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Delta Hedging in Financial Engineering:
Towards a Model-Free Approach

Michel FLIESS, Cédric DIN

Abstract—Delta hedging, which plays a crucial ble in Remark 1.1:Connections between mathematical finance
modern financial engineering, is a tracking control designér  and various aspects of control theory has already been
a “risk-free” management. We utilize the existence of trend in exploited by several authors (semg, [2], [34], [35] and

financial time series (Fliess M., Join C.:A mathematical proof th f therein). Th h h it
of the existence of trends in financial time serigBroc. Int. Conf. e references therein). Those approaches are however qui

Systems Theory: Modelling, Analysis and Control, Fes, 2009 far from what we are doing.

Online: http://hal.inria.fr/inria-00352834/en/) Our papﬂ is organized as follows. The theoretical back-
in order to propose a model-free setting for delta hedging.ti  ground is explained in Sectidf I1. Sectipr 1 displays seve
avoids most of the shortcomings encountered with the now convincing numerical simulations which

classic Black-Scholes-Merton framework. Several convirieg . . ] . .
computer simulations are presented. Some of them are deatin ¢ describe the behavior ak in “normal” situations,

with abrupt changes, i.e., jumps. « suggest new control strategies when abrupt chamnges,
. , o ) . jumps, occur, and are forecasted via techniques from
Keywords—Financial engineering, delta hedging, dynamic
: : K : [16] and [13], [14].
hedging, trends, quick fluctuations, abrupt changes, jumps . .
tracking control, model-free control. Some future developments are listed in Secfigh IV.
|. INTRODUCTION Il. THE FUNDAMENTAL EQUATIONS

Delta hedgingwhich plays an important role in financial A. Trends and quick fluctuations in financial time series
engineering (seee.g, [36] and the references therein), is a See [11], and [13], [14], for the definition and the existence
tracking control design for a “risk-free” management. ttie  of trends and quick fluctuations which follow from the
key ingredient of the famous Black-Scholes-Merton (BSMartier-Perrin theorem [Aﬁ.CaIcuIations of the trends and
partial differential equation ([3], [33]), which yields tipn  of its derivatives are deduced from the denoifingsults in
pricing formulas. Although the BSM equation is nowaday$17], [32] (see also [18]), which extend the familiaroving
utilized and taught all over the world (seeg, [24], [39]), averagetechniques in technical analysis (seey, [1], [28],
the severe assumptions, which are at its bottom, broug9]).
about a number of devastating criticisms (see, [7], [21],
[22], [23], [31], [37], [38] and the references therein), el
attack the very basis of modern financial mathematics, and1) The first equationietll be the value of an elementary

B. Dynamic hedging

therefore of delta hedging. portfolio of one long option positiof and one short position
We introduce here a new dynamic hedging, which is influll quantity A of some underlying:
enced by recent advancesrirodel-freecontrol ([10], [12])f] M=V —AS 1)

and bypass the shortcomings due to the BSM viewpoint:

« In order to avoid the study of the precise probabilisti¢NOte thatA is the control Variat_)IEZ the. u_nderlying asset is
nature of the fluctuations (see the comments in [11 old or bought. The portfolio isisklessif its value obeys

[13], and in [20]), we replace the various time seriedN€ equation

of prices by theirtrends[11], like we already did for dIl = r(t)I1dt

redefining the classic beta coefficient [14]. where r(t) is the risk-free rate interest of the equivalent
« The control variable satisfies an elementary algebraignount of cash. It yields

equation of degreéd, which results at once from the .

dynamic replicationand which, contrarily to the BSM I(t) = H(O)exp/ r(r)dr )

equation, does not need cumbersome final conditions. 0
« No complex calibrations of various coefficients arereplace Equation(}1) by

required.
Htrend = ‘/trend - AS‘nrelﬂd (3)
Michel FLIESSIs with INRIA-ALIEN & LIX (CNRS, UMR 7161), Ecole
polytechnique, 91128 Palaiseau, France. 2See [15] for a first draft.
M chel . Fl i ess@ol yt echni que. edu 3The connections between the Cartier-Perrin-theorem (36 fpr an
Cédric bIN is with INRIA-ALIEN & CRAN (CNRS, UMR 7039), introductory explanation) antechnical analysigsee,e.g, [1], [28], [29])
Nancy-Université, BP 239, 54506 Vandceuvre-lés-Nancgnée. are obvious (see [11] for details).
cedric.joi n@ran. uhp-nancy. fr 4The Cartier-Perrin theorem permits to give a new definitibmaisesin

1See,e.qg, [26] for a most convincing application. engineering [9].



and Equation|]2) by I1l. NUMERICAL SIMULATIONS
ot A. Two examples of delta hedging
irend = Merena(0) exp / r(r)dr (4) Take two derivative prices: one put (CFU9PY3500) and

. ) 0 ) one call (CFU9CY3500). The underlying asset is the CAC
Combining Equationd]3) anf|(4) leads to the tracking cdntro,q_ Figureg[J1-(a)[] 1-(b) arfd 1-(c) display the daily closing

strategy data. We focus on the 223 days before Septembiér, 2809.
= Figures[p-(a) andl]2-(b) (respl 3-(a) afjd 3-(b)) present the
A Virena — Htrend(o)efo r(mdr (5) stock prices and the derivative prices during this periad, a
Strend well as their corresponding trends. Figffe 3-(c) shows the

daily evolution of the risk-free interest rate, which yield
the tracking objective. The control variabl® is plotted in
Figureﬂ%-(d).

We might again caltlelta hedginghis strategy, although it is
of course an approximate dynamic hedging via the utilizatio
of trends.

2) Initialization: In order to implement correctly Equation B. Abrupt changes
@), the initial valuesA(0) and ITiyena(0) of A and I ena 1) Forecasts: We assume that an abrupt change, a
have to be known. This is achieved by equating the logarithamp, is preceded by “unusual” fluctuations around the trend
mic derivatives at = 0 of the right handsides of Equationsand further develop techniques from [16], and from [13],
@) and [}). It yields [14]. In Figure [I-(a), which displays forecasts of abrupt
changes, the symbols indicate if the jump is upward or
downward.

2) Dynamic hedging: Taking advantage of the above
forecasts allows to avoid the risk-free tracking strat@)/ (
and which would imply too strong variations oA and cause

‘Htrend(o) = Virend(0) — A(0)Strend(0) ‘ (7) some type of market illiquidity. The Figurgk 4-(b,c,d) show
some preliminary attempts, where other less “violent” epen

Remark 2.1:Let us emphasize once more that the derivaloop tracking controls have been selected.
tion of Equations[{5),[{6) and](7) does not necessitate any Remark 3.1:Numerous types of dynamic hedging have
precise mathematical description of the stochastic peoceseen suggested in the literature in the presence of jumps (se
S and of the volatility. The numerical analysis of thosee.g, [5], [33], [39] and the references therein). Remember
equations is moreover straightforward. moreover the well known lack of robustness of the BSM

Remark 2.2:The literature seems to contain only fewsetting with jumps [8].
other attempts to define dynamic hedging without having
recourse to the BSM machinery (se=g, [6], [19], [25]

_ ‘./trend (0) - T(O)‘/‘crend (0)
Strend (0) - T(O)Strend(o)

A(0) (6)

IV. CONCLUSION

and the references therein). Lack of space prevented us from
Remark 2.3:0ur dynamic hedging bears some similarity ¢ €xamining more involved options, futures, and other
with beta hedgind27], which will be analyzed elsewhere. derivatives, than in Sectidn 1I}C,
« thorough numerical and experimental comparisons with
C. A variant the BSM delta hedging.

When taking into account variants like tioest of carry Subsequent works will do that, and also revisit glong the
for commodities options (see.g, [39]), replace Equation S&me lines other notions which are related to variances and

@ by covariaqces.
We will
Alirend = dVirend — AdStrend + ¢AStrenadt « not try to replace the Gaussian assumptions by more
“complex” probabilistic laws,

« further tackle uncertainty by going deeper into the
Cartier-Perrin theorem [4],e., via a renewed approach
of time series.

This is an extreme departure from most today'’s criticisms of

T(T)d7> dt mathematical finance.

where ¢Sdt is the amount required during a short time
interval dt to finance the holding. Combining the above
equation with

ot

dHtrend = THtrend (0) <eXp/
0
yields

‘./trend - rHtrend (0) (exp f()t T’(’T’)d’]’)
A =

Strend — ¢ Strend Acknowledgement The authors would like to thank Frédéric

The derivation of the initial condition&(0) and I;enq(0)  HATT (Mereor Investment Management and Adivisory, JSAS
remains unaltered. for stimulating discussions.
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