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Abstract

This paper develops some aspects of stochastic calculus via regularization to Banach valued processes.
An original concept of y-quadratic variation is introduced, where y is a subspace of the dual of a tensor
product B ® B where B is the values space of some process X process. Particular interest is devoted
to the case when B is the space of real continuous functions defined on [—7,0], 7 > 0. It6 formulae and
stability of finite y-quadratic variation processes are established. Attention is deserved to a finite real
quadratic variation (for instance Dirichlet, weak Dirichlet) process X. The C([—, 0])-valued process X (-)
defined by X;(y) = X4y, where y € [—7,0], is called window process. Let T' > 0. If X is a finite quadratic
variation process such that [X]; =t and h = H(X7(-)) where H : C([-T,0]) — R is L?([-T,0])-smooth
or H non smooth but finitely based it is possible to represent h as a sum of a real Hy plus a forward
integral of type fOT &d~ X where Hy and ¢ are explicitly given. This representation result will be strictly
linked with a function w : [0,T] x C([-T,0]) — R which in general solves an infinite dimensional partial
differential equation with the property Hy = u(0, Xo(-)), & = D%u(t, X;(+)) := Du(t, X¢(-))({0}). This
decomposition generalizes the Clark-Ocone formula which is true when X is the standard Brownian motion
W. The financial perspective of this work is related to hedging theory of path dependent options without

semimartingales.

[2010 Math Subject Classification: | 60G15, 60G22, 60H05, 60H07, 60H30, 91G10, 91G80

Key words and phrases Calculus via regularization, Infinite dimensional analysis, Fractional Brownian
motion, Tensor analysis, Clark-Ocone formula, Dirichlet processes, 1t6 formula, Quadratic variation, Hedging

theory without semimartingales.
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Chapter 1

Introduction

Classical stochastic calculus and integration come back at least to It6 [38] and it has been developed
successfully by a huge number of authors. The most classical It6’s integrator is Brownian motion but
the theory naturally extends to martingales and semimartingales. Stochastic integration with respect to
semimartingales is now quite established and performing. For that topic, there are also many monographs,
among them [41], [54] for continuous integrators and [40] and [53] for jump processes. In order to describe
models coming especially from physics and biology, useful tools are infinite dimensional stochastic differential
equation for which the classical stochastic integrals needed to be generalized. Those integrals involve
Banach valued stochastic processes. At our knowledge the seminal book is [46], which generalizes stochastic
integrals and It6 formulae, in a general framework, to a class of integrators called m-processes. Let B be a
Banach space and X a B-valued continuous process. Let Y be an elementary B*-valued process i.e. a finite
sum of functions of the type clj, j, where a < b and c is a non-anticipating B*-valued random variable. The
integral fOT<c]1]a)b],dX ) can be obviously defined by (¢, X, — X,). The integral fOT<Y, dX) can be deduced
by linearity. If X is a so-called m-process and Y is an elementary process then the following inequality holds
E {fOT<Y, dX}} ’ <E {fOT ||Y|\2da} , where « is a suitable measure on predictable sets. In other words for a
m-process X it is possible, to write a generalization of the isometry property of real valued It6 integrals.
If the Banach values space B is a Hilbert space then the concept of m-process generalizes the notion of
square integrable martingale and bounded variation process. The infinite dimensional stochastic integration
theory has known a big success in applications to different classes of stochastic partial differential equations.
It concerns especially the case when B is a separable Hilbert space or Gelfand triples of Hilbert spaces.
We mention at this level the significant early work by Pardoux, see [52], [50] and [51]. Successively the
theory of stochastic partial differential equations was developed around the Da Prato-Zabczyk integral, see
[13] (or for more recent issues [55]), and Walsh integral, e.g. [71] and [14]. A recent book completing the

Metivier-Pellaumail approach is the [19]. Among the most successful application of stochastic calculus in
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an infinite dimensional separable Hilbert space are stochastic delay equations: a initial and fundamental
paper is [9]. More recently an interesting and complete on this subject is [29]. A significant theory of
infinite dimensional stochastic integration was developed when B is an M-type 2 Banach spaces, see [16, 15]
and continued by several authors as e.g. [7], [1]. Interesting issues in this direction concern the case when
B is a UMD space; one recent paper in this direction is [69]. A space which is neither a M-type 2 space
nor a UMD space is C([—7,0]) with 7 > 0, i.e. the Banach space of real continuous functions defined on
[—7,0]. This is the typical space in which stochastic integration is challenging. This context is natural when
studying stochastic differential equations with functional dependence (as for instance delay equations). Due
to the difficulty of stochastic integration and calculus in that space, most of the authors fit the problem in
some ad hoc Hilbert space, see for instance [9]. A step in the investigation of stochastic integration for

C([—,0])-valued and associated processes was done by [70].

The literature of stochastic integrals via regularizations and calculus concerns essentially real valued
(and in some cases R"-valued) processes and it is very rich. This topic was studied first in [57] and
[68, 59, 75]. Later significant developments appear for instance in [62, 26, 27] when the integrator is
a real finite quadratic variation process and [24, 34, 33] when the integrator is not necessarily a finite
quadratic variation process. Important investigations in the case of jump integrators were performed by
[17] and [49]. Many applications were performed and it is impossible to list them all, in particular those
to mathematical finance; in order to show the spirit we will quote [45], [42], [5]. A recent survey on the
subject is [61]. Given an integrand process Y = (Y;):e[o,7) and an integrator X = (X¢).e0,1), a significant
notion is the forward integral of Y with respect to X, denoted by fOT Yd~X. When X is a (continuous)
semimartingale and Y is a cadlag adapted process, that integral coincides with It6’s integral foT YdX.
Stochastic calculus via regularization is a theory which allows, in many specific cases to manipulate those
integrals when Y is anticipating or X is not a semimartingale. If X = W is a Brownian motion and Y is
a (possibly anticipating) process with some Malliavin differentiability, then fOT Yd~W equals Skorohod
integral fOT YW plus of a trace term. A version of this calculus when B has infinite dimension was not yet
developed, even though interesting obervations in that direction were exploited in [35], in particular when
the integrator is multi-parametric. The aim of the present work is to set up the basis of such a calculus
with values on Banach spaces in the (simplified) case when integrals are real valued. The central object is
a forward integral of the type f0T<Y, d=X), when Y (resp. X) is a B*-valued (resp. B-valued) process. We
show that when B is a separable Hilbert space, Y is a non-anticipating square integrable process and X is
a Wiener process, fOT(Y, d~X) coincides with the Da Prato-Zabczyk integral, see Proposition 3.10.

One important object in calculus via regularization is the notion of the covariation [X,Y] of two real
processes X and Y. If X =Y, [X, X] is called the so-called quadratic variation of X. If X is R"-valued
process with components X1, ..., X", the generalization of the notion of quadratic variation [X, X] is

provided by the matrix ([X*, X7]); j=1,. . If such a matrix indeed exists, one also says that X admits all



its mutual covariations or brackets.

In this paper we introduce a sophisticated notion of quadratic variation which generalizes the former one.
This is called y-quadratic variation in reference to a subspace x of the dual of B&,B. When B is the finite
dimensional space R™, X admits all its mutual brackets if and only if X has a y-quadratic variation with
X = (B&,B)*, see Proposition 6.2. A Banach valued locally semi summable process X in the sense of [19],
has again a y-quadratic variation with y = (B®, B)*. We establish a general Itd’s formula, see Theorem
8.1; we also show in Theorem 7.21 that if X has a y-quadratic variation and F : B — R is of class C!
Fréchet with some supplementary properties on DF', then F'(X) is a real finite quadratic variation process.
A specific attention is devoted to the case when B = C([—7,0]) and X (+) is a window process associated to

a real continuous process.

Definition 1.1. Given 0 < 7 < T and a real continuous process X = (Xt)te[O,T]v we will call window
process, and denoted by X (-), the C([—T,0])-valued process

X() = (Xt('))te[o,T] ={Xi(z) == Xpyp;2 € [-7,0],t €]0,T]} .

We emphasize that C([—7,0]) is typical a non-reflexive Banach space. We obtain a generalized
Doob-Meyer-Fukushima decomposition for C* (C([—T),0]))-functionals of window Dirichlet processes, see
Theorems 7.34 and 7.33, or even C%! ([0, 7] x C([-T,0]))-functionals of window weak Dirichlet processes
with finite quadratic variation, see Theorem 7.36.

Motivated by financial applications, we finally establish a Clark-Ocone type decomposition for a class of
random variables h depending on the paths of a finite quadratic variation process X such that [X]; = t.
This chapter is motivated by the hedging problem of path-dependent options in mathematical finance. This
generalizes some results included in [64, 3, 11] concerning the hedging of vanilla or Asiatic type options.

If the noise is modeled by (the derivative of) a Brownian motion W, the classical martingale representation
theorem and classical Clark-Ocone formula is a useful tool for finding a portfolio hedging strategy. One of

our results consists in expressing a random variable h = H(X(+)), where H : C([0,T]) — R, as

T
h = H +/ £d X, (1.1)
0

under reasonable sufficient conditions on the functional H. Hj is a real number and ¢ is an non-anticipating
process which are explicitly given. We will show that in most of the cases it is possible to exhibit a
function u : [0,7] x C([-T,0]) — R which belongs to C*2 ([0, T[xC([-T,0])) N C° ([0, T] x C([-T,0)))
solving an infinite dimensional partial differential equation, such that the representation (1.1) of random
variable h holds and Hy = u(0, Xo(+)), & = D%wu (¢, X;(-)), where D%u (t,n) denotes the projection
of the Fréchet derivative Du (t,n) on the linear space generated by Dirac measure dg, i.e. such that
D%y (t,n) := Du(t,1n)({0}), see Proposition 9.27 and Corollary 9.28. Two types of general sufficient

conditions on the functional H, for which such a function u exists, will be discussed. They concern cases



8 CHAPTER 1. INTRODUCTION

when H is considered as defined on L?([—T,0]), either when H has some Fréchet regularity, see Theorem
9.41 and Corollary 9.45, or when 7 — H(7n) is not smooth, but depends on a finite number of pathwise
integrals, of the type fOT pdn, see Proposition 9.53 and Proposition 9.55; in that case, we will say that H is
finitely based. Making use of some improper forward integral we also obtain some new representation
results even when X is a Brownian motion W and H has no regularity, see Proposition 9.10 and Theorem
9.20. Expression (1.1) extends Clark-Ocone formula to the case when X is no longer a Brownian motion
but it has the same quadratic variation. On the other hand, the mentioned decomposition reaches some r.v.
h for which the classical Clark-Ocone formula is not true, even when X is the standard Brownian motion
w.

The paper is organised as follows. After this introduction, Section 2 contains preliminary notations
with some remarks on classical Dirichlet processes and Malliavin calculus and basic notions on tensor
products analysis. In Section 3, we define the integral via regularization for infinite dimensional Banach
valued processes and we establish a link with notion of Da Prato-Zabczyk’s stochastic integral. Section
4 will be devoted to the definition of y-quadratic variation and some related results and in Section 5,
we will evaluate the x-quadratic variation for different classes of processes. In Section 6 we will redefine
some classical notions of quadratic variation in the spirit of y-quadratic variation. In Section 7, we give
the definition of y-covariation and we establish O stability properties and some basic facts about weak
Dirichlet processes and Fukushima-Dirichlet decomposition of functions of the process F'(t, Di(+)) with a
sufficient condition to guarantee that the resulting process is a true Dirichlet process. In Section 8 we state

and prove a C2-Fréchet type It6’s formula. The final Section 9 is devoted to the Clark-Ocone type formula.



Chapter 2

Preliminaries

2.1 General notations

In this section we recall some definitions and notations concerning the whole paper. Let A and B be
two general sets such that A C B; 14 : B — {0,1} will denote the indicator function of the set A, so
Ta(z)=1if x € Aand 14(x) =0if 2 ¢ A. We also write 14(z) = 1{zcay. If m,n are positive natural
numbers, we will denote by M, x,(R) the space of real valued matrix of dimension m x n. When m = n,
this is the space of squared real valued matrix n x n, denoted simply by M, (R). If m = 1, M x,,(R) will
be identified with R™.

Let k € NU {00}, we denote by C*(R") the set of all function g : R® — R which admits all partial
derivatives of order 0 < p < k. If I is a real interval and g is a function from I x R™ to R which belongs to
C12(I x R™), the symbols d;g(t, x), dig(t,z) and 8;;9(t, =) will denote respectively the partial derivative
with respect to variable I, the partial derivative with respect to the i-th component and the second order
mixed derivative with respect to j-th and i-th component evaluated in (¢, z) € I x R™.

We denote by Cp°(R™) (resp. Cp°(R™) and Cg°(R™)) the set of all infinitely continuously differentiable
functions g : R™ — R such that ¢g and all its partial derivatives have polynomial growth (resp. g and all its
partial derivatives are bounded and g has compact support).

Throughout this paper we will denote by (€2, F,P) a fixed probability space, equipped with a given filtration
F = (Fi)e>o fulfilling the usual conditions. Let a < b be two real numbers, C([a, b]) will denote the Banach
linear space of real continuous functions equipped with the uniform norm denoted by || - ||c and Cy([a, b])
will denote the space of real continuous functions f on [a,b] such that f(a) = 0. The letters B, E, F,G
(respectively H) will denote Banach (respectively Hilbert) spaces over the scalar field R. Given two norms
|- 1]1 and || - ||2 on E, we say that || - |1 < |- |2 if for every & € E there is a positive constant ¢ such that

lz]l1 < ¢||z||2. We say that || - ||1 and | - ||2 are equivalent if they define the same topology, i.e. if there

9
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exist positive real numbers ¢ and C such that c||z]|2 < ||z]1 < C||z|2 for all z € E.

The space of bounded linear mappings from B to E will be denoted by L(B; E) and we will write L(B)
instead of L(B; B). The topological dual space of B, i.e. when L(B;R), will be denoted by B*. If ¢ is a
linear functional on B, we shall denote the value of ¢ at an element b € B either by ¢(b) or (¢,b) or even
g+ (¢, b) p. Throughout the paper the symbols (-, -) will denote always some type of duality that will change
depending on the context. Let K be a compact space, M(K) will denote the dual space C(K)*, i.e. the
so-called set of finite signed measures on K. We will say that two positive (or signed) measures p and
v defined on a measurable space (2, Y) are singular if there exist two disjoint sets A and B in ¥ whose
union is €2 such that p is zero on all measurable subsets of B while v is zero on all measurable subsets of
A. This will be denoted by pLv. This definition generalizes to a family of measures. Let I be an index
set and (u;)ier a family of measures on a measurable space (2, X). (u;);er are called mutually singular if
i Ly for any 4,7 € I such that ¢ # j. In particular there exists a partition (A4;);cr of ¥ such that Vi € I,
ni(B) =0,V B C AS, where AS denotes the complementary set of A;, i.e. Q\ A;.

We recall the definition of the weak star topology: it is a topology defined on dual spaces as follows. Let B
be a normed space; a sequence of B*-valued elements (¢™),cn converges weak star to ¢ € B*, denoted
by symbols ¢ ;ﬁ; ¢, if (¢, b)B — (¢, b) g for every b € B. By definition, the weak star
topology is weaker than the weak topology on B*. An important fact about the weak star topology is the
Banach-Alaoglu theorem: if B is normed, then the unit ball in B* is weak star compact; more generally, the
polar in B* of a neighborhood of 0 in B is weak star compact. Given a Banach space B and its topological
bidual space B** the application J : B — B** will denote the natural injection between a Banach space
and its bidual. J is an injective linear mapping, though it is not surjective unless B is reflexive. J is an
isometry with respect to the topology defined by the norm in B, the so-called strong topology, and J(B)
which is weak star dense in B**. The weak star topology on B* is the weak topology induced by the
image of J : J(B) C B**. For more informations about Banach spaces topologies, see [6, 74]. Let E, F,G
be Banach spaces; we shall denote the space of G-valued bounded bilinear forms on the product E x F'
by B(E x F;G) with the norm given by ||¢|lg = sup{||¢(e, f)llc : llelle < 1;||fllr < 1}. Our principal
references about functional analysis are [20, 21, 22, 6, 74].

The capital letters X, Y, Z will generally denote Banach valued continuous processes indexed by the time
variable t € [0,T] with T > 0 (or t € Ry ). A stochastic process X will be also denoted by (Xt).c(0,17,
{Xy;t € [0,T]}, or (X¢)i>0- A B-valued stochastic process X is a map X : Q x [0,7] — B which
will be always supposed to be measurable w.r.t. the product sigma-algebra. All the processes indexed
by [0,T] (respectively RT) will be naturally prolongated by continuity setting X; = X for ¢ < 0 and
X; = Xy for t > T (respectively X; = X for t < 0). A sequence of continuous B-valued processes
indexed by [0,T], (X™)nen will be said to converge ucp (uniformly convergence in probability) to
a process X if supg<,<r | X™ — X||p converges to zero in probability when n — oo. The space C([0,77)

will denote the linear space of continuous real processes equipped with the ucp topology and the metric
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d(X,Y) =E |sup,e(o,r) [ Xt — Yi| A 1]. The space C([0,T]) is not a Banach space but equipped with this
metric is a Fréchet space (or F-space shortly) see Definition I1.1.10 in [20]. For more details about F-spaces
and their properties see section II.1 in [20].

We recall Lemma 3.1 from [60]. The mentioned lemma states that a sequence of continuous increasing

processes converging at each time in probability to a continuous process, converges ucp.

Lemma 2.1. Let (Z¢)es0 be a family of continuous processes. We suppose the following.
1) Ve > 0, t — Z; is increasing.
2) There is a continuous process (Z;):so such that Zf — Z; in probability when e goes to zero.

Then Z¢ converges to Z ucp.

We go on with other notations.
If X is a real continuous process indexed by [0,7] and 0 < 7 < T, we will recall the fundamental defini-
tion of window process in Definition 1.1. Process (Xi(-)),c[o,7; Will be also denoted by symbols X(-) or
{X:(-);t € [0,7]}. X(-) will be understood, sometimes without explicit mention, as C([—, 0])-valued. In
view of some applications, sometimes, but it will be explicitly mentioned, X () will be considered as a
L3([-T,0])-valued process.

2.2 The forward integral for real valued processes

We will follow here a framework of calculus via regularizations started in [58]. In fact many authors
have contributed to this and we suggest the reader consult the recent fairly survey paper [61] on it. We
first recall basic concepts and some one dimensional results concerning calculus via regularization. For
simplicity, all the considered integrator processes will be continuous processes. We recall now the notion of

forward integral and covariation.

Definition 2.2. Let X (respectively Y) be a continuous (resp. locally integrable) process. If the random
variables

Xote = Xs (2.1)

/t Ysd™ X := lim tYS
0 =0Jo
exist in probability for every ¢ € [0,T] and the limiting process admits a continuous modification, then
Y is said to be X-forward integrable. The limiting process is denoted by fo Yd~ X and it is called the
(proper) forward integral of Y with respect to X.

Whenever the limit in (2.1) exists in the ucp topology the forward integral is of course a continuous process

and fo Yd~ X is the forward integral of Y with respect to X in the ucp sense.

In fact, the definition in the ucp sense of the forward integral is the traditional one considered by F.

Russo and P. Vallois, see for instance [61].
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Definition 2.3. If Y|y, is X-forward integrable for every 0 <t < T, Y is said locally X-forward
integrable on [0, 7. If moreover lim;_, 1 fot Yd~ X exists in probability, the limiting process is called the
improper forward integral of Y with respect to X and it is still denoted by fo Yd X.

Definition 2.4.

1. The covariation of X and Y is defined by

[X,Y], = lim 1/0 (Xyte — Xp)(Yyse — Y, )dr (2.2)

e—0t €

if the limit exists in the ucp sense with respect to t.

2. If [X, X] exists then X is said to be a finite quadratic variation process. [X, X] will also be
denoted by [X] and it will be called quadratic variation of X. According to the conventions of

Section 2.1 we have

(X]; =0 for ¢t < 0. (2.3)

3. If [X] =0, then X is said to be a zero quadratic variation process.

It follows by the definition that the covariation process defined in (2.2) is a continuous process. Obviously

the covariation is a bilinear and symmetric operation.

Definition 2.5. If X = (X!,..., X™) is a vector of continuous processes we say that it has all its mutual

covariations (brackets) if [X?, X/] exists for any 1 <4, < n.

The definition of quadratic variation can be generalized for a R™ valued process. This generalization to

multivalued processes will be studied in details in Section 6.1.

Definition 2.6. Let X = (X!,---, X™) be an R™-valued process having all its mutual covariations. The
matrix in M, x,,(R), denoted by [X*, X], and defined by ([X*, X]),; ;,, = [X*, X/] is called the quadratic

variation of X.

Remark 2.7. If X = (X!,..., X™) has all its mutual covariations then by polarization (i.e. similarly to
the case when a bilinear form is expressed as sum/difference of quadratic forms) we know that [X ¢, X/] are

locally bounded variation processes for 1 < i,j5 < n.

Lemma 2.8. Let X = (X! ..., X") be a vector of continuous processes such that

AP i ‘
o [ (- X - s (24)

converges in probability for every 1 < i,j < n to some continuous process for any ¢ € [0,7]. Then [X¢, X7]

exists for every 1 <i,j <n.
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Proof. Let i, j be fixed. The quantity

1 [t . ) ) 12

o [+ Xt - (i x) as (25)
0

is a linear combination of elements of type (2.4), therefore (2.5) converges in probability for any ¢ € [0, T

to a continuous process. Since it is increasing, by Lemma 2.1, it converges ucp. By bilinearity (2.4) equals

I i i I i i I i j i Nk
X (Xs+e - Xs)2ds + %/ (Xs+s - Xs)zds - Z / |:(Xs+6 + Xg+€) - (Xs + Xg) ds.
0 0 0

The first two integrals converges ucp because of Lemma 2.1 and the assumption. In conclusion also (2.4)

converges ucp.

Remark 2.9. 1. Let S be an (F;)-continuous semimartingale (resp. Brownian motion), (Y;) be an
adapted cadlag (resp. such that fOT Y,2dr < o). Then fo Y,d™ S, exists and equals the classical Ito
integral [;Y,dS,, see Proposition 6 in [61].

2. Let X (respectively Y) be a finite (respectively zero) quadratic variation process. Then (X,Y") has

all its mutual covariations and [X,Y] = 0, see Proposition 1, 6) in [61].

3. If S, S? are (F;)-semimartingale then [S', S?] coincides with the classical bracket (S!,S?) in the
sense of [39, 53], see Corollary 2 in [61].

4. A bounded variation process is a zero quadratic variation process.

Definition 2.10. Let X and Y be two real continuous processes. We call covariation structure of X
and Y the field (z,y) — [Xz4., Yy+.] whenever it exists for all z € Ry and y € Ry. It will denoted by
([Xex, Yyy],z,y > 0). Whenever X =Y, it will also be called covariation structure of X.

A not well known notion but however useful is the following. It was introduced in [12], Definition 3.5.
Definition 2.11. A real process R is called strongly predictable with respect to a filtration (F;), if it
exists 0 > 0, such that (Rs1c)s>0 is (Fi)-adapted, for every e < 4.

An important fact about the covariation structure of semimartingales is the following.

Proposition 2.12. Let S! and S? be two (F;)-continuous semimartingales. Then the covariation structure
of S* and S? verifies [S}, ,S;, ] = 0 for all ,y € R such that = # y.

Proof. Proposition 2.14.1) and the bilinearity of covariation helps us to reduce the problem to the case
where S? = M* i = 1,2 are (F;)-local martingales. By definition of real covariation, we can just consider
the case y = 0 and = < 0. Proposition 4.11 in [11] states that if M is a continuous (F;)-local martingale
and Y is an (F;)-strongly predictable then then [N, Y] = 0. Since process Y defined by Y; = Y1 ,,t > 0is
(F;)-strongly predictable, the result follows. O
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We recall the It6 formula for finite quadratic variation process.

Theorem 2.13. Let F : [0,7] x R — R such that F € C*2([0,T[xR) and X be a finite quadratic

variation process. Then
t
/ 0, F (s, X,)d~ X, (2.6)
0
exists in the ucp sense and equals
t 1t
F(t, X,) — F(0, Xo) — / 0, F (s, X,)ds — 5/ Do o F (s, X3)d[X], 2.7)
0 0
We recall also a useful result about integration by parts.
Proposition 2.14. Let (X;);>0 and (Y};);>0 be continuous processes. Then
t t
XYy = XoYp +/ XdY +/ Yd™ X +[X,Y], (2.8)
0 0

where the forward integrals exist in the ucp sense.

If moreover Y is a bounded variation process, then
1) [X,Y]=0.
2) fg XdY = jg XdY where jg XdY is a Lebesgue-Stieltjes integral.
3) Consequently (2.8) simplifies in

t t
/ Yd~X = XY, — XoYy — / Xdy (2.9)
0 0

and previous forward integral fot Yd~ X exists in the ucp sense.

2.3 About some classes of stochastic processes

We introduce now some peculiar continuous processes that will appear in the paper.

Definition 2.15. The fractional Brownian motion B of Hurst parameter H € (0,1] is a centered

Gaussian process with covariance

RY(t,s) = = (|t|7 + |s]*" — [t — s[*)

N |

If H =1/2 it corresponds to a classical Brownian motion. The process is Holder continuous of order

for any vy € (0, H). This follows from the Kolmogorov criterion, see [41], Theorem 2.8, chapter 2.
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BH’K

Definition 2.16. The bifractional Brownian motion is a centered Gaussian process with

covariance

1
RH’K(t,S) _ 27 ((tQH 4 82H)K _ |t _ S|2HK)

with H € (0,1) and K € (0,1].

Notice that if K = 1, then B! coincides with a fractional Brownian motion with Hurst parameter
H e (0,1).
We recall some properties about quadratic variation in the particular case HK = 1/2 from Proposition 1 in
[56]. If K =1, then H = 1/2 and it is a Brownian motion. If K # 1, it provides an example of a Gaussian
process, having non-zero finite quadratic variation which in particular equals 2' ~%¢, so, modulo a constant,
the same as Brownian motion. The process is Holder continuous of order v for any v € (0, HK). This

follows again from Kolmogorov criterion.

The bifractional Brownian motion was introduced by Houdré and Villa in [36] and the related stochastic
calculus via regularization was investigated in [56]. In particular, [56] shows that the bifractional Brownian
motion behaves similarly to a fractional Brownian motion with Hurst parameter HK and developed a
related stochastic calculus. Other properties were established by [43], [25] and [44].

In the whole paper W (respectively BY and BH-K) will denote a real (F;)-Brownian motion (resp. a
fractional Brownian motion of Hurst parameter H and a bifractional Brownian motion of parameters H
and K'). We recall now definitions of some general classes of processes that we will frequently use in the

paper. We start reminding the definition of an (F;)-semimartingale.

Definition 2.17. A real stochastic process S is an (F;)-semimartingale if S admits a decomposition
S =M +V where M is a (F;)-local square integrable martingale, V' is a locally bounded variation process
and V5 = 0.

Definition 2.18. A real continuous process D is a called (F;)-Dirichlet process if D admits a decom-
position D = M + A where M is an (F;)-local martingale and A is a zero quadratic variation process. For

convenience, we suppose Ay = 0.

The decomposition is unique if for instance Ay = 0, see Proposition 16 in [61]. An (F;)-Dirichlet process
has in particular finite quadratic variation. An (F;)-semimartingale is also an (F;)-Dirichlet process, a
locally bounded variation process is in fact a zero quadratic variation process.

The concept of (F;)-Dirichlet process can be weakened. An extension of such processes are the so-called
(Ft)-weak Dirichlet processes, which were first introduced and discussed in [23] and [32], but they appeared
implicitly even in [24]. Recent developments concerning the subject appear in [10, 12, 65]. (F;)-weak

Dirichlet processes are generally not a (F;)-Dirichlet processes but they preserve a decomposition property.



16 CHAPTER 2. PRELIMINARIES

Definition 2.19. A real continuous process Y is called (F;)-weak Dirichlet if Y admits a decomposition
Y = M+ A where M is an (F;) local martingale and A is a process such that [4, N] = 0 for any continuous
(F%) local martingale N. For convenience, we will always suppose Ag = 0. A will be said to be an

(F)-martingale orthogonal process.

The decomposition is unique, see for instance Remark 3.5 in [32] or again Proposition 16 in [61].
Corollary 3.15 in [12] makes the following observation. If the underlying filtration (F;) is the natural
filtration associated with a Brownian motion W then an (F;)-adapted process A is an (F;)-martingale
orthogonal process if and only if [A,W] = 0. An (F;)-Dirichlet process is also an (F;)-weak Dirichlet
process, a zero quadratic variation process is in fact also an (F;)-martingale orthogonal process. An
(Fi)-weak Dirichlet process is not necessarily a finite quadratic variation process, but there are (F;)-weak
Dirichlet processes with finite quadratic variation that are not Dirichlet processes, see for instance [24].
In Theorem 7.34 we will provide another class of examples of (F;)-weak Dirichlet processes with finite

quadratic variation which are not (F)-Dirichlet.

If W (resp. B, BH:K S DY) is a Brownian motion (resp. a fractional Brownian motion of
Hurst parameter H, a bifractional Brownian motion of parameters H and K, an (F;)-semimartingale,
an (F;)-Dirichlet, an (F;)-weak Dirichlet), then W (-) (resp. BH (), BE-E(.), S(-), D(-) and Y (-)) will be
called window Brownian motion (resp. window fractional Brownian motion of Hurst parameter
H, window bifractional Brownian motion of parameters H and K, window (F;)-semimartingale,
window (F;)-Dirichlet and window (F;)-weak Dirichlet). The window processes will constitute the
main example of Banach valued process in the paper; in that case, as announced, the state space is
C([—,0]). In the sequel the underlying filtration (F3) will be often omitted.

2.4 Direct sum of Banach spaces

We recall the definition of direct sum of Banach spaces given in [20]. The vector space E is said to
be the direct sum of vector spaces F; and FEs, symbolically E = Ey & E», if E; are subspaces of E with
property that every e € E has a unique decomposition e = e; +e9, e; € E;. The map P; : E — E; given by
P;(e) = e; is the projector of E onto E;. This map will be denoted by Pg, if necessary. If E; are topological
linear spaces, F is a topological linear space, equipped with the product topology. If F; are Banach spaces,
E is a Banach space under either of the p-norms, 1 < p < +o0:

max{|le1| s, le2ll £, } p=+0o0
ler +e2lle = ller + ez, = ' ; p N1/ (2.10)
ler + ezl = (lealls, + lle2ll,)? 1 <p<+o0
These norms are equivalent to the product topology and there is a real positive constant C' such that

lleillz, < Cllex + ez, for i = 1,2 and all e; € E; and ez € Es. If the p-norm is given by p = 1,400 the
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constant C' is 1, if the p-norm is given by 1 < p < co the constant C will be 2'~/?_ it suffices to observe
that the real function f(z) = |z|"/? is concave if p > 1.

Given T € (E1 ® FE»)*, T admits a unique decomposition T'=Tj o P; + Ty o P, with Ty € Ef and T, € E3.
In fact, we define Ty by Ti(e) = T'(e) for all e € Ey and T by Ta(e) = T'(e) for all e € Ey. Clearly T;, so
defined, are linear and continuous. Whenever the direct sum of normed linear spaces is used as a normed
space, the p-norm will be explicitly mentioned. If, however, each of the spaces F; is a Hilbert space then it
will be always understood, sometimes without explicit mention, that F is the uniquely determined Hilbert
space with scalar product (e, f)g = (e1 +ea, f1 + fo)p = Z?=1<ei’ fi)i, where (-, -); is the scalar product in
E;. Thus the norm in a direct sum of Hilbert spaces is always given by the p-norm considering p = 2 and,
if necessary, will be called Hilbert direct sum and will be denoted by E; & Fo. We remark that in a direct
sum of Hilbert spaces it holds (e, f)g = 0 for all e € Ey and f € E5. The extension to any finite number of
summands is immediate. If E; and Fs are closed normed subspace of F, it holds m =F1 & FEs.

2.5 Tensor product of Banach spaces

In this section we recall some basic concepts and results about tensor products of two Banach spaces F
and F. For details and a more complete description of these arguments, the reader may refer to [63, 18, 67],
the case with F and F Hilbert spaces being particularly exhaustive in [47]. If E and F' are Banach spaces,
the vector space E ® F will denote the algebraic tensor product. The typical description of an element
we EQFisu=Y ., \e ® f; where n is a natural number, \; € R, ¢; € E and f; € F. We observe
that we can consider the mapping (e, f) — e ® f as a sort of multiplication on E x F with values in the
vector space F ® F'. This product is itself bilinear, so in particular the representation of u is not unique.
The general element u can always be rewritten in the form u =Y, | x; ® y; where z; € E, y; € F. We
say that a norm, a, on E ® F is a reasonable crossnorm if a(e ® f) < |e||g | f|lF for every e € E
and f € F and if for every ¢ € E* and @ € F*, the linear functional ¢ ® ¢ on E ® F' is bounded and
6@ ]| i= {sup |6 @ v(w)|; u € B Fa(u) < 1} < |4
the vector space E ® F': the so-called called projective norm, denoted by 7 and defined by

7(u) = inf {Z il llyll : u=") @ .%} (2.11)
i=1 i=1

and the so-called injective norm, denoted by e, defined by

g+ ||| p+. We can define two different norms in

c ¢ € E |9

B <Ly e F |y

e(u) = sup {

Z & () (y:)

e < 1} . (2.12)
Those norms are reasonable and it holds that « is a reasonable crossnorm if and only if

e(u) < a(u) < m(u) (2.13)
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for every u € E® F, i.e. the projective one is the largest one and e is the smallest one. Moreover for every
reasonable crossnorm in E® F we have a(e® f) = |le|| || f]| and ||¢ @] = ||d]] ||¢||. We will work principally
with the projective norm 7 and a particular reasonable norm denoted by h, so-called Hilbert tensor norm.
That reasonable norm A is called Hilbert norm because, whenever F and F' are Hilbert spaces then h derives
from a scalar product po (-, ) Eer on E® F verifying o p(e1 ® fi,e2 ® fo)por = gler,e2)r p(f1, fo)r
Given a reasonable crossnorm «, we denote by F ®, F' the tensor product vector space F ® F' endowed
with the norm «. Unless the spaces F and F' are finite dimensional, this space is not complete. We denote
its completion by E&.F. The Banach space E®,F will be referred to as the o tensor product of the
Banach spaces F and F. If E and F are Hilbert spaces the Hilbert tensor product E®y, F is a Hilbert space.
We recall an important statement in the case of Hilbert spaces from chapter 6 in [47]. If (Qy, F1, 1) and
(Qo, Fo, ii2) are two measure spaces, then L2(Qq, Fy, p1)®p L2 (Qa, Fo, pio) = L2(Qy X Qo, F1 @ Fo, pt1 @ f12).
The symbols E®i, e®? and e®? will denote respectively the Banach space E®,E, the elementary element
e ® e of the algebraic tensor product £ ® F and e ® e in the Banach space E®,F. An important role in
the paper will be played by topological duals of tensor product spaces denoted, as usual for a dual space
of a Banach space, by (E®,F)* equipped with the operator norm, denoted by a*; so, if T € (E®,F)*,
o*(T') = supy(uy<1 [T (u)]. By (2.13) we deduce following relation between the tensor dual norms:

(1) > o (u) > 7 (u). (2.14)

We spend now some words on two special cases.

We have an isometric isomorphism between the Banach space of G-valued bounded bilinear operators
(forms in the case G = R) on the product E x F, denoted by B(E x F;G), and the Banach space of
G-valued bounded linear operators on E®, F.

If T : ExF — G is a continuous bilinear mapping, it exists a unique bounded linear operator T’ : EQF — G
satisfying (E®"F)*<T,e ®flpe. r=T®f) = T(e, f) for every e € E, f € F. We observe moreover
that it exists a canonical identification between B(E x F;G) and L(E; L(F; G)) which identifies T' with
T:E — L(F;G) by T(e, f) = T(e)(f). Thus we have a chain of canonical identifications L(F&,F;G) =
B(E x F;G) 2 L(E; L(F; G)). If we take G to be the scalar field R, we obtain an isometric isomorphism
between the dual space of the projective tensor product equipped with the norm 7* with the space of

bounded bilinear forms equipped with the usual norm:
(E@,F)* = B(E x F) = L(E; F*) (2.15)

With this identification, the action of a bounded bilinear form T as a bounded linear functional on E®,F

is given by

(E®,rF) sz®yz E®.F — (sz@)yz) ZT %,yz :ZT( l)(yl) (216)

i=1
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It holds 7*(T) = |T||s where || - ||z was defined in Section 2.1. In the sequel that identification will be
often used without explicit mention.
The importance of tensor product spaces and their duals is justified first of all from identification (2.15).
In fact, as we will see in details in subsection 2.7, the second order derivative of a real function defined on
a Banach space E belongs to B(E x E).

We go on with properties of tensor products topologies. There is a of course a chain relation of inclusions

between the following Banach tensor products. In particular we have
E®.F C EQ.F C EQ.F densely and continuously. (2.17)
For their dual spaces it follows that

(E®.F)* C (E®oF)* C (E®,F)* continuously (but not necessarily densely).  (2.18)

At this point, we would like to comment on a well-known functional analytical result, see Remark 1,
after Theorem V.5 in [6].

Theorem 2.20. Let H be a Hilbert space equipped with its scalar product ( , ) and associated norm

|| - [lzz. Let V be a reflexive Banach space equipped with its norm || - ||y such that V C H continuously, i.e.
-l <l v
Then,

VCH>H"CV* (2.19)

densely and continuously.

Remark 2.21. 1. Tt happens in some literature that previous statement appears without the assumption

on V to be reflexive.

2. The statement of Theorem 2.20, is wrong without that reflexivity assumptions as the next item will

confirm.

3. Let E and F be two Hilbert spaces. Then the statement of Theorem 2.20 cannot be true for instance
with H = EQ,F and V = EQ,F. In fact, if it were true Proposition 5.32 will induce a contradiction.

As a consequence F®,F cannot be reflexive.

4. On the other hand, in general, the projective tensor product of (even reflexive) tensor products is not
reflexive. Consider for instance E = L”(]0,T]) and F' = L%([0,T1]), p,q € [1, 40| being conjugate.
[63] at Section 4.2 proves that F®,F contains a complemented isomorphic copy of ¢! and so it can

not be reflexive.
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Remark 2.22. Summarizing, if £ and F' are Hilbert spaces following triple continuously inclusion holds.

The first-one holds even densely.
E@,F C EQyF = (EQLF)* C (EQ.F)*
We state a useful result involving Hilbert tensor product and Hilbert direct sum norm.

Proposition 2.23. Let X and Y7, Y5 be Hilbert spaces such that Y1 NY, = {0}. We consider Y =Y; &Y,
equipped with the Hilbert direct norm. Then X®.,Y = (X®,Y7) ® (X®,Y2).

Proof. Since X®Y; C XQ®Y,i=1,2 we can write X ®, Y; C X ®, Y and so
(X@pY1) @ (X®RYs) C X@,Y (2.20)

Since we handle with Hilbert norms, it is easy to show that the norm topology of X®;,Y; and X&;Y5 is
the same that the one induced by X&,Y.
It remains to show the converse inclusion of (2.20). This follows because X Y C X QY1 X&rY:. O

We state now some interesting results about tensor product topologies when £ = F' = H and H is a
separable Hilbert space. Those results involves Hilbert-Schmidt and Nuclear operators. The connection
between those classes of operators and tensor product topologies will be deeply investigated in Section

6.2.1. We need a preliminary result.
Proposition 2.24. Let H be a separable Hilbert space and T € L(H; H*) defined by

T:H— H* g T(9) = (9, )m (2.21)
Then T ¢ L?(H; H*) where L?(H; H*) is the space of Hilbert-Schmidt operators from H to H*.

Proof. Let (e;) be an orthonormal basis of H. By Riesz identification we have

o0 B 9 o0
Z HT(ei)HH* = Z lles]|F = +oo
=1 =1

so T is not Hilbert-Schmidt. O

Corollary 2.25. Let H be a separable Hilbert space. Then (H®j H)* is properly included in (H®,H)*.

Proof. As we have seen at (2.15), (H®,H)* can be identified with B(H, H) = L(H; H*). On the other
hand (H®, H)* can be identified with the Hilbert-Schmidt operators from H to H*, denoted by L?(H; H*),
see Section 6.2.1. It is well known that L?(H; H*) is properly included in L(H; H*).

A second, more direct argument, is the following. Let T' € B(H, H) defined by

T:HxH—R (9,h) — T(g,h) = (9, h)m. (2.22)

The element T € L(H; H*) canonically associated with 7 in B(H, H) equals (2.21). By Proposition 2.24,
T ¢ L?(H; H*) and the result follows. O
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We recall another important identification which helps to obtain a representation of a space of continuous
functions of two variables as an injective tensor product of two spaces of continuous functions. More

precisely if K7, Ky are compact spaces, by Section 3.2 in [63] we have

C(K1)®.C(Ky) = C(K,;C(K3)) = C(K, x Ks) . (2.23)
In particular, by (2.18), we have

MUK % K3) = (O(K)$.C(K2))" © (C(K)@-C(Ka))* = BIO(K,), C(Kx)). (2.24)

Let 71, n2 be two elements in C([—7,0]) (respectively L?([—7,0])). The element 7; ® 72 in the algebraic
tensor product C([—7,0])®? (respectively L?([—7],0)®?) will be identified with the element 7 in C([—7, 0]?)
(respectively L%([—,0]?)) defined by n(x,y) = m (x)n2(y) for all x, y in [-7,0]. So if 1 is a measure on
M([—7,0]?), the pairing duality M([=7,0]%) {1 M @M2) ¢ ([r,02) has to be understood as the following pairing
duality:

(e, y)u(de, dy) = / (@) ()lder, dy) (2.25)

—7.0]? <:U’,T’>C —7,0]2 :/
M([-7,0]%) ([=7,01?) (7,02

[77’0]2

2.6 Notations about subsets of measures

Spaces M([—7,0]) and M([—7,0]?) and their subsets will play a central role in the paper. We will
introduce some other notations that will be used in the sequel. Let —7 =ay <ay_1 <...a1 <ag=0 be
N + 1 fixed points in [—7,0]. Symbols a and A will refer respectively to the vector (an,an—_1,...,a1,0)
and to the matrix (A4; j)o<i j<n = ({ai,a;})o<i j<n. Vector a identifies N + 1 points on [—7, 0] and matrix
A identifies (N + 1)? points on [—7,0]?.

e Symbol D;([—T,0]) (shortly D;), will denote the one dimensional space of multiples of Dirac’s measure

concentrated at a; € [—7,0] , i.e.
Di([-7,0]) :=={p € M(]—7,0]); s.t.u(dx) = Adq, (dz) with X € R} ; (2.26)

we define the scalar product between ' = A\1§,, and p? = \24,, by (ut, u?) = AA\2. D; equipped
with this scalar product is a Hilbert space. In particular for ag = 0, the space Dy will be the space of

multiples of Dirac measure concentrated at 0.

e Symbol D; ;([—7,0]?) (shortly D; ;), will denote the one dimensional space of the multiples of Dirac

measure concentrated at (a;,a;) € [—7,0]?, ie.

D; ([T, 0]2) = {p € M([-, 0]2); s.t.u(dz, dy) = Xdg, (dx)da; (dy) with A € R} = Di®hDj . (2.27)
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Let p' = A6, (dz)da, (dy) and p? = A? 6, (dx)da, (dy), D;; is a Hilbert space equipped with the
scalar product defined by (u!, u?) = AA2. The identification with D;&;,D; is a trivial exercise. If

a; = a; = 0, the space Dy ¢ will be the space of Dirac’s measures concentrated at (0, 0).

Symbol D, ([—,0]) (shortly D,), will denote the N + 1 dimensional space of linear combination of

Dirac measures concentrated at (N + 1) fixed points in [—7, 0] identified by a.

Do([~7,0]) := {u € M([—7,0]) s.t. u(dz) = Z Aiba, (dz); N €R,i=0,... N} = @Di . (2.28)

Let p! = Eij\;O A6, (dz) and p? = Zz]-v:() A26,,(dz). D, is a Hilbert space with respect to the scalar
product {(ut, u?) = Zﬁio AIA2. By the second equality in 2.28, it is a direct sum is equipped with the

corresponding Hilbert norm.

Symbol D4 ([—7,0]?) (shortly D4), will denote the (N + 1)? dimensional space of linear combination

. . . 2 .
of Dirac measures concentrated at points (a;, a;)o<i j<n in [—7,0]7, ie.

Da([-7,01%) == {p € M([-7,0]%); s.t.u(dx,dy) = X; j ba, (dz)dq, (dy) with X; j ER, 4,5 =0,...,N}.
(2.29)

Let u' = A 8, (dz)d,, (dy) and p? = X264, (dx)d,, (dy). D4 is a Hilbert space equipped with
1% 1,5 i 2 1, Va4

J s J

the scalar product defined by (u!, u?) = D o0<i j<N Al ;A7 ;. Moreover we have the following useful

identifications

N N N
D = Dy@4Da = Day, = (@ Di> &= P DionD; = P Diy - (2.30)

i=0 i,7=0 i,j=0

In particular there is an isometric isomorphism between D4 and D,®,D,. A generic element
p = Aijoq,(dr)dq;(dy) € D4 is uniquely associated with the element fi € Du®nD, identified
by o = Z?szo Ai j0a; ® 0q;- The isometry is trivial by equality between scalar products. Let
W= Zﬁio M 8,,(dz) be elements which belongs to D, for every j = 1,2,3,4. The Hilbert tensor
product D,®,D, is equipped with the scalar product (u' @ p?, u® @ p*) = (ub, p®)(u?,pt) =
(Z?LO )\%A?) (Zf\;o A?A?) = Yo<ij<n MAIAIA]. The other two identifications in (2.30) derive
from (2.28), Proposition 2.23 and (2.27).

Dirac measures concentrated on points identified by vector a (by matrix A respectively) are of course

mutually singular; this implies the direct sum representation for D, and D 4.
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Symbol D4([—7,0]?) (shortly Dy), will denote the N + 1 dimensional space of weighted Dirac measures
concentrated at (N + 1) fixed points (a;,a;)io,.. n on the diagonal of [—7,0]?, i.e

N N
Da([-7,00%) := {n € M([~7,0%) s.t. p(dx) = Y Niba, (d)da, (dy); i €R, i =0,...,N} =D .

=0
(2.31)

This a Hilbert space. It is a proper subspace of D4 ([—,0]?).

~ R, D, = Dy = RVt and Dy =

Remark 2.26. There are natural identifications D; = D; ; =

M(N+1)><(N+1)(R) = RN+ @ RV+1. All those spaces are finite dimensional separable Hilbert spaces
which are subspace of the Banach space M([—7,0]) or M([—7,0]?).

We give some examples of infinite dimensional subsets of measures intervening in the sequel.

L?([-7,0]) is a Hilbert subspace of M([—7,0]), as well as L?([—7,0]?) = L?([-T, O])®i is a Hilbert
subspace of M([—7,0]?), both equipped with the norm derived from the usual scalar product. The
Hilbert tensor product L?([—T, O])®i will be always identified with L?([—7,0]?), conformally to a

quite canonical procedure, see [47], chapter 6.

D;([-7,0]) ® L?([-7,0]) is a Hilbert subspace of M([—7,0]). This is a direct sum in the space of
measures M([—7,0]). In fact given a measure p € M([—,0]), it decomposes uniquely into p* + pu°
where p%¢ (respectively p*) is absolutely continuous (resp. singular) with respect to Lebesgue measure.
If = p' + p?, pt € Di([—7,0]) and p? € L%([—7,0]), obviously p! = u® and p? = pae

The particular case when i = 0, the space Dy([—7,0]) & L?([—,0]), shortly Dy & L?, will be often

recalled in the paper. As generalization of previous space we have an ulterior subspace of measures.

D,([-7,0]) & L*([-7,0]) = @ij\;o D;([-7,0]) & L?([-7,0]), this is a Hilbert separable subspace of
M([-,0]).

D;([—7,0))®, L?([—T,0]) is a Hilbert subspace of M([—7,0]?).

Diag([—7,0]?) (shortly Diag), will denote the subset of M([—7,0]?) defined as follows:
Diag([-7,0]*) := {p € M([-7,0?) s.t. p(dz, dy) = g(2)6,(dz)dy; g € L=([-7,0))} . (2.32)

Diag([—,0]?), equipped with the norm ||u]|piag((-r.02) = llgllec; is a Banach space. Let f be a

function in C([—7,0]?); the pairing duality between f and u(dz,dy) = g(x)d,(dx)dy € Diag gives

0
flowtdondy) = [ et sty = [ fteoleis.
7 (2.33)

[—7,0]?
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2.7 Fréchet derivative

We recall some notions about differential calculus in Banach spaces; for more details reader can refer to
[8].
Let B and G be Banach spaces and U C B be an open subspace of B. A function F': U — G is called
Fréchet differentiable at = € U if it exists a linear bounded application A, : B — G such that
N F(z+h) - F(z) — Az ()|

lim

=0.
h—0 || B

If this limit exists we denote DF(x) = A,; DF(z) the derivative of F at point z. If F is Fréchet
differentiable for any x € U, the application z — DF'(x) belongs to L(B;G). If DF is continuous F is said
to be C(B;G) or once continuously Fréchet differentiable. Analogously this function DF may as
well have a derivative, the second order derivative of F' which will be a map D*F : U — L(B; L(B;G)) =
B(B x B;G) = L(B®,B;G). If D?F is continuous F is said to be C?(B;G) or twice continuously
Fréchet differentiable.

If I is an open interval, the function F': I x B — R, is said to belong to C*2(I x B), or C%2, if the
following properties are fulfilled.

e F'is once continuously differentiable;

e foranyt € I, x — DF(t,z) is of class C!' where DF denotes the derivative with respect to the second

argument;

e the second order derivative with respect to the second argument D?*F : I x B — (B®,B)* is

continuous.
Previous considerations extend by the usual techniques to the case when I is a closed interval.
Remark 2.27. When I = [0,7] and B = C([—7,0]) we have the following.

OF :[0,T] x C([-7,0]) — R
DF :[0,T] x C([—7,0]) — C([-7,0])* 2= M([—,0])
D?F :[0,T) x C([-7,0]) — L (C([-7,0]); C([-7,0]))*)

1%

For all (t,n) € [0,T] x C([—T,0]), we will denote by Dy, F(t,n) the measure such that

Mmoo (DE(Em), h)o(-r0) = DF(t,n)(h) = /[ o h(x)Dar F(t, ) VheC(-r0). (2.34)

We recall that M([—7,0]?) C (C([-7,0))®.C([-7,0)))*. If D*F (t,n) € M([-7,0]?) for all (t,n) €
[0, 7] x C([=7,0]) (which will happen in most of the treated cases) we will denote with D7, ;, F(t,7), or

B(C([=7.0]) x C([=7,0])) = (C(|-7,0)@xC([~7,0]))"
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even Dy, Dy F(t,n), the measure on [—,0]? such that

M(—r02) (D E(8,1), 9)c(i=r0i2) = D*F(t,1)(g) = /[ " 9(x,y) Dy ay F(t, 1) Vg e C([-r0%).

(2.35)
A useful notation that will be used along all the paper is the following.

Notation 2.28. Let F': [0,T]xC([—7,0]) — R be a Fréchet differentiable function, with Fréchet derivative
DF :[0,T)xC([-7,0]) — M([—7,0]). For any given (¢t,n) € [0,T] x C([-T,0]) and a € [T, 0], we denote
by DF (n) the absolutely continuous part of measure DF (t,1), and by D% F (t,n) := DF (t,n)({a}).

We observe that D% F is a real valued function.

Example 2.29. If for example DF(t,n) € Dy @ L? for every (¢,1) € [0,T] x C([-T,0]), then we will often

write

Dy F (t,m) = D3°F (t,n)dx + D F (t,1)éo(dx) . (2.36)

2.8 Malliavin calculus

We recall some notions of stochastic calculus of variations, i.e. Malliavin calculus, that we need in the
sequel. We refer the reader to [48] for a presentation of the subject. In this subsection, we will restrict to
the case when the underlying process is a classical Brownian motion and H will denote L?([0,7T]). Let
(W1)e>0 be a standard Wiener process. If h € H, W (h) will denote the Wiener integral fOT hdW. Let S

denote the class of random variables F' of the form
F=fW(hy),...,W(hy)) (2.37)

where f € C3°(R"), hy,...,hy, are in H and n > 1. Remark that S is dense in L?(2). It is well known
that we can identify L2(2; H) with L?(2 x [0,T7).

The Malliavin derivative operator can be defined as in Definition 1.2.1 in [48], but it will denoted by
D™.

Definition 2.30. The derivative of a smooth random variable F' of the form (2.37) is the H-valued random

variable given by
D"F =Y 0, f(W(ht), ..., W(ha)) hi (2.38)
i=1

The operator D™ is closable from LP(Q) to LP(Q; H) for any p > 1, then for any p > 1 we will denote

the domain of D™ in LP(£2) by DY'?, meaning that D? the closure of the class of smooth random variables
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S with respect to the norm ||F||;, = (E[|F|?] —|—E[||DF||§{])1/1’. For p = 2, the space D*? is a Hilbert
space with the scalar product (F, G); 2 = E[FG]| + E[(DF, DG)g].

We recall Proposition 1.2.3 in [48] which will be useful for calculus.

Proposition 2.31. Let ¢ : R® — R be a continuously differentiable function with bounded derivatives,
and fix p > 1. Suppose that F' = (F',..., F™) is a random vector whose components belong to the space

DYP. Then ¢(F) € D and

m

D™ (p(F)) =Y dip(F) D™ F' (2.39)

i=1

After extension, the derivative operator D™ is a closed and unbounded operator defined in the dense
subset D2 of L?(Q) with values in L?(€ x [0,T]). We remind now the notion of it Skorohod integral or
adjoint operator of D™ as defined in Definition 1.3.1 in [48]. This concept is narrowly related to the

notion of integration by parts on Wiener space which will be often used in the sequel.

Definition 2.32. We denote by § the adjoint of the operator D™. ¢ is an unbounded operator on
L2(Q x [0,T)) with values in L?(2) such that:

1. The domain of §, denoted by Dom § is the set of processes u € L?(2 x [0,T]) with the following

properties.

T
E l / DI'F u, dt]
0

for all F € D'2, where c is some constant depending on w.

<c|Fls

2. If u belongs to Dom §, then §(u) is an element of L?(2) characterized by

T
E[F5(u)] =E /O DI"F u, dt (2.40)

for any F € D2,

The operator § is sometimes called the divergence operator, and we will refer to it as the Skorohod
stochastic integral of the process u € Dom §. It transforms square integrable processes into random

variables. We will often use the following notation:

T
(5(’(1,) Z:/ Ut(SWt .
0

Since adjoint operator are always closed, the operator ¢ is closed. Skorohod integral is an extension of the
1t6 stochastic integral allowing anticipating integrands.
We denote by 12 the class of processes u € L?(Q x [0,T]) such that u; € D2 for almost all ¢, and there
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exists a measurable version of the two-parameters process D7'u, verifying E { fOT fOT (D™uy)? dsdt| < +oo.
L2 is a Hilbert space and .12 C Dom 6.

We recall now some useful rules of stochastic calculus of variations. By Propositions 1.3.8 and 1.3.18 in
48], if (ut)eepo,r] is a square integrable adapted process with some Malliavin type regularity of type L2,

we easily obtain the following identities. We omit here those details for simplicity.
L. DJ(Wy) = ]l[o,t](s) = Tis<y-

2. DY (f(f Up dWr) =uslis<ty +fst D™ (u,.) dW,.

3. D™ (fg Uy dr) = fst D™(u,.)dr.

A well-known representation result is the celebrated Clark-Ocone representation formula and it is

expressed in terms of Malliavin derivatives.
By martingale representation theorem we know that any square integrable random variable h, measurable

with respect to Fr, can be represented as
T
h =E[h] +/ EdWy (2.41)
0

where &; is an adapted process such that E { fOT fdt} < 0.
When the variable h belong to the space DV2, it turns out that the process &; can be identified as the

predictable projection of the derivative of h.

Proposition 2.33. (Clark-Ocone representation formula)

Let h € DY? and suppose that W is a one-dimensional Brownian motion equipped with its canonical

filtration (F3). Then

T
h=E[h] + / E [D"h|F,] dW; . (2.42)
0
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Chapter 3

Calculus via regularization

In this section we will define a stochastic forward integral with respect to a Banach-valued stochastic
process. We do not aim to consider a full generality: stochastic integrals will only be scalar valued. In this

construction there are three difficulties.
e The integrator is generally not a semimartingale or the integrand may be anticipative.
e The integrator takes values in an infinite dimensional space B.

e B is a general Banach space, without reflexivity, or other classical properties related to classical

stochastic integration.

As a special case, we will consider the C([—,0])-valued window Brownian motion W (-) as stochastic
integrator. The general infinite dimensional integration theory with respect to martingales ([13, 46, 19])
does not apply, since W (+) is by no means a reasonable C'([—7, 0])-valued semimartingale. In this section
we also recall some properties of the Da Prato-Zabczyck integral and we will show that it coincides with

ours when it exists.

3.1 Basic motivations

Definition 3.1. Let B be a Banach space and X be a B-valued stochastic process. We say that X is a

Pettis semimartingale if, for every ¢ € B*, (¢, X}) is a real semimartingale with respect to a filtration

(Gt)-
We remark the following.
e If X is a B-valued martingale in the sense of Section 1.17, [46], then it is also a Pettis semimartingale.

29
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e If X is a B-valued semimartingale, in any reasonable sense, then X is expected to be a Pettis

semimartingale.
Proposition 3.2. The C([—7,0])-valued window Brownian motion is not a Pettis semimartingale.

Proof. Let (F;) be the natural filtration generated by the real Brownian motion W. It is enough to show that

it exists an element p in B* = M([—,0]) such that (u, Wi(-)) = f[_T 0

with respect to any filtration. We will proceed by contradiction: we suppose that W (-) is a Pettis

Wy (z)u(dx) is not a semimartingale

semimartingale, then in particular if we take u = do +0—_, the process (5o + ., Wi(+)) = Wi+ Wi, := X,
has to be a semimartingale with respect to some filtration (G;). At the same time Wy +W;_, is (F;)-adapted,
so by Stricker’s theorem (see Theorem 4, pag. 53 in [53]), X is a semimartingale with respect to filtration
(F:). On the other hand (W;_;);>- is a strongly predictable process with respect to (F;), see Definition
2.11. By Proposition 4.11 in [11], it follows that (W;_;):>- is an (F;)-martingale orthogonal process. Since
W is an (F;)-martingale, the process X; = Wy + W;_, is an (F;)-weak Dirichlet process. By uniqueness
of the decomposition for (F;)-weak Dirichlet processes, (W;_.);>, has to be a bounded variation process.
This generates a contradiction because (W;_.)¢>- is not a zero quadratic variation process. In conclusion

(u, We(+)) is not a semimartingale. O

Remark 3.3. Process X defined by X; = W; + W,_. is an example of (F;)-weak Dirichlet process with

finite quadratic variation which is not an (F;)-Dirichlet process.

3.2 Definition of the integral for Banach valued processes

In subsection 2.2 we briefly recalled the definition of forward integral for real valued processes. We
define now a forward stochastic integral for a Banach valued integrator and an integrand process with

values in the dual of the Banach space.

Definition 3.4. Let (X¢)¢cjo,7] (respectively (Y:):eo,77) be a B-valued (respectively a B*-valued) stochastic
process, ie. X : Q@ x [0,T] — B and Y: Q x [0,T] — B*. We suppose X to be continuous and
Jo 1]
For every fixed ¢ € [0,7T] we define the definite forward integral of Y with respect to X denoted by
[5 - {Ys,d™ X,)p as the following limit in probability:

B < +00 a.s.

/t p=(Ys,d” Xy)p = lim tB*<Y(s),M
0 ik

) c >Bd5.

We say that the forward stochastic integral of Y with respect to X exists if the process

t
(/ B*<Ys,d—XS>B>
0 te(0,T]

admits a continuous version. In the sequel indices B and B* will often be omitted.
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Remark 3.5. 1. If B is a Hilbert space H, then, via the Riesz representation theorem, Definition 3.4

provides a natural definition in the case when X and Y are both H-valued.

2. Let B and H be respectively Banach and Hilbert spaces such that B C H 2 H* C B*. If X is a

B-valued continuous process and Y is an H*-valued process, then

t t
/ o (Veod X5 :/ e (Y d XV - (3.1)
0 0
In the example below, we illustrate an elementary calculation of a forward integral related to window

processes.

Example 3.6. Let X be a continuous finite quadratic variation process such that [X]; = ¢ and X, = 0.
We have the following equality

t 3 1 t t2
/0 r2ero(Xs (), d” Xs()) p2(-m0p) = 5/0 X2ds — R (3.2)

In fact, by the change of variables v := u + s, and usual conventions on the prolongation of processes,

the left-hand side of (3.2) equals

t 0 t s
KXutste — Xuts Xopt+e — Xy
// Xu+s¥duds:/ / Xv;dvds. (3.3)
0o J-T € o Jo €

According to Theorem 2.13, we have

t
/ Xd X = 1(Xt2 —t),
O 2

in the ucp sense. Finally the right-hand side of (3.3) converges ucp to

/ot (/0 XdX) as=3 [ (X2 s)as

which is the right-hand side of (3.2).

3.3 Link with Da Prato-Zabczyk’s integral

Let F' and H be two separable Hilbert spaces. In the first part of this subsection we recall the definition
of Hilbert valued Wiener processes (including the cylindrical case) and some properties of the It6 stochastic
integral appearing in Da Prato-Zabczyk framework, see e.g. [13], when the integrator is a Wiener process.

This integral will be denoted by

t
/ Y, - dW@ t € [0,T], (3.4)
0
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where W is a Wiener process on H and Y is a process with values in the space of linear but not necessarily
bounded operators from H to F. In the second part we will illustrate the link with the forward integral
defined in Definition 3.4. The central result will be Proposition 3.10. This states that whenever Y is a
H*-valued adapted process such that fg [ Y5|%.ds < +o00 a.s. and W is a Q-Brownian motion W, @ being
a nuclear operator on H, then the forward integral fg (Ys, d” W) exists as well as the Da Prato-Zabczyk
integral fot Y, - dWZ* and they are equal.

3.3.1 Notations

Notions of nuclear and Hilbert-Schimdt operator play a central role in the Da Prato-Zabczyk integral.
We just recall that, let H and F be separable Hilbert spaces, L'(H; F) (resp. L?(H;F)) denotes the
separable Banach (resp. Hilbert) space of nuclear or trace class (resp. Hilbert-Schmidt) operators from H
to F. If H = F we simply denote L'(H) (resp. L?(H)). We refer to Section 6.2.1 for a fairly survey about

those classes of operators and their connection with tensor product of Banach spaces.

Let @ be a symmetric non negative operator in L(H). We will consider first the case when @ is a trace
class operator in H, i.e. Q € L'(H). We assume that there exists a complete orthonormal system {e;} in
H, and a bounded sequence of nonnegative real numbers \; such that Qe; = \;e;, fori=1,2,.. ..

A random element Z : Q — H is said to be integrable (resp. square integrable) if E[|Z||x] < co. (resp.
E[|Z||3;] < o0). If Z is integrable, it is possible to define its H-valued expectation E[Z] in the sense that
E[4(Z hyu] = 4 (E[Z], h)a. Given two square integrable (H-valued) random elements Z;,Z : Q — H,
we denote by Cov(Z1, Z3) the map in L'(H) defined by

Cov(Zy, Z5) (h) = E[(Z1 — E[Z1)) (%> — E[Zs], h) 1) VheH.

Let (F;) be a filtration fulfilling the usual conditions; it will be often implicit in this chapter. Symbol
M2,(H) will denote the space of all H-valued continuous square integrable (F;)-martingales M. M2 (H)
with the norm defined by ||MH§V12T(H) =E [||Mr||%] is a Hilbert space. For a precise definition of H-valued
martingale (resp. local) martingale, the reader may consult Section 3.4 of [13]. If M is a local martingale,
we recall the notion of quadratic variation given in Proposition 3.2, [13]. That notion will be denoted by
An L' (H)-valued process V is said to be increasing if, for alla € H, (V,a, a) > 0 and if (V;a, a) > (Vsa, a)
if 0 <t < s <T. The quadratic variation in the sense of Da Prato-Zabczyk of a local martingale M
is a L'(H)-valued continuous, adapted and increasing process V such that V, = 0 and for arbitrary
a,b € H the process (My,a)(My;,b) — (V;a,b), t € [0,T], is an (F;)-martingale. This L'(H)-valued process
is uniquely determined and will be denoted by [M]?*. It can be expressed also using the covariations by
vy = 3o i1 [(My, eq), (My, ej)]e;@e;. The notion of quadratic variation will be more extensively investigated

in Section 6.2.
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Definition 3.7. An H-valued stochastic process (W;);>¢ is called a Q-Wiener process on H (or
Q-Brownian motion) if
(i) W(0)=0.

(ii) W has continuous trajectories.
(iii) W has independent increments.
(

iv) The random element W (t) — W(s) is Gaussian for ¢ > s > 0 with zero expectation and
Cov(W(t) = W(s),W(t) — W(s)) = (t - $)Q.

Proposition 3.8. Assume that W is a Q-Brownian motion with Q € L'(H). Then for all hy, ho, h3, hy € H
and for all t1,ts,t3,t4 > 0 the following statements hold.

1. E[(Wy,, h1)] = 0.
2. E [<Wt1,h1><Wt27h2>] =t /\t2<Qh1,h2>.

3. E [<Wt1 ) h1><Wt2 ) h2><Wt37 h3>] =0.

E [(Wiy, ha) Wiy, ha) Wiy, ha)(Wiy, ha)] = (81 Ata Atz A t4)(<Qh1, ha) (Qhs, ha)+
+(Qh1, ha) (Qha, h3)+
+ (Qh1, ha) (Qha, ha)) -

Proof. All the statements are easy to verify using the fact that (W, h) is a centered real Gaussian random
variable and E[(W, h1){(Wy, ha)] = t{Qh1, ha). for all ¢ > 0 and h, hy, he € H. O

Note that the quadratic variation in the sense of Da Prato-Zabczyk of a ()-Brownian motion on H, with
Tr(Q) < +oo, is given by the deterministic process [W]#* = tQ where @ is a nuclear operator in L'(H).
In fact for every a,b € H it holds (W;, a) (W, b) — (tQa, b) is a real martingale. For the bilinearity of the
scalar product we verify the result for a = b, i.e. that (W;,a)? — (tQa,a) is a martingale. It suffices to
show that (tQa, a) is the bracket [W](a ® a). In particular a @-Brownian motion is a H-valued martingale
which belong to M?(H).

We summarize now the definition of stochastic integral with respect to a @-Brownian motion W with
values in H, where () is a trace class operator.
Let F be a separable Hilbert space with complete orthonormal basis {f;} and let us fix a number T > 0.
An L(H; F)-valued process (®;):c[o, 7] is said to be elementary if there exists a sequence 0 =ty < t; <

... <ty =T and sequence @y, Pq,..., Py of L(H; F)-valued random variables taking only a finite
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number of values such that ®,, are (F;,, )-measurable and ®; = ®,,, for t €|ty typy1], m=0,..., M — 1.

For elementary processes ® the Da Prato-Zabczyk stochastic integral is defined by the formula

M—-1

t
/ D, ~dez = Z ‘bm(thJrl/\t — Wiat) -
0

m=0
To avoid complications, we suppose from now on that @ is strictly positive defined.
We introduce the subspace Hy = QY/?(H) of H, which, endowed with the inner product

(u,v)o = (Q‘l/gu,Q_l/2 Z% (u, e;){v, e;)

is a Hilbert space. The space of Hilbert-Schmidt operators from Hy to F, denoted by L?(Hy; F), is also a
separable Hilbert space, equipped with the norm

P11 10 Z 1@l 7 = Z Ail{@er, [) 2 = 19QY 212 g7,y =

3,j=1

:<¢Qua@Q/%L%mFV:TTOQQ”Qx@QV%ﬂ::TN®Q®ﬂ,

where g; = vV Aiei, i =1,2,...,{e;} and {f;} are complete orthonormal bases in Hy, H and F. We remark
here that the adjoint operator of Q'/? is Q~'/2 from Hy to H and that the operator ®Q®* is of trace class
being a composition of the Hilbert-Schmidt operator (<I)Q1/ 2) and its adjoint, which is also Hilbert-Schmidst,
see properties in Section 2.2, [30]. Clearly L(H; F) C L?(Hoy; F) but L?(Hy; F) also contains unbounded
operators on H.

Let (®)eo,7] be a measurable L?(Hy; F)-valued process; we define its norm by

t t
||<I>|%—E[ / ||<1>s||%2<HO;F>ds}—E[ [ rree@ea] e,

We denote with N3, (0,T; L?(Ho; F')) the Hilbert space of all L?(Hy; F') predictable processes with |[|®|||7 <
+00.
If a process @ is elementary and [||®|||z < 400, then the stochastic integral [ ®, - dW* is a continuous

square integrable F-valued martingale on [0, 7] and it holds the following identity:

t
L/@ydwf
0

The stochastic integral with respect to a @Q-Brownian motion is an isometric transformation from

E

2
]=|¢m1 0<t<T. (3.5)
F

the space of elementary processes equipped with the norm ||| - ||| into the space of F-valued square inte-
grable martingale MZ%(F). By the fact that elementary processes form a dense set in N3, (0, T; L?(Ho; F)),
the definition of stochastic integral is extended to all elements in N3, (0, T; L?(Ho; F')) and (3.5) remains true.
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Definition 3.9. For a general element ® € N3, (0,T; L?(Hy; F)), we will denote Brownian martingale
the martingale M € M2 (F) given by the stochastic integral

M. = / O, - dWI . (3.6)
0

By the so called localization procedure, see Lemma 4.9 in [13], it is possible to extend the definition of
the Da Prato-Zabczyk stochastic integral to L?(Hy; F)-predictable processes satisfying even the weaker

condition
T
P / s 172 11y ds < +00| =1. (3.7)
0

All such processes are called stochastically integrable on [0,7]. They form a linear space denoted by
Nw (0, T; L?(Ho; F)). In [13], Section 4.3 the definition of stochastic integral with respect to a Q-Brownian
motion is extended to a a cylindrical Brownian motion. We suppose now that @ does not necessarily fulfill
Tr(Q) < +o0.

Let Hy = Q'Y/?(H) with the induced norm and let H; be an arbitrary Hilbert space such that H is
embedded continuously into H; and the embedding J of Hy into H; is Hilbert-Schmidt. Let {g;} be an
orthonormal and complete basis in Hy and §; a family of independent real valued standard Brownian

motion then the the following series
+oo
Wy = Z 9533 (t)
j=1

is convergent in L?(Q; Hy) and (W,) is called a cylindrical Brownian motion on H. Let Q; := JJ*,
we recall that W is a ()1 Brownian motion on H; and Tr(Q1) < +oco. We remark that a ¢ Brownian
motion with Tr(Q) < +oo is H-valued and has the same expansion of a cylindrical Brownian motion in
L?(Q; H). The definition of stochastic integral is the same for a cylindrical Brownian motion because the
class N3, (0;T; L2(Ho; F)) is independent of the space H; and the spaces Q}/2 (H,) are identical for all

possible extensions Hi.

We recall some properties of Brownian stochastic integrals from Section 4.4 in [13].
If ® € N3, (0,T; L?(Ho; F)), then the stochastic integral

t
M; = / ®(s) - AW (3.8)
0
is a continuous square integrable martingale in M2 (F') and its quadratic variation is of the form

(M) = /Ot (¢(8)Q1/2) (¢>(8)Q1/2)*ds- (3.9)
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Moreover if ®1, @5 € N3, (0,T; L?(Ho; F)) then

E{/Ot@i(s)-dwgﬂ:m EU

and the covariance operator is given by the formula

V(t,s) = Cou [/Ot @, (r) -dWﬁZ,/OS By(r) - dWﬁZ] ~E [/OMS (@1(r)Q1/2) (@z(r)Ql/z)*dr] .

Under the same hypotheses we have

E [F(/Ot ®1(r) 'dWrdZ7/OS Po(r) - deﬂF} =E [/OMS Tr [(@1(7“)621/2) (CI)z(T)Ql/Z)*} dr} .

We recall also that stochastic integration theory with respect to martingales M € M2(F), can be defined

2
< +o00 s,t €[0,T) and i = 1,2

t
/ ®,(s) - AW
0

analogously to the one with respect to a Wiener process, see Chapter 6, Section 14 on [46]. The role of the
process t @ is played by the quadratic variation [M]¢*, t € [0, T]. Even, if [13] defines the stochastic integral
for a general martingale integrator, we will need this extension only in the case when the martingale M is
itself a stochastic integral (3.8), otherwise denoted by M = ® - W, with ® € N3, (0,T; L?(Ho; F)). Let ¥
be a L(F;R) = F*-valued adapted process such that E [fOT |T(s)Ps] 2Fds} < 400. Then the extension is

straightforward, since we can define the stochastic integral

. dz ._ ¢ s) - dz = ! s s) - dz . .
WM /Oqf() M /Oqz( )b(s) - AW, t € [0,T] (3.10)
We remind that

[q/-M];lZ:/O (v(s)2(5)Q"?) (qf(s)cp(s)QW)*ds. (3.11)

We recall that every operator in L(H; F) is also in L?(Ho; F). In fact if T € L(H; F) then is well defined
L?(Hy; F) because Hy = Q'/2(H) is a subspace of H. Moreover if we suppose T € L(H; F), then, using
the fact that g; = \/Aje; and ||Te;|lr < ||T||z(m;7) being {e;} a complete orthonormal system for H, we

have
~+00 +oo +o0
1122 100m) = D 1T 9517 = DNl TeilE < Y- NIT W iy = Tr(@Q) - T L a1,y < o0
j=1 j=1 j=1
So for L(H; F') predictable process Y such that E [fot ||Y'S||%(H;F)ds] < o0 it holds

t t
JE[ / ||Ys||i2<Ho;F)ds] < Tr(Q)E [ / ||n||%<H;F>ds} <.

This implies that Y € N2, (0, T; L*(Ho; F')), so the stochastic integral integral [V - dW9* in the sense of
[13] is a well defined F-valued process.
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3.3.2 Connection with forward integral

We consider here the case F = R.

Proposition 3.10. Let W a H-valued Q-Brownian motion with Q € L*(H), i.e. Tr(Q) = ;;OT Aj < o0,
and Y be a L(H;R) = H* process such that fot |Ys]|%.ds < oo a.s. Then, for every t € [0,7],

t t
[oearwy = [vaws. (3.12)

Proof. 1) We first suppose that E {fOT Y5 ]1%- ds} < 0.
In this case Y in N3 (0,T; L?(Ho;R))). The process on the right-hand side of 3.12 is an M2 (R) process
because it is a stochastic integral for a process Y € N3, (0,T; L?(Hop; R)). We want to show that

t - t
/(Ys, WS*EE Ws>ds “’O /Yu-deZ, vt € [0,T). (3.13)
0 e 0

We can represent (W — W;) as a H-valued Da Prato-Zabczyk stochastic integral whose integrand is
the L(H; H) elementary process identity on H. This integral will be denoted with the integration symbol

dW®" . Therefore, we write
s+e .
Wepe — W, = / dWw i

and the left-hand side in (3.13) gives

/ / AW \ds = // Y, - dW¥ ds = - // Y, ds-dW® = /Yf dWiz (3.14)
(u—e)*

where

1 u
Ye == / Y. ds .
€ (u—e)*

The first equality in (3.14) is true because, for a fixed € > 0 and s € [0, ¢], it holds

s+e . s+e
<Y;,/ dW32>:/ Y, - dWi .

In fact the constant random element Y, is an elementary process so by definition the right-hand side

stochastic integral gives
s+e s+e .
/ Yo AW = (Yo Wape) — (Yo, W) = (Yo, Ware — W) = <Ys,/ AWy |

The second equality in (3.14) is true by the Fubini stochastic theorem, see Theorem 4.18 in [13]. The term
fuufe Y, ds has to be understood as a random Bochner type integral with values in H*. We remark that
Y€ e NE(0,T; L?(Hp; R)) because

T T+1
/nY ||L2<H0Rdu</ 1Y NZdu < // \\Y||H*dsdu</ 1Yall3-ds
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We will in fact prove that convergence in (3.13) holds even in L?(2). Because of the isometry property for
the Da Prato-Zabczyk stochastic integral, we write

2

t t t
E U (Ve —Y,) .dwgz] _E [/ 1Y¢ = Yl o du] <E [/ IYE — Yol du
0 0 0

In fact previous expectation gives

t
B| [ I¥: - vilfy-du| =
0

+00 ¢
ZA (Y —Y,, en>2du] (3.15)
n=0

where (e,,) is an orthonormal basis of H*. We have

2
t t 1 u
/<Y;—Yu,en>2du:/ 7/ Yy, en)ds — (Yo, en) | du.
0 0 \ € Ju—et

We recall the maximal inequality, ([66], chapter 1.1): there exists a universal constant C' such that for any
¢ € L*([0,7]),

T 1 v 2 T
/ ( sup {/ o dv}) du < C/ 2 dv . (3.16)
0 0<e<1 € (v—e)t 0

By (3.16), we know then the existence of a constant C' > 0 such that, for any n, w a.s.

1 u
n(w,u) :=sup < — Yi(w), ex)dspy, wuwel0,T],
g()sp{/(<<>>}e[1

e>0 € u—e)t

is such that

/OT 02 (w, w)du < c/on(w) e 2du. (3.17)

We have of course

too LT
Z/ (Yo, en)?du| =E
n=0 0

On the other hand for every n and w a.s. we have

/Ot C /<:_E)+<YS ; 6n>d8> du — /Ot<Yu, en)du (3.19)

when € — 0, by Lebesgue differentiation theorem. We recall that Lebesgue differentiation theorem says
that if ¢ € L} (ds), then a.e.

loc

E

T
/ ||Yu||fq*du] <. (3.18)
0

t+e
% /t 6(s) ds — o(t) .
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Finally Lebesgue dominated convergence theorem with respect to (w,n) implies that right-hand side of

(3.15) converges to zero.

2) It remains to treat the case when fOT |Ys]|%;-ds < o a.s. In this case Y does not necessarily belong
to N3,(0,T; L?(Ho; R)). We proceed by localization. For m > 0 we define

t
o ::inf{t>0| / |Ys||§1*d52m}
0

and

yom Y, t< 7™
t = :
0 t>7"

Clearly Y™ € N2 (0,T; L*(Ho;R)). Let 6 > 0. We have to show that

1 t t
! / (Yo, Were — Wads — [ Ve dwe®
€ Jo 0

I(e) =P {

The left-hand side in (3.20) is bounded by I (¢) + Iz where

> 6] — 0. (3.20)

1 t t
—/ <Y;,Ws+e—Ws>ds—/ Y, - W
0 0

€

11(6):11»{

IQZ]P)[TmST] .

Since Y™ belongs to N3, (0,T; L?(Ho; R)) and by localization of Da Prato-Zabczyk integral, see Lemma
4.9 in [13], we obtain

1 t t
- / <Y:qm P Ws+e - Ws>d8 — / }/Sm . dWSdZ
0 0

€

no |

>85> T} |
Taking into account the first part of the proof already established we get lim,_q I;(€) = 0. Consequently

limsupI(e) <P[r™ <T] .
e—0

Taking m large enough the right-hand side is arbitrarily small so the proof is finally concluded.
O

In the special case G = R, it is possible to establish a similar result with respect to Brownian martingale.
We omit the details.

Proposition 3.11. Let M be the square integrable F-valued Brownian martingale defined by the Da Prato-
Zabczyk stochastic integral M = ® - W, where ® € N3, (0,7; L?>(Ho; F)). Let Y be a L(F;R) = F*-valued
adapted process such that fOT Y (5)®s]

t t
/(Ys,d‘MS):/ Y, - dM% .
0 0

2.ds < 400 a.s. Then for every t € [0,T]
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Chapter 4

Chi-quadratic variation

4.1 Comments

In this section we will define a new concept of quadratic variation which is suitable for Banach space
valued processes. Let B be a Banach space.
We first try to explain why our concept is more general than other notions in the literature. The natural
generalization notion coming from calculus related to semimartingales appear for instance in [46] (resp.
[19]) for some classes of B-valued processes where B is a Hilbert (resp. Banach) space. One typical class
is the family of m-processes which are not so far to Banach valued semimartingales, since their notion is
constantly related to It6 type stochastic integrals. We remark that [13] introduces slight different notion of
quadratic variation for B-valued martingales with B Hilbert separable space. For those processes [46] and
[19] introduce two concepts of quadratic variation: the real quadratic variation and the tensor quadratic
variation. The real one is characterized as a limit of discretization sums; the tensor quadratic variation is
related to expressions of the type

X, 0% X, & _/]O t}(XS, ©dX, +dX, @ X, ) .

In the language of regularizations we are also able to define a real and tensor quadratic variations processes,
which are the true analogous of the mentioned concepts, but a priori for any process. However they will

appear as particular cases of our theory as will be explained in details in Section 6.3.
Definition 4.1. Let X a B-valued stochastic process.

1. X is said to admit a real quadratic variation denoted by [X]® if [X]® is the real valued ucp limit

for € | 0 of the sequence

. o 2
[X}]R,e — / ||Xs+e Xs“B ds . (41)
0 €

41



42 CHAPTER 4. CHI-QUADRATIC VARIATION

[X]® will be indeed called real quadratic variation of X.

2. X admits a tensor quadratic variation if it admits a real quadratic variation and if it exists a

(B®, B)-valued process denoted by [X]® such that the sequence of Bochner integrals
' Xs [ Xs 2
x| FKore = X)E" (4.2)
0 €
converges to [X]® ucp for € | 0.
[X]® will be indeed called tensor quadratic variation of X.

Remark 4.2. 1. Integrals in (4.2) are well defined in the Bochner sense as B&, B-valued integral

processes since the fact that X admits a real quadratic variation implies that

1 . . HXS 6_X3||2
E/o H(Xs-s-e - XS)®2||B®,,B ds = /0 %ds < 400 a.s.

2. In point 2. of the definition the condition of the existence of the real quadratic variation can be

relaxed requiring that for all subsequences (e,) it exists a subsubsequence (e, ) such that

ds < +00 a.s.

/t HXs+enk - XSHQB
0

€ny,

sup
k

similarly to the techniques developed in Section 4.3.

3. The tensor quadratic variation is the natural object intervening in the second order term of the It

formula expanding F(X) for some C?-Fréchet function F.

4. Suppose that the limiting process in (4.2) exists. To insure that limit has bounded variation, the
classical procedure consists in showing that the real quadratic variation exists, as required in the
definition. In fact the variation of tensor quadratic variation is dominated by the variation of real

quadratic variation, which is clearly of bounded variation being an increasing process.

Unfortunately, the existence of the real quadratic variation is a very requiring and rarely verified
condition. For instance, the window Brownian motion W (-), which is our fundamental example, does not

have, in principle, any real quadratic variation. In fact, even if for fixed € the quantity

ds

/t ||W5+5(') - WS(')H%([—T,O])
0

€

exists, it is not possible to control its limit for € going to zero as we will see in details in Remark 5.5 and

Proposition 5.6.
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We come back now to the convergence of (4.2): the projective norm 7 is may be too strong for its
convergence even when X = W (-). One possible relaxation could consist in requiring a (strong) convergence
with respect to a weaker tensor topology as the Hilbert or the injective e-topology, however this route was
not easily practicable for us. In fact our strategy is to introduce a convergence making use of a subspace
x of (B&,B)*; when y coincides with the whole space (B&®,B)* our convergence coincides the classical
weak star topology in (B&,B)**.

In such a case X will be said to have a y-quadratic variation, see Defintion 4.19. Our y-quadratic variation

generalizes the concept of tensor quadratic variation at two levels.
e First we replace the (strong) convergence in (4.2) with a weak topology type convergence.
e Secondly the choice of a suitable subspace x of (B&®,B)* gives a degree of freedom.

As we will see in Section 6, whenever X admits one of the classical quadratic variation (in the sense of
[24, 13, 46, 19]), it admits a y-quadratic variation with x equal to the whole space. This corresponds to
the elementary situation for us.

A window Brownian motion X = W () admits a x- quadratic variation a priori only for strict subspaces x.
This will be particularly helpful in applications, in particular for obtaining at Section 9 some generalized

Clark-Ocone formulae.

4.2 Notion and examples of Chi-subspaces
Let B be a Banach space.

Definition 4.3. A closed linear subspace x of (B®,B)*, endowed with its own norm, such that

I lx =1 8o, )~ (4.3)
will be called a Chi-subspace of (B&,B)*.
The result below follows immediately by the definition.
Proposition 4.4. Any closed subspace of a Chi-subspace is a Chi-subspace.

As the reader can see from Section 2.6, we are interested in expressing subsets of (B®,B)* as direct
sums of Chi-subspaces. This, together with Propositions 4.5 and 4.26 will help us to evaluate y-quadratic

variations of different processes.

Proposition 4.5. Let x1,- -, X, be Chi-subspaces of (B®,B)* such that x; () x; = {0} for any 1 <i #
j < n. Then the normed space X = X1 @ - - - X» is a Chi-subspace of (B&,B)*.
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Proof. Tt is enough to prove the result for the case n = 2. If u € x, then it admits decomposition p = 1 +ps,
where pi1 € X1, p2 € x2. It holds [|ull(gg_p)- < lllse, By + l12ll(5s, By~ and Assumption (4.3) for
x1 and x2 implies that [[pill pg_py+ < [[pilly; for i =1,2. It follows then |[ull(pg_p)- < K1l + 12l
i.e. the norm (2.10) with p = 1 in the Banach space . Since all the norms defined in a direct sum of
Banach spaces are equivalent to the product topology, then (4.3) is also verified for any norm and the

result follows. O

Before providing the definition of the so-called y-quadratic variation for a B-valued stochastic process,
we will give some examples of Chi-subspaces that we will use frequently in the paper. For the notations we

remind to Section 2.6.
Example 4.6. Let B be a general Banach space.

e x = (B®,B)*. This corresponds to our elementary situation anticipated at the end of Section 4.1.
We anticipate that a process which admits a quadratic variation in the sense of [13, 46, 24], has a

(B&,B)*-quadratic variation, see Section 6.

Example 4.7. Let B = C([—7,0]).

This is the natural value space for all the window (continuous) processes. We list some examples of
Chi-subspaces x for which window processes have a y-quadratic variation. Our basic reference Chi-subspace
of (C([-7,0]®.C([—7,0]))* will be M([—7,0]?) equipped with the usual total variation norm, denoted
by || - |[var- This is in fact a proper subspace as it will be illustrated in the following lines. Condition
(4.3) will be verified using properties of projective tensor products recalled at Section 2.5. All the other
spaces considered in the sequel of the present example will be shown to be Chi-subspaces of M ([—7,0]?);
by Proposition 4.4 they will also be Chi-subspaces of (B&,B)*.

Here is the list.

e M([—7,0]?). This space, equipped with the total variation norm, is a Banach space. We can identify

this space with the dual of the injective tensor product; in fact by (2.24)
M([=7,01%) = (C([=,0"))" = (C([=m N)@cC([=7,0]))" € (C([~7,0)@-C([~7,0]))" . (4.4)

In particular by properties of tensor product, (4.3) is verified because ||ulle = |ullvar > |1l (5e, B)-
for every u € M([—7,0]?).

e L?([-7,0]?) identified with its dual. This is a Hilbert subspace of M([—7,0]?) and for u € L*([—7,0]?)
it holds obviously that ||u|lvar < ||pllz2((=r002)-

i Dij([_Tv 0]2) for every i,j =0,...,N. IfM = Aéai(dl‘)daj (dy)v ||M||Var = |/\‘ = ||/J’||DLJ
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e D;([-7,0])®,L%([—7,0]). For a general element in this space p = A, (dz)d(y)dy, ¢ € L*([—7,0]),
we have [|pullvar < [l L2 (= r.0p@, i (=m0 = AL ([l z2-

e \%([-7,0]2) := (L*([-7,0]) ® Do ([T, O]))®i This space will be denoted frequently shortly by x2.
This is a well defined Hilbert space with the scalar product which derives from the scalar products in

every Hilbert space and it is Chi-subspace of M([—7,0]?) and consequently also of (B&,B)*.

Remark 4.8. 1. We could have shown that x?([—7,0]?) C M[-7,0]? through an argument of
tensor product theory. In fact if H is a Hilbert space such that H C M([—7,0]) it holds H ®i C
HE ¢ M([-7,0)&7 = C([=m,0D&! € (C(I=7.0)&)* = (C([=7,0)" = M([~7,0]%) be-
cause the e-topology respects subspaces, see comment in relation to Proposition 3.2 on [63]. In

our case setting H = L?([—7,0]) & D,([—7,0]), then H is a Hilbert subset of M([—,0]).

2. Using Proposition 2.23, we obtain:

. . -2
X ([=7,01%) = L*([~7,01*) & L* ([~ 7, 0)) @4 Da ([T, 0]) & Da ([T, 0]) @1, L ([T, 0]) & Do ([, 0]) &, -
(4.5)

Using again Proposition 2.23 with (2.28) and (2.29) we can expand every addend in the right-hand

side of (4.5), into a sum of elementary addends. For instance we have L2®),D, = @f\;o (L2®hDi)
and Da®i —Ds=DY D; ; so that (4.5) equals

L3 (=7, 0) & €D (L2(1=. 0) &1 Di([=7.0)) €D (D=, 0) L3 (7. 0) & €D Du (=01

(4.6)

Being x? a finite direct sum of Chi-subspaces, Proposition 4.5 confirms that it is a Chi-subspace.

e As a particular case of x%([—7,0]?) we will denote x°([—7,0]?), x" shortly, the subspace of measures
defined as

XO([=7,012) := (Do([~,0]) ® L*([~7,0]))& .
Again using Proposition 2.23, we obtain:
X ([=7,00%) = L*([-7,01*) & L?([-, 0]) @3 Do ([—T, 0]) & Do([—, 0])&n L*([—T, 0]) & Do 0 ([T, 0]?) -
(4.7

Remark 4.9. 1. Forevery uin x2([—7,0]?) there exist u1 € L?([—7,0]?), p2 € L?([~7,0))®,Do([—T,0]),
113 € Da([—7,0))@nL2([—-7,0]) and g € Da([—7,0)&; such that

o= 1+ 2+ pz A+ p, (4.8)
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...............

where ¢1 € L?([—7,0]?), ¢4, ¢4 € L?([—,0]) and \; ; are real numbers for every 4,5 =0,..., N.
Components g1, po and pg are singular with respect to the Dirac’s measure on {(a;, a;) }o<i, j<n,
remarking that 6,4, 4,) = 4, ® da;; in particular px{(a;, a;)} =0 for k =1,2,3. For a general p1

it follows
p{(ai, a;)} = paf(ai, a;) = Aij - (4.9)
2. Consequently an element p € x°([—7,0]?) can be uniquely decomposed as

p=¢1+ ¢2 ® b + 0o ® ¢3 + Ado ® do, (4.10)

where ¢1 € L2([—7,0]?), ¢2, ¢3 are functions in L?([—7,0]) and A, o, 3 are real numbers and
1 ({0,0}) = pa ({0,0}) = A (4.11)

We go on with other examples of Chi-subspaces.

e Diag([—,0]?). Let u € Diag, we have ||p|vaer < 7|1t Diag, S0 Diag([—,0]?) is again a Chi-suspace
of M([—T,0]?).

e \3([-7,012) := x*([-7,0]?) @ Diag([—7,0]?). The sum is direct and obviously it is a subset of
M([~7,0]?). As a consequence of Proposition 4.5, x* is a Chi-subspace of M([—7,0]?). This is a
Banach space which fails to be Hilbert because Diag is not Hilbert. We equip x*([—7,0]?) with
the norm (2.10), with p = 2, in the sense that, whenever y is an element in x3([—7,0]%) with

decomposition p = 1 + p2, p1 € X*([~7,0]?) and ps € Diag([—7,0]?), we set
1222 —r0p2y = lleal32 (= 0p2) + 12l Brag(r0p2) - (4.12)
e \*([~7,0]%) where

XH([=7,01%) := Da([~7,01*) & L*([~, 0]*) & L*([~7, 0]) @D ([T, 0]) & Do ([T, 0]) @, L* ([~ 0]).
(4.13)

This is obviously a subspace of M([—7,0]?) and it is a Chi-subspace of M([—7,0]?) because of
Proposition 4.5.

The following examples are academic and they will not be used in the sequel in a relevant way. Some of

them involve discrete measures with infinite (countable) support.
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e \°([~7,0)2) = D"*N([—~7,0]?) with

DYN([—7,012) := pe M([-7,0%) : p = Z AiiO(as )3 Aiyj € R, 81 p{|)\i7j|i2j2} < +oo p (4.14)
i,jEN ”

where (;);en and (o) jen are two sequences of given points in [—7,0]. An element of x*([—7,0]?) is a

discrete measure concentrated on a countable sequence of fixed points (a, ;) (i jyenxn on the square

[—7,0]%. The space D"*N([—7,0]%) equipped with the norm ||| prxs((—r o2y = sup; ;{|Ai;1i%52}, is a

Banach subspace of M([—7,0]?).

For x°([—7,0]?), to be a Chi-subspace it remains to show |||y ar < ||| ys. For an element p € x° the

total variation norm is [|ul|var((—r.02) = D2; jen [Ai,j| and it is finite. In particular [|pl|var((—r.02) =
. . . - 4
Zi,jeN i sl = Zi,jGN X 12‘72$ < SUPi,j{|)‘i,j|2232} Ei,jeN # = llullxs 35-

e Let {p;}i=1,.. n be N fixed mutually singular measures in M([—,0]?) with ||u;||ver = 1. We define
the space x%([—7,0]?) as the space

Xo([~7,0%) == Span({piti=1,.N) = 1= Z Nipis i € M([=7,01%), \i €R 3. (4.15)
i=1,..,N

The space x® equipped with the norm ||u|/,s = Zivzl A2, is a Banach subspace of M([—7,0]?) of
finite dimension N. The norm || - ||,6 is compatible with the induced topology defined by M([—T,0]?).
By Proposition 4.4, x5 is a Chi-subspace of M([—7,0]?). We observe that ||p|var = Zi\; || <

lello = /S0, A2

e Let u be any fixed finite measure on [—7,0].
X ([=7,01?) = {v € M([~7,0)%);dv = gdu,g € L=(dp)} . (4.16)

Without restriction of generality we can consider u being a positive measure. x* is the space of
absolutely continuous meausres with respect p with Radon-Nikodym density in L°°(du). The space
X", equipped with the norm ||v||y» := ||g|| L=, is a Banach subspace of M([—,0]?) and it is isomorphic
to L*(dp). The norm ||v|,» of a general measure v € x* will be denoted also by ||v|s,.. For a
general measure v € x* it holds ||[V|var < |9z [|tt]lvar = C||[V|lx» C being a constant, so x* is a
Chi-subspace of M([—7,0]?).

Next proposition shows that a y* space can be constructed from a family of mutually singular

measures.

Proposition 4.10. Let I be a countable set. Let {u;}iecr, be mutually singular non-negative finite

measures on [—7,0]% and set = >, ; pi supposed to be finite.
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Then

= @XM (4.17)

icl
and [V]loo, i = supser [Vl oo ;-

Proof. Since p;, i € I, are mutually singular, there is a partition (A;);es of [—7,0]? such that yu;(AS) =
0; we remark that if A C A; u(A) = pi(A), for all i € I. Since u;(B) < u(B), V B € B([-,0]?),
1 €1, then p; << p,Viel.

D)Ifv=> ;v vi €x" thenv e x*.

We show first that v << . In fact, for every B € B([—7,0]?), if u(B) = 0 then v(B) = ", vi(B) =0
since v; << p; << p. On the other hand, it is possible to show that

dv ]lA dl/l'

i = d—ui]lAi p-a.e. (thereforep; — a.e.). (4.18)

In fact if B € B([—,0]?)

dl/ dy4 dl/‘
—du=v(BNA;) =v;(BNA; :/ —d »:/ *du.
‘/BmAi dp : ( i) =il 2 BnA,; dit; Hi BnA; A a

So (4.18) implies that

l

2) Viceversa, if v € x*, we set v;(B) = v(BNA;) for i € I and B Borel set. Let B a Borel set
such that u;(B) = 0; then u(BN A;) = ui(BNA;) < pi(B) =0 and so v;(B) = v(BnN A;) = 0;
consequently v; << ;. Since again (4.18) holds, v; € x* and

dv
dp

Vi

dp;

< sup
o i€l

o0, i

H dv; ’ dv
é T )
i || oo i, Al oo,
we conclude that v € @, x**. O

Remark 4.11. A particular case of the Proposition 4.10 is given when p; = d(4, 5,) Where (a;,b;) €
[-7,0]2,i € I = {=1,...,N}. Then v € x* if and only if v = Zil Ail(a,b;); in this case

[lloo,n = maxa<i<n{[Ail}-

A last example of Chi-subspace of M([—,0]?) is L*([-7,0]?) ® x*([-7,0]?), where p is a given
measure in M([—7,0]?), singular with respect to the Lebesgue measure. This is a Chi-subspace again

because of Proposition 4.5.
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Example 4.12. Let B = H = L*([-7,0]).

Before listing examples of Chi-subspaces of (H®, H)* we need some preliminary results. We recall that
L3 ([-7,0]%) = (H&pH) = (HopH)* C (H&H)*, (4.19)
where (H®p, H) and its dual are identified via the usual Riesz identification. On the other hand (H®, H)*
can be identified with B(H, H), see (2.15). Using this identification and (4.19) we inject L*([—7,0]?) into

B(H, H); in this way, the space L?([—,0]?) identifies a subspace of bilinear bounded (continuous) forms
on H x H. In other words, to every f € L?([—7,0]?) is associated the element T € B(H, H) setting

T L2([-7,0]) x L*([-7,0]) — R, (9,h) = T (g,h) = / 9(@)h(y)f(z,y) dxdy . (4.20)
[—7,0]2
Definition 4.13. We will denote by L%([—,0]?) the set of all bilinear maps 7. This space equipped with
the norm HTf||L%([,T}0]2) := || fll L2(=r,012), is a Hilbert space which indeed coincides with L*([—7, 0]?)*.
Remark 4.14. 1. By Proposition 2.24 we know that L%([—7,0]?) is properly included in B(H, H).
2. By definition, for every 77 € L%([-7,0]?),

171 = oty TN < = = [ PYEE (4.21)

3. In Proposition 5.32 we will see that L%([—7,0]?) is not densely embedded into B(H, H).

The Banach space (H®, H)* contains two significant Chi-subspaces; the first one is naturally associated
with L2([—7,0]? via L%([—7,0]?), the second one with L°°([—7,0]). Below we describe those announced

Chi-subspaces.

e x = L%([-7,0]%) equipped with its norm. We recall the isometry between (H®,H)* and B(H, H):
the usual norm of the bilinear operator T/, denoted by || -||5, is equal to the norm of the corresponding
element in (H®,H)*. By Remark 4.14.2. x is clearly a Chi-subspace of B(H, H). Condition (4.3)

could have been verified also using relations (2.17) and (2.18).

e x = Diagg([—7,0]?) where Diagg([—7,0]?) is the following set

[77-10]

{Tf € B(H,H), s.t. T (g, h) :/ g(x)h(x) f(x)dx ; f € L>®([—, O])} . (4.22)

By definition it is a subspace of B(H, H) and every operator T/ is determined by a function in
f € L>=([—7,0]). This space, equipped with the norm || 77| piags(j—r012) = |l ((=r0)) = [If]loc is
a Banach space.

We verify condition (4.3). For T/ € Diags([—7,0]?), we have

IT|ls= sup  [T(g,h)|=  sup

<N fllzoe =r0) = 1Tl Diags((=r012) -
lgll<1, |AlI<1 lgli<1, |plI<1

/ g(2)h(x) f (2)da
[—7,0]
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Proposition 4.15. Diags([—7,0]?), equipped with the topology of B(H, H) is closed.

Proof. Let TY € Diagg([—,0]?) with f € L>([~7,0]). It is enough to show that

1£lloe = 1177l -

1) Obviously for every g, h € H, |T'(g,h)| <||fllscllgllz||2] z, which implies that HTfHB < [ flco-
2) For proving the converse inequality of 1) it is enough to find a sequence (gn, hn) of H x H, such that

lgnllm = lhn ]z =1, and [T/ (gn, hn)| Fr—— [1f1loo-
Let N > 0 and define

Ay = {y € 0] 1F W] = [flloe — 1} |

N
By definition of essential supremum, it follows that Leb(An) Fem— 0. We set
(1) = Tany)——
gn\y AN\Y Teb(An)
sign (f(y)) : + itz <0
hy(y) = 1a, (y)——===  where sign(z) = .
Y Leb(Ay) -1 ifz<0
We have
0
1/ (W) 1
h dy = _WAL = )
| vy = [ ZERS =1 - s Il
This concludes the proof of the proposition. O

Remark 4.16. This space has been denoted with Diagg because it has a strong relation with the space
of measures Diag defined in (2.32). In fact let ¢ be a function in L>°([—7,0]). ¢ can be either associated
with a measure ¥ € Diag([—7,0]?) or with an operator T% € Diagg([—7,0]?). The measure is identified
by u?(dz,dy) = ¢(x)dy(dx)dy. The bilinear operator is identified by T%(g, h) = f[fr,O] g(x)h(x)p(z) dz.
Let 11, 72 be two elements in C([7,0]) C H,

M([—r02) BE 5 @ M2) e(—r012) = T (11, m2) - (4.23)
In fact the left-hand side in (4.23) equals

(1 (de, dy), () - () = /

m@m@e@s,dody = [ m@mn@eds.
(=701

[—T,O]
For instance if ¢ is the constant function equal to 1, then diagonal measure p! corresponds to the inner
product in L?([—7,0]) in the sense that

M=oy (B @ M2 om0y = T (01,m2) = 12,01 (M1 02) L2(1-7,0) -

Remark 4.17. We recall that the bilinear functions in L%([—7,0]?) identified with L?([—7,0]?), can also
be observed as a subspace of M([—,0]?).
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4.3 Definition of y-quadratic variation and some related results

In this subsection, we introduce the definition of the x-quadratic variation of a B-valued stochastic
process X. We remind that C([0,T]) denotes the space of continuous processes equipped with the ucp
topology.

Let x be a Chi-subspace of (B®,B)*, X be a B-valued stochastic process and € > 0. We denote by [X, X]€,
or simply by [X]¢, the following application

[X]¢: x — C([0,T)) defined by ¢ — </0t N I (Xote 6_ X,) &%) Dye d5> (4.24)
t€[0,T]

where
J:B&,B — (B®,FB)** (4.25)

denotes the canonical injection between a space and its bidual as introduced in Section 2.1.

€ —

With application [X]€ it is possible to associate another one, denoted by [X, X] , or simply by [X]¢, defined
by

€

t _ 2
(X] (w,*): [0,T] — x* given by t— <¢ »—>/O (2 J ((XS+E€ X.)® )>x* ds) . (4.26)

Remark 4.18.
1. We recall that x C (B®,B)* implies (B®,B)** C x*.

2. As indicated x<" )+ denotes the duality between the space x and its dual x* in fact by assumption,
¢ is an element of y and element J ((XS+6 - Xs) ®2) naturally belongs to (B&,B)** C x*.

3. With a slight abuse of notation, in the sequel application J will be omitted. The tensor product
(Xs1e — Xs) ®2 has to be considered as the element J ((XH6 - Xs) ®2) which belongs to x*.

4. Suppose B = C([—7,0]) and x be a Chi-subspace of (B®,B)*.
An element of the type n =1 ® 12, 11, 72 € B, can be either considered as an element of the type
B&.B C (B&,B)*™ C x* or as an element of C([—7,0]?) defined by n(z,y) = n1(x)n2(y). When x
is indeed a Chi-subspace of M([r,0]?), then the pairing between x and x* will be compatible with
the pairing duality between M([r,0]?) and C([—7,0]?) given in (2.25).

Definition 4.19. Let x be a Chi-subspace of (B®,B)* and X a B-valued stochastic process. We say that
X admits a y-quadratic variation if the following assumptions are fulfilled.

H1 For all (e,) | 0 it exists a subsequence (€, ) such that

T

1
ds = sup — H(Xs-s-en — Xs)®2H ds < +oo a.s.
k Enk 0 k xX*

(XS+€nk - X8)®2

€ny

(¢,

)x

T
sup/ sup |,
EoJoo ligllx<t
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(4.27)
H2 (i) It exists an application x — C([0,T]), denoted by [X, X] or simply by [X], such that
[X]°(0) —= — [X](9) for every ¢ € x . (4.28)

—~— —

(ii) There is a measurable process [X, X]: Q x [0,T] — x* , also denoted by [X], such that

e for almost all w € ), [37](@, -) is a (cadlag) bounded variation process.

o [X](-,t)(¢) = [X](¢)(-, 1) as. for all ¢ € x.

When X admits a x-quadratic variation, we will call y-quadratic variation of X the y*-valued process

(X]o<t<T defined for every w € Q and t € [0,T] by ¢ — [X](w,t)(¢) = [X](¢)(w,t). Sometimes, with a

slight abuse of notation, even [X] will be called x-quadratic variation and it will be confused with [X].

Remark 4.20.

1. For every fixed ¢ € x, the processes [X](-,t)(¢) and [X](¢)(-,t) are indistinguishable. In particular
the x*-valued process [X] is weakly star continuous, i.e. [X](¢) is continuous for every fixed ¢.

2. In fact the existence of [X] guarantees that [X] admits a proper version which allows to consider it
as pathwise integral.

3. The quadratic variation [X] will be the object intervening in the second order term of the It formula

expanding F(X) for some C?-Fréchet function F.

4. We will show in Corollaries 4.38 and 4.39 that, when x is separable (the most of cases) Condition H2
can be relaxed in a significant way. For instance convergence (4.28) can be verified only in probability

on a dense subspace of y and H2(ii) is automatically verified.

Remark 4.21.

1. A practical criterion to verify Condition H1 is

1 T
Lt e

€

- @5 < B(e) (4.29)

where B(€) converges in probability. In fact the convergence in probability implies the a.s. convergence

of a subsequence.

2. A consequence of Condition H1 is that for all (e,,) | O there exists a subsequence (e,, ) such that

Sgp ”[X] " ”Var[O,T] < oo a.s. (430)
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In fact ||[3Z'T||VM[O,T] < %foT [(Xste — Xs) ®? ||y+ds, this implies that [X] is a x*-valued process

of bounded variation on [0,T]. As a consequence, for a x-valued continuous stochastic process Y’

the integral fot X<YS’ d[f)\(/]znk )x+ 1s a well-defined Lebesgue-Stieltjes type integral for almost all w € €,
te0,T).

Remark 4.22.

1. Given G : x — C([0,T]) we can associate G : [0,T] — x* setting G(t)(¢) = G(¢)(t). G : [0,T] —

x* has bounded variation if

1Gllvarory = sup > ||Gltin) - Gt

O'EE[O,T] i|(t1‘,)7’,:U

x* UEE[O’T]i\(ti)iza lllx<1

where Yo 1) is the set of all possible partitions of the interval [0,7] and o = (t;); is an element of
Yjo,7)- This quantity is called total variation of G.

. 2 T .
For example if G(¢) = fot Gs(¢) ds then |G|y arpo, 1) < fo SUP| ||, <1 |Gs(0)| ds.

2. If G(¢), ¢ € x is a family of stochastic processes, it is not obvious to find a good version G: 0,T] —
x* of G. This will be the object of Theorem 4.35.

Definition 4.23. We say that a continuous B-valued process X admits global quadratic variation if

it admits a x-quadratic variation with x = (B&,B)*.
Remark 4.24. We observe some interesting features in the case y = (B®,B)*.

1. The natural convergence topology is the weak star convergence in the space (B®,B)** for elements

[X ]6. In fact, at least when x is separable, for any ¢ € [0, T, it exists a null subset N of Q such and a

sequence (&,) such that

—c

(X" (@, t) = [X](w, 1)

e—0

weak star, see Lemma 4.32. We recall that J(B®,B) is weak star dense in (B&,B)**, so [X] takes

values “a priori” in (B&,B)**.

2. The weak star convergence is weaker then the strong convergence in B&,B, i.e. the convergence
with respect to the topology defined by the norm. A strong convergence is required for example in
the definition of a tensor quadratic variation, see Definition 4.1.2, or in the definition of quadratic
variation for an R™-valued process, see Definition 2.6. In a finite dimensional spaces all topologies are

equivalent. If the Banach space B&, B is not reflexive, then (B&,B)** strictly contains B&, B.

3. In general B&, B is not reflexive even if B is an Hilbert space, see Remark 2.21.3.

= sup > sup [G(P)(ti1) — G(B)(t:)] < +o0
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Proposition 4.25. Let X be a B-valued process admitting a tensor quadratic variation then X admits
a global quadratic variation. In particular the global quadratic variation takes valued in B&,B and
[X] = [X]® a.s.

Proof. We set x = (B&,B)*. We observe that the existence of [X]® implies the validity of Condition H1.
Recalling definition of [X]¢ at (4.24) and the definition of injection J we observe that

t J (Xope — X5) ®2)

[X]E((b)(vt):/(; (B®WB)*<¢7 _Xs)®

t
(X'-i-e
) (B&, B+ 3 :/o (B&.B)* (P, e -

€

>B®WBd8'

(4.31)

€

Since Bochner inegrability implies Pettis integrability, for details see Appendix A, in particular Proposition
A.1, we also have that for every ¢ € (B&,B)*,

€ K Xs [ Xs 2
(B&.B)*(®, (X7 )B&. B :/0 (B&., B) (¥ (Lo . )® )&, B ds - (4.32)
(4.31) and (4.32) imply that
(XD, t) = (s, ) (¢ (X1E)pe. n a.s. (4.33)

We go on now with the proof of Condition H2. We will show that

- 0. (4.34)

e—0

up |IX1°(8)( 1) = (5, ) (6 [XIF) s 5

Developing the left-hand side of (4.34) and using (4.33), we obtain
up |[X1°(6)( 1) = (56, ) (0 [XI7 ) e, | = 502 |y (6, (X]P = [X]) 3,

<9ll(ze,5)- fggH[X]i&e ~ X s 5

where the last quantity converges to zero in probability by Definition 4.1.2 of tensor quadratic variation.
This implies (4.34). The tensor quadratic variation has always bounded variation because of existence of

real quadratic variation, see Remark 4.2.4. In particular H2(ii) is also verified. O

We go on with some related results about y-quadratic variation.

Proposition 4.26. Let X be a B-valued process and X1, X2 be two Chi-subspaces of (B®,B)* with
x1 N x2 = {0}. Let x = x1 ® x2. If X admits a x;-quadratic variation [X]; for ¢ = 1,2 then it admits a
Xx-quadratic variation [X] and it holds [X](¢) = [X]1(¢1) +[X]2(¢2) for all ¢ € x with unique decomposition
¢ = o1+ P2
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Proof. x is a Chi-subspace because of Proposition 4.5. will be enough to show the result for a fixed norm
in the space x. We choose [|¢|ly, = l|¢11lxa + [Ix2ll2-
We remark that for all possible norms in x; @ x2 we have [|¢[ly > ||¢illy;- Then condition H1 follows

T
<[
0 [lgrllx, <1
T
—|—/ sup
0 H¢2ng_

Condition H2(i) follows by linearity; in fact

immediately by inequality

T
/0 sup ’x<¢’ (Xote — Xs)®% )y

X1 <¢17 (Xs-i-e - XS>®2>X1‘
ol <1

X2 <¢27 (Xs-i-e - XS)®2>X3 ds .

[X]°(¢) = /0 D1+ b2, (Xose — X,)®%)-ds =

- /o 2 (01, (Xove = X5)®%) - ds +/O o (02, (Xt = Xo)@%)yeds —= [X]1 (1) + [X]a(¢2) -

e—0

Concerning Condition H2(ii), for w € Q, ¢t € [0,T] we can obviously set [X](w,t)(¢) = [X]1(w,t)(¢1) +
[(X]2(w, t)(¢2). 0

Proposition 4.27. Let X be a B-valued stochastic process. Let x1 x2 be two subspaces x1 C x2 C
(B®,B)* such that x; is a Chi-subspace of x2 and Y3 is a Chi-subspace of (B&®,B)*. If X admits a
X2-quadratic variation [X]z, then it also admits a x;-quadratic variation [X]; and it holds [X]1(¢) = [X]2(¢)
for all ¢ € x1.

Remark 4.28. If Condition H1 is valid for ys then it is also verified for x;. In fact we remark that
(Xs+e — X5)®? is an element in (B&,B) C (B&B)™ C x3 C xi- If A= {¢ € x1;ll¢llxa<1} and
B :={¢ € x2;||¢llxo<1}, then A C B and clearly fot supA (¢, (Xspe — XS) ®?)|ds < fot supp [{¢, (Xsie —

2
< [[(Kore = Xo)@2|

X,)®?)|ds. This implies the inequality ||(Xsie — . and Assumption H1
X2

follows immediately.

Proof of Proposition 4.27. The validity of Assumption H1 with respect to x; was the object of Remark 4.28.
Assumption H2(i) is trivially verified because for all ¢ € x1, by hypothesis, we have [X]E((;S) N [X] (9).

In particular [X]1(¢) = [X]2(¢), V ¢ € x1. We set [ Ji(w,t)(¢) = [B(\Tg(w,t)(gb), for all w € Q, t €[0,T],
¢ € x1. Condition H2(ii) follows because given G : [0, T] — x1 we have ||G(t) —G(s)|[y: < [|G(t)—G(s)
VO<s<t<T. O

Remark 4.29. On the contrary, let x1, x2 be two Chi-subspaces as in Proposition 4.27. It may happens
that a B-valued process X does not admit a (B®,B)*-quadratic variation or not even a ya-quadratic
variation but it admits a xi-quadratic variation. For this reason the fact to introduce a subspace of

(B&,B)* gives much more opportunities of calculus. For example that the C([—,0])-valued window
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Brownian motion admits a y2-quadratic variation but it does not have a M([—7,0]?)-quadratic variation.

This will be seen in details in Section 5.
We continue with some general properties of y-quadratic variation.

Lemma 4.30. Let X be a B-valued stochastic process. Suppose that X fOT |(Xsge—Xs) @2

x* ds converges

to 0 in probability when € — 0.

1. Then X admits a zero y-quadratic variation.
2. If x = (B®,B)* then X admits a zero real and tensor quadratic variation.
Proof.

1. Condition H1 is verified because of Remark 4.21.1. We verify H2(i) directly. For every fixed ¢ € x

we have
€ ‘ (XS+E_XS)®2
X0 = | [ o T s <
t Xs e_Xs 2
S/o x<¢7( ~ . )9 )x+| ds <
r Xope — X,)®?
S/O X<¢7( ~ . ) )x=| ds .

So we obtain

(Xs+e - Xs)®2

P
x=ds —0
€

T T
sup [X(0)(0)] < [ e ds <y [ 1K= X0 62

te[0,T]

in probability by the hypothesis. Since condition H2 ii) holds trivially, this allows to conclude.

2. By definition the real quadratic variation is zero and this forces the tensor quadratic variation also to

be zero.
O

An important proposition used later to prove different fundamental results, as It0’s formula, is the

following.

Proposition 4.31. Let x be a separable Banach space, a sequence F™ : y — C([0,T) of linear continuous
maps and measurable random fields F™ : Qx[0,T] — x* such that F™(-,t)(¢) = F™(¢)(-,t) a.s. YV ¢ € [0,T],
¢ € x. We suppose the following.

i) For all (ng) it exists (n;) such that sup; (| F" lvarfo, ) < 0.
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ii) There is a linear continuous map F : x — C([0,T]) such that for all ¢ € [0,T] and for every ¢ € x
F"(¢)(-,t) — F(¢)(-,t) in probability.

iii) There is F: Q x [0,T] — x* of such that for w a.s. F(w,-): [0,T] — x* has bounded variation and
F(-,t)(¢) = F(¢)(-,t)a.s. Yt € [0,T] and ¢ € x.

iv) F™(¢)(0) = 0 for every ¢ € x.

Then for every t € [0,7T] and every continuous process H : Q x [0,T] — x

/X<H(~,s),d}~7"(~,s)>x* —>/ (H(.),dF(, ). in probability. (4.35)
0 0

Before writing the proof we need a technical lemma. In the sequel indices x and x* in the duality, will

often be omitted.

Lemma 4.32. Let ¢t € [0,7]. There is a subsequence of (ny) still denoted by the same symbol and a null
subset N of €2 such that

Fo (0,8)(6) — ke Fw,8)(6) (4.36)
for every ¢ € x and w ¢ N.

Proof of Lemma 4.32 . Let S be a dense countable subset of y. By a diagonalization principle for extracting

subsequences, there is a subsequence (ny), a null subset N of {2 such that for all w ¢ Q,

Foo(w,1)(9) 1= Jim F"™(w,)(0) (4.37)

exists for any ¢ € S, w ¢ N and Vt € [0,T].
By construction, for every t € [0,T], ¢ € S

Let ¢t € [0,T] be fixed. A slight modification of the null set N, yields that for every w ¢ N,

F(w,t)(¢) = Fao(w,t)(¢) VoE€S.

At this point (4.37) becomes

F(w’t)(¢) = kETOO Fm (wvt)((b) (4'38)

for every w ¢ N, ¢ € S.
It remains to show that (4.38) still holds for ¢ € x. Therefore we fix ¢ € x, w ¢ N. Let ¢ >0 and ¢ € S



o8 CHAPTER 4. CHI-QUADRATIC VARIATION

such that ||¢ — @¢|, < e. We can write

Flo,0)(@) = F* (@,0(0)| < [Fw,0)(6 = 60| + | Fl, )(60) = F™(@,1)(60)

<[[F.n]| o oty +sup [Eme )| o~ o+

+ | P, )0 - 0)] <

.00 F*(w,0)(60)

Taking the limsup,_, , ., in previous expression and using (4.38) yields

lim sup Flw,t)(6) — ﬁ"k(w,t)(gb)‘ < Hf‘(w,t)’
— 400

€ + sup Hf”k(w, )’
. k

€.

X Var[0,T]

Since € > 0, the result follows. O

Proof of the Proposition 4.31 . Let t € [0,T] be fixed. We denote

I(n)(w) = /O (H(w,s), dF"(w, 5)) — /0 (H(w, ), dF(w, 5)) .

Let 6 > 0 and a subdivision of [0,¢] given by 0 = tg < t; < --+ < ¢, = t with mesh smaller than §. Let

(nk) be a sequence diverging to infinity. We need to exhibit a subsequence (ny;) such that
I(ng;)(w) — 0 a.s. (4.39)

Lemma 4.32 implies the existence of a null set N, a subsequence (ny,) such that

™ (0, t)(0) = Flw,t)(@)| ———0  ¥oex andforevery (€{0,...,m}. (440)

j—+o0

Let w ¢ N. We have

<

' (/t'l <H(W,S),dﬁ"kg‘ (w,s)) — <H(w,8),dﬁ(w,3)>>

/t i (H(w,s) — H(w, ti—1) + H(w, t;i_1),dF™i (w, s))+

,/i (H(w, s) — H(w,t; 1)+ H(w, t; 1), dE(w, s))

ti—1

< () (@) + Lo (ng, ) (w) + I3 (ng, ) (@)

<
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where
I @) = i [ 8 08) ~ Hon 12005 00| < 0 (8) b 1™ vt
Il (@) = fj [ 009) et AP )] < 0 O) IF o
Iy(n,)(w) = i / (H (@, timy) (™ (w,5) — Flw, s>>>‘ -
= 3 [0, ), B 1) B ) = P ) 4 Pt =

N
Il
—

[F"™5 (H (w, ti—1))(w, ti) — F(H(w, ti—1))(w, t;)|+

NE

s
I
-

SIS (H e )t 1) — PO G 1)) )]

The notation wyy(,,.) indicates the modulus of continuity for H and it is a random variable; in fact it

depends on w in the sense that

@H(w)(0) = sup |[[H(w,s) = H(w,1)]

.-
|s—t/<d

By (4.40) applied to ¢ = H(w, t;—1) we obtain

lim sup [I(ns, ) ()] < (su_p VF™s (@) variorr) + ||F<w>|va,.[o,m) D100 (0) (4.41)
J

Jj—o00

Since ¢ > 0 is arbitrary and H is uniformly continuous on [0, ] so that wg (., .)(d) — 0 a.s. for § — 0, then
limsup; ., [I(ng,)(-)] = 0 as..
This concludes (4.39) and the proof of the Proposition. O

Corollary 4.33. Let B be a Banach space and x be a Chi-subspace of (B&,B)*. Let X be a B-valued
stochastic process with y-quadratic variation and H a continuous measurable process H :  x [0,T] — V

where V is a closed separable subspace of x. Then for every ¢ € [0,T]

/ HC, ), X (8 — / L 9),d[X]( ) (4.42)
0 0
in probability.

Proof. By Proposition 4.4, V is a Chi-subspace of (B&®,B)*. By Proposition 4.27 X admits a V-quadratic
variation [X]y and [X]y(¢) = [X](¢) for all ¢ € V; in the sequel of the proof, [X]y, will be still denoted by
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[X]. Since the ucp convergence implies the convergence in probability for every ¢ € [0,T], by Proposition

4.31 and definition of V-quadratic variation, it follows

— € P P—

/O V<H('vs)ad[X] ('75)>V* — V<H("s)’d[X]('75)>V* . (443)

e—0 0

Since the pairing duality between x and x* is compatible with the one between V and V*, result (4.42) is
now established. O

An important and useful theorem to find sufficient conditions for the existence of the y-quadratic
variation of a Banach valued process is given below. It will be a consequence of a Banach-Steinhaus type

result for Fréchet spaces, see Theorem I1.1.18, pag. 55 in [20]. We start with a remark.

Remark 4.34.

1. In the mentioned Banach-Steinhaus theorem intervenes the following notion. Let E be a Fréchet
spaces, F-space shortly. A subset B of F is called bounded if for all € > 0 it exists . such that for
all 0 < a < §, aB is included in the open ball B(0,¢€) := {e € E;d(0,e) < €}.

2. Let (Y™) be a sequence of random elements with values in a Banach space (B, || - ||5) such that
sup,, |Y"||p < Z a.s. for some positive random variable Z. Then (Y™) is bounded in the F-space of

random elements equipped with the convergence in probability which is governed by the metric
AX,Y)=E[|X -Y|pA1l].
In fact by Lebesgue dominated convergence theorem it follows lim,_oE[yZ A 1] = 0.

3. In particular taking B = C/([0, T|) a sequence of continuous processes (Y ™) such that sup,, |[Y"| . < Z
a.s. is bounded for the usual metric in C([0,T]) equipped with the topology related to the ucp

convergence.

Theorem 4.35. Let F™ : x — C([0,T]) be a sequence of linear continuous maps such that F™(¢)(0) =0

a.s. and there is F : Q x [0,T] — x* a.s. for which we have the following.
i) F(¢)(-,t) = F"(-,1)(¢) as. VL €[0,T), ¢ € x.

ii) Vo ey, t— F"(. t)(¢) is cadlag.

iii) sup,, [|[F"||var <00  a.s.

iv) There is a subset S C x such that Span(S) = x and a linear application F : S — C([0,T]) such that
F™(¢) — F(¢) ucp for every ¢ € S.
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1) Suppose that y is separable. Then there is a linear and continuous extension F : x — C([0,T]) and
there is F': Q x [0,T] — x* such that F(-,t)(¢) = F(¢)(-,t) a.s. for every t € [0, T]. Moreover the
following properties hold.

a) For every ¢ € x, F™(¢) —2 F(¢).
In particular for every ¢t € [0,T], ¢ € x, F"™(¢)(-, t) LN F(¢)(w,t).

b) F has bounded variation a.s. and t — F(w,t) is w-a.s. weakly star continuous.

2) Suppose the existence of F : Q x [0,T7] — x* such that ¢ — F(w,t) has bounded variation and weakly
star cadlag such that

F(at)(¢):F(¢)(at) a.s. Vite [OvT]v V¢€S
Then point a) still follows.

Remark 4.36. In point 2) we do not necessarily suppose x to be separable.
Proof of the Theorem 4.35.

a) We recall that C([0,77]) is an F-space. Let ¢ € x. Clearly (F"(¢)(-,t)), and (15"(~,t)(¢))t are

indistinguishable processes and so (F " (p)(-, t)) is a continuous process. So it follows
t

IF" (@)l = sup [F™(@)(t)] = sup |[F"(-,1)(¢)] <
te[0,T] te[0,T]

< sup |[FCn)|| N9l < supl F”lvarligl < +oo
t€[0,T] X n

a.s. by the hypothesis. By Remark 4.34.2. and 3. it follows that the set {F™(¢)} is a bounded subset

of the F-space C([0,T)) for every fixed ¢ € x.

We can apply the Banach-Steinhaus Theorem I1.1.18, pag. 55 in [20] and point iv), which imply the

existence of F': x — C([0,7T]) linear and continuous such that F"(¢) — F(¢) ucp for every ¢ € .

So a) is established in both situations 1) and 2).

b) It remains to show the rest in situation 1), i.e. when x is separable.

b.1) We first prove the existence of a suitable version F' of F such that F(w,-) : [0,T] — x* is weakly
star continuous w a.s.
Since x is separable, we consider a dense countable subset D C x. Point a) implies that for a fixed
¢ € D there is a subsequence (ny) such that F™*(¢)(w,-) oo, F(¢)(w,-) a.s. Since D is countable
there is a null set N and a further subsequence still denoted by (ny) such that

c([o, 1)
—_—

Fe(w,-)(9) F(¢)(w,) VéeD,Vwd¢N. (4.44)
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For w ¢ N, we set F(w,t)(¢) = F(¢)(w,t) ¥V ¢ € S, t € [0,T]. By a slight abuse of notation the

sequence F™ can be seen as applications
Fre(w,-) : x — C([0,T))
which are linear continuous maps verifying the following

o Fmk (w,)(¢) — F(w, (@) in C([0,T]) for all ¢ € D, because of (4.44).

e For every ¢ € x, we have

supsup [F7(w,t)(¢)| < supsup sup |F™(w,1)(9)] 4]l < supsup [[F"*(w, 0)]| 6]l
kot Eoot [lglk<t kot

SUp | F7 (0, 8) Var 9] < +o0.

IN

Banach-Steinhaus thereom for Banach spaces implies the existence of a linear continuous map

F(w,"): x — C([0,T])

extending previous map F(w,-) from D to y with values on C([0,T]). Moreover

c{o.1) £
—_—

F™ (w,-)(9) F(w,)(¢) Voex,Yw¢gN

and for every w ¢ N the application
F(wa'):[OaT]_)X* tHF(wvt)

is weakly star continuous. F' is measurable from Q x [0,T] to x* being limit of measurable processes.

b.2) We prove now that the x*-valued process F has bounded variation.
Let w ¢ N fixed again. Let (t;)}, be a subdivision of [0,7] and let ¢ € x. Since the functions

Flotis s — (Bltin) = F(1) (0)  F™ 6 — (F™ (1) = F™(1)) (9)
belong to x*, Banach-Steinhaus theorem says

N KF(““) - F(ti)) (¢)‘ = || Ftit

o <lim inf [[Fretetie) L =
k—o0

=lim inf sup ’(F” (tiv1) — Fnk( )) (¢)‘ .

k=00 |g1<1

Taking the sum over ¢ = 0,...,(M — 1) we get

M—-1 M—-1

X e (Pt = F) @] < Xt i smp | (P (e = £ 00) ()] <

<supz sup ‘(W tig1) — F™(t )) (qﬁ)’ Ssgp”ﬁ‘”’“”var;

—o llell<t
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where the second inequality is justified by the relation liminf a} + liminf b} < sup(al” + b}).

Taking the sup over all subdivision (¢;)}, we obtain

1Flvar < Sup IE7* [|var < 400 .

This shows finally the fact that F(w,-) : [0,7] — x* has bounded variation.

O
Proposition 4.37. The statement of Theorem 4.35 holds replacing condition iv) with the one below.

iv’) There is a subset S C x such that Span(S) = x and a linear application F': S — C([0, T]) such that
for every ¢ € S.
o F"(¢)(t) — F(¢)(t) for every t € [0,T] in probability.
e F™(¢) is an increasing process.

Proof. Since for every ¢ € S, F(¢) is an increasing process, Lemma 2.1 implies that F"(¢) — F(¢) ucp
for every ¢ € S, so iv) is established. O

Important implications of Theorem 4.35 and Proposition 4.37 are Corollaries 4.38 and 4.39, which give

us easier conditions for the existence of the y-quadratic variation as anticipated in Remark 4.20.4.

Corollary 4.38. Let B be a Banach space, X be a B-valued stochastic process and y be a separable
Chi-subspace of (B®,B)*. We suppose the following.

HO’ There is S C x such that Span(S) = x.

H1 For every sequence (€,) | 0 there is a subsequence (€, ) such that

(Xerenk - XS)®2

€n

N

I |ds < oo

T
sup/ sup
k- Jo igllx<t

H2’ There is T : x — C([0,T]) such that [X]¢(¢)(t) — T (¢)(t) ucp for all ¢ € S.

k

Then X admits a y-quadratic variation and application [X] is equal to 7.

Proof. Condition H1 is verified by assumption. Conditions H2(i) and (ii) follow by Theorem 4.35 setting
F™($)(-,t) = [X]*"(¢)(t) and F™ = [X]*" for a suitable sequence (&, ). O

Corollary 4.39. Let B be a Banach space, X be a B-valued stochastic process and y be a separable
Chi-subspace of (B®,B)*. We suppose the following.

HO0” There are subsets S, SP of x such that Span(S) = x, Span(S) = Span(SP) and SP is constituted by
positive definite elements ¢ in the sense that (¢,b®b) > 0 for all b € B.
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H1 For every sequence (€,) | 0 there is a subsequence (e, ) such that

(Xerenk - Xs)®2

€n

M I |ds < H4oo.

T
sup/ sup
EJo o flgll<1

H2” There is 7 : x — C([0,T]) such that [X]¢(¢)(t) — T (¢)(t) in probability for every ¢ € S and for
every ¢ € [0,T].

k

Then X admits a y-quadratic variation and application [X] is equal to 7.

Proof. We verify the conditions of Corollary 4.38. Conditions HO’ and H1 are verified by assumption.
We observe that for every ¢ € SP, [X]°(¢) is an increasing process. By linearity, it follows that for any
¢ € 8P, [X]¢(¢)(t) converges in probability to 7 (¢)(¢) for any t € [0,T]. Lemma 2.1 implies that [X]¢(¢)

converges ucp for every ¢ € SP and therefore in S. Conditions H2’ of Corollary 4.38 is now verified. [



Chapter 5

Evaluations of y-quadratic variations

of window processes

In this section (X;)o<i<r Will be a real continuous process as usual prolongated by continuity and
(X:(-))o<i<r its associated window process. We are interested in evaluations of some x-quadratic variations
for process X (). In Section 5.1, X (-) will be considered with values in B = C([—7,0]); in Section 5.2, X(-)
will be considered with values in H = L?([—7,0]). For simplicity of exposition, we will consider in most of
the cases 7 = T. Only when it is really necessary in view of further applications we develop computations

in the general case 0 < 7 <T.

5.1 Window processes with values in C([—7,0])

In this section we set B = C([—7,0]), X(-) has to be considered as a B-valued process and x has to be
a Chi-subspace of (B&®,B)*, as listed in Example 4.7.

We start with some examples of y-quadratic variation calculated directly through the definition.

Proposition 5.1. Let X be a real valued process with Holder continuous paths of parameter v > 1/2.
Then X () admits a zero real and tensor quadratic variation. In particular X admits a zero global quadratic

variation.
Proof. By Lemma 4.30, point 2. and by Proposition 4.25 we only need to verify the zero real quadratic

variation. By Lemma 2.1 we only need to show the convergence to zero in probability of following quantity.

1 T 1 (T 2
[ O X O ds = [ s X - Xl ds (5.1)
€ Jo € Jo wue[-T,0]

Since X is a.s. y-Holder continuous, then (5.1) is bounded by a sequence of random variables Z(e€) defined

65
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by Z(€) := €271 ZT where Z is a non-negative finite random variable. This implies that (5.1) converges

to zero a.s. for v > % O

Remark 5.2. By Proposition 4.27 every window process X (-) associated to a continuous process with
Holder continuous paths of parameter v > 1/2 admits zero x-quadratic variation for every Chi-subspace of
(B®,B)*, for instance x = M([-T, 0]?).

Remark 5.3. As immediate applications of Proposition 5.1 and properties stated in Section 2.3, we obtain

the following results.

1. The fractional window Brownian motion B (-) with H > 1/2 admits a zero real, tensor and global

quadratic variation.

2. The bifractional window Brownian motion Bf-¥(.) with KH > 1/2 admits a zero real, tensor and

global quadratic variation.

Remark 5.4. We recall that a Brownian motion W has Holder continuous paths of parameter v < 1/2 so

that we can not use Proposition 5.1.

Remark 5.5. In principle the window Brownian motion W(-) does not even admit an M([-T,0]?)-
quadratic variation because the first condition is not verified. However we do not have a quite formal proof
of this. Presumably the window Brownian motion W (-) does not admit a global quadratic variation, even
though it is possible to show that the expectation

T
1
gnﬂa[/ IWasel) = WOl du| = +oo. (5.2)

This is a consequence of the following result.

Proposition 5.6. Let W be a classical Brownian motion. Let 0 < 71 < 79, then there are positive

constants C1, Cy such that

‘Wu—i-e - Wu|2

cn(ije | =

u€[T1,T2]

ClgEl sup

Proof. See [37]. O

The following proposition constitutes an existence result of a y-quadratic variation calculated with the
help of Corollaries 4.38 and 4.39. We remind that D;([—7,0]) and D; ;([—, 0]?) were defined at (2.26) and
(2.27).

Proposition 5.7. Let X be a real continuous process with finite quadratic variation and 0 < 7 < T. The

following properties hold true.
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1) X(-) admits zero y-quadratic variation, where xy = L?([—7, 0]?).
2) X (-) admits zero y-quadratic variation for every i € {0,..., N}, where x = L([—7,0])&,D;([-7,0]).

If moreover the covariation [X.1,,, X .14,] exists for a given 4,5 € {0,..., N}, we have the validity of the

following statement.

3) X(-) admits x-quadratic variation, where y = D; ;([—7,0]?) and it equals
[(XONw) = p(fai, a; [X vars Xoga,], - Vi€ x. (5:3)

Proof. The proof will be the same. Example 4.7 says that the three involved sets x are separable Chi-
subspaces of (B&,B)*.

Let {e;}jen be a basis for L?([—7,0]); {f; = d4,} is clearly a basis for D;([—7,0]). Then {e; ® €;}; jen
is a basis of L%([—7,0]%), {e; ® fi}jen is a basis of L?([—7,0])®,D;([-7,0]) and {f; ® f;} is a basis of
D; j([—7,0]?). We will show the results using Corollary 4.39. To verify Condition H1 we consider

1 T
A(e) = f/ sup
€Jo g, <1

for the three Chi-subspaces. In all the three situations we will show the existence of a family of random

X<¢’ (Xs+e(') - Xs()) ®2>X* ds

variables {B(e)} converging in probability to some random variable B, such that A(e) < B(e) a.s. By
Remark 4.21.1 this will imply Assumption H1.

1) Suppose x = L?([—7,0]?). By Cauchy-Schwarz inequality we have

1 /T 5
Al <t / sup [0l oy - Ko ) = Xo()2a(roy <
€ 0 H¢HL2([,T~0]2)§1
1 (T s 2
< 7/ / (Xute — Xu)” duds < B(e)
€Jo Jo

where

T 2
Xute — X
B(e):T/ Mdu
0 €

which converges in probability to T [X]r.

2) We proceed now similarly for x = L?([—7,0])®,D;([—,0]).
We consider ¢ of the form ¢ = ¢ ® 0{a;}> Where  is an element of L?([~7,0]). We first observe

= b(s)2ds .
S ARORC

160z rapinm, = 9] 16403

L2([=,0])
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Then

Ale) =

A

IN

where

B(e) =

1 T
f/ sup
€Jo ol L2 <1

—T,0)®p,D; =

o, (Ve =7,
. (HQE! L2([-7.0)) \//[7,0] (Xore() = Xy(x))? d:c) ds <

/T \/ (Xopelar) — Xa(a:))? \/ / FKanele) = Xa@) )0 g
0 € [-T,0] €

T (Xype — X,))?
vr [ e = Rk,
0

€

sequence that converges in probability to 7 [X]z.

3) For the last case x = D; ;([—7,0]%). A general element ¢ which belongs to x admits a representation

¢ = A 0{(a;,a;)}» With norm equals to [|¢]p, S = |A]. We have

A(e) =

<

1 (T
7/0 Sup ‘)‘ (X3+ai+5 = Xsta;) (Xs+aj+e - Xeraj)‘ ds <

€Jo Jollp, <1

1 T
- /0 ‘(Xs-l-ai-i—e - Xs-i—ai) (Xs-i-aj—i-e - Xs+aj)‘ ds (54)

€

and using again Cauchy-Schwarz inequality, previous quantity is bounded by

[

where

2 T 2
. — . Xs a;te XS a;
Xs—&-a1+e XS-‘r(lq,) dS\// ( ta;+ + J) ds < B(E) (55)
€ 0 €

which converges in probability to [X]r.

We verify now Conditions HO” and H2”.

1) A general element in {e; ® e;}; jen is difference of two positive definite elements in {e;®?2, (e; +

€;)®%}i jen.

Therefore we set S = {e; ® e} jen and SP = {e;®?2, (e; + €;)®?}; jen. This implies

HO0”. It remains to verify

(X ()] (e: @ e;)(t) — 0 (5.6)

e—0
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in probability for any 4, j € N in order to conclude to the validity of Condition H2”. Clearly we can
suppose {e;}ien € CH([—7,0]). We fix w € ©, outside some null set, fixed but omitted. We have
t
; 5(s,€) vils,€)

XOF (e = [ B2, 6.7

where
0
'Yj(sa €) = / €j (y) (Xs+y+e - Xs+y) dy
(=7)V(=9)

and
0
'Yi(sv 6) = / ei(x) (Xs+:c+e - Xs+9c) dx .
(=7)V(=s)

Without restriction of generality, in the purpose not to overcharge notations, we can suppose from
now on that 7 =1T.
For every s € [0,T], we have

e —ste

|vj<sve>|=] / (e(y — &) — &(y)) Xerydy + / = Xy~ [ ey - IXanydy| <

—S

0
ge(/T|e'j<y>dy+2ej||m) sup X, -

s€[0,T

For t € [0, T, this implies that

t T

[fiaaisale

0 0

0 0 2

<te ([ atla+ el ( |e'i<y>|dy+2||ei||oo)<sup Xs|>
-T -T SE[O,T]

which trivially converges a.s. to zero when € goes to zero and therefore (5.6) is established.

'Yj(S)e) ’Yi(sa 6)

’Yj(sa 6) Vi(sv 6)

ds

A general element in {e;® f; } jen is difference of two positive definite elements of type {e;®?, fi®?, (e;+
f¢)®2}j€N. This shows HO”. It remains to show that

X (5 ® fi) (£) — 0 (5.9)

in probability for every j € N. In fact the left-hand side equals

t .
/0 @ (Xstaite = Xsta,) ds .

Using estimate (5.8), we obtain

/

where wx (€) is the usual (random in this case) continuity modulus, so the result follows.

’Yj(87€) 0 . a.s.
o Korare = Xoga)|ds T [ 1€;)ldy +2lejlloo J x(e) =50

€
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3) A general element f; ® f; is difference of two positive definite elements (f; + f;)®? and f; ®2 + f;®2.
So that Condition HO” is fulfilled. Concerning Condition H2” we have, for 0 <, < N,

XOI (@ £) ()= / (Ketorse — Xova) (Xeva, e — Xova,) ds

This converges to [X.i4,;, X.14,] which exists by hypothesis.

This finally concludes the proof of Proposition 5.7. O

We recall that Dy, D4, x2, x° and x* were defined respectively at (2.31), (2.29), (4.5), (4.7) and (4.13).

Corollary 5.8. Let X be a real continuous process with finite quadratic variation [X]. Then for every
1€40,...,N}, it yields

4) X (-) admits zero y-quadratic variation, where xy = D;([—7,0])®, L?([-7,0]).

5) X(-) admits a D; ;([—7,0]?)-quadratic variation which equals
[X()](:u) = N({ai7ai})[X-+aiﬂX-+ai]v vu € ,Di’i([_Tﬂ 0]2)' (5'10)

6) X(-) admits a Dy([—T,0]?)-quadratic variation which equals

N

XOLe(r) =Y pl{ai, ai})[X]eras, Vi € Da([-7,0°),t € [0, T]. (5.11)
=0

7) X () admits a x°([—7, 0]?)-quadratic variation which equals

[(X (1) = u({0,01)[X], Vu € x°. (5.12)

8) X(-) admits a x®([—7,0]?)-quadratic variation which equals

N

Ol =Y p{ai, ail) [X]erar, Vi€ x5t € 0,71, (5.13)
=0

Corollary 5.9. Let X be a real continuous process such that [X.+ai,X.+aj] exists for all 4,5 =0,..., N,

in particular it is has finite quadratic variation. Then

9) X(-) admits a Da([—T,0]?)-quadratic variation which equals

XCe(e) = D plfai, a3 )[X oy Xova, )i, Vi € Da([=7,01%), ¢ € [0, 7. (5.14)

4,5=0
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10) X (-) admits a x?([—7,0]?)-quadratic variation which equals

N
[XOe(r) = Y~ nlai, )X vars Xopayle, Vi € X3 ([=7,01%), ¢ € [0, 7). (5.15)
i,j=0
Proof of Corollaries 5.8 and 5.9. The considered x? admits a finite direct sum decomposition given by
(4.6). Also x%, x°, Dy and D4 admit a finite direct sum decomposition by definition. Results follow
immediately applying Propositions 4.26 and 5.7 O

Remark 5.10. We mention a particular case of Corollary 5.9 that we will frequently meet in the sequel.
Let X be a real continuous process with covariation structure such that [X . ,,, X .y4,] =0 for i # j. In

this case the x2([—7, 0]?)-quadratic variation of X (-) simplifies in

N N
XOe(r) =Y nl{ai, aih)[Xorale = Y p{as, ai})[XJera, - (5.16)
i=0 i=0

Remark 5.11. We remark that in Corollary 5.8 the quadratic variation [X] of the real finite quadratic
variation process X not only insures the existence of y-quadratic variation but completely determines the
x-quadratic variation. For example if X is a real finite quadratic variation process such that [X]; = ¢, then

X (-) has the same x°-quadratic variation as the window Brownian motion.

Now we list two corollaries of Propositions 5.7 and 4.26 that will be useful in the application to Dirichlet

processes in Section 7.3.

Corollary 5.12. Let V be a real continuous zero quadratic variation process. Then the associated window
process V(+) has zero Da([—T, 0]?)-quadratic variation. In particular the associated window process of a

real bounded variation process has zero D ([—T, 0]?)-quadratic variation.
Corollary 5.13. Let V be a real continuous zero quadratic variation process. Then V() has zero
X2([=7, 0]?)-quadratic variation.

Proposition 5.14. Let V a real absolutely continuous process such that V' € L2([0,T]) w-a.s. Then the
associated B-valued window process V (-) has zero real and tensor quadratic varaition. In particular it has

zero global quadratic variation.

Proof. Using Lemma 4.30 point 2. and Proposition 4.25, we only need to show the real zero quadratic

variation. By Lemma 2.1 we only need to show the convergence to zero in probability of the quantity
T4 ) T4 )
[ Ve = VeOlds = [ 1 swp Vi) - Vi(a) s (5.17)
o € 0o € ze[-7,0]
in fact we will even show the a.s. convergence. Quantity (5.17) equals

T 1 s+x+e ,
/ — sup / Vi(y)dy
0 € aze[-7,0]1Js+a

? T 1 s+z+e
e / € seln / V7 (y)*dyds < T s (vreyy)ay(€) =5 0,
0 S

€ z€[—7,0] 4z e—s0




72 CHAPTER 5. EVALUATIONS OF x-QUADRATIC VARIATIONS OF WINDOW PROCESSES

since @ - 42(y)ay denotes the modulus of continuity of the a.s. continuous function ¢ — fot(V’Q)(y)dy. O

Example 5.15. We list some examples of processes X fulfilling the assumptions of Corollary 5.9 or only
those of Corollary 5.8. If we only know the quadratic variation but we do not know the mutual covariations
(X ya,, Xoya,] fori,j € {0,..., N} we use Corollary 5.8.

1) All continuous real semimartingale S. In fact S has finite quadratic variation and it holds [S.14,, S.44,] =

0 for 7 # 7, see Proposition 2.12.

2) In particular if X is the Brownian motion W. In fact [W]; =t and [W. 4, W44, = 0 for i # j

because W is a semimartingale.
3) Consider a bifractional Brownian motion B with parameters H and K.

Proposition 5.16. Let B#X be a Bifractional Brownian motion with HK = 1/2. Then [B#X] =
21Kt and (B, BIS] = 0 for i # j.

Remark 5.17.

o If K =1, then H = 1/2 and B*¥ is a Brownian motion, case already treated.

e In the case K # 1 we recall that the bifractional Brownian motion Bf*X is not a semimartingale,

see Proposition 6 from [56].

Proof of Proposition 5.16. Proposition 1 in [56] says that B has finite quadratic variation which
is equal to [BH:K] = 21=K¢. By Proposition 1 and Theorem 2 in [44] there are two constants o and
B depending on K, a centered Gaussian process X X with absolutely continuous trajectories on
[0, +00[ and a standard Brownian motion W such that o XX + BH.K = g\, Then

X+ BES aX S + BRS] = B2 Wi, Waa,]. (5.18)

Using the bilinearity of the covariation, we expand the left-hand side in (5.18) into a sum of four
terms

P XS + o[BS XIS + ol X BIE + (B, B (5.19)

Since XK has bounded variation then first three terms on (5.19) vanish because of point 1) of
Proposition 2.14. On the other hand term the right-hand side in (5.18) is equal to zero for i # j since

W is a semimartingale, see point 1). We conclude that [Bi;f, BI_{Hfj] =0 for i # 7. O

4) Let D be a real continuous (F;)-Dirichlet process with decomposition D = M + A, M local martingale

and A zero quadratic variation process. Then D satisfies the hypotheses of the Corollary 5.9, in
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particular of Remark 5.10. In fact [D]; = [M]; and [D.y,,, D.44,] = 0 for i # j. Consequently the
associated window Dirichlet process admits a y2-quadratic variation.
More details about Dirichlet processes and their properties will be given in section 7.3. Examples of

finite quadratic variation weak Dirichlet processes are provided in Section 2 of [24].

5) Let X be a (F;)-weak Dirichlet process with decomposition X = W + A, W being a (F;)-Brownian
motion and the process A which is (F;)-adapted with [4, N] = 0 for any continuous (F;)-local
martingale N. Moreover we suppose that A is a finite quadratic variation process. Then X is an
example of finite quadratic variation process in fact [X] = [W] + [A]. However the covariations
[X.4a,s X 4q;] are not determined. This is an example where we only can use Corollary 5.8 but not
Corollary 5.9.

We will show now that, under the same assumptions of Corollary 5.9, a finite quadratic variation process
X admits a Diag([—T,0]?)-quadratic variation. This Diag([—7,0]?)-quadratic variation will be used in
Example 8.3 about the application of It6’s formula to the window process associated to a finite quadratic

variation process.

Proposition 5.18. Let 0 < 7 < T. Let X be a real continuous process with finite quadratic variation
[X]. Then X (-) admits a Diag([—,0]?)-quadratic variation, where Diag([—7,0]?) was defined in (2.32).

Moreover we have
[X(-)] : Diag([—,0]*) — C([0,T))

given by

i (X))o () = / " ()Xo re 0.1, (5.20)

where p is a generic element in Diag([—7,0]?) of type u(dz,dy) = g(x)d,(dr)dy, with associated g in
L ([=,0]).

Remark 5.19. Taking into account the usual convention [X]; = 0 for ¢ < 0, the process (fOMT g(—x)[X]t,mdx) .
>

can also be written as (f; g(fx)[X]t_mdx)Do.

Proof. 'We recall that for a generic element p we have ||it piag = ||9]|co-

First we verify Condition H1. We can write

1 T 1 T 0
S s e - X @ ds <t [ s | [ o) (Xerle) - X.(0)? do| ds =
€J0 |lpllpiag<1 €Jo |gllw<1 /=T
T s 2
Xa: e_X;c
:/ sup / yy(x—s)dm ds < T X]r,
0 lglle<1|JO €
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and Condition H1 is verified by Remark 4.21.1.

It remains to prove Condition H2. Using Fubini’s theorem, we write

[X(”:(lu’) = 7/ (u(d:v,dy), (Xs+e(') - Xs()) ®2> ds =

€
1
G

0
/0 /[ o2 (Xste(2) = Xs(2) (Xste(y) — Xs(y) 9(2)0z (dy)da ds =

1/t , )
= E/o /[T,o] (Xspe(z) — Xs(2))" g(z)dx ds =
0

K Xs xrt+e Xs x 2
:/ g(l‘)/ ( +z+ + ) dsdx =
(=t)v(=7) €

—x

0 t+x X _X 2
- / g(z) / (Xope = X5) ds dx =
(=t)V(-7) 0 €
tAT t—zx Xg . — Xg 2
:/ g(—z)/ yds dx . (5.21)
0 0 €

It remains to show the ucp convergence,

tAT t—x _ 2 tAT
[ ato [T ) e ([ o i)
0 0 € e—0 0 t€[0,7]

t€[0,T]

ie.

AN (5.22)

€E—>

sup
t<T

tAT t—x X _ X 2
/ g(_x)/ (Wis) ds — [X]i—p da
0 0 €

The left-hand side of (5.22) is bounded by

T t—x 2
Xs e_Xs
[ s sup | [ Eem R g
0 tef[o,7] |Jo €

T t 2
Xs E_XS
dr< [ oo sup | [ =B g,
0 tefo,7] |Jo €

[ Bl
0 €

Since X is a finite quadratic variation process, previous expression converges to zero.

More explicitly we obtain

tAT g(—x)[X}t,mdx 0<t<r
X)) = / o(=2)[X)i_e dr = / |
° / G(—2)[X)oads T<t<T
0

Previous expression has an obvious modification [X (-)] which has finite variation with value in x*. The

total variation is in fact easily dominated by 7[X]p. O
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Example 5.20. For the sake of further calculations we illustrate a direct application of Proposition 5.18.

1. Suppose that [X] is absolutely continuous with A; = %. For u € Diag([—7,0]?), u(dx,dy) =
g(x)dy(dx)dy, with associated g in L>°([—7,0]), we have

/oT<“’dm>f /OT /OMTg(w)At_zdxdt.

2. In particular if A = 1, as for standard Brownian motion,
T o T tAT
[ wdxO= [ [ gcantar (5.23)
0 o Jo

Direct consequences of Propositions 5.9, 5.8, 5.18 and 4.26 are the two corollaries below.

Corollary 5.21. Let 0 < 7 < T and X be a real continuous process such that [X ., X ;] exists
for all 4,5 € {0,...,N}. Then X(-) admits a x*([—7,0]?)-quadratic variation where y3([—7,0]%) =
X2([~7,0]2) @ Diag(|—7,0]%). The x3([—7,0]?)-quadratic variation is

X0 = 3 alfass DX Xova i [ al-a)(X]e- o

where 1 = p1 + po is a generic element of x® with u; € L2([-7,0]?),u2 € Diag([—7,0]?) of type
pa(de, dy) = ga2(x)dy(dz)dy, with associated g in L>°([—7,0]).

Corollary 5.22. Let 0 < 7 < T and X be a real continuous process with finite quadratic variation [X].
Then X (-) admits a Dg([—7,0]?) @ Diag([—T,0]?)-quadratic variation which equals

tAT
XOL) =Y m{aiai})[Xova e +/ ga(=a)[X]t—odz, t € [0, 7],
— 0
where g = p11 + po with g € Da([—7,0]%), p2 is a generic element in Diag([—7,0]?) with associated g in
L ([-,0]).

We go on with other evaluations of y-quadratic variations. We first recall that x°([—7,0]?) was defined
at (4.14).

Proposition 5.23. Let X be a real continuous process admitting [X.;q,, X .1q,] for every i, j € N. Then
X (-) admits a x°([-T,0]?)-quadratic variation equals to

XONe(w) = > nl{es, ) [Xovay, Xga It (5.24)
i,jEN

where 1 is a general element in x® which can be written yu = Zi’jeN i i0(as,a;)-
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Proof. Obviously X is a separable Chi-subspace of (B&,B)*, so we make use of Corollary 4.39.
We recall that for a general 1 € x° the norm is [|uflys = sup; ;{|Ai ;]i%5%}, so

T
! / sup (s (Xase(-) — Xo())@2)] ds =
0

€Jo Juls<t

1
7/ sup Z Aij (Xstate — X5+ai)(XS+aj+5 - Xs+aj) ds =
0

€Jo i<t | 5o

T s o E_XS a; Xs o e_Xs o
:/ sup Z N gi252 tai+ v ) (X + toy) ds <
0

252
nuu<11J6N €i?j

S 5+(xl+e - s+al S+a]+e - s+aj) d <
i J
i,jEN

SZZ]/ Xote = S)ds:

i,JEN
2\ 2 /T 2 4
Xs e*Xs
(™ /ydsgimp
6 0 € 36

Condition H1 follows by using Remark 4.21.1.
We set S = {0(a,,a:)» }i,jen and SP = {00, @2, (601 + 6%) ®%}ijen and HO” is verified. Also Condition

H2” can be proved; in fact for every element in S we have

P

¢ Xs [ e_Xs a; Xs ;i e_Xs 7]
/ (Xstait +ai) (Kot + + J)ds X X s -
0 € e—0 -
As announced the result follows by Corollary 4.39. O

In the next examples, the knowledge of the whole covariation structure of the process is needed. We
remind to (4.15) for the definition of x®([—7,0]?).

Proposition 5.24. Let X be areal continuous process with given covariation structure ([X. 4, X.4, ], z,y € [-7,0]),
in particular X has finite quadratic variation. Then X (-) admits a x%([—7,0]?)-quadratic variation which

equals

[(X()]e(p) = /[_ 0]2[X-+x,X+y tp(dz, dy) = Z)\ /_ o (X oty Xy lepi(da, dy) (5.25)

where 1 is a general element in x®([—7,0]?) which can be written as u = va:1 Aifl;, 1.e. p is a linear

composition of N fixed measures (1;);=1,... n with total variation 1.

Proof. x5 is obviously a separable Chi-subspace of (B&®,B)*, and we make again use of Corollary 4.39.
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We verify H1. Recalling that ||,qu<6 = Zfil A2, it yields

T
o s () - X)) ds =
0

€Jo Julle<t

T
:/ sup
0 |lplle<1
T N
:/ sup Z
0 Jluli2g=<t

ds <
P

< sup < |\ ds .
/0 ;Z)\2<1 {

Since |A;| < 1 for every 4, Fubini’s theorem and Cauchy-Schwarz inequality imply that previous quantity is
less or equal than

/ (Xs+r+6 B Xs+:rr)(Xs+y+e — Xery) ds =
[—7,0]

dx, d
. p(dz, dy)

) (Xs+m+e — Xs+z)(Xs+y+e — Xery)
A
[—7.0]

. wi(dz, dy)

; wi(dz, dy)

/ (Xs+:c+6 B Xs+r)(Xs+y+e - Xs+y)
(=702

N
Z/T/ |(Xs+w+e — Xs+:c)(Xs+y+e - Xs+y)| |,u‘|(dm dy)ds _

€

_ Z/ / s+m+e - Xs+z)(Xs+y+e — Xs+y)|dS |ul\(da§ dy)
7,0]2

<Z/To \// Xotore = Xots) \// Xovyre = Xoss) g0 i ) <
<Z/TO/ Xove ™ )dsmzudx ay) % 2/_ Il dy) =

TZ\,MZ <+ooas

By Remark 4.21.1, Condition H1 is verified.
Since the signed measure p; can be decomposed into differences of positive and negative components uj‘
and p; , setting S = {pi}icqr,.. Ny and S” = {N;Lvﬂ;}ie{l,...,N} then HO” is verified. To verify Condition

H2” we consider a fixed positive measure p with unitary total variation. For any ¢ € [0,7] we need to
prove:

/75 / (Xereré — Xs+x)(Xs+y+e — Xs+y)
7,0]2 €

p(da, dy) ds —— [X o, Xy lep(da, dy) . (5.26)

e—0 [77)0]2

Let €, be a sequence converging to zero. It will be enough to show that (5.26) holds for € = ¢, , when

k — 400 and (ny) is a subsequence.
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Let 6 > 0. Using Fubini’s theorem, convergence (5.26) we have to verify that

?l
(—7,01?

where

thxe*st Xs e*Xs
,Yfe(x7y) :/0 ( +z+ + )6( +y+ +y)d5 ]

% (@ y) = Xty Xyl |l (de, dy) > 5] — 0, (5:27)

k—+o00

Since
T 2
Xs e_Xs
i) < [ =Rk,
0

we consider (ny) such that

/T (X3+Enk B XS)2
0

€np

ds

converges a.s. We set

T Xs € - Xs 2
7 = sup/ Mds )
k 0 €ny,
Clearly
(Xjo, Xyl < Z a.s. Va,ye[-7,0].

Let M be a positive number; the left-hand side of (5.27) is bounded by

|
[_Ta0]2
[T70]2

+P[Z>M]<

’ytsnk (157y) - [X'Jr:L’vX'er]t \,u|(dx7dy) >0 ; z = M

’Ytenk (xay) - [X-+I7X'+y]t +P [Z > M} =

Ayz<nry - |pl(de, dy)

(@) = (X Xyl - U gzean] lnl(dz, dy) + +P(2 > M) . (5.28)

]ﬁ“k (2,9) = [X g X gyt
and
W) o X Xl forevery zyy € [-7,0].

Consequently by uniform integrability the same sequence converges in L'(Q) i.e.

. 1Z<M} —0.
- k—+o00

E [ (29) — (X Xt
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By Lebesgue dominated convergence theorem (5.28) converges to P[Z > M]. This show that the

/[_770]2

Setting M — +o00 previous limsup vanishes. Convergence (5.27) follows and therefore also (5.26).
As announced the result is established by Corollary 4.39. O

limsup P

k— +o00

%enk (@, y) — [Xeqa, Xopyle| |pl(dz, dy) > 6

<P[Z>M].

Remark 5.25. As a particular case of Proposition 5.24 we consider the case when X is a real continuous
process with finite quadratic variation [X] and covariation structure such that [X.i,, X.4,] =0 for z # y.

Then the x®([—7,0]?)-quadratic variation of X (-) equals
O = [ Klewstole iz, (5.29)
—7,0
where p is a general element x5([—7,0]?) and D = {(z,y) € [-7,0)%;2 = y} is the diagonal of the square
[—7, 0%

Another significant example is the following. Let u be a fixed positive, finite measure on [—7,0]2; u
could be for instance singular with respect to Lebesgue measure. We recall that notation y* has been
introduced at (4.16).

Proposition 5.26. Let u be a given positive, finite measure on [—7,0]? and X be a real process admitting
a covariation structure ([X.44, X.1y], 2,y € [-7,0]). Then X(-) admits a x*-quadratic variation which

equals, for a measure dv = gdu with g € L (du) and

[(X(O)]e(v) = /[_ O]Z[X»+z>X~+y]tV(d$,dy)~ (5.30)

Proof. Concerning H1, we write

T
1/ sup  [(1, (Xope() — Xa())®2)| ds =
0

€ llvllxn <1

T
= / sup
0 lgllzoe aum <1

— /T/ (Xs+r+e - Xs+m)(Xs+y+e B Xs+y)
0 [—7,0]2
(XerE - Xs)

€
T 2 . .
S/[ 0]2/0 — . dslul(dz, dy) = [X]r |u| (=7, 0),

9@, y)u(dz, dy)| ds <

/ (Xs+:r+e — Xs+z)(Xs+y+e — Xs+y)
[-7,0]?

€

|pl(de, dy)ds <

which is an a.s. finite random variable. So H1 is established via Remark 4.21.1. Concerning H2, writing

g = g" — g~ it will be enough to show that (4.28) converges in probability for any ¢ € [0,7]. That
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convergence follows similarly to the proof of Proposition 5.24.

For every dv = gdu, i.e. v(dx,dy) = g(z,y)u(dx,dy) we are able to show

/t/ (X8+x+e - XS-&-x)(XS-&-y-&-e — Xs+y)
7,0]2

€

v(dz, dy) ds%» / (X 42, X qylev(dz, dy)
e 7,0]2

Point (ii) in condition H2 can be easily verified showing that

t— (V = / [X~+an~+y]tV(dl'a dy))
[—7,0]2

has bounded variation as a x**-valued function. In particular it is easy to show that its total variation is
bounded by [X]2u(([-T,0]?). O

5.2 Window processes with values in L*([—,0])

Let (X¢)o<t<T be again a real continuous process. In this section we consider its window processes
(X:(-))o<t<T as process with values in the Hilbert space H = L?([—T,0]). Below, we will compute some
x-quadratic variations, y belonging to a class of Chi-subspaces of (H&,H)*, as listed in Example 4.12.

We start with a preliminary result.

Proposition 5.27. Let X be a real continuous process with finite quadratic variation [X]; = ¢. Then X(-)

admits a real quadratic variation in the sense of Definition 4.1.1 and [X ()|} = MT(t —x)dx, t€[0,T].

Proof. We have to show that

2
1 [t ) wep £ 0<t<T
© [ 1%l = X0l ds 22 82 . (5.31)

0 T(t—%) T<t<T

Since the real processes appearing in the left-hand side of (5.31) are increasing, by Lemma 2.1 it will be

enough to show convergence in (5.31) in probability for every fixed ¢t € [0,T]. We have in fact

1 t 9 1 t 0
./ H&ﬂm—xmeu=1A/<&Hﬂ—&wfmm=

:/ / s+r+e - s+r dT d5+/ / s+r+e - s+r) dr ds —
/ / Xotrie = SH) dr ds PO — 0<t<r

— - 2 .
/ / Xotrie = Xotr) drds—i—/ / Xoprie = Xopr)® dr ds Po %-‘rT(t—T) T<t<T

O
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Remark 5.28. Let X be a real continuous process with finite quadratic variation [X]; = t. As

consequences of Proposition 5.27 we have the following.

1. Condition H1 for existence of global quadratic variation of X (-) is verified. By Remark 4.28, it follows
that Condition H1 for existence of y-quadratic variation of X (-) is even verified for any Chi-subspace
x of (H®,H)*.

2. If we could show that X(-) has a tensor quadratic variation, then by Proposition 4.25, we would

know that X(-) admits a global quadratic variation.

3. However, we are not able to prove the existence of a global quadratic variation because we can not
prove Condition H2, i.e. that there exists an application [X (-)], such that [X (-)]*(T") % [X ()T
for every T € (H®.H)* = B(H, H). Nevertheless we have an expression of this liernit for some
particular T € (H®,H)*. For instance if we fix the bilinear bounded operator T : H x H — R,

defined by (h, g) — T'(h,g) = (h,g) g we can show that [X (-)](T) % [X())(T) where [X()](T) is

exactly the real quadratic variation calculated at Proposition 5.27.
If X is a zero quadratic variation process, then the situation for X (cot) is clearer and simpler.

Corollary 5.29. Let X be a real continuous process with zero quadratic variation [X] = 0. Then X ()

admits zero real, tensor and global quadratic variation.
Proof. The result follows immediately by Lemma 4.30 point 2. and Proposition 5.27. O

We keep in mind the definitions of L%([—7,0]?) and Diagg([—7,0]?) given respectively in Definition
4.13 and in (4.22) and we recall that they are Chi-subspaces of (H&, H)*.

Proposition 5.30. Let X be a real continuous process with finite quadratic variation. We have the

following.
1. X(-) admits zero L%([—7,0]?)-quadratic variation.

2. X(-) admits a Diags([—T,0]?)-quadratic variation which equals, for every T/ € Diags([—T,0]?),
tAT
[X(O)(T7) = f(@)[X]i—ada t€[0,7] (5.32)
0

remembering that [X], = 0 for v < 0. In particular that quadratic variation is non zero.
Proof.

1. The proof follows the same lines as the one of Proposition 5.7 where we have evaluated the L?([—, 0]?)-

quadratic variation of X (-) considered as C([—,0])-valued process.
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2. The proof is again vary similar to the one of Proposition 5.18 where we have evaluated the

Diag([—7,0]?)-quadratic variation of X (-) considered as C([—,0])-valued process.

O

Remark 5.31. We recall that H = L?([—,0]), so H®. H is densely embedded into H®;,H because of
(2.17). H®,,H is the Hilbert space identified canonically with L?([—7,0]2) or L%([—7,0]?) and (H®,H)*
is the Banach space identified canonically with B(H, H).

Let (e;)ien an orthonormal basis of H. We consider T,, = Y., ¢; ® ¢; as en element of (H&pH)* C
(H®.H)*. We also define T' € (H®,H)* through the relation T'(h, f) = (h, f)u.

1. By (2.13) we have the norm inequality || - || g, m)- = | - | (#&, )~ - However those norms are not
equivalent.
In fact, it holds HT””?H@H)* = n. On the other hand, let hand f in H; T, (h, f) = > i, (h,e){(f,e;) =

Yo oh® fei®e;). So |Ty(h, f)] < \/Z?:1<h,ei>2 doi—i(fre)? = IRl | f]l, where the last equality
comes by Parseval’s identity. Then ||| g _py- = ITnlls = supyn),sy<1 [Tn(hs f)] < 1.

2. The sequence T}, weakly converges to T as element of (H®, H)* for the following reasons.

e For h, f in H, we have T,,(h, f) ———— T'(h, f). In fact

n—--+00
T(h, f) = (b ) = gom ei){f,eq) = lim ;m ® frei®e) = lim Tu(hf).

e Since [Tl (g, ) < 1, for any ¢ € H®,H, the sequence (T, (¢)),, is obviously bounded by
HQS”H@WH-

By Banach-Steinhaus theorem is follows that T},(¢) ———— T(¢) for any ¢ € H®, H.

n—-—+oo

3. The sequence T}, does not converge strongly to 7" as element of (H&,H)*.
In fact the sequence (7T},) is not Cauchy. For m,n € N, m > n, for h, f in H we have

n

(To = T)(h /) = > (i@ e, h® f) g, -
1=m-+1
Taking h = f = e,, previous quantity equals 1 so that ||T,, — TmH(H@,,H)* =1
Proposition 5.32. With previous conventions (H®H)* is not densely embedded in (H®, H)*.

Proof. We two arguments: a first one probabilistic and the second one analytical.

1. Let W(-) be a window Brownian motion considered with values in H. Point 1 of Proposition 5.30

says that W () has zero (H®, H)*-quadratic variation. We suppose ab absurdo that (H&®y,H)* is
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densely embedded in (H®, H)*. We recall by Remark 5.28 1. that Condition H1 for the existence of
global quadratic variation for W (-) is always verified. Setting S = (H®, H)*, Conditions HO’ and
H2’ of Corollary 4.38 are verified. Consequently W(-) has a global quadratic variation [W(-)]. Since
the quadratic variation [W(-)] : (H®,H)* — C([0,T]) is continuous, it must be identically zero.
This contradicts Point 2 of the same Proposition 5.30.

2. Proposition 4.15 says that Diags([—7,0]?) is a closed subspace of B(H, H) then L%([—7,0]?) can not
be densely embedded in B(H, H).
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Chapter 6

Link with quadratic variation

concepts in the literature

In this section we will investigate the link with other definitions of quadratic variation for a B-valued
process X. Our approach extends at least three classical notions of quadratic variation.
The first treated case will be the quadratic variation defined by [24] for a R"-valued process, which generalizes
the notion of quadratic variation of multi-dimensional semimartingales. The quadratic variation defined
there, is a M, xy, (R)-valued process denoted by [X*, X], see Definition 2.6; that matrice is constituted by
all the mutual covariations of vector X. The second case will be the quadratic variation, denoted by [X]?,
of a martingale X with values in a separable Hilbert space H defined in [13]. In this definition [X]?* is
a L'(H)-valued process, i.e. a nuclear operator on the space H. The third one is the tensor quadratic
variation, see Definition 4.1.2, denoted by [X]® which is very closed to the concept defined by Pellaumail
and Metivier in [46] and similarly by Dinculeanu in [19] . Those authors consider Banach valued processes,
which are practically semimartingales. We recall that [X]® is a bounded variation process with values in
(B&:B).

For each one of those cases we will show that if the B-valued process X admits a quadratic variation
[X*, X] (respectively [X]?* or [X]®) then X admits a global quadratic variation, (i.e. a y-quadratic
variation with y = (B&,B)*), with B = R" (respectively B = H, separable Hilbert space and B general
Banach space). Moreover, the global quadratic variation and each one of classical quadratic variation
concept will be essentially identified.
For the first case, we will establish an equivalence between M, (R) and (R™ ® R™) which allows us to
identify [X*, X] and m For the second case, we establish a correspondence between the set of nuclear
operators L'(H) and the projective tensor product (H®,H) and [X]?* will be identified to [f)\(/], but this

will be delicate. For the last case we refer essentially to Proposition 4.25 which identifies [X]® and [X].

85
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Indeed, when B is a Hilbert space, the pairing duality between B&®, B and its dual (B®,B)* coincides
with the trace pairing duality, see Proposition 6.2, point 3. when B is finite dimensional and more generally
Proposition 6.12 when B = H is a separable Hilbert space.

We emphasize that with respect to the classical quadratic variation concepts, the y-quadratic variation

*,

introduces two levels of generalization. First, in the classical cases x always equals the full space (B&,B)*;

second, our quadratic variation [X|] takes values in x* therefore in the bidual space (B&,B)
(B&,B) as it happens in [46, 19].

ok

instead of

6.1 The finite dimensional case

We begin this section recalling some notions about the finite dimensional case B = R" and the quadratic
variation in the sense of [24]. The duality between tensor product R™ ® R™ and its dual will be associated
with the trace of an operator (matrix). The second order term in It6’s formula involving quadratic variation
will be linked, as for It6’s calculus, to the integral of a trace.

We first remind some notions about tensor products of finite dimensional spaces and integrals as well
as covariations in a multidimensional setting. The algebraic tensor product R™ ® R™ is complete with
respect to every possible norm «, in particular with respect to any reasonnable one; so it coincides with
R™ ®, R™. Therefore it is a Hilbert space (therefore reflexive) with finite dimension n x m. It exists a
canonical identification between R™ @ R™ (respectively its dual space (R™ ® R™)*) and the space of real
matrix of dimension n X m, M, x,,(R) (respectively the space M, xn(R)).

Let (e;)1<i<n, (fj)i<j<m be the canonical basis for R™ and R™. Every element u € R™ ® R™ of the form
Convers;l}7 éi;eg a matrix U € Muxm(R) of the form U = (U;;)1<i<n,i<j<m, it is associated to a
unique element u € R™ ® R™ of the form u = }2, ;. 1<;<,, Ui € ®¢;. Concerning the dual space,
we recall, from the preliminaries, that (R™ @ R™)* = L(R™; L(R™)) which is naturally identified with
My xn(R). So a matrix T € M,,xn(R) of the form T' = (T} j)i1<i<m,1<j<n is associated with the linear
form ¢ : R” ® R™ — R such that t(z ® y) = gm (T'z , y)rm.

For a general matrix A = (A; ;)ier,jes, A.; (A;. respectively) will denote the j-th column of the matrix A
(the i-th row of the matrix A respectively).

In this section we will show that the quadratic variation in the sense of [24, 58, 32], whenever it exists,
i.e. when X has all its mutual covariations, coincides with the global quadratic variation. Moreover we
will show that the duality pairing between an element ¢t € (R™ ®, R™)* (or simply (R"” ® R™)*) and an
element u € (R™ ®, R™) (or simply (R™ ® R™), denoted by t(u) or even by (¢,u), coincides with the trace
Tr(TU) of the matrix TU, whenever U is the My, x,, (R) matrix associated with u and T is the M, (R)
matrix associated with t. For this task we express integrals and covariations in a multidimensional setting.

If Y is a m x n matrix of continuous processes (Y9)1<;<p 1<j<m, and A is a mx d matrix (A7%)1 << 1<k<d
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then [Y, A]; is the n x d matrix constituted by the following ucp limit (if it exists)

1/O (Y9+e - YS)(A5+E - As)ds . (61)

€

IfX=(XY -, X"),Y=(Y! -, Y™) such that (X,Y) (resp. X) has all its mutual covariations, we
denote by [X™*,Y] the n x m matrix defined by ([X*,Y]),c;cpnicjcm = (X, Y7 and [X*, X] is an xn
matrix defined by ([X*, X]),<, j<, = [X*, X7].

Proposition 6.1. Let u (resp. t) be element of (R™ ® R™) (resp. in (R™ ® R™)*) and U (resp. T') be the
corresponding matrix in M, x,,(R) (resp. in M, x,(R)). Then

Tr(TU) = (t,u) = t(u) = > Uiy (6.2)

XN, 1) >

Proof. Let (fj)1<j<m be the canonical basis for R™. The left-hand side in (6.2) equals

m

(T ). ) = S (U5 T* () =

Jj=1

NE
NE

Tr(TU) = ) (TU(f}), fi)em =

<
Il
Jan

M- I

(U.;,Tj.)rn = U; ;15 (6.3)

I
.Mg
.MSQ

<
Il
—_

<
Il

1 1

.
Il

because it is well-known that the adjoint of a matrix coincides with its transposed so T*(f;) = Tj,..

Concerning the right-hand side of (6.2) we have

(tu) = t(u) =t Yoo Ugaefi|= Y Ujtle®f)=

1<i<n,1<j<m 1<i<n,1<j<m
= > Ug(T(es), fi)em = Ui i (T i, fj)rm =
1<i<n,1<j<m 1<i<n,1<j<m
m n
= E , Ui Ty
j=11i=1
The proof is now concluded. O

Proposition 6.2. Let X = (X!,---, X") be an R"-valued process.
1. The following properties are equivalent.

(a) X has all its mutual covariations.
(b) X admits a real and tensor quadratic variation in the sense of Definition 4.1.

(¢) X admits a global quadratic variations.

2. If one of the three previous properties holds, the following statements are valid.
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(a) The tensor quadratic variation [X]® coincides with the element in the tensor product associated
to the matrix [X*, X].

(b) The real quadratic variation [X]® coincides with [X, X*].

(c) [X](t) = [X]7

(d) Let H be an M, (R)-valued continuous process and H® be the element in the tensor product
associated to H. Then, setting B = R",

/0 Tr(H(,s) d[X", X]s) :/0 (B®,,B)*<H®<'75>vdms>3®ﬂ3~ (6.4)

Proof. We observe that point 2. (a) is a consequence of the natural identification between a matrix and
tensor product. The proof of points 2.(b) and (¢) will naturally appear as side-effect of point 1 proof. So

we go on with the proof of the equivalences in point 1.

1. (a)= (b) . In order to show the existence of the real quadratic variation we need to show the ucp convergence

of following sequence
2

/ ||X8+6 X |R" Z/ 9+€ Aoste TS s (65)

By hypothesis X has all its mutual covariations, so in particular every term in the sum converges

ucp to [X%, X]. Consequently (6.5) converges to
Y X =[x X=X
i=1

which gives the real quadratic variation. This also establishes point 2. (b).

By identification between R™ @ R™ and M,,«,(R) we have the following

. . 2 : _ * —
[ G X g [ e ) Bene 2 Xy (6.6)
0 € 0 ¢

In order to show now the existence of the tensor quadratic variation we need only to show the
ucp convergence of the right-hand side of (6.6) which is a matrix valued sequence with component
1 <14,75,<n equals to
/ (X;—i-e X;)(Xg—H — Xg)
0

€

ds. (6.7)

(6.7) converges by hypothesis and this forces the convergence of (6.6) because the convergence in

M, «n(R) is equivalent to the convergence of every component.

1. (b)= (¢) This is a consequence of Proposition 4.25. In particular we also get [’)\(J] = [X]?® a.s. which also shows
point 2. (c).
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L. (c)=(a) Let (ej ®ej}) be the canonical basis of (R” @ R™)*. By Condition H2 i), (4.28) holds true for every
fixed ¢ in (R™ ® R")*, in particular setting ¢ = e} ® e} for all 1 < i, j < n. Consequently

(X, - XD)(XL, - X
/( s+€ s)( s+e S)dSZ[X]G(e;k®e;k)
0

€

converges ucp and X has all its mutual covariations.

It remains to show the identity in point 2. (d) for fixed w € Q. By (6.3) and the classical characterization
of traces for matrices, the left-hand side of (6.4) can be developed as a finite sum of well defined Lebesgue-

Stieltjes integrals; therefore

t n t
/ Tr(H(s) dX*, X]s)= > / Hi (-, 8)d[ X7, X, (6.8)
0 . Jo
1,j=1
The last equality in Proposition 6.1, the duality in a finite tensor product and the corresponding canonical

identification say that (6.8) equals

t ——
/0 (B&,B)* (H®(-,s), d[X]s>B®,,B~
O

Corollary 6.3. Let S be a an (F;)-semimartingale with values in R™. Then S admits a global quadratic

variation.

Proof. According to Remark 2.9, point 3. S admits all its mutual covariations [S*, S]. The result follows

using Proposition 6.2. O

6.2 The quadratic variation in the sense of Da Prato and Zabczyk

In this section, we will adopt the same notations as in Section 3.3.1, where we gave a short presentation
of the Da Prato-Zabczyk stochastic integral.

Let H and F be two separable Hilbert spaces with complete orthonormal basis {e;};c; and {f;};es, I
and J countable sets. Let also H* be the topological dual space of H with canonical complete orthonormal
basis {e}};cr defined by (e})(e;) = d; ;, where §; ; denotes the Kronecker’s delta, i.e. J;; =1 if i = j and
0;; =0if i # 7.

X will denote a H-valued continuous stochastic process. The principal goal will be to recover the quadratic
variation given by G. Da Prato and J. Zabczyk, denoted by [X]9%, in our framework. In general [X]%* is a
stochastic process with values in the space of nuclear operators L'(H). In Section 6.2.1 we will establish a
link between the language of some classes of operators (as Hilbert-Schmidt operators, nuclear operators

and trace class operators) and tensor products. In particular Propositions 6.6 and 6.7 will identify the
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space of nuclear operator L'(H) with the space H®,H. We will also recall the so called approzimation
property in a general Banach space and some important consequences in tensor products theory. In the
following sections we will show that, if X admits a quadratic variation [X]9* € L'(H), then it admits a
global quadratic variation denoted by [X]. Moreover [/Xv] will be exactly the element in H®,H associated
to the nuclear operator valued quadratic variation [X]%*. This identification will be made step by step
following the construction of a stochastic integral made in [13]. In this section capital letters will denote

operators and small letters will denote tensor products.

6.2.1 Nuclear and Hilbert-Schmidt operators, approximation property

For more details about this part the reader may refer to Appendix C in [13], Chapter 6 in [47] and
Chapter 4 in [63]. We recall the definitions of nuclear and Hilbert-Schmidt operators.

If E and G are Banach spaces, E* and G* will denote their duals and L(FE; G) will be the Banach space
of all linear bounded operators from F into G endowed with the usual operator norm, simply denoted by
|| -]]. An element T' € L(E;G) is said to be a nuclear operator if there exist two sequences (a;) € G
and (¢;) € E* such that 3377 [|a|| [|¢;] < oo and T" has the representation Tz = 372 | a; ¢;(x) for every

x € E. The space of all nuclear operators from F to GG, endowed with the norm

o0 o0

|7 = inf ¢ > Nagll 5]l : Tz =" a;¢;(x)

j=1 j=1

is a Banach space and will be denoted by L!(E;G).
It is well-known that if T € L'(E; G) then its adjoint T* € L'(G*; E*), furthermore ||T*||; < ||T|; and if
S € L(F;E)and T € LY(E;G) then TS € L' (F;G) and | TS|1 < ||T]|1 ||S]-
If H is a separable Hilbert space, T' € L'(H; H) then the trace of T', defined by Tr(T) = > (T(e:), e:)
is a well-defined number independent of the choice of the orthonormal basis {e; }icr and |Tr(T)| < ||T||1-
Moreover a nonnegative operator T' € L(H; H) (non-negativity means (T'(f), f) > 0 for any f € H) is
nuclear if and only if for an orthonormal basis {e;;i € I'} on H we have > =, (T'(e;), e;) < oo; in this case,
we have Tr(T) = ||T|;. L*(H) will also be a shortened symbol for L!(H; H).

An element T € L(H; F) is said to be a Hilbert-Schmidt operator if .., [|T(e;)[|3 < oo. This
definition is independent of the choice of the basis. The space of all Hilbert-Schmidt operators from H to
F equipped with the norm

1/2
7] = (zmm)
el

is a separable Hilbert space with scalar product (S,T) = >_._;(S(e;),T(e;)). It is easy to show that if
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T € L*(H;F) then its adjoint operator T* € L*(F*; H*) and ||[T* ||z = ||T||2. In fact >, [|T(e:)l|% =

Yier 2jes(T(ei) f3)% = Yier 2jeslen, T(Fi))? = Xje 1T (f5) |- Similarly as for L1(H), L*(H) will
stand for L?(H; H).

Given two separable Hilbert spaces H, F', another important property is the following. A linear operator
T is nuclear, i.e. belongs to L'(H; F), if and only if it exists a third Hilbert space G and a factorization
T = UV such that U € L*(G; F) and V € L?(H;G); in this case, ||T||; = inf {||U]|2 ||V]|2} over all the

possible factorizations of the operator 7.

Let T € L'(H;F) be a nuclear operator among separable Hilbert spaces. According to the definition of
nuclear operator there exists two sequences (h}) € H* and (f;) € F' such that Zj’;l IA[1 [ £5]l < oo and
T has the representation Tx = Zjoi1 h} fj(x) for every z € H. We denote by ¢ the element t € H* O F
defined by ¢t = Zjoil h; @ fj. The tensor element ¢ will be called the nuclear representation of the

nuclear operator T'.

We aim at characterizing tensor products of two Hilbert spaces in terms of classes of operators. For a
complete presentation of tensor products of two Hilbert spaces the reader may refer to chapter six of [47].
To this extent, the main point concerns the identification of the Hilbert tensor product H®,F with the
space of Hilbert-Schmidt operators L?(H; F*) and the identification of the projective tensor product Banach
space H®,F, which is a subspace of H®,F, with the space of nuclear operator L'(H, F*), which is a
subspace of L?(H; F*). In particular when H = F using the identification of the Riesz’s representation
theorem we will have H®, H = L2(H; H*) = L*(H) and H®,H = L'(H; H*) = L'(H). (We will see that

the identification above is true in a more general case, i.e. every time that H has approximation property).

If {e;}icr and {f;};cs are respectively orthonormal basis of H and F', then {e; ® f;;(i,7) € I x J} is an
orthonormal basis for H®p, F. Since I x J is countable then also H®p, F' is a separable Hilbert space equipped
with the Hilbert tensor norm h(:), see Section 2.5. This means that a general u € H®;, F has a representa-

tion u =37,y e uijei®fjwith 37, ;o |u j|* < oo and in particular we have h(u)? = 3",/ i s [ui ;.

The isomorphism between H®,F and L?(H; F*) is identified as follows. To every u € H®,F corre-
sponds a unique Hilbert-Schmidt operator U € L*(H; F*) such that p-(U(h), f)r = (h® f, u) g, p for
all h € H and f € F. Moreover it holds ||U||3 = ||u||§{®hF = h(u)? < oo for every orthonormal basis
{ei}icr of H. Conversely every Hilbert-Schmidt operator V € L?(H; F*) is associated with an element
v € HpF. If H = F the element u € H®p, H is symmetric, i.e. (h® g,u) = (g ® h,u), if and only if the
associated operator U is selfadjoint. We remark that this characterization coincides with the definition of

Hilbert-Schmidt operators given by Neveu in [47]. H®,F can also be identified with L?(F; H*) via the
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association u — U*, where U* is the adjoint of U. We remind that ||[U*||s = ||U||2.

The range of previous identifications u +— U restricted to H®,F coincides with L!'(H; F*). This
provides an isomorphism of Banach spaces, i.e. in particular 7(u) = [lull g p = |U[1. H&F is in fact
the subset of H®p, F such that if u =", ;u; je; ® f; it holds m(u) = dierjey il < +oo.

In the particular case when H = F, the element Trace is by definition the unique element of (H &, H)*
verifying h ® g — (h,g). By continuity and bilinearity, Trace is extended to all H®,H and is still
denoted by the same symbol. For an element u € H®,H with representation u = > hm @ fr it holds
Trace(u) =Y, (hm, fm)r and Trace(u) < m(u). We observe that Trace(u) = Tr(U).

Let u € H®pF of the form u = Do
following table. The equivalents between the second and third column is given through Riesz’s isometry
between F' and F™*.

uije; ® f;. We summarize previous considerations through the

H&F o L?(H; F*) = L?(H; F)

lullfg, = 2 i = hw)? = U3 = 102
U U U

H®.F ~  LYH;F*) = LY(H;F)

lullge, r =22 luigl =mw) = [Uly=[Ulp = U1
If H = F we can define the trace
H&®.H = Ll(H; H*) ~ Ll(H)
Tr(u) =3 ; wii Tr(0) =3 ,(U(e:), ei)m

We introduce now the concept of approximation property of the theory of tensor product of Banach spaces

For more details the reader can refer to chapter 4 in [63]. By the definition 4.1 on [63]

Definition 6.4. A Banach space is said to have the approximation property if, for every Banach space
Y, every bounded linear operator T': X — Y, every compact subset K of X and every ¢ > 0, there exists

a finite rank operator S : X — Y such that |7z — Sz|| < ¢ for every z € K.

If X is an (infinite dimensional) Banach space with the approximation property it is possible to
approximate any bounded linear mapping T : X — Y on each compact subset K of X with a finite rank

operator for every Banach space Y.
Remark 6.5. The following statements hold.

1. Every Banach space having a Schauder basis (for example a separable Hilbert space) has the

approximation property.
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2. If X* has approximation property so does X.

3. Some examples of spaces with this property are LP(u) with p € [1,00), ¢, I?, C(K)* = M(K), C(K),

(L% (p))*, L>=(p) for a given o-finite measure.

4. If X* or Y has approximation property then X*®,Y = L'(X;Y), see Proposition 4.9 in [63]. If
t € X*®,Y with a nuclear representation ¢ = > ¢m ® ym We can associate a nuclear operator
T: X — Y such that by T(z) =Y °_; ¢m(2)ym for every x € X. If X =Y = H with H separable
Hilbert space, T € H*®.H, with the trace operator characterized by Tr(T) := >_"_| ¢m(ym) and
H*®,H=H&.H = L'(H*; H).

In the proposition below we show that if we consider an element a € (H Q- H )* with its correspondent
operator A € L(H; H*) and b € H®, H with its correspondent operator B € L'(H*; H) then the duality in
the projective tensor product space corresponds to the trace of the product AB. This fact can be useful at
the moment of establishing 1t6’s formula developing F(X) where X is a H valued process and F € C?(H).
In our language in the second order term will appear the second order derivative D?F as an element of

(H O H )* and the quadratic variation [X] as an element of H®, H. In the language of Da Prato-Zabczyk,
the duality pairing between (H®, H)* and H&®,H corresponds to the trace of the corresponding operators.

Proposition 6.6. Let a € (H®7TH)* and the associated A € L(H; H*) such that and (a,2 ® y) =
m-(A(z),y) . Let b € H®, H of the form b = Z;‘;l ¢j @ dj and the associated B € L'(H*; H) such that
B(h*) = 3272 {¢j, h*)d; for every h* € H*.

Then BA € L*(H; H) and Tr(BA) = (Hé, 1)) ge -

Proof. BA € L'(H; H) because of considerations at the beginning of Section 6.2.1. We will show the
result for b = x ® y and the associated B € L'(H*; H) such that B(h*) =g (z,h*) g~y for every h* € H*.
We have

Tr(BA) =Y (BAen,en) = > (m{x, Aey) -y, en)
because BA(e,) = B(Ae,) and A(e,) € H*. The equality g (z, A(en))m- = (a, e, ® x) implies

Tr(BA) = Z(A(en),x><y, en) = Z<a, en @ T)(y, en) = Z@v em){a, en ® T)(y, n)

n n n,m

because z = Y (x,em)€m. On the other hand

(a,b) = (a,z ®@y) = (a, Z@v en)en ® Z@v em)em) = Z(z,em><a, en @ T)(Y, en) -

n n,m

So the result follows for b = x ® y. Since a and A are linear and continuous, the result is extended to all
b€ H®,H by density. O



94 CHAPTER 6. LINK WITH QUADRATIC VARIATION CONCEPTS IN THE LITERATURE

In order to make the link with Da Prato-Zabczyk framework, previous proposition has to be read

identifying H and H* through Riesz’s representation theorem.
Proposition 6.7. Let ¢ : H — H* be that Riesz’s isomorphism

1. We identify L(H; H*) with L(H) in the following way: to A € L(H; H*) we associate A € L(H) by
A(R) :== ¢~ *(A(h)) for every h € H.

2. We identify L'(H*; H) with L'(H) in the following way: to B € L'(H*; H) we associate B € L'(H)
by B(h) := B(¢(h)) for every h € H.

3. If a is the element in (H®TFH)* associated to A and b is the element in H®Q,H associated to B, we
also have Tr(BA) = Tr(BA) = (e, (@0 e n-

Proof. We only have to prove first equality in 3. In fact, using the definitions of A and B given in 1. and

2. we obtain

Tr(BA) = (BAen,en) = (B¢ 'Aen,en) => (Bop~ ' Aen,en) = Y (BAen,en) = Tr(BA) .

n n n n

O

In the sequel of this chapter we will definitely identify H®,H = L'(H). If (e;);en is an orthonormal
basis of a Hilbert space H we denote by (e]);en the orthonormal basis of H* such that ej(e;) = 6, ; We
remind that (H®y, H) is an Hilbert separable space with basis (e; ® €;); jen. Again {(e; ®e;)*}; jen denotes
the canonical basis for (H&,H)*.

Corollary 6.8. For every i,j € N, let (e; ® e;)* be an element of the basis (H®,H)*. Then (e; ® e;)* =

* *
e; ®ej.

Proof. By definition it holds ((e; ® €;)*, e @ €) = 0im djn. On the other hand the element ef ® e
belongs to the dual space (H®y, H)* and by properties of Hilbert tensor product it holds (e} ®ej, em®en) =
(€], em) (€], €en) = 0i,m 0jn. Then {€] ® €] }; jen is the canonical basis for (HopH)*. O

6.2.2 The case of a ()-Brownian motion, () being a trace class operator

Let W be a Q Brownian motion, where @) is a trace class operator in H. We will show that W admits
a global quadratic variation [W] that we can identify with [W]?*. We recall that from Section 3.3.1 that
the Da Prato-Zabczyk quadratic variation of a -Wiener process on H with Tr(Q) < +oo is given by the
formula [W]#* =t Q.
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Proposition 6.9. Let Q € L'(H) (respectively ® € L(H)) and let ¢ be the element in H®, H associated
to Q (respectively ¢ be the element in (H&,H)* associated to ®).

Let W be a @-Brownian motion. The following statements hold.

1. W admits a global quadratic quadratic variation [W](-,t) = tq a.s.
Moreover for every t € [0, T, [W](-,£)(¢) = W) () =t o _u(0 D) (e, m- =tTT(QP).

2. W admits a real quadratic variation [W|} = ¢t Tr(Q).

Proof. We first prove point 2., taking into account Lemma 2.1 and showing that

t _ 2 2
/ Wore = Wollis 40 2@, 4 gy . (6.9)
0

€

Taking the expectation of the left-hand side of (6.9) gives

E(/tngwm@@>:/ﬂMZﬁm%ﬂ—w;@%@:
0 0

€ €

/t Zzl E (<Ws+e - WS7 ei>2) ds —
0 €

_ /t Lz lQei i) GiQei’ %) g5 — 1 Tr(Q)
0

We show now that the the variance of the left-hand side of (6.9) converges to 0. In fact

2
¢ Ws e_Ws2 t Ws E_W52
Var / || + HHdS —F / || + ||H _ T’/‘(Q) ds _
0 € 0 €
2 [t 2 2
-5 Cov [[Wase = W, I [ Wi = Was |P] dsz disy =
€ Jo J(s1—e)t
2 t S1 o0
= ?2/ /( . Z Cov [(Wi, e — Wiy, €0)?, (Weyte — Wy, €5)?] dsa dsy =
0 S1—€ Q=1
=4|Qll3et 0
because

Cov [<WS1+6 - Ws1 ) ei>27 <Ws2+€ - W327€j>2] = 2(COU [<Ws1+€ - Ws1 ) 6,‘), <W82+€ - WSQ’ ej>])2

and this equals 2(s2 + € — s1)?(Qe;, e;)? by Proposition 3.8. We recall that @ € L*(H) implies Q € L*(H)
and in particular the Hilbert-Schmidt norm equals to Z;’}:l(Qei, e;)? = Q|3

This allows to conclude that W admits a real quadratic variation and [W]§ = ¢ Tr(Q).

This shows point 2. and Condition H1 related to point 1. at the same time.
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Concerning Condition H2, we only prove convergence in probability for every fixed t € [0, T], of (4.28).
For this we even show L2({2)-convergence for every fixed ¢ € (H®,H)*, i.e.

! /0 (6, (Waye — Wa)@)ds 22 1 Tr(Q@) = t{g, ) . (6.10)

€

which also implies that the global quadratic variation is the H®,H-valued deterministic process t q.
In order to establish the convergence in (6.10), we first evaluate the expectation of the left-hand side of
(6.10):
I 1
B2 [ 00V = Wa2)as| = 2 [ B0V~ W W = W] =

€ €

/ Z ¢ €4, ej s+e Wsa ei> <Ws+e - W57 €j>d8 =

1,7=1

] X e B W = Weres) (Was = Weeds. (61)

Again by Proposition 3.8 we obtain that E [(Wsie — Wy, e;) (Wsye — Wi, e5)] = €(Qe;, e;) and by Proposi-
tion 6.6 and usual properties of nuclear operators it is easy to verify that

(oo}

D (boei @e)(Qeies) = (6,q) = Tr(QP) . (6.12)

ij=1
Therefore (6.11) equals t(¢,q) = t Tr(QP).
In order to conclude to the validity of the L?(2)-convergence in (6.10), we show that the variance of its

left-hand side converges to zero. In fact

Var [1 / (6, (Wase — W) } / / Cov [(6, (Wi — Wi &2, (6, (Way sc — W) 02)] dsy dsy =

=Ti(e) + Iz (¢)
(6.13)
where
Ii(e) = / / . Cov [(¢, (Wi, e — Wi, )®%), (8, (Wiype — Wiy )®%)] ds dsy
(s1—€
S§1—€
12(6) = / / COU , 51+€ — W51)®2>, <¢, (W82+6 — W52)®2>] dSQ dSl =0.
Consequently Cauchy-Schwarz implies that (6.13) is bounded by
S1
2 / VVar (¢, (We, e — W81)®2>]/ VVar [(¢,(We,+c — Wy, )@2)]dss ds; . (6.14)
(s1—e)t

On the other hand, for any s € [0, 7], Var [(¢, Weye — Ws)®?)] equals
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Z ¢(€7;, ej)(b(ena em)CO’U [<Ws+e - WS) ei><Ws+e - Ws» €j> ) <Ws+e - Wsa en><Ws+e - W57 em>] .

i,j,n,m=1

(6.15)

Using Proposition 3.8 we obtain that
Var [(Were — Wi, e)(Wiye — Wy, e5)] = 262(Qe;, 5)?
Var [(Weye — W, en) (Weie — Wy, em)] = 262(Qen, e )?

Again by Cauchy-Schwarz inequality with respect to the covariance in (6.15) and by (6.12) we deduce that

2

Var [(¢, (Wege — WS)®2>] < 2¢2 Z p(eire;)(Qeive;) | =26 [T?"(Q(b)]2 .

i,j=1
This implies that
(6.14) < 4 et [Tr(Q®)? —0.
This concludes the proof. O
Remark 6.10. e The question wether the Q-Wiener process W admits a tensor quadratic variation is

beyond our capabilities. We do not know how to prove (or disprove) that for fixed ¢ € [0, T,
t

1
lim - (Were — W) @2 ds (6.16)
E— 0

exists in the (strong) norm of H®, H. If it exists, by point 1. of Proposition 6.9 that limit has to be
equal to tq.

e We are able however to show that (6.16) converges according to the (Hilbert) norm H&®y,H. In fact,
using the bilinearity of the inner product and Proposition 3.8 like in the proof of Proposition 6.9, we

can indeed show that -
i 2 (1 [ 200 =W 07 sl ) =0

Proposition 6.11. Let H be a separable Hilbert space. Let Q € L*(H) with associated ¢ € H®, H and
W be a Q-Brownian motion. Then for every continuous measurable process z : Q x [0,T] — (H&,H)*

with associated operator (random) Z = {Z;(w) € L(H)}, for every t € [0,T], it holds

/ e dliT,) = / Te(z, - AW = / Tr(Z. - Q)ds = / (eard)ds (6.17)

Proof. The result follows by definition of Bochner Lebesgue-Stieltjes integral. The equality can be shown

first taking z and Z as elementary processes and using Proposition 6.9. O
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6.2.3 The case of a stochastic integral with respect to a () Brownian motion

Let ® be in N3,(0,T; L*(Hp; F)) and M be the Brownian martingale defined by (3.6), i.e. M :=
fot - dW. M is a continuous M2 (F)-valued process and we recall from Section 3.3.1 that the quadratic

variation in the sense of Da Prato-Zabczyk is the L!(F)-valued process of the form
[M]* = / (,QY2)(2,QY?)*ds  te[0,T]
0

We note that (®,Q'/?) and (®,Q'/2)*, s € [0, T] are respectively L?(H; F') and L?(F; H)-valued processes,
so that the process (®,Q'/2)(®,Q'/?)*, s € [0,T] is an L*(F)-valued process.
Propositions 6.9 and 6.11 admit an extension to the cas that the Q-Wiener process is replaced by a

Brownian martingale. We omit its proof.
Proposition 6.12. According to the notations above we have the following.
1. M admits a global quadratic variation.

2. For every continuous process z : 2 x [0, 7] — (H®, H)* with associated (random) operator Z = (Z,)
with values in L(H) it holds

/t<zs,d[/m8> = /t Tr(Z, - dM]%) = /t Tr(Zs - (<I>SQ1/2)(<I>SQ1/2)*)ds . (6.18)
0 0

0

for every ¢ € [0, 7).

In fact the proposition above and our Ito’s formula in Theorem 8.1 will provide a new proof of Ito’s

formula stated at Theorem 4.17 in [13] when M is an Hilbert valued process.

6.3 The general Banach space case

Let B be a Banach space and X be a B-valued process. For this general case we refer to Section 4.1.
The classical stochastic integration theory goes back to Pellaumail-Metivier [46], see also Dinculeanu [19].
They introduced a notion of real and tensor quadratic variation. Those notions are similar, even if with
another language, to the real and tensor quadratic variations introduced in Definition 4.1. The significant
link with our approach was given in Proposition 4.25 which states the following. If X has a tensor quadratic
variation, then X has a global quadratic variation in the sense that X has a y-quadratic variation with
X = (B®,B)*. In this case, the two concepts of quadratic variation can be easily associated. By definition,
if X admits a global quadratic variation [r)\(/] belongs to x* = (B®,B)**. If X has a tensor quadratic
variation then [/)?] even belongs to B&, B since the approximating sequences converges “strongly”. We

recall that, in general, B®, B may be a strict subspace of the bidual (B&,B)**, see Proposition 2.21.



Chapter 7

Stability of y-quadratic variation and

of y-covariation

Let X be a real finite quadratic variation process and f € C'(R). We recall that f(X) is again a finite
quadratic variation process. Something similar will be illustrated in the infinite dimensional framework.
In this section we will first introduce the definition of a so-called y—covariation between two Banach valued
processes X and Y and later on we will discuss about stability of the y-covariation through a real function

C' in the Fréchet sense.

7.1 The notion of y-covariation

Let By, By be two Banach spaces.

Definition 7.1. A closed linear subspace x of (B1®,Bs)*, endowed with its own norm, such that

1l =1 H(Blég),rBQ)* ) (7.1)

will be called a Chi-subspace of (B;®,Bs)*.

Notation 7.2. Let X (resp. Y) be By (resp. Bs) valued stochastic process. Let x be a Chi-subspace of
(B1®+B3)* and € > 0. We denote by [X,Y]¢, the following application

[X, Y}E Sx — C([O,TD defined by d) — (/ X<¢, J((Xs-‘re - Xs) ® (Yz;—&-e - YS))>X* dS) o

0 €

where J : B1®,Bs — (Bl®,rB2)** is the canonical injection between a space and its bidual as introduced

in subsection 2.1.

99
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—~

With the application [X, Y] it is possible to associate another one, denoted by [X,Y] , defined by

P(’/\_ﬁe(w7 ) : [O7T] . X* given by s <¢ o A X<¢, J((Xs-‘re(w) - Xs(w)) & (}/s-i-s(w) — Ys(w)))>X* d8> )

€

Remark 7.3. Let X (resp. Y) be Bj (resp. Bs) valued stochastic process. With a slight abuse of
notation, the tensor product (Xsy. — Xs) ® (Ysqe — Ys) will be confused with the element in x* defined by
J (Xste — Xs) @ (Yoye — Ys)), the injection J from B;®, Bs to its bidual will be omitted.

Definition 7.4. Let By, By be two Banach spaces and x be a Chi-subspace of (B;®,B2)*. Let X (resp.
Y') be By (resp. Bs) valued stochastic process. We say that X and Y admit a y-covariation if

H1 For all (e,) it exists a subsequence (e,, ) such that

- Xs) ® (Ys—i-enk - YS)

(Xs+enk. - XS) ® (Ys+en,c B YS) r H<XS4_E%
Y| ds = sup
0

T
sup/ sup |{¢, X ds < o0 a.s.
ko Jo léllx<1 €ng k €ng
(7.2)
H2 (i) It exists an application x — C([0,T]), denoted by [X,Y], such that
X Y](9) 5= X Y(9) (7.3)

for every ¢ € x C (B1®,B2)*.
(ii) There is a measurable process [X,Y]: Q x [0,T] — x*, such that

e for almost all w € Q, [X,Y](w, ) is a (cadlag) bounded variation process,

o [(X,Y](-,t)(¢) = [X,Y](9)(-,t) a.s. for all ¢ € x.

—~—

If X and Y admit a y-covariation we will call y-covariation of X and Y the x*-valued process (X, Y])o<i<r

defined for every w € Q and ¢ € [0,T] by ¢ — [X,Y](w,t)(¢) = [X,Y](¢)(w,t). By abuse of notation,
[X,Y] will also be often called y-covariation and it will be confused with [X,Y].

—_~—

Remark 7.5. 1. For every fixed ¢ € x, the processes [X,Y](-,¢)(¢) and [X,Y](¢)(-, t) are indistinguish-
able. In particular the x*-valued process [X, Y] is weakly star continuous, i.e. [X,Y](¢) is continuous

for every fixed ¢.

—_~—

2. In fact the existence of [X, Y] guarantees that [X, Y] admits a proper version which allows to consider

it as pathwise integral.

Definition 7.6. If the y-covariation exists for y = (B1®,B2)*, we say that X and Y admit a global

covariation.
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Proposition 7.7. Let By, By be two Banach spaces and x be a Chi-subspace of (B1®7TB2)*. Let X and
Y be two stochastic processes with values in B; and By admitting a y-covariation and H a continuous
measurable process H : Q x [0,7] — V where V is a closed separable subspace of x. Then for every
tel0,T]

|t a3 s — [ ) XTI (7.4)
0 0

in probability, when € — 0.

Proof. The proof follows the same lines as the one of Corollary 4.33, the fundamental tools being the fact
that the pairing duality between x and x* is compatible with the one between ¥ and V* and Proposition
4.31. O

Remark 7.8.

1. The statement of Propositions 4.26 and 4.27 related to the y-quadratic variation of Banach valued
process X can be immediately extended to the case of x—covariation of two Banach valued processes
X and Y. If y is a finite direct sum of Chi-subspaces, for instance the space x?([—7,0]?), we obtain

sufficient conditions for the the existence of the y-covariation.

2. Analogously, the statements of Corollaries 4.38 and 4.39 related to the y-quadratic variation of
a Banach valued process X can be extended to the case of y—covariation of two Banach valued
processes X and Y. Their proofs make use of Theorem 4.35. We remark that when y is separable,
Condition H2(i) reduces to/:c\lr_li convergence in probability of (7.3); the existence of a (x*-valued)

bounded variation version [X,Y] of [X,Y] is automatically guaranteed.

Our y—covariation methodology provides a simple property related to the covariation of real processes,

which was not formally stated in the literature.
Proposition 7.9. Let X and Y be two real continuous processes such that
i) [X,Y] exists and

ii) for every sequence (€,) | 0, it exists a subsequence (e,, ) such that

T
sup — ‘Xs+enk — X -
kE €ng Jo

Yite,, —Ys|ds < +oo. (7.5)

Then the real covariation process [X, Y] has bounded variation.

Proof. The processes X and Y take values in B = R and the (separable) space xy = (B&,B)* coincides with
R. Processes X and Y admit therefore a global covariation which coincides with the classical covariation
[X,Y] defined in Definition 2.4. Taking into account point 2. of Remark 7.8, it follows that [X,Y] has

bounded variation. O
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Remark 7.10. 1. A sufficient condition to ensure that [X, Y] has bounded variation is that X, Y and
X +Y are finite quadratic variation processes.
In this case, the bilinearity of the real covariation implies that [X,Y] is difference of increasing
processes and has therefore bounded variation. However the mentioned condition is too strong.
Consider for instance the following example. Let X be any continuous process and V' be a bounded
variation process; then [X, V] = 0 by point 1. of Proposition 2.14. On the other hand, is easy to
show that (7.5) is verified even if X is not a finite quadratic variation process, so that Proposition

7.9 provides a new argument for [X, V] = 0.

2. If X, Y are two continuous processes such that (X,Y’) has all its mutual covariations then conditions

i) and ii) of Proposition 7.9 are fulfilled. In fact by Cauchy-Schwarz inequality we have

/ ‘Xa+e Xs | |}/6+6 Y|d8 < \// s+e — X \// g+e — Y d = A(ﬁ)

where the sequence A(e) converges in probability to 1/[X]r[Y]r. This implies of course (7.5).

In view of the next section, we proceed to the evaluation of some y-covariations for C([—, 0])-valued
window processes, i.e. when By = By = B = C(|—7,0]). Spaces x will be Chi-subspaces of (B®,B)*. The

proof of the propositions below can be provided taking into account point 2. of Remark 7.8.

Proposition 7.11. Let X and Y be two real continuous processes such that (X,Y’) has all its mutual

covariations. Then
1. X(-) and Y(-) admit zero y-covariation, where y = L?([—7,0]?).
2. X(-) and Y (-) admit zero x-covariation for every i € {0,..., N}, where x = L?([—7,0])®,D;([—,0]).

3. Let x = D; ;([-7,0]?) for a given i,j € {0,...,N} and suppose morevoer that the covariation
[X.ta,, Y 1q,] exists. Then X(-) and Y(-) admit a x-covariation which equals

(XY Ole(r) = p{ai, a3 DX vass Yigasle, Vi € Xt € [0, 71 (7.6)

Proof. The proof is practically the same as the one of Proposition 5.7. O

When y = Dy o([—7,0]?) for the existence of a x -covariation between X and Y we can even relax the

hypotheses.

Proposition 7.12. Let X, Y be continuous processes fulfilling i) and ii) of Proposition 7.9. Then X (-)

and Y (-) admit a Dy o([—T, 0]?)-covariation and

(X (), Y ()le(p) = p({0,01)[X, Y] .
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Proof. The proof is again very similar to the one of Proposition 5.7. The only relevant difference consists
in checking the validity of condition H1. This will be verified identically until (5.4); the next step will
follow by (7.5). O

The two results below follow by point 1. of Remark 7.8.

Theorem 7.13. Let X and Y be two real continuous processes such that [X.1,,,Y. 4] exists for every
i,j =0,...,N. Then X(-) and Y (-) admit the following x*([—7,0]?)-covariation

N
[X(),Y ()] : X*([-7,0*) — C([0,T7) p > p{aia )X qa,, Yia,] -
i,j=0

Theorem 7.14. Let X and Y be two real continuous processes such (X,Y’) has all its mutual covariations.
Then X(-) and Y (+) admit the following x°([—7, 0]?)-covariation

[X()v Y()] : XO([_T’ 0]2) - C([O’T]) = N({O’O})[Xa Y] .

Remark 7.15.

1. The existence of x°([—7,0]?)-covariation only requires the existence of the mutual covariations of

(X,Y) (or even less). We do not need the existence of [X.y4,,Y 1 q4,], for every 4,5 =0,...,N.

2. Let D be a real (F;)-weak Dirichlet process with finite quadratic variation and decomposition M + A,
M being its (F;)-local martingale component and let N be a real (F;)-martingale. Then D(-) and N(-)
admit x"-covariation given by [D(-), N(-)](1) = 1({0,0})[M, N] for every u € x°. This follows from
Theorem 7.14, because D and N are with finite quadratic variation processes and [D, N] = [M, N].

3. Let D be a real (F;)-Dirichlet process with decomposition M + A, M being the (F;)-local martin-
gale part and let N be a real (F;)-local martingale. Then D(:) and N(-) admit a y?-covariation

. N N
given by [D(-), N(-)|(n) = Zm‘:o p({ai, a;})[Doqa;s Noya,]. = Ei,j:o n({ai, a;})[M.sa;; Noya,] =
Zilio w({ai,a;})[M +a,, N.qq,]. This follows again from Theorem 7.14 and Proposition 2.12

7.2 The stability of the y-covariation in the Banach space frame-

work

In this section, we analyze the stability of y-covariation for Banach valued processes transformed
through C! Fréchet differentiable functions.
We first recall what happens in the finite dimensional case as far as stability is concerned, see for instance

[24], Proposition 2.7. which even states the result in the case of higher power variations.
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Proposition 7.16. Let X = (X! ..., X") be a R"-valued process having all its mutual covariations
([X*, Xt)1<ij<n = [X*, X7]; and F, G € C'(R"). Then the covariation [F(X), G(X)] exists and is given
by

[F(X),GX)). = Y /0 0iF(X)0;G(X)d[ X", X7] (7.7)

i,j=1
This includes the case of Propostion 2.1 in [59], setting n = 2, F(z,y) = f(x), G(z,y) = g(y),
f,9 € CY(R).

When the value space is a general Banach space, we need to recall some other preliminary results.

Proposition 7.17. Let E be a Banach space, S,T : E — R be linear continuous forms. There is a unique
linear continuous forms from E®, E to R®,R 22 R, denoted by S®T, such that S®T (e; ®e2) = S(e1)-T(e2)
and [|S @ T = [[S|IT1-

Proof. See Proposition 2.3 in [63]. O
Remark 7.18. 1. T =5, we will denote S ® S = S®2.

2. Let B be a Banach space and F',G : B — R of class C!'(B) in the Fréchet sense. If z and y are
fixed, DF(z) and DF(y) are linear continuous form from B to R. According to Proposition 7.17 and
the notation introduced there, the symbol DF(z) ® DF(y) denotes the unique linear continuous form
from B&,B to R. We insist on the fact that “a priori” DF(z) ® DF(y) does not denote an element

of some tensor product B* ® B*.
When FE is an Hilbert space the application S ® T' of Proposition 7.17 can be further specified.

Proposition 7.19. Let E be a Hilbert space, S, T € E* and S, 7 the associated elements in F via Riesz

identification. S ® T can be characterized as the continuous bilinear form

In particular the linear form S ® T belongs to (E®,E)* and via Riesz it is identified with the tensor
product S ® 7. That Riesz identification will be omitted in the sequel.

Proof. The application ¢ defined in the right-side of (7.8) belongs in (E&®y,E)* by construction. Since
(E®pE)* C (E®,E)*, it also belongs to (E®,E)*. Moreover we have

lells = sup lo(f,9)l = sap [(S,f)| sup [(T,9)] =[Sl [Tl -
Ifle<Lllgllz<1 I flle<1 llgllz<1
By uniqueness in Proposition 7.17, ¢ must coincides with S ® T O

As application of Proposition 7.19, setting the Hilbert space E = D, ® L?([—7,0]), we state the following

useful result that will be often used in Section 7.3 where we consider C([—7, 0])-valued window processes.
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Example 7.20. Let F'! and F? be two functions from C([—,0]) to D, @ L?([—, 0]) such that n — FJ(n) =
5o M), + g9 () with 7 € C(=T,0)), A : C([=7,0)) — R and g : C([—7,0])) — L3(T,0])
continuous for j = 1,2. Then for any (ny,72), (F* ® F?)(n1,n2) will be identified with the true tensor
product F*(n;1) @ F2(n2) which belongs to x?([—7,0]?). In fact we have

F'm) @ F2 () = Y ANm)A ()6, @0, +¢' (m)® D A(12)00,+
4,j=0,...,N i=0,..,N

+ Y A n)se, @67 (n2) + ¢" (m) ® g7 (12) (7.9)
i=0,...,N

We now state the stability result related to y-covariation.

Theorem 7.21. Let B be a separable Banach space, x a Chi-subspace of (B®,B)* and X!, X? two
B-valued continuous stochastic process admitting a y-covariation. Let F!, F2 : B — R be two functions

of class C' in the Fréchet sense. We suppose moreover that the following applications

DF(-)® DF'(-): Bx B — x C (B®,B)*
(z,y) = DF'(x) @ DF? (y)

are continuous for ¢,j = 1, 2.
Then, for every i,j € {1,2}, the covariation between F(X") and FJ(X7) exists and is given by
(FOC), P 0] = [(DFICX) © DRI, diXX0,) (710)
0
Remark 7.22. In view of an application of Proposition 7.7 in the proof of Theorem 7.21, we observe
the following. Since B is separable and DF(-) ® DFJ(-) : B x B — x is continuous, the process

H, = DFY(X})® DFJ (Xg) takes values in a separable closed subspace V of x.

Corollary 7.23. Let us formulate the same assumptions as in Theorem 7.21. If there is a x*-valued

stochastic process H such that [X, XJ] = f; H, du in the Bochner sense then

[FH{(XY), FI(X7)]. = /0'<DFI‘(X;') ® DFY(X7), H,) ds

Proof of Theorem 7.21. We make use in an essential manner of Proposition 7.7. Without restriction of
generality we only consider the case F' = F?2 = F and X! = X2 = X. In this case Proposition 7.7 reduces
to Corollary 4.33.

By definition of the quadratic variation of a real process in Definition 2.4, we know that [F'(X)]. is the

limit in the ucp sense of the quantity

/. (F(Xs+e) — F(Xs))2 ds .
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According to Lemma 2.1, it will be enough to show the convergence in probability for a fixed ¢ € [0, T.

Using a Taylor’s expansion we have

1 1

[ - pocas= b [ (0FCG). X - X

1 2
+/ (DF ((1 —a)Xs+ aXsye) — DF(Xy), Xs1e — Xs) da) ds =
0

= Ai(€) + Az(€) + As(e) ;

where

t
Ai(e) = %/0 (DF(X,), Xorc — X,)2ds =

(Xere - Xs)®2

d
€ )ds

- / (DF(X.)® DF(X.),
0

As(e) = 2 / (DF(X.), Xore — X,

€
1
: / (DF (1 — )X, + 0Xspe) — DF(X,), Xope — Xs)dovds =

Xs+e - Xs)®2

0
_o /t /1<DF(X3) © (DF (1 - a) X, + aXass) — DF(X.)), ¢ Vo ds
0 0
1 1

€

Agle) = = /Ot (/0 (DF (1 — a)Xs + aXyse) — DF(X,), Xope — Xs>da)2ds <

IN

t 1
%/O /0 <DF((1 — OZ)XS + OéXs+€) — DF‘(‘X’S)’AX’S_’_E _ Xs>2dad8 _

/t /1<(DF (1= @)X, + aXars) — DF(X,)) @2, Kere = X)) 0
0 0

€

According to Remark 7.22 and Corollary 4.33, it follows
p [ e
Ao / (DF(X,) ® DF(X,),d[X],) .
0

It remains to show the convergence in probability of As(e) and As(e) to zero.

About As(e) the following decomposition holds:

DF(X,)®(DF (1 — a)X, + aXsye) — DF(X,)) = DF(X,)®DF (1 — &) Xs + aXsic)—DF(X,)@DF(X,);
(7.11)
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concerning As(e) we get

(DF (1 — a)Xs + aXsie) — DF(X,))®% = DF (1 — @) X5 + aXgyo) @ +
+ DF(X,) ® DF(X,)+
— DF (1 — @)X, + aXsye) ® DF(X,)+
— DF(X,)® DF (1 — )X, + aXsie) .

(7.12)
Using (7.11), we obtain
e (Xs+ — X3)®2
As(e)] < 2/ / (DF(X.) @ (DF (1~ )X, + X, o) — DF(X.), =200 o ds <
0 Jo
¢ ! Xs e X@ 2
g/ / IDF(X,) @ DF (1 a)X, +aX,..) — DF(X,)® DF(X,)], % dads .
0 0 x*
(7.13)
For fixed w € Q we denote by V(w) := {X(w); t € [0,T]} and
U =U(w) = conv(V(w)), (7.14)

i.e. the set U is the closed convex hull of the compact subset V(w) of B. From (7.13) we deduce

<X8+e - Xs)®2
€

t
As(e)] < DY (o) / ds,

x*

where w%}% pr is the continuity modulus of the application DF(-) ® DF(-) : B x B — x restricted to
U x U. We recall that

o repr(d) = sup |DE(z1) ® DF(y1) — DF(z2) @ DF(y2) ||,
I(z1,y1)—(z2,y2) I Bx B <6

where the space B x B is equipped with the norm obtained summing the norms of the two components.
According to Theorem 5.35 in [2], U(w) is compact, so the function DF(-) ® DF(:) on U(w) x U(w) is
uniformly continuous and w%}% pp 18 a positive, increasing function on R converging to 0 when the
argument converges to zero.

Let (€,,) converging to zero; Condition H1 in the definition of y-quadratic variation, implies the existence

of a subsequence (e, ) such that As(ey, ) converges to zero a.s. This implies that Aa(e) — 0 in probability.
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With similar arguments, using (7.12), we can show that As(e) — 0 in probability. We observe in fact

|As(e)| < /0 /0 |DF (1 - )X, +aXsye) ® —DF(X,) ® DF ((1 — ) X, + osz+6)||X.

Xs € Xs 2
. H("‘)@) do ds+
€ x*
t pl 2
X‘; € Xs &
+ [ [P (-0 +aX,p) @ DF(CX) - DF(X)E?) Hm dovds <
0 0 X*
t 2
(Xs+e - X9)®
<2wlfill oo [ || S S as
0 € x*
The result is now established. ]

Corollary 7.24. Let B be a separable Banach space and By be a Banach space such that By O B

*

continuously. Let y = (Bo®,Bo)* and X a B-valued stochastic process admitting a x-quadratic variation.
Let F!', F? : B — R be functions of class C'' Fréchet such that DF?, i = 1,2 are continuous as applications
from B to Bj.

Then the covariation of F*(X) and F7(X) exists and it is given by

[F(X), F7 (X)), = /0‘<DFZ'<XS> ® DFI(X,),d[X],). (7.15)

Proof. Tt is clear that x is a Chi-subspace of (B®,B)*. For any given z,y € B, i,j = 1,2, by the
characterization of DF?(z) ® DFJ(y) given in Proposition 7.17 and Remark 7.18, the following applications

DF'(z) ® DFI(y) : By®-By — R
are continuous for i, j € {1,2}. The result follows by Theorem 7.21. O

Remark 7.25. Under the same assumptions as Corollary 7.24 we suppose moreover that By is a Hilbert
space. For any z,y € B, DF(xz) ® DG(y) belongs to (B0®hB0)* because of Proposition 7.19 and it will

we associated to a true tensor product in the sense explained in the same proposition.
We discuss rapidly the finite dimensional framework.

Example 7.26. Let X = (X! ... X") be a R"-valued stochastic process admitting all its mutual
covariations, and F,G : R* — R € C*(R™). We recall that, by Section 6.1, Proposition 6.2, X
admits a global quadratic variation [f)\(/] which coincides with the tensor element associated to the matrix
([X*, X])1<ij<n = [X?, X7]. We recall also that R"®,R™ can be identified with the space of matrices
M, «n (R).

The application of Theorem 7.21 to this context provides a new proof of Proposition 7.16.
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If D*Y(X,) denotes the matrix associated to the tensor product DF(X,) ® DG(X,), the right-hand side
of (7.10) equals

JRACEESRIESPIN

which coincides with the right-hand side of (7.7).

7.3 Stability results for window Dirichlet processes with values
in C([—T,0])

We formulate now some stability results involving C'([—7, 0])-valued window processes and some related

Fukushima type decomposition. We first recall what happens in the finite dimensional case.

1. The class of real semimartingales with respect to a given filtration is known to be stable with respect
to C%(R) transformations, as Theorem 2.13 implies. Proposition 7.16 says that finite quadratic
variation processes are stable under C*(R) transformations. Also Dirichlet processes are stable with
respect to C1(R) transformations and they admit a decomposition result. If X = M + A is a real
(F1)-Dirichlet process with M the (F;)-local martingale and A; the zero quadratic variation process
and F of class C'(R), then F(X) is still a Dirichlet process with decomposition F(X) = M + A,
where M, = F(Xo) + [ F'(X,)dM, and A, = F(X,) — M;; see [4] and [62] for details.

2. In some applications, in particular to control theory (as illustrated in [31]), one often needs to know the
nature of process (F(t, D)) where FF € C%1(RT x R) and D is a real continuous (F;)-weak Dirichlet
process with finite quadratic variation. It was shown in [32], Proposition 3.10, that (F (t, Dt)) is an
(Fi)-weak Dirichlet process.

Both results admit some generalizations in the infinite dimensional framework for the C'([—7,0])-valued

window processes. With the same notations on processes X and D we will show following statements.

1. Let F : C([-7,0]) — R be of class C* (C([—7,0])) in the Fréchet sense such that the first derivative
DF at each point n € C([—7,0]), belongs to Dy([—,0]?) & L?([~7,0]). We suppose moreover that
DF, with values in the mentioned space, is continuous. Then F'(X(-)) is a real Dirichlet process, as

Theorem 7.33 says.

2. Let F:[0,T] x C([-7,0]) — R be of class C%!(RT x C([—,0])) in the Fréchet sense such that the
first derivative, at each point (t,7) € [0,T] x C([—7,0]), belongs to Dy([—7,0]?) & L?([-7,0]). We
suppose again moreover that DF', with values in the mentioned space, is continuous. Similarly to
[32] we cannot expect (F(t, Dy(+))) to be a Dirichlet process. In general it will not even be a finite
quadratic variation process if the dependence on ¢ is very irregular. However we will show in Theorem
7.36 that (F(t, D¢(+))) remains at least a weak Dirichlet process.



110 CHAPTER 7. STABILITY OF x-QUADRATIC VARIATION AND OF x-COVARIATION

First we need a preliminary result on measure theory.

Lemma 7.27. Let E be a topological direct sum E; & Es where Fq, E5 are Banach spaces equipped with
some norms || - ||g,. We denote by P; the projectors P, : E — E;, i € 1,2.

Let g : [0,T] — E* and we define g; : [0,T] — E} setting g;(t)(n) := g(t)(n) for all n € E;, i.e. the
restriction of §(¢) to Ef. We suppose §; continuous with bounded variation, i = 1, 2.

Let f:[0,7] — E measurable with projections f; := P;(f) defined from [0,7T] to E;.

Then the following statements hold:

1. fin Ly(g) if and only if f; in Ly, (g:),% = 1,2 and yields
t t t
| et date) e = [ o thlohdn(oes + [ e, 0helo).dials)es (7.16)
0 0 0
2. If go(t) =0 and f1 in L} (1) then

/0 (F(5),d3(5)) - = / oo Uf1(5), dg () s (7.17)

Proof.

1. By the hypothesis on g; we deduce that g : [0,7] — E* has bounded variation. If f : [0,T] — F
belongs to L, then f; = Pi(f) : [0,T] — Ej, i = 1,2 belong to Ly, by the property || P; f||z, < ||f|e-
We prove (7.16) for a step function f : [0,7] — E defined by f(s) = Z;V 1 94, (8)f; with ¢4, indicator
functions of the subsets A; of [0,T] and f; € E. We have f; = fi1; + fo; with f;; = P;f;,i=1,2, s0

N

[ sttnditone- =3 sit [ da ;Ef],dg _

174 31 Aj

Mz

/0 (), di(s) - =

<.
I

I
M=

g, (f15,d91(Af)) By + Z 2, (f25,dG2(A5)) B5 =

1 j=1

o, 1(5), g1 (5)) 5 + / . (F2(5), dG2(5)) 5

<.
Il

Il
S—

A general function f in Lj(g) is a sum of fi + fa, fi € L (g;) for i = 1,2. Both f; and f; can be
approximate by step functions. As we can see in Appendix B, vector integration L} (), as well as on

L}E (gi), is defined by density on step functions. The result follows by an approximation argument.

2. It follows directly by 1.

A useful consequence of Lemma 7.27 is the following.
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Proposition 7.28. Let Ey = D; j([—7,0]?) and E> be a Chi-subspace of M([—7,0]?) such that E; N Ey =
{0}.
o Let §g:[0,T] — E* such that §(t);g, = 0.
e Weset g1 :[0,7] — R by g1(t) = g, (d(a;.a;), 91(t)) £;, supposed continuous with bounded variation.
e Let f:[0,7] — E such that t — f(¢t)({(a;,a;}) € L'(d|g1]).
Then

/0 (), dg(s)) - = / £(9)({as, a;})dar(s) - (7.18)

Remark 7.29. Let g; be the real function defined in the second item of the hypotheses.
Defining g1 : [0,T] — E} by §1(t) = g1(t) 6(a,,qa;), by construction it follows g (t)(f) = g(t)(f) for every
f € Ey,t €[0,T). Since for a,b € [0,T], with a < b, we have

19(b) = g(a)]

g = 9:1(0) = g1(a)ll g; = 191(b) = g1(a)|

then the property g1 continuous with bounded variation is equivalent to g continuous with bounded

variation.

Proof. 'We apply Lemma 7.27 2. Clearly we have Pi(f) = f({ai,a;})d(a;,a,)- It follows that

/E<f(s)vdg(s)>E* =/ g, (f(8)({ai, a3})d(a;.0,), d91(s)) 7
0 0

Since g1(t) = g, (3(a;,a;), 91(8)) gy and because of Theorem 30 in Chapter 1, paragraph 2 of [19], previous
expression equals the right-hand side of (7.18). O

Remark 7.30. Let E be a Banach subspace of M([—,0]?) containing D; ;([—,0]?). A typical example
of application of Proposition 7.28 is given by Ey = D; j([—7,0]%) and Ey = {u € E | u({ai,a;}) = 0}. Any
p € E can be decomposed into ji; + p2, where py = pu({ai, a;})d(a;,q,), which belongs to £y, and iz € Fs.
This framework will be the one of proposition below where Proposition 7.27 will be applied considering g

as the x-covariation of two processes X (-) and Y'(+)

Proposition 7.31. Let 4,5 € {0,..., N} and let 2 be a Chi-subspace of M([—7,0]?) such that u({a;,a;}) =
0 for every p € x2. We set x = D; ;([—7,0]%) & xa.
Let X, Y be two real continuous processes such that X (-) and Y(-) admit a zero ys-covariation and a

D; j([—7,0]?)-covariation. Then following properties hold.

L. [X.4q,, Y 4q,] exists and the D; ;([—7,0]?)-covariation is given by

[X(),Y ()] : Diy([~7,01*) — ([0, T7) o= p{ai, a; )X ya;s Yigay)-
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2. x is a Chi-subspace of M([—7,0]?).
3. x is a Chi-subspace of (B®,B)*, with B = C([-,0]).
4. X(-) and Y (-) admit a y-covariation of the type
[(X(), Y ()] x — C([0,T]) [(X(C),Y()() = p{ai, ;X qa,, Yiga, ] -
5. For every x-valued process Z with locally bounded paths (for instance cadlag) we have
[ 2 dXOTOL) = [ 2 D Vs (7.19)

Proof.

1. It is a consequence of the fact that X (-) and Y (-) admit a D; ;([—7, 0]?)-covariation, in particular of
Condition H2.

2. It follows by Proposition 4.5.
3. It follows by previous point and Proposition 4.4.

4. We denote here x1 = D; ;([—T,0]?); x1 and x2 are Chi-subspaces of M([—7,0]?), X(-) and Y (-) admit
X1-covariation and a yo-covariation. Remark 7.8 point 1. and Proposition 4.26 imply that X (-) and
Y (-) admit a x-covariation which can be determined from the y;-covariation and the yo-covariation.
More precisely, for pu in x with decomposition pu; + po, p1 € x1 and po € 2, with a slight abuse of

notations, we have

(X, Y(O)(w) = [XC), Y ()l (n) + [X (), Y () () =
= [X0),Y(O)lm) =
- )[X--i-a“Y.:,.aj] =

m ({ai, a;}
= p({ai, a;})[X +a;s Yiga,] -

5. Since both sides of (7.19) are continuous processes, it is enough to show that they are equals a.s. for
every fixed t € [0,T]. This follows for almost all w € § using Propositopn 7.28 where f = Z(w) and

—_~—

3= X0, Y())(w). We remark that here g = [X. 4, (), Vopa, ()](@) and g1 = [Xopa, Vir, | ().

Remark 7.32. Proposition 7.31 will be used in the sequel especially in the case a; = a; = 0.



7.3. STABILITY RESULTS FOR WINDOW DIRICHLET PROCESSES WITH VALUES IN C([—7,0])113

Theorem 7.33. Let X be a real continuous (F;)-Dirichlet process with decomposition X = M+ A, where M
is the (F;)-local martingale and A is a zero quadratic variation process with Ag = 0. Let F': C([—7,0]) — R
be a Fréchet differentiable function such that the range of DF is Do([—7,0]) & L?([—7,0]). Moreover we
suppose that DF : C([—7,0]) — Do([—7,0]) ® L*([-7,0]) is continuous.

Then F(X(-)) is an (F;)-Dirichlet process with local martingale component equal to

3= F(%o0) + [ DRF(X()aM,.

where we recall Notation 2.28 that D% F(n) = DF(n)({0}).

Proof. We need to show that [A] = 0 where A := F(X(-)) — M. For simplicity of notations, in this proof
we will denote ag(n) = D% F(n). By the linearity of the real covariation we have [A] = A; + Ay — 243

where
Ay = [FX())
Ay = [/O aO(XS(~))dMS}
A= |[FEXO) [ ao(xea|

Since X is a finite quadratic variation process, by Corollary 5.8, its window process X (+) admits x°([—, 0]?)-
quadratic variation [X (-)]. Moreover by Example 7.20 and Remark 7.25 the map DF ® DF : C([—7,0]) X
C([-7,0]) — x°([-7,0]?) is a continuous application. Applying Theorem 7.21 and (7.19) of Proposition
7.31 we obtain

—_~—

A = / (DF(X.()) ® DF(X,()), d[X.()],) =
- / 03X, ())dX], = / 3 (Xu())dIM], |

The term As is the quadratic variation of an Itd’s integral because the stochastic process ag (Xs()) is
(Fs)-adapted, so that

_ 'Oéz )
Ay = / 2(X.())d[M], .

It remains to prove that As = [ af(X,(-))d[M];. We define G : C([—7,0]) — R by G(n) = n(0). We
observe that M = G(M(-)) where M (-) denotes as usual the window process associated to M. G is Fréchet
differentiable and DG(n) = dg, therefore DG is continuous from C([—7,0]) to Do([—T,0]) ® L?([—,0]).
Moreover by Example 7.20 we know that DF ® DG : C([—,0]) x C([—7,0]) — x°([-7,0]?) is a continuous
application. Remark 7.15 point 2. says that the x°([—7, 0]?)-covariation between X (-) and M(-) exists and
it is given by

[X (), M()](1) = n({0,0})[X, M] . (7.20)



114 CHAPTER 7. STABILITY OF x-QUADRATIC VARIATION AND OF x-COVARIATION

By Remark 2.9 3) and the usual properties of stochastic calculus we have [X, M] = [M, M] + [A, M] =
(M, Jo o (Xs(1)dM,] = Jo o (Xs(-))d[M],. Finally applying again Theorem 7.21, equation (7.19) in
Proposition 7.31 and result (7.20) we obtain

A3 = [F(X(:), G(M())] =

- / (DF(X.()) ® DG(VLL(")), dIX (), M()],) =

= [anxnax.an, = [ adex i,
The result is now established. O

Theorem 7.33 admits a small generalization.

Theorem 7.34. Let X be a real continuous (F;)-Dirichlet process with decomposition X = M + A, M
being the local martingale and A a zero quadratic variation process with Ag = 0. Let F : C([-7,0]) — R
be a Fréchet differentiable function such that DF : C([—7,0]) — D, ([—7,0]) ® L?([—7,0]) is continuous.
We have the following.

1. F(X(+)) is a finite quadratic variation process and

t

2

FXON= 3 [ DR EO)] M, (7.21)

i=0,...,N 70

2. F(X(+)) is an (F;)-weak Dirichlet process with decomposition F(X(-)) = M + A, where M is the
local martingale defined by

M.

F(Xo()) + | DRF(X.())M,
0
and A is the (F;)-martingale orthogonal process, see Definition 2.19.

3. Process A is a finite quadratic variation process and

A= [ [0 O A (12)
N/O0

i=1,...,
4. In particular {F(X;(+));t € [0, —a1]} is a Dirichlet process with local martingale component M.

Proof. In this proof a;(n) will denote D% F(n) = DF(n)({a;}).

1. By Example 7.20 we know that DF ® DF : C([-7,0]) x C([-7,0]) — x2([-7,0]?) and it is a
continuous map. Applying Theorem 7.21, equation (7.19) in Proposition 7.31 and Example 5.15 point
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2. To show that F(X(-)) is an (F;)-weak Dirichlet process we need to show that [F(X(-))— [, o (Xs(+))dM,, N]
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4) we obtain

—_~—

[F(X()) = / (DF(X.()) ® DF(X,()), dX.()]) =

=Y e ()X X ) =

i,j=0...,N

Il
o\“
L
=
=
=
+
8
.

and (7.21) is proved.

is zero for every (Fi)-continuous local martingale N. Again we set G : C([—7,0]) — R by
G(n) = n(0). It holds N; = G(N¢(-)). We remark that function G is Fréchet differentiable
with DG : C([-7,0]) — Do([-7,0]) continuous and DG(n) = ;. Example 7.20 says that
DF ® DG : C([-7,0]) x C([-7,0]) — x2([-7,0]?) and it is a continuous map. Theorem 7.13
implies that X(-) and N(-) admit a x?([—7, 0]?)-covariation which equals

[(X(), NO) () = p({0,01)[M, NT . (7.23)

By Theorem 7.21 and (7.23) we have

—_~—

[F(X (), N, = [F(X()), GIN())], :/o (DF(Xs(-)) ® DG(Ns (), d[X (), N()],) =

t
= [ o, (7.24)
0
On the other hand a(X,(+)) is (Fs)-adapted and [, an(X(-))dM, is an It6’s integral; so by Remark
2.9 3. and usual properties of stochastic calculus, it yields

U aO(XS(-))dMS,N]t _ /Ot a0 (Xo())d[M, N,

0

and the result follows.

. By bilinearity of the real covariation we have [A] = [F(X(-))] + [M] —2[F(X(-)), M]. The first bracket

is equal to (7.21) and the second term gives

/0' Olo(Xs(-))dMs} = /Ot a2(X,()d[M]s .

Setting N; = [ ao(X,(-))dMs, (7.24) gives

FOX(), / 'ao(Xs<->)dMs] - /0 a2, ()M,
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and (7.22) follows.
4. It is an easy consequence of (7.22) since (Ay)iejo,—q,[ 18 @ zero quadratic variation process.

O

Remark 7.35. 1. Theorem 7.34 gives a class of examples of (F;)-weak Dirichlet processes with finite

quadratic variation which are not necessarily (F;)-Dirichlet processes.

2. An example of F' : C([—7,0]) — R Fréchet differentiable such that DF : C([—7,0]) — D, (|-, 0])®
L?([—7,0]) continuously is, for instance, F'(n) = Z?LO fi(n(a;)), with f; € C*(R). We have DF () =
oo £ (0(a2))ba,

3. Let a € [-7,0] and W be a classical (F;)-Brownian motion, process X defined as X; := Wiy, is an
(Fi)-weak Dirichlet process that is not (F;)-Dirichlet.
This follows from Theorem 7.34, point 2. and 3. taking F'(n) = n(a). In particular point 3. implies
that the quadratic variation of the martingale orthogonal process is [A]; = (t + a)T. This result was

also proved directly in Proposition 4.11 in [11].
We now go on with a stability result concerning weak Dirichlet processes.

Theorem 7.36. Let D be an (F;)-weak Dirichlet process with finite quadratic variation where M is the local
martingale part. Let F : [0,T] x C([—7,0]) — R continuous. We suppose moreover that (¢,n) — DF(t,n)
exists with values in Do([—7,0]) ® L?([-7,0]) and DF : [0,T] x C([-7,0]) — Do([—7,0]) & L*([-7,0]) is
continuous.

Then F(-,D.(+)) is an (F;)-weak Dirichlet process with martingale part
¢
M} = F(0,Dy(-)) +/ D% F(s, Dy(-))dMj . (7.25)
0

Proof. 1In this proof we will denote real processes MY simply by M. We need to show that for any

(Ft)-continuous local martingale N
[F(-,D(-)) — M, N.L =0 a.s. (7.26)
Since the covariation of semimartingales coincides with the classical covariation, see Remark 2.9.3, it follows
- t
[M,N], = / D% F(s, Dy(-))d[M, N], . (7.27)
0
It remains to check that, for every ¢ € [0, T,

[F(-,D(-)), N, :/0 D% F(s, Ds(-))d[M, N, .
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For this point we have to evaluate the ucp limit of

Nere _Ns

——ds (7.28)

¢
| (Fs+eDui) = Pl D)
if it exists. (7.28) can be written as the sum of the two terms

Nere — Ns
€

Ii(tye) = /Ot (F(s +6,Dsie(r)) — F(s+ e,DS(~))) ds,

Ns+e *Ne

I(t,¢) = /Ot (F(s+e,Ds(~)) —F(s,Ds(~))) S ds .

€

First we prove that I (t,€) converges to f(f D% F(s, Dy(-))d[M, N],.

If G : C([-7,0]) — R is again the function G(n) = n(0), then G is of class C! and DG(n) = & for all
n € C([-7,0]) so that DG : C(|—7,0]) — Dy([—7,0]) is continuous. In particular it holds the equality
n(0) = G(n(-)) = (0, n). We express

Nyie — N
€

Ii(t,e) = /0 (DF(s + € Ds(-), (Dse(-) = Ds(+))) =ds + Ri(t,¢)

<6O7 Ns+e(')NS(')>

= /0 <DF(S+6aDS(')>7(Ds+e(') _DS())> dS+Rl(t7€)’ (729)

and

Rl(t,e):/ [/ (DF(s + €, (1 - )Dy() + aDy(-)) — DF (s + ¢, Da()), (Dape() — Da()))der| x
0 0

« <607 Ns+6(') - NS()>

= /Ot /Ol(DF(s + € (1 — a)Ds(-) + aDy(+)) ® 6o — DF (s + €, Ds(+)) ® bo,

(Ds+6(') - Ds()) ® (Ns-‘re(') - Ns())

ds =

Ydads .

We will show that R (-, &) converges ucp to zero. Since L*([—,0]) ® Do([—7,0]) is a Hilbert space, making
the proper Riesz identification for ¢ € [0, T, n1,m2 € C([—7,0]) the map DF(t,1m1) ® DG(n2) coincides with
the tensor product DF(t,171)®do, see Proposition 7.19. As in Example 7.20 map DF ®d : [0, T] x C([—T,0])
takes values in x°([—7,0]%) and it is a continuous map.

We denote by U = U(w) the closed convex hull of the compact subset V of C([—7,0]) defined, for every w,
by

V=V(w):={D(w); t €[0,T]} .

According to Theorem 5.35 from [2], U(w) = conv(V)(w) is compact, so the function DF(-,-) ® Jp on

[0,7] x U is uniformly continuous and we denote by w[DO’g(]_’X,Z)J@ 5o the continuity modulus of the application
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DF(-,)®J restricted to [0, T] xU. wg,lz“(]'x'z)/{mo

to zero when the argument converges to zero. So we have

(Dste(-) = D)) @ (Noye(-) = No())

€

is, as usual, a positive, increasing function on R converging

ds. (7.30)
XO([~7,012)

T
[0, T xU
sup |Ri(t, e g/ w1 ¢
tE[O,T]| (&)l 0 DF(,)®60()

We recall by Remark 7.15, point 3. that D(-) and N(-) admit a x?([—7, 0]?)-covariation. In particular using
ucp

condition H1 and (7.30) claim Ry (t,€) — 0 follows.
On the other hand, the first addend in (7.29) can be rewritten as

(Ds+s(') - D:,()) ® (Ns+€(') - Ns())

/t<DF(s, Dy(+)) @ do, Yds + Ra(t, €) (7.31)
0

where Ra(t,€) % 0 arguing similarly as for Ry (¢, €).

In view of application of Proposition 7.7 we observe that, since DF ® & : [0,T] x C([-7,0]) —
Doo([—7,0]%) & Do([—T,0])&;, L2([—7,0]) is continuous, then the process Hy = DF (s, Dy(+)) @ &y takes
obviously values in the separable closed subspace V of x?([—7,0]?) defined by V := Dgo([-T,0]?) @
Dy([—,0])&nL*([—T,0]). Using bilinearity and the Proposition mentioned above the integral in (7.31)

converges then ucp to

—~—

¢
| (DF(s.D.0) @ 80, aDENOL) (7.32)
By (7.19) in Proposition 7.31 in the case a; = a; = 0, (7.32) equals

/t D% F(s, Dy(-))d[D, N], = /t D% F(s,Dy(-))d[M, N], . (7.33)

It remains to show that I5(-,¢) LZ:; 0.
€—

By stochastic Fubini’s theorem we obtain

Ig(t,e):/o &(e,r)dN,

where
1 ‘s
fer) =1 [ Fls+aDi() - FlsD.())ds.
€ Jov(r—e)
Proposition 2.26, chapter 3 of [41] says that I5(-,¢€) LI;> 0 if
T
/ €2 (e, r)d[N], —0 (7.34)
0 e

in probability. We fix w € 2 and we even show that the convergence in (7.34) holds pointwise (so a.s.). We

denote by wL?’T]X“ the continuity modulus of the application F restricted to the compact set [0,7] x U.
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For every r € [0,T] we have

€(e,r)| < sup [F(r+¢,D,()) = F(r, D, ()| < w7 (e)
rel0,T]

which converges to zero for € going to zero since function F' on [0,7] x U is uniformly continuous on the
0, T|xU . oL . . . .
compact set and w% ] is, as usual, a positive, increasing function on R* converging to zero when the

argument converges to zero. By Lebesgue’s dominated convergence theorem we finally obtain (7.34). O
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Chapter 8

Ito’s formula

We are now able to state an It6’s formula for stochastic processes with values in a general Banach space.

Theorem 8.1. Let B be a separable Banach space, x be a Chi-subspace of (B&,B)* and X a B-valued
continuous process admitting a y-quadratic variation. Let F : [0,T] x B — R of class C*? Fréchet. such
that

D?F :[0,T] x B— x C (B&,B)* continuously with respect to x (8.1)

Then for every t € [0, 7] the forward integral

t
/ o (DF(s,X,),d"X,)5
0
exists and following formula holds

t t t
F(t,Xt):F(O,XOH—/ 8tF(s,Xs)ds+/ B*<DF(5,XS),d*X3>B+%/ (D?F(s,X,),d[X])- as.
0 0 0

(8.2)

Proof. We fix t € [0,T] and we observe that the quantity

tEp X — F(s, X,
To(e, t) = / (s 46 Xote) (s, é))ois
0

€

(8.3)

converges ucp for e — 0 to F(t, X;) — F(0, Xo) since (F(s, X‘S))S>O is continuous. At the same time, using

Taylor’s expansion, (8.3) can be written as the sum of the two terms:

t —
Li(e,t) :/ Flot e Xove = P8, Xove) 4, (8.4)
0

€

121
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and
P (s, Xere) — F(s, X5
IQ(E,t):/ (8 Xove) = s, Xs) (8.5)
0 €
First we prove that
t
Il(e,t)ﬁ/ O F (s, Xs)ds (8.6)
0
in probability. In fact
t
Il(e,t):/ OtF (8, Xstc)ds + Ry(e,t) (8.7)
0
where

t el
Rl(e, t) = / / atF(S + OLE,XSJ,_E) - (9tF(s,XS+E)dad5 .
0 Jo
For = € Q, we have
sup |Ri(e, t)| < ngl’;]xu(e)
t€(0,T)

where wgi’;]xu(e) is the continuity modulus in e of the application §;F : [0,7] x B — R restricted to

[0,7] x U and U = U(w) is the (random) compact set defined in (7.14). From the continuity of the 0;F as
function from [0, T] x B to R follows that the restriction on [0,7] x U is uniformly continuous and wgi,g]xu
is a positive, increasing function on R* converging to 0 when the argument converges to zero. Therefore
we have proved that Ry(e,-) — 0 ucp as € — 0.

On the other hand the first term in (8.7) can be rewritten as

t
/ OLF (s, Xs)ds + Ra(e,t)
0

where Ry (e, t) — 0 ucp arguing similarly as for Ry (e, t) and so convergence (8.6) is established.
The second addend I (e, t) in (8.5), can also be approximated by Taylor’s expansion and it can be written

as the sum of the following three terms:

Xs € _Xs
Dste s >Bd8,
€

(Xs—i-s - Xs)®2

t
Di(e,t) = / - (DF(s, X.),
0
1t )
IQQ(G,t) = 5[) X<D F(S,XS),

(Xs+e - Xs)®2
€

tr ol
Ins(e, t) = / [/ aX<D2F (5, (1 — @) Xye +aX,) — D*F(s, Xy), )y dac| ds .
o LJo

Since D?F : [0,T] x B — x is continuous and B separable, we observe that the process H defined by
H, = D?*F(s, X,) takes values in a separable closed subspace V of x. Applying Corollary 4.33, it yields
1 —
122(€7t) L 5 X<D2F(3aXs)7d[X]s>X*

64)020
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for every t € [0,T].

We analyse now Ia3(e,t) and we show that Io3(e, t) L{f 0. In fact we have

1 t 1
[I23(e, )] < 2/0 /0 o ‘X<D2F (5,(1 — ) Xgie +aXy) — D*F(s, Xy), (Xope — Xo)®%) | dads <

t 1
< 1/ / a|[D?F (s, (1 = ) Xope + aX,) = D?F(s, X,)|| | [[(Xore — X,)@?]

t
< w[DO;?]XM(e)/ sup
0 [lollx<1

L dads <
b%

(Xs+e - Xs)®2
€

(¢, )| ds,

where w[DO;I;lxu(e) is the continuity modulus of the application D?F : [0,T] x B — x restricted to [0, 7] xU

where U is the same random compact set introduced in (7.14). So again D*F on [0,T] x U is uniformly
continuous and w[DO’g;XU is a positive, increasing function on RT converging to 0 when the argument
converges to zero. Taking into account condition H1 in the definition of y-quadratic variation, Ioz(€, ) — 0
in probability when e goes to zero.

Since Io(e,t), I1(e,t), Ioa(e,t) and Io3(e, t) converge in probability for every fixed ¢ € [0,T], it follows

t
Igl(e,t) — / B*<DF(S,XS),d_XS>B
0

in probability. This insures by definition that the forward integral exists.

This also in particular implies the so-called 1t6’s formula (8.2). O

As corollary of Theorem 8.1 we have the so-called time-homogeneous Itd’s formula, i.e. without the

dependence on the time variable ¢.

Corollary 8.2. Let B be a separable Banach space, y be a Chi-subspace of (B&,B)* and X a B-valued
continuous process admitting a y-quadratic variation. Let G : B — R a function of class C? Fréchet such
that

D?G : B — x C (B&®,B)* continuously with respect to x (8.8)

Then for every t € [0, 7] the forward integral

/Ot 5 (DG(X,),d"X,)5

exists and following formula a.s. holds:

G(Xt):G(XO)—i—/O B*<DG(XS)7d_XS>B+é/O AD?G(X,), d[X],) (8.9)

We make now some operational remarks. The Chi-subspace x of (B&,B)* constitutes a degree of
freedom in the statement of Itd’s formula. In order to find the suitable expansion for F(t, X;) we may

proceed as follows.
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e Let F:[0,7] x B— R of class C*1([0,T] x B) we compute the second order derivative D?F if it

exists.

e We look for the existence of a Chi-subspace x of (B&,B)* for which the range of D?*F : [0,T] x B —
(B®,B)* is included in y and it is continuous with respect to the topology of x.

e We verify that X admits a x-quadratic variation.

We observe that whenever X admits a global quadratic variation, i.e. x = (B®,B)*, previous points
reduce to check that ' € C12([0,T] x B). When X is a semimartingale we rediscover the classical 1t6’s

formula for Banach valued processes, see [46].

We illustrate now an application of Corollary 8.2 for window processes X (-), where X is a real continuous
finite quadratic variation process. X (-) can be reasonably observed under the two following perspectives:
a) X(-) is C([—7,0])-valued and x has to be a Chi-subspace of (C([—,0])®,C([-7,0]))*. Related
examples of such x are listed in Example 4.7.
b) X(-) is L?(|~,0])-valued and yx has to be a Chi-subspace of (L?([—T,0])®,L?([~7,0]))*. Related
examples of such x are listed in Examples 4.12.

We illustrate this in a elementary situation.
Let G : L*([-7,0]) — R be defined by

0
G = [ oP(s)ds = Il (5.10)
G is a continuous function as well as its restriction F' to C([—7,0]).
We have
D2G : L*([-7,0]) — Diags([—7,0]?) . (8.11)

In fact it is constant and equal to twice the inner product in L?([—7,0]), i.e. for every n € L?([—,0)),
D?G(n) is the bilinear map such that

(f:9) = 2(F, 9) > (1=r.0))-
Also the restriction F' is C? Fréchet because

D*F : C([-7,0]) — Diag([—T,0]?) (8.12)
is the constant Radon measure on [—7,0]2, defined for every n € C([—7,0]) by

D*F(n) — p(dz,dy) = 21 0)(x)d,(dz)dy . (8.13)

Being constant, previous maps are both continuous with respect to the corresponding x-topology. The

proposition below gives in particular a representation of a forward type integral.
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Proposition 8.3. Let 0 < 7 < T and X be a continuous real process such that [X], = ¢t. We set
B = C([—7,0]). Then for the B-valued window process X (-) it holds

tAT

2 / e (X0 Xa () = 1O ) — / (t —y)dy (8.14)

Proof. We apply Itd’s formula stated in Corollary 8.2 to F/(X;(-)). In this case, for n, h, h; and hy in
C([-,0]), we have

0

DF(n)(h) =2 / n(s)h(s)ds

0
D*F(n)(hy, he) = 2/ hi(s)ha(s)ds = 2(h1, ha) r2((—n,0))

-7

where D?F was given in (8.13). In term of measures, it gives
deF(ﬁ) = 2]1[—7',0] (@U(@dfﬂ
Dgw dyF(n) = 2]1[77,0] (x)dy (dl‘)dy (815)

We set x = Diag([—,0]?). Using Proposition 5.18 and the fact that [X]; = ¢, the X (-) admits a y-quadratic

variation which equals

X)) = / "yt - a)de,

where p is a diagonal measure p(de, dy) = g(x)d,(dx)dy, g € L*°([—7,0]). In this case the second order
derivative is given by the constant measure (8.13), then g = 2. For every t € [0,T], Corollary 8.2 implies
the existence of the forward integral

Xsﬁ(.)fxs(.)mdS P Q/tB*<Xs(_)’dXS(.)>B_ (8.16)

€ =0 0

| s 0rceo.

Moreover the second order derivative term in Itd’s formula becomes a trivial case of Lebesgue-Stieltjes

integral:

3 | D FOLAXOLNe = 530 KO = 5 0 X0l = 3IXOU) = [ = sy
This concludes the proof. O
Remark 8.4.

1. Let now H = L?([—7,0]). Expressing G(X;(-)) where X (-) is seen as a H-valued process and G is
defined as in (8.10). By Corollary 8.2 we obtain

tAT

2/0 e (X (), d™ X = 11X )12 -0 —/0 (t —z)dx . (8.17)

In fact X(-) admits a Diagg([—, 0]?)-quadratic variation given by (5.32), see Proposition 5.30.
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2. Remark 3.5 implies that

t t
|5 K0 X005 = [ (0.4 X
so that point 1) provides another proof of Proposition 8.3.

Remark 8.5. In the case X is a classical Brownian motion W, formula (8.17) was established in Example
8.7 of [73]. Their techniques use Skorohod anticipating calculus and they only could be applied because X
is Gaussian. In fact even when X = W, the forward integral fg - (Ws(+),d”Ws(-)) g involves anticipating

calculations. We observe that our considerations do not make any assumption on the law of X.



Chapter 9

A generalized Clark-Ocone formula

9.1 Preliminaries

We start with a technical definition.

Definition 9.1. Let f: R — R. f will be called a subexponential if there exist M > 0 and v > 0 such
that |f(y)| < ¥l for |y| > M.

Next proposition gives necessary and sufficient condition such that, given a Gaussian random variable
and a subexponential function f, f({) belong to LP(Q2), p > 1.

Proposition 9.2. Let ¢ be a Gaussian non-degenerate random variable. Let f : R — R be a subexponential

function.
Then f(¢) € LP(Q) if and only if f € LP (R), p > 1.

loc

Proof. This is a consequence of the fact that the Gaussian density is equivalent to Lebesgue measure on

compact intervals. O

In this section we will consider 7 = T. Let X = (Xt)te[(],T] be a real continuous stochastic process
such that Xy = 0 which is, as usual, prolongated by continuity outside [0, 7] and such that [X]; = t. Let

H : C([-T,0]) — R be a Borel functional; in this section we aim at representing the random variable
h=HXr(")) . (9.1

The main task will consist in looking for classes of functionals H for which there is Hy € R and a process &

adapted with respect to the canonical filtration of X such that A admits the representation
T
h = Hy +/ Esd X . (9.2)
0
Moreover we look for an explicit expression for Hy and &.

127
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Remark 9.3. If X is a classical Brownian motion W equipped with its canonical filtration (F;), and h €
L?(€2), the martingale representation theorem states the existence of a predictable process & € L?(Q x [0, T))
such that h = E[h] + [; &,dW,.

If h € DY2 in the sense of Malliavin, the celebrated Clark-Ocone formula implies that £, = E [D™h|F,], so
that

T
h=E[h] + / E[D™h|F,] dW, (9.3)
0

where D™ is the Malliavin gradient.
We remind that [68] obtains a generalization of (9.3) when h € L?(£2) making use of predictable projections

of a Wiener distributions in the sense of [72].

Example 9.4. We list some examples of processes X such that [X]; = ¢ t, ¢ being a constant. As we will

see there are several classes of such processes, Gaussian or non-Gaussian.
1. The most celebrated example is of course the classical Brownian motion X = W.

2. The first non-Brownian example can be obtained adding a zero quadratic variation process A,
X =W+ A If Ais (F)-adapted where (F;) is the canonical filtration of W then X is an
(F)-Dirichlet process.

3. We can consider a bifractional Brownian motion X = BH:X of parameters H €0, 1[, K €]0, 1] where
HK = 1/2. In this case ¢ = 2'7% and X is not a Dirichlet process with respect to its canonical
filtration, see [56].

4. For fixed fixed k > 1, [28] construct a weak k-order Brownian motion X, which in general is not even
Gaussian. We recall that X is a weak k-order Brownian motion if for every 0 <t¢; < -+ <t <
+oo, (Xt,,- -+, Xy, ) is distributed as (We,,--- , Wy, ). If k > 4 then [X]; = t.

In this paper we do not aim to achieve a full generality but to introduce a methodology which allows
to represent a random variable h depending on the whole path of X. Following the same idea it would
be possible to consider finite quadratic variation processes of the type [X]; = fg 0?%(s, Xs)ds, where

o :RT xR — R is some suitable Borel function.

As we said, in this section we are interested in the case where X is a general process with [X]; = ¢. For
this we obtain representations for h when H smoothly depends on the path of X, see Theorem 9.41 and

Corollary 9.45, or it is not smooth but it depends on some finite number of Wiener integrals of the type
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fOTg(s)d’Xs where g is of class C2([0, T]; R), see Propositions 9.53 and 9.55.

We are also interested in new representation results even when X is a Brownian motion W if Clark-Ocone
formula does not apply.

We start recalling a simple peculiar example, a sort of toy model, which, in spite of its simplicity,
provides examples of representation of non-square integrable (and sometimes even not integrable) random

variables as we will explain in Remark 9.7, point 1.

Proposition 9.5. Let f : R — R be continuous with polynomial growth and v € C12([0, T[xR) N
C°([0,T] x R) which verifies

{ Ov(t,x) + 302, 0(t,z) =0 (9.4)
o(T, z) = f(x)
Then h := f(Xr) can be represented according to (9.2), i.e.
T
h = Hy +/ &sd™ X choosing Hy = v(0, X)) and & = 0v(t, Xt). (9.5)
0
Proof. See [64, 3, 11]. O
Remark 9.6. 1. We observe that a solution of (9.4) always exists and it is given by
{ U(t,l’) = f]R QT*t(x - y)f(y)dy te [OvT[ ) (9 6)
o(T,x) = f(x)

where ¢, t €]0, 77, is the density of the Gaussian law N (0, ).

2. We recall that in that case

T
/ e X,
0

denotes the improper forward integral, lim; .1 fot &sd™ X, ie. is the limit in probability for ¢ — T of

the forward integral whenever it exists, see Definition 2.3.

This toy model will be rewritten in an infinite dimensional framework in Section 9.3 setting H :
C([-T.,0]) — R, by H(n) = f(n(0))-
Remark 9.7.

1. Representation (9.5) holds even if A does not belong to L!(2). For instance it is enough to consider
in fact f(x) =« and X; = W, + ¢t G, where G is a non-negative r.v. such that E[G] = 4oc.



130 CHAPTER 9. A GENERALIZED CLARK-OCONE FORMULA

2. We observe however that if X is the Brownian motion W, then h = f(Wr), with f continuous with
polynomial growth always belongs to LP (), with p > 1, see Proposition 9.2. In Proposition 9.10, we
show that the methodology developed to obtain (9.5) can be adapted to represent h = f(Wr) with
h € LY(Q) but f not necessarily continuous. In this case v ¢ C°([0,7] x R).

3. A similar phenomenon appears when h = f(G) where G is a random variable which smoothly
depends on the Brownian path as for instance G = fOT Weds, h € L*(2). h admits in such a case a

representation even if f is not continuous, this case being treated in details in Theorem 9.20.

After those preliminaries we emphasize that our idea is to obtain the representation formula by expressing
h as

fim u(t, Xq(-)) (9.7)

where u € C12 ([0, T[xC([0,T])) solves an infinite dimensional partial differential equation.

1) When X is not a Brownian motion and H is continuous then u also belongs to C° ([0, 7] x C([0,T]))

and we will be able to show that (9.7) exists by continuity. In this case, only pathwise considerations
intervene and there is no need to suppose that the law of X is Wiener measure.
In particular in several different situations, we show the existence of u : [0, T] x C([-T,0]) — R of class
C12 ([0, T[xC([-T,0]); R) N C° ([0, T] x C([-T,0]); R) such that (9.2) holds with Hy = u(0, Xo(-)) and
& = D%u(t, X;(-)), where D%wu(t,-) = Du(t,-)({0}). For the whole chapter we will explain the validity of
a metatheorem which postulates that u can be chosen as a solution of an infinite dimensional PDE problem
of the type

«

Opu(t,n) + /

0
" ]_

D*u(t,n) dn + §<D2U(t,n) ,Ip)y=0

t

u(T,n) = H(n)

1 ifex=y, z,ye[-T,0]

where 1p(z,y) := { and Du (t,n) is the absolute continuous part of the

measure Du (t,n). The integral “ fi)t D% (t,n) dn” has to be suitably defined and term (D?u (t,n) , 1p)

0 otherwise
indicates the evaluation of the second order derivative on the diagonal of the square [T, 0]?.
The program of the chapter consists in illustrating first four particular cases in Sections 9.3, 9.4, 9.5,

9.6 where we will develop explicitly some calculus with Ité formula (8.2) for path dependent functionals of

the process. Then we will observe that, in those cases, it is possible to find a function v which solves an
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infinite dimensional PDE and which gives at the same time the representation result. At that point in
Section 9.7 we state a central result. Corollary 9.28 says essentially that if we have a function u solving an
infinite dimensional PDE of type (9.8) then h = u(0, Xo) + fOT D%u(t, X;(-))d~ X;. Sections 9.8 and 9.9 are
devoted to give sufficient condition on H to solve the PDE in more general situations. The path dependent
functionals of the process is actually motivated by hedging of path dependent options. Whenever it is

possible, we will retrieve the terms appearing in the Clark-Ocone’s formula.

2) If X is a Brownian motion W, the limit (9.7) may exist in some cases even if H is not continuous by
making use of probabilistic technology, as for instance Lemma 9.8. In that case we remark that naturally
appear improper forward integrals. This technicality will appear in Proposition 9.10 and in the case treated

in Section 9.6. In that context we need a preliminary result.

Lemma 9.8. Let (F;) be a Brownian filtration. For any real cadlag (F;)-martingale (M;)¢c[o,7] it holds
MT— = limtTT Mt = MT a.s.

Remark 9.9. 1. We recall that any martingale admits a a cadlag version, even if (F;) is any filtration

fulfilling the usual conditions.

2. If M is square integrable, it has a continuous version because of martingale representation theorem.

Proof of Lemma 9.8. We set h = My, so it holds M; = E[h|F;]. We can easily reduce the problem to the
case h > 0, decomposing h = h* — h™ and operating by linearity. Let N > 0 be a fixed number. We set
hN =hAN.

Since the martingale E[h|F;] admits a cadlag version, it exists a random variable denoted by Mp- such
that

E[h|F:] — Mp-  as. (9.9)

We want to compare h = M7 and Mp- and to show that they are equal a.s. We can rewrite that difference

as the sum

h— Mp- = I + In(t) + I3(t) + L(t)
where
I =h—hY
L(t) = kY —E [hV|F]
I3(t) = E [h"|F] - E[h|F]
)
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We observe that lim; 7 |I4(¢)| = 0 a.s. because of (9.9). Since A is bounded, h’¥ € L?(Q) so limy .7 I>(t) =

0, because E [hN |.7-"t] admits a continuous version by martingale representation theorem. Therefore
b= M- | = < 1] + lim [Io(6)] +lim inf_ |T5(0)] + lim [74(1)] <
< [h =N +lim inf E [0 — h|F] (9.10)
Taking the expectation of the left and right-hand side of (9.10) and using Fatou’s lemma we obtain
E[lh— Mpr-|] <E[|hY = hl]

By Lebesgue dominated convergence theorem, letting N — +oo we obtain that previous expectation

vanishes. 0

9.2 A first Brownian example

Proposition 9.10. Let W be a Brownian motion equipped with its natural filtration (F;) and f: R — R
be a subexponential function such that f(Wr) € L'(Q) (or equivalently f € L}, (R)). Let v: [0,T] xR — R
defined by

{vwmz&mw@—wﬂwwtemfu
o(T,z) = f(x)

where ¢, t € [0, 77, is the density of Gaussian law N(0,t). Then
T
b= F(Wr) = 0(0, We) + / D,(s, W,)d~ W, 9.11)
0
where the last integral is an improper forward integral.

Proof. We consider the (F;)-martingale M; = E[f(Wr)|F:] and we apply Lemma 9.8. Using properly
Lebesgue dominated convergence theorem and the assumptions on f it is possible to show that v €
C12([0, T[xR). We apply Ito’s formula to v(t, W;) for t < T and we have

v(t, W) = u(0, Wp) + /Ot 0,0 (s, Ws)dWs . (9.12)

If f is not continuous then v ¢ C°([0,T] x R). On the left-hand side of (9.12), taking the limit a.s. (and so
in probability) and recalling that by construction v(t, Ws) = E[f(Wr)|F:], we obtain

lim ot, W;) = i B (f(Wr)|F] = M- = f(Wr)  as.

by Lemma 9.8. This forces the convergence for ¢ — T of the right-hand side of (9.12) obtaining v(0, Wp) +
fOT 0,v(s, Ws)d~ W which is the right-hand side of (9.11). The result is now established. O
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9.3 The toy model revisited

The toy model seen in Proposition 9.5 is reinterpreted in an infinite dimensional framework. Using the
same notation we set H(n) = f(n(0)), so that h = H(Xr(:)) = f(X71). We give a first result about the

solution of an infinite dimensional PDE, which constitutes a first adaptation of (9.8).

Proposition 9.11. Let f : R — R be continuous with polynomial growth and v € C12([0, T[xR) N
C°([0,T] x R) which verifies (9.4). We define H : C([-T,0]) — R, by H(n) = f(n(0)).

Then function v : [0, T]xC([-T,0]) — R defined by u(t,n) := v(t,n(0)) belongs to C12 ([0, T[x C([-T,0]); R)N
C° ([0, T) x C([-T,0]); R) and solves

1
duult, ) + 5(D?u(t,n) , 1p) =0

u(T,n) = H(n)

(9.13)

where (D?u (t,n) , 1p) is the measure D?u(t,n) evaluated on the diagonal D of of the square [T, 0]%.

Remark 9.12. The system (9.13) is a “particular case” of (9.8); in this case, as we will show in the proof,

D u(t,n) = 0; so fi)t D*uy (t,m) dn has an obvious interpretation.
Proof. Tt holds w(T,n) = v(T,n(0)) = f(n(0)) = H(n) by (9.4). Moreover we have

Apu (t,m) = dyv (t,1(0))
deu (ta 77) = afv (ta 77(0)) 50(dl‘)
Dgw dyu (tv 77) = 82;51} (ta 77(0))60, o(dl‘, dy)

In particular we observe that D3%u (t,n) = 0. Using again (9.4), we obtain dyu (t,n) + 3 D?u (t,1)({0,0}) =
A (t,m(0)) + 302 v (t,n(0)) = 0. Consequently u solves the infinite dimensional PDE

Du (1) + 5.D%u (6,1)({0,0}) = 0

(9.14)
u(T,n) = H(n)
and (9.13) is fulfilled. O
As a corollary we rediscover the representation result (9.5) already stated in Proposition 9.5.
Corollary 9.13. Let X be a real continuous stochastic process such that Xg = 0 and [X] t. There

t =
exists a continuous function u : [0, T[xC([~T,0] — R which belongs to class C12([0, T[xC([-T,0]) such
that

e u solves (9.13) and
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o h:= H(Xr(-)) admits a (9.2) representation, i.e. h = Hy + fOT &sd™ X, with Hyp = u(0, Xo(+)) and
& = DPou(t, Xy(-)).

Proof. The result follows Propositions 9.5 and 9.11. In fact, using the notations of those propositions, we
have u(0, Xo(-)) = v(0, Xo) and D%u(t, X;(+)) = O,v(t, Xy). O

Remark 9.14. We could have shown the same result by applying our Banach valued It6 formula (8.2) to
function u(t, X¢(+)). In fact D?u(t,n) € Do, and the window process X (-) associated to a finite quadratic

variation process X admits a Dy o—quadratic variation given by (5.12).

9.4 A motivating path dependent example

We consider now the functional H : C([-T,0]) — R defined by

) = / ;n<s>ds)2. (9.15)

The random variable h = H(Wr(+)) is Fr-measurable and it belongs to D2, We compute first the
Malliavin’s derivative of h denoted by D™h; it gives

T 2 T
D/"h = D" (/ Wsds> = (T — t)/ Weds .
0 0

Consequently, using usual properties of conditional expectation, we have

E [D}"h|F] = E

T t
2(T—t)/ Wsds|ft1 :2(T—t)/ Weds + 2(T — t)2W, .
0 0

Computing the expectation of h we obtain

E[h] = E (/TWsds> :T;.

Finally Clark-Ocone formula stated in Proposition 2.33 gives

h = HOWr() = E[A] +2/OT(T—t) </Ot Wsds> th+2/OT(T—t)2Wtth. (9.16)

We look now a function w : [0,7] x C([—T,0]) — R for which we can express V; = E [H(Wr(-))|F:] as

u(t, Wi(-)). Again by usual properties of conditional expectation, we obtain

2

Vi =E[h|F) = (/_i Wt(s)ds+Wt(0)(T—t)> + (Tr-1°

3
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Setting u as

2

e =( [ 0 sl + 0T ~1)) +

-T

(T - 1)?

,t €10,T),n e C([0,T)), (9.17)

we have the required property V; = u(¢, Wy()) for any ¢t € [0,T]. In particular h = H(Wr(-)) = Vp =
w(T, Wr(-)) and trivially u(0, Wo(-)) = T3/3 = E[h]. We stress that we could have chosen other u with
the same property, for example setting the inferior extreme of the integral in (9.17) equal to ¢; that choice
will be treated in Example 9.31.

Let now X be a real continuous stochastic process such that Xy = 0 and [X]; = ¢. In order to to apply It6
formula (8.2) for the function u(t, X;(+)) we observe that u € C12([0,T] x C([-T,0])) and we evaluate the

corresponding derivatives obtaining

0
drult,n) = —20(0) ( | s+ o - t)) (@1

Dyggu(t,n) = Diu(t,n)dz + D*u(t,n)d(dz)

where
0
Du(t,n) =2 ( [ s+ orcr - t)) 1 7o)

Dot =2 [ OT e + (0T = 1)) (T 1)
and
D3, ayult,n) = 21 _7,02(z, y)da dy+
+ 2T — 1)1 (@)da S (dy)+
2T — 1) (d) Lm0y (5)dy+
+2(T — t)20¢(dx) do(dy) . (9.18)

We observe that for any (¢,7) in [0, T]x C([—T, 0]) the first Fréchet derivative Du(¢,n) is the sum of a measure
absolute continuous with respect to Lebegue, denoted by D*u(t,n), and a multiple of a Dirac measure at
0, denoted by D%uwu(t,n), see Notation 2.28. In particular Du(t,n) belongs to Do([-T,0]) & L?([-T,0]).
Moreover for any (t,n), D?u(t,n) belongs to x°([~T,0]?) and D?u : [0,T] x C([-T,0]) — x°([-T,0]?) is
continuous. Corollary 5.8 point 7) says that any finite quadratic variation process admits a x°([—T, 0]?)-

quadratic variation. Therefore It6 formula (8.2) for (T, Xr(-)) gives

uw(T, Xr(-))=Io+ L + L2+ I3 (9.19)
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where
3
Iy = u(0,Xo(")) = 3
T
Il = / atu(t,Xt())dt
0
T
= [ (Du(t, Xi()).d X,0)
0

e~

T
b= [ (DRt X0).dXCL)

We get

T
1:72/ Xt/ X, (s dsdt72/ X2(T —t)d /
0

T

:72/ Xt</Xdu)dt / X2(T —t)d /
0 0 0

Concerning I3 it holds Is = Is; + I with

= [ a0 %0 = iy [0t ), X=X g 10
121(6)=2/0T(/0txsds) (/OtXSi_ngs>dt+2/ (/ XS“_ )dt
Iy = /OT Doou(t, Xy (-))d™ X, (9.20)

provided that Is; and I exist.

Since

t
Xs [ Xs a.s.
/ + ds X, —Xo=X;,

—0

by Lebesgue dominated convergence theorem we get the convergence of I (€) to Iy

T t T
Iy (€) Lodm ::2/ X, (/ Xudu> dt+2/ XAT —t)dt .
e 0 0 0

Since I and I; exist, so does Iz. We recall the x°([—T,0]?)-quadratic variation of X(-) was given by
(5.12). Proposition 7.31 implies that

1 T T
Ig,:f/ 2(T—t)2dt:/ (T —t)2dt .
2 0 0

We observe that Iy = —Iy — I3 so that (9.19) gives a representation for h = H(Xp()) = u(T, X7(-)) in the
form (9.2)

T
h = Hy +/ &d X, (9.21)
0
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with Ho = u(0, Xo()) = T3/3 and & = D%u (t, X;(-)) = 2(T — t) [J Xy ds + 2(T — ).
Remark 9.15. Let us suppose X = W.

1. By Remark 2.9 2. the forward integral fOT & d~W; coincides with the 1t6 integral fOT & dWy.

2. As expected, the representation of the random variable h = H(Wr(-)) given in (9.21) coincides with
the Clark-Ocone representation (9.16), because of point 1. and the fact that £ coincides with the
expression provided by Clark-Ocone formula, i.e. & = E[Dj"h|F;] and Hy = E[h].

3. If X is a finite quadratic variation process in general Hy # E[h] since E [fOT §td_Xt} does not
generally vanish. In fact E[h] will specifically depend on the unknown law of X.
9.5 A more singular path-dependent example

This example is relatively simple and explicit, but it is not located in the application framework of
Corollary 9.28, which configures a fairly general situation. In that case in fact the representing process V;
such that Vi = h, is of the form u(t, X;(-)) where D?u(t,n) takes values in x°([—T,0]?); it will not be the

case here.

Let X be, as usual, a process such that Xo = 0,[X]; = ¢ and h be a random variable of the type
h = H(Xr(-)) where H : C([-T,0]) — R is the functional defined by H(n) = ||n||3., i.e.

0 T
h=H(Xr()) = /7TXT(s)2ds :/0 X2ds.

Suppose for a moment that X = W is a classical Wiener process equipped with its canonical filtration
(F¢). The random variable h = H(Wr(+)) is Fr—measurable and belongs to D2 so, by Clark-Ocone

formula (2.42), we have
T
h=E[h] + / E D} h|.F,] AW, 9.22)
0
where the Malliavin’s derivative D"h can be easily calculated as follows
T T T T
pph=op ([ wias) = [ provids= [ aw.pravaas = [ ow.ds.
0 t t ¢

Consequently, by usual properties of the conditional expectation,

E[D{"h|Fi] =E

T T
/ 2Wsds|ft] —9 / E[W,| ] ds = 2W,(T —t) .
t t
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Then (9.22) gives
T2 T
=t 2/ Wi(T — t)dW; 9.23)
0

since E[h] = T;

As in Section 9.4, we look for u : [0,T] x C([-T,0]) — R so that

Vi = E[h|F] = E[HWr ()| F] = u(t, Wi(-))- (9.24)

The evaluation of the conditional expectation in (9.24) yields
t T — 2 0 T — 2
v, = / W2ds + W2(T — ) + % — [ W2 (w)du+ WR(0)(T — 1) + % .
0 —t
Setting
° 2 (T —t)?
u(t,n) = / n°(s)ds +n(0)*(T —t) + — (9.25)
-T

it holds effectively V; = u(t, Wi(-)). We observe again that we could have chosen other functionals v which
verifies V; = u(t, W;(+)). For instance, as we will see in Remark 9.18, we can choose another @ with the
same property which provides a solution for an infinite dimensional PDE of the type (9.8). We have in
particular H(Wr(-)) = Vp = u(T, Wr(-)) and E[h] = E UOT Wfds} = T2/2.

Formula (9.23) extends to the case where W is no longer a Brownian motion but a general finite

quadratic variation process X, in fact previous considerations suggest the following statement.
Proposition 9.16. Let H : C([-T,0]) — R defined by H(n) = ||17||%2([7T o))- Let X be a process such

that [X]; = ¢ and Xo = 0 and h = || X7()||72_7 - Then

T
h = Ho + / d-X, (9.26)
0

with Hy = £ and & = 2X,(T — t).

Moreover let u : [0, 7] x C([~T,0]) — R defined by (9.25) it holds Hy = u(0, Xo(-)) and & = D% u(t, X;(-)).
Proof. The idea consists again in applying Itd’s formula (8.2) to u(T, X7 (+)).

We remark that u € C12([0,T] x C([-T,0])) and we evaluate the corresponding derivatives obtaining

deu(t,n) = —n*(0) = (T — 1) ;
Dagu(t,n) = D*u(t,n)dz + D%u(t,n) do(dx) where
D3fu(t,n) = 2n(x)
D*u(t, 1) = 2n(0)(T — ) ;
D2, ay(t;m) = 26, (dx) dy + 2(T — t)do(dx)do(dy) = 20, (dy) dz + 2(T — t)do(dx)do(dy) -
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We observe that D?u(t,n) belongs to the Chi-subspace Diag & Do o of M([—T,0]?) and (t,n) — D?u(t,n)

is continuous from [0,7] x C([-T,0]) into Diag & Dy . Corollary 5.21 says that a window process X (-)

associated to a finite quadratic variation process X admits a Diag @ Dy o-quadratic variation given by
[X.(")] : Diag ® Doy,0 — C([0,T7])

0 0

t e — | o)t +y)dy + alX), = / ()t +v)dy + ot
. - (9.27)

where 4 (dz, dy) = g(y)d,(dz) dy, with g € L>°([—T,0]) is a general diagonal measure and po(dz, dy) =
ado(dx)dp(dy), a € R, is a general Dirac’s measure on {0,0}. Therefore

-+ 2 aXCL) = de ([ o) e+ i) +adt = [ gty + ot

—t —t

Applying It6’s formula (8.2) to u(T, X7 (-)) we obtain

w(T, Xp()=Io+ 1 + I+ I3 (9.28)

where

Iy = w0, Xo()) = &

11:/Tatu(t,xtc))dt:/T(t—T—Xf)dt:/T(t—Xf)dt—:ﬂ
OT 0 0
B= [ Du(t, X)), d X,()

0

1 T —
h=3 [ (DRt X 0). 40X
Concerning the second term we have that Iy = 51 + I3o where
T ’ T Xy — X (- .
I :/ (D*ult, Xe()),d" X, ()) = lim | (D" ult, X)), Mw: limn Iz (¢)
0 €— €E—

T Xiie Xy e —
121(6):2/ X (r) 2l 20 t+() i drdt_Q/ /X +e dsdt
0 —t 0
T
122:/ Doou(t, X, (-))d™ X,
0

provided that Is; and I35 exist. We observe that

/X Kote = Xs *d “C”/XdX

in the ucp sense, because of Theorem 2.13. Consequently I21(e) converges to

T t T
I :2/ / Xsd‘Xsdt:/ (X2 —t)dt.
0 0 0
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Since I and Isq exist, so does Ios.
Coming back to (9.27) and replacing function g € L*°([-T,0]) by the constant function g = 2 and
a(t,n) = 2(T —t) we obtain

Igz/OTdt (/_i(t+y)dy>+/OT(T—t)dt:/OTtdt—i—/OT(T—t)dt:Tz

because d; (fgt(t + y)dy) = tdt. Finally (9.28) gives

T
h = Hy +/ &d™ Xy (9.29)
0
where Hy = u(0, Xo(-)) and & = D%u(t, X;(-)) = 2X(T — t). O

Remark 9.17. If X = W we observe that the forward integral fOT & d~ Wy coincides with It6 integral
fOT &dWy, see Remark 2.9 2.; process £ coincides with the process given by the classical Clark-Ocone

formula and Hy = E[h]. Again, as expected, representation (9.29) is the same as in Clark-Ocone (9.23).

In the following remark we exhibit another function u, denoted by @, which fits the statement of
Proposition 9.16. However 4 will solve again, in some suitable sense the infinite dimensional PDE problem
(9.8).

Remark 9.18. Let H defined by H(n) = ||77||%2([7T,0])7 X be a process such that [X]; =t and Xy = 0,
h:= H(X7(-)) and u be the function defined by (9.25). We define in a slight different way another function
@:[0,T] x C([-T,0]) — R by

0 2
it n) = / rR(s)ds 4 n(0)(T 1) + (T 2t) (9.30)

We observe that for a process X such that Xy = 0 following result hold.

1.
u(t, X¢(+)) = a(t, Xi(+)) Vitel0,T] a.s.
in particular
(0, Xo(-)) = u(0, Xo(-)) and (T, Xr() = u(T, X1(")

2. The function @ belongs to C12([0,T] x C([-T,0])) and

da(t,n) = n*(=t) = *(0) + (t = T)
2t ) = D¢at, n)de + D*0a(t, n) o(dx)
wou(t,n) = 21y 0 (x)n(x)
D%a(t,n) = 2n(0)(T —t)
D3, ay@(t,n) = 21y g)(2)d:(dy) dx + 2(T — t)do(dx)do(dy)
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3. Moreover

D™a(t, Xo(-)) = D*ult, X("))

4. Interpreting “ fi) , Dgcti(t,m) dn(x)” in the spirit of an inverse It6 formula where 7 mimics a Brownian

motion, gives

0 0
/ Dgca(t, n) dn(z)" = “2/ n(z)dn(z)" = n*(0) — n?(—t) —t. (9.31)

—t —t

With this convention we can say that @ is again a solution of the infinite dimensional PDE (9.8),
which confirms again the validity of the meta-thereom stated in (9.8). We observe that D2¢u(t,n) =
21— 0)(w)n(x) is not of bounded variation. In the sequel a “strict” solution of the infinite dimensional
PDE (9.8) will be given when D$°4(t,n) has bounded variation, so that the left-hand side of (9.31)
can be defined via an integration by parts, see Notation 9.26. In the present case @ cannot be
considered as a solution to (9.8) in that sense. It is legitimate to consider it as a solution only
admitting identity (9.31).

5. Previous points 1. and 3. confirm that the representation of Proposition 9.16 through Hj and & holds
with u replaced by .

9.6 A more general path dependent Brownian random variable

9.6.1 Some notations

Notation 9.19. We denote by o : [0,7] — R4, t — o = . o is a differentiable function
such that op = 0 and o, > 0 for all ¢ € [0,7]. Its derivative in ¢ will be denoted by o;. We define

Po i [0, T[XR — R as

(T—1)°
3

2
1 -
t

o (t,x) = e %
po(t, ) oo
For the real function p, we clearly have
O0ipo (t, ) = 040102 06 (1, ). (9.32)
We also define the measure valued function p : [0,7] — M(R), as

po(t,x)dx ift €[0,T
p(t,dz) = (t,2) 0.71 (9.33)
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for t € [0, T, p(t,dzx) is the law of a Gaussian random variable with expected value 0 and variance given by
o?. In the case t = T, p(T,dx) = dp(dx) is the law of the degenerated Gaussian law N(0,0). We remark
that o, is the standard deviation of the random variable ftT(Wr — Wy)dr. Tt holds in particular

(T —t)°

Oipo(t, ) = { 5

] 97,05 (1, ) (9.34)

9.6.2 The example

Let H : C([-T,0]) — R defined by
0
H(n) =f (/_Tn(S)dS) (9.35)

where f: R — R is a Borel, subexponential function such that

h=f (/OT Wsds> e LY(Q), (9.36)

where (W) is a classical Wiener process. By Proposition 9.2, condition (9.36) could be replaced by
[ € Ll (R). Since h does not belong to L?(§), a priori, neither Clark-Ocone formula nor its extensions to

Wiener distribution apply.

The representation result obtained here is in principle new even if the underlying process is a Brownian

motion.

We remark that

/ (/OTWsdsﬂ =/Rf(y)pa(0>y)dy-

Theorem 9.20. Let H : C'([—T,0]) — R such that (9.35) holds and f : R — R be a Borel subexponential
function with f € L} (R).
Let u: [0,T[xC([-T,0]) — R defined by

E

u(t,n) = /Rf </0 n(r)dr +n(0)(T —t) + £C> po(t, x)dz | (9.37)

-T

where we recall that o; = (Tgt)s.

Then the random variable h := H(Wr(-)) admits the following representation

T
h = Ho + / W, (9.38)
0

with the following properties.
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1. u(t,Wi(+)) = E[h|F] for t € [0, T[. In particular Hy = u(0, Wy(-)) = E[h];

2.

0
Dutt) =1 -0 [ 1 ( [ nts)as o) -1 +x> Dupo (1, ) (9.39)

-7
3. (&t)tefo,u) 1s the process defined by

gt = Déou(tv Wt()) te [OvT[ . (940)

Remark 9.21. 1. Operating an affine change of variable z = (fET n(r)dr +n0)(T —t) + x) we obtain

a slight different expression of u, which gives

uton) = [ 5GIve (t, - OTnmdr (o) - t)) dz; (9.41)

This shows that u does not depend on the (Lebesgue) representative of the class to which belongs f.
This also allows to show that u is in C12([0, T[xC([-T,0])).

2. Since f is not continuous we cannot expect that u € C° ([0, T] x C([-T,0])).

3. The stochastic integral in (9.38) is an improper stochastic integral, see Definition 2.3. In fact
D%y, and even wu itself, may have a very singular behaviour when ¢t — T so that we may not have
fOT £2ds < 00 ass.

4. When X is a Brownian motion, the random variable considered in (9.15) belongs trivially to class of

random variables considered in this example considering f(z) = 2.

Proof. We have

n=n) =1 ([ wisas)

Let (F;) be the associated Brownian filtration. We consider the real martingale
Vi = E[h|F] t€[0,7]

It gives indeed, for t € [0, T,
Vi = u(t, Wi(4)) telo,T].

In fact we have

E[h|F] =E

0 T
f (/T n(r)dr +n(0)(T —t) + /t W, — Wt)dr>] ) (9.42)

ln=w ()



144 CHAPTER 9. A GENERALIZED CLARK-OCONE FORMULA
In particular, it holds

=E —E[h] . (9.43)

; ( [ Wm)

The main idea of the proof consists in applying the Banach valued It&’s formula (8.2) from 0 to s < T.
By Remark 9.21, uw € C%? ([0, T[xC([-T,0])) and we have an exploitable expression of it. Evaluating the
different derivatives in (9.41), for t € [0,T[,n € C([-T,0]), we obtain

0 T
u(O, Wo()) =K [f (/_T Wo(S)dS + WOT +/O (Ws — WQ)dS)

0

ouuttn) = [ FE(00.p, (t, s [ty o) - t)) dot
+ [ swow, (t, - OTnmdr —n(O)(T - t>) dz

Dagu(t,n) = D*u(t,n)dz + D%u(t,n) do(dx) where

Dzeult.n) == | )o0n (t, - OT n(r)dr — n(O)(T t)) dz- (1 ro(@))
D¥uttn) == [ 200,10 (t, - OT n(r)dr — (0)(T - t>) dz (T~ 1)

Diagutton) = [ 1)8epa (12 [ ntrhar a0 =) - (41 + 42 4 43+ 40)

where

Ay =1 _r0p (2, y)dzdy ,

Az = (T = )10 (x)dz So(dy) ,
Az = (T —t)do(dz) L1 0)(y)dy ,
Ay = (T — t)%60(dzx) do(dy) .

2 L 2
By (9.34) we recall that 0p,(t,2) = - 127r <f%> e >t and Oyp,(t,r) = [7@} 02 .ps(t, ).
In fact D?u : [0, T[xC([-T,0]) — x°([-T,0]?) and it is continuous. Corollary 5.8 point 7) says that
W(-) admits a x°([-T,0]?)-quadratic variation given by (5.12). In particular the x°([-T,0]?)-quadratic

variation is determined only by the Dy ¢ component of the measure, which equals

=T

0
A [ 1@ (v [ neir =) -0) ds.
R
Applying Itd’s formula (8.2) for v from 0 to s < T' we obtain

u(s, Ws(+)) = Iy + I (s) + Ia(s) + I5(s) (9.44)
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where

Io = u(0, Wo(-)) = E [A]

/ 8tu t Wt

I(s) = / (Du(t, W), d"Wi())

—~—

Is(s) = 5 /OS<D2u(t, Wi (), dW()l;)-

For convenience we make another change of variable x = (z . fET n(r)dr —n(0)(T — t)) Concerning the
first term I (s), (9.34) allows to obtain

// (/ Wy (r)dr + Wi(T —t) —I—JC)Wt O0upo (t, x)dx dt+
/ / (/ Wir)dr + Wi(T = 1) +$>3tpatxdxdt
// (/ Wi(r)ydr + Wi(T — t) —l—x)Wt Orpo (t, x)dx dt+

- 5/0 /]Rf (/T Wilrydr + Wi(T = 1) +~’C> (T — £)%62,p, (t,x)dz dt.

We go on with the second term I(s) obtaining
IQ(S) = Igl(S) + .[22(8)

laa(s) = [ Dule, W) Wi =

/OS Mf(/(;wt(r)dr+wt(Tt)+x> 3mp0(t,x)dx} (T — t)dW, ;

I5(s) is an It6 integral because of Remark 2.9.2, in fact the integrand process D%u(t, Wy(-)) is (F;)-adapted.
On the other hand,

I (s) = ELI% I51(s,€) where

ntsne) = [0t w (), e =0

:_/Os [Af(/_iwt(r)dr+wt(T—t)+x) GIpU(t,x)dx] [/Ot W+€_Wdu] dt

By Lebesgue dominated convergence theorem Is;(s,€) converges to

In(s) == — /0 UR f (/_OT W (r)dr + Wi(T — t) + x) (%pg(t,x)dx} W, dt.

Vdt =
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Finally, concerning the term I3(s), we obtain

I3(s) = 3 /OS(T —1)? UR f (/_OT We(r)dr + W(T —t) + x) 02,10 (t, J:)dx] dt
So (9.44) gives explicitly

Vo= uls, W) =Bl + [ Gramy (9.45)
where (&t):e[0,s) 18 the process defined by

& = D%u (t, Wi(-)) ,

and (9.40) is verified. Using Lemma 9.8, with the Brownian martingale M; := V; = E[h|F;] we can pass
(9.45) to the limit a.s. for s — T" and we finally obtain the result and in particular (9.38). O

Remark 9.22. If f were continuous, then u would also be continuous, so in (9.45) we could have passed
to the limit when s — T a.s. for u(s, Ws(+)) obtaining h without explicitly making use of the fact that W
is a Brownian motion. Since w is not continuous, we can go to the limit making use of the Lemma 9.8

because (V;) is a Brownian martingale.

Remark 9.23. 1. Proposition 9.2 gives sufficient conditions on function f, for instance, such that
h=f (fOT ngs) € LY(Q). In fact fOT Wds is a mean zero Gaussian r.v. with variance T3/3.

2. Let f: R — R be an absolutely continuous function such that f’is in L .

In this case h = f ( fOT Wsds) € DY2. Uniqueness of the representation of h implies that

(R) and subexponential.

ft :E[D;"h\]-'t].

Clearly the expression can be also obtained via the usual rules of Malliavin calculus.
o (R) then h = f (fOT Wsds> € L?(Q), since f is subexponential and
by Proposition 9.2 it follows that f € L? (R).

loc

As a particular case, if f € C)

Remark 9.24. 1. Choosing
0
it = [ 1 ([ a4 00T~ 0+ ) ot )i
R —t
it is possible to show that

0
1
Dacﬂ(t777) d77+ §<D2&(tan) ) ]lD> = Oa
t

ou(t,n) + /

so that the metatheorem stated in (9.8) is again partially confirmed. The only problem is related to

the final condition a(t,n) = f (fET n(r)dr), which is only verified if f is continuous.



9.7. A GENERAL REPRESENTATION RESULT 147

2. Indeed, if f is continuous, we can the limit when ¢ — T in expression (9.37) and obtain

tlgr%u(t,n)z/ﬂ{f(/OTn(r)dr+x> pg(T,da:)z/Rf</OT77(r)dr+x> 5(da:):f</oT77(r)dr>.

9.7 A general representation result

9.7.1 An infinite dimensional partial differential equation

This subsection is devoted to a relatively general representation theorem for a path dependent random
variable when the underlying is a general process (X;);>o with Xo = 0 a.s. and [X]; = t. We make the
usual convention of prolongation by continuity for ¢ < 0. As in previous subsections, but with a more

general formalism here, we aim at representing
h=H(Xr(")) where H:C(-7,0) —R
in the form
T
h = Hy +/ Ed™ X (9.46)
0

under reasonable sufficient conditions on function H.
The first step will be Corollary 9.28 which provides a precise link between a solution of an infinite
dimensional partial differential equation and that representation.

It is comfortable to introduce the following notation.

Notation 9.25. If n € C([-T,0]) and g : [-T,0] — R has bounded variation we denote
/ gdn = g(0)n(0) — g(—t)n(=t) — / ndg .
1—t,0] 1—t,0]
Notation 9.26. If g € C12 ([0, T[xC([-T,0])) such that z — D%g (t,n) has bounded variation, with the
help of Notation 9.25, we define

Lo (tn) = dugtt. )+ [

[ et D% ({0,0)  tel0,T], ne C(-T,0). (9.47)

A consequence of the infinite dimensional Banach space valued It formula (8.2) is the following.

Proposition 9.27. Let a €]0, 7] and u € C12 ([0,a] x C([-T,0])) such that = — D% (¢,n) has bounded
variation, for any t € [0,a], n € C([-T,0]). We suppose moreover that D?u (t,n) € x°([-T, 0]?) for every
te€0,1], n e C([—T,0]).

Let X be a real continuous finite quadratic variation process with [X]; = ¢ and Xy = 0.

Then for every t € [0, a] it holds

u(t, X¢ () = u(0, Xo(+)) + /O/D‘s“u(s,Xs(-))d_Xs +/0 Lu (s, Xs(+))ds (9.48)
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Proof. The proof follows applying our Banach valued Ité formula (8.2) to u(s, Xs(-)) from 0 to t <7T. O

Corollary 9.28. Let H : C([-T,0]) — R be a Borel functional. Let u € C12 ([0, T[xC([-T,0])) N
C°([0,T) x C([~T,0])) such that x — D2u (t,n) has bounded variation, for any t € [0,7], n € C([-T,0]).
We suppose moreover that D?u (t,n) € x°([-T,0]?) for every t € [0,T], n € C([-T,0]).

Suppose that u is a solution of

Lu(t,n) =0
(&) (9.49)
u(T,n) = H(n).
Let X be a real continuous finite quadratic variation process with [X]; =t and X, = 0.
Then the random variable h := H(Xr(-)) admits the following representation
T
h =u(T, Xr(-)) = Ho +/ &d™ Xy (9.50)
0

with Hy = u(0, Xo(+)), & = D%u (s, X4(+)) and fOT &d~ X is an improper forward integral.

Remark 9.29. In particular u will be shown also to be a solution of (9.49) since (D?u (t,n),1p) =
D2 (t,1)({0,0}).

Remark 9.30. Since H(n) = u(T,n), we observe that H is automatically continuous by hypothesis
u € C°([0,T) x C([-T,0])).

Proof of Corollary 9.28. Let t < T, applying Proposition 9.27 we obtain (9.48). By L(u) (t,) = 0 in (9.49)

we have
ut, X,()) = (0, Xo(-)) + / DPou (s, Xo())d" X, (9.51)

Now for every fixed w, since u € C° ([0, T] x C([-T,0])) and X is continuous the left-hand side converges,

Jing u(t, X,()) = w(T, Xr (),

which equals H(Xp(+)) by (9.49). This forces the right-hand side of (9.51) to converge, so that the result
follows. 0

2
Example 9.31. We come back to the example given in Section 9.4, where H(n) = (fETn(s)ds> . We
exhibited in (9.17) a function u : [0,T] x C([—T,0]) — R for which h = H(Xr(:)) = Hy + fOT &sd™ X,
where Hy = u(0, Xo(+)), &5 = D%u (s, X4(-)). In principle u does not verify the partial differential equation

(9.8) of the metatheorem. However, similarly as in example treated in Section 9.5, we can define a function
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@:[0,T] x C([-T,0]) — R having the same representation property (9.21) and solving (9.8). We define
it by

0 2 3
ﬂ(t,n)(/ n(s)dern(O)(Tt)) ity (9.52)

—t

We have indeed
a(t, X¢(+)) = u(t, X (1)). a.s. t€[0,7T)

In particular @(0, Xo()) = u(0, Xo(-)), which provides Hy, and @(T, X7 (-)) = u(T, X7(-)), which equals
H(X1(")).

We can show that @ fulfills the hypotheses of Corollary 9.28. In fact @ € C*2 ([0, T[xC([-T,0])) N
C ([0,T] x C([-T,0])). The computation of the different derivatives gives

0

@th=2WFﬂ—n®D</

n@w+MMG—®>—U—W
-r

mgm+mmxT—w)mtmu>

maw+mm@—ﬂ)@—w

D3y gyt (t,m) = 21—y o2 (z,y)dzx dy+
+2(T — t)1_y g (2)dx do(dy)+
+2(T — t)do(dx) L[y 0 (y)dy+
+ 2T — 1260 (dz) 6o (dy) -

In particular « — D24 (t,7n) has bounded variation and @ solves the infinite dimensional PDE (9.49). We

observe that function @ solves even the infinite dimensional PDE (9.8) stated in the metatheorem since
D (t,n) € X°([=T,0]%).

We come back to the general process (X;):>o such that [X]; = ¢ with the usual convention of prolongation
by continuity for ¢ < 0.

In Section 9.8 and 9.9 we will provide different reasonable sufficient conditions on H : C([-T,0]) — R
such that there is a solution u of (9.49). Therefore, applying Corollary 9.28, we have a representation
result for h := H(Xr(+)) in term of function u. In Section 9.8 we will require an L?([—T,0])-regularity on
H : C([-T,0]) C L*([-T,0]) — R and in Section 9.9 we will consider a non smooth but L?([—T, 0])-finitely

based functional H.
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9.8 The infinite dimensional PDE with smooth Fréchet terminal

condition

9.8.1 About a Brownian stochastic flow

Firstly we need now to develop some technical preliminaries. In this section w € Q will be fixed. Let

consider a standard Brownian motion W and its canonical filtration (F;).

Definition 9.32. For 0 < s <t < T, n € C([-T,0]) we define the stochastic flow

ths,n(x) _ 77(95 +t— S) HAS [—T7 s — t] (953)
n(0) + Wy(z) =W, € [s—t,0]

(Y Mo<s<t<r,nec(-r,0) is a C([=T,0])-valued random field.
Remark 9.33. We have

Yt’"(x)* n(x+T —t) zel[-T,t—T)]
T2 9(0) + Wor_i(z) z€ft—T,0]

where W is a standard Brownian motion.
The following lemma gives a “flow property”.
Lemma 9.34. For 0 < s <t < r < T, the following flow property holds
t,Y, "

A (9.54)

Proof. For fixed w € Q, we inject 77 = Y into V"' obtaining

nx+r—s) x€[-T,s—r]
Y @) = n(0) + Wz +r—t) — W, zels—rt—r] p=Y""(x)
n(0) + (Wy — Ws) + Wy (z) =Wy x €[t —r,0]
which concludes the proof of the Lemma. O

Next proposition concerns the continuity of the stochastic flow with respect to its three variables.
Proposition 9.35. (Y;"")o<s<i<7 nec((-r,0)) 18 is a continuous random field.

Proof. As usual in this section w € Q is fixed and w, (resp. @y (.)) is respectively the modulus of
continuity of n (resp. the Brownian path W(w)).
Let (s,t,n) such that 0 < s <t < T,n € C(]-T,0]) and a sequence (Sn,tn,ny) also such that 0 < s,, <
tn < T, € C([=T,0]) with

lim (|s — sp| + [t — tn| + | — 7nllsc) = 0.

n—oo
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We have to show that Y — Y;>" in C([0,T], when n — oo i.e. uniformly. For € [0,T], we evaluate

Y™ =Y (x) < (Ii(n) + Ix(n) + I3(n)) (),

where
L)) = [ = Yo ()
Ln)(z) = [V =Y "(x)
Ln)(z) = [Ym" =Y2"(2).

By Definition 9.32, it is easy to see that

[111.(7)]]oo

IN

17 = M lloe + [1n.(0) = 1(0)]
2[n = 1 loo-

IN

Since I5(n) behaves similarly to Iz(n), we only show that

lim Ir(n)=0. (9.55)

n—oo

Without restriction to generality, we will suppose that ¢, <t for any n, since the case when the sequence

(t) is greater or equal than ¢, could be treated analogously. We observe that following equality holds:
(YT =Y ") () = (@ + bty — 8) g ey, ) () =z +t — 8) L7 sy (x)+
+ (00) + Wi, () = We) Ljs—r,, 0)(2) — ((0) + We(z) = We) L ,0)(x) =
=@ +tn —8) —n@+1t—8) Lpeq(@)+
+ @+t = 5) = 0(0) = Wi(@) + W) Tjs—t 5,1 (7)
+ (W, (@) = Wi(2)) Ljs—s,, 0)(2) - (9.56)

Using (9.56) to evaluate ||I3(n)]|oo we obtain

sup V(@) — Y2 (@)| < sup In(wtty — )~ (@4t - s)|+

n

z€[—T,0] z€[—T,0]
+  sup n(@+itn—s)—n0)+ sup  [Wilz) - Wil+
TE[s—t,5—tn) TE€[s—t,s—tn)
+ sup Wy, (2) = Wi(x)] <
z€[-T,0]

<2 @y (|tn —t]) + 2 ww ) (|tn —t]) ———— 0.

n—s-—4oo

Since n and W(w) are uniformly continuous on the compact set [0, 7] both modulus of continuity converge

to zero when t,, — tg. O

At this point we make some simple observations that will be often used in the sequel.
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Remark 9.36.

1. The stochastic flow is obviously L?([—T,0])-continuous, being continuous with respect to the stronger
topology C([-T, 0]).

2. There are universal constants C7, Ca, C3 and Cy such that for every t € [0,T], e with t 4+ € € [0, T

such that
1Y7"]|.. <G (1 + nlle + sup |th> s e < Co (1 + [nlloe + sup |th> (9.57)
te[0,T] te[0,T]
and
HYOTft,U ’ < Cs <1 + ||7|loc + sup |Wt|> . (9.58)
o0 te0,T]
(9.57) implies that, for any « € [0,1],¢ € [0,T], ¢ with ¢ + € € [0, T}, it holds
ten t+e, YT
aYp + (1 —a)Yr < Cy (1 + 7o + sup |Wt|> . (9.59)
00 t€[0,T]
3. For any a € [0,1],¢ € [0,T] it holds
aYiren (1 — a)ya ot —>C(E[;T’0°” Yin (9.60)
. t+e, V)" . t .
In fact developing term Y7, *<, which equals Y7, we obtain
€ tn
QYL 4 (1= @)Yy T v = oy — v
The right-hand side converges to zero because of Proposition 9.35.
4. In the sequel we will make an explicit use of the expression below:
nx+T—t+e)—nlx+T—1) xe[-T,t—T)
(YA Vi) (@) = { e+ T —t+¢) —n(0) = Wrla) + W zelt—Tt—T+e (9.61)
Wt_Wt+e er[t—T-ﬁ-G,O}

We continue applying the properties of previous stochastic flow to the evaluation of conditional expec-

tations.

Given H : L*([-T,0]) — R, we express

E[HWr ()| Fe] = u(t, We()) (9.62)
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where u : [0,T] x C([-T,0]) — R. Clearly Lemma 9.34 implies Wy (-) = V2" so
Vi=E[H(V)E] =B [HEEYO)E] = W)

with
u(t,n) =E[H(Yz")]. (9.63)

In the sequel n will always be a generic function in C'([-T, 0]).
That function u will play a crucial role in this section. In particular, given a real continuous process X, we

will evaluate again an It6’s type expansion of u(t, X;(+)).

Remark 9.37. By Definition 9.32 it follows the following homogeneity property.
u(t,n) =E [H (Y})ZZ)} (9.64)

Next results links Fréchet and Malliavin derivatives. Those tools will be used in the proof of the
Theorem 9.41.

Lemma 9.38. Let s > 0. Let G : C([—s,0]) — R of class C! such the Fréchet derivative DG has
polynomial growth.
Then G(W,(-)) belongs to D'? and

DIG(W(-) = /] g DGOV, (9.65)

Proof. The proof of this result needs some boring technicalities involving the approximation of a continuous
function by its polynomial approximation. Formula (9.65) is stated in a particular case for instance in [48],
Example 1.2.1. O

A careful investigation allows to show the following.

Lemma 9.39. Let H : L*([-T,0]) — R of class C? Fréchet, ¢ € L*([-T,0]). Let n € C([-T,0]) be fixed
and G, : C([-T,0]) — C([-T,0]) defined by

n(x+T —t) ze[-T,t—T]

(9.66)
n(0) +~y(T —t) =z €]t—1T,0]

Gn(0)(z) = {

We denote G : C([-T,0]) — R by G(v) = (DH(G, (7)), ).
Then G is C! Fréchet and

(DG(7),¢1) = (D*H 11,01 ® () G € LA([-T,0]) .
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Remark 9.40. If D?>H € L*([-T,0]?) then

(DG(1).C1) = / DDy H(Gy (7)) ()C(y) de dy (9.67)

1t=T,01x]—T,0]

In other words

D)) = [ DD H Gy ae (9.65)

9.8.2 An infinite dimensional partial differential equation

In the theorem below we will give conditions on the function H such that u solves the PDE stated on
(9.49). We are aware that for the moment the assumptions are not optimal, but we decided however to

formulate a reasonable framework, not too heavy, in which a Clark-Ocone type formula is valid.

Theorem 9.41. Let H € C3(L*([-T,0])) such that the second order Fréchet derivative D>H belongs
to L?([-T,0]?) and D3H has polynomial growth (for instance bounded). Let u be defined by u(t,n) =
E[H(v;")] =E [H(Y72)].

1) Then u € C%%([0,T] x C([-T,0])).
2) Suppose moreover

i) DH(n) € H'([-T,0]), i.e. function x — D, H(n) is in H*([-T,0]), every fixed n;

ii) DH has polynomial growth in H!([-T,0]), i.e. there is p > 1 such that
n = [[DH(n)||m < const (||nll%, +1) - (9.69)
iii) The map
n— DH(n) considered C([-T,0]) — H*([-T,0]) is continuous. (9.70)
Then u € CH2([0,T] x C([-T,0])). is given by (9.98) and u is a solution of (9.49), i.e. it holds

1
outt.n)+ [ Difult.n)dnfa) + 3D gultn) =0

1=t,0] (9.71)

u(T,n) = H(n)

where D“u is the absolutely continuous term of measure Du (t,7) and D§ yu(t,n) = D?u(t,n) ({0,0}).
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Remark 9.42. 1. Assumption (9.69) implies in particular that D H has polynomial growth in C' ([T, 0]),
i.e. there is p > 1 such that

n = S[ugo] |DoH(n)| = [|DH(n)|lo < const (|05 +1) (9.72)
xe|—=1,

It is well known in fact that H'([-T,0]) — C([-T,0]) and for a function f € H" it holds || fs <
[RA7ER

2. By a Taylor’s expansion, given for instance by Theorem 5.6.1 in [8], the fact that D3 H has polynomial
growth implies that H, DH and D?H have also polynomial growth.

3. Du(t,n), D*u(t,n) and dyu(t,n) will be explicitly expressed in term of H at (9.75), (9.78) and (9.98).

Proof. By definition (9.63) it is obvious that w(T,n) = H(n).
Proof of 1)

e Continuity of function u with respect to time t¢.

We consider a sequence (t,,) in [0, 7] such that t,, —— to. By Assumption, H € C°(L*([-T,0])) and
so also H € C°(C([-T,0])). Consequently, by Proposition 9.35

H(Y7", ) === H(Y2,) - 9.73)

n—oo

By Remark 9.42.2. H has also polynomial growth, therefore there is p > 1 such that

|H(¢)| < const <1 + sup |C(a?)|p> V¢ e C(-T,0]) .
z€[-T,0]
By (9.58), we observe that
\H(ngf’tﬂ < const (1 + Hngft g ) <
< const (1 + sup |n(z)P +sup |Wt|p> .
z€[~T,0] t<T

By Lebesgue dominated convergence theorem, the fact that sup,., |[W;|? is integrable and (9.73), it follows
that
wltnn) =E [H(YPY, )| —— B [H(2)] = ulto,n) . (9.74)

The continuity is now established by Remark 9.37.

e First Fréchet derivative.
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We express now the derivatives of u with respect to derivatives of H. We start with Du : [0,T] x
C([-T,0]) — M([-T,0]). We have
Dazu(t,n) = D%u (t,1)d(dx) + D%u (t,n)dx (9.75)
where

D%y (t,n) =E [ /t OT DSH(YIE"")ds} (9.76)

and

0 xz € [-T,—t]

E[DyrieH(YS")] z€]-1,0] (0.77)

D¢u(t,n) = E [Dy_ry H (V")) Lt () = {

Remark 9.43. We observe that « — D2u(t,n) has bounded variation on [T, 0], in particular (9.71) has

to be understood in the sense introduced in Notation 9.25.

e Second Fréchet derivative.

We discuss the second derivative
D*u [0, T] x C([-T,0]) — (C([-T,0))&=C([-T,0]))" = B(C([-T,0]), C([-T. 0])).
For every fixed (¢,7), in fact D?u (t,n) belongs to (Do & L*([-T, 0]))®i = x([-T,0]%):
D2, gyult,n) = E[Dy,T+tD$,T+tH(Y;”)} 1 p0)(2) 1 _p.0)(y)do dy+

T 0
+E / DsDx_T_,_tH(YqE’")ds] 1,01 (w)dz b (dy)+
-1

r ro
+ E Dy_T_;,_tDSH(Y/JEm)dS] ]]-[—t,O] (y)dy 50 (d$)+
LJt—=T

+E / Dy, Dy, H(Y;")dsy dszl do(dz) do(dy) . (9.78)
[t—T,0]2

It is possible to show that all the terms in the first and the second derivative are well defined and con-

tinuous using similar techniques used in the first part of the proof. We omit these technicalities for simplicity.
Proof of 2)

We will denote by D'H(n) the derivative in x of x — D, H(n), where DH(n) is the first Fréchet
derivative in L?([-T,0]) of H, for every fixed 7.



9.8. THE INFINITE DIMENSIONAL PDE WITH SMOOTH FRECHET TERMINAL CONDITION157

e Derivability with respect to time ¢.

Let t € [0,T],n € C([-T,0)]. We need to consider e such that t + € € [0,7] and evaluate the limit (if it

exists) of

u(t + €,n) — u(t,n) (9.79)

when € — 0. Without restriction of generality we will suppose here € > 0; considerning the case ¢ < 0

would bring similar calculations.
t+e, Y,

The flow property (9.54) gives Y7 = Y, , which allows to write

u(t,n) =E {H(Y;H%ﬂ)} . (9.80)

We go on with the evaluation of the limit of (9.79). By (9.80) and by differentiability of H in L?([-T,0])

we have

H(YE) — H(YEH) = (DH (vE7), viren vl tori g

t+e,Yt’"

t+e, Y, 1
Vo =

1
+ / (DH <aY}+E”7 +(1—a)Y; +) — DH (Y)Y — Yy,
0

0 e ybn
= [ D ) (v v ) Yok st
-7 (9.81)
where
1 t,m € £,
S(e,t,n) = / (DH (aY;ffv" +(1- a)Y;“’Yt*e) — DH (V") ykren — vt Vi g
0

We need to evaluate

YoM @) — YT () x € [-T,0] setting v =Y.} . (9.82)
(9.82) gives

T—t—¢)— T—t— €[-T,t—T
thfem(x) _ thfeﬁ(m) _ n(x + €) —y(z + €) e + € (9.83)
17(0) = 7(0) = =Wt (0) + Wy zelt—T+¢0
where v(0) = Y,;7(0) = 1(0) + Wi1(0) — W;. Moreover, by (9.53), we have
T—1 e|-T,t-T
Ya+T—t—€) =Y (a+T—t—¢)= e+ ) el ] .
n0)+Wr(z) =W, zet—T,t—T+ ¢
Finally we obtain an explicit expression for (9.82); indeed (9.83) gives
ne+T—t—e) —nlz+T—1) ze[-T,t—T)
Yo a) — Y @) =4 e+ T —t—e)—n0) —Wr(a)+ W, ze[t—T,t—T+¢ . (9.84)

Wt_Wt+e $€[t—T+€,O]
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Consequently, using (9.80), (9.81) and (9.84), the quotient (9.79) appear as sum of four terms:

u(t +¢€,m) — u(t, 1 c t+e Y, 1
e = b Ty w () - ()| = et Rt e+ B IS L)

€

(9.85)
where
t—T T -
Liet,n) =E / Dot (i) ! ne+T—t—c—na+T-1 | _
0
x)—n(x—e¢
=K [ Dy r1¢H (Y%’n) 77()767()d$]
—t
t—T+e T4 _ B
I(e,t,n) =E / D, (v et Tt 27(0) Wr@) +We, 1
t—T

t—T+e W _ W
~-E [/ D, H (V") t”edx]
t—T €

=E

t—T+e 4 o o
/ Dy (v M+ T avm>wwm+mﬂwl
t=T €

Is(e, t,n) = |:/ DH(Ytn)Wd]
€
and LE[S(e,t,n)] is equal to

1 0 t,n
= / E [ / (DwH (aY;fE’" +(1-a)y,© YHE) — D,H (Yf:")) (Yffﬁ"(x) —y, Y'*f(x)) dm] da .
€Jo

-7
e First we prove that I (¢, t,7) — Ii(t,n) := I11(t,n) + Li2(t,n) + L13(t,n) where

Li(t,n) =E [D_vH (Y}") n(—t)]

Ta(t,m) [/ Dy ry H )n(m)dx}
Lis(t,n) = =K [Dy_g H (Y7") n(0)] .

In fact I (e, t,n) can be rewritten as sum of three terms

—t+te _
Li(et,n) =E [/ Doy H (YE") de}
€

—t

/0 Dye-rieH (Y7") = DomriiH (Y")
—t

€

Ia(e,t,n) =E

n(a:)dx]

Liz(e,t,n) = —E {/ Dy—ritH (YTM) niz =€) dx} )
0 €
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By hypothesis, function # — D, H(n) belongs to H!, for every fixed . We recall that its derivative
in the sense of distribution is denoted by D’H(n); in particular x — D, H(n) is a continuous function.
By application of finite increments theorem and dominated convergence theorem the following limit
Li(e, t,m) — Li;(t,n) for i =1,2,3 holds.

In particular we observe that I3 (t,7) equals —ji D%y (t,m) dn in the sense given by Notation 9.25.

—t,0]
e We can prove that Iz(e, t,n) converges to zero when € — 0. In fact, using Cauchy-Schwarz inequality we

obtain

t—T+e
[ e T =0 = n(0) = W) + Wi da

1
|Ia(e,t,n)* < —E
€ -T

t—T+e . 9 1
/ D.H (Vi de| 1E
t—T €

(9.87)

We recall that given any Brownian motion W, sup,.s |W,| has all moments; using (9.72), Lebesgue
dominated convergence theorem and finite increments theorem, it follows that the first integral converges
to E [Dt,TH (Y;«’")q and the second integral to zero.

e As third step we prove that

13(67{;77’) — —E

e—0

/ D,D,H (Y dzdy| =: I3(t,n) .
[t—T,0)2
By Lemma 9.38 and Lemma 9.39, it follows that Z := (DH(Y,""), Lj;—r,0)) belongs to D2 and

0 0 0 o
Dz = / / D, D, (YP,) dody = / DD, (Y1) dwdy .
r—T Ji-T Jr—T,0] ]t —T,0]

Using Skorohod integral formulation we obtain

1 0 t+e 1 t+e
Is(e, t,n) = —-E {(DH(YTZQ),]I“T,O])-/ 5WS} =—-E {Z/ 6Ws] . (9.88)
t t

By integration by parts on Wiener space (2.40), Fubini’s theorem between r and y and then integrating

with respect to r, (9.88) becomes

1 t+e 1 t+e 0 0
--E U DI'Z dr} =—-E [/ / / D,D.H (Y;") dx dy dr] =
€ t € t r—T Jt—T
1 0 t+e 0
=—-E [/ / / D,D.H (Y;") dzx dr dy] =
€ t—T Jt t—T
0 0

=-E { / DmeH(YTt’")da:dy} :
t—T Jt—-T

o We study now the term .
EE [S(e, t,m)] -
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By (9.84), the a.s. equality Y = Y;fﬁ’y“’“ and the fact that H € C?(L2([-T,0])), (9.86) can be rewritten

as the sum of the following terms

1 t—T
Aulet,m) :/0 i VT (D, H (YL + (1 — a)YE") — D, H (YE")) -

’n(x+Tte)77(x+Tt)dx] o

€
1 t—T+e
(et = [ [/t (DLH (V£ 4+ (1= a)VE") = DLH (Y}7)) -

n(m + T —t— 6) — 77(0) — WT(x) + Wt+€

€

dw} do

As(e,t,n) = Azi(e,t,m) + Asza(e, t,n) + Asz(e, t,n) + Aza(e, t,1m)
where

1 W, — Wil )?
Aarlestin) = 5B (D2 (Y2) Hiorg T - D0l | =

€

1 0, (Wy — Wipo)?
= JE V DD, H (Y7,) dy da - e
[t—T,0)2

1
Asa(e,t,n) = / E {((DQH (@Y7 + (1= a)YE") — D2H (Y4")) , Lp—rgp2) -
0

1
0

(W VV}+E)2} _

€

/ (DyD,H (aY; " + (1 — a)Yy") — DyDyH (Y3")) dy da -
[t—T,0]2

_ 2
) (W — Wito) ]da

€
0 t—T
[ Gttt 0= a) 0,0 1)

ny+T—t+e)—ny+T -1
€

1
A33(€,t,77):/ ]E
0

(W — Wipe)dy dm] do

1 0 t—T+e
Auteetn) = [E| [ [ (D,DH @V (1 Vi) - DD (VE)
0 t—T Jt—-T

ny+T —t—€) —n(0) = Wr(y) + Wiy

(Wt — Wt+5)dy diL’:| da



9.8. THE INFINITE DIMENSIONAL PDE WITH SMOOTH FRECHET TERMINAL CONDITION161

e Similarly to I (e,t,n), term Aj (e, t,n) can be developed in the sum of terms given below.

(z

—t+e o
Ayi(e,t,n) =E / / Dy—riH (aY7T" + (1= a)Y3") — Dy_py o H (Y7") T =9 g, da}
€

'/1 /0 DyteridH (@Y " + (1 — @)Y") = Dy_qi H (@Y7 + (1 — ) Yy")

A12(67t777) =E €

n(z)dz da| +

—E

/1 /0 Dyje—rieH (YTM) — Do—11:H (YTM) n(x)dz do
€

1 40 —

Aus(e,t,n) = —E [ / Dy H (Y7 + (1 — @)Yy") — Dy_gye H (Y1) e =6 g, da] .
0 —€ €

e We show now that Aj;(e, t,n) converges to zero.

By Cauchy-Schwarz inequality we have

—t+te 2 —€
A (e, t.m)]2 < / mdmx

—t+e
XE[/ / 1 DyriH (V5" + (1= @)YE") = Dy_r i H (VAN da da

The integral 1/e __t e n?(x — €)dx converges to n?(—t) by the finite increments theorem.
By hypothesis (9.70) and (9.60) we have

|DH (aY; ™" + (1 — a)Y;") — DH (Y;") 250, (9.89)

i oo 5
Because of (9.89), it follows that
DyH (aYp™" + (1 - a)Yp") = Do H (Yp") =550 Vye[-T,0]. (9.90)
Since x +— Dy_71H (aYﬁ‘“" +(1- a)Y:,tJ”) —Dy_ri i H (Y ) is a continuous function for x € [—¢, —t+€],
the finite increments theorem and (9.90) imply that
e 1 t+e,n t,n t,m\12 a.s.
- [Dy—riiH (@Y7 ™" + (1= a)Y") = Dy_ri H (Y7")] " da da === 0.

€E—>

Using (9.72), (9.59), (9.57) and the fact that given any Brownian motion W, sup,.<7 |[W,| has all moments
and Lebesgue dominated convergence theorem it follows that A1 (e, t,n) converges to zero.

e Using the same technique we also obtain that Ay3(e, t,n) converges to zero.

o We show that Ai2(e, t,n) converges to zero.

For every fixed continuous function { we can develop

r+e—T+t

DxfTthJreH (C) - Dm7T+tH (C) = ./_T+t D;H (C) du .
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It follows that Ajs(e, t,n) can be rewritten as

T+t

z— T+t+e
/ /,te/ H (Y7 + (1 - >Yév">—D;H<Y;">}n<x>dudm]- (0.91)

Taking the absolute value and considering the fact that |n(z)| < ||7||cc We obtain

[Ar2(€,t,n)| <E

x—T+t+e€
/ / 6/ |DLH (Y75 + (1 — a)Yy") — D, H (Y3")| dudz da] 1] oo -
t

T+t

By Fubini’s theorem it follows

|A12(e,t,n)| < E

1 —T+t
[ b vy - avi) - o (v duda] Il -

Now using Cauchy-Schwarz inequality we have

|Aiz(e,t,n)]> <TE

T+t
[ o v+ - i) - DL (v’ duda] il <

1
67 =l ? 2
<TE UO |D'H (a7 + (1= a)Y7™) = D'H (Y2") || a1y da] Il -
Convergence (9.89) implies in particular

|D'H (Y7 + (1 — a)Yy") — D'H (Y7 2 @

ez =50

Again using (9.72), (9.59), (9.57) the fact that given any Brownian motion W, sup, < |W,| has all moments
and Lebesgue dominated convergence theorem we have that Aj3(e, t,n) converges to zero.
e This concludes the proof of A; (e, t,n) convergence.

e Concerning As(e, t,n), Cauchy-Schwarz implies that

2 'l
[Az(e,t,m)|” < | —E
0

€

t—T+e
| Dat @Y (=) - Do (1) dw] |

1 t—T+e )
El/t Nz +T—t—¢e)—n0) = Wr(z) + Wiye) dx‘|da,

€ -T

The continuity of DH (see (9.70)), the fact that it has polynomial growth by Remark 9.42.2, (9.59) and
Lebesgue dominated convergence theorem imply that the first expectation converges to zero. The second
expectation converges to zero by the same arguments together with the fact that sup,<p |W,| has all
moments.

e We show now that Az (e, ¢,m) converges to

1
-E l/ D,D H( N dydx| =: Asi(t,n) .
2 [t—T,0]2



9.8. THE INFINITE DIMENSIONAL PDE WITH SMOOTH FRECHET TERMINAL CONDITION163

In fact the term Asq (e, t,n) can be written as follows

%E [Z. (WHG_W} (9.92)

where
Z .= (D*H (Y;Jﬁt) A0 @ Ly_g) = (D2H (Yﬁﬂt) Aprg2) -
At this level we need a technical result.
Lemma 9.44. The random variable B(e) := M weakly converges in L?(Q) to 1 when ¢ — 0.

Proof. In fact, E [B(e)?] = 3, so that (B(e)) is bounded in L?(£2) . Therefore it exists a subsequence (e,)
such that (B(e,)) converges weakly to some square integrable variable By. In order to show that By =1

and to conclude the proof of the lemma it is enough to prove that
E[B(e) - Z) — E[Z] (9.93)

for any r.v. Z of a dense subset D of L?(2). We choose D ad the r.v. Z such that Z = E[Z] + fOT EsdW

where (fs)se[o,T] is a bounded previsible process. We have

E[B(e) - Z] = E[B(e)] E[Z] + E M /T «fdeS]

Since E [B(e)] E [Z] = E[Z], we only need to show that

E

_ 2 T
(Wiye - Wi) / Edes] - 0. (9.94)
0 e

Since fOT &sdWy is a Skorohod integral, integration by parts on Wiener space (2.40) implies that the
left-hand side of (9.94) equals

1

2 T t+e
E 2/ Es(Wige = Wil {44 (S)dS] =E [/ Esds (Wige = W) | 5
0 t

€

this converges to zero since £ is bounded. O

By an immediate application of Lemma 9.44, term As; (e, t,7) expressed in (9.92) converges to %IE[Z]
which equals Asq(t, 7).

e Concerning term Ass (€, t,7n), using Cauchy-Schwarz we obtain

t+e, Y,

Wise — Wy)2
E [<D2H (wfﬁm +(1—a)Y, = t+€) — D?*H (Y}™)  Lpy_r0p2) - Weye = Wo)”

€

<
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2
t+e,Y,

<,|E [H<D2H (aY;fe’” +(1—a)Y,y " tﬁ) — D2H (Y7") , 1j—1,0p2) V3

L2([-T,0]2)

The last term converges to zero because D*H € C°(L?([-T,0])) and D?H has polynomial growth as we
have seen in Remark 9.42.2.

e We show that Asz(e, t,n) converges to zero. We rewrite Ass(e,t,n) as Assi(e, t,n) — Assa(e, t,n), where

// D, D, H (vimy M T =146 = (y+T_t)(Wt+€—Wt)dyd:c]

Aszi(e,t,n) c

Asza(e,t,m) / l/ / DyD.H <aYt+“7 +(1- )Yt+€7yt+5> :

ny+T—t+e) —ny+T-1)
€

(Wt_t,_ﬁ - Wt)dy dl‘:| do .

We will show that both Ass1(e,t,7) and Assa(e, t,n) converge to zero.

Let us consider
Z:=(D*H (V") , 1p—r0@) @ L1 () nly + T —t+e€) —ny + T —1)]) . (9.95)

Using Lemma 9.38 and Lemma 9.39 and the fact that Z is Fréchet differentiable, since H € C3(L2([-T,0])),
it follows that Z belongs to D2 and

0
prz = / D.Zdz= (D2, 1,_1.()) =
= (D*H (Y7") , Lp—ro) (@) @ Lquem (@) n(y + T =t +€) —n(y + T = )] @ Lp_1,g(2)) - (9.96)

Using (9.95), Skorohod integral, integration by parts on Wiener space (2.40), (9.96) and successively

Fubini’s theorem between r and z and then integrating with respect to r, we obtain

1 1 tte
A331(e,t,n) = E]E [Z . (Wt+e Wt)] ]E |:Z / 5Wu:| =
t

1 t+e 1 0

-E {/ D'z dr] =-E [/ / D,.Zdz dr}
€ € t r—T

=K [/ D Zdz} =

= (Yt’n) e (@) QL (y) Iy + T —t+€) =y +T — )] @ Ly_1g(2))] -
(9.97)

The third order Fréchet derivative of H, denoted by D3H, is an operator from L?([-T,0]) to the dual
of the triple projective tensor product of L?([-T,0]), i.e. (LQ([—T, O])®i) . We recall that, given

a general Banach space F equipped with its norm || - ||g and z,y,z three elements of E, then the
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norm of an elementary element of the tensor product # ® y ® z which belongs to E®? is ||z||z - ||y|e -

HZHE Since H‘ﬂ[fT,th](') [77( +T—t+ 6) - 77(' +7T - t)]HL2([—T,O}) = H-ﬂ[ft,o](') [77( + 6) - 77()] HLZ([—T,O])
obviously converges to zero, we obtain the following.

(D*H (Y7") , Tp—r0)(2) @ D r0) () n(y + €) = n(¥)] @ Djp_p,0(2))] <

<|[p*H (v7")

10 O 32y 1T1-201C) I+ € = O[] gy = 0

||(L2([7T,O])®i)* ) e—0

By the polynomial growth of D3H, (9.57), the fact that for any given Brownian motion W, sup, <7 |[Wo|
has all moments and finally the Lebesgue dominated convergence theorem we conclude that (9.97) converges
to zero, therefore Assq(e,t,m) converges to zero.

At this point we should establish the convergence to zero of Assa(e,t,n). This can be done using, again as
above, integration by parts on Wiener space (2.40). However there are several technicalities that we omit.
e We show finally that As4(e, ¢,n) converges to zero.

Using the finite increments theorem, for every a € [0,1], w € Q a.s., it follows that
1 0 t—T+e¢ trem L L
. (DyDoH (Y " + (1 = a)Yp") = DyD.H (Yp"))
t—1 Jt—T

My +T —t =€) =n(0) = Wr(y) + Wire] Wi — Wiye)dy da

converges to zero. By polynomial growth of D2H, (9.59), the usual property that given any Brownian
motion W, SUp, < |[W,| has all moments and applying Lebesgue dominated convergence theorem we
conclude that Asy(e, t,7) converges to zero.

e We are now able to express dyu : [0,T] x C([-T,0]) — R. For t € [0,T], it gives Qwu(t,n) =

Ii(t,n) + Is(t,n) + As1(t,n), i.e.
0
dwu(t,n) =E [D_gH (Y7") n(—t)] + E [ D, _r H (Y n(z)dz| —E [Dy—rH (Y7") 0(0)] +

—t
1 277 (v

- iE [<D H (YTU) 7]]'[t—T,0]2>] . (998)

Taking into account (9.77) and Notation 9.25, it finally follows that u solves (9.71). O

As consequence of previous theorem we obtain the following.

Corollary 9.45. Let H which satisfies the assumptions of Theorem 9.41 and u(t,n) = E [H (YTM)] ,t €
[0,T],n € C([-T,0]) defined as in (9.63). Let X a real continuous process with [X]; =t and X, = 0.
Then the random variable h defined by h := H(X7(-)) admits the representation

T
h = Ho + / (X, (9.99)
0

where Hy = u(0, Xo(-)), & = D%u(t, X;(-)) and fOT &:d~ X, is a proper forward integral.
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Proof. The proof is a consequence of Theorem 9.41 and Corollary 9.28. The forward is proper because
because u € CH2([0,T] x C([-T,0])). O

Remark 9.46. If X is a continuous semimartingale such that [X]; = ¢ previous Corollary 9.45 applies
and the forward integral in (9.99) is in fact an It6 integral, see Remark 2.9.2. We recall to this purpose

that the process ¢ is continuous, since D%w (t,7) is continuous.

We repeat that Corollary 9.45 constitutes a generalization of Clark-Ocone formula. Suppose that
X = W is the classical Brownian motion. If h € D'2, the classical Clark-Ocone formula recalled in (9.3)
holds. Next proposition shows that (9.3) has a robust form which does not depend on the law of W (-), i.e.

Wiener measure, at least if has a smooth Fréchet dependence on the underlying process.

Proposition 9.47. Let u(t,n) = E [H(Y%")} ,t €10,T],n € C([-T,0]), defined as in (9.63), fulfilling
assumption of Theorem 9.41 and X = W the Brownian motion equipped with its canonical filtration (F3),
h=H(Wz(-)). Then

Du(t, W,(-)) = E[D{"H(Wr(-))|F] - (9.100)
In particular

T T
/ Doou(t, Wi(-))d= W, = / E [D"h|F,] dW, (9.101)
0 0

Proof. 1. Remark 2.9.2. says that the forward integral from 0 to ¢t € [0, T] coincides with Itd integral;

the result follows by uniqueness of the representation of h € L?(£2, Fr) in the Brownian case.

2. On the other hand it is possible to show (9.100) directly. In fact using Lemma 9.38 and the fact that
h = H(Wz(-)) we have

0
Di"h :/ D H(Wr(+))ds.
t—T
Taking the expectation with respect to (F;) we obtain
0
E [D}*h|F] = E [ / DsH(Yi’Wt('))dslft] =T(W())
t—T
where
0
I'(n) =E [/ DSH(YTt’")ds} :
t—T

We observe that I'(n) = D%u (t,n) by (9.76).
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9.8.3 Some considerations about a martingale representation theorem

Suppose that X = M is a square integrable martingale equipped with its canonical filtration (G;) and
h = H(Mr(-)) with H : C([-T,0]) — R having linear growth. We are interested in sufficient conditions
so that

T
h =El[h] +/ Esd M, (9.102)
0
where (£5) is an explicit previsible process.

We state a result which belongs to the same family as Corollary 9.45. In fact in that corollary if process
X is a continuous semimartingale, the Clark-Ocone type formula stated at (9.99) holds and of course the
forward integral is a It0 integral.
The proposition below is a consequence of Theorem 7.36. We recall that Dy & L? denotes Do([—T,0]) &
L2([~,0)).

Proposition 9.48. Let u : [0,T] x C([-T,0]) — R continuous such that (¢,n) — Du(t,n) exists with
values in Dy @ L? and Du : [0,T] x C([-T,0]) — Do & L? is continuous. If moreover

E [h|G:] = u(t, My()) Vtel0,T] as. (9.103)
then

h = E[h|Go] + /T D%u(s, My(-))dM, . (9.104)

Proof. We observe that u verifies the assumptions of Theorem 7.36, then u(-, M.(-)) is a (G;)-weak Dirichlet

process with martingale part, according to (7.25), given by
t
M} = u(0, My(+)) +/ D%u(s, M,(-))dM, . (9.105)
0

By (9.103), u(-, M.(-)) is obviously a (G;)-martingale being a conditional expectation with respect to
filtration (G;). By uniqueness of the decomposition of (G;)-weak Dirichlet processes, see Remark 3.5 in [32],

it follows
T
u(t, M(+)) = u(0, Mo()) +/0 D% ufs, My(-))dM, .

In particular the (G;)-martingale orthogonal process is zero. Since h = u(T, Mr(+)) and u(0, My(-)) = E[h|Go]
the result follows. O
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9.9 The infinite dimensional PDE with an L?([-T, 0])-finitely based

terminal condition

As mentioned earlier, this subsection gives sufficient conditions on H to solves the infinite dimensional

PDE in Corollary 9.28 involving much less regularity on H with respect to Section 9.8.

Notation 9.49. In this section, if g,¢ : [a,b] — R are cadlag and g has bounded variation we will use the

following notation

/ gdl = g(b) £(b) — g(a=) fa~) — / tdg. (9.106)
[a,b]

[a,b]

We introduce the functional H. For all i = 1,...,n, let ¢; : [0,7] — R be C?([0,T];R). it exists
¢; € L*([0,T)) For technical reasons we extend for every i, ¢;(t) = 0 for t ¢ [0,7]. Obviously we have
©i(07) =0 and @;(TT) =0.

Let f: R™ — R be measurable and with linear growth. We consider the functional
H:C(-T,0) =R

defined by

H(n) = f (/{_TO] w(quT)dn(u),---,/[_To] son(U+T)dn(u)> : (9.107)

Let X be again a real continuous process such that Xy = 0 and [X]; = ¢. According to previous Notation

9.49, the random variable h := H(Xr(-)) can be expressed as follows.

h=HX7r(-)=f (/[_TO] o1(u+T)d™ Xr(u),.. .,/ on(u+ T)d_XT(u)> =

[—T,O]
T T
=f (/ p1(s)d” X, ... / wn(s)d‘Xs> : (9.108)
0 0
For every i € {1,...,n}, integration by parts (2.9) for stochastic processes implies
t 0
| e X = [ tus 00 Xiw) = 0010 - 90X~ [ Xiluldgstut o) =
0 —t [—t,0]
—a0Xi - [ Xudps) (9.109)
[7t’0}

so that previous integrals can be characterized pathwise.

We formulate the following assumption.
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Assumption 1. For ¢ € [0,T], we denote 3, the matrix in M, »,,(R) defined by

(Zt)1§i,jgn = </t Wi(s)@j(s)d3>

1<i,5<n

We suppose
det (X;) >0 Vte|0,T]. (9.110)

Remark 9.50. 1. We observe that, by continuity of function ¢ — det (3;), there is always 7 > 0 such
that det (X;) # 0 for all ¢ € [0, 7.

2. Tt is not restrictive to consider det (X) # 0 since it is always possible to orthogonalise (¢;)i=1,..» in
L?([0,T)) via a Gram-Schmidt procedure.

3. When the family is orthogonal, 3 is a diagonal invertible matrix in M, x,(R).

In view of defining a functional w : [0, 7] x C([—T,0]) — R, we suppose for a while that X is a classical
Wiener W process equipped with its canonical filtration (F;). We set h = H(Wr(+)) and we evaluate the
conditional expectation E [h|F;]. It gives

f (/OTSDi(S)dWs,---,/OTgon(s)dWS> |ft] -

B ( / -~-a/ot<pn(s)dws>:
( / Wi (u), '7/_i¢n(u+t)th(u)> _

( / () d W (u), .,/_OTwn(u—i—t)th(u)) , (9.111)

E[h|F] =E

where the function ¥ : [0,7] x R" — R is defined by

T T
f <y1 +/t e1(8)dWe,...... ’y"+/t cpn(s)dwsﬂ , (9.112)

for any t € [0,T],91,-..,yn € R. In particular

\Il(t7y1a"'7yn) :E

U(T,y1s-yn) = (Y1, eee +Yn) - (9.113)

We simplify expression (9.112) introducing the density function p of the Gaussian vector

(/tT or(s)dWe, /tT %(s)dWs>
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whose variance-covariance matrix equals to X;. Function p : [0,T] x R™ — R is characterized by

1 (21, 20) S (21, oy 20)
(27)" det (%) eXp{ 2 ’

p<t7217"';zn) =

and function ¥ becomes

f(Zh...,én)p(t,il —Yly---y2n —yn)dil---din ifte [O,T[
Ut Y1y Yn) = Rn (9.114)

fyr, et 2 Un) ift="T.

Remark 9.51. 1. We remark that, at time ¢t = T, (T, -) is a function which strictly depends on the
representative of f and not only on its Lebesgue a.e. representative. So W, as a class does not admit

a restriction tot =T

2. Function p is a solution C*°°([0, T[xR™) of

1 n
atp(t7 RBlyeees Zn) = 75 Z 901(75)% (t)azsz(ta Zlyees Zn) . (9115)

ij=1

Therefore function W is C12([0, T[xR™) and solves

1 n
OU(t 21, ) = =5 > wit)ei (1)Lt 21, 2). (9.116)

i,j=1

We define now function w : [0,T] x C([-T,0]) — R by

u(t,n) =¥ (t, /[t ) p1(s+t)dn(s),..., /[t . on(s+ t)dn(s)) , (9.117)

where U(t,y1,...,yn) is defined by (9.114).
By the fact that, for every 4, function ¢; are C? bounded variation functions and ¢;(0~) = 0 we can write,

according to Notation 9.49,

/ pi(s + £)dn(s) = n(0)i(t) — / n(s — )pu(s)ds .
[—t,0]

[0,¢]
Obviously f[O,t] (s —t)gi(s)ds = f]O,t] n(s — t)¢i(s)ds being a Lebesgue integral.
Remark 9.52. By construction we have
u(t, Wi(-)) = E[h|F]
and in particular (0, Wy(+)) = E[h].

We state now the first proposition related to the section.
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Proposition 9.53. Let H : C([—T,0]) — R be defined by (9.107) and w : [0,T] x C([-T,0]) — R be
defined by (9.117).

1. Function u belongs to C*2 ([0, T[xC([-T,0])) and it solves (9.49), i.e.
1
Lultn) =dattn) + [ | DiFutta)dnte) + 5D mi(0,0)) =0
—t,
u(T',n) = H(n)
2. If f is continuous then we have moreover u € C° ([0, 7] x C([-T,0])).

Proof. We first evaluate the derivative dyu (¢,7n), for a given (t,7) € [0,T] x C([-T,0):

Opu(t,n) =0,V (t,/[_to] @(S+t)dn(8)> +

+ ; <3i‘1’ (tv/[w] (s +t)dn(8),-~»/[t)0} <pn(s+t)d77(8)>> : (@ /MO] pi(s +t)d77(8)> =
oV | t, S dn(s

(f /[w] p(s + t)dn( )> +
+ L (&«11 (t,/[_w] 801(8+t)d77(8)7...,/[_t,0] wn(s+t)dn(s)>> : (/}_w] <,bi(s+t)dn(s)> .

7

(9.118)
The last equality holds through integration by parts, Notation 9.49 we obtain
o (/ pi(s +t)dn(3)> =0 (n(O)%(t) —/ 77(5)¢i(5+t)d3> =
[—t,0] [—t,0]
=mm@m—nvw@mW—A‘]mw@w+ow:
—t,0
=mm@m—M%wmﬂ—[ o)+ 1)ds =
—t,0
= / oi(s+t)dn(s) .
1-t,0] (9.119)

We go on with the evaluation of the derivatives with respect to n. For every t € [0,T], n € C([-T,0]), the
first derivative Du evaluated at (t,7) is the measure on [T, 0] defined by

Dagu(t,n) = D3u(t,n) da + D*u(t,n)do(dz)

D¢cu(t,n) = — Z (61'\1/ (t, /[_t ) v1(s+t)dn(s), ... ,/

e on(s+ t)dn(s))) . (]1],,5’0] (z)pi(x + t))
D%y = Y o0; ¥ 1(s + S)yenny
(t,m) Eﬁ < (tv /[t,o] p1(s + t)dn(s) /

i=1 [—t,0]

on(s+ t)dn(8)>> pi(t) -
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(9.120)

We observe that « — D2 (t,n) has bounded variation.

For every t € [0,7T], n € C([-T,0]), the second order derivative D?u evaluated at (t,n) gives

D;ac,dyu(t7 ’r]) = Z (af,qu (tv \/[t " 901(5 + t)dﬁ(s)» (AR /[t " 9071(5 + t)dn(5)>> '

2,j=1

: (%’ () ()00 (dw)do(dy) — @i(t)L[—s,0(w)@;(dx + t)do(dy)+

— @i () L[¢,0/ () Pi(dy + t)do(dz) + Ly 01 (2) L —,0)(y)Pi(dx + ) ps(dy + t)) :

(9.121)

We also observe that D?u : [0, 7] x C([-T,0]) — x°([=T,0]?) continuously.
Using (9.116) we obtain that

Lu(t,n) = Z (81-\11 (t, / p1(s +t)dn(s),... ,/ on(s+ t)dn(s))) I

i—1 [—t,0] [—t,0]

where

I, = (/ oi(x + t)dn(z) — / 1)_s 0 (x)pi(x + t)dn(z)) =0. (9.122)

1—t,0] 1—t,0]

We conclude that Lu (¢,1) = 0.
Condition u(T,n) = H(n) is trivially verified by definition. This concludes the proof of point 1.
Point 2. is immediate. O
Remark 9.54. In this example we have introduced the concept of integral on a closed interval

/ wi(s+t)dn(s) . (9.123)

[7t70]

It is applied to n = X¢(-). Since Xy = 0 we have

/[to] sﬁi($+t)dﬂ(8)|n=xt<~)/] ]Sﬁi($+t)dﬂ(8)|n=xt(~)

)

The choice of (9.123) is justified since

t— wi(s+t)dn(s)
]—t,O]

is not differentiable.
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We can now state the main theorem of the section.

Proposition 9.55. Let f : R” — R be a Borel function with linear growth. Let H : C([-T,0]) — R
be defined by (9.107) and u : [0,7] x C([-T,0]) — R be defined by (9.117). Let X be a continuous
finite quadratic variation process such that Xo = 0 and [X]; = t. Let h be the random variable H(Xr(+)).

Suppose that one of the following assumptions holds:
1. f is continuous with linear growth.
2. X is a classical Brownian motion W and f is Borel subexponential.

Then
T
h = H, +/ &d™ Xy (9.124)
0

with Hy = u(0, Xo(+)) and & = D%wu(t, X4(-))

Proof.

1. follows by Proposition 9.53 and Corollary 9.28.
2. We apply Proposition 9.27 from 0 to s < 7" and Remark 2.9.2 which gives
S
u(s, W) = Ho + [ W,
0

where & = D%u(t, X;(-)) and D%wu(t,n) is given by (9.120). Clearly the process

o; U <t, /Ot w1(s+t)dWi(s),. . .,/i on(s+ t)th(s)> wi(t)

is (F;)-adapted, so the forward integral coincides with the classical Tt6 integral since s < T. To
conclude we need to take the limit when s — T. Since u(s, Wy(+)) is the Brownian martingale

E[h|Fs], the result follows by Lemma 9.8. We have therefore
T
h=u(T.We()) = Ho+ [ W,
0
where
n t t
&= ou (t/ or(5)dW,s, .. / @n(s)dWS> i) = Dou(t, ()
i=1 0 0

and Hy = u(0, Wy(-)) = E [h] since Remark 9.52.
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Remark 9.56. 1. If f is Lipschitz then & = E[DJ*h|F;] since h € D2, This follows either by
uniqueness of the representation of square integrable random variable or by a direct computation of

Malliavin derivatives and conditional expectation. In fact

T T
Dlnh:DZn [f (/0 (Pl(s)dWm»/O @n(s)dWs>1 =

and

E[D?h|ft]:ZE[8if (/0 wl(s)dWS,...,/O %(s)dws> |}}] oilt) -

By the definition of ¥ in (9.114), for every i = 1,...,n, we can show that

E [&f </OT wi(s)dWs, .. .,/OT gon(s)dWS> |_7-'t] =0;¥ (L/Ot w1(s)dWs, . .., /Ot @n(s)dWS>

(9.125)

2. In particular we observe that E [D}*h|F;] only depends on the derivatives of ¥ which may exists also

when f is not differentiable.

3. We emphasize again that when X = W the improper forward integral in the representation (9.124) is

not a classical Ito integral. In fact ¥ not differentiable in T



Appendix A

Bochner and Pettis Integral

As a main reference we mention [19] and [18].
Those integrals are generalization of Lebesgue integral to Banach-valued functions, i.e. are used for
integrations of functions f from some finite measure space (2, F, u) to a Banach space F equipped with a

norm || - [|p. Both the integrals are F-valued. We recall some definitions and properties.

A function f:Q — F is weakly measurable if the scalar function go f : 2 — R, also denoted by

w9, f)r, is measurable for every g € F*.

A weakly measurable function f is Pettis integrable if for every A € F there is an element of F,
denoted [, fdu, such that for every g € F*. ..(g, f)r belongs to L (dy)

F*<9a/Ade>F=/A (9, [)rdp.

A function f: Q) — F is strongly measurable with respect to p if is p-a.e. the limit in the norm
topology of F' of a sequence of simple functions (f,), i.e. if ||fn — f| 5 I 0.
n—-+0oo
A strongly measurable function f : ) — F' is Bochner integrable with respect to u, or u-Bochner
integrable, if [, || f||rdp < +oo. This is equivalent to have [, ||fn — fllrdp e 0 where the integral
n———moo
on the left-hand side is an ordinary Lebesgue integral. In this case the Bochner integral of f exists and is

an element of F' defined by lim, .o [, fn dp.

The space of u-Bochner integrable functions f :  — F defined p-a.e. on § is denoted by L' (Q, F, u; F)
or even by LL(u).
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For f € L.(u) we define a seminorm, called Bochner norm, defined by || f||; = 12y = Jo IIfIPdp.
Then L. (u) is complete for this seminorm. The set of equivalence classes of y-measurable functions still

denoted by Lk (p) is a Banach space.

An important theorem discussing the relation between the strongly and weakly measurability is the
Pettis Measurability Theorem which says that a function is strongly measurable if and only if it is weakly
measurable and there is a p-null set which has separable range, i.e. there exists a set N € F with u(N) =0
such that the range set {f(z); z € Q\ N} C F is separable. For more details about those arguments we
refer to [74].

In this paper generally we consider (2, F, u) = ([0, T], B([0,T1]), ) where B([0,T]) denotes the Borel
algebra on [0, 7] and £ denotes the Lebesgue measure on [0, 7.

We recall the construction of the Bochner integral.

We recall that let a set 2, a ring is a a set of subsets of 2 closed under union A U B and difference
A\ B, for all possible A, B C Q. A §-ring is ring closed under countable intersections. We denote by D the
the d-ring of the sets A € F with u(A) < co. In the definition of the Bochner integral only the restriction
of the measure p to the §-ring D is influent. In fact if R C D is a ring generating the é-ring D, then the set
of R-step function is dense in L}.(u). For a D-step function f = > icr Pa, fi with A; € D mutually disjoint
such that (J;c; Ai = Q and (f;)icr € F, we have

[ rin=Ynas e r

iel
and

F

> (A f;

iel

|/ o

So the mapping f — [ fdu from the subspace of the F-valued D-step functions, into the space F, is

<A Il = [ 1l d = 151,

F i€l

continuous for the seminorm || f||1, therefore it can be extended uniquely to a linear, continuous mapping
from the whole space LL(u) into F. The value of the extension for a function f € L (u) is denoted by
J fdp and is called the Bochner integral of f with respect to p.

We still have || [ fdul|,, < [ £llpdp < || £l for f € Li().

If f € Lp(p) and A € F, then ¢af € Lp(p) and we denote [, fdu := [¢afdu. The mapping

A— fA fdp from F into F is a o-additive measure.
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Let L% (p) the set of p-measurable function f: Q — F with || f|| € LP(p) (in the classical sense). We
define on L% (p) the seminorm || f[l, = (/|| f]I*) Ve If1lp if 1 < p < co. Then L%.(u) is complete for
the seminorm || f||,. For 1 < p < oo, the set of equivalence class of p-measurable functions still denoted by
L%.(w) is a Banach space.

We state a useful result about Bochner integral. Let E, F and G be Banach spaces.

Proposition A.1. Assume E C L(F,G). If f € Li:(1) and g € E, then f o g, denoted also by (g, f)r,
belongs to L, (1) and we have

549, /fde =/E<g, fpdpeG.
In particular, if f € L% (u) and g € F*, then (f, g) € LL(u) and we have

el [ sae= [ rota, pdn.

In particular if f is a Bochner integrable function then it is naturally Pettis integrable and the Pettis

integral exists and equals the Bochner integral.
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Appendix B

Integration with respect to vector

measure with finite variation

We are interested in the integral [ fdm, where m is a vector measure with finite variation and f is
vector-valued.
The framework consists of d-ring D of subsets of 2, three Banach space E, F,G with E C L(F,G) and a
o-additive vector valued measure m : D — FE with finite variation |m|. We shall reduce integrability
of vector-valued functions f : Q — E with respect to m, to the Bochner integrability of f with respect to

the variation |m|. We suppose (2, F,|m|) the measure space with variation of the vector measure |m/|.

Definition B.1. We say that a set A C Q) is m-negligible (resp. m-measurable) if it is |m|-negligible
(resp. |m|-measurable). We say a function f :  — F is m-negligible, m-measurable, m-integrable if it
has the same property with respect to the variation |m/| in the case of the classical Bochner integral.

For 1 < p < oo we denote LY. (m) := LY.(Jm]) (in the Bochner sense) and endow L%.(m) with the seminorm

of Lt.(Im]), i.e.
1/p
151 = ([ 171am)

If 1 < p < oo, then L%.(m) contains all the characteristic functions of the sets A € F with |m|(A) < +oo.

if 1 <p<oo.

We have the following properties: L (m) is complete; if 1 < p < oo and if R is a ring generating the d-ring
D, then the R-step functions f : Q@ — F are dense in L%.(m). In particular the D-step functions are dense
in L¥.(m). If 1 < p < oo the Vitali and the Lebesgue convergence theorems are valid in L. (m).

For the m-measurable functions f : 2 — F' the following assertions are equivalent: f is m-integrable; f is

|m|-integrable; | f| is |m|-integrable.
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We define the integral for a D-step function f =", ; ¢4, fi with A; € D mutually disjoints and f; € F' by
[ im = tm(a), £y < 6
ZGI
and it holds

Therefore, the mapping f — [ fdm is linear and continuous from the set of F-valued D-step functions

E< ( .ﬁ

i€l

<lem M pllfille < Iml(4; ||f1||F_/ [flledim] =1 f]l -

i€l iel

into G with respect to the norm || f||;. Since the set of F-valued D-step functions is dense in L (m), we
can extend uniquely the map f — [ fdm to a linear continuous mapping on the whole space L. (m) with
values in G. The value of this extension for a function f € L}.(m) is denoted by [ fdm and is called the
integral of f with respect to m.

We still have ||[ fdm|, < [|fllrdm| = ||flls for f € Li(m). If f € Lp(m) and A € F, then
paf € Lp(m) and we denote [, fdm := [ ¢ fdm.

The following properties hold by construction:

It f, %—a f then [ fudm —S— [ fdm.

If f € Lj(m), then the mapping A — [, fdm from ¥ into G is o-additive and limj,,(a)—o [, | f|d|m| = 0.
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