✐❣✉r❡ ✶✮✳ ❙♦♠❡ ❞❛t❛ ♣♦ss❡ss❡❞ ❜② t❤❡s❡ ❛❣❡♥ts ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ s❡❝r❡t✳ ❚❤❡ ❛❣❡♥ts ❤❛✈❡
❡st❛❜❧✐s❤❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧s ❜❡t✇❡❡♥ ❡❛❝❤ ♦t❤❡r✳ ❉✉❡ t♦ t❤❡✐r ❧❛②♦✉t ✭❧♦♥❣ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ t❤❡ ❤♦sts✮ t❤❡② ❤❛✈❡ t♦ tr❛♥s♠✐t ❞❛t❛ t❤r♦✉❣❤ r♦✉t❡rs✿ ♠❡ss❛❣❡s s❡♥t ❜② ❝❤❛♥♥❡❧
❆❇✱ ✐✳❡✳ ❢r♦♠ ❆ t♦ ❇✱ ✭❛♥❞ ✈✐❝❡ ✈❡rs❛✱ ❢r♦♠ ❇ t♦ ❆✮ ✇✐❧❧ ❝♦♠❡ t❤r♦✉❣❤ ❘♦✉t❡rs ✶ ❛♥❞ ✷❀ ❆
t♦ ❈ t❤r♦✉❣❤ ✸✱ ✻✱ ✼❀ ❆ t♦ ❉ t❤r♦✉❣❤ ❘♦✉t❡r ✸❀ ❇ t♦ ❈ t❤r♦✉❣❤ ✺❀ ❇ t♦ ❉ t❤r♦✉❣❤ ✹ ❛♥❞
✼ ❛♥❞ ❈ t♦ ❉ t❤r♦✉❣❤ ❘♦✉t❡r ✽✳ ❙♦♠❡ r♦✉t❡rs ❛r❡ ❝♦♠♣r♦♠✐s❡❞ ✭❢♦r ❡①❛♠♣❧❡✱ t❤❡ ✐♥tr✉❞❡r
♠❛♥❛❣❡❞ t♦ ✐♥st❛❧❧ ❛ ♠❛❧✐❝✐♦✉s ♣r❡✲♣r♦❣r❛♠♠❡❞ ❞❡✈✐❝❡ ❝♦♥tr♦❧❧✐♥❣ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❝❤❛♥♥❡❧s
♦❢ ❡✈❡r② ❝♦♠♣r♦♠✐s❡❞ r♦✉t❡r ♦r ♠❛❧✐❝✐♦✉s ❝♦❞❡✮❀ ✐♥ ♦✉r ❡①❛♠♣❧❡ r♦✉t❡rs ✉♥❞❡r ❝♦♥tr♦❧ ♦❢ ❛♥
✐♥tr✉❞❡r ❛r❡ ✷✱ ✺ ❛♥❞ ✼✳ ❲❡ ❛ss✉♠❡ t❤❛t ❞✉r✐♥❣ ♠❡ss❛❣❡ ❡①❝❤❛♥❣❡s ❝♦♠♣r♦♠✐s❡❞ r♦✉t❡rs
❤❛✈❡ ♥♦ ♠❡❛♥s t♦ ❝♦♠♠✉♥✐❝❛t❡✿ ❞✉❡ t♦ t❤❡ ♥❡t✇♦r❦ t♦♣♦❧♦❣② t❤❡r❡ ✐s ♥♦ ❝♦♠♠✉♥✐❝❛t✐♦♥
❧✐♥❦ ❜❡t✇❡❡♥ t❤❡♠✱ ♥❡✐t❤❡r ❞✐r❡❝t✱ ♥♦r ✈✐❛ ♦t❤❡r r♦✉t❡rs✳ ❆❢t❡r ❛ ✇❤✐❧❡✱ ❛♥ ✐♥tr✉❞❡r ❝❛♥
❝♦❧❧❡❝t t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❡✈❡r② ❝♦♠♣r♦♠✐s❡❞ r♦✉t❡r ✭❤❡ ❝❛♥ ❣❡t ❜❛❝❦ ✐♠♣❧❛♥t❡❞ ♠❛❧✐❝✐♦✉s
❞❡✈✐❝❡s ❛♥❞ r❡❛❞ t❤❡✐r ♠❡♠♦r② ♦r✱ ✐❢ ✐t ✇❛s ❛ ❝♦❞❡✱ ❝♦♣② st♦r❡❞ ❞❛t❛✮✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢
t❤❡ ♣r♦t♦❝♦❧✱ ✇❤✐❝❤ ❛❣❡♥ts ❛r❡ ❣♦✐♥❣ t♦ ❡①❡❝✉t❡✱ ✐s ❦♥♦✇♥ ✐♥✐t✐❛❧❧② ❜② t❤❡ ✐♥tr✉❞❡r✱ ❛s ✇❡❧❧ ❛s

❘❘ ♥➦ ✼✷✼✻

http://www.avantssar.eu
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❋✐❣✉r❡ ✶✿ ❯♥tr✉st❡❞ r♦✉t❡rs
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❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✼

✇❤✐❝❤ ❛❣❡♥t ✇✐❧❧ ❡①❡❝✉t❡ ✇❤✐❝❤ r♦❧❡✳ ❙♦ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦ t❤❡ s❡❝✉r✐t② ♣r♦❜❧❡♠ ✐s t♦ ❦♥♦✇
✇❤❡t❤❡r ✐t ✐s ♣♦ss✐❜❧❡ ❢♦r t❤❡ ✐♥tr✉❞❡r t♦ ✐♥✐t✐❛❧❧② ❣✐✈❡ ✐♥str✉❝t✐♦♥s t♦ ❝♦♠♣r♦♠✐s❡❞ r♦✉t❡rs
✭❡✳❣✳ ❜② r❡♣r♦❣r❛♠♠✐♥❣ ❞❡✈✐❝❡s✮ t♦ ❢♦r❝❡ ❤♦♥❡st ❛❣❡♥ts t♦ r❡✈❡❛❧ ❛ s❡❝r❡t✳ ▼♦r❡ ❢♦r♠❛❧❧② t❤❡
♣r♦❜❧❡♠ ✐s t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡ s❡❝r❡t ❞❛t❛ ✇✐❧❧ ❜❡ ❞❡❞✉❝✐❜❧❡ ❢r♦♠ t❤❡ ❣❛t❤❡r❡❞ ❦♥♦✇❧❡❞❣❡ ♦❢
❛❧❧ ❝♦♠♣r♦♠✐s❡❞ r♦✉t❡rs ✭❞❡✈✐❝❡s ♠❡♠♦r②✮ ❛❢t❡r s♦♠❡ ♣r❡♣r♦❣r❛♠♠❡❞ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥
❝♦♠♣r♦♠✐s❡❞ r♦✉t❡rs ❛♥❞ ❤♦♥❡st ❛❣❡♥ts✳

▼♦r❡ ❣❡♥❡r❛❧❧② t❤❡ ♣r♦❜❧❡♠ ✐♥♣✉t ✐s ❛ s❡t ♦❢ ❛❣❡♥ts ❡❛❝❤ ❣✐✈❡♥ ✇✐t❤ ❛ ❧✐st ♦❢ ❛❝t✐♦♥s
✐t ✐s s✉♣♣♦s❡❞ t♦ ❡①❡❝✉t❡✳ ❊✈❡r② ❛❣❡♥t ❤❛s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧s ✇✐t❤ ♦t❤❡r ♦♥❡s✳ ❲❡
❜✐♥❞ t♦ ❡✈❡r② ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧ ❛t ♠♦st ♦♥❡ ❛❝t✐✈❡ ✏❧♦❝❛❧✑ ✐♥tr✉❞❡r ✭s❡✈❡r❛❧ ❝❤❛♥♥❡❧s
❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ s❛♠❡ ✐♥tr✉❞❡r✱ s♦♠❡ ❝❛♥ ❜❡ ❢r❡❡ ❢r♦♠ ✐♥tr✉❞❡rs✮✳ ❚❤✐s ❜✐♥❞✐♥❣
✐s ❛❧s♦ ❣✐✈❡♥✳ ❊✈❡r② ❧♦❝❛❧ ✐♥tr✉❞❡r ❤❛s ✐♥✐t✐❛❧ ❦♥♦✇❧❡❞❣❡✳ ■♥tr✉❞❡r ❝♦♥tr♦❧❧✐♥❣ ❛ ❝❤❛♥♥❡❧
❝❛♥ ✐♥t❡r❝❡♣t ❛ ♠❡ss❛❣❡ ♣❛ss❡❞ ♦♥ ✐t t❤❡r❡❜② ✐♥❝r❡❛s✐♥❣ ❤✐s ❦♥♦✇❧❡❞❣❡✱ ❛♥❞ ❢♦r❣❡ ❛ ♠❡ss❛❣❡
✭❛♥②t❤✐♥❣ ❤❡ ❝❛♥ ❜✉✐❧❞ ❢r♦♠ ❤✐s ❝✉rr❡♥t ❦♥♦✇❧❡❞❣❡✮ t♦ s❡♥❞ t♦ t❤❡ ❡♥❞♣♦✐♥t ♦❢ ❛♥② ❝❤❛♥♥❡❧
❝♦♥tr♦❧❧❡❞ ❜② ❤✐♠✳ ▲♦❝❛❧ ✐♥tr✉❞❡rs ❝❛♥♥♦t ❡①❝❤❛♥❣❡ ♠❡ss❛❣❡s ❞✉r✐♥❣ ♣r♦t♦❝♦❧ ❡①❡❝✉t✐♦♥ ❜✉t
♦♥❧② ❛❢t❡r✇❛r❞s✳ ❚❤❡ q✉❡st✐♦♥ ♣♦s❡❞ ✐s✱ ❣✐✈❡♥ ❛ s❡t ♦❢ s❡❝r❡t ❞❛t❛✱ ✇❤❡t❤❡r t❤❡r❡ ❡①✐sts
❛ s❡q✉❡♥❝❡ ♦❢ ♠❡ss❛❣❡ ❡①❝❤❛♥❣❡s ❜❡t✇❡❡♥ ❤♦♥❡st ❛❣❡♥ts ✭✇❤✐❝❤ str✐❝t❧② ❢♦❧❧♦✇ t❤❡ ❧✐st ♦❢
❛❝t✐♦♥s✮ ❛♥❞ ❧♦❝❛❧ ✐♥tr✉❞❡rs s✉❝❤ t❤❛t ❛t s♦♠❡ ♣♦✐♥t✱ ❢r♦♠ ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛❧❧ ❧♦❝❛❧
✐♥tr✉❞❡rs ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡❞✉❝❡ ❛ s❡❝r❡t ❞❛t❛✳

✷✳✶✳✶ ❋♦r♠❛❧✐③✐♥❣ t❤❡ ❝♦♦r❞✐♥❛t❡❞ ❛tt❛❝❦ ♣r♦❜❧❡♠

❚♦ ❢♦r♠❛❧✐③❡ t❤❡ ♣r♦❜❧❡♠ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s ❛♥❞ ❞❡✜♥✐t✐♦♥s✳ ▲❡t A ❜❡ t❤❡ s❡t ♦❢
❛t♦♠s r❡♣r❡s❡♥t✐♥❣ ❡❧❡♠❡♥t❛r② ♣✐❡❝❡s ♦❢ ❞❛t❛✿ t❡①ts✱ ♣✉❜❧✐❝ ❦❡②s✱ ♥❛♠❡s ♦❢ ❛❣❡♥ts✱ ❡t❝✳ ▲❡t
X ❜❡ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s✱ r❡♣r❡s❡♥t✐♥❣ ❞❛t❛ ❤♦❧❞❡rs✱ ✈❛❧✉❡s ✭♣♦ss✐❜❧② ❝♦♠♣♦s❡❞✮ ♦❢ ✇❤✐❝❤
❛r❡ ❛s❦❡❞ t♦ ❜❡ ❢♦✉♥❞✳ ❲❡ ❞❡✜♥❡ ❛ t❡r♠ ❛s ✐♥ ❉❡❢✳ ✸✳✶✿ ❝❧❛ss✐❝❛❧❧② ❢♦r ♣r♦t♦❝♦❧ s❡❝✉r✐t②
❞♦♠❛✐♥✱ ✇❡ ❛❧❧♦✇ ❡♥❝r②♣t✐♦♥✱ ♣❛✐r✐♥❣✱ ❡t❝✳ ▲❡t T ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ t❡r♠s✳ ▲❡t t
❜❡ ❛ t❡r♠✳ ❲❡ ❞❡✜♥❡ Vars (t) t❤❡ s❡t ♦❢ ❛❧❧ ✈❛r✐❛❜❧❡s ✐♥ t ✭s❡❡ ❉❡❢✳ ✸✳✾✮✳ ❲❡ ❝❛❧❧ t❡r♠ t
❛ ❣r♦✉♥❞ t❡r♠✱ ✐❢ Vars (t) = ∅✳ ❚❤❡ s❡t ♦❢ ❣r♦✉♥❞ t❡r♠s ✐s ❞❡♥♦t❡❞ ❜② Tg✳ ❆♥ ❡q✉❛t✐♦♥❛❧
t❤❡♦r② ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ ✭✐♥ ♦✉r ❝❛s❡ ✐s ❝♦♠♠✉t❛t✐✈✐t②✱ ❛ss♦❝✐❛t✐✈✐t② ❛♥❞ ✐❞❡♠♣♦t❡♥❝❡ ♦❢
·✮✳ ❊✈❡r② t❡r♠ t ✐s s✉♣♣♦s❡❞ t♦ ❤❛✈❡ ❛ ✉♥✐q✉❡ ♥♦r♠❛❧ ❢♦r♠ ❞❡♥♦t❡❞ ❜② ptq✳ ❆ t❡r♠ t ✐s
♥♦r♠❛❧✐③❡❞ ✐❢ t = ptq✳ ❚✇♦ t❡r♠s p ❛♥❞ q ❛r❡ ❡q✉✐✈❛❧❡♥t✱ ✐❢ ppq = pqq✳ ●✐✈❡♥ ❛ s❡t ♦❢ t❡r♠s
T ✇❡ ❞❡✜♥❡ pTq = {ptq : t ∈ T}✳ ▼♦r❡ ❞❡t❛✐❧s ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✸✳

❲❡ ❞❡✜♥❡ ❛ s✉❜st✐t✉t✐♦♥ σ = {x1 7→ t1, . . . , xk 7→ tk} ✭✇❤❡r❡ xi ∈ X ❛♥❞ ti ∈ T ✮ t♦ ❜❡ t❤❡
♠❛♣♣✐♥❣ σ : T → T ✱ s✉❝❤ t❤❛t tσ ✐s ❛ t❡r♠ ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣✱ ❢♦r ❛❧❧ i✱ ❡❛❝❤ ♦❝❝✉rr❡♥❝❡
♦❢ ✈❛r✐❛❜❧❡ xi ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❡r♠ ti✳ ❚❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s {x1, . . . , xk} ✐s ❝❛❧❧❡❞ t❤❡
❞♦♠❛✐♥ ♦❢ σ ❛♥❞ ❞❡♥♦t❡❞ ❜② dom (σ)✳ ■❢ T ⊆ T ✱ t❤❡♥ ❜② ❞❡✜♥✐t✐♦♥ Tσ = {tσ : t ∈ T}✳
❆ s✉❜st✐t✉t✐♦♥ σ ✐s ❣r♦✉♥❞ ✐❢ ❢♦r ❛♥② i ∈ {1, . . . , k}✱ ti ✐s ❣r♦✉♥❞✳ ❲❡ ✇✐❧❧ s❛② t❤❛t t❤❡
s✉❜st✐t✉t✐♦♥ σ ✐s ♥♦r♠❛❧✐③❡❞✱ ✐❢ ∀x ∈ dom (σ)✱ xσ ✐s ♥♦r♠❛❧✐③❡❞✳

❆❣❡♥ts ❲❡ ✇✐❧❧ ❝❛❧❧ ❝♦♠♠✉♥✐❝❛t✐♥❣ ♣❛rt✐❡s ❛❣❡♥ts✳ ❊✈❡r② ❛❣❡♥t ✐s ✐❞❡♥t✐✜❡❞ ❜② ✐ts ♥❛♠❡✳
❲❡ ❞❡♥♦t❡ ❛ s❡t ♦❢ ❛❣❡♥t ♥❛♠❡s ❛s A✳

❘❘ ♥➦ ✼✷✼✻



✽ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

❈❤❛♥♥❡❧s ❇❡t✇❡❡♥ t✇♦ ❛♥② ❛❣❡♥ts a ❛♥❞ b t❤❡r❡ ❡①✐sts ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧ ✇❤✐❝❤
✇❡ ❞❡♥♦t❡ ❛s a ⇀ b✳ ❲❡ ✇✐❧❧ s✉♣♣♦s❡✱ t❤❛t ❝❤❛♥♥❡❧s ❛r❡ ❞✐r❡❝t❡❞✳ ❙❡t ♦❢ ❛❧❧ ❝❤❛♥♥❡❧s ❞❡♥♦t❡❞
❛s C✳

❆ ❝❤❛♥♥❡❧ s✉♣♣♦rts ❛ q✉❡✉❡ ♦❢ ♠❡ss❛❣❡s✿ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ a s❡♥❞s s❡q✉❡♥t✐❛❧❧② t✇♦ ♠❡ss❛❣❡s
t♦ b ✭✈✐❛ ❝❤❛♥♥❡❧ a ⇀ b✮✱ t❤❡♥ b ❝❛♥♥♦t ♣r♦❝❡ss t❤❡ s❡❝♦♥❞ ♠❡ss❛❣❡ ❜❡❢♦r❡ t❤❡ ✜rst ♦♥❡❀
♠❡ss❛❣❡s ❛r❡ st♦r❡❞ ✐♥ q✉❡✉❡ t♦ ❜❡ ♣r♦❝❡ss❡❞ ✐♥ ♦r❞❡r ♦❢ ❛rr✐✈❛❧✳

❆❣❡♥ts ❜❡❤❛✈✐♦r ❲❡ ❞❡✜♥❡ ❛ ♣r♦t♦❝♦❧ s❡ss✐♦♥ PS = {〈ai, li〉}i=1,...,k ❛s ❛ s❡t ♦❢ ♣❛✐rs ♦❢

❛♥ ❛❣❡♥t ♥❛♠❡ ❛♥❞ ❛ ✜♥✐t❡ ❧✐st ♦❢ ❛❝t✐♦♥s t♦ ❜❡ ❡①❡❝✉t❡❞ ❜② t❤✐s ❛❣❡♥t✶✳ ❲❡ ❛❧s♦ s✉♣♣♦s❡
t❤❛t Vars (li) ∩ Vars (lj) = ∅✱ ❢♦r ❛❧❧ i 6= j ✭✇❤❡r❡ Vars (·) ✐s ♥❛t✉r❛❧❧② ❡①t❡♥❞❡❞ ♦♥ ❧✐sts ♦❢
❛❝t✐♦♥s✮✳

❊✈❡r② ❛❝t✐♦♥ ✐s ♦❢ t②♣❡ ?fr ♦r !ts✱ ✇❤❡r❡ ❢♦r t❤❡ ✜rst ❢♦r♠

❼ f ✐s ❛♥ ❛❣❡♥t ♥❛♠❡✱ ✇❤♦♠ ❛ ♠❡ss❛❣❡ ✐s t♦ ❜❡ r❡❝❡✐✈❡❞ ❢r♦♠❀

❼ r ✐s ❛ t❡r♠ ✭❛ t❡♠♣❧❛t❡ ❢♦r t❤❡ ♠❡ss❛❣❡✮ ❡①♣❡❝t❡❞ t♦ ❜❡ r❡❝❡✐✈❡❞ ❢r♦♠ f ❀

❛♥❞ ❢♦r t❤❡ s❡❝♦♥❞

❼ t ✐s ❛♥ ❛❣❡♥t ♥❛♠❡✱ ✇❤♦♠ t❤❡ ♠❡ss❛❣❡ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ s❡♥t t♦❀

❼ s ✐s ❛ t❡r♠ ✭❛ t❡♠♣❧❛t❡ ❢♦r t❤❡ ♠❡ss❛❣❡✮ t♦ ❜❡ s❡♥t t♦ t✳

▲❡t ✉s t❛❦❡ ❛♥② ❛❣❡♥t a ∈ A ♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ t❤❡ ♣r♦t♦❝♦❧ s❡ss✐♦♥ PS ❛♥❞ ❧❡t
〈

a, {ρi}i=1,...,k

〉

∈

PS✳
❈❛s❡ ✶✳ ■❢ ρ1 =?f1r1 t❤❡♥ t❤❡ ✜rst ❛❝t✐♦♥ ❛❣❡♥t a ❝❛♥ ❞♦✱ ✐s t♦ ❛❝❝❡♣t ❛ ♠❡ss❛❣❡ m✱

❛❞♠✐tt❡❞❧② ❢r♦♠ ❛❣❡♥t f1 ♦♥ ❝❤❛♥♥❡❧ f1 ⇀ a✱ ♠❛t❝❤✐♥❣ t❤❡ ♣❛tt❡r♥ r1✱ ✐✳❡✳ s✉❝❤ t❤❛t

pr1σq = pmq ❢♦r s♦♠❡ s✉❜st✐t✉t✐♦♥ σ✳ ❆❣❡♥t ✐s ❜❧♦❝❦❡❞ ✭❞♦❡s ♥♦t ❡①❡❝✉t❡ ❛♥② ♦t❤❡r
❛❝t✐♦♥s✮ ❜② ❛✇❛✐t✐♥❣ ❛ ♠❡ss❛❣❡✳ ■❢ a r❡❝❡✐✈❡s ❛ ♠❡ss❛❣❡ t❤❛t ❞♦❡s ♥♦t ♠❛t❝❤ t❤❡ ❡①♣❡❝t❡❞
♣❛tt❡r♥✱ t❤❡♥ a t❡r♠✐♥❛t❡s ❤✐s ♣❛rt✐❝✐♣❛t✐♦♥ ✐♥ PS✳ ◆♦t❡✱ t❤❛t ♥♦ ♥♦t✐✜❝❛t✐♦♥ ✐s s❡♥t t♦ t❤❡
s❡♥❞❡r✱ t❤✉s ❛ s❡♥❞❡r ❝♦♥t✐♥✉❡s ❤✐s ❡①❡❝✉t✐♦♥✷✳ ❖♥❝❡ a ❤❛s r❡❝❡✐✈❡❞ ♠❡ss❛❣❡ m ♠❛t❝❤✐♥❣ t❤❡
♣❛tt❡r♥ r1 ✇✐t❤ s✉❜st✐t✉t✐♦♥ σ✱ a ♠♦✈❡s t♦ ❛ st❛t❡ ✇❤❡r❡ t❤❡ ❧✐st ♦❢ ❛❝t✐♦♥s t♦ ❜❡ ❡①❡❝✉t❡❞
✐s {ρiσ}i=2,...,k✱ ✇✐t❤

ρσ =

{

?f (rσ), ✐❢ ρ =?fr;

!t(sσ), ✐❢ ρ =!ts.

❲❡ ✇✐❧❧ s❛② t❤❛t ❛♥ ❛❝t✐♦♥ ρ ✐s ❣r♦✉♥❞✱ ✐❢ ✐♥ ❝❛s❡ ♦❢ ρ =?fr✱ r ✐s ❛ ❣r♦✉♥❞ t❡r♠❀ ♦r ✐♥ ❝❛s❡
♦❢ ρ =!ts✱ s ✐s ❣r♦✉♥❞✳

❈❛s❡ ✷✳ ■❢ ρ1 ✐s !t1s1 t❤❡♥ t❤❡ ✜rst ❛❝t✐♦♥ ♦❢ ❛❣❡♥t a ✐s s❡♥❞✐♥❣ ♠❡ss❛❣❡ s1 t♦ ❛❣❡♥t t1
✭✐✳❡✳ ♣✉tt✐♥❣ ✐t t♦ ❝❤❛♥♥❡❧ a ⇀ t1✮ ❛♥❞ t❤❡♥✱ ♠♦✈✐♥❣ t♦ ❛ st❛t❡ ✇❤❡r❡ {ρi}i=2,...,k ❤❛s t♦ ❜❡
❡①❡❝✉t❡❞✳

✶❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ s✉♣♣♦s❡ t❤❛t ❢♦r ❛ ♣r♦t♦❝♦❧ s❡ss✐♦♥✱ ♦♥❡ ❛❣❡♥t ❝❛♥ ♥♦t ❤❛✈❡ ♠♦r❡ t❤❛♥ ♦♥❡ ❧✐st ♦❢
❛❝t✐♦♥s t♦ ❡①❡❝✉t❡✱ ❜✉t t❤✐s r❡str✐❝t✐♦♥ ❝❛♥ ❜❡ r❡❧❛①❡❞✳

✷❖♥❡ ♦❢ t❤❡ ✇❛② t♦ ♠♦❞❡❧ ❛♥♦t❤❡r ❜❡❤❛✈✐♦r✱ ✐s t♦ ❡①♣❧✐❝✐t❧② ♣r♦✈✐❞❡ ❢♦r ❡✈❡r② s❡♥❞✐♥❣ ❛ s✉❝❝❡❞❡♥t r❡❝❡✐✈❡
♦❢ ❛♥ ❛❝❦♥♦✇❧❡❞❣❡ ♠❡ss❛❣❡ ❛♥❞ ❢♦r ❡✈❡r② r❡❝❡✐✈❡ ❛ s✉❝❝❡❞❡♥t s❡♥❞ ♦❢ ❛♥ ❛❝❦♥♦✇❧❡❞❣❡ ♠❡ss❛❣❡✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✾

■♥tr✉❞❡r ♠♦❞❡❧ ❲❡ ❛ss✉♠❡ t❤❛t s♦♠❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧s ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② ❧♦❝❛❧
✐♥tr✉❞❡rs ❛♥❞ t❤❡r❡ ✐s ♥♦ ❝❤❛♥♥❡❧ ❝♦♥tr♦❧❧❡❞ ❜② t✇♦ ♦r ♠♦r❡ ✐♥tr✉❞❡rs✳

❙✉♣♣♦s❡✱ t❤❡r❡ ❛r❡ N ❧♦❝❛❧ ✐♥tr✉❞❡rs✳ ❲❡ ✐❞❡♥t✐❢② ✐♥tr✉❞❡rs ❜② t❤❡✐r ♥❛♠❡s✿ {Ii}i=1,...,N ✳
❲❡ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥tr✉❞❡rs ❧❛②♦✉t r❡♣r❡s❡♥t❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ ι : C 7→ I∪ {∅}✱ ✇❤✐❝❤ ❣✐✈❡s ❛♥
✐♥❢♦r♠❛t✐♦♥ ♦♥ ✇❤❛t ✐♥tr✉❞❡r ❝♦♥tr♦❧s ❣✐✈❡♥ ❝❤❛♥♥❡❧ ✭❝❤❛♥♥❡❧ a ⇀ b ✐s ❢r❡❡ ♦❢ ✐♥tr✉❞❡rs ✐✛
ι(a ⇀ b) = ∅✮✳

❊✈❡r② ✐♥tr✉❞❡r I ❤❛s s♦♠❡ ✐♥✐t✐❛❧ ❦♥♦✇❧❡❞❣❡ K0
I t❤❛t ✐s ❛ s❡t ♦❢ ❣r♦✉♥❞ t❡r♠s✳

❖♥❝❡ ❛♥ ❛❣❡♥t s❡♥❞s ❛ ♠❡ss❛❣❡ ✈✐❛ ❛ ❝❤❛♥♥❡❧ ❝♦♥tr♦❧❧❡❞ ❜② ✐♥tr✉❞❡r✱ t❤❡ ✐♥tr✉❞❡r r❡❛❞s
✐t ❛♥❞ ❜❧♦❝❦s ✐t✳ ❘❡❛❞✐♥❣ t❤❡ ♠❡ss❛❣❡ ♠❡❛♥s ❡①t❡♥❞✐♥❣ ✐♥tr✉❞❡r✬s ❝✉rr❡♥t ❦♥♦✇❧❡❞❣❡ ✇✐t❤
t❤✐s ♠❡ss❛❣❡✳

❆♥ ✐♥tr✉❞❡r ❝♦♥tr♦❧❧✐♥❣ ❛ ❝❤❛♥♥❡❧ ❝❛♥ ❣❡♥❡r❛t❡ ❛ ♠❡ss❛❣❡ ❢r♦♠ ❤✐s ❦♥♦✇❧❡❞❣❡ ✉s✐♥❣ ❤✐s
❞❡❞✉❝t✐♦♥ ♣♦✇❡r ❛♥❞ s❡♥❞ ✐t t♦ ✐ts ❡♥❞♣♦✐♥t✳

❲❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ❢♦r♠❛❧✐s♠ ♥❡❡❞❡❞ t♦ s♣❡❝✐❢② t❤❡ ✐♥tr✉❞❡r ❝❛♣❛❜✐❧✐t✐❡s✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❆ r✉❧❡ ✐s ❛ t✉♣❧❡ ♦❢ t❡r♠s ✇r✐tt❡♥ ❛s s1, . . . , sk → s✱ ✇❤❡r❡ s1, . . . , sk, s ❛r❡
t❡r♠s✳ ❆ ❞❡❞✉❝t✐♦♥ s②st❡♠ D ✐s ❛ s❡t ♦❢ r✉❧❡s✳

❋r♦♠ ♥♦✇ t♦ t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥ r✉❧❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡❧♦♥❣ t♦ ❛ ✜①❡❞ ❞❡❞✉❝t✐♦♥
s②st❡♠ D✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳ ❆ ❣r♦✉♥❞ ✐♥st❛♥❝❡ ♦❢ ❛ r✉❧❡ d = s1, . . . , sk → s ✐s ❛ r✉❧❡ l = l1, . . . , lk → r
✇❤❡r❡ l1, . . . , lk, r ❛r❡ ❣r♦✉♥❞ t❡r♠s ❛♥❞ t❤❡r❡ ❡①✐sts σ ✖ ❣r♦✉♥❞ s✉❜st✐t✉t✐♦♥✱ s✉❝❤ t❤❛t
li = siσ, ∀i = 1, . . . , k ❛♥❞ r = sσ✳ ❲❡ ✇✐❧❧ ❛❧s♦ ❝❛❧❧ ❛ ❣r♦✉♥❞ ✐♥st❛♥❝❡ ♦❢ ❛ r✉❧❡ ❛ ❣r♦✉♥❞
r✉❧❡ ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②✳

●✐✈❡♥ t✇♦ s❡ts ♦❢ ❣r♦✉♥❞ t❡r♠s E✱ F ❛♥❞ ❛ r✉❧❡ l → r✱ ✇❡ ✇r✐t❡ E →l→r F ✐✛ F = E∪{r}
❛♥❞ l ⊆ E✱ ✇❤❡r❡ l ✐s ❛ s❡t ♦❢ t❡r♠s✳ ❲❡ ✇r✐t❡ E → F ✐✛ t❤❡r❡ ❡①✐sts r✉❧❡ l → r s✉❝❤ t❤❛t
E →l→r F ✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳ ❆ ❞❡r✐✈❛t✐♦♥ D ♦❢ ❧❡♥❣t❤ n ≥ 0 ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡ s❡ts ♦❢ ❣r♦✉♥❞ t❡r♠s
E0, E1, . . . , En s✉❝❤ t❤❛t E0 → E1 → · · · → En✱ ✇❤❡r❡ Ei = Ei−1 ∪ {ti} , ∀i = {1, . . . , n}✳ ❆
t❡r♠ t ✐s ❞❡r✐✈❛❜❧❡ ❢r♦♠ ❛ s❡t ♦❢ t❡r♠s E ✐✛ t❤❡r❡ ❡①✐sts ❛ ❞❡r✐✈❛t✐♦♥ D = E0, . . . , En s✉❝❤
t❤❛t E0 = E ❛♥❞ t ∈ En✳ ❆ s❡t ♦❢ t❡r♠s T ✐s ❞❡r✐✈❛❜❧❡ ❢r♦♠ E✱ ✐✛ ❡✈❡r② t ∈ T ✐s ❞❡r✐✈❛❜❧❡
❢r♦♠ E✳ ❲❡ ❞❡♥♦t❡ Der (E) s❡t ♦❢ t❡r♠s ❞❡r✐✈❛❜❧❡ ❢r♦♠ E✳

▲♦❝❛❧ ✐♥tr✉❞❡r I ❝❛♥ s❡♥❞ ❛ ♠❡ss❛❣❡m✱ ✐❢m ∈ Der (KI)✱ ✇❤❡r❡KI ✐s ❛ ❝✉rr❡♥t ❦♥♦✇❧❡❞❣❡
♦❢ ✐♥tr✉❞❡r I✳

Pr♦t♦❝♦❧ s❡ss✐♦♥ ❡①❡❝✉t✐♦♥ ◆♦✇✱ ❤❛✈✐♥❣ ❛ ♣r♦t♦❝♦❧ s❡ss✐♦♥✱ ✐♥tr✉❞❡rs ❧❛②♦✉t ❛♥❞ t❤❡✐rs
✐♥✐t✐❛❧ ❦♥♦✇❧❡❞❣❡s✱ ✇❡ ❝❛♥ ♣r❡s❡♥t ❛ ❝♦✉rs❡ ♦❢ ❛ ♣r♦t♦❝♦❧ ❡①❡❝✉t✐♦♥✳ ❋✐rst✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡
❛♥ ❡①❡❝✉t✐♦♥ ✉♥❞❡r s♦♠❡ ❝♦♥str❛✐♥ts✳ ❚❤✐s ❦✐♥❞ ♦❢ ❡①❡❝✉t✐♦♥ ✇❡ ✇✐❧❧ ❝❛❧❧ s②♠❜♦❧✐❝✳ ❆♥❞
t❤❡♥✱ ♦♥❝❡ t❤❡ ❝♦♥str❛✐♥ts ❛r❡ s❛t✐s✜❡❞✱ ✇❡ ❞❡❛❧ ✇✐t❤ ❛♥ ❡✛❡❝t✐✈❡ ❡①❡❝✉t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳ ▲❡t E ❜❡ ❛ s❡t ♦❢ t❡r♠s ❛♥❞ t ❜❡ ❛ t❡r♠✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦✉♣❧❡ (E, t) ❞❡♥♦t❡❞
E ⊲ t t♦ ❜❡ ❛ ❝♦♥str❛✐♥t✳ ❆ ❝♦♥str❛✐♥t s②st❡♠ ✐s ❛ s❡t

S = {Ei ⊲ ti}i=1,...,n

❘❘ ♥➦ ✼✷✼✻



✶✵ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

✇❤❡r❡ n ✐s ❛♥ ✐♥t❡❣❡r ❛♥❞ Ei ⊲ ti ✐s ❛ ❝♦♥str❛✐♥t ❢♦r ❛❧❧ i ∈ {1, . . . , n}✳

❲❡ ❡①t❡♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Vars (·) t♦ ❝♦♥str❛✐♥t s②st❡♠ S ✐♥ ❛ ♥❛t✉r❛❧ ✇❛②✳ ❲❡ ✇✐❧❧ s❛②
t❤❛t S ✐s ♥♦r♠❛❧✐③❡❞✱ ✐❢ ❡✈❡r② t❡r♠ ♦❝❝✉rr✐♥❣ ✐♥ S ✐s ♥♦r♠❛❧✐③❡❞✳ ❆s pSq ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❛
❝♦♥str❛✐♥t s②st❡♠ {pEiq ⊲ ptiq}i=1,...,n✳

❉❡✜♥✐t✐♦♥ ✷✳✺✳ ❆ ❣r♦✉♥❞ s✉❜st✐t✉t✐♦♥ σ ✐s ❛ ♠♦❞❡❧ ♦❢ ❝♦♥str❛✐♥t E ⊲ t ✭♦r σ s❛t✐s✜❡s t❤✐s
❝♦♥str❛✐♥t✮✱ ✐❢ ptσq ∈ Der (pEσq)✳ ❆ ❣r♦✉♥❞ s✉❜st✐t✉t✐♦♥ σ ✐s ❛ ♠♦❞❡❧ ♦❢ ❛ ❝♦♥str❛✐♥t s②st❡♠
S✱ ✐❢ ✐t s❛t✐s✜❡s ❛❧❧ t❤❡ ❝♦♥str❛✐♥ts ♦❢ S ❛♥❞ dom (σ) = Vars (S)✳

❉❡✜♥✐t✐♦♥ ✷✳✻✳ ❆ ❝♦♥✜❣✉r❛t✐♦♥ Π ♦❢ ❛ ♣r♦t♦❝♦❧ s❡ss✐♦♥ ✐s ❛ t✉♣❧❡ 〈PS,K,Q,S〉✱ ✇❤❡r❡
K = {〈Ii,Ki〉}i=1,...,N r❡♣r❡s❡♥ts ❝✉rr❡♥t ❦♥♦✇❧❡❞❣❡s ♦❢ ✐♥tr✉❞❡rs✱ ❛♥❞ Q = {〈c,mc〉}c∈C

✐s
❛ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❝❤❛♥♥❡❧s✿ ❢♦r ❡✈❡r② ❝❤❛♥♥❡❧ c q✉❡✉❡ ♦❢ ♠❡ss❛❣❡s mc ✐s ❣✐✈❡♥✳

❋♦r ❛♥② s✉❜st✐t✉t✐♦♥ σ ✇❡ ❞❡✜♥❡
〈

{〈ai, li〉}i=1,...,k , {〈Ii,Ki〉}i=1,...,N , {〈c,mc〉}c∈C
, {Ei ⊲ ti}i=1,...,n

〉

σ

❛s
〈

{〈ai, liσ〉}i=1,...,k , {〈Ii,Kiσ〉}i=1,...,N , {〈c,mcσ〉}c∈C
, {Eiσ ⊲ tiσ}i=1,...,n

〉

✇❤❡r❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ s✉❜st✐t✉t✐♦♥ ♦♥ ❛ ❧✐st ✐s ❞❡✜♥❡❞ ✐♥ ❛ ♥❛t✉r❛❧ ✇❛②✳
❚❤❡♥ ✇❡ ❞❡✜♥❡ ❛ s❡t ♦❢ ❝♦♥✜❣✉r❛t✐♦♥ tr❛♥s✐t✐♦♥s ✐♥ ❚❛❜❧❡ ✶✿

✶✳ 〈{〈a, (?fr).la〉} ∪ PS, {〈I,K〉} ∪ K,Q,S〉
ι(f⇀a)=I
−−−−−−→

〈{〈a, la〉} ∪ PS, {〈I,K〉} ∪ K,Q,S ∪ {K ⊲ r}〉

✷✳ 〈{〈a, (!ts).la〉} ∪ PS, {〈I,K〉} ∪ K,Q,S〉
ι(a⇀t)=I
−−−−−−→

〈{〈a, la〉} ∪ PS, {〈I,K ∪ s〉} ∪ K,Q,S〉

✸✳ 〈{〈a, (!ts).la〉} ∪ PS,K, {〈a ⇀ t,ma⇀t〉} ∪ Q,S〉
ι(a⇀t)=∅

−−−−−−→
〈{〈a, la〉} ∪ PS,K, {〈a ⇀ t,ma⇀t.s〉} ∪ Q,S〉

✹✳ 〈{〈a, (?fr).la〉} ∪ PS,K, {〈f ⇀ a, s.mf⇀a〉} ∪ Q,S〉
ι(f⇀a)=∅

−−−−−−−→
psσq=prσq

〈{〈a, la〉} ∪ PS,K, {〈f ⇀ a,mf⇀a〉} ∪ Q,S〉σ
◆♦t❡✱ t❤❛t ❢♦r tr❛♥s✐t✐♦♥s ✐❢ ✇❡ ✇r✐t❡ {x} ∪ Y ✐t ✐♠♣❧✐❝✐t❧② ♠❡❛♥s x /∈ Y ✳

❚❛❜❧❡ ✶✿ ❈♦♥✜❣✉r❛t✐♦♥ tr❛♥s✐t✐♦♥s

❉❡✜♥✐t✐♦♥ ✷✳✼✳ ❆ s❡q✉❡♥❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧✐❝❛t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥s t♦ t❤❡

✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥
〈

PS,
{〈

I,K0
I

〉}

I∈I
, {〈c, ∅〉}c∈C , ∅

〉

✐s ❛ s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥ ♦❢ ♣r♦t♦❝♦❧

s❡ss✐♦♥ PS ✉♥❞❡r ❝♦♥❞✐t✐♦♥s ♦❢ ✐♥tr✉❞❡rs ι✳

❆♥ ❡①❡❝✉t✐♦♥ EPS = {Ciσ}i=1,...,m ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥ {Ci}i=1,...,m

✭✇❤❡r❡ Ci = 〈PSi,Ki,Qi,Si〉✮ s✉❝❤ t❤❛t ❛❧❧ t❡r♠s ♦❢ Ciσ ❛r❡ ❣r♦✉♥❞ ❛♥❞ Sm ✐s s❛t✐s✜❡❞ ❜②
σ✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✶✶

❖✤✐♥❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❆❢t❡r ❛ ♣r♦t♦❝♦❧ s❡ss✐♦♥ ✐s ❡①❡❝✉t❡❞✱ t❤❡ ❝✉rr❡♥t ❦♥♦✇❧❡❞❣❡ ♦❢ ❛❧❧
❧♦❝❛❧ ✐♥tr✉❞❡rs ✇✐❧❧ ❜❡ ❣❛t❤❡r❡❞ t♦ ❞❡r✐✈❡ ❛ s❡❝r❡t✱ ✇❤✐❝❤✱ ♣r♦❜❛❜❧②✱ s❡♣❛r❛t❡❧② t❤❡② ❝❛♥♥♦t
❞❡❞✉❝❡✳

❈♦♦r❞✐♥❛t❡❞ ❛tt❛❝❦ ♣r♦❜❧❡♠ ◆♦✇ ✇❡ ❝❛♥ ❢♦r♠❛❧❧② st❛t❡ t❤❡ ♣r♦❜❧❡♠✳
■♥♣✉t✿ ●✐✈❡♥ ❛ ✜♥✐t❡ s❡t ♦❢ ❛❣❡♥ts A✱ ♣r♦t♦❝♦❧ s❡ss✐♦♥ PS = {〈ai, li〉}i=1,...,k✱ ❛ s❡t ♦❢

✐♥tr✉❞❡rs I = {Ii}i=1,...,N ✇✐t❤ ✐ts ✐♥✐t✐❛❧ ❦♥♦✇❧❡❞❣❡s K0
Ii
✱ ✐♥tr✉❞❡r ❧❛②♦✉t ι ❛♥❞ s❡♥s✐t✐✈❡

❞❛t❛✱ r❡♣r❡s❡♥t❡❞ ❜② ❛ ✜♥✐t❡ s❡t ♦❢ ❣r♦✉♥❞ t❡r♠s S✳
❖✉t♣✉t✿ ❋✐♥❞ ♦✉t✱ ✇❤❡t❤❡r ❡①✐sts s ∈ S ❛♥❞ ❛♥ ❡①❡❝✉t✐♦♥ EPS ♦❢ ♣r♦t♦❝♦❧ s❡ss✐♦♥ PS ✇✐t❤

✐ts ❧❛st ❝♦♥✜❣✉r❛t✐♦♥ 〈PS,K,Q,S〉 s✉❝❤ t❤❛t s ∈ Der
(

⋃

〈KI ,I〉∈K KI

)

✳

✷✳✶✳✷ ❙♦❧✈✐♥❣ t❤❡ ♣r♦❜❧❡♠

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛♥♦t❤❡r ♠♦❞❡ ✭❧❡t ✉s ❝❛❧❧ ✐t ❝♦♥str❛✐♥t ♠♦❞❡✮ ♦❢ s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥✳ ■♥st❡❛❞
♦❢ ❚r❛♥s✐t✐♦♥ ✹ ✭❚❛❜❧❡ ✶✮ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✐t✐♦♥✿

〈{〈a, (?fr).la〉} ∪ PS,K, {〈f ⇀ a, s.mf⇀a〉} ∪ Q,S〉
ι(f⇀a)=∅

−−−−−−−→

〈{〈a, la〉} ∪ PS,K, {〈f ⇀ a,mf⇀a〉} ∪ Q,S ∪ {{enc (sσ, k)}⊲ enc (rσ, k)}〉

●✐✈❡♥ ❛ ❝♦♦r❞✐♥❛t❡❞ ❛tt❛❝❦ ♣r♦❜❧❡♠ ✐♥♣✉t✱ ❛ s❡t ♦❢ ♣♦ss✐❜❧❡ ❡①❡❝✉t✐♦♥s ♦❜t❛✐♥❡❞ ❢r♦♠ s②♠✲
❜♦❧✐❝ ❡①❡❝✉t✐♦♥s ✐♥ ✏♦r✐❣✐♥❛❧ ♠♦❞❡✑ ✭s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥ ✉s✐♥❣ tr❛♥s✐t✐♦♥s ✐♥ ❚❛❜❧❡ ✶✮ ❝♦✐♥❝✐❞❡s
✇✐t❤ ❛ s❡t ♦❢ ♣♦ss✐❜❧❡ ❡①❡❝✉t✐♦♥s ♦❜t❛✐♥❡❞ ❢r♦♠ s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥s ✐♥ ❝♦♥str❛✐♥t ♠♦❞❡✳ ❚❤✐s
✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t pt1σq = pt2σq ✐✛ σ ✐s ❛ ♠♦❞❡❧ ♦❢ enc (t1, k)⊲ enc (t2, k) ✭❢♦r ❛♥② t❡r♠
k✮✱ ✐✳❡✳ pt1σq = pt2σq ⇐⇒ penc (t1, k)σq ∈ Der ({penc (t2, k)σq})✳ ❆♥❞ ❛s t❤❡ q✉❡s✲
t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❝♦♥❝❡r♥s t♦ ❡①❡❝✉t✐♦♥s✱ ❛ ✉s❛❣❡ ♦❢ t✇♦ ♠♦❞❡s ✐s ❡q✉✐✈❛❧❡♥t✱ ❛♥❞ ✇❡ ✇✐❧❧
❝♦♥s✐❞❡r s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥s ♦❢ ❝♦♥str❛✐♥t ♠♦❞❡ ✐♥ t❤✐s ♣❛r❛❣r❛♣❤✳

❆ss✉♠❡ t❤❛t s ✐s t❤❡ s❡♥s✐t✐✈❡ ❞❛t✉♠ t❤❛t ♦♥❡ ❤❛s t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ✐t ❝❛♥ ❜❡ r❡✈❡❛❧❡❞
❜② ❛ ❝♦♦r❞✐♥❛t❡❞ ❛tt❛❝❦✳

❆s ❡✈❡r② ❡①❡❝✉t✐♦♥ ❞❡✜♥❡s ❛ s❡q✉❡♥❝❡ ♦❢ ❛❝t✐♦♥s ❡①❡❝✉t❡❞ ❜② ❤♦♥❡st ❛❣❡♥ts✱ ✇❡ ❝❛♥ ❣✉❡ss
t❤❡ ❧❡♥❣t❤ ♦❢ t❤✐s s❡q✉❡♥❝❡ ✭t❤✐s ♥✉♠❜❡r ✐s ❜♦✉♥❞❡❞✮ ❛s ✇❡❧❧ ❛s ❛♥ ✐♥t❡r❧❡❛✈✐♥❣ ♦❢ ❛❝t✐♦♥s ❢♦r
❛❧❧ t❤❡ ❛❣❡♥ts ♣r❡s❡r✈✐♥❣ ♦r❞❡r ✐♥s✐❞❡ ❡✈❡r② ❧✐st ♦❢ ❛❝t✐♦♥s ✭t❤✐s ✐s ❛❧s♦ ❜♦✉♥❞❡❞✮✿ ✇❡ ❜✉✐❧❞ ❛
❧✐st ♦❢ t✉♣❧❡s ✐♥ ❢♦r♠ 〈Ai, ρi〉✳ ■♥ t❤✐s ✇❛② ✇❡ ❜✉✐❧❞ ❛♥ ❡①❡❝✉t✐♦♥ s❦❡❧❡t♦♥✳

❚❤✉s✱ t❤❡ ✐♥✐t✐❛❧ ♣r♦❜❧❡♠ ✐s r❡❞✉❝❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ●✐✈❡♥ ❛ s❡q✉❡♥❝❡ ♦❢ ♣❛✐rs ✭❛❣❡♥t✱
❧✐st ♦❢ ❛❝t✐♦♥s t♦ ❜❡ ❡①❡❝✉t❡❞✮ E = {〈Ai, ρi〉}i=1,...,k✱ ❛ s❡♥s✐t✐✈❡ ❞❛t✉♠ s✱ ✐♥tr✉❞❡rs ❧❛②♦✉t

ι ❛♥❞ t❤❡✐rs ✐♥✐t✐❛❧ ❦♥♦✇❧❡❞❣❡s K0
I ✳ ❋✐♥❞ ♦✉t✱ ✐❢ s ❝❛♥ ❜❡ r❡✈❡❛❧❡❞ ✉s✐♥❣ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡

❦♥♦✇❧❡❞❣❡ s❡ts ♦❢ ❛❧❧ ❧♦❝❛❧ ✐♥tr✉❞❡rs ❛❢t❡r s♦♠❡ ♣r♦t♦❝♦❧ ❡①❡❝✉t✐♦♥✳
❍❛✈✐♥❣ t❤✐s ✐♥❢♦r♠❛t✐♦♥✱ ✇❡ ❜✉✐❧❞ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥ ✐♥ ❝♦♥str❛✐♥t

♠♦❞❡✳ ▲❡t ✐ts ❧❛st ❝♦♥✜❣✉r❛t✐♦♥ ❜❡
〈

PS, {〈KI , I〉}I∈I
,Q,S

〉

✳ ■❢ ❝♦♥str❛✐♥t s②st❡♠ S ∪
{

⋃

〈KI ,I〉∈K KI ⊲ s
}

✐s s❛t✐s✜❛❜❧❡✱ t❤❡♥ t❤❡ ♣r♦t♦❝♦❧ s❡ss✐♦♥ ✐s ✉♥s❡❝✉r❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

st❡♣s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✶✳

❘❘ ♥➦ ✼✷✼✻



✶✷ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

❆❧❣♦r✐t❤♠ ✶✿ ❇✉✐❧❞✐♥❣ ❛♥ ❡①❡❝✉t✐♦♥

■♥♣✉t✿ E = {〈Ai, ρi〉}i=1,...,k✱ ι✱
{

K0
I ∈ Tg

}

I∈I
✱ s ∈ Tg

❖✉t♣✉t✿ ❊①❡❝✉t✐♦♥ ♦❢ ♣r♦t♦❝♦❧ s❡ss✐♦♥✱ ✐❢ ❡①✐sts✱ ♦t❤❡r✇✐s❡ ⊥

❇✉✐❧❞ s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥ SE = {〈PSi,Ki,Qi,Si〉}i=1,...,k ✭✐♥ ❝♦♥str❛✐♥t ♠♦❞❡✮✶

❝♦rr❡s♣♦♥❞✐♥❣ t♦ E ❀
✐❢ SE = ∅ ✭✇❛s ♥♦t ♣♦ss✐❜❧❡ t♦ ❜✉✐❧❞✮ t❤❡♥ r❡t✉r♥ ⊥ ❀✷

✐❢ Sk ∪
{

⋃

〈KI ,I〉∈Kk
KI ⊲ s

}

✐s s❛t✐s✜❛❜❧❡ ✇✐t❤ s♦♠❡ σ t❤❡♥
✸

r❡t✉r♥ (SEσ)δ✱ ✇❤❡r❡ δ : Vars (SEσ) 7→ {a} ❢♦r s♦♠❡ a ∈ A✹

❡❧s❡✺

r❡t✉r♥ ⊥✻

❡♥❞✼

✷✳✷ ❆❣❡♥ts ❝♦♦♣❡r❛t✐♦♥

❆♥♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦✉r ❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✸ ✐s t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ♦❢
❝♦♥str✉❝t✐♥❣ ❛❣❡♥t ❝♦♦♣❡r❛t✐♦♥ ♣r♦t♦❝♦❧s ✉♥❞❡r ❝♦♥❞✐t✐♦♥ ♦❢ s❡❝✉r✐t② ♣♦❧✐❝✐❡s✳

❲❡ ❝♦♥s✐❞❡r ❛ s❡t ♦❢ ❛❣❡♥ts t❤❛t ❤❛✈❡ t♦ ❝♦♦♣❡r❛t❡ ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ s♦♠❡ ❣✐✈❡♥ ❣♦❛❧✳
❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❛❣❡♥ts ❝❛♥ ❡①❝❤❛♥❣❡ ♠❡ss❛❣❡s t❤r♦✉❣❤ ❛s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥s
❝❤❛♥♥❡❧s✳ ❙✐♠✐❧❛r ♣r♦❜❧❡♠s ❤❛✈❡ ♦❢t❡♥ ❜❡❡♥ ❛❞❞r❡ss❡❞ ✐♥ ♣r❡✈✐♦✉s ✇♦r❦s ❛♥❞ s♦❧✈❡❞ ❜② ❝❛❧❧✐♥❣
t♦ ♠❡t❤♦❞s ❢r♦♠ ❛✉t♦♠❛t❛ s②♥t❤❡s✐s✱ ❆■ ♣❧❛♥♥✐♥❣✱ ♦r ❧♦❣✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ❖✉r ♦❜❥❡❝t✐✈❡ ❤❡r❡
✐s t♦ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ st❛t❡ ♦❢ t❤❡ ❛rt ❜② s♦❧✈✐♥❣ s♦♠❡ ❝❛s❡s✱ ♥♦t ❝♦♥s✐❞❡r❡❞ ❜❡❢♦r❡✱ ✇❤❡r❡ t❤❡
str✉❝t✉r❡ ♦❢ ♠❡ss❛❣❡s ♠❛tt❡rs ❛♥❞ ✇❤❡r❡ t❤❡ s❡❝✉r✐t② ♣♦❧✐❝② ♦❢ ❡❛❝❤ ❛❣❡♥t ✐s ❛♥ ❛❞❞✐t✐♦♥❛❧
❝♦♥str❛✐♥t✳ ■t ✐s ❛ ♥♦♥ tr✐✈✐❛❧ t❛s❦ t♦ ✜♥❞ ❛ ❝♦♦♣❡r❛t✐♦♥ s❝❤❡♠❡✱ ❛s s♦♠❡ ❛❣❡♥ts ♠❛② ♥♦t
tr✉st ❡❛❝❤ ♦t❤❡r✱ t❤❡② ♠❛② ❤❛✈❡ t❤❡✐r ♦✇♥ r❡q✉✐r❡♠❡♥ts t♦ ❝♦♠♠✉♥✐❝❛t❡✱ s♦♠❡ ✐♥t❡r♠❡❞✐❛t❡s
♠❛② ❜❡ r❡q✉✐r❡❞ t♦ ✐♥t❡r✈❡♥❡ ✭❡✳❣✳ t♦ ♣r♦✈✐❞❡ ❝❡rt✐✜❝❛t❡s✮✳

❲❡ ❛❜str❛❝t t❤❡ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❛❣❡♥ts ❜② s♣❡❝✐❢②✐♥❣ t❤❡♠ s♦❧❡❧② ❜② t❤❡✐r ✐♥✐t✐❛❧ ❦♥♦✇❧✲
❡❞❣❡ ✭✇❤❛t ❛♥ ❛❣❡♥t ❦♥♦✇s ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥✮ ❛♥❞ ❤✐s ❣♦❛❧s ✭✇❤❛t ❤❡ ✇❛♥ts
t♦ ♦❜t❛✐♥✮✳ ❚❤❡ ❛❣❡♥t ♠❛② ❝r❡❛t❡ ❛ ♥❡✇ ❦♥♦✇❧❡❞❣❡ ❢r♦♠ ✇❤❛t ❤❡ ❦♥♦✇s ❛t s♦♠❡ ♣♦✐♥t✿ ❤❡
♠❛② ❝♦♥❝❛t❡♥❛t❡✱ ❡♥❝r②♣t✱ ❞❡❝r②♣t ✭✐❢ ❤❡ ❦♥♦✇s t❤❡ ❦❡②✮✱ s✐❣♥✱ ❡t❝✳ ❚❤❡ ❛❣❡♥t ❛❜✐❧✐t② t♦
❝♦♦♣❡r❛t❡ t❛❦❡s t❤❡ ❢♦r♠ ♦❢ s❡♥❞✐♥❣ ❛♥❞ r❡❝❡✐✈✐♥❣ ♦❢ ♠❡ss❛❣❡s✳ ❇✉t s♦♠❡ r❡str✐❝t✐♦♥s ❛r❡ t♦
❜❡ ✐♠♣♦s❡❞✿ ❛♥ ❛❣❡♥t ♠❛② ♥♦t ❛❝❝❡♣t ❛♥② ♠❡ss❛❣❡✱ ❜✉t ♦♥❧② t❤♦s❡ ✇✐t❤ s♦♠❡ ♣r❡✲❞❡✜♥❡❞
♣❛tt❡r♥ ✭t❤✐s ❡①♣r❡ss❡s ❤✐s ♣♦❧✐❝②✮✳ ❍❡ ❝❛♥ ♦♥❧② s❡♥❞ t❤❡ ♠❡ss❛❣❡s ❤❡ ❝❛♥ ❝r❡❛t❡ ❢r♦♠ ❤✐s
❦♥♦✇❧❡❞❣❡✳ ❆♥❞ ❧❛st✱ t❤❡ ❛❣❡♥t ♦♥❧② s❡♥❞ ♠❡ss❛❣❡s t♦ ❡♥t✐t✐❡s s❤❛r✐♥❣ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥
❝❤❛♥♥❡❧ ✭✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ❞✐r❡❝t✐♦♥✮ ✇✐t❤ ❤✐♠✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥❡t✇♦r❦ t♦♣♦❧♦❣②✳

◆♦t❡✱ t❤❛t ♥♦t❤✐♥❣ ❢♦r❜✐❞s ✉s t♦ ♣❛r❛♠❡tr✐③❡ ❛❣❡♥ts ✐♥✐t✐❛❧ ❦♥♦✇❧❡❞❣❡s✱ ❡✳❣✳ ✇❡ ❝❛♥ s❛②✱
t❤❛t ❛❣❡♥t ❦♥♦✇s s♦♠❡t❤✐♥❣ ❡♥❝r②♣t❡❞ ✇✐t❤ ❣✐✈❡♥ ❦❡②✱ ❜✉t ✇❡ ✇✐❧❧ ♥♦t s❛② ✇❤❛t ❡①❛❝t❧②✳
❆♥❞ ✐t ✐s st✐❧❧ ✉♣ t♦ t❤❡ s♦❧✉t✐♦♥ t♦ ✐♥❞✐❝❛t❡ t❤❡ ✈❛❧✉❡s t❤❛t ✐♥st❛♥t✐❛t❡ t❤❡ ✐♥✐t✐❛❧ ❦♥♦✇❧❡❞❣❡
♦❢ ❛♥ ❛❣❡♥t✳

❲❡ ❣✐✈❡ ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤✐s ♣r♦❜❧❡♠ ✭s❡❡ ❋✐❣✉r❡ ✷✮✿ ❆ ✇r✐t❡r ✭❆❣❡♥t A1✮ ✇❛♥ts t♦ ♣✉❜❧✐s❤
❤✐s ♥❡✇ ❜♦♦❦✳ ❚❤❡r❡ ✐s ❛♥ ❡♥t❡r♣r✐s❡ ✇❤✐❝❤ ❜❡s✐❞❡s ♦t❤❡rs s❡r✈✐❝❡s✱ ❤❛s ❛ P✉❜❧✐s❤✐♥❣ ❙❡r✈✐❝❡

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✶✸

❋✐❣✉r❡ ✷✿ ■❧❧✉str❛t✐♦♥ ❢♦r ❛❣❡♥ts ❝♦♦♣❡r❛t✐♦♥ ❡①❛♠♣❧❡

✭❆❣❡♥t A4✮✳ ❚❤✐s s❡r✈✐❝❡ ❛❝❝❡♣ts t♦ ♣r✐♥t ♦♥❧② ❜♦♦❦s ❛♣♣r♦✈❡❞ ❜② ❛ ❲r✐t✐♥❣ ❙t②❧❡ ❆✉t❤♦r✐t②
✭❆❣❡♥t A3✮✳ ❆♥②♦♥❡ ♦✉ts✐❞❡ t❤✐s ❡♥t❡r♣r✐s❡ ✐s ❢♦r❜✐❞❞❡♥ t♦ ❛❝❝❡ss ❞✐r❡❝t❧② t❤❡ Pr✐♥t✐♥❣
❙❡r✈✐❝❡✳ ❚♦ ❣❡t ❛❝❝❡ss ♦♥❡ ❤❛s t♦ ❝♦♥t❛❝t t❤❡ ✏❘❡❝❡♣t✐♦♥✑ ✭❆❣❡♥t A2✮ ♦❢ t❤✐s ❡♥t❡r♣r✐s❡✳
❚❤❡ ❘❡❝❡♣t✐♦♥ ❝❛♥ ❝♦♠♠✉♥✐❝❛t❡ t♦ t❤❡ Pr✐♥t✐♥❣ ❙❡r✈✐❝❡✿ t❤❡② s❤❛r❡ ❛ ❦❡②✱ ❛♥❞ t❤❡ Pr✐♥t✐♥❣
❙❡r✈✐❝❡ ❛❝❝❡♣ts ♦♥❧② ♠❡ss❛❣❡s ❡♥❝r②♣t❡❞ ❜② t❤✐s ❦❡②✳

❚❤❡ ♥❡t✇♦r❦ t♦♣♦❧♦❣② ❤❡r❡ ✐s ❛s ❢♦❧❧♦✇s✿ A1, A2, A3 ❤❛s t✇♦✲✇❛② ❝❤❛♥♥❡❧s ❢♦r ❝♦♥♥❡❝t✐♦♥
❜❡t✇❡❡♥ ❡❛❝❤ ♦t❤❡rs ✭❛s t❤❡② r❡♣r❡s❡♥t ♣✉❜❧✐❝ ❡♥t✐t✐❡s✮❀ A2 ❛♥❞ A4 ❛r❡ ❛❧s♦ ❝♦♥♥❡❝t❡❞ ✇✐t❤
❢✉❧❧✲❞✉♣❧❡① ❝❤❛♥♥❡❧ ✭❛s t❤❡② ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❡♥t❡r♣r✐s❡✮✳

❆❣❡♥t A2 ♦♥❧② ❛❝❝❡♣ts ♦r❞❡rs ❡♥❝r②♣t❡❞ ❜② ❤✐s ♣✉❜❧✐❝ ❦❡②✳ ❆❣❡♥ts A1 ❛♥❞ A3 ❝❛♥ ❛❝❝❡♣t
❡✈❡r②t❤✐♥❣ ✭tr✐✈✐❛❧ ♣♦❧✐❝✐❡s ❛r❡ ♦♠✐tt❡❞ ♦♥ ❋✐❣✉r❡ ✷✮✳ ❚❤❡ q✉❡st✐♦♥ ✐s ❤♦✇ t♦ ❝♦♦♣❡r❛t❡ t♦
♣r✐♥t t❤❡ ❜♦♦❦ ✭r❡♣r❡s❡♥t❡❞ ❤❡r❡ ❜② t❤❡ t❡r♠ t✮❄

❚❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❛❧s♦ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ ❛ ❣❡♥❡r❛❧ ❝♦♥str❛✐♥t s②st❡♠✳

✷✳✸ ❆tt❛❝❦s ❜❛s❡❞ ♦♥ ❳▼▲✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♠❡ss❛❣❡s

❍❡r❡ ✇❡ s❤♦✇ ❤♦✇ t♦ ♠♦❞❡❧ ✭✉s✐♥❣ ♦✉r ❢♦r♠❛❧✐s♠✮ ❛tt❛❝❦s ❜❛s❡❞ ♦♥ ❛♥ ❳▼▲✲r❡♣r❡s❡♥t❛t✐♦♥
♦❢ ♠❡ss❛❣❡s✳ ❆ ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡ t♦ ❤❛♥❞❧❡ t❤✐s ❦✐♥❞ ♦❢ ❛tt❛❝❦s ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ❬✻❪✳

❲❡ ❝♦♥s✐❞❡r ❛♥ ❡✲s❤♦♣ t❤❛t ❛❝❝❡♣ts ❡✲❝❤❡q✉❡s✱ ❛♥❞ ✇❡ s✉♣♣♦s❡ t❤❛t ✐t ✐s ♣r❡s❡♥t❡❞ ❜② ❛
❲❡❜ ❙❡r✈✐❝❡ ✉s✐♥❣ ❙❖❆P ♣r♦t♦❝♦❧ ❢♦r ❡①❝❤❛♥❣✐♥❣ ♠❡ss❛❣❡s✳

■t ❤❛s t✇♦ ❧❛②❡rs✿

❘❘ ♥➦ ✼✷✼✻



✶✹ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

Cl ient

Cl ient

Shop Interface

Shop Interface

Shop Stock
 + Del ivery

Shop Stock
 + Del ivery

ItemID,Cheque,Address,Comments

Check the price of item
 and use the cheque

ItemID,Address,Comments

Send ordered item to given Address

❋✐❣✉r❡ ✸✿ ❖r❞❡r✐♥❣ ✐t❡♠ s❝❡♥❛r✐♦

❼ t❤❡ ✜rst ❧❛②❡r ❡①♣♦s❡s t❤❡ ❧✐st ♦❢ ❣♦♦❞s ❢♦r s❛❧❡ ✇✐t❤ t❤❡✐r ♣r✐❝❡s ❛♥❞ ♣r♦❝❡ss t❤❡ ♦r❞❡rs
❜② ❛❝❝❡♣t✐♥❣ ♣❛②♠❡♥t✱

❼ ❛♥❞ t❤❡ s❡❝♦♥❞ ❧❛②❡r✱ t❤❡ ❞❡❧✐✈❡r② s❡r✈✐❝❡✱ t❤❛t r❡❝❡✐✈❡s ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ✜rst ♦♥❡
❛❜♦✉t s✉❝❝❡ss❢✉❧❧② ♣❛✐❞ ♦r❞❡rs✱ ❛♥❞ s❡♥❞s t❤❡ ♦r❞❡r❡❞ ❣♦♦❞s t♦ t❤❡ ❜✉②❡r✳

❆ s✐♠♣❧❡ s❝❡♥❛r✐♦ ❢♦r ♦r❞❡r✐♥❣ ✐t❡♠ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳ ❋✐rst✱ ❛ ❝❧✐❡♥t s❡♥❞s ❛♥ ♦r❞❡r✱
t❤❛t ❝♦♥s✐sts ♦❢ ❛♥ ✐t❡♠ ✐❞❡♥t✐✜❡r✱ ❡✲❝❤❡q✉❡✱ ❞❡❧✐✈❡r② ❛❞❞r❡ss ❛♥❞ s♦♠❡ ❝♦♠♠❡♥ts ✉s✐♥❣ ❡✲
s❤♦♣ ✐♥t❡r❢❛❝❡✳ ❚❤❡♥✱ t❤❡ ✜rst ❧❛②❡r ♦❢ t❤❡ ❡✲s❤♦♣ ❝❤❡❝❦s ✇❤❡t❤❡r t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ♦r❞❡r❡❞
✐t❡♠ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❡❝❡✐✈❡❞ ❝❤❡q✉❡✳ ■❢ ✐t ❞♦❡s✱ t❤❡ s❡r✈✐❝❡ ✉s❡s t❤❡ ❝❤❡q✉❡ ❛♥❞ r❡s❡♥❞s
t❤❡ ♦r❞❡r t♦ t❤❡ st♦❝❦✴❞❡❧✐✈❡r② s❡r✈✐❝❡ ✭♦❢ ❝♦✉rs❡✱ t❤❡② ❞♦♥✬t s❡♥❞ t❤❡ ✉s❡❞ ❡✲❝❤❡q✉❡✮✳ ❙t♦❝❦
❛♥❞ ❞❡❧✐✈❡r② s❡r✈✐❝❡ ♣r❡♣❛r❡ ❛ ♣❛r❝❡❧ ✇✐t❤ ♦r❞❡r❡❞ ✐t❡♠ ❛♥❞ s❡♥❞ ✐t t♦ ❣✐✈❡♥ ❛❞❞r❡ss✳ ❚❤❡
❝♦♠♠❡♥t ✐s ❛✉t♦♠❛t✐❝❛❧❧② ♣r✐♥t❡❞ ♦♥ t❤❡ ♣❛r❝❡❧ t♦ ❣✐✈❡ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ t♦ t❤❡ ♣♦st♠❛♥
❛❜♦✉t✱ ❢♦r ❡①❛♠♣❧❡✱ ❞❡❧✐✈❡r② t✐♠❡ ♦r ❛❝❝❡ss ✐♥str✉❝t✐♦♥s✳

❙✉♣♣♦s❡✱ ❆❧✐❝❡ ❤❛s ❛♥ ❡✲❝❤❡q✉❡ ❢♦r ✺e✳ ❙❤❡ s❡❧❡❝t❡❞ ❛ s✐♠♣❧❡ ♣❡♥ ✭✇✐t❤ ■t❡♠■❉ s✐♠♣❧❡✮
t♦ ❜✉②✱ ❜✉t s❤❡ ❧✐❦❡❞ ✈❡r② ♠✉❝❤ ❛ ♠♦r❡ ❡①♣❡♥s✐✈❡ ❣✐❧❞❡❞ ♣❡♥ ✭✇✐t❤ ■t❡♠■❉ ❣✐❧❞❡❞✮✳ ❈❛♥ ✇❡
❤❡❧♣ ❆❧✐❝❡ t♦ ❣❡t ✇❤❛t s❤❡ ✇❛♥ts ❢♦r ✇❤❛t s❤❡ ❤❛s❄

▲❡t ✉s ❢♦r♠❛❧✐③❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ s❝❡♥❛r✐♦ ♣❧❛②❡rs ✭t❡r♠s✱ ♥♦r♠❛❧✐③❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞
❞❡❞✉❝t✐♦♥ s②st❡♠ ❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ ➓ ✸✳✶✳✶ ❡①❝❡♣t t❤❛t ✇❡ ✇✐❧❧ ✇r✐t❡ (t1 · . . . · tn) ✐♥st❡❛❞
♦❢ · ({t1, . . . , tn})✮✳ ■❞❡♥t✐✜❡rs st❛rt✐♥❣ ❢r♦♠ ❛ ❝❛♣✐t❛❧ ❧❡tt❡r ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ✈❛r✐❛❜❧❡s❀
♥✉♠❜❡rs ❛♥❞ ✐❞❡♥t✐✜❡r st❛rt✐♥❣ ❢r♦♠ ❧♦✇❡r✲❝❛s❡ ❧❡tt❡r ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ❝♦♥st❛♥ts✳ ❲❡ ♠♦❞❡❧

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✶✺

❛ ❞❡❧✐✈❡r② ♦❢ ✐t❡♠ ✇✐t❤ s♦♠❡ ItemID t♦ ❛❞❞r❡ss Address ✇✐t❤ ❝♦♠♠❡♥ts Comments ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ♠❡ss❛❣❡✿ sig ((ItemID ·Address ·Comments), priv (ks)) ✖ ❛ ♠❡ss❛❣❡ s✐❣♥❡❞ ❜②
❡✲s❤♦♣✱ ✇❤❡r❡ ks ✐ts ♣✉❜❧✐❝ ❦❡②✱ s✉❝❤ t❤❛t ♥♦ ♦♥❡ ❝❛♥ ♣r♦❞✉❝❡ t❤✐s ♠❡ss❛❣❡ ❡①❝❡♣t t❤❡ s❤♦♣✳
❲❡ ❛❜str❛❝t ❛✇❛② ❢r♦♠ t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ ❝❤❡❝❦✐♥❣ ♣r✐❝❡ ♦❢ t❤❡ ✐t❡♠ ❛♥❞ ✇✐❧❧ s✉♣♣♦s❡✱ t❤❛t
❙❤♦♣ ■♥t❡r❢❛❝❡ ❡①♣❡❝ts ✺e ❡✲❝❤❡q✉❡ ❢♦r ■t❡♠ ✏simple✑✳

❲❡ ✇✐❧❧ ✉s❡ ♥♦t❛t✐♦♥ ❢♦r s❡♥❞✐♥❣ ❛♥❞ r❡❝❡✐✈✐♥❣ ❛s ✐♥ ➓ ✷✳✶✳
❋♦r ❙❤♦♣ ■♥t❡r❢❛❝❡ ✇❡ ❤❛✈❡✿

?Client(simple · cheque5 · IAddr · IComm);

!Delivery(simple · IAddr · IComm).

❋♦r ❙❤♦♣ ❙t♦❝❦✴❉❡❧✐✈❡r② ✇❡ ❤❛✈❡✿

?Interface(DItemID ·DAddr ·DComm);

!Client sig ((DItemID ·DAddr ·DComm), priv (ks)) .

❆❧✐❝❡ ✐♥✐t✐❛❧❧② ❤❛s✿

simple, gilded✿ ✐❞❡♥t✐✜❡rs ♦❢ ✐t❡♠s ✭❢♦r s✐♠♣❧✐❝✐t② ✇❡ s✉♣♣♦s❡ s❤❡ ❦♥♦✇s ♦♥❧② t✇♦ ♦❢ t❤❡♠✮❀

cheque5✿ ❛♥ ❡✲❝❤❡q✉❡ ❢♦r ✺e❀

addr✿ ❤❡r ❛❞❞r❡ss❀

cmnts✿ r❡s✐❞❡♥❝❡ ❞✐❣✐t❛❧ ❝♦❞❡❀

ks✿ ❛ ♣✉❜❧✐❝ ❦❡② ♦❢ t❤❡ s❤♦♣✳

◆♦✇ ✇❡ ❜✉✐❧❞ ❛ ♠✐①❡❞ ❝♦♥str❛✐♥t s②st❡♠ ✭❞❡r✐✈❛t✐♦♥ ❝♦♥str❛✐♥ts ❛♥❞ ❡q✉❛t✐♦♥s✮ t♦ ❦♥♦✇✱
✇❤❡t❤❡r ❆❧✐❝❡ ❝❛♥ ❞♦ ✇❤❛t s❤❡ ✇❛♥ts✿







































{gilded, simple, cheque5, addr, cmnts, ks} ⊲

(simple · cheque5 · IAddr · IComm)

(simple · IAddr · IComm) =ACI(DItemID ·DAddr ·DComm)

{gilded, simple, cheque5, addr, cmnts, ks,

sig ((DItemID ·DAddr ·DComm), priv (ks))} ⊲

sig ((gilded · addr ·DComm), priv (ks))







































✭✶✮

✭✷✮

✭✸✮

❈♦♥str❛✐♥t ✭✶✮ s❤♦✇s✱ t❤❛t ❆❧✐❝❡ ❝❛♥ ❝♦♥str✉❝t ❛ ♠❡ss❛❣❡ ❡①♣❡❝t❡❞ ❜② t❤❡ s❤♦♣ ❢r♦♠ ❛
❝❧✐❡♥t✳ ❚✇♦ ♥❡①t ❡q✉❛❧✐t✐❡s ❝❤❡❝❦ t❤❡ ❡①♣❡❝t❡❞ ❜② t❤❡ s❤♦♣ ✐♥t❡r❢❛❝❡ ❧❛②❡r ✈❛❧✉❡s✳ ❈♦♥str❛✐♥t
✭✷✮ r❡♣r❡s❡♥ts ❛ r❡q✉❡st ❢r♦♠ t❤❡ ✜rst t♦ t❤❡ s❡❝♦♥❞ ❧❛②❡rs ♦❢ t❤❡ s❤♦♣✿ ❧❡❢t✲❤❛♥❞ s✐❞❡
✐s ❛ ♠❡ss❛❣❡ s❡♥t ❜② t❤❡ ✐♥t❡r❢❛❝❡ s❡r✈✐❝❡✱ ❛♥❞ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❛ ♠❡ss❛❣❡ ❡①♣❡❝t❡❞ ❜②
st♦❝❦✴❞❡❧✐✈❡r② s✉❜s❡r✈✐❝❡✳ ❚❤❡ ❧❛st ❝♦♥str❛✐♥t s❤♦✇s✱ t❤❛t ❢r♦♠ t❤❡ r❡❝❡✐✈❡❞ ✈❛❧✉❡s ❆❧✐❝❡
❝❛♥ ❜✉✐❧❞ ❛ ♠❡ss❛❣❡ t❤❛t ♠♦❞❡❧s ❞❡❧✐✈❡r② ♦❢ ✐t❡♠ ✇✐t❤ ■t❡♠■❉ ❣✐❧❞❡❞✳

❘❘ ♥➦ ✼✷✼✻



✶✻ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

❚♦ s♦❧✈❡ ✐t✱ ✇❡ ✜rst ❣❡t r✐❞ ♦❢ s②♥t❛❝t✐❝ ❡q✉❛t✐♦♥s ❜② ❛♣♣❧②✐♥❣ ♠♦st ❣❡♥❡r❛❧ ✉♥✐✜❡r❀ ❛♥❞
t❤❡♥ ♦❢ ❡q✉❛t✐♦♥s ♠♦❞✉❧♦ ❆❈■ ✭t1 =ACI t2 ✐s ❡q✉✐✈❛❧❡♥t t♦ pt1q = pt2q✮ ❜② ❡♥❝♦❞✐♥❣ t❤❡♠
✐♥t♦ ❞❡❞✉❝t✐♦♥ r✉❧❡s ✭❛s ✐t ✇❛s ❞♦♥❡ ✐♥ ➓ ✷✳✶✳✷✮✳

❚❤❡♥✱ ♦♥❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s ✐s✿

IAddr 7→addr IComm 7→(gilded · cmnts)

DItemID 7→gilded DAddr 7→addr

DComm 7→(simple · cmnts)

❋r♦♠ t❤✐s s♦❧✉t✐♦♥ ✇❡ s❡❡✱ t❤❛t ❆❧✐❝❡ ❝❛♥ s❡♥❞ ❛ ♥♦t ✇❡❧❧✲❢♦r♠❡❞ ❝♦♠♠❡♥ts ✭t❤❛t ♣r❡s❡♥ts
t✇♦ ❳▼▲✲♥♦❞❡s✮✱ ❛♥❞ ❉❡❧✐✈❡r② s❡r✈✐❝❡ ♣❛rs❡r ❝❛♥ ❝❤♦♦s❡ ❛♥ ❡♥tr② ✇✐t❤ ■❉ ❣✐❧❞❡❞✳ ❆♥ ❛tt❛❝❦✲
r❡q✉❡st ❝❛♥ ❧♦♦❦ ❧✐❦❡ t❤✐s✿

❁■t❡♠■❉❃s✐♠♣❧❡❁✴■t❡♠■❉❃
❁❈❤❡q✉❡❃❝❤❡q✉❡✺❁✴❈❤❡q✉❡❃
❁❆❞❞r❡ss❃❛❞❞r❁✴❆❞❞r❡ss❃
❁❈♦♠♠❡♥ts❃❝♠♥ts❁✴❈♦♠♠❡♥ts❃
❁■t❡♠■❉❃❣ ✐ ❧ ❞ ❡❞❁✴■t❡♠■❉❃

❚❤❡ ♣❛rs❡r ♦❢ t❤❡ ✜rst ❧❛②❡r ❝❛♥ r❡t✉r♥ ✈❛❧✉❡ ♦❢ t❤❡ ✜rst ♦❝❝✉r❛♥❝❡ ♦❢ ■t❡♠■❉✿ ❁■t❡♠■❉❃s✐♠♣❧❡❁✴■t❡♠■❉❃✳
❇✉t t❤❡ ♣❛rs❡r ♦❢ t❤❡ s❡❝♦♥❞ ♦♥❡ ❝❛♥ r❡t✉r♥ ❁■t❡♠■❉❃❣✐❧❞❡❞❁✴■t❡♠■❉❃✳

❚❤✐s ❛tt❛❝❦ ✐s ♣♦ss✐❜❧❡✱ ✐❢ ❆❧✐❝❡ ❝♦♥str✉❝ts ❛ r❡q✉❡st ✏❜② ❤❛♥❞✑✱ ❜✉t ❛ s✐♠✐❧❛r ❛tt❛❝❦ ✐s
♣r♦❜❛❜❧② ❛❧s♦ ❢❡❛s✐❜❧❡ ✉s✐♥❣ ❳▼▲✲✐♥❥❡❝t✐♦♥✿ ❆❧✐❝❡ ✇❤❡♥ ✜❧❧✐♥❣ ❛ r❡q✉❡st ❢♦r♠ ❡♥t❡rs ✐♥st❡❛❞
♦❢ ❤❡r ❝♦♠♠❡♥ts t❤❡ ❢♦❧❧♦✇✐♥❣ str✐♥❣✿

❝♠♥ts❁✴❈♦♠♠❡♥ts❃
❁■t❡♠■❉❃❣ ✐ ❧ ❞ ❡❞❁✴■t❡♠■❉❃❁❈♦♠♠❡♥ts❃

❛♥❞ ✐♥ t❤❡ r❡s✉❧t✐♥❣ r❡q✉❡st ✇❡ ❣❡t✿

❁■t❡♠■❉❃s✐♠♣❧❡❁✴■t❡♠■❉❃
❁❈❤❡q✉❡❃❝❤❡q✉❡✺❁✴❈❤❡q✉❡❃
❁❆❞❞r❡ss❃❛❞❞r❁✴❆❞❞r❡ss❃
❁❈♦♠♠❡♥ts❃❝♠♥ts❁✴❈♦♠♠❡♥ts❃
❁■t❡♠■❉❃❣ ✐ ❧ ❞ ❡❞❁✴■t❡♠■❉❃❁❈♦♠♠❡♥ts❃
❁✴❈♦♠♠❡♥ts❃

❚❤✐s ❦✐♥❞ ♦❢ ❳▼▲✲✐♥❥❡❝t✐♦♥ ❛tt❛❝❦s ✇❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✷❪✳

✸ ❙❛t✐s✜❛❜✐❧✐t② ♦❢ ❣❡♥❡r❛❧ ❉❨✰❆❈■ ❝♦♥str❛✐♥t s②st❡♠s

■♥ ❙❡❝t✐♦♥ ✷ ✇❡ r❡❞✉❝❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣r♦t♦❝♦❧ ✐♥s❡❝✉r✐t② ✐♥ ♣r❡s❡♥❝❡ ♦❢ s❡✈❡r❛❧ ✐♥tr✉❞❡rs t♦
s♦❧✈✐♥❣ ❛ s②st❡♠ ♦❢ ❞❡r✐✈❛❜✐❧✐t② ❝♦♥str❛✐♥ts✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ ❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡
❢♦r ❛ ❝♦♥str❛✐♥t s②st❡♠ ✇❤❡r❡ ❉♦❧❡✈✲❨❛♦ ❞❡❞✉❝t✐♦♥ s②st❡♠ ✐s ❡①t❡♥❞❡❞ ❜② ❛♥ ❛ss♦❝✐❛t✐✈❡✲
❝♦♠♠✉t❛t✐✈❡✲✐❞❡♠♣♦t❡♥t s②♠❜♦❧ ✭❉❨✰❆❈■✮✳ ❲❡ ❝♦♥s✐❞❡r ♦♣❡r❛t♦rs ❢♦r ♣❛✐r✐♥❣✱ s②♠♠❡tr✐❝

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✶✼

❛♥❞ ❛s②♠♠❡tr✐❝ ❡♥❝r②♣t✐♦♥s✱ ❞❡❝r②♣t✐♦♥✱ s✐❣♥❛t✉r❡ ❛♥❞ ❛♥ ❆❈■ ♦♣❡r❛t♦r t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞
❛s ❛ s❡t ❝♦♥str✉❝t♦r✳

❆s ❢♦r t❤❡ ♣r♦♦❢ str✉❝t✉r❡✱ ❛❢t❡r ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❢♦r♠❛❧ ♥♦t❛t✐♦♥s✱ t❤❡ ♠❛✐♥ st❡♣s t♦ s❤♦✇
t❤❡ ❞❡❝✐❞❛❜✐❧✐t② ❛r❡ ❛s ❢♦❧❧♦✇s✿

✶✳ ❲❡ ♣r❡s❡♥t ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r s♦❧✈✐♥❣ ❛ ❣r♦✉♥❞ ❞❡r✐✈❛❜✐❧✐t② ✐♥ ❉❨✰❆❈■ ♠♦❞❡❧✳

✷✳ ❲❡ ♣r♦✈❡✱ t❤❛t t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❞♦❡s ♥♦t ❝❤❛♥❣❡ s❛t✐s✜❛❜✐❧✐t②✿ ❡✐t❤❡r ✇❡ ♥♦r♠❛❧✐③❡ ❛
♠♦❞❡❧ ♦r ❛ ❝♦♥str❛✐♥t s②st❡♠✳

✸✳ ❲❡ s❤♦✇ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥s❡r✈❛t✐✈❡ s♦❧✉t✐♦♥ ♦❢ s❛t✐s✜❛❜❧❡ ❝♦♥str❛✐♥t s②st❡♠✿ ❛ s✉❜st✐✲
t✉t✐♦♥ σ t❤❛t s❡♥❞s ❛ ✈❛r✐❛❜❧❡ t♦ ❛♥ ❆❈■✲s❡t ♦❢ q✉❛s✐✲s✉❜t❡r♠s ♦❢ t❤❡ ❝♦♥str❛✐♥t s②st❡♠
✐♥st❛♥t✐❛t❡❞ ✇✐t❤ σ t♦❣❡t❤❡r ✇✐t❤ priv✲❡❞ ❛t♦♠s ♦❢ t❤❡ ❝♦♥str❛✐♥t s②st❡♠❀

✹✳ ❲❡ ❣✐✈❡ ❛ ❜♦✉♥❞ ♦♥ s✐③❡ ♦❢ ❛ ❝♦♥s❡r✈❛t✐✈❡ s♦❧✉t✐♦♥✱ ❛♥❞✱ ❛s ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♦❜t❛✐♥
❞❡❝✐❞❛❜✐❧✐t②✳

✸✳✶ ❋♦r♠❛❧ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠

✸✳✶✳✶ ❚❡r♠s ❛♥❞ ♥♦t✐♦♥s

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ❚❡r♠s ❛r❡ ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♠♠❛r✿

term ::= variable | atom | pair (term, term) |

enc (term, term) | ·(tlist) | priv (Keys) |

aenc (term,Keys) | sig (term, priv (Keys))

Keys ::= variable | atom

tlist ::= { term J, termK∗ }

✇❤❡r❡ atom ∈ A✱ variable ∈ X ❛♥❞ JxK∗ st❛♥❞s ❢♦r ✵ ♦r ♠♦r❡ r❡♣❡t✐t✐♦♥s ♦❢ x✳ ❲❡ ❞❡♥♦t❡
T (A,X ) t❤❡ s❡t ♦❢ ❛❧❧ t❡r♠s ♦✈❡r ❛ s❡t ♦❢ ❛t♦♠s A ❛♥❞ ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s X ✳ ❋♦r s❤♦rt✱ ✇❡
✇r✐t❡ T ✐♥st❡❛❞ ♦❢ T (A,X )✳

❇② sig (p, priv (a)) ✇❡ ♠❡❛♥ ❛ s✐❣♥❛t✉r❡ ♦❢ ♠❡ss❛❣❡ p ✇✐t❤ ♣r✐✈❛t❡ ❦❡② priv (a) ❲❡ ❞♦ ♥♦t
❛ss✉♠❡ t❤❛t ♦♥❡ ❝❛♥ r❡tr✐❡✈❡ t❤❡ ♠❡ss❛❣❡ ✐ts❡❧❢ ❢r♦♠ t❤❡ s✐❣♥❛t✉r❡✳

◆♦t❡ t❤❛t ✇❡ ❞♦ ❛❧❧♦✇ ❝♦♠♣❧❡① ❦❡②s ❢♦r s②♠♠❡tr✐❝ ❡♥❝r②♣t✐♦♥ ♦♥❧②✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
✇❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡ ❛ ❝♦♥❞✐t✐♦♥ ♦♥ s✉❜st✐t✉t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✿ s✉❜st✐t✉t✐♦♥ σ ❝❛♥♥♦t ❜❡
❛♣♣❧✐❡❞ t♦ t❤❡ t❡r♠ t✱ ✐❢ ❛❢t❡r r❡♣❧❛❝✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❡♥t✐t② ✐s ♥♦t ❛ t❡r♠ ✭❢♦r ❡①❛♠♣❧❡✱ ✇❡
❝❛♥♥♦t ❛♣♣❧② σ = {x 7→ pair (a, b)} t♦ t❤❡ t❡r♠ aenc (a, x)✮✳

❲❡ ❞❡♥♦t❡ ❛ t❡r♠ ♦♥ i✲t❤ ♣♦s✐t✐♦♥ ♦❢ ❛ ❧✐st L ❛s L[i]✳ ❚❤❡♥ t ∈ L ✐s ❛ s❤♦rt❝✉t ❢♦r
∃i : t = L[i]✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ t✇♦ ❜✐♥❛r② r❡❧❛t✐♦♥s ⊆ ❛♥❞ ≈ ♦♥ ❧✐sts ❛s ❢♦❧❧♦✇s✿ L1 ⊆ L2 ✐❢
❛♥❞ ♦♥❧② ✐❢ ∀t ∈ L1 =⇒ t ∈ L2❀ L1 ≈ L2 ✐❢ ❛♥❞ ♦♥❧② ✐❢ L1 ⊆ L2 ❛♥❞ L2 ⊆ L1✱ ❛♥❞ ♥❛t✉r❛❧❧②
❡①t❡♥❞ t❤❡♠ ✐❢ L1 ♦r L2 ✐s ❛ s❡t✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳ ❲❡ ❝♦♥s✐❞❡r s②♠❜♦❧ · t♦ ❜❡ ❛ss♦❝✐❛t✐✈❡✱ ❝♦♠♠✉t❛t✐✈❡✱ ✐❞❡♠♣♦t❡♥t ✭s❤♦rt❧②✱
ACI✮✳

❘❘ ♥➦ ✼✷✼✻



✶✽ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

❲❡ ✇✐❧❧ ✉s❡ bin t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❛❧❧ ❜✐♥❛r② ♦♣❡r❛t♦rs✿ bin ∈
{enc, aenc, pair, sig}✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳ ❋♦r ❡✈❡r② t❡r♠ t ∈ T ✇❡ ❞❡✜♥❡ ✐ts r♦♦t s②♠❜♦❧ ❜②

root (t) =















bin, ✐❢ t = bin (p, q)
·, ✐❢ t = · (L) ,

priv, ✐❢ t = priv (p) ,
t, ✐❢ t ∈ X ∪ A,

❉❡✜♥✐t✐♦♥ ✸✳✹✳ ❋♦r ❛♥② t❡r♠ t ∈ T ✇❡ ❞❡✜♥❡ ✐ts s❡t ♦❢ ❡❧❡♠❡♥ts ❜②✿

elems (t) =

{

⋃

p∈L elems (p) ✐❢ t = · (L) ;

{t} , ♦t❤❡r✇✐s❡✳

❲❡ ❡①t❡♥❞ elems () t♦ s❡ts ♦❢ t❡r♠s ♦r ❧✐sts ♦❢ t❡r♠s T ❜② elems (T ) =
⋃

t∈T elems (t)✳

❊①❛♠♣❧❡ ✶✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❡r♠ t = · ({a, · ({b, a, pair (a, b)}) , pair (· ({b, b}) , a)})✳ ❙❡t ♦❢
✐ts ❡❧❡♠❡♥ts ✐s elems (t) = {a, b, pair (· ({b, b}) , a) , pair (a, b)}

❉❡✜♥✐t✐♦♥ ✸✳✺✳ ▲❡t ≺ ❜❡ ❛ str✐❝t t♦t❛❧ ♦r❞❡r ♦♥ T ✱ s✉❝❤ t❤❛t ❝♦♠♣❛r✐♥❣ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥
♣♦❧②♥♦♠✐❛❧ t✐♠❡✳

❉❡✜♥✐t✐♦♥ ✸✳✻✳ ❚❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ ❛ s❡t P ✐s ❞❡♥♦t❡❞ ❜② |P |✳

❉❡✜♥✐t✐♦♥ ✸✳✼✳ ❚❤❡ ♥♦r♠❛❧ ❢♦r♠ ♦❢ ❛ t❡r♠ t ✭❞❡♥♦t❡❞ ❜② ptq✮ ✐s r❡❝✉rs✐✈❡❧② ❞❡✜♥❡❞ ❜②✿

❼ ptq = t✱ ✐❢ t ∈ X ∪ A

❼ pbin (t1, t2)q = bin (pt1q , pt2q)

❼ ppriv (t)q = priv (ptq)

❼ p· (L)q =











· (L′) , ✐❢ |pelems (L)q| > 1 ❛♥❞ L′ ≈ pelems (L)q

❛♥❞ ❢♦r ❛❧❧ i < j, L′[i] ≺ L′[j];

t′, ✐❢ pelems (L)q = {t′}

,

✇❤❡r❡ ❢♦r s❡t ♦❢ t❡r♠s T ✱ pTq = {ptq : t ∈ T}✳

❲❡ ❝❛♥ s❤♦✇ ❡❛s✐❧② t❤❛t t✇♦ t❡r♠s ❛r❡ ❝♦♥❣r✉❡♥t ♠♦❞✉❧♦ t❤❡ ❆❈■ ♣r♦♣❡rt✐❡s ♦❢ ′′.′′ ✐✛
t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ♥♦r♠❛❧ ❢♦r♠✳ ❖t❤❡r ♣r♦♣❡rt✐❡s ❛r❡ st❛t❡❞ ✐♥ ▲❡♠♠❛ ✸✳

❊①❛♠♣❧❡ ✷✳ ❘❡❢❡rr✐♥❣ t♦ ❊①❛♠♣❧❡ ✶✱ ✇❡ ❤❛✈❡ ptq = · ({a, b, pair (a, b) , pair (b, a)})✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✶✾

❉❡✜♥✐t✐♦♥ ✸✳✽✳ ▲❡t t ❜❡ ❛ t❡r♠✳ ❲❡ ❞❡✜♥❡ ❛ s❡t ♦❢ q✉❛s✐✲s✉❜t❡r♠s QSub (t) ❛s ❢♦❧❧♦✇s✿

QSub (t) =



















{t}, ✐❢ t ∈ X ∪ A;

{t} ∪QSub (t1) , ✐❢ t = priv (t1) ;

{t} ∪QSub (t1) ∪QSub (t2) , ✐❢ t = bin (t1, t2)

{t} ∪
⋃

p∈elems(L) QSub (p) , ✐❢ t = · (L)

■❢ T ✖ s❡t ♦❢ t❡r♠s✱ t❤❡♥ QSub (T ) =
⋃

t∈T QSub (t)✳ ■❢ S = {Ei ⊲ ti}i=1,...,n ✐s ❛ ❝♦♥str❛✐♥t
s②st❡♠✱ ✇❡ ❞❡✜♥❡ QSub (S) =

⋃

t∈
⋃

n
i=1

Ei∪{ti}
QSub (t)✳

❊①❛♠♣❧❡ ✸✳ ❘❡❢❡rr✐♥❣ t♦ ❊①❛♠♣❧❡ ✶✱ ✇❡ ❤❛✈❡

QSub (t) = {· ({a, · ({b, a, pair (a, b)}) , pair (· ({b, b}) , a)}) ,

a, b, pair (a, b) , pair (· ({b, b}) , a) , · ({b, b})}.

❉❡✜♥✐t✐♦♥ ✸✳✾✳ ▲❡t t ❜❡ ❛ t❡r♠✳ ❲❡ ❞❡✜♥❡ Vars (t) ❛s s❡t ♦❢ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ✐♥ t✿

Vars (t) = X ∩ Sub (t)

❲❡ ❞❡✜♥❡ Sub(t) ❛s t❤❡ s❡t ♦❢ s✉❜t❡r♠s ♦❢ t ❛♥❞ t❤❡ ❉❆●✲s✐③❡ ♦❢ ❛ t❡r♠✱ ❛s t❤❡ ♥✉♠❜❡r
♦❢ ✐ts ❞✐✛❡r❡♥t s✉❜t❡r♠s✳ ❚❤❡ ❉❆●✲s✐③❡ ❣✐✈❡s t❤❡ s✐③❡ ♦❢ ❛ ♥❛t✉r❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ t❡r♠
✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❆❈■ t❤❡♦r②✳

❉❡✜♥✐t✐♦♥ ✸✳✶✵✳ ▲❡t t ❜❡ ❛ t❡r♠✳ ❲❡ ❞❡✜♥❡ Sub (t) ❛s ❢♦❧❧♦✇s✿

Sub (t) =



















{t}, ✐❢ t ∈ X ∪ A;

{t} ∪ Sub (t1) , ✐❢ t = priv (t1) ;

{t} ∪ Sub (t1) ∪ Sub (t2) , ✐❢ t = bin (t1, t2)

{t} ∪
⋃

p∈L Sub (p) , ✐❢ t = · (L) .

■❢ T ✐s ❛ s❡t ♦❢ t❡r♠s✱ t❤❡♥ Sub (T ) =
⋃

t∈T Sub (t)✳ ■❢ S = {Ei ⊲ ti}i=1,...,n ✐s ❛ ❝♦♥str❛✐♥t
s②st❡♠✱ ✇❡ ❞❡✜♥❡ Sub (S) =

⋃

t∈
⋃

n
i=1

Ei∪{ti}
Sub (t)✳

❊①❛♠♣❧❡ ✹✳ ❘❡❢❡rr✐♥❣ t♦ ❊①❛♠♣❧❡ ✶✱ ✇❡ ❤❛✈❡

Sub (t) = {· ({a, · ({b, a, pair (a, b)}) , pair (· ({b, b}) , a)}) ,

· ({b, a, pair (a, b)}) , pair (· ({b, b}) , a) ,

a, b, pair (a, b) , · ({b, b})}.

❉❡✜♥✐t✐♦♥ ✸✳✶✶✳ ❲❡ ❞❡✜♥❡ ❛ ❉❆●✲s✐③❡ sizeDAG ♦❢ ❛ t❡r♠ t ❛s sizeDAG (t) = |Sub (t)|✱
❢♦r s❡t ♦❢ t❡r♠s T ✱ sizeDAG (T ) = |Sub (T )| ❛♥❞ ❢♦r ❝♦♥str❛✐♥t s②st❡♠ S ❛s sizeDAG (S) =
|Sub (S)|✳

❘❘ ♥➦ ✼✷✼✻



✷✵ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

❈♦♠♣♦s✐t✐♦♥ r✉❧❡s ❉❡❝♦♠♣♦s✐t✐♦♥ r✉❧❡s
t1, t2 → penc (t1, t2)q enc (t1, t2) , pt2q → pt1q
t1, t2 → paenc (t1, t2)q aenc (t1, t2) , ppriv (t2)q → pt1q
t1, t2 → ppair (t1, t2)q pair (t1, t2) → pt1q
t1, priv (t2) → psig (t1, priv (t2))q pair (t1, t2) → pt2q
t1, . . . , tm → p· (t1, . . . , tm)q · (t1, . . . , tm) → ptiq ❢♦r ❛❧❧ i

❚❛❜❧❡ ✷✿ ❉❨✰❆❈■ ❞❡❞✉❝t✐♦♥ s②st❡♠ r✉❧❡s

❘❡♠❛r❦✱ t❤❛t ❢♦r ❛ ❝♦♥str❛✐♥t s②st❡♠ s✉❝❤ ❛ ❞❡✜♥✐t✐♦♥ ❞♦❡s ♥♦t ♣♦❧②♥♦♠✐❛❧❧② ❛♣♣r♦①✐♠❛t❡
❛ ♥✉♠❜❡r ♦❢ ❜✐ts ♥❡❡❞❡❞ t♦ ✇r✐t❡ ✐t ❞♦✇♥✭❝❢✳ ❉❡❢✳ ✹✳✶✮✳

❲❡ ❞❡✜♥❡ ❛ ❉♦❧❡✈✲❨❛♦ ❞❡❞✉❝t✐♦♥ s②st❡♠ ♠♦❞✉❧♦ ❆❈■ ✭❞❡♥♦t❡❞ ❉❨✰❆❈■✮✳ ■t ❝♦♥s✐sts ♦❢
❝♦♠♣♦s✐t✐♦♥ r✉❧❡s ❛♥❞ ❞❡❝♦♠♣♦s✐t✐♦♥ r✉❧❡s✱ ❞❡♣✐❝t❡❞ ✐♥ ❚❛❜❧❡ ✷ ✇❤❡r❡ t1, t2, . . . , tm ∈ T ✳

❲❡ s✉♣♣♦s❡✱ ❤❡r❡✐♥❛❢t❡r✱ t❤❛t ❢♦r ❛ ❝♦♥str❛✐♥t s②st❡♠ S✱ QSub (S)∩A 6= ∅✳ ❖t❤❡r✇✐s❡✱ ✇❡
❝❛♥ ❛❞❞ ♦♥❡ ❝♦♥str❛✐♥t {a}⊲ a t♦ S ✇❤✐❝❤ ✇✐❧❧ ❜❡ s❛t✐s✜❡❞ ❜② ❛♥② s✉❜st✐t✉t✐♦♥✳ ❲❡ ❞❡♥♦t❡
{priv (t) : t ∈ T} ❢♦r s❡t ♦❢ t❡r♠s T ❛s priv (T )✳ ❲❡ ❞❡✜♥❡ Vars (S) =

⋃n

i=1 Vars (Ei) ∪
Vars (ti)✳ ❲❡ s❛② t❤❛t S ✐s ♥♦r♠❛❧✐③❡❞✱ ✐✛ ∀t ∈ QSub (S)✱ t ✐s ♥♦r♠❛❧✐③❡❞✳

❊①❛♠♣❧❡ ✺✳ ❲❡ ❣✐✈❡ ❛ s❛♠♣❧❡ ♦❢ ❣❡♥❡r❛❧ ❝♦♥str❛✐♥t s②st❡♠ ❛♥❞ ✐ts s♦❧✉t✐♦♥ ✇✐t❤✐♥ ❉❨✰❆❈■
❞❡❞✉❝t✐♦♥ s②st❡♠✳

S =

{

enc (x, a) , pair (c, a) ⊲ b
· ({x, c}) ⊲ a

}

,

✇❤❡r❡ a, b, c ∈ A ❛♥❞ x ∈ X ✳
❖♥❡ ♦❢ t❤❡ ❡✈❡♥t✉❛❧ ♠♦❞❡❧s ✇✐t❤✐♥ ❉❨✰❆❈■ ✐s σ = {x 7→ enc (pair (a, b) , c)}✳

❉❡✜♥✐t✐♦♥ ✸✳✶✷✳ ▲❡t T = {t1, . . . , tk} ❜❡ ❛ ♥♦♥✲❡♠♣t② s❡t ♦❢ t❡r♠s✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ π(T )
❛s ❢♦❧❧♦✇s✿

π(T ) = p· (t1, . . . , tk)q

❘❡♠❛r❦✿ π({t}) = ptq✳

❉❡✜♥✐t✐♦♥ ✸✳✶✸✳ ❲❡ ❞❡♥♦t❡ QSub (S)\X ❛s QS̊ub (S,X ) ♦r✱ ❢♦r s❤♦rt❡r ♥♦t❛t✐♦♥✱ QS̊ub (S)✳

❲❡ ✐♥tr♦❞✉❝❡ ❛ tr❛♥s❢♦r♠❛t✐♦♥ π(HS,σ (·)) ♦♥ ❣r♦✉♥❞ t❡r♠s t❤❛t r❡♣❧❛❝❡s r❡❝✉rs✐✈❡❧② ❛❧❧
❜✐♥❛r② r♦♦t s②♠❜♦❧s s✉❝❤ t❤❛t t❤❡② ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ ❛❧❧ t❤❡ ♥♦♥✲✈❛r✐❛❜❧❡ q✉❛s✐✲s✉❜t❡r♠s
♦❢ t❤❡ ❝♦♥str❛✐♥t s②st❡♠ ✐♥st❛♥t✐❛t❡❞ ✇✐t❤ ✐ts ♠♦❞❡❧ σ✱ ✇✐t❤ ❆❈■ s②♠❜♦❧ ·✳ ▲❛t❡r✱ ✇❡ ✇✐❧❧
s❤♦✇✱ t❤❛t π(H (σ)) ✐s ❛❧s♦ ❛ ♠♦❞❡❧ ♦❢ S✳

❉❡✜♥✐t✐♦♥ ✸✳✶✹✳ ▲❡t ✉s ❤❛✈❡ ❛ ❝♦♥str❛✐♥t s②st❡♠ S ✇❤✐❝❤ ✐s s❛t✐s✜❛❜❧❡ ✇✐t❤ ♠♦❞❡❧ σ✳ ▲❡t
✉s ✜① s♦♠❡ α ∈ (A∩QSub (S))✳ ❋♦r ❣✐✈❡♥ S ❛♥❞ σ ✇❡ ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥ HS,σ (·) : Tg → 2Tg

❛s ❢♦❧❧♦✇s✿

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✷✶

HS,σ (t) =















































{α} , ✐❢ t ∈ (A \QSub (S));
{a} , ✐❢ t = a ∈ (A ∩QSub (S));

{

priv
(

π(HS,σ (t1))
)}

, ✐❢ t = priv (t1) ;
{

bin
(

π(HS,σ (t1)), π(H
S,σ (t2))

)}

, ✐❢ t = bin (t1, t2)

ptq ∈ pQS̊ub (S)σq
HS,σ (t1) ∪HS,σ (t2) , ✐❢ t = bin (t1, t2)

∧ ptq /∈ pQS̊ub (S)σq
⋃

p∈L HS,σ (p) , ✐❢ t = · (L) .

❍❡♥❝❡❢♦r✇❛r❞✱ ✇❡ ✇✐❧❧ ♦♠✐t ♣❛r❛♠❡t❡rs ❛♥❞ ✇r✐t❡ H (·) ✐♥st❡❛❞ ♦❢ HS,σ (·) ❢♦r s❤♦rt❡r
♥♦t❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳✶✺✳ ❲❡ ❞❡✜♥❡ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ π(·) ❛♥❞ H (·) ♦♥ ❛ s❡t ♦❢ t❡r♠s T =
{t1, . . . , tk} ❛s ❢♦❧❧♦✇s✿ π(H (T )) = {π(H (t)) | t ∈ T}✳

❉❡✜♥✐t✐♦♥ ✸✳✶✻✳ ▲❡t θ = {x1 7→ t1, . . . , xk 7→ tk} ❜❡ ❛ s✉❜st✐t✉t✐♦♥✳ ❲❡ ❞❡✜♥❡ π(H (θ)) ❛s
s✉❜st✐t✉t✐♦♥ {x1 7→ π(H (t1)), . . . , xk 7→ π(H (tk))}✳

◆♦t❡✱ t❤❛t dom (π(H (θ))) = dom (θ)✳

❊①❛♠♣❧❡ ✻✳ ❲❡ r❡❢❡r t♦ ❊①❛♠♣❧❡ ✺ ❛♥❞ s❤♦✇✱ t❤❛t π(H (σ)) ✐s ❛❧s♦ ❛ ♠♦❞❡❧ ♦❢ S✳ π(H (enc (pair (a, b) , c))) =
π(H (pair (a, b)) ∪ {c}) = π({a} ∪ {b} ∪ {c}) = · ({a, b, c}) ✭✇❡ s✉♣♣♦s❡ t❤❛t a ≺ b ≺ c✮✳ ❖♥❡
❝❛♥ s❡❡✱ t❤❛t π(H (σ)) = {x 7→ · ({a, b, c})} ✐s ❛❧s♦ ❛ ♠♦❞❡❧ ♦❢ S ✇✐t❤✐♥ ❉❨✰❆❈■✳

✸✳✶✳✷ ●❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ✉s❡❞ ✐♥ ♣r♦♦❢

❚❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s st❛t❡ s✐♠♣❧❡ ♣r♦♣❡rt✐❡s ♦❢ ❞❡r✐✈❛❜✐❧✐t②✳

▲❡♠♠❛ ✶✳ ▲❡t A,B,C ⊆ Tg✳ ❚❤❡♥ ✐❢ A ⊆ Der (B) ❛♥❞ B ⊆ Der (C) t❤❡♥ A ⊆ Der (C)✳

▲❡♠♠❛ ✷✳ ▲❡t A,B,C,D ⊆ Tg✳ ❚❤❡♥ ✐❢ A ⊆ Der (B) ❛♥❞ C ⊆ Der (D) t❤❡♥ A ∪ C ⊆
Der (B ∪D)✳

■♥ ▲❡♠♠❛ ✸ ✇❡ ❧✐st s♦♠❡ ❛✉①✐❧✐❛r② ♣r♦♣❡rt✐❡s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ♠❛✐♥ ♣r♦♦❢✳

▲❡♠♠❛ ✸✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ tr✉❡✿

✶✳ p· (t, t)q = ptq✱ p· (t1, t2)q = p· (t2, t1)q✱ p· (· (t1, t2) , t3)q = p· (t1, · (t2, t3))q = p· (t1, t2, t3)q

✷✳ ✐❢ t ❛♥❞ tσ ❛r❡ t❡r♠s✱ t❤❡♥ ptσq = pptσqq = pptqσq = pt pσqq = pptq pσqq

✸✳ s ∈ QSub (ptq) =⇒ s = psq

✹✳ pelems (t)q = elems (ptq)

✺✳ p· (pt1q , . . . , ptmq)q = p· (t1, . . . , tm)q❀ π(T ) = π(pTq)

❘❘ ♥➦ ✼✷✼✻



✷✷ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

✻✳ elems (p· (pt1q , . . . , ptmq)q) = elems (· (pt1q , . . . , ptmq)) =
⋃

i=1,...,m elems (ptiq)

✼✳ H (t) =
⋃

p∈elems(t) H (p)✱

✽✳ H (t) = H (ptq)

✾✳ π(H (t)) = π(H (ptq)) = pπ(H (t))q = pπ(H (ptq))q

✶✵✳ π(T1 ∪ · · · ∪ Tm) = π({π(T1), . . . , π(Tm)})

✶✶✳ QSub (ptq) ⊆ pQSub (t)q

✶✷✳ QSub (tσ) ⊆ QSub (t)σ ∪QSub (Vars (t)σ)

✶✸✳ Sub (tσ) = Sub (t)σ ∪ Sub (Vars (t)σ)

✶✹✳ |pTq| ≤ |T |✱ |Tσ| ≤ |T |

✶✺✳ elems (t) ⊆ QSub (t) ⊆ Sub (t)

✶✻✳ ❋♦r t❡r♠ t✱ sizeDAG (ptq) ≤ sizeDAG (t)❀ ❢♦r s❡t ♦❢ t❡r♠s T ✱ sizeDAG (pTq) ≤
sizeDAG (T )❀ ❢♦r ❝♦♥str❛✐♥t s②st❡♠ S✱ sizeDAG (pSq) ≤ sizeDAG (S)

✶✼✳ QSub (· (t1, . . . , tl)) ⊆ {· (t1, . . . , tl)} ∪QSub (t1) · · · ∪QSub (tl)

✶✽✳ ∀s ∈ Sub (t) sizeDAG (ptσq) ≥ sizeDAG (psσq)✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ❣✐✈❡ ♣r♦♦❢s ♦❢ s❡✈❡r❛❧ st❛t❡♠❡♥ts✳

❙t❛t❡♠❡♥t ✶✿ ❋♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✸✳✹✳

❙t❛t❡♠❡♥t ✸✿ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ sizeDAG (s)✳ ▲❡t ✉s ✜① t✳

❼ sizeDAG (s) = sizeDAG (ptq)✳ ❚❤❡♥ s = ptq ❛♥❞ psq = pptqq✱ ❛♥❞ ❢r♦♠ ❙t❛t❡✲
♠❡♥t ✷ ✭❜② t❛❦✐♥❣ ❡♠♣t② σ✮ ✇❡ ❤❛✈❡ ptq = pptqq✱ ❛♥❞ t❤✉s psq = s✳

❼ ❙✉♣♣♦s❡✱ t❤❛t ❢♦r s♦♠❡ k✱ ❢♦r ❛♥② s ∈ QSub (ptq)✱ s✉❝❤ t❤❛t sizeDAG (s) > k✱
s = psq✳

❼ ❈♦♥s✐❞❡r ❝❛s❡✱ ✇❤❡r❡ s ∈ QSub (ptq) ❛♥❞ sizeDAG (s) = k✳ ❚❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢
QSub (·)✱ s ✐s ✐♥

✕ priv (s) ∈ QSub (ptq)✳ ❇② ✐♥❞✉❝t✐♦♥ s✉♣♣♦s✐t✐♦♥ ✇❡ ❤❛✈❡ ppriv (s)q = priv (s)✱
❛♥❞ ❛s ppriv (s)q = priv (psq)✱ ✇❡ ❤❛✈❡ s = psq✳

✕ bin (s, p) ∈ QSub (ptq)✳ ❇② ✐♥❞✉❝t✐♦♥ ✇❡ ❤❛✈❡ pbin (s, p)q = bin (s, p)✱ ❛♥❞
❛s pbin (s, p)q = bin (psq , ppq)✱ ✇❡ ❤❛✈❡ s = psq✳

✕ bin (p, s) ∈ QSub (ptq)✳ ❚❤❡ s✐♠✐❧❛r ❝❛s❡✳

✕ s ∈ elems (· (L))✱· (L) ∈ QSub (ptq)✳ ❆s sizeDAG (· (L)) > k✱ ✇❡ ❤❛✈❡ · (L) =

p· (L)q✱ t❤❛t ♠❡❛♥s ✭❢r♦♠ ❉❡✜♥✐t✐♦♥ ✸✳✼✮✱ t❤❛t L ✐s ❛ ❧✐st ♦❢ ♥♦r♠❛❧✐③❡❞ ♥♦♥✲
❆❈■✲s❡t t❡r♠s✱ ❛♥❞ ❛s elems (L) ≈ L✱ ✇❡ ❤❛✈❡ t❤❛t s ✐s ♥♦r♠❛❧✐③❡❞✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✷✸

❙t❛t❡♠❡♥t ✹✿ ❚❤✐s st❛t❡♠❡♥t ✐s tr✐✈✐❛❧✱ ✐❢ t 6= · (L)✳ ❖t❤❡r✇✐s❡✱ ❧❡t t = · (t1, . . . , tn)✳

❼ ✐❢ pelems (t)q = {p}✱ ✇❤❡r❡ p 6= · (Lp)✳ ❚❤❡♥ ptq = p ❛♥❞ t❤❡♥ elems (ptq) =
elems (p) = {p} = pelems (t)q✳

❼ ✐❢ pelems (t)q = {p1, . . . , pk}✱ k > 1✱ ✇❤❡r❡ pi 6= · (Li) ❢♦r ❛❧❧ i✳ ❚❤❡♥ ptq = · (L)✱
✇❤❡r❡ L ≈ {p1, . . . , pk}✳ ❚❤❛t ♠❡❛♥s✱ t❤❛t elems (ptq) =

⋃

p∈{p1,...,pk}
elems (p) =

{p1, . . . , pk}✳

❙t❛t❡♠❡♥t ✺✿ ❚❤❡ ✜rst ♣❛rt ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♥♦r♠❛❧ ❢♦r♠ ❛♥❞ ❙t❛t❡♠❡♥t ✹✳
❚❤❡ s❡❝♦♥❞ ♦♥❡ ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✜rst✳

❙t❛t❡♠❡♥t ✻✿ ❲❡ ❣❡t t❤❡ ✜rst ♣❛rt ♦❢ ❡q✉❛❧✐t② ✐❢ ❛♣♣❧② ❙t❛t❡♠❡♥t ✹✿ elems (p· (pt1q , . . . , ptmq)q) =

pelems (· (pt1q , . . . , ptmq))q ❛♥❞ t❤❡♥ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✸✳✹ ❛♥❞ ❙t❛t❡♠❡♥t ✹ ✇❡ ❤❛✈❡ t❤❛t
elems (· (pt1q , . . . , ptmq)) ✐s ❛ s❡t ♦❢ ♥♦r♠❛❧✐③❡❞ t❡r♠s✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ❞✐r❡❝t❧② ❢♦❧❧♦✇s
❢r♦♠ ❉❡✜♥✐t✐♦♥ ✸✳✹✳

❙t❛t❡♠❡♥t ✼✿ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ sizeDAG (t)✳

❼ sizeDAG (t) = 1✱ ✐♠♣❧✐❡s t = a ∈ A ❛♥❞ t❤❡♥ elems (a) = {a}✱ ✐✳❡✳ t❤❡ ❡q✉❛❧✐t②
❜❡❝♦♠❡s tr✐✈✐❛❧✳

❼ ❙✉♣♣♦s❡✱ t❤❛t ❢♦r ❛♥② t : sizeDAG (t) < k ✭k > 1✮✱ H (t) =
⋃

p∈elems(t) H (p) ❤♦❧❞s✳

❼ ●✐✈❡♥ ❛ t❡r♠ t : sizeDAG (t) = k✱ k > 1✳ ❲❡ s❤♦❧❞ ♣r♦✈❡ H (t) =
⋃

p∈elems(t) H (p)✳

✕ t = priv (t1) ♦r t = bin (p, q)✳ ■♥ ❜♦t❤ ❝❛s❡s✱ elems (t) = {t}✱ ❛♥❞ t❤✉s✱ ❤❡
❡q✉❛❧✐t② ✐s tr✐✈✐❛❧✳

✕ t = · (L)✳ ◆♦t❡✱ t❤❛t ∀s ∈ L✱ sizeDAG (s) < k✳ ❚❤❡♥✱ ♦♥ ♦♥❡ ❤❛♥❞✱ H (· (L)) =
⋃

p∈L H (p) = ✭❜② ✐♥❞✉❝t✐♦♥ s✉♣♣♦s✐t✐♦♥✮ =
⋃

p∈L

⋃

p′∈elems(p) H (p′)✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱
⋃

p∈elems(·(L)) H (p) =
⋃

p∈
⋃

p′∈L
elems(p′) H (p) =

⋃

p′∈L

⋃

p∈elems(p′) H (p)✳

❚❤✉s✱ H (t) =
⋃

p∈elems(t) H (p)✳

❙t❛t❡♠❡♥t ✽✿ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ sizeDAG (t)✿

❼ sizeDAG (t) = 1 ✐s ♣♦ss✐❜❧❡ ✐♥ t❤❡ ♦♥❧② ❝❛s❡✿ t = a ∈ A ❛♥❞ ❛s a = paq✱ t❤❡
❡q✉❛❧✐t② ✐s tr✐✈✐❛❧✳

❼ ❙✉♣♣♦s❡✱ t❤❛t ❢♦r ❛♥② t : sizeDAG (t) < k ✭k > 1✮✱ H (t) = H (ptq) ❤♦❧❞s✳

❼ ●✐✈❡♥ ❛ t❡r♠ t : sizeDAG (t) = k✱ k > 1✳ ❲❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t H (t) = H (ptq)✳

✕ ✐❢ t = priv (t1)✱ t❤❡♥ H (t) = {priv (π(H (t1)))} = ✭❜② ✐♥❞✉❝t✐♦♥ s✉♣♣♦s✐t✐♦♥✮
= {priv (π(H (pt1q)))} = H (priv (pt1q)) = H (ptq)✳

✕ ✐❢ t = bin (p, q) ❛♥❞ ptq ∈ pQS̊ub (S)σq✳ ❚❤❡♥H (ptq) = H (bin (ppq , pqq)) =
{bin (π(H (ppq)), π(H (pqq)))} = ✭❜② ✐♥❞✉❝t✐♦♥✮= {bin (π(pH (p)q), π(pH (q)q))} =
✭❜② ❙t❛t❡♠❡♥t ✺✮ = {bin (π(H (p)), π(H (q)))} = H (bin (p, q))✳

❘❘ ♥➦ ✼✷✼✻



✷✹ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

✕ ✐❢ t = bin (p, q) ❛♥❞ ptq /∈ pQS̊ub (S)σq✳ ❚❤❡♥ H (t) = H (p) ∪H (q) = ✭❜②
✐♥❞✉❝t✐♦♥ s✉♣♣♦s✐t✐♦♥✮ = H (ppq) ∪ H (pqq) = ✭❛s pbin (ppq , pqq)q = ptq /∈

pQS̊ub (S)σq✮ = H (bin (ppq , pqq)) = H (ptq)

✕ ✐❢ t = · (L)✱ ✇❤❡r❡ L = {t1, . . . , tm}✳ ◆♦t❡ ✜rst✱ t❤❛t ❛s t = · (L)✱ ∀s ∈
elems (t)✱ sizeDAG (s) < sizeDAG (t)✳ ❚❤❡♥✱ ❜② ❙t❛t❡♠❡♥t ✼✱H (t) =

⋃

p∈elems(t) H (p) =

✭❜② ✐♥❞✉❝t✐♦♥ s✉♣♣♦s✐t✐♦♥✮=
⋃

p∈elems(t) H (ppq)✳ ❖♥ t❤❡ ♦t❤❡r ♣❛rt✱H (ptq) =
⋃

p∈elems(ptq)
H (p) = ✭❜② ❙t❛t❡♠❡♥t ✹✮=

⋃

p∈pelems(t)q
H (p) =

⋃

p∈elems(t) H (ppq) =

H (t)✳

❙t❛t❡♠❡♥t ✾✿ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❙t❛t❡♠❡♥ts ✽✱ ✺✱ ❉❡✜♥✐t✐♦♥ ✸✳✶✷ ❛♥❞ ❢r♦♠ ❡q✉❛❧✐t② pptqq =

ptq ✭❙t❛t❡♠❡♥t ✷✮✳

❙t❛t❡♠❡♥t ✶✵✿ ❋r♦♠ ❞❡✜♥✐t✐♦♥ ♦❢ π ❛♥❞ ❙t❛t❡♠❡♥t ✹✱ ✇❡ ❤❛✈❡ elems (π(Ti)) = pelems (Ti)q✳
◆❡①t π({π(T1), . . . , π(Tm)}) = p· (L)q ✭❤❡r❡ ✇❡ ✉s❡ p· (L)q t♦ ❝❛♣t✉r❡ t✇♦ ❝❛s❡s ❢r♦♠
❞❡✜♥✐t✐♦♥ ♦❢ ♥♦r♠❛❧✐③❛t✐♦♥ ❛t ♦♥❝❡✮✱ ✇❤❡r❡ L ≈ pelems ({π(T1), . . . , π(Tm)})q = p

⋃

i=1,...,m pelems (Ti)qq =

p
⋃

i=1,...,m elems (Ti)q✱ ✇❤✐❧❡ π(T1∪· · ·∪Tm) = p· (L′)q✱ ✇❤❡r❡ L′ ≈ p
⋃

i=1,...,m elems (Ti)q✳

❙t❛t❡♠❡♥t ✶✶✿ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ sizeDAG (t)✳

❼ sizeDAG (t) = 1✳ ❚❤❡♥ t ∈ A ∪ X ✳ ❆s QSub (t) = {t} ❛♥❞ t = ptq✱ t❤❡ st❛t❡♠❡♥t
❤♦❧❞s✳

❼ ❙✉♣♣♦s❡✱ t❤❛t ❢♦r ❛♥② t : sizeDAG (t) < k ✭k > 1✮✱ t❤❡ st❛t❡♠❡♥t ✐s tr✉❡✳

❼ ●✐✈❡♥ ❛ t❡r♠ t : sizeDAG (t) = k✱ k > 1✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛❧❧ ♣♦ss✐❜❧❡ ❝❛s❡s✿

✕ t = bin (t1, t2)✳❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ QSub (t) = {t} ∪ QSub (t1) ∪ QSub (t2)✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ptq = bin (pt1q , pt2q) ❛♥❞ t❤❡♥✱ QSub (ptq) = {ptq} ∪
QSub (pt1q) ∪ QSub (pt2q)✳ ❚❤❡♥✱ ❛s QSub (ptiq) ⊆ pQSub (ti)q✱ ✇❡ ❤❛✈❡
t❤❛t QSub (ptq) ⊆ pQSub (t)q✳

✕ t = priv (t1)✳ Pr♦♦❢ ✐s s✐♠✐❧❛r t♦ ♦♥❡ ❢♦r t❤❡ ❝❛s❡ ❛❜♦✈❡✳

✕ t = · (L)✳ ❲❡ ❤❛✈❡ QSub (t) = {t} ∪
⋃

p∈elems(L) QSub (p)✳ ❋r♦♠ ❞❡❢❡♥✐✲

t✐♦♥ ♦❢ ♥♦r♠❛❧✐③❛t✐♦♥ ❢✉♥❝t✐♦♥ ✇❡ ❤❛✈❡ elems (p· (L)q) = pelems (· (L))q✱ ❛♥❞
t❤❡♥✱ QSub (p· (L)q) = {p· (L)q} ∪

⋃

p∈elems(p·(L)q)
QSub (p) = p{· (L)}q ∪

⋃

p∈elems(·(L)) QSub (ppq) ⊆ ✭❜② s✉♣♣♦s✐t✐♦♥✮⊆ p{· (L)}q∪
⋃

p∈elems(·(L)) pQSub (p)q =

p{· (L)} ∪
⋃

p∈elems(·(L)) QSub (p)q = pQSub (t)q✳

❙t❛t❡♠❡♥t ✶✸✿ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ sizeDAG (t)

❼ sizeDAG (t) = 1✳

✕ t ∈ A✳ ❆s tσ = t ❛♥❞ Vars (t) = ∅✱ t❤❡ st❛t❡♠❡♥t ❜❡❝♦♠❡s tr✐✈✐❛❧✳

✕ t ∈ X ✳ ❚❤❡♥ Sub (t)σ = tσ✱ Vars (t) = {t}❀ ❛♥❞ ❛s ❢♦r ❛♥② t❡r♠ ♣✱ p ∈
Sub (p)✱ ✇❡ ❤❛✈❡ Sub (tσ) = {tσ} ∪ Sub (tσ)✳

❼ ❙✉♣♣♦s❡✱ t❤❛t ❢♦r ❛♥② t : sizeDAG (t) < k ✭k > 1✮✱ t❤❡ st❛t❡♠❡♥t ✐s tr✉❡✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✷✺

❼ ●✐✈❡♥ ❛ t❡r♠ t : sizeDAG (t) = k✱ k > 1✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛❧❧ ♣♦ss✐❜❧❡ ❝❛s❡s✿

✕ t = bin (t1, t2)✳❚❤❡♥ tσ = bin (t1σ, t2σ) ❛♥❞ Vars (t) = Vars (t1) ∪ Vars (t2)✳
Sub (tσ) = {tσ} ∪ Sub (t1σ) ∪ Sub (t2σ) = ✭❛s sizeDAG (ti) < k✮ = {tσ} ∪
Sub (t1)σ∪Sub (Vars (t1)σ)∪Sub (t2)σ∪Sub (Vars (t2)σ) = {tσ}∪Sub (t1)σ∪
Sub (t2)σ ∪ Sub ((Vars (t1) ∪Vars (t2))σ) = Sub (t)σ ∪ Sub (Vars (t)σ)✳

✕ t = priv (t1)✳ Pr♦♦❢ ✐s s✐♠✐❧❛r t♦ ♦♥❡ ❢♦r ❝❛s❡ ❛❜♦✈❡✳

✕ t = · ({t1, . . . , tm})✳ ❲❡ ❤❛✈❡ tσ = · ({t1σ, . . . , tmσ}) ❛♥❞Vars (t) =
⋃

i=1,...,m Vars (ti)✳
❚❤❡♥ ✇❡ ❤❛✈❡ Sub (tσ) = {tσ}∪

⋃

i=1,...,m Sub (tiσ) = ✭❛s sizeDAG (ti) < k✮ =
{tσ}∪

⋃

i=1,...,m (Sub (ti)σ ∪ Sub (Vars (ti)σ)) = {tσ}∪
⋃

i=1,...,m Sub (ti)σ∪

Sub
((

⋃

i=1,...,m Vars (ti)
)

σ
)

= Sub (t)σ ∪ Sub (Vars (t)σ)✳

▲❡♠♠❛ ✹✳ ●✐✈❡♥ ❛ ❝♦♥str❛✐♥t s②st❡♠ S ❛♥❞ ✐ts ♠♦❞❡❧ σ✳ ❚❤❡♥ s✉❜st✐t✉t✐♦♥ π(H (σ)) ✐s
♥♦r♠❛❧✐③❡❞

Pr♦♦❢✳ ❋♦r ❛♥② x ∈ dom (π(H (σ)))✱ xπ(H (σ)) = π(H (xσ)) = pπ(H (xσ))q ✭❜② ▲❡♠♠❛ ✸✮✳

▲❡♠♠❛ ✺✳ ❋♦r ❛♥② ♥♦r♠❛❧✐③❡❞ t❡r♠ t✱ QSub (t) = Sub (t)✳

Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ sizeDAG (t)✳

❼ sizeDAG (t) = 1✳ ❚❤❡♥ t ∈ X ∪ A✱ ❛♥❞ t❤✉s✱ QSub (t) = Sub (t) = {t}✳

❼ ❙✉♣♣♦s❡✱ t❤❛t ❢♦r ❛♥② t : sizeDAG (t) < k ✭k > 1✮✱ QSub (t) = Sub (t)✳

❼ ●✐✈❡♥ ❛ t❡r♠ t : sizeDAG (t) = k✱ k > 1✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t QSub (t) = Sub (t)✳

✕ t = bin (t1, t2)✳ ❚❤❡♥ QSub (bin (t1, t2)) = {t} ∪ QSub (t1) ∪ QSub (t2) = ✭❛s
sizeDAG (ti) < k✮ = {t} ∪ Sub (t1) ∪ Sub (t2) = Sub (t)

✕ t = priv (t1)✳ ❚❤❡♥ QSub (priv (t1)) = {t} ∪QSub (t1) = {t} ∪ Sub (t1) = Sub (t)

✕ t = · (L)✳ ❆s t ✐s ♥♦r♠❛❧✐③❡❞✱ ∀p ∈ L✱ p 6= · (Lp)✳ ❚❤❡♥ elems (L) ≈ L✳ ❚❤✉s✱
✇❡ ❤❛✈❡ QSub (t) = {t} ∪

⋃

p∈elems(L) QSub (p) = {t} ∪
⋃

p∈L QSub (p) = {t} ∪
⋃

p∈L Sub (p) = Sub (t)✳

■♥ Pr♦♣♦s✐t✐♦♥ ✶ ✇❡ r❡♠❛r❦✱ t❤❛t ❆❈■✲s❡t ♦❢ ♥♦r♠❛❧✐③❡❞ t❡r♠s ❤❛s t❤❡ s❛♠❡ ❞❡❞✉❝t✐✈❡
❡①♣r❡ss✐✈❡♥❡ss ❛s t❤❛t s❡t ♦❢ ♥♦r♠❛❧✐③❡❞ t❡r♠s ✐ts❡❧❢✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t T ❜❡ ❛ s❡t ♦❢ t❡r♠s T = {t1, . . . , tk}✳ ❚❤❡♥ π(T ) ∈ Der (pTq) ❛♥❞

pTq ⊆ Der ({π(T )})✳

❘❘ ♥➦ ✼✷✼✻



✷✻ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

■♥ Pr♦♣♦s✐t✐♦♥ ✷ ✇❡ st❛t❡ t❤❛t ❛ ❝♦♥str❛✐♥t s②st❡♠ ❛♥❞ ✐ts ♥♦r♠❛❧ ❢♦r♠ ❤❛✈❡ t❤❡ s❛♠❡
♠♦❞❡❧s✳ ■♥ Pr♦♣♦s✐t✐♦♥ ✸ ✇❡ s❤♦✇ t❤❡ ❡q✉✐✈❛❧❡♥❝❡✱ ❢♦r ❛ ❝♦♥str❛✐♥t s②st❡♠✱ ❜❡t✇❡❡♥ t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ ♠♦❞❡❧ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥♦r♠❛❧✐③❡❞ ♠♦❞❡❧✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ✇❡ ✇✐❧❧
♥❡❡❞ ♦♥❧② t♦ ❝♦♥s✐❞❡r ♥♦r♠❛❧✐③❡❞ ❝♦♥str❛✐♥ts ❛♥❞ ♠♦❞❡❧s ✐♥ t❤❡ s❡q✉❡❧✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤❡ s✉❜st✐t✉t✐♦♥ σ ✐s ❛ ♠♦❞❡❧ ♦❢ ❝♦♥str❛✐♥t s②st❡♠ S ✐❢ ❛♥❞ ♦♥❧② ✐❢ σ ✐s ❛
♠♦❞❡❧ ♦❢ pSq✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱ σ ✐s ❛ ♠♦❞❡❧ ♦❢ S = {Ei ⊲ ti}i=1,...,n✱ ✐✛ ∀i ∈ {1, . . . , n} , ptiσq ∈
Der (pEiσq)✳ ❇✉t ❜② ▲❡♠♠❛ ✸ ✇❡ ❤❛✈❡ t❤❛t ptiσq = pptiqσq ❛♥❞ pEiσq = ppEiqσq✳ ❚❤✉s✱
σ ✐s ❛ ♠♦❞❡❧ ♦❢ S ✐❢ ❛♥❞ ♦♥❧② ✐❢ σ ✐s ❛ ♠♦❞❡❧ ♦❢ pSq✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❚❤❡ s✉❜st✐t✉t✐♦♥ σ ✐s ❛ ♠♦❞❡❧ ♦❢ ❝♦♥str❛✐♥t s②st❡♠ S ✐❢ ❛♥❞ ♦♥❧② ✐❢ pσq ✐s
❛ ♠♦❞❡❧ ♦❢ S✳

Pr♦♦❢✳ Pr♦♦❢ ✐s s✐♠✐❧❛r t♦ ♦♥❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳

✸✳✷ ●r♦✉♥❞ ❝❛s❡ ♦❢ ❉❨✰❆❈■

■♥ ❆❧❣♦r✐t❤♠ ✸ ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ❛ ❣r♦✉♥❞ s✉❜st✐t✉t✐♦♥ σ s❛t✐s✜❡s ❛ ❝♦♥str❛✐♥t
s②st❡♠ S✳ ❋♦r t❤✐s✱ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❡ ❞❡r✐✈❛❜✐❧✐t② ♦❢ ❛ ❣r♦✉♥❞ t❡r♠ ❢r♦♠ ❛ s❡t ♦❢ ❣r♦✉♥❞
t❡r♠s✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠✳

❋✐rst✱ ❢♦r t❤❡ ❣r♦✉♥❞ ❝❛s❡ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❡q✉✐✈❛❧❡♥t t♦ ❉❨✰❆❈■ ❞❡❞✉❝t✐♦♥ s②st❡♠
❉❨✰❆❈■✬ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✜rst ❜② r❡♣❧❛❝✐♥❣ ❛ s❡t ♦❢ r✉❧❡s

∀i · (t1, . . . , tm) → ptiq

✇✐t❤
∀s ∈ elems (t) t → psq , ✐❢ t = · (L) .

◆♦✇✱ ✇❡ s❤♦✇ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ t✇♦ ❞❡❞✉❝t✐♦♥ s②st❡♠s✳

▲❡♠♠❛ ✻✳ t ∈ DerDY+ACI (E) ⇐⇒ t ∈ DerDY+ACI′ (E)

Pr♦♦❢ s❦❡t❝❤✳ ❲❡ s❤♦✇ t❤❛t ❡✈❡r② r✉❧❡ ♦❢ ♦♥❡ ❞❡❞✉❝t✐♦♥ s②st❡♠ ❝❛♥ ❜❡ s✐♠✉❧❛t❡❞ ❜② ❛ ❝♦♠✲
❜✐♥❛t✐♦♥ ♦❢ r✉❧❡s ❢r♦♠ t❤❡ ♦t❤❡r✳ ■t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ ✐t ❢♦r ♥♦♥ ❝♦♠♠♦♥ r✉❧❡s✳

❚❤❡ ❉❨✰❆❈■✬ r✉❧❡s ∀s ∈ elems (t) t → psq , ✐❢ t = · (L) ❛r❡ ♠♦❞❡❧❡❞ ❜② s✉❝❝❡s✐✈❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ r✉❧❡s ∀i · (t1, . . . , tm) → ptiq✳ ❚❤❡ ❝♦♥✈❡rs❡ s✐♠✉❧❛t✐♦♥ ♦❢ · (t1, . . . , tm) → ptiq
❜② ❉❨✰❆❈■✬ ✐s ❜❛s❡❞ ♦♥ ❣❡tt✐♥❣ ❛❧❧ t❤❡ ♥♦r♠❛❧✐③❡❞ ❡❧❡♠❡♥ts ♦❢ ti ❛♥❞✱ ✐❢ |pelems (ti)q| ≥ 2
t❤❡♥ r❡❝♦♥str✉❝t✐♥❣ ptiq ❜② r✉❧❡ p1, . . . , pl → p· (p1, . . . , pl)q✱ ✇❤❡r❡ p1, . . . , pl ❛r❡ pelems (ti)q✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✷✼

❆❧❣♦r✐t❤♠ ✷✿ ❱❡r✐❢②✐♥❣ ❞❡r✐✈❛❜✐❧✐t② ♦❢ t❡r♠

■♥♣✉t✿ ❆ ♥♦r♠❛❧✐③❡❞ ❣r♦✉♥❞ ❝♦♥str❛✐♥t E ⊲ t
❖✉t♣✉t✿ t ∈ DerDY+ACI (E)

▲❡t S := QSub (E) ∪QSub (t) \ E❀✶

▲❡t D := E❀✷

✇❤✐❧❡ tr✉❡ ❞♦✸

✐❢ ❡①✐sts ❉❨ r✉❧❡ l → r✱ s✉❝❤ t❤❛t l ⊆ D ❛♥❞ r ∈ S t❤❡♥✹

S := S \ {r}❀✺

D := D ∪ {r}❀✻

❡❧s❡✼

✐❢ ❡①✐sts s ∈ S : elems (s) ⊆ D t❤❡♥✽

S := S \ {s}❀✾

D := D ∪ {s}❀✶✵

❡❧s❡✶✶

✐❢ ❡①✐sts s ∈ D : elems (s) * D t❤❡♥✶✷

S := S \ elems (s)❀✶✸

D := D ∪ elems (s)❀✶✹

❡❧s❡✶✺

r❡t✉r♥ t ∈ D❀✶✻

❡♥❞✶✼

❡♥❞✶✽

❡♥❞✶✾

❡♥❞✷✵

▲❡♠♠❛ ✼✳ ❋♦r ❆❧❣♦r✐t❤♠ ✷ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ tr✉❡✿

❼ ❢♦r ❛♥② st❡♣✸✱ D ∪ S = QSub (E ∪ {t}) ❛♥❞ D ∩ S = ∅❀

❼ ✐t t❡r♠✐♥❛t❡s❀

❼ ❢♦r ❛♥② st❡♣✱ D ⊆ DerDY+ACI (E)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳

▲❡♠♠❛ ✽✳

❼ ❋♦r ❛♥② ❞❡❝♦♠♣♦s✐t✐♦♥ r✉❧❡ l → r ♦❢ ❉❨✰❆❈■✬✱ ✐❢ l ✐s ♥♦r♠❛❧✐③❡❞✱ t❤❡♥ r ✐s ❛ q✉❛s✐✲
s✉❜t❡r♠ ♦❢ l✳

❼ ❋♦r ❛♥② ❝♦♠♣♦s✐t✐♦♥ r✉❧❡ l → r ♦❢ ❉❨✰❆❈■✬ ❡①❝❡♣t {t1, . . . , tm} → p· (t1, . . . , tm)q✱ ✐❢
l ✐s ♥♦r♠❛❧✐③❡❞✱ t❤❡♥ l ⊆ QSub (r)✳

✸❈♦♥s✐❞❡r t✇♦ s❡q✉❡♥t✐❛❧ ❛ss✐❣♥♠❡♥ts ❛s ♦♥❡ st❡♣

❘❘ ♥➦ ✼✷✼✻



✷✽ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

▲❡♠♠❛ ✾✳ ❆❢t❡r t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❙t❡♣ ✶✻ ♦❢ ❆❧❣♦r✐t❤♠ ✷✱ ✐❢ l → r ✐s ❛ ❉❨✰❆❈■✬ r✉❧❡✱ s✉❝❤
t❤❛t l ⊆ D ❛♥❞ r /∈ D✱ t❤❡♥ l → r ✐s ❛ ❝♦♠♣♦s✐t✐♦♥ r✉❧❡ ❛♥❞ r /∈ QSub (E ∪ {t})✳

Pr♦♦❢✳ ❙✉♣♣♦s❡✱ l → r ✐s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❇② ▲❡♠♠❛ ✽ ✇❡ ❤❛✈❡ t❤❛t r ∈ QSub (l) ❛♥❞
t❤✉s✱ r ∈ QSub (D) ⊆ D∪S✳ ❚❤❡♥ r /∈ D ✐♠♣❧✐❡s r ∈ S✱ ❛♥❞ t❤❡♥✱ ❙t❡♣ ✶✻ ♠✉st ❜❡ s❦✐♣♣❡❞✱
❛s ❜r❛♥❝❤ ✹ ♦r ✶✷ s❤♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ✈✐s✐t❡❞✳

❚❤✉s✱ l → r ✐s ❛ ❝♦♠♣♦s✐t✐♦♥✳ ❆s ❛❧❣♦r✐t❤♠ r❡❛❝❤❡❞ ❙t❡♣ ✶✻✱ t❤❛t ♠❡❛♥s r /∈ S ✭♦t❤❡r✇✐s❡
♦♥❡ ♦❢ t❤r❡❡ ❜r❛♥❝❤❡s ♠✉st ❜❡ ✈✐s✐t❡❞ ❛♥❞ t❤✐s st❡♣ ✇♦✉❧❞ ❜❡ s❦✐♣♣❡❞✮✳ ❆s r /∈ S ❛♥❞ r /∈ D✱
✇❡ ❤❛✈❡ r /∈ S ∪D = QSub (E ∪ {t})✳

▲❡♠♠❛ ✶✵✳ ●✐✈❡♥ ❛ s❡t ♦❢ ♥♦r♠❛❧✐③❡❞ t❡r♠s S s✉❝❤ t❤❛t ❢♦r ❛♥② s ∈ S✱ elems (s) ⊆ S✳
❚❤❡♥ ❢♦r ❛♥② ❉❨✰❆❈■✬ ❝♦♠♣♦s✐t✐♦♥ r✉❧❡ l → r s✉❝❤ t❤❛t l ⊆ S ✇❡ ❤❛✈❡ elems (r) ⊆ S∪{r}✳

Pr♦♦❢✳ ❆❧❧ ❝❛s❡s ♦❢ ❝♦♠♣♦s✐t✐♦♥ r✉❧❡s ❡①❝❡♣t t1, . . . , tm → p· (t1, . . . , tm)q ❛r❡ tr✐✈✐❛❧✱ ❛s ❢♦r
t❤❡♠ elems (r) = {r}✳ ❋♦r t❤✐s ❝❛s❡✱ ❛s elems (ti) ⊆ S ❢♦r ❛❧❧ i✱ t❤❡♥ ✭❜② ▲❡♠♠❛ ✸✱ st❛t❡♠❡♥t
✻✮ elems (p· (t1, . . . , tm)q) = elems (· (t1, . . . , tm)) =

⋃m

i=1 elems (ti) ⊆ S✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ❆❧❣♦r✐t❤♠ ✷ ✐s ❝♦rr❡❝t✳

Pr♦♦❢✳ ■❢ ❛❧❣♦r✐t❤♠ r❡t✉r♥s tr✉❡✱ t❤❡♥ ❜② ▲❡♠♠❛ ✼ ✇❡ ❤❛✈❡ t ∈ DerDY+ACI′ (E)✳
❙❤♦✇✱ t❤❛t ♦✉t♣✉t ✐s ❝♦rr❡❝t✱ ✐❢ ❛❧❣♦r✐t❤♠ r❡t✉r♥s ❢❛❧s❡✳ ◆♦t❡✱ t❤❛t ✇❡ ❝♦♥s✐❞❡r ✈❛❧✉❡s ♦❢

D ❛♥❞ S t❤❛t t❤❡② ❤❛✈❡ ❛❢t❡r ✜♥✐s❤✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠✳ ❙✉♣♣♦s❡ t❤❛t ♦✉t♣✉t ✐s ❢❛❧s❡ ✭t /∈ D✮✱
❜✉t t ∈ DerDY+ACI′ (E)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ♠✐♥✐♠❛❧ ❜② ❧❡♥❣t❤ ❞❡r✐✈❛t✐♦♥ {Ei}i=0,...,n ✇❤❡r❡
n ≥ 1✱ D = E0 ✭❛s D ⊆ DerDY+ACI′ (E) ❛♥❞ t /∈ D✮ ❛♥❞ t ∈ En ❛♥❞ Ei+1 \ Ei 6= ∅ ❛♥❞
Ei →li→ri Ei+1 ❢♦r ❛❧❧ i = 0, . . . , n − 1✳ ❚❤❡♥✱ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✾ ✇❡ ❤❛✈❡ l0 → r0 ✐s ❛
❝♦♠♣♦s✐t✐♦♥✱ ❛♥❞ r0 /∈ QSub (E ∪ {t})✳

▲❡t m ❜❡ t❤❡ s♠❛❧❧❡st ✐♥❞❡① s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts s ∈ S = QSub (E ∪ {t}) \ D ❛♥❞
s ∈ Em✳

▲❡t k ❜❡ t❤❡ ♠✐♥✐♠❛❧ ✐♥t❡❣❡r✱ s✉❝❤ t❤❛t lk → rk ✐s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥✳
❙❤♦✇✱ k ≤ m✳ ❙✉♣♣♦s❡ t❤❡ ♦♣♣♦s✐t❡✱ t❤❡♥ s ✐s ❜✉✐❧t ❜② ❛ ❝❤❛✐♥ ♦❢ ❝♦♠♣♦s✐t✐♦♥ r✉❧❡s ❢r♦♠

D✳ ■❢ lm−1 → rm−1 ✭✇❤❡r❡ rm−1 = s✮ ✐s

❼ ❛ r✉❧❡ ✐♥ ❢♦r♠ ♦❢ {t1, . . . , tc} → p· (t1, . . . , tc)q✱ t❤❡♥ elems (s) 6= {s} ✭♦t❤❡r✇✐s❡ ✐t
❝♦♥tr❛❞✐❝ts t♦ ♠✐♥✐♠❛❧✐t② ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥✮ ❛♥❞ ❜② ▲❡♠♠❛ ✶✵✱ elems (s) ⊆ Em−1

✭m 6= 1✱ ♦t❤❡r✇✐s❡ t❤✐s st❡♣ ✇♦✉❧❞ ❜❡ ❡①❡❝✉t❡❞ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✮✳ ❆s s ∈ S✱ t❤❡♥
elems (s) ⊆ QSub (s) ⊆ QSub (E ∪ {t})✳ ■❢ elems (s) ⊆ D t❤❡♥ ✇❡ ❣♦t ❝♦♥tr❛❞✐❝t✐♦♥
✇✐t❤ ✇✐t❤ t❤❡ ❢❛❝t✱ t❤❛t t❤✐s st❡♣ ✇♦✉❧❞ ❜❡ ❡①❡❝✉t❡❞ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✳ ■❢ t❤❡r❡ ❡①✐sts
e ∈ elems (s) ❛♥❞ e /∈ D ✭t❤❛t ♠❡❛♥s✱ e ∈ S✮✱ t❤❡♥ ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡
♠✐♥✐♠❛❧✐t② ♦❢ m✱ ❛s e ∈ S ✇❛s ❞❡❞✉❝❡❞ ❜❡❢♦r❡✳

❼ ❛♥② ♦t❤❡r ❝♦♠♣♦s✐t✐♦♥ r✉❧❡✱ t❤❡♥ ❜② ▲❡♠♠❛ ✽✱ lm−1 ⊆ QSub (s)✱ ❛♥❞ t❤✉s✱ lm−1 ⊆
D ∪ S✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ m 6= 1 ❛♥❞ ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ ❡✐t❤❡r
♠✐♥✐♠❛❧✐t② ♦❢ m✱ ♦r ✇✐t❤ t❤❡ ❢❛❝t✱ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✇♦✉❧❞ ❤❛✈❡ t♦ ❛❞❞ s ✐♥t♦ D✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✷✾

◆♦t❡✱ t❤❛t t❤✐s ❛❧s♦ s❤♦✇s✱ t❤❛t ❞❡❝♦♠♣♦s✐t✐♦♥ r✉❧❡ ✐s ♣r❡s❡♥t ✐♥ ❞❡r✐✈❛t✐♦♥✳
❙❤♦✇✱ lk * D✳ ❙✉♣♣♦s❡ t❤❡ ♦♣♣♦s✐t❡✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✽✱ ✇❡ ❤❛✈❡ rk ⊆ D ✇❤❛t

❝♦♥tr❛❞✐❝ts t♦ Ek+1 \ Ek 6= ∅✳ ❚❤✉s✱ ❛t ❧❡❛st ♦♥❡ ❡❧❡♠❡♥t ❢r♦♠ lk ✐s ♥♦t ❢r♦♠ D✳ ▲❡t ✉s
❝♦♥s✐❞❡r ❛❧❧ ♣♦ss✐❜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ r✉❧❡s lk → rk✿

❼ {pair (t1, t2)} → pt1q✳ ❲❡ ❦♥♦✇✱ t❤❛t pair (t1, t2) ✐s ♥♦t ✐♥ D✱ t❤✉s✱ ✐t ✇❛s ❜✉✐❧t
❜② ❝♦♠♣♦s✐t✐♦♥✳ ❆s Ei ❛r❡ ♥♦r♠❛❧✐③❡❞✱ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ✇❛② t♦ ❜✉✐❧❞ ❜② ❝♦♠♣♦✲
s✐t✐♦♥ pair (t1, t2) ❢r♦♠ ♥♦r♠❛❧✐③❡❞ t❡r♠s ✐s {t1, t2} → pair (t1, t2) ✭♦t❤❡r ✇❛②s✱ ❧✐❦❡
pair (t1, t2) , pair (t1, t2) → p· ({pair (t1, t2) , pair (t1, t2)})q ✇♦✉❧❞ ❝♦♥tr❛❞✐❝t t❤❡ ♠✐♥✐✲
♠❛❧✐t② ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥✮✳ ❚❤✉s✱ t1 ✇❛s ❞❡r✐✈❡❞ ❜❡❢♦r❡ ✭♦r ✇❛s ✐♥ D✮✱ ✐✳❡✳ t1 ∈ Ek✳
❚❤❛t ❝♦♥tr❛❞✐❝ts t♦ Ek+1 \ Ek 6= ∅✳

❼ {pair (t1, t2)} → pt2q✳ ❙✐♠✐❧❛r ❝❛s❡✳

❼ {enc (t1, t2) , pt2q} → pt1q✳ ❚❤❡ ❝❛s❡ ✇❤❡r❡ enc (t1, t2) /∈ D ❤❛s s✐♠✐❧❛r ❡①♣❧❛♥❛t✐♦♥s ❛s
t✇♦ ❝❛s❡s ❛❜♦✈❡✳ ❚❤✉s✱ enc (t1, t2) ∈ D✳ ❚❤❛t ♠❡❛♥s✱ t2 ∈ QSub (E ∪ {t}) ❛♥❞ t2 /∈ D✱
✐✳❡✳ t2 ∈ S✳ ❚❤✐s ♠❡❛♥s✱ t2 ✇❛s ❞❡r✐✈❡❞ ❜❡❢♦r❡ ❛♥❞ t2 ∈ S✱ ✇❤❛t ❝♦♥tr❛❞✐❝ts t♦ k ≤ m✳

❼ {aenc (t1, t2) , ppriv (t2)q} → pt1q ✐s ❛ s✐♠✐❧❛r ❝❛s❡ t♦ ♣r❡✈✐♦✉s ♦♥❡✳ ◆♦t❡✱ t❤❛t ✐❢
priv (t2) ✐s ♥♦t ✐♥ D✱ t❤❛t ✐t ♠✉st ❜❡ ♦❜t❛✐♥❡❞ ❜② ❞❡❝♦♠♣♦s✐t✐♦♥✳

❼ t → psq✱ ✇❤❡r❡ s ∈ elems (t) ❛♥❞ t = · (L)✳ ❇② ▲❡♠♠❛ ✶✵✱ elems (t) ⊆ Ek✱ t❤❛t
❝♦♥tr❛❞✐❝ts ♠✐♥✐♠❛❧✐t② ♦❢ ❞❡r✐✈❛t✐♦♥ ✭Ek+1 \ Ek 6= ∅✮✳

✸✳✸ ❊①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥s❡r✈❛t✐✈❡ s♦❧✉t✐♦♥s

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ❢♦r ❛♥② s❛t✐s✜❛❜❧❡ ❝♦♥str❛✐♥t s②st❡♠✱ t❤❡r❡ ❡①✐st ❛ ♠♦❞❡❧
✐♥ s♣❡❝✐❛❧ ❢♦r♠ ✭s♦ ❝❛❧❧❡❞ ❝♦♥s❡r✈❛t✐✈❡ s♦❧✉t✐♦♥✮✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ❛ ♠♦❞❡❧ ✐♥ t❤✐s ❢♦r♠
❝❛♥ ❜❡ ❞❡✜♥❡❞ ♣❡r ❡❛❝❤ ✈❛r✐❛❜❧❡ ❜② s❡t ♦❢ q✉❛s✐✲s✉❜t❡r♠s ♦❢ t❤❡ ❝♦♥str❛✐♥t s②st❡♠ ❛♥❞ s❡t
♦❢ ❛t♦♠s ✭❛❧s♦ ❢r♦♠ t❤❡ ❝♦♥str❛✐♥t s②st❡♠✮ t❤❛t ♠✉st ❜❡ ♣r✐✈❡❞✳ ❚❤✐s ✇✐❧❧ ❜♦✉♥❞ ❛ s❡❛r❝❤
s♣❛❝❡ ❢♦r t❤❡ ♠♦❞❡❧ ✭s❡❡ ➓ ✸✳✹✮✳

❋✐rst✱ ✇❡ s❤♦✇✱ t❤❛t ♦♥ q✉❛s✐✲s✉❜t❡r♠s ♦❢ ❝♦♥str❛✐♥t s②st❡♠ ✐♥st❛♥t✐❛t❡❞ ✇✐t❤ ✐ts ♠♦❞❡❧✱
t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ π(H (·)) ✇✐❧❧ ❜❡ ❛ ❤♦♠♦♠♦r♣❤✐s♠ ♠♦❞✉❧♦ ♥♦r♠❛❧✐③❛t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ●✐✈❡♥ ❛ ♥♦r♠❛❧✐③❡❞ ❝♦♥str❛✐♥t s②st❡♠ S ❛♥❞ ✐ts ♥♦r♠❛❧✐③❡❞ ♠♦❞❡❧ σ✳ ❋♦r
❛❧❧ t ∈ QSub (S)✱ pt π(H (σ))q = pπ(H (tσ))q✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ✐t ❜② ✐♥❞✉❝t✐♦♥ ♦♥ |Sub (t)|✱ ✇❤❡r❡ t ✐s ♥♦r♠❛❧✐③❡❞✳

❼ ▲❡t |Sub (t)| = 1✳ ❚❤❡♥✿

✕ ❡✐t❤❡r t ∈ A✳ ■♥ t❤✐s ❝❛s❡ t ∈ (A ∩QSub (S))✱ ❛♥❞ ❛s tµ = t ❢♦r ❛♥② s✉❜st✐t✉t✐♦♥
µ✱ t❤❡♥ π(H (tσ)) = π(H (t)) = π({t}) = t ❛♥❞ t π(H (σ)) = t✳ ❚❤✉s✱ t π(H (σ)) =
π(H (tσ))✳

❘❘ ♥➦ ✼✷✼✻



✸✵ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

✕ ♦r t ∈ X ✳ ❆s σ ✐s ❛ ♠♦❞❡❧ ❛♥❞ t ∈ QSub (S)✱ ✇❡ ❤❛✈❡ t ∈ dom (σ)✱ ❛♥❞✱ ❜②
❞❡✜♥✐t✐♦♥✱ t ∈ dom (π(H (σ)))✳ ❚❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ π(H (σ))✱ t π(H (σ)) =
π(H (tσ))✳

❼ ❆ss✉♠❡ t❤❛t ❢♦r s♦♠❡ k ≥ 1 ✐❢ |Sub (t)| ≤ k✱ t❤❡♥ pt π(H (σ))q = pπ(H (tσ))q✳

❼ ❙❤♦✇✱ t❤❛t ❢♦r ❛♥② t s✉❝❤ t❤❛t |Sub (t)| ≥ k + 1✱ ✇❤❡r❡ t = bin (p, q) ♦r t = priv (q)
♦r t = · (t1, . . . , tm)✱ ❜✉t |Sub (p)| ≤ k✱ |Sub (q)| ≤ k ❛♥❞ |Sub (ti)| ≤ k✱ ❢♦r ❛❧❧
i ∈ {1, . . . ,m}✱ st❛t❡♠❡♥t pt π(H (σ))q = pπ(H (tσ))q ✐s st✐❧❧ tr✉❡✳ ❲❡ ❤❛✈❡✿

✕ ❡✐t❤❡r t = bin (p, q)✳ ❆s t = bin (p, q) ∈ QSub (S) ⇒ p ∈ QSub (S) ❛♥❞ q ∈
QSub (S)✳ ❆s |Sub (p)| < |Sub (t)| ❛♥❞ ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥✱ ✇❡ ❤❛✈❡

pp π(H (σ))q = pπ(H (pσ))q✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r q✳

❆❣❛✐♥✱ ❛s bin (p, q)σ ∈ QS̊ub (S)σ ✭❛s bin (p, q) /∈ X ❛♥❞ t ∈ QSub (S)✮ ✇❡ ❤❛✈❡
t❤❛t pπ(H (bin (p, q)σ))q = pπ(H (bin (pσ, qσ)))q = pπ(H (pbin (pσ, qσ)q))q =

pπ(H (bin (ppσq , pqσq)))q = pπ({bin (π(H (ppσq)), π(H (pqσq)))})q = pπ({bin (pπ(H (pσ))q , pπ(H (qσ))

pbin (pπ(H (pσ))q , pπ(H (qσ))q)q = pbin (pp π(H (σ))q , pq π(H (σ))q)q = pbin (p π(H (σ)), q π(H (σ)))q =

pbin (p, q)π(H (σ))q = pt π(H (σ))q✳

✕ ♦r t = · (t1, . . . , tm)✳ ❆s t ✐s ♥♦r♠❛❧✐③❡❞✱ ✐t ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧❧ i ∈ {1, . . . ,m}✱ ti ❛r❡
♥♦t ✐♥ ❢♦r♠ ♦❢ · (Li) ❛♥❞ t❤❡♥ ti ∈ QSub (S)✱ ❛♥❞ t❤✉s✱ ✇❡ ❤❛✈❡ ti ∈ QSub (S) ∧

pπ(H (tiσ))q = pti π(H (σ))q✳ π(H (tσ)) = π(H (· (t1σ, . . . , tmσ))) = π(H (t1σ) ∪
· · ·∪H (tmσ)) = ✭❜② ❙t❛t❡♠❡♥t ✶✵ ♦❢ ▲❡♠♠❛ ✸✮= π({π(H (t1σ)), . . . , π(H (tmσ))}) =
π({pt1 π(H (σ))q , . . . , ptm π(H (σ))q}) = p· (pt1 π(H (σ))q , . . . , ptm π(H (σ))q)q =

p· (t1 π(H (σ)), . . . , tm π(H (σ)))q = p(· (t1, . . . , tm))π(H (σ))q = pt π(H (σ))q

✕ ♦r t = priv (q)✳ ❚❤❡♥ q ∈ QSub (S)✳

π(H (tσ)) = π({priv (π(H (qσ)))}) = ppriv (π(H (qσ)))q = ppriv (q π(H (σ)))q =

ppriv (q)π(H (σ))q = pt π(H (σ))q✳

❚❤✉s✱ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s ♣r♦✈❡♥✳

◆♦✇ ✇❡ s❤♦✇✱ t❤❛t r❡❧❛t✐♦♥ ♦❢ ❞❡r✐✈❛❜✐❧✐t② ❜❡t✇❡❡♥ ❛ t❡r♠ ❛♥❞ ❛ s❡t ♦❢ t❡r♠s ✐s st❛❜❧❡
✇✐t❤ r❡❣❛r❞ t♦ tr❛♥s❢♦r♠❛t✐♦♥ π(H (·))✳

▲❡♠♠❛ ✶✶✳ ●✐✈❡♥ ❛ ♥♦r♠❛❧✐③❡❞ ❝♦♥str❛✐♥t s②st❡♠ S ❛♥❞ ✐ts ♥♦r♠❛❧✐③❡❞ ♠♦❞❡❧ σ✳ ❋♦r ❛♥②
❉❨✰❆❈■ r✉❧❡ l1, . . . , lk → r✱ π(H (r)) ∈ Der ({π(H (l1)), . . . , π(H (lk))})✳

✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛❧❧ t❤❡ ❝❛s❡s ♦❢ ❉❨✰❆❈■ r✉❧❡s✿

❼ t1, t2 → ppair (t1, t2)q ❲❡ ❤❛✈❡ t✇♦ ❝❛s❡s✿

✕ ∃u ∈ QS̊ub (S) s✉❝❤ t❤❛t ppair (t1, t2)q = puσq✳ ❚❤❡♥ π(H (ppair (t1, t2)q)) =
π(H (pair (pt1q , pt2q))) = π({pair (π(H (pt1q)), π(H (pt2q)))}) = ppair (π(H (t1)), π(H (t2)))q
❛♥❞ t❤❡♥ π(H (ppair (t1, t2)q)) ∈ Der ({π(H (t1)), π(H (t2))})✳

■◆❘■❆
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✕ ∄u ∈ QS̊ub (S) s✉❝❤ t❤❛t ppair (t1, t2)q = puσq✳ ❚❤❡♥ ✭❜② ❞❡✜♥✐t✐♦♥✱ ▲❡♠♠❛ ✸
❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✮ π(H (ppair (t1, t2)q)) = π(H (pt1q)∪H (pt2q)) ∈ Der (pH (t1) ∪H (t2)q)✳
❇② Pr♦♣♦s✐t✐♦♥ ✶✱ pH (t1)q ⊆ Der ({π(H (t1))}) ❛♥❞ pH (t2)q ⊆ Der ({π(H (t2))})✱
t❤❡♥ ❜② ▲❡♠♠❛ ✷✱ pH (t1)q ∪ pH (t2)q ⊆ Der ({π(H (t1))} ∪ {π(H (t2))})✳ ◆♦✇✱
❜② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✶✱ ✇❡ ❤❛✈❡ t❤❛t π(H (ppair (t1, t2)q)) ∈ Der ({π(H (t1))} ∪ {π(H (t2))})✳

❙♦✱ ✐♥ t❤✐s ❝❛s❡ π(H (r)) ∈ Der ({π(H (l1)), π(H (l2))})✳

❼ t1, t2 → penc (t1, t2)q✳ Pr♦♦❢ ♦❢ t❤✐s ❝❛s❡ ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❛♥❛❧♦❣② ♦❢ ♣r❡✈✐♦✉s ♦♥❡✳

❼ {t1, t2} → paenc (t1, t2)q✳ ❚❤❡ s❛♠❡✳

❼ t1, priv (t2) → psig (t1, priv (t2))q✳

✕ ∃u ∈ QS̊ub (S) s✉❝❤ t❤❛t psig (t1, priv (t2))q = puσq✳ ❚❤❡♥ π(H (psig (t1, priv (t2))q)) =
π(H (sig (t1, priv (t2)))) = π({sig (π(H (pt1q)), π(H (ppriv (t2)q)))}) = psig (π(H (t1)), priv (π(H (t2))))q
❛♥❞ t❤❡♥ π(H (psig (t1, priv (t2))q)) ∈ Der ({π(H (t1)), π(H (priv (t2)))}) ✭❛s π(H (priv (t2))) =
priv (π(H (t2)))✮✳

✕ ∄u ∈ QS̊ub (S) s✉❝❤ t❤❛t psig (t1, priv (t2))q = puσq✳ ❚❤✐s ❝❛s❡ ❝❛♥ ❜❡ ♣r♦✈❡❞ ✐♥
s✐♠✐❧❛r ✇❛② ❛s ❞♦♥❡ ❢♦r {t1, t2} → ppair (t1, t2)q✳

❼ t1, . . . , tm → p· (t1, . . . , tm)q✳ ❖♥ ♦♥❡ ❤❛♥❞✱ π(H (p· (t1, . . . , tm)q)) = π(H (· (t1, . . . , tm))) =
π(H (t1)∪· · ·∪H (tm)) ∈ Der (pH (t1) ∪ · · · ∪H (tm)q)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ pH (ti)q ⊆
Der ({π(H (ti))})✳ ❆♥❞ t❤✉s✱ ❜② ▲❡♠♠❛ ✷✱ π(H (p· (t1, . . . , tm)q)) ∈ Der ({π(H (t1)), . . . , π(H (tm))})✳

❼ enc (t1, t2) , pt2q → pt1q✳ ❍❡r❡ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t π(H (pt1q)) ✐s ❞❡r✐✈❛❜❧❡ ❢r♦♠
{π(H (enc (t1, t2))), π(H (pt2q))}✳ ❈♦♥s✐❞❡r t✇♦ ❝❛s❡s✿

✕ ∃u ∈ QS̊ub (S) s✉❝❤ t❤❛t penc (t1, t2)q = puσq✳ ❚❤❡♥ π(H (enc (t1, t2))) =
enc (π(H (t1)), π(H (t2))) ❛♥❞ t❤❡♥ π(H (pt1q)) = π(H (t1)) ∈
Der ({enc (π(H (t1)), π(H (t2))) , pπ(H (pt2q))q})✳

✕ ∄u ∈ QS̊ub (S) s✉❝❤ t❤❛t penc (t1, t2)q = puσq✳ ❚❤❡♥ π(H (enc (t1, t2))) =
π(H (t1)∪H (t2))✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✱ ✇❡ ❤❛✈❡ pH (t1) ∪H (t2)q ⊆ Der ({π(H (enc (t1, t2)))})✱
t❤✉s ✭❜② ▲❡♠♠❛ ✸✮ pH (t1)q ⊆ Der ({π(H (enc (t1, t2)))})✳ ❆♥❞ t❤❡♥✱ ❜② Pr♦♣♦s✐✲
t✐♦♥ ✶ ✇❡ ❤❛✈❡ t❤❛t π(H (t1)) ∈ Der (pH (t1)q)✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✶✱ ✇❡ ❤❛✈❡
π(H (pt1q)) = π(H (t1)) ∈ Der (π(H (enc (t1, t2))))✳

❼ aenc (t1, t2) , ppriv (t2)q → pt1q✳ ❍❡r❡ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t π(H (pt1q)) ✐s ❞❡r✐✈❛❜❧❡
❢r♦♠ {π(H (aenc (t1, t2))), π(H (ppriv (t2)q))}✳ ❈♦♥s✐❞❡r t✇♦ ❝❛s❡s✿

✕ ∃u ∈ QS̊ub (S) s✉❝❤ t❤❛t paenc (t1, t2)q = puσq✳ ❚❤❡♥ π(H (aenc (t1, t2))) =
aenc (π(H (t1)), π(H (t2))) ❛♥❞ t❤❡♥ π(H (pt1q)) = π(H (t1)) ∈
Der ({aenc (π(H (t1)), π(H (t2))) , ppriv (π(H (t2)))q})✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ π(H (ppriv (t2)q)) =
π(H (priv (t2))) = π({priv (π(H (t2)))}) = ppriv (π(H (t2)))q✳

❘❘ ♥➦ ✼✷✼✻



✸✷ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

✕ ∄u ∈ QSub (S) s✉❝❤ t❤❛t paenc (t1, t2)q = puσq✳ ❚❤❡♥ π(H (aenc (t1, t2))) =
π(H (t1)∪H (t2))✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✱ ✇❡ ❤❛✈❡ pH (t1) ∪H (t2)q ⊆ Der ({π(H (aenc (t1, t2)))})✱
t❤✉s ✭❜② ▲❡♠♠❛ ✸✮ pH (t1)q ⊆ Der ({π(H (aenc (t1, t2)))})✳ ❆♥❞ t❤❡♥✱ ❜② Pr♦♣♦✲
s✐t✐♦♥ ✶ ✇❡ ❤❛✈❡ t❤❛t π(H (t1)) ∈ Der (pH (t1)q)✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✶✱ ✇❡
❤❛✈❡ π(H (pt1q)) = π(H (t1)) ∈ Der (π(H (aenc (t1, t2))))✳

❼ pair (t1, t2) → pt1q✳ ❍❡r❡✱ ❛s ✉s✉❛❧✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ❝❛s❡s✿

✕ ∃u ∈ QS̊ub (S) s✉❝❤ t❤❛t ppair (t1, t2)q = puσq✳ ❚❤❡♥ π(H (pair (t1, t2))) =
pair (π(H (t1)), π(H (t2))) ❛♥❞ t❤❡♥ π(H (pt1q)) = pπ(H (t1))q ∈ Der ({π(H (pair (t1, t2)))})✳

✕ ∄u ∈ QS̊ub (S) s✉❝❤ t❤❛t ppair (t1, t2)q = puσq✳ ❚❤❡♥ π(H (pair (t1, t2))) =
π(H (t1)∪H (t2))✳ ❚❤❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✶✱ ✇❡ ❤❛✈❡ pH (t1) ∪H (t2)q ⊆ Der ({π(H (pair (t1, t2)))})✱
t❤✉s pH (t1)q ⊆ Der ({π(H (pair (t1, t2)))})✳ ❆♥❞ t❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶ ✇❡ ❤❛✈❡
t❤❛t π(H (t1)) ∈ Der (pH (t1)q)✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✶✱ ✇❡ ❤❛✈❡ π(H (pt1q)) =
π(H (t1)) ∈ Der (π(H (pair (t1, t2))))✳

❼ pair (t1, t2) → pt2q✳ Pr♦♦❢ ❧✐❦❡ ❛❜♦✈❡✳

❼ · (t1, . . . , tm) → ptiq✳ ❲❡ ❤❛✈❡ π(H (· (t1, . . . , t2))) = π(H (t1)∪· · ·∪H (tm))✳ ❚❤❡♥ ❜②
Pr♦♣♦s✐t✐♦♥ ✶✱ pH (t1) ∪ · · · ∪H (tm)q ⊆ Der (π(H (· (t1, . . . , tm))))❀ ❛♥❞ t❤❡♥ pH (ti)q ⊆
Der (π(H (· (t1, . . . , tm))))✳ ❆s π(H (ti)) ∈ Der (pH (ti)q)✱ ❜② ▲❡♠♠❛ ✶ ✇❡ ❤❛✈❡ π(H (ptiq)) =
π(H (ti)) ∈ Der (π(H (· (t1, . . . , t2))))✳

❆s ❛❧❧ ♣♦ss✐❜❧❡ ❝❛s❡s s❛t✐s❢② ❧❡♠♠❛ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ♣r♦✈❡❞ t❤❡ ❧❡♠♠❛✳

❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✺ ❛♥❞ ▲❡♠♠❛ ✶✶ ✇❡ ✇✐❧❧ s❤♦✇✱ t❤❛t tr❛♥s❢♦r♠❛t✐♦♥ π(H (·)) ♣r❡s❡r✈❡s
t❤❡ ♣r♦♣❡rt② ♦❢ s✉❜st✐t✉t✐♦♥ t♦ ❜❡ ❛ ♠♦❞❡❧✳

❚❤❡♦r❡♠ ✶✳ ●✐✈❡♥ ❛ ♥♦r♠❛❧✐③❡❞ ❝♦♥str❛✐♥t s②st❡♠ S ❛♥❞ ✐ts ♥♦r♠❛❧✐③❡❞ ♠♦❞❡❧ σ✳ ❚❤❡♥
s✉❜st✐t✉t✐♦♥ π(H (σ)) ❛❧s♦ s❛t✐s✜❡s S✳

Pr♦♦❢✳ ❙✉♣♣♦s❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ S = {Ei ⊲ ti}i=1,...,n✳ ▲❡t ✉s t❛❦❡ ❛♥② ❝♦♥str❛✐♥t
(E ⊲ t) ∈ S✳ ❆s σ ✐s ❛ ♠♦❞❡❧ ♦❢ S✱ t❤❡r❡ ❡①✐sts ❛ ❞❡r✐✈❛t✐♦♥ D = {A0, . . . , Ak} s✉❝❤ t❤❛t
A0 = pEσq ❛♥❞ ptσq ∈ Ak✳

❇② ▲❡♠♠❛ ✶✶ ❛♥❞ ▲❡♠♠❛ ✷ ✇❡ ❝❛♥ ❡❛s✐❧② ♣r♦✈❡ t❤❛t ✐❢ k > 0✱ π(H (Aj)) ⊆ Der (π(H (Aj−1))) , j =
1, . . . , k✳ ❚❤❡♥✱ ❛♣♣❧②✐♥❣ tr❛♥s✐t✐✈✐t② ♦❢ Der (·) ✭▲❡♠♠❛ ✶✮ k t✐♠❡s✱ ✇❡ ❤❛✈❡ t❤❛t π(H (Ak)) ⊆
Der (π(H (A0)))✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ k = 0✱ t❤❡ st❛t❡♠❡♥t π(H (Ak)) ⊆ Der (π(H (A0))) ✐s
❛❧s♦ tr✉❡✳

❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✺ ✇❡ ❤❛✈❡ t❤❛t π(H (A0)) = π(H (Eσ)) = pE π(H (σ))q✱ ❛s E ⊆
QSub (S)✳ ❚❤❡ s❛♠❡ ❢♦r t✿ π(H (tσ)) = pt π(H (σ))q✱ ❛♥❞ ❛s ptσq ∈ Ak✱ ✇❡ ❤❛✈❡ pt π(H (σ))q ∈
π(H (Ak))✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❛t pt π(H (σ))q ∈ π(H (Ak)) ⊆ Der (π(H (A0))) = Der (pE π(H (σ))q)✱
t❤❛t ♠❡❛♥s π(H (σ)) s❛t✐s✜❡s ❛♥② ❝♦♥str❛✐♥t ♦❢ S✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✸✸

❋r♦♠ ♥♦✇ t✐❧❧ t❤❡ ❡♥❞ ♦❢ s✉❜s❡❝t✐♦♥ ✇❡ ✇✐❧❧ st✉❞② ❛ ✈❡r② ✉s❡❢✉❧ ♣r♦♣❡rt② ♦❢ π(H (σ))✳
Pr♦♣♦s✐t✐♦♥ ✻ ❛♥❞ ✐ts ❝♦r♦❧❧❛r② s❤♦✇✱ t❤❛t ✐❢ ❝♦♥str❛✐♥t s②st❡♠ ❤❛s ❛ ♥♦r♠❛❧✐③❡❞ ♠♦❞❡❧
✭σ✮ ✇❤✐❝❤ s❡♥❞s ❞✐✛❡r❡♥t ✈❛r✐❛❜❧❡s t♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ♥♦r♠❛❧✐③❡❞
♠♦❞❡❧ ✭π(H (σ))✮ t❤❛t s❡♥❞s ❛♥② ✈❛r✐❛❜❧❡ ♦❢ ✐ts ❞♦♠❛✐♥ t♦ ❛♥ ❆❈■✲s❡t ♦❢ s♦♠❡ ♥♦♥✲✈❛r✐❛❜❧❡
q✉❛s✐✲s✉❜t❡r♠s ♦❢ ❝♦♥str❛✐♥t s②st❡♠ ✐♥st❛♥t✐❛t❡❞ ❜② ✐ts❡❧❢ ❛♥❞ s♦♠❡ ♣r✐✈❛t❡ ❦❡②s ❜✉✐❧t ✇✐t❤
❛t♦♠s ♦❢ t❤❡ ❝♦♥str❛✐♥t s②st❡♠✳

▲❡♠♠❛ ✶✷✳ ■❢ puσq = enc (p, q)✱ σ ✐s ♥♦r♠❛❧✐③❡❞✱ u = puq ❛♥❞ u /∈ X ❛♥❞ xσ 6= yσ, x 6= y
t❤❡♥ ∃s ∈ QSub (u) s✉❝❤ t❤❛t s = enc (p′, q′) ❛♥❞ psσq = enc (p, q)✳ ❚❤❡ s✐♠✐❧❛r ✐s tr✉❡ ✐♥
t❤❡ ❝❛s❡ ♦❢ puσq = pair (p, q)✱ puσq = aenc (p, q)✱ puσq = sig (p, q) ❛♥❞ ❢♦r puσq = priv (p)✳

Pr♦♦❢✳ ❆s u = puq ❛♥❞ puσq = enc (p, q)✱ ✇❡ ❤❛✈❡✿

❼ u ♥♦t ✐♥ ❢♦r♠ ♦❢ · (L)✳ ❚❤❡♥✱ ❛s u /∈ X ❛♥❞ puσq = enc (p, q)✱ ✇❡ ❤❛✈❡ u = enc (p′, q′)
✭✇❤❡r❡ pp′σq = p ❛♥❞ pq′σq = q✮✳ ❚❤❡♥ ✇❡ ❝❛♥ ❝❤♦♦s❡ s = enc (p′, q′) = u ∈ QSub (u)✳

❼ u = · (t1, . . . , tm)✱ m > 1✱ ❛s u = puq✳ ❚❤❡♥✱ ❢♦r ❛❧❧ i✱ ti ✐s ❡✐t❤❡r ❛ ✈❛r✐❛❜❧❡✱ ♦r
enc (p′i, q

′
i)✳ ❇✉t✱ ❛s xσ 6= yσ, x 6= y ❛♥❞ ❛s σ ✐s ♥♦r♠❛❧✐③❡❞✱ ✇❡ ❝❛♥ ❝❧❛✐♠✱ t❤❛t

{t1, . . . , tm} ❝♦♥t❛✐♥s ❛t ♠♦st ♦♥❡ ✈❛r✐❛❜❧❡✳ ❚❤❡♥✱ ❛s m > 1✱ t❤❡r❡ ❡①✐sts i s✉❝❤ t❤❛t
ti = enc (p′i, q

′
i)✳ ❚❤❡♥ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ♥♦r♠❛❧✐③❛t✐♦♥ ❢✉♥❝t✐♦♥✱ ❛♥❞ ❢r♦♠ puσq =

enc (p, q) ✇❡ ❤❛✈❡✱ t❤❛t pelems (uσ)q = {enc (p, q)} ❛♥❞ ❛s tiσ ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ uσ✱ ✇❡
❤❛✈❡ penc (p′i, q

′
i)σq = enc (p, q)✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ s = ti✱ ❛s ti ∈ QSub (u) ❛♥❞

ti = enc (p′i, q
′
i)✳

❚❤❡ ♦t❤❡r ❝❛s❡s ✭pair✱ priv✱ ❡t❝✳✳✳✮ ❝❛♥ ❜❡ ♣r♦✈❡❞ s✐♠✐❧❛r❧②✳

Pr♦♣♦s✐t✐♦♥ ✻✳ ●✐✈❡♥ ❛ ♥♦r♠❛❧✐③❡❞ ❝♦♥str❛✐♥t s②st❡♠ S ❛♥❞ ✐ts ♥♦r♠❛❧✐③❡❞ ♠♦❞❡❧ σ s✉❝❤
t❤❛t ∀x, y ∈ dom (σ) , x 6= y =⇒ xσ 6= yσ✳ ❚❤❡♥ ∀x ∈ dom (π(H (σ))) ∃k ∈ N ∃s1, . . . , sk ∈

QS̊ub (S)∪priv (QSub (S) ∩ A) s✉❝❤ t❤❛t root (si) 6= · ❛♥❞ xπ(H (σ)) = π({s1 π(H (σ)), . . . , sk π(H (σ))})✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱ xπ(H (σ)) = π(H (xσ))✳ ▲❡t ✉s t❛❦❡ ❛♥② s ∈ H (xσ) ✭♥♦t❡✱ t❤❛t s ✐s ❛
❣r♦✉♥❞ t❡r♠✮✳ ❚❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ H (·) ✇❡ ❤❛✈❡✿

❼ ❡✐t❤❡r s ∈ A✳ ❚❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ H (·)✱ s ∈ (A ∩QSub (S))✳ ❚❤✉s✱ s π(H (σ)) = s✱

s ∈ QS̊ub (S)✱ s 6= · (L)❀

❼ ♦r s = bin (π(H (t1)), π(H (t2))) ❛♥❞ ∃u ∈ QS̊ub (S) s✉❝❤ t❤❛t

puσq = pbin (t1, t2)q = bin (pt1q , pt2q)✳ ❆s ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✶✷ ❛r❡ s❛t✐s✜❡❞✱
∃v ∈ QSub (u) s✉❝❤ t❤❛t pvσq = bin (pt1q , pt2q) ❛♥❞ v = bin (p, q) ❛♥❞ ❛s

u ∈ QS̊ub (S) t❤❡♥ v ∈ QS̊ub (S)✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✱

pv π(H (σ))q = π(H (vσ)) = π(H (pvσq)) = π(H (bin (t1, t2))) =
π({bin (π(H (t1)), π(H (t2)))}) = bin (π(H (t1)), π(H (t2))) = s✳ ❚❤❛t ♠❡❛♥s✱

∃v ∈ QS̊ub (S) , v 6= · (L) s✉❝❤ t❤❛t s = pv π(H (σ))q✳

❘❘ ♥➦ ✼✷✼✻



✸✹ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

❼ ♦r s = priv (π(H (t1)))✳ ■♥ t❤✐s ❝❛s❡✱ ❛s s ✐s ❣r♦✉♥❞✱ π(H (t1)) ♠✉st ❜❡ ❛♥ ❛t♦♠✱
♠♦r❡♦✈❡r✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ H (·)✱ t❤✐s ❛t♦♠ ✐s ❢r♦♠ (A ∩QSub (S))✳ ❚❤❡r❡❢♦r❡✱
s = priv (a)✱ ✇❤❡r❡ a ∈ A ∩QSub (S) ✭❛♥❞ ♦❢ ❝♦✉rs❡✱ s 6= · (L)✮✳

❚❤✉s✱ ∀s ∈ H (xσ)✱ ∃v ∈ (QSub (S)) ∪ priv (QSub (S) ∩ A) \ X | s = pv π(H (σ))q✳
❚❤❡r❡❢♦r❡✱ ❛s xπ(H (σ)) = π(H (xσ))✱ ✇❡ ❤❛✈❡ t❤❛t
xπ(H (σ)) = π({ps1 π(H (σ))q , . . . , psk π(H (σ))q}) = π({s1 π(H (σ)), . . . , sk π(H (σ))})✱

✇❤❡r❡ s1, . . . , sk ∈ QS̊ub (S) ∪ priv (QSub (S) ∩ A) ❛♥❞ si 6= · (L) , ∀1 ≤ i ≤ k✳ ❚❤❛t ♣r♦✈❡s
t❤❡ ♣r♦♣♦s✐t✐♦♥✳

❈♦r♦❧❧❛r② ✶✳ ●✐✈❡♥ ♥♦r♠❛❧✐③❡❞ ❝♦♥str❛✐♥t s②st❡♠ S ❛♥❞ ✐ts ♥♦r♠❛❧✐③❡❞ ♠♦❞❡❧ σ′ s✉❝❤ t❤❛t
x 6= y =⇒ xσ′ 6= yσ′✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥♦r♠❛❧✐③❡❞ ♠♦❞❡❧ σ ♦❢ S s✉❝❤ t❤❛t ∀x ∈
dom (σ) ∃k ∈ N ∃s1, . . . , sk ∈ QS̊ub (S)∪priv (QSub (S) ∩ A) , xσ = π({s1σ, . . . , skσ}) ❛♥❞
si 6= sj✱ ✐❢ i 6= j❀ si 6= · (L) , ∀i✳

❆♥② ♥♦r♠❛❧✐③❡❞ ♠♦❞❡❧ ✇✐t❤ ♣r♦♣❡rt② s❤♦✇♥ ✐♥ ❈♦r♦❧❧❛r② ✶ ✇❡ ✇✐❧❧ ❝❛❧❧ ❝♦♥s❡r✈❛t✐✈❡✳

✸✳✹ ❇♦✉♥❞s ♦♥ ❝♦♥s❡r✈❛t✐✈❡ s♦❧✉t✐♦♥s

❚♦ ❣❡t ❛ ❞❡❝✐❞❛❜✐❧✐t② r❡s✉❧t✱ ✇❡ ✜rst s❤♦✇ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ s✐③❡ ♦❢ ❝♦♥s❡r✈❛t✐✈❡ ♠♦❞❡❧ ❛♥❞
t❤❡♥✱ ❜② r❡❞✉❝✐♥❣ ❛♥② s❛t✐s✜❛❜❧❡ ❝♦♥str❛✐♥t s②st❡♠ t♦ ♦♥❡ t❤❛t ❤❛✈❡ ❝♦♥s❡r✈❛t✐✈❡ ♠♦❞❡❧ ❛♥❞
s❤♦✇✐♥❣ t❤❛t r❡❞✉❝❡❞ ♦♥❡ ✐s s♠❛❧❧❡r ✭❜② s✐③❡✮ t❤❛♥ ♦r✐❣✐♥❛❧ ♦♥❡✱ ✇❡ ♦❜t❛✐♥ ❛♥ ❡①✐st❡♥❝❡ ♦❢ ❛
♠♦❞❡❧ ✇✐t❤ ❜♦✉♥❞❡❞ s✐③❡ ❢♦r ❛♥② s❛t✐s✜❛❜❧❡ ❝♦♥str❛✐♥t s②st❡♠✳

▲❡♠♠❛ ✶✸✳ ●✐✈❡♥ ❛ ♥♦r♠❛❧✐③❡❞ ❝♦♥str❛✐♥t s②st❡♠ S ❛♥❞ ✐ts ❝♦♥s❡r✈❛t✐✈❡ ♠♦❞❡❧ σ✳ ❚❤❡♥
∀x ∈ Vars (S) ,QSub (xσ) ⊆ pQSub (S)σq ∪ priv (QSub (S) ∩ A)✳

Pr♦♦❢✳ ●✐✈❡♥ ❛ ❣r♦✉♥❞ s✉❜st✐t✉t✐♦♥ σ✱ ❧❡t ✉s ❞❡✜♥❡ ❛ str✐❝t t♦t❛❧ ♦r❞❡r ♦♥ ✈❛r✐❛❜❧❡s✿ x ⊏

y ⇐⇒ (sizeDAG (xσ) < sizeDAG (yσ)) ∨ (sizeDAG (xσ) = sizeDAG (yσ) ∧ x ≺ y)✳
❇② Pr♦♣♦s✐t✐♦♥ ✻ ∀x xσ = π({sx1σ, . . . , s

x
kxσ})✱ ✇❤❡r❡ sxi ∈ (QSub (S)\X )∪priv (QSub (S) ∩ A)

❛♥❞ sxi 6= · (L)✳
▲❡t ✉s s❤♦✇ t❤❛t ✐❢ y ∈ Vars (sxi ) ❢♦r s♦♠❡ i✱ t❤❡♥ y ⊏ x✳ ❙✉♣♣♦s❡✱ t❤❛t y ∈ Vars (sxi ) ❛♥❞

x ⊏ y✳ ❚❤❡♥ sizeDAG (xσ) = sizeDAG (π({sx1σ, . . . , s
x
kxσ})) = sizeDAG (p· (sx1σ, . . . , s

x
kxσ)q) ≥

✭❜② ▲❡♠♠❛ ✸✮ ≥ sizeDAG (psxi σq) > sizeDAG (pyσq)✱ ❜❡❝❛✉s❡ ✇❡ ❦♥♦✇ t❤❛t sxi = bin (p, q) ♦r
sxi = priv (p) ❛♥❞ y ∈ Vars (sxi ) ✭❢♦r ❡①❛♠♣❧❡✱ ✐♥ ✜rst ❝❛s❡✱ sizeDAG (psxi σq) = sizeDAG (bin (ppσq , pqσq)) =
1+sizeDAG ({ppσq , pqσq}) ❛♥❞ ❛s y ∈ Vars ({p, q})✱ ✉s✐♥❣ ❙t❛t❡♠❡♥t ✶✽ ♦❢ ▲❡♠♠❛ ✸✱ ✇❡ ❣❡t
sizeDAG (psxi σq) ≥ 1 + sizeDAG (pyσq)✮ ❆♥❞ ❛s sizeDAG (pyσq) = sizeDAG (yσ) ❚❤❛t ♠❡❛♥s✱
y ⊏ x✳ ❈♦♥tr❛❞✐❝t✐♦♥✳

◆♦✇ ✇❡ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ ♠❛✐♥ ♣r♦♣❡rt② ♦❢ t❤✐s ❧❡♠♠❛✳

❼ ❧❡t x = min⊏(Vars (S))✳ ❚❤❡♥ xσ = π({sx1σ, . . . , s
x
kxσ}) = p· (sx1σ, . . . , s

x
kxσ)q ❛♥❞ ❛❧❧

sxi ❛r❡ ❣r♦✉♥❞ ✭❛s ∄y ⊏ x✮✳ ❚❤❡♥ xσ = p· (sx1 , . . . , s
x
kx)q✳ ❲❡ ❤❛✈❡ t❤❛t QSub (xσ) =

{p· (sx1 , . . . , s
x
kx)q}∪QSub (sx1)∪· · ·∪QSub (sxkx) ⊆ pQSub (S)σq∪priv (A ∩QSub (S))✱

❛s ∀s ∈ QSub (sxi )✱ s ∈ Tg ❛♥❞ s ∈ QSub (S) ♦r s = priv (a) ♦r s = a✱ ✇❤❡r❡
a ∈ QSub (S) ∩ A✱ t❤❡r❡❢♦r❡ s = psq = sσ ∈ pQSub (S)σq ∪ priv (QSub (S) ∩ A) ❛♥❞

p· (sx1 , . . . , s
x
kx)q = xσ ∈ pQSub (S)σq✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✸✺

❼ ❙✉♣♣♦s❡✱ ❢♦r ❛❧❧ z ⊏ y✱ QSub (zσ) ⊆ pQSub (Sσ)q ∪ priv (QSub (S) ∩ A)✳

❼ ❙❤♦✇✱ t❤❛t QSub (yσ) ⊆ QSub (Sσ) ∪ priv (QSub (S) ∩ A)✳ ❲❡ ❦♥♦✇ t❤❛t yσ =
π({sy1σ, . . . , s

y
kyσ}) = p· (s

y
1σ, . . . , s

y
kyσ)q ❛♥❞ ∀z ∈ Vars (syi ) , z ⊏ y✳ ❚❤❡♥ ✇❡ ❤❛✈❡

QSub (yσ) = {yσ} ∪ QSub (ps
y
1σq) ∪ · · · ∪ QSub (ps

y
kyσq)✳ ❲❡ ❦♥♦✇ t❤❛t yσ ∈

pQSub (S)σq✳ ▲❡t ✉s s❤♦✇ t❤❛t QSub (ps
y
i σq) ⊆ pQSub (S)σq∪priv (QSub (S) ∩ A)✳

❇② ▲❡♠♠❛ ✸ ✇❡ ❤❛✈❡QSub (ps
y
i σq) ⊆ pQSub (syi σ)q ⊆ pQSub (syi )σ ∪QSub (Vars (syi )σ)q =

pQSub (syi )σq∪QSub (Vars (syi )σ)✳ ❲❡ ❝❛♥ s❡❡ t❤❛t pQSub (syi )σq ⊆ pQSub (S)σq∪
priv (QSub (S) ∩ A) ✭❛s syi ∈ QSub (S)∪ priv (QSub (S) ∩ A)✮❀ ❛♥❞ ❜② ✐♥❞✉❝t✐♦♥ s✉♣✲
♣♦s✐t✐♦♥ ❛♥❞ ❜② st❛t❡♠❡♥t ♣r♦✈❡❞ ❛❜♦✈❡ ✇❡ ❤❛✈❡ QSub (Vars (syi )σ) ⊆ pQSub (S)σq∪
priv (QSub (S) ∩ A)✳ ❚❤✉s✱ QSub (yσ) ⊆ pQSub (S)σq ∪ priv (QSub (S) ∩ A)✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ❋♦r ♥♦r♠❛❧✐③❡❞ ❝♦♥str❛✐♥t s②st❡♠ S t❤❛t ❤❛✈❡ ❝♦♥s❡r✈❛t✐✈❡ ♠♦❞❡❧ σ✱ ∀x ∈
Vars (S) , sizeDAG (xσ) ≤ 2× sizeDAG (S)✳

Pr♦♦❢✳ ❆s |pSub (S)σq| ≤ |Sub (S)σ| ≤ |Sub (S)| = sizeDAG (S)✱ ✇❡ ❤❛✈❡ ✭✉s✐♥❣ t❤❡ ❢❛❝t
t❤❛t σ ✐s ♥♦r♠❛❧✐③❡❞ ❛♥❞ ▲❡♠♠❛ ✶✸✮ t❤❛t |Sub (xσ)| = |QSub (xσ)| ≤ |pQSub (S)σq ∪
priv (A ∩QSub (S))| ≤ |pQSub (S)σq|+|priv (A ∩QSub (S))| ≤ sizeDAG (S)+|A∩QSub (S)| ≤
2× sizeDAG (S)❀ t❤✉s✱ sizeDAG (xσ) ≤ 2× sizeDAG (S)✳

❋r♦♠ t❤✐s ♣r♦♣♦s✐t✐♦♥ ❛♥❞ ❈♦r♦❧❧❛r② ✶ ✇❡ ♦❜t❛✐♥ ❛♥ ❡①✐st❡♥❝❡ ♦❢ ❜♦✉♥❞❡❞ ♠♦❞❡❧ ❢♦r
❛ ♥♦r♠❛❧✐③❡❞ ❝♦♥str❛✐♥t s②st❡♠ t❤❛t ❤❛✈❡ ❛ ♠♦❞❡❧ s❡♥❞✐♥❣ ❞✐✛❡r❡♥t ✈❛r✐❛❜❧❡s t♦ ❞✐✛❡r❡♥t
✈❛❧✉❡s✳ ❲❡ ✇✐❧❧ r❡❞✉❝❡ ❛♥ ❛r❜✐tr❛r② ❝♦♥str❛✐♥t s②st❡♠ t♦ ❛❧r❡❛❞② st✉❞✐❡❞ ❝❛s❡✳ ❚❤❡ t❛r❣❡t
♣r♦♣❡rt✐❡s ❛r❡ st❛t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✽ ❛♥❞ ❈♦r♦❧❧❛r② ✷✳

▲❡♠♠❛ ✶✹✳ ●✐✈❡♥ ❛♥② ❝♦♥str❛✐♥t s②st❡♠ S ❛♥❞ ❛♥② s✉❜st✐t✉t✐♦♥ θ s✉❝❤ t❤❛t dom (θ) =
Vars (S) ❛♥❞ dom (θ) θ ⊆ dom (θ)✳ ❚❤❡♥ sizeDAG (Sθ) ≤ sizeDAG (S)✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✸✱ sizeDAG (Sθ) = |Sub (Sθ)| = |Sub (S) θ∪Sub (Vars (S) θ)|✱ ❜✉tVars (S) θ ⊆
dom (θ) = Vars (S) ✭Vars (Sσ) ❝♦♥s✐sts ♦♥❧② ♦❢ ✈❛r✐❛❜❧❡s✮✱ ❛♥❞ t❤❡♥ Sub (Vars (S) θ) =
Vars (S) θ✳ ❆s Vars (S) ⊆ Sub (S)✱ ✇❡ ❤❛✈❡ Sub (S) θ ∪ Sub (Vars (S) θ) = Sub (S) θ✳ ❚❤✉s✱
sizeDAG (Sθ) = |Sub (S) θ| ≤ |Sub (S)| = sizeDAG (S)✳

❉❡✜♥✐t✐♦♥ ✸✳✶✼✳ ▲❡t σ ❛♥❞ δ ❜❡ s✉❜st✐t✉t✐♦♥s✳ ❚❤❡♥ σ[δ] ✐s ❛ s✉❜st✐t✉t✐♦♥ s✉❝❤ t❤❛t
dom (σ[δ]) = dom (δ) ❛♥❞ ∀x ∈ dom (σ[δ]) , xσ[δ] = (xδ)σ✳

▲❡♠♠❛ ✶✺✳ ▲❡t θ ❛♥❞ σ ❜❡ s✉❜st✐t✉t✐♦♥s s✉❝❤ t❤❛t dom (θ) θ = dom (σ)✱ dom (σ) ⊆ dom (θ)
❛♥❞ σ ✐s ❣r♦✉♥❞✳ ❚❤❡♥✱ ❢♦r ❛♥② t❡r♠ t✱ (tθ)σ = tσ[θ]✳

Pr♦♦❢✳ ❲❤❡♥ ❛♣♣❧② θ t♦ t✱ ❡✈❡r② ✈❛r✐❛❜❧❡ x ♦❢ t s✉❝❤ t❤❛t x ∈ dom (θ) ✐s r❡♣❧❛❝❡❞ ❜② xθ❀
t❤❡♥ ✇❡ ❛♣♣❧② σ t♦ tθ✿ ❡✈❡r② ✈❛r✐❛❜❧❡ y ♦❢ tθ ✐s r❡♣❧❛❝❡❞ ❜② yσ✱ t❤✉s✱ ❡✈❡r② ✈❛r✐❛❜❧❡ x ❢r♦♠
dom (θ) ✇✐❧❧ ❜❡ r❡♣❧❛❝❡❞ t♦ (xθ)σ ✭❛s dom (θ) θ = dom (σ)✮❀ ❛♥❞ ♥♦ ♦t❤❡r ✈❛r✐❛❜❧❡s ✇✐❧❧ ❜❡
r❡♣❧❛❝❡❞ ✭❛s dom (σ) ⊆ dom (θ)✮✳ ❚❤✉s✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ✐t ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❞❡✜♥✐t✐♦♥ ♦❢
σ[θ]✳

❘❘ ♥➦ ✼✷✼✻



✸✻ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

Pr♦♣♦s✐t✐♦♥ ✽✳ ●✐✈❡♥ ❛♥② s❛t✐s✜❛❜❧❡ ❝♦♥str❛✐♥t s②st❡♠ S✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♠♦❞❡❧ σ ♦❢
S s✉❝❤ t❤❛t ∀x ∈ dom (σ) , sizeDAG (xσ) ≤ 2× sizeDAG (pSq)

Pr♦♦❢✳ ❋r♦♠ ♣r♦♣♦s✐t✐♦♥ ✷ ❛♥❞ ✸ ✇❡ ❦♥♦✇ t❤❛t ✐❢ σ′ ✐s ❛ ♠♦❞❡❧ ♦❢ S t❤❡♥ pσ′
q ✐s ❛ ♠♦❞❡❧ ♦❢ S

❛♥❞ pσ′
q ✐s ❛ ♠♦❞❡❧ ♦❢ pSq✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ s✉❜st✐t✉t✐♦♥ θ : dom (θ) = dom (pσ′

q) , dom (θ) θ ⊆
dom (θ) , σ′′ = pσ′

q |dom(θ)θ ❛♥❞ σ′′ ✐s ❛ ♠♦❞❡❧ ♦❢ pSq θ s✉❝❤ t❤❛t xσ′′ 6= yσ′′✱ ✐❢ x 6= y ✭t❤✐s
✐s tr✉❡ ❜❡❝❛✉s❡ ✇❡ ❝❛♥ s❤♦✇ ❤♦✇ t♦ ❜✉✐❧❞ θ ✿ ❣✐✈❡♥ t❤❡ pσ′

q ✖ s✐♠♣❧② s♣❧✐t dom (pσ′
q) ✐♥t♦

t❤❡ ❝❧❛ss❡s ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ♠♦❞✉❧♦ pσ′
q✱ ✐✳❡✳ x ≡ y ⇐⇒ x pσ′

q = y pσ′
q❀ ❢♦r ❡✈❡r② ❝❧❛ss

❝❤♦♦s❡ ♦♥❡ r❡♣r❡s❡♥t❛t✐✈❡ [x]≡✱ ❛♥❞ t❤❡♥ xθ = [x]≡✮✳ ◆♦t❡✱ t❤❛t θσ
′′ = σ′✱ t❤❛t✬s ✇❤② σ′′ ✐s

❛ ♠♦❞❡❧ ♦❢ pSq θ✳
❚❤❡♥✱ ❛s σ′′ ✐s ❛ ♠♦❞❡❧ ♦❢ pSq θ✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✱ ✇❡ ❝❛♥ s❛②✱ t❤❛t σ′′ ✐s ❛ ♠♦❞❡❧ ♦❢

ppSq θq✳ ▼♦r❡♦✈❡r✱ xσ′′ 6= yσ′′✱ ✐❢ ∀x, y ∈ dom (σ′′) x 6= y ❛♥❞ σ′′ ✐s ♥♦r♠❛❧✐③❡❞✳ ❚❤❡♥✱ ✇❡
❝❛♥ ❛♣♣❧② ❈♦r♦❧❧❛r② ✶✱ ✇❤✐❝❤ ❣✐✈❡s ✉s ❡①✐st❡♥❝❡ ♦❢ ❝♦♥s❡r✈❛t✐✈❡ ♠♦❞❡❧ δ ♦❢ ppSq θq✳ ❚❤❛t ✐s
✇❤② ✇❡ ❝❛♥ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✼✿ ∀x ∈ Vars (ppSq θq) , sizeDAG (xδ) ≤ 2×sizeDAG (ppSq θq)✳

◆♦t❡✱ t❤❛t ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✱ ▲❡♠♠❛ ✶✺ ❛♥❞ ❞❡✜♥✐t✐♦♥ ♦❢ ✏♠♦❞❡❧✑✱ ✇❡ ❝❛♥ ❡❛s✐❧② s❤♦✇
t❤❛t δ[θ] ✐s ❛ ♠♦❞❡❧ ♦❢ pSq✳ ▼♦r❡♦✈❡r✱ δ[θ] ✐s ♥♦r♠❛❧✐③❡❞✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ δ[θ] ✇❡ ❝❛♥ s❛②✱
t❤❛t ∀x ∈ dom (δ[θ]) ∃y ∈ dom (θ) θ : xδ[θ] = yδ ❛♥❞ ❛s y ∈ X ✭❜② ❞❡✜♥✐t✐♦♥ ♦❢ θ✮✱ t❤❡♥
sizeDAG (xδ[θ]) = sizeDAG (yδ) ≤ 2 × sizeDAG (ppSq θq) ≤ 2 × sizeDAG (pSq θ)✳ ❆♣♣❧②✐♥❣
▲❡♠♠❛ ✶✹✱ ✇❡ ❤❛✈❡ sizeDAG (xδ[θ]) ≤ 2× sizeDAG (pSq)✳

❙✉♠♠✐♥❣ ✉♣✱ ✇❡ ❤❛✈❡ ❛ ♥♦r♠❛❧✐③❡❞ ♠♦❞❡❧ σ = δ[θ] ♦❢ pSq s✉❝❤ t❤❛t ∀x ∈ dom (σ) , sizeDAG (xσ) ≤
2× sizeDAG (pSq)✳

❈♦r♦❧❧❛r② ✷✳ ❈♦♥str❛✐♥t s②st❡♠ S ✐s s❛t✐s✜❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ ♥♦r♠❛❧✐③❡❞ ♠♦❞❡❧
♦❢ S ❞❡✜♥❡❞ ♦♥ Vars (S) ✇❤✐❝❤ ♠❛♣s ❛ ✈❛r✐❛❜❧❡ t♦ ❛ ❣r♦✉♥❞ t❡r♠ ✐♥ T (A ∩QSub (pSq) , ∅)
✇✐t❤ s✐③❡ ♥♦t ❣r❡❛t❡r t❤❛♥ ❞♦✉❜❧❡ sizeDAG (S)✳

❯s✐♥❣ t❤✐s r❡s✉❧t✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❛❧❣♦r✐t❤♠ ♦❢ s❛t✐s✜❛❜✐❧✐t② ♦❢ ❝♦♥str❛✐♥t s②st❡♠ ✭❆❧❣♦✲
r✐t❤♠ ✸✮✳

❆❧❣♦r✐t❤♠ ✸✿ ❙♦❧✈✐♥❣ ❝♦♥str❛✐♥t s②st❡♠

■♥♣✉t✿ ❆ ❝♦♥str❛✐♥t s②st❡♠ S = {Ei ⊲ ti}i=1,...,n

❖✉t♣✉t✿ ▼♦❞❡❧ σ✱ ✐❢ ❡①✐sts❀ ♦t❤❡r✇✐s❡ ⊥

●✉❡ss ❢♦r ❡✈❡r② ✈❛r✐❛❜❧❡ ♦❢ S ❛ ✈❛❧✉❡ ♦❢ ❣r♦✉♥❞ s✉❜st✐t✉t✐♦♥ σ ✇✐t❤ s✐③❡ ♥♦t ❣r❡❛t❡r✶

t❤❛♥ 2× sizeDAG (S)❀
✐❢ σ s❛t✐s✜❡s Ei ⊲ ti ❢♦r ❛❧❧ i = 1, . . . , n t❤❡♥✷

r❡t✉r♥ σ✸

❡❧s❡✹

r❡t✉r♥ ⊥✺

❡♥❞✻

Pr♦♣♦s✐t✐♦♥ ✾✳ ❆❧❣♦r✐t❤♠ ✸ ✐s ❝♦rr❡❝t✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✸✼

Pr♦♦❢✳ ▲❡t σ ❜❡ ❛♥ ♦✉t♣✉t ♦❢ ❆❧❣♦r✐t❤♠ ✸✳ ❚❤❡♥ σ ✐s ❛ ❣r♦✉♥❞ s✉❜st✐t✉t✐♦♥ ❛♥❞ σ s❛t✐s✜❡s
❛❧❧ ❝♦♥str❛✐♥ts ❢r♦♠ S ′ ❛♥❞ t❤❡r❡❢♦r❡✱ s❛t✐s✜❡s ❛❧❧ ❝♦♥str❛✐♥ts ❢r♦♠ S ✳ ❚❤✐s ♠❡❛♥s✱ σ ✐s ❛
♠♦❞❡❧ ♦❢ S✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳ ❆❧❣♦r✐t❤♠ ✸ ✐s ❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ❙✉♣♣♦s❡✱ S ✐s s❛t✐s✜❛❜❧❡✳ ❚❤❡♥✱ ❜② ❈♦r♦❧❧❛r② ✷✱ t❤❡r❡ ❡①✐sts ❛ ❣✉❡ss ♦❢ ✈❛❧✉❡ ♦❢ ❣r♦✉♥❞
s✉❜st✐t✉t✐♦♥ ♦♥ ❡✈❡r② ❡❧❡♠❡♥t ♦❢ Vars (S) ✇✐t❤ s✐③❡ ♥♦t ❣r❡❛t❡r t❤❛♥ 2 × sizeDAG (S) ✇❤✐❝❤
r❡♣r❡s❡♥ts ❛ ♠♦❞❡❧ σ ♦❢ S✳ ❚❤✉s✱ ❛❧❣♦r✐t❤♠ ✸ ✇✐❧❧ r❡t✉r♥ t❤✐s σ✳

✹ ❈♦♠♣❧❡①✐t② ❛♥❛❧②s✐s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❝♦♠♣❧❡①✐t② ❝❧❛ss❡s ♦❢ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s✳ ❋✐rst✱ ✇❡ ❡①♣♦s❡ ✇❤❛t
✇❡ ✉s❡ ❛s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❝♦♥str❛✐♥t s②st❡♠s t♦ ❥✉st✐❢② t❤❡ s❡❧❡❝t❡❞ ♠❡❛s✉r❡ ♦❢ ❛❧❣♦r✐t❤♠s
✐♥♣✉ts✳ ❚❤❡♥✱ ✇❡ ♥♦t✐❝❡ t❤❛t ♥♦r♠❛❧✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ♣♦❧②♥♦♠✐❛❧ ✐♥ t✐♠❡✳ ❆❢t❡r t❤❛t
✇❡ ✇✐❧❧ s❤♦✇ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❣r♦✉♥❞ ❞❡r✐✈❛❜✐❧✐t② ❛❧❣♦r✐t❤♠✳ ❆♥❞ ❛s ❛
❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ r❡s✉❧ts ❣✐✈❡♥ ❜❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ❢♦r s♦❧✈✐♥❣
❣❡♥❡r❛❧ ❝♦♥str❛✐♥t s②st❡♠ ✇✐t❤✐♥ ❉❨✰❆❈■ ♠♦❞❡❧ ✐s ✐♥ NP ✳

❚♦ r❡❛s♦♥ ❛❜♦✉t ❝♦♠♣❧❡①✐t②✱ ✇❡ ❤❛✈❡ t♦ ❞❡✜♥❡ ❛ s✐③❡ ♦❢ ✐ts ✐♥♣✉t✳ ❋♦r t❡r♠s ❛♥❞ s❡t ♦❢
t❡r♠s✱ ✇❡ ✇✐❧❧ ✉s❡ sizeDAG (·)✳ ❋♦r s②st❡♠ ♦❢ ❝♦♥str❛✐♥ts S = {Ei ⊲ ti}i=1,...,n ✇❡ ✇✐❧❧ ✉s❡
n× sizeDAG (S)✳ ❚❤❡ ❥✉st✐✜❝❛t✐♦♥ ✐s ❣✐✈❡♥ ❜❡❧♦✇✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳ ❉❆●✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ❝♦♥str❛✐♥t s②st❡♠ S = {Ei ⊲ ti}i=1,...,n ✐s ❛ t❛❣❣❡❞
❣r❛♣❤ ✇✐t❤ ❧❛❜❡❧❡❞ ❡❞❣❡s G = 〈V,E, tag〉 ✭V ✐s ❛ s❡t ♦❢ ✈❡rt✐❝❡s ❛♥❞ E ✐s ❛ s❡t ♦❢ ❡❞❣❡s❀ tag
✐s ❛ t❛❣❣✐♥❣ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ V✮ s✉❝❤ t❤❛t✿

❼ t❤❡r❡ ❡①✐sts ❛ ❜✐❥❡❝t✐♦♥ f : V 7→ Sub (S)❀

❼ ∀v ∈ V tag (v) = 〈s,m〉✱ ✇❤❡r❡

✕ s = root (f(v))❀

✕ m ✐s 2n✲❜✐t ✐♥t❡❣❡r✱ ✇❤❡r❡ m[2i − 1] = 1 ⇐⇒ f(v) ∈ Ei ❛♥❞ m[2i] = 1 ⇐⇒
f(v) = ti✳

❼ v1
1
−→ v2 ∈ E ⇐⇒ ∃p ∈ T : (∃ bin : f(v1) = bin (f(v2), p)) ∨ f(v1) = priv (f(v2))❀

❼ v1
2
−→ v2 ∈ E ⇐⇒ ∃p ∈ T : ∃ bin : f(v1) = bin (p, f(v2))❀

❼ v1
i
−→ v2 ∈ E ⇐⇒ f(v1) = · (L) ∧ L[i] = f(v2)❀

❊①❛♠♣❧❡ ✼✳ ❆ ❝♦♥str❛✐♥t s②st❡♠

S =







{enc (a, x) , pair (b, enc (a, a)) , c} ⊲a
{priv (b) , c} ⊲y

{enc (sig (a, priv (c)) , y) , aenc (x, b)} ⊲ pair (enc (a, x) , c)

❘❘ ♥➦ ✼✷✼✻



✸✽ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

❋✐❣✉r❡ ✹✿ ❉❆●✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❝♦♥str❛✐♥t s②st❡♠ S

✇✐❧❧ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s s❤♦✇♥✹ ✐♥ ❋✐❣✉r❡ 4✳ ◆♦❞❡s ♦❢ t❤✐s ❣r❛♣❤ r❡♣r❡s❡♥t ❛♥ ❡❧❡♠❡♥t ❢r♦♠
Sub (S) ❜② ✐♥❞✐❝❛t✐♥❣ ✐ts r♦♦t s②♠❜♦❧ ✭✜rst ♣❛rt ♦❢ ✐ts t❛❣✮ ❛♥❞ ♣♦✐♥t❡rs t♦ t❤❡ ❝❤✐❧❞r❡♥✳

❘❡♠❛r❦✱ t❤❛t t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ❝❛♥ ❜❡ r❡✜♥❡❞✱ ❛s ✇❡ ❦♥♦✇ t❤❛t ❘❍❙ ♦❢ ❛ ❝♦♥str❛✐♥t ✐s
❡①❛❝t❧② ♦♥❡ t❡r♠✳ ❚❤❛t ✐s ✇❤② ✇❡ ❝♦✉❧❞ t❛❣ ❛ ♥♦❞❡ ♥♦t ✇✐t❤ 2n ❜✐ts ❜✉t ✇✐t❤ n+⌈log(n+1)⌉
❜✐ts ✭❝♦♥❝❡r♥✐♥❣ t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ t❛❣❣✐♥❣ ❢✉♥❝t✐♦♥✮✳

❆s ♥✉♠❜❡r ♦❢ ❡❞❣❡s ❞♦❡s ♥♦t ❡①❝❡❡❞ ❛ sq✉❛r❡❞ ♥✉♠❜❡r ♦❢ ♥♦❞❡s✱ s✉❝❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥
t❛❦❡s ♥♦t ♠♦r❡ t❤❛♥ P (n × sizeDAG (S)) ❜✐ts ♦❢ s♣❛❝❡✱ ✇❤❡r❡ P ✐s s♦♠❡ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤
♥♦♥✲♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥ts✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s ✇❡ ❛r❡ ♥♦t ✐♥t❡r❡st❡❞ ✐♥ r✐❣♦r♦✉s ❡st✐♠❛t✐♦♥
♦❢ ❝♦♠♣❧❡①✐t②✱ ❜✉t ✇♦r❦ ✐♥ ❛ ♣♦❧②♥♦♠✐❛❧ ❝❧❛ss✱ ✇❡ ✇✐❧❧ ♠❡❛s✉r❡ ❝♦♠♣❧❡①✐t② ♦❢ ❛❧❣♦r✐t❤♠s ❜②
t❛❦✐♥❣ n× sizeDAG (S) ❛s s✐③❡ ♦❢ ❝♦♥str❛✐♥t s②st❡♠ S✳

❚❤❡ ❉❆●✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ t❡r♠ t ❤❛s t❤❡ s✐♠✐❧❛r str✉❝t✉r❡ ❛s ✐t ✇❛s s❤♦✇♥ ❢♦r ❝♦♥✲
str❛✐♥t s②st❡♠ ❛♣❛rt ❢r♦♠ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ❛ t❛❣❣✐♥❣ ❢✉♥❝t✐♦♥✿ ✇❡ ♥❡❡❞ ♦♥❧② root (f(v)) ❛s
❛ ♥♦❞❡✬s t❛❣✳ ❚❤❡ s✐③❡ ♦❢ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✇✐❧❧ ❜❡ ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞ ❜② sizeDAG (t)✳

✹✳✶ ❙❛t✐s✜❛❜✐❧✐t② ♦❢ ❛ ❣❡♥❡r❛❧ ❉❨✰❆❈■ ❝♦♥str❛✐♥t s②st❡♠s ✐s ✐♥ NP

▲❡♠♠❛ ✶✻✳ ●✐✈❡♥ ❛ t❡r♠ t✳ ◆♦r♠❛❧✐③❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ♦♥ sizeDAG (t)✳

✹▲❛❜❡❧ ✏✶✑ ✭r❡s♣✳✏✷✑✮ ♦❢ ❛♥ ❡❞❣❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❧❡❢t ✭r❡s♣✳ r✐❣❤t✮ s✐❞❡ ♦❢ ✐ts s♦✉r❝❡ ♥♦❞❡

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✸✾

Pr♦♦❢ ✐❞❡❛✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ♥♦r♠❛❧✐③❛t✐♦♥ ✇♦r❦s ❜♦tt♦♠✲✉♣ ❜② ✢❛tt❡♥✐♥❣ ♥❡st❡❞ ❆❈■✲s❡ts✱
s♦rt✐♥❣ ❝❤✐❧❞r❡♥ ♦❢ ❆❈■✲s❡t ♥♦❞❡s✱ r❡♠♦✈✐♥❣ ❞✉♣❧✐❝❛t❡s ❛♥❞ r❡♠♦✈✐♥❣ ♥♦❞❡s ✇✐t❤♦✉t ✐♥❝♦♠✐♥❣
❡❞❣❡s ✭❡①❝❡♣t t❤❡ r♦♦t ♦❢ t✮✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳ ❚❤❡ ❣❡♥❡r❛❧ ❝♦♥str❛✐♥t s②st❡♠ ✇✐t❤✐♥ ❉❨✰❆❈■ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠✱ t❤❛t
❆❧❣♦r✐t❤♠ ✸ s♦❧✈❡s✱ ✐s ✐♥ NP ✳

Pr♦♦❢✳ ❆❧❣♦r✐t❤♠ ✸ r❡t✉r♥s ❛ ♣r♦♦❢ ❢♦r ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ✐❢ ✐t ❡①✐sts✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇✱ t❤❛t
✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤✐s ♣r♦♦❢ t❛❦❡s ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ✇✐t❤ r❡❣❛r❞ t♦ ✐♥✐t✐❛❧ ♣r♦❜❧❡♠ s✐③❡✳ ❆s
t❤❡ s✐③❡✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r s♣❛❝❡ ♥❡❡❞❡❞ t♦ ✇r✐t❡ ❞♦✇♥ ✐♥♣✉t✬s ❉❆●✲r❡♣r❡s❡♥t❛t✐♦♥✳

❋✐rst✱ ✇❡ ✇✐❧❧ ♥♦r♠❛❧✐③❡ Sσ✳ ❋r♦♠ ▲❡♠♠❛ ✶✻ ❢♦❧❧♦✇s✱ t❤❛t ✇❡ ❝❛♥ ❞♦ ✐t ❢♦r t❤❡ t✐♠❡ Tpq ≤
∑

E⊲t∈S

∑

q∈E∪{t} Ppq(sizeDAG (qσ))✱ ✇❤❡r❡ Ppq ✐s s♦♠❡ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡ ❝♦✲
❡✣❝✐❡♥ts✳

❋r♦♠ t❤❡ Pr♦♣♦s✐t✐♦♥ ✶✷ ✇❡ ✇✐❧❧ ❦♥♦✇ t❤❛t ❝❤❡❝❦ ♦❢ ❞❡r✐✈❛❜✐❧✐t② ♦❢ ❛ ♥♦r♠❛❧✐③❡❞ ❣r♦✉♥❞
t❡r♠ g ❢r♦♠ s❡t ♦❢ ♥♦r♠❛❧✐③❡❞ ❣r♦✉♥❞ t❡r♠s G t❛❦❡s ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❞❡♣❡♥❞✐♥❣ ♦♥
sizeDAG (G ∪ {g})✳ ■✳❡✳ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ Pg ✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥ts✱ s✉❝❤
t❤❛t ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s ✭❡①❡❝✉t✐♦♥ t✐♠❡✮ t♦ ✈❡r✐❢② t❤❡ ❞❡r✐✈❛❜✐❧✐t② ✭g ❢r♦♠ G✮ ✇✐❧❧ ❜❡
❧✐♠✐t❡❞ ❜② Pg(sizeDAG (G ∪ {g}))✳ ❚❤❡♥ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ❢♦r ❝❤❡❝❦✐♥❣ ❛ s❡t ♦❢ ❣r♦✉♥❞
❝♦♥str❛✐♥ts {Gi ⊲ gi}i=1,...,n ✇✐❧❧ ❜❡ ❧✐♠✐t❡❞ ❜②

∑n

i=1 Pg(sizeDAG (Gi ∪ {gi}))✳
❚❤❡ ❛❧❣♦r✐t❤♠ ❣✐✈❡s ❛ ♣r♦♦❢ σ ✭♥♦r♠❛❧✐③❡❞ s✉❜st✐t✉t✐♦♥✮ s✉❝❤ t❤❛t ∀x ∈ dom (σ) , sizeDAG (xσ) ≤

2× sizeDAG (S)✳
❚♦ s❤♦✇ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✐s ✐♥ NP ✇❡ ♥❡❡❞ t♦ s❤♦✇✱ t❤❛t ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ ❝❤❡❝❦ ✐s

♣♦❧②♥♦♠✐❛❧ ❧✐♠✐t❡❞ ❜② ♠❡❛s✉r❡ ♦❢ ❛❧❣♦r✐t❤♠✬s ✐♥♣✉t✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ P ✱ s✉❝❤
t❤❛t ❡①❡❝✉t✐♦♥ t✐♠❡ ❞♦❡s ♥♦t ❡①❝❡❡❞ O(P (n× sizeDAG (S))) st❡♣s✳

■♥ ♦✉r ❝❛s❡✱ ❡①❡❝✉t✐♦♥ t✐♠❡ T ♦❢ ❛ ❝❤❡❝❦ ✇✐❧❧ ❜❡ T = Tpq + Tg✱ ✇❤❡r❡ Tg ✐s ❛ t✐♠❡
♥❡❡❞❡❞ ❢♦r ❝❤❡❝❦✐♥❣ ❣r♦✉♥❞ ❞❡r✐✈❛❜✐❧✐t② ♦❢ Sσ✿ Tg ≤

∑n

i=1 Pg(sizeDAG (p(Ei ∪ {ti})σq)✳ ❆s
Pg ✐s ❛ ♣♦❧②♥♦♠✐❛❧✱ ❧❡t ✉s s❛②✱ ♦❢ ❞❡❣r❡❡ m′ > 0✱ ✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥ts ✭❛s ✇❡❧❧
❛s Ppq ♦❢ ❞❡❣r❡❡ m′′ > 0✮✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❢❛❝t✱ t❤❛t ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs x1, . . . , xk✱
∑k

i=1 Pg(xi) ≤ Pg(
∑k

i=1 xi)✳ ❚❤❡♥ ✇❡ ❤❛✈❡ Tg ≤ Pg(
∑n

i=1 sizeDAG (p(Ei ∪ {ti})σq)) ❛♥❞ ❜②
❙t❛t❡♠❡♥t ✶✻ ♦❢ ▲❡♠♠❛ ✸ ✇❡ ❤❛✈❡ Tg ≤ Pg(

∑n

i=1 sizeDAG ((Ei ∪ {ti})σ))❀ ✉s✐♥❣ t❤❡ s❛♠❡

❘❘ ♥➦ ✼✷✼✻



✹✵ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

❧❡♠♠❛✱ ✇❡ ❤❛✈❡

Tg ≤ Pg

(

n
∑

i=1

(

sizeDAG (Ei ∪ {ti}) + sizeDAG

(

⋃

x

xσ

)))

≤

≤ Pg

(

n
∑

i=1

(

sizeDAG (Ei) + sizeDAG (ti) +
∑

x

sizeDAG (xσ)

))

≤

≤ Pg

(

n
∑

i=1

(2 sizeDAG (S)) + n×
∑

x

(sizeDAG (xσ))

)

≤

≤ Pg

(

2× n× sizeDAG (S) + n×
∑

x

(2× sizeDAG (S))

)

≤

≤ Pg

(

2× n× sizeDAG (S) + 2× n× (sizeDAG (S))2
)

≤

≤ Pg

(

4× n× (sizeDAG (S))2
)

≤ Pg

(

4× (n× sizeDAG (S))2
)

=

= O
(

(n× sizeDAG (S))2m
′
)

.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

Tpq ≤
∑

E⊲t∈S

∑

q∈E∪{t}

Ppq(sizeDAG (qσ)) ≤ Ppq





∑

E⊲t∈S

∑

q∈E∪{t}

sizeDAG (qσ)



 ≤

≤ Ppq





∑

E⊲t∈S

∑

q∈E∪{t}

(

sizeDAG (q) + sizeDAG

(

⋃

x

xσ

))



 ≤

≤ Ppq



n× (sizeDAG (S))2 +
∑

E⊲t∈S

∑

q∈E∪{t}

∑

x

sizeDAG (xσ)



 ≤

≤ Ppq



n× (sizeDAG (S))2 + 2× sizeDAG (S)×
∑

E⊲t∈S

∑

q∈E∪{t}

∑

x

1



 ≤

≤ Ppq



n× (sizeDAG (S))2 + 2× (sizeDAG (S))2 ×
∑

E⊲t∈S

∑

q∈E∪{t}

1



 ≤

≤ Ppq

(

n× (sizeDAG (S))2 + 2× (sizeDAG (S))3 × n
)

≤

≤ Ppq

(

3× (n× sizeDAG (S))3
)

= O
(

(n× sizeDAG (S))3m
′′
)

.

❚❤✉s✱ T = O
(

(n× sizeDAG (S))3m
′′

+ (n× sizeDAG (S))2m
′
)

t❤❛t s❤♦✇s✱ t❤❛t ❛ t❡st ♦❢

❛ ♣r♦♦❢ r❡t✉r♥❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠ t❛❦❡s ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ✇❤❛t ❣✐✈❡s ✉s ❛ ❝❧❛ss ♦❢ ❝♦♠♣❧❡①✐t②✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✹✶

✹✳✷ ●r♦✉♥❞ ❞❡r✐✈❛❜✐❧✐t② ✐♥ ❉❨✰❆❈■ ✐s ✐♥ P

Pr♦♣♦s✐t✐♦♥ ✶✷✳ ❆❧❣♦r✐t❤♠ ✷ ❤❛s ❛ ♣♦❧②♥♦♠✐❛❧ ❝♦♠♣❧❡①✐t② ♦♥ sizeDAG (E ∪ {t})✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ❣✐✈❡ ❛ ✈❡r② ❝♦❛rs❡ ❡st✐♠❛t❡✳
❋✐rst r❡♠❛r❦✱ t❤❛t ✐♥ ❛♥② st❡♣ ♦❢ ❛❧❣♦r✐t❤♠✱ |S| ❛♥❞ |D| ❞♦♥✬t ❡①❝❡❡❞ |QSub (E ∪ {t})|✳
❇✉✐❧❞✐♥❣ ♦❢ s❡ts QSub (E) ∪ QSub (t) t❛❦❡s ❧✐♥❡❛r t✐♠❡ ♦♥ sizeDAG (E ∪ {t})✳ ❇✉✐❧❞✲

✐♥❣ S ✇✐❧❧ t❛❦❡ ♥♦t ♠♦r❡ t❤❛♥ O (|E| × |QSub (E) ∪QSub (t)|)✱ t❤❛t ✐s✱ ♥♦t ♠♦r❡ t❤❛♥

O
(

(sizeDAG (E ∪ {t}))2
)

✳

❚❤❡ ♠❛✐♥ ❧♦♦♣ ❤❛s ❛t ♠♦st |QSub (E ∪ {t})| − |E| st❡♣s✳ ❙❡❛r❝❤✐♥❣ ❢♦r ❉❨ r✉❧❡ ✇✐t❤
❧❡❢t✲❤❛♥❞ s✐❞❡ ✐♥ D ❛♥❞ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥ S ✐s ♥♦t ❣r❡❛t❡r t❤❛t O(|S| × |D|2) ❛♥❞ t❤✉s✱
♥♦t ❣r❡❛t❡r t❤❛t O((sizeDAG (E ∪ {t}))3)✳ ❚❤❡ ♥❡①t ✐❢ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ O(|S| × |D| ×
(sizeDAG (E ∪ {t}))) st❡♣s ❛♥❞ t❤❡ ❧❛st ✐❢ ❝❛♥ ❜❡ ❛❧s♦ ❞♦♥❡ ❢♦r ❝✉❜✐❝ t✐♠❡✳ ❚❤❡ ❝❤❡❝❦ ❞♦♥❡
✐♥ r❡t✉r♥ st❛t❡♠❡♥t ✐s ❧✐♥❡❛r✳ ❆♥❞ ✜♥❛❧❧②✱ t❤❛♥❦s t♦ t❤❡ ❙t❛t❡♠❡♥t ✶✺ ♦❢ ▲❡♠♠❛ ✸✱ ✇❡ ❝❛♥
❡❛s✐❧② ❥✉st✐❢② t❤❡ ❝❧❛✐♠❡❞ ❝♦♠♣❧❡①✐t②✳

✺ ❙❛t✐s✜❛❜✐❧✐t② ♦❢ ❣❡♥❡r❛❧ ❉❨ ❝♦♥str❛✐♥t s②st❡♠

❚❤❡ ♣r❡✈✐♦✉s r❡s✉❧t ♦♥ ❝♦♥str❛✐♥t s♦❧✈✐♥❣ ❢♦r ❉❨✰❆❈■ t❤❡♦r② ❝❛♥ ❜❡ ♣r♦❥❡❝t❡❞ t♦ t❤❡ ❝❧❛s✲
s✐❝❛❧ ❉❨ ❝❛s❡✳ ❲❡ ❝❛♥♥♦t ❛♣♣❧② ✐t ❞✐r❡❝t❧②✱ ❛s ✐♥ t❤❡ r❡s✉❧t✐♥❣ ♠♦❞❡❧ ✇❡ ✇✐❧❧ ♣r♦❜❛❜❧② ❤❛✈❡
❛♥ ❆❈■ s②♠❜♦❧✳ ❚❤✉s✱ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❡ ❞❡❝✐❞❛❜✐❧✐t② ♦❢ ❉❨ ❝❛s❡✳ ❚❤❡ s❝❤❡♠❡ ✇❡ ❢♦❧❧♦✇
t♦ s♦❧✈❡ ❛ ❝♦♥str❛✐♥t s②st❡♠ ✇✐t❤✐♥ ❉❨ ❞❡❞✉❝t✐♦♥ s②st❡♠ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳

❋✐rst✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ✐❢ ❛ ❝♦♥str❛✐♥t s②st❡♠ ✐s s❛t✐s✜❛❜❧❡ ✇✐t❤✐♥ ❉❨✱ t❤❡♥ ✐t ✐s s❛t✐s✜❛❜❧❡
✇✐t❤✐♥ ❉❨✰❆❈■✭Pr♦♣♦s✐t✐♦♥ ✶✸✮✳

❙❡❝♦♥❞✱ ❛s ✇❡ ❦♥♦✇✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ♠♦❞❡❧ ♦❢ ❛ ❣✐✈❡♥ ❝♦♥str❛✐♥t s②st❡♠ ✇✐t❤✐♥ ❉❨✰❆❈■✳
❚❤✐r❞✱ ✇❡ ✇✐❧❧ tr❛♥s❢♦r♠ t❤❡ ♠♦❞❡❧ ♦❜t❛✐♥❡❞ ❢r♦♠ ♣r❡✈✐♦✉s st❡♣ ✭✇❤✐❝❤ ✐s ✐♥ ❉❨✰❆❈■✮ ✐♥

s✉❝❤ ❛ ✇❛②✱ t❤❛t t❤❡ r❡s✉❧t✐♥❣ s✉❜st✐t✉t✐♦♥ ✇✐❧❧ ❜❡ ❛ ♠♦❞❡❧ ♦❢ ✐♥✐t✐❛❧ ❝♦♥str❛✐♥t s②st❡♠ ✇✐t❤✐♥
❉❨✭❚❤❡♦r❡♠ ✷✮✳ ❚❤❡ ✐❞❡❛ ♦❢ s❛t✐s❢❛❝t♦r② tr❛♥s❢♦r♠❛t✐♦♥ δ ✐s s✐♠♣❧❡✿ ✇❡ r❡♣❧❛❝❡ ❛♥② ❆❈■
❧✐st ♦❢ t❡r♠s ✇✐t❤ ♥❡st❡❞ ♣❛✐rs✿ · ({t1, . . . , tn}) ✇❡ r❡♣❧❛❝❡ ✇✐t❤ pair (t1, pair (..., tn))✳ ◆♦t❡✱
t❤❛t t❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ✇✐❧❧ ❤❛✈❡ ❛ ❧✐♥❡❛r ❝♦♠♣❧❡①✐t② ❛♥❞ t❤❡ tr❛♥s❢♦r♠❡❞ ♠♦❞❡❧ ✇✐❧❧ ❤❛✈❡
t❤❡ ❉❆●✲s✐③❡ ♥♦t ♠♦r❡ t❤❛♥ t✇✐❝❡ ❜✐❣❣❡r t❤❛♥ ✐♥✐t✐❛❧✳ ❚❤✐s ❣✐✈❡s ✉s ❛ ❝❧❛ss ♦❢ ❝♦♠♣❧❡①✐t②✱
✇❤✐❝❤ ✐s ◆P✱ ❢♦r t❤❡ ♣r♦❜❧❡♠ ♦❢ s❛t✐s✜❛❜✐❧✐t② ♦❢ ❣❡♥❡r❛❧ ❝♦♥str❛✐♥t s②st❡♠ ✇✐t❤✐♥ ❉❨ ♠♦❞❡❧✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳ ❲❡ ❞❡✜♥❡ ❛ r❡♣❧❛❝❡♠❡♥t δ (t) : Tg 7→ Tg ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

δ (t) =























t, ✐❢ t ∈ X ∪ A;
bin (δ (p) , δ (q)) , ✐❢ t = bin (p, q) ,

priv (δ (p)) , ✐❢ t = priv (p) ;
δ (t1) , ✐❢ t = · (t1) ;

pair (δ (t1) , δ (· (t2, . . . , tm))) , ✐❢ t = · (t1, . . . , tm) ,m > 1;

❉❡✜♥✐t✐♦♥ ✺✳✷✳ ●✐✈❡♥ s✉❜st✐t✉t✐♦♥ σ✳ ❚❤❡♥ δ (σ) = {x → δ (xσ)}x∈dom(σ)✳ ❋♦r T ⊆ Tg✱

δ (T ) = {δ (t) : t ∈ T}✳

❘❘ ♥➦ ✼✷✼✻



✹✷ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

❋✐❣✉r❡ ✺✿ Pr♦♦❢ P❧❛♥

❈♦♠♣♦s✐t✐♦♥ r✉❧❡s ❉❡❝♦♠♣♦s✐t✐♦♥ r✉❧❡s
t1, t2 → enc (t1, t2) enc (t1, t2) , t2 → t1
t1, t2 → aenc (t1, t2) aenc (t1, t2) , priv (t2) → t1
t1, t2 → pair (t1, t2) pair (t1, t2) → t1
t1, priv (t2) → sig (t1, priv (t2)) pair (t1, t2) → t2

❚❛❜❧❡ ✸✿ ❉❨ ❞❡❞✉❝t✐♦♥ s②st❡♠ r✉❧❡s

▲❡t ✉s r❡❝❛❧❧ ❝❧❛ss✐❝❛❧ ❉♦❧❡✈✲❨❛♦ ❞❡❞✉❝t✐♦♥ s②st❡♠ ✭❉❨✮ ✐♥ ❚❛❜❧❡ ✸✳

❉❡✜♥✐t✐♦♥ ✺✳✸✳ ❆ ❝♦♥str❛✐♥t s②st❡♠ S st❛♥❞❛r❞✱ ✐❢ ∀s ∈ Sub (S) root (s) 6= ·✳ ❚❤❡ ❞❡✜♥✐✲
t✐♦♥ ✐s ❡①t❡♥❞❡❞ ✐♥ ♥❛t✉r❛❧ ✇❛② t♦ t❡r♠s✱ s❡ts ♦❢ t❡r♠s ❛♥❞ s✉❜st✐t✉t✐♦♥s✳

❲❡ ❝❛♥ r❡❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❞❡r✐✈❛t✐♦♥ ❢♦r ❉♦❧❡✈✲❨❛♦ ❞❡❞✉❝t✐♦♥ s②st❡♠ ✐♥ ❛ ♥❛t✉r❛❧
✇❛②✱ ❛♥❞ ❞❡♥♦t❡ ✐t ❛s DerDY ✳

▲❡♠♠❛ ✶✼✳ ❆♥② st❛♥❞❛r❞ ❝♦♥str❛✐♥t s②st❡♠ ✐s ♥♦r♠❛❧✐③❡❞✳

▲❡♠♠❛ ✶✽✳ ▲❡t t ❜❡ ❛ st❛♥❞❛r❞ t❡r♠✱ σ ❜❡ ❛ ♥♦r♠❛❧✐③❡❞ s✉❜st✐t✉t✐♦♥✳ ❚❤❡♥ tσ ✐s ♥♦r♠❛❧✐③❡❞✳

Pr♦♣♦s✐t✐♦♥ ✶✸✳ ■❢ ❛ st❛♥❞❛r❞ ❝♦♥str❛✐♥t s②st❡♠ S ❤❛s ❛ ♠♦❞❡❧ σ ✇✐t❤✐♥ ❉❨ ❞❡❞✉❝t✐♦♥
s②st❡♠✱ t❤❡♥ S ❤❛s ❛ ♠♦❞❡❧ ✇✐t❤✐♥ ❉❨✰❆❈■ ❞❡❞✉❝t✐♦♥ s②st❡♠✳

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ♠♦❞❡❧ σ ✐♥ ❉❨✰❆❈■✳ ❆s Sσ ✐s ♥♦r♠❛❧✐③❡❞ ❛♥❞ ❛s
❉❨✰❆❈■ ✐♥❝❧✉❞❡s ❛❧❧ t❤❡ r✉❧❡s ❢r♦♠ ❉❨✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ ✉s✐♥❣ t❤❡ s❛♠❡ ❞❡r✐✈❛t✐♦♥ t❤❛t
♣r♦✈❡s σ t♦ ❜❡ ❛ ♠♦❞❡❧ ✐♥ ❉❨✱ t❤❛t σ st❛②s ❛ ♠♦❞❡❧ ♦❢ S ✐♥ ❉❨✰❆❈■✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✹✸

❚❤❡ ❣♦❛❧ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥✐♥❣ ✐s t♦ s❤♦✇ t❤❛t ✇❡ ❝❛♥ ❜✉✐❧❞ ❛ ♠♦❞❡❧ ♦❢ ❛ ❝♦♥str❛✐♥t
s②st❡♠ ✇✐t❤✐♥ ❉❨ ❢r♦♠ ❛ ♠♦❞❡❧ ♦❢ t❤✐s ❝♦♥str❛✐♥t s②st❡♠ ✇✐t❤✐♥ ❉❨✰❆❈■✳

▲❡♠♠❛ ✶✾✳ ❋♦r ❛♥② ❉❨✰❆❈■ r✉❧❡ l1, . . . , lk → r✱ ✐❢ li ❛r❡ ♥♦r♠❛❧✐③❡❞ ❢♦r ❛❧❧ i = 1, . . . , k
t❤❡♥ δ (r) ∈ DerDY ({δ (l1) , . . . , δ (lk)})✳

Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛❧❧ ♣♦ss✐❜❧❡ r✉❧❡s✿

❼ t1, t2 → ppair (t1, t2)q

❆s t1 ❛♥❞ t2 ❛r❡ ♥♦r♠❛❧✐③❡❞✱ t❤❡♥ ppair (t1, t2)q = pair (t1, t2)✳ ❲❡ ❝❛♥ s❡❡✱ t❤❛t
δ (pair (t1, t2)) = pair (δ (t1) , δ (t2)) ∈ DerDY ({δ (t1) , δ (t2)})✳

❼ t1, t2 → penc (t1, t2)q✳ Pr♦♦❢ ♦❢ t❤✐s ❝❛s❡ ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❛♥❛❧♦❣② ♦❢ ♣r❡✈✐♦✉s ♦♥❡✳

❼ t1, t2 → paenc (t1, t2)q✳ Pr♦♦❢ ♦❢ t❤✐s ❝❛s❡ ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❛♥❛❧♦❣② ♦❢ ♣r❡✈✐♦✉s ♦♥❡✳

❼ t1, priv (t2) → psig (t1, priv (t2))q✳

❆s t1 ❛♥❞ priv (t2) ❛r❡ ♥♦r♠❛❧✐③❡❞✱ t❤❡♥ psig (t1, priv (t2))q = sig (t1, priv (t2))✳ ❲❡ ❝❛♥
s❡❡✱ t❤❛t δ (sig (t1, priv (t2))) = sig (δ (t1) , δ (priv (t2))) = sig (δ (t1) , priv (δ (t2))) ∈
DerDY ({δ (t1) , priv (δ (t2))})✱ ❜✉t priv (δ (t2)) = δ (priv (t2))✳

❼ t1, . . . , tm → p· (t1, . . . , tm)q✳

❚❤❡ ❢❛❝t✱ t❤❛t elems (p· (t1, . . . , tm)q) =
⋃

i=1,...,m elems (ti) ❢♦❧❧♦✇s ❢r♦♠ ti = ptiq ✭❢♦r
❛❧❧ i✮ ❛♥❞ ▲❡♠♠❛ ✸✳

❲❡ ❝❛♥ ✭❉❨✮✲❞❡r✐✈❡ ❢r♦♠ {δ (ti)} ❛♥② t❡r♠ ✐♥ δ (elems (ti))✱ tr✐✈✐❛❧❧②✱ ✐❢ ti 6= · (L) ❛♥❞

❜② ❛♣♣❧②✐♥❣ r✉❧❡s pair (s1, s2)
DY
−−→ s1 ❛♥❞ pair (s1, s2)

DY
−−→ s2 ♦t❤❡r✇✐s❡ ✭♣r♦♦❢ ❜②

✐♥❞✉❝t✐♦♥ ♦♥ s✐③❡ ♦❢ ti✮✳

❖♥❡ ❝❛♥ ♦❜s❡r✈❡✱ t❤❛t δ (t) ✐s ❛ ♣❛✐r✐♥❣ ✭❝♦♠♣♦s✐t✐♦♥ ♦❢ pair (·, ·) ♦♣❡r❛t♦r ✇✐t❤ ✐ts❡❧❢✮
♦❢ δ (elems (t)) ✭❜② ❞❡✜♥✐t✐♦♥ ♦❢ δ (·) ❛♥❞ ♥♦r♠❛❧✐③❛t✐♦♥ ❢✉♥❝t✐♦♥✮✳ ❆♥❞ t❤❡♥✱ ❛s δ (t)
✐s ❧✐♠✐t❡❞ ✐♥ s✐③❡✱ ✇❡ ❝❛♥ ✭❉❨✮✲❞❡r✐✈❡ δ (t) ❢r♦♠ δ (elems (t)) ❜② ✐t❡r❛t✐✈❡ ✉s❡ ♦❢ r✉❧❡

s1, s2
DY
−−→ pair (s1, s2)✱ ✐❢ ♥❡❡❞❡❞✳

❚❤✉s✱ ✜rst ✇❡ ❝❛♥ ❞❡r✐✈❡ δ (elems (ti)) ❢♦r ❛❧❧ i✱ ❛♥❞ t❤❡♥ r❡❜✉✐❧❞ ✭❞❡r✐✈❡ ✇✐t❤ ❝♦♠♣♦✲
s✐t✐♦♥ r✉❧❡s✮ δ (p· (t1, . . . , tm)q)✳

❼ enc (t1, t2) , pt2q → pt1q✳

❆s enc (t1, t2) ✐s ♥♦r♠❛❧✐③❡❞✱ t❤❡♥ t1 = pt1q ❛♥❞ t2 = pt2q✳ ❚❤✉s✱ δ (t1) ∈ DerDY ({enc (δ (t1) , δ (t2)) , δ (t2)})
❛♥❞ t❤✐s ✐s ✇❤❛t ✇❡ ♥❡❡❞✱ ❛s δ (enc (t1, t2)) = enc (δ (t1) , δ (t2))✳

❼ pair (t1, t2) → pt1q✳ ❙✐♠✐❧❛r ❝❛s❡✳

❼ pair (t1, t2) → pt2q✳ ❙✐♠✐❧❛r ❝❛s❡✳

❼ aenc (t1, t2) , ppriv (t2)q → pt1q✳ ❙✐♠✐❧❛r ❝❛s❡✳ ◆♦t❡✱ t❤❛t δ (priv (t2)) = priv (δ (t2))

❘❘ ♥➦ ✼✷✼✻



✹✹ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

❼ · (t1, . . . , tm) → ptiq✳

❆s ✇❡ s❛✐❞ ❛❜♦✈❡✱ δ (elems (· (t1, . . . , tm))) ⊆ DerDY ({δ (· (t1, . . . , tm))})❀ ❛♥❞ ❛s δ (elems (ti)) ⊆
δ (elems (· (t1, . . . , tm)))✱ ✇❡ ❝❛♥ ✭❉❨✮✲❞❡r✐✈❡ ✭❜② ❝♦♠♣♦s✐t✐♦♥ r✉❧❡s✮ δ (ti) ❢r♦♠ δ (elems (ti))✳

Pr♦♣♦s✐t✐♦♥ ✶✹✳ ●✐✈❡♥ ❛ st❛♥❞❛r❞ ❝♦♥str❛✐♥t s②st❡♠ S ❛♥❞ ✐ts ♥♦r♠❛❧✐③❡❞ ♠♦❞❡❧ σ ✐♥
❉❨✰❆❈■✳ ❚❤❡♥✱ ❢♦r ❛♥② s✉❜t❡r♠ ♦❢ t❤❡ s②st❡♠ t ∈ Sub (S)✱ ✇❡ ❤❛✈❡ δ (tσ) = tδ (σ)✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ❜② ✐♥❞✉❝t✐♦♥ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳

❼ ▲❡t sizeDAG (t) = 1✳ ❚❤❡♥ ❡✐t❤❡r t ∈ A ♦r t ∈ X ✳ ❇♦t❤ ❛r❡ tr✐✈✐❛❧ ❝❛s❡s✳

❼ ❆ss✉♠❡ t❤❛t ❢♦r s♦♠❡ k ≥ 1 ✐❢ sizeDAG (t) ≤ k✱ t❤❡♥ δ (tσ) = tδ (σ)✳

❼ ❙❤♦✇✱ t❤❛t ❢♦r t s✉❝❤ t❤❛t sizeDAG (t) ≥ k + 1✱ ✇❤❡r❡ t = bin (p, q) ♦r t = priv (p) ❛♥❞
sizeDAG (p) ≤ k ❛♥❞ sizeDAG (q) ≤ k✱ st❛t❡♠❡♥t δ (tσ) = tδ (σ) ✐s st✐❧❧ tr✉❡✳ ❲❡ ❤❛✈❡✿

✕ ❡✐t❤❡r t = bin (p, q)✳ ❆s δ (bin (p, q)σ) = δ (bin (pσ, qσ)) = bin (δ (pσ) , δ (qσ)) =
bin (pδ (σ) , qδ (σ)) = bin (p, q) δ (σ)✳

✕ ♦r t = priv (p)✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❛♥❛❧♦❣② ✇✐t❤ ♣r❡✈✐♦✉s ♦♥❡✳

❘❡♠❛r❦✿ ❛s S ✐s st❛♥❞❛r❞✱ t 6= · (L)✳

❚❤❡♦r❡♠ ✷✳ ●✐✈❡♥ ❛ st❛♥❞❛r❞ ❝♦♥str❛✐♥t s②st❡♠ S = {Ei ⊲ ti}i=1,...,n ❛♥❞ ✐ts ♥♦r♠❛❧✐③❡❞
♠♦❞❡❧ σ ✐♥ ❉❨✰❆❈■✳ ❚❤❡♥ δ (σ) ✐s ❛ ♠♦❞❡❧ ✐♥ ❉❨ ♦❢ S✳

Pr♦♦❢✳ ▲❡t E ⊲ t ❜❡ ❛♥② ❡❧❡♠❡♥t ♦❢ S✳ ❆s σ ✐s ❛ ♠♦❞❡❧ ♦❢ S✱ t❤❡♥ ptσq ∈ Der (pEσq)✳ ❆s
σ ✐s ♥♦r♠❛❧✐③❡❞ ❛♥❞ S ✐s st❛♥❞❛r❞✱ ✉s✐♥❣ ▲❡♠♠❛ ✶✽ ✇❡ ❤❛✈❡ ptσq = tσ ❛♥❞ pEσq = Eσ✳
❚❤❡♥✱ tσ ∈ Der (Eσ)✳ ❚❤❛t ♠❡❛♥s✱ t❤❡r❡ ❡①✐sts ❛ ❉❨✰❆❈■ ❞❡r✐✈❛t✐♦♥ D = {A0, . . . , Ak}
s✉❝❤ t❤❛t A0 = Eσ ❛♥❞ tσ ∈ Ak✳

❇② ▲❡♠♠❛ ✶✾ ❛♥❞ ▲❡♠♠❛ ✷ ✭✇❤✐❝❤ ❛❧s♦ ✇♦r❦s ❢♦r ❉❨ ❝❛s❡✮ ✇❡ ❝❛♥ ❡❛s✐❧② ♣r♦✈❡ t❤❛t ✐❢
k > 0✱ δ (Aj) ⊆ DerDY (δ (Aj−1)) , j = 1, . . . , k✳ ◆♦t❡✱ t❤❛t δ (A) ✐s ❛ s❡t ♦❢ st❛♥❞❛r❞ t❡r♠s
✭❛♥❞ t❤✉s✱ ♥♦r♠❛❧✐③❡❞✮ ❢♦r ❛♥② s❡t ♦❢ t❡r♠s A✳ ❚❤❡♥✱ ❛♣♣❧②✐♥❣ tr❛♥s✐t✐✈✐t② ♦❢ DerDY (·)
✭▲❡♠♠❛ ✶ ❢♦r ❉❨✮ k t✐♠❡s✱ ✇❡ ❤❛✈❡ t❤❛t δ (Ak) ⊆ DerDY (δ (A0))✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ k = 0✱
t❤❡ st❛t❡♠❡♥t δ (Ak) ⊆ DerDY (δ (A0)) ✐s ❛❧s♦ tr✉❡✳

❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✹ ✇❡ ❤❛✈❡ t❤❛t δ (A0) = δ (Eσ) = Eδ (σ)✱ ❛s E ⊆ QSub (S)✳ ❚❤❡
s❛♠❡ ❢♦r t✿ δ (tσ) = tδ (σ)✱ ❛♥❞ ❛s tσ ∈ Ak✱ ✇❡ ❤❛✈❡ tδ (σ) ∈ δ (Ak)✳

❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❛t tδ (σ) ∈ δ (Ak) ⊆ DerDY (δ (A0)) = DerDY (Eδ (σ))✱ t❤❛t ♠❡❛♥s
δ (σ) ❉❨✲s❛t✐s✜❡s ❛♥② ❝♦♥str❛✐♥t ♦❢ S✳

❲❡ ♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ✐❧❧✉str❛t✐♥❣ t❤❡ t❤❡♦r❡♠✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✹✺

❊①❛♠♣❧❡ ✽✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ st❛♥❞❛r❞ ❝♦♥str❛✐♥t s②st❡♠ s✐♠✐❧❛r t♦ ♦♥❡ ✐♥ ❊①❛♠♣❧❡ ✺✳

S =

{

enc (x, a) , pair (c, a) ⊲ b
pair (x, c) ⊲ a

}

,

❯s✐♥❣ ❆❧❣♦r✐t❤♠ ✸✱ ✇❡ ❝❛♥ ❣❡t ❛ ♠♦❞❡❧ ♦❢ S ✇✐t❤✐♥ ❉❨✰❆❈■✱ ❧❡t✬s s❛②✱ ❛s ✐♥ ❊①❛♠♣❧❡ ✻✱
σ = {x 7→ · ({a, b, c})}✳

❚❤❡♥✱ ❜② ❛♣♣❧②✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥ δ (·)✱ ✇❡ ✇✐❧❧ ❣❡t σ′ = δ (σ) = {x 7→ pair (a, pair (b, c))}✳
❲❡ ❝❛♥ s❡❡✱ t❤❛t σ′ ✐s ❛❧s♦ ❛ ♠♦❞❡❧ ♦❢ S ✇✐t❤✐♥ ❉❨✭❛s ✐t ✇❛s ♣r♦✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✮✳

❈♦r♦❧❧❛r② ✸ ✭♦❢ ❚❤❡♦r❡♠ ✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✸✮✳ ❆ st❛♥❞❛r❞ ❝♦♥str❛✐♥t s②st❡♠ S ✐s s❛t✐s✲
✜❛❜❧❡ ✇✐t❤✐♥ ❉❨ ✐✛ ✐t ✐s s❛t✐s✜❛❜❧❡ ✇✐t❤✐♥ ❉❨✰❆❈■✳

❈♦r♦❧❧❛r② ✹✳ ❙❛t✐s✜❛❜✐❧✐t② ♦❢ ❝♦♥str❛✐♥t s②st❡♠ ✇✐t❤✐♥ ❉❨ ✐s ✐♥ NP ✳

✻ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ✇♦r❦ ✇❡ ♣r❡s❡♥t❡❞ ❛ ❞❡❝✐s✐♦♥ ❛❧❣♦r✐t❤♠ ♦❢ s❛t✐s✜❛❜✐❧✐t② ♦❢ ❣❡♥❡r❛❧ ❝♦♥str❛✐♥t s②st❡♠
✇✐t❤✐♥ ❉♦❧❡✈✲❨❛♦ ❞❡❞✉❝t✐♦♥ s②st❡♠ ❛s ✇❡❧❧ ❛s ♦♥❡ ❡①t❡♥❞❡❞ ✇✐t❤ ❆❈■ s②♠❜♦❧ t❤❛t ❝❛♥ ❜❡
✉s❡❞ t♦ r❡♣r❡s❡♥t s❡ts ♦❢ t❡r♠s✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ❝❧❛ss ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇❛s ♣r♦✈❡❞ t♦ ❜❡ ✐♥
NP ✳

❲❡ ❣❛✈❡ ❛❧s♦ t✇♦ ❡①❛♠♣❧❡s ♦❢ ✉s❛❣❡ ♦❢ t❤❡ ♣r❡s❡♥t❡❞ r❡s✉❧t✿ ♦♥❡ ✐s ❢♦r ♣r♦t♦❝♦❧ ✐♥s❡❝✉r✐t②
st✉❞②✱ ❛♥♦t❤❡r ✐s ❢♦r ♣r♦t♦❝♦❧ s②♥t❤❡s✐s✳

❆PP❊◆❉■❳

❆ ●❡♥❡r❛❧ ❝♦♥str❛✐♥ts ❢♦r s✉❜t❡r♠ t❤❡♦r✐❡s

❲❡ s❤♦✇ t❤❛t t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ ❝♦♥str❛✐♥t s②st❡♠ ✇✐t❤✐♥ s✉❜t❡r♠ ❞❡❞✉❝t✐♦♥ s②st❡♠ ✐s
✉♥❞❡❝✐❞❛❜❧❡ ✐♥ ❣❡♥❡r❛❧✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿

■♥st❛♥❝❡✿ ❛ s✉❜t❡r♠ ❞❡❞✉❝t✐♦♥ s②st❡♠ ❉✱ ❛ ❝♦♥str❛✐♥t s②st❡♠ ❈✳

◗✉❡st✐♦♥✿ ✐s ❈ s❛t✐s✜❛❜❧❡ ❄

❚♦ s❤♦✇ t❤✐s✱ ✇❡ r❡❞✉❝❡ t❤❡ ❤❛❧t✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❛ ❉❡t❡r♠✐♥✐st✐❝ ❚✉r✐♥❣ ▼❛❝❤✐♥❡ ✭❚▼✮ M
t❤❛t ✇♦r❦s ♦♥ ❛ s✐♥❣❧❡ t❛♣❡✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ t❛♣❡ ❛❧♣❤❛❜❡t Γ = {0, 1, ♭}✱ ❛♥❞ ♭ ✐s t❤❡ ❜❧❛♥❦
s②♠❜♦❧✱ ❡✳❣✳ r❡♣r❡s❡♥t✐♥❣ t❤❡ r✐❣❤t♠♦st ♣❛rt ♦❢ t❤❡ t❛♣❡✳ ❚❤❡ st❛t❡s ♦❢ t❤❡ ❚▼ M ❛r❡ ✐♥
❛ ✜♥✐t❡ s❡t Q = {q1, q2, . . . , qn}✳ ❲✳❧✳♦✳❣✳ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t q1 ✭r❡s♣✳ qn✮ ✐s t❤❡ ✉♥✐q✉❡
✐♥✐t✐❛❧ ✭r❡s♣✳ ❛❝❝❡♣t✐♥❣✮ st❛t❡✳

■♥ ♦r❞❡r t♦ r❡♣r❡s❡♥t ❚✉r✐♥❣ ♠❛❝❤✐♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❛s t❡r♠s ✇❡ s❤❛❧❧ ✐♥tr♦❞✉❝❡ ❛ s❡t ♦❢
✈❛r✐❛❜❧❡s X ❛♥❞ ❛♥ ❛❧♣❤❛❜❡t F ✳

F := {0, 1, ♭,⊥} ∪Q

❘❘ ♥➦ ✼✷✼✻



✹✻ ❆✈❛♥❡s♦✈✱ ❈❤❡✈❛❧✐❡r✱ ❘✉s✐♥♦✇✐t❝❤✱ ❚✉r✉❛♥✐

❚❤❡ ❚▼ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ t❛♣❡ ⊥ abcde ⊥✱ ✭✇❤❡r❡ ⊥ ✐s ❛♥ ❡♥❞♠❛r❦❡r✮✱ ✇✐t❤ s②♠❜♦❧ d
✉♥❞❡r t❤❡ ❤❡❛❞✱ ❛♥❞ st❛t❡ q ✇✐❧❧ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠ ♦❢ q(c(b(a(⊥), d(e(⊥), x)
✇❤❡r❡ x ∈ X ❛♥❞ a, b, c, d, e ∈ {0, 1, ♭}✳

❋♦r ❡❛❝❤ ❚▼ tr❛♥s✐t✐♦♥ ♦❢M ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ s♦♠❡ ❞❡❞✉❝t✐♦♥ r✉❧❡ t❤❛t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ♦♥
❛ t❡r♠ r❡♣r❡s❡♥t❛t✐♦♥ q(u, v, q′(u′, v′, x′)) ✐✛ t❤❡ tr❛♥s✐t✐♦♥ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❛ ❝♦♥✜❣✉r❛t✐♦♥
r❡♣r❡s❡♥t❡❞ ❜② q(u, v,❴) ❛♥❞ ❣❡♥❡r❛t❡ ❛ ❝♦♥✜❣✉r❛t✐♦♥ r❡♣r❡s❡♥t❡❞ ❜② q′(u′, v′,❴)✳ ❋♦r ❡❛❝❤

❚▼ ✐♥str✉❝t✐♦♥ ♦❢ t②♣❡✿ ✏■♥ st❛t❡ q r❡❛❞✐♥❣ a ❣♦ t♦ st❛t❡ q′ ❛♥❞ ✇r✐t❡ b✑✱ a, b ∈ {0, 1, ♭} ✇❡
❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡ ❢♦r ✿

q(u, a(v), q′(u, b(v), x)) → q′(u, b(v), x)

❋♦r ❡❛❝❤ ✐♥str✉❝t✐♦♥ ♦❢ t②♣❡✿ ✏■♥ st❛t❡ q r❡❛❞✐♥❣ a ❣♦ t♦ st❛t❡ q′ ❛♥❞ ♠♦✈❡ r✐❣❤t✑✱ ✇❡
❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ❢♦r a ∈ {0, 1, ♭} ✿

q(u, a(v), q′(a(u), v, x)) → q′(a(u), v, x)

❆ r✉❧❡ ✐s ❢♦r ❡①t❡♥❞✐♥❣ t❤❡ t❛♣❡ ♦♥ t❤❡ r✐❣❤t ✇❤❡♥ ♥❡❡❞❡❞✿

q(u,⊥, q′(♭(u),⊥, x)) → q′(♭(u),⊥, x)

❋♦r ❡❛❝❤ ✐♥str✉❝t✐♦♥ ♦❢ t②♣❡✿ ✏■♥ st❛t❡ q r❡❛❞✐♥❣ a ❣♦ t♦ st❛t❡ q′ ❛♥❞ ♠♦✈❡ ❧❡❢t✑✱ ✇❡ ❞❡✜♥❡
t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ❢♦r a ∈ {0, 1, ♭} ✿

q(a(u), v, q′(u, a(v), x)) → q′(u, a(v), x)

❆ r✉❧❡ ✐s ❢♦r ❡①t❡♥❞✐♥❣ t❤❡ t❛♣❡ ♦♥ t❤❡ ❧❡❢t ✇❤❡♥ ♥❡❡❞❡❞✿

q(⊥, a(v), q′(⊥, ♭(a(v)), x)) → q′(⊥, ♭(a(v)), x)

❚❤❡ r❡s✉❧t✐♥❣ ❞❡❞✉❝t✐♦♥ s②st❡♠ DM ✐s ♦❜✈✐♦✉s❧② ❛ s✉❜t❡r♠ ❞❡❞✉❝t✐♦♥ s②st❡♠✳
▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❝♦♥str❛✐♥t S t♦ ❜❡ s♦❧✈❡❞ ♠♦❞✉❧♦ DM ✿

q1(⊥,⊥, x)⊲ qn(y, z, w)

❚❤✐s ❝♦♥str❛✐♥t ✐s s❛t✐s✜❛❜❧❡ ✐✛ t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s ♦❢M ❢r♦♠ ❛ ❝♦♥✜❣✉r❛t✐♦♥
✇✐t❤ ✐♥✐t✐❛❧ st❛t❡ q1 ❛♥❞ ❡♠♣t② t❛♣❡ t♦ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ❛♥ ❛❝❝❡♣t✐♥❣ st❛t❡✳ ❍❡♥❝❡ t❤❡
❝♦♥str❛✐♥t s♦❧✈✐♥❣ ♣r♦❜❧❡♠ ✐s ✉♥❞❡❝✐❞❛❜❧❡✳

▲❡t ✉s r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❝♦♥str❛✐♥t s②st❡♠s✳ ❚❤❡s❡ t✇♦ ♣r♦♣❡rt✐❡s
❛r❡ ♥❛t✉r❛❧ ❢♦r ♠♦❞❡❧✐♥❣ st❛♥❞❛r❞ s❡❝✉r✐t② ♣r♦t♦❝♦❧s✿

✈❛r✐❛❜❧❡ ♦r✐❣✐♥❛t✐♦♥✿ ∀i, ∀x ∈ Vars (Ei) ∃j < i x ∈ Vars (tj)✱

♠♦♥♦t♦♥✐❝✐t②✿ j < i =⇒ Ej ⊆ Ei✳

■◆❘■❆



❙❛t✐s✜❛❜✐❧✐t② ♦❢ ●❡♥❡r❛❧ ■♥tr✉❞❡r ❈♦♥str❛✐♥ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❙❡t ❈♦♥str✉❝t♦r ✹✼

◆♦t❡ t❤❛t {q1(⊥,⊥, x)⊲ qn(y, z, w)} ✐s ♦❜✈✐♦✉s❧② ♠♦♥♦t♦♥✐❝✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ s❛t✐s✜❛❜✐❧✐t② ♦❢ ♠♦♥♦t♦♥✐❝ ❝♦♥str❛✐♥t s②st❡♠s ✭❜✉t ✇✐t❤♦✉t ✈❛r✐❛❜❧❡

♦r✐❣✐♥❛t✐♦♥✮ ✐s ✉♥❞❡❝✐❞❛❜❧❡✳ ❍❡r❡ ✐s ❛♥♦t❤❡r ❝♦♥str❛✐♥t s②st❡♠✱ ✇❤❡r❡ ✈❛r✐❛❜❧❡ ♦r✐❣✐♥❛t✐♦♥ ✐s
s❛t✐s✜❡❞✱ ❜✉t ♠♦♥♦t♦♥② ✐s ♥♦t✳ ■t ❝❛♥ ❜❡ ✉s❡❞ ❢♦r r❡❞✉❝✐♥❣ t❤❡ ❤❛❧t✐♥❣ ♣r♦❜❧❡♠ ❛❣❛✐♥✱ ❜②
s✐♠♣❧② ❛❞❞✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣♦s✐t✐♦♥ r✉❧❡s t♦ DM ✿ u → f(u)✱ ❢♦r ❡❛❝❤ f ∈ {0, 1, ♭} ❛♥❞
u, v, w → q(u, v, w) ❢♦r ❡❛❝❤ q ∈ Q✳

{⊥⊲ x, q1(⊥,⊥, x)⊲ qn(y, z, w)}

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ s❛t✐s✜❛❜✐❧✐t② ♦❢ ❝♦♥str❛✐♥t s②st❡♠s ✇✐t❤ ✈❛r✐❛❜❧❡ ♦r✐❣✐♥❛t✐♦♥ ✭❜✉t ✇✐t❤✲
♦✉t ♠♦♥♦t♦♥✐❝✐t②✮ ✐s ✉♥❞❡❝✐❞❛❜❧❡✳

❲❡ s❤♦✉❧❞ ♥♦t❡ ❜② ❝♦♥tr❛st ✭s❡❡ ❬✶❪✮✱ t❤❛t ❝♦♥str❛✐♥t s♦❧✈✐♥❣ ✐♥ s✉❜t❡r♠ ❝♦♥✈❡r❣❡♥t
t❤❡♦r✐❡s ✐s ❞❡❝✐❞❛❜❧❡ ✐❢ t❤❡ ❝♦♥str❛✐♥t s②st❡♠ S = {Ei ⊲ ti}i=1,...,n s❛t✐s✜❡s ❜♦t❤ ✈❛r✐❛❜❧❡
♦r✐❣✐♥❛t✐♦♥ ❛♥❞ ♠♦♥♦t♦♥✐❝✐t②✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ▼❛t❤✐❡✉ ❇❛✉❞❡t✳ ❉❡❝✐❞✐♥❣ s❡❝✉r✐t② ♦❢ ♣r♦t♦❝♦❧s ❛❣❛✐♥st ♦✛✲❧✐♥❡ ❣✉❡ss✐♥❣ ❛tt❛❝❦s✳ ■♥
❆❈▼ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r ❛♥❞ ❈♦♠♠✉♥✐❝❛t✐♦♥s ❙❡❝✉r✐t②✱ ♣❛❣❡s ✶✻✕✷✺✱ ✷✵✵✺✳
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