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Variance Optimal Hedging for discrete time processes
with independent increments.

Application to Electricity Markets
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October 18th 2011

Abstract

We consider the discretized version of a (continuous-time) two-factor model introduced by Benth
and coauthors for the electricity markets. For this model, the underlying is the exponent of a sum of
independent random variables. We provide and test an algorithm, which is based on the celebrated
Follmer-Schweizer decomposition for solving the mean-variance hedging problem. In particular, we es-
tablish that decomposition explicitly, for a large class of vanilla contingent claims. Interest is devoted in
the choice of rebalancing dates and its impact on the hedging error, regarding the payoff regularity and

the non stationarity of the log-price process.
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1 Introduction

It is well known that the classical Black-Scholes model does not allow in real applications to replicate perfectly
contingent claims. Of course, this is due to market incompleteness and specifically two major reasons : the
non-Gaussianity of prices log-returns and the finite number of trading dates. The impact of these features
have been intensively studied separately in the literature.

There is a large literature on pricing and hedging with non Gaussian models (allowing for stochastic
volatility or jumps), in a continuous time setup. Then, the hedging error related to the discretization of
the hedging strategy is in general ignored or investigated separately. One popular approach is the Variance-
Optimal hedging. Let S¢ denotes the underlying price process where the superscript c refers to the continuous

time setting); if H denotes the payoff of the option, the goal is to minimize the mean squared hedging error
T
E[(Vr — H)?] with Vp = c+/ v dSy .
0

over all initial endowments ¢ € R and all (in some sense) admissible strategies v. The first paper specifically on
this subject is due to Duffie and Richardson, see [I8]. Among significant early contributions there are [36 37,
[39, 331 25], a fairly complete recent article on the structure of mean-variance hedging, with a rich bibliography
is provided by [II]. One of the now classical tools is the so called Follmer-Schweizer decomposition. Given
a square integrable r.v. H and an (F;)-semimartingale S = (S;);>0, that decomposition consists in finding
a triple (Hy, &, L) where Hy is Fo-measurable, £ is (F;)-predictable and L is a martingale being orthogonal
to the martingale part M of S such that H = Hy + fOT £sdSs + Lr. In the recent years, some attention was
focused on finding explicit or quasi explicit formulae for the Follmer-Schweizer decomposition or the optimal
strategy for the mean-variance hedging problem. For instance [6] gave an expression based on Clark-Ocone
type decompositions related to Lévy type measures when the underlying is a Lévy martingale, [I5] still in
the martingale case with techniques of partial integro differential equations. [29] obtained significant explicit
decompositions when the underlying is the exponential of a Lévy process and the contingent claim is a vanilla
type option appearing as some generalized Laplace transform of a finite complex measure. Other significant
semi-explicit formulae appear in [30, BI]. [29] was continued by [2§8] in the framework of processes with
independent increments with some applications to the electricity market.

However, in practice, the hedging strategy cannot be implemented continuously and the resulting optimal
strategy has to be discretized. Hence, to be really relevant the hedging error should take into account this
further approximation.

An alternative approach, less investigated in the literature, is to consider directly the hedging problem in
discrete time as proposed by Cox Ross and Rubinstein [I6]. The first incomplete market analysis in the
spirit of minimizing a quadratic risk is due to [I9]. They worked with the so-called local risk-minimization.
The problem of Variance-Optimal hedging in the discrete time setup was proposed in [35] [38]. In the recent
years some interest on discrete time was rediscovered in [8, 9 [32]. [12] revisits the seminal paper [19] in the
spirit of global risk minimization. In the discrete-time context, a significant role was played by the analogous
of the previously mentioned FS-decomposition. It is recalled in Definition 2.8

Recently, many approaches have been proposed to obtain explicit or quasi-explicit formulae for computing
both the variance optimal trading strategies and hedging errors in discrete time. For instance, in [1], Angelini
and Herzel derive closed formulae for the variance optimal hedge ratio and the corresponding hedging error
variance when the underlying asset is a geometric Brownian motion which is martingale. As we said, Kallsen
and co-authors contributed at providing semi-explicit formulae for the Variance-Optimal hedging problem

both in discrete and continuous time, for various kind of models. In particular in [29], semi-explicit formula



are derived for the (discrete and continuous time) Variance-Optimal hedging strategy and for the resulting
hedging error, in the specific case where the logarithm of the underlying price is a process with stationary
independent increments. One major idea proposed in [29] and [10] consists in expressing the payoff as a
linear combination of exponential payoffs for which the variance optimal hedging strategy can be expressed
explicitly. With a similar methodology and in the same setting, Angelini and Herzel [2] determine the
Laplace transform of the variance of the error produced by a standard delta hedging strategy when applied
to several class of models. In [I7] similar results are provided in the continuous time setup. In this paper,
we use the generalized Laplace transform approach to extend the results of [29] to the case of processes with
independent increments (PII) relaxing the stationary assumption on log-returns. The semi-explicit discrete
Follmer-Schweizer decomposition is stated in Proposition B.I1] the solution to the mean-variance hedging
problem in Theorem Il The expression of the quadratic hedging error in Theorem gives a priori a
criterion of market completeness as far as vanilla options are concerned. This confirms that the (even not
stationary) binomial model is complete, see Proposition

Our discrete time model consists in fact in the discretization of continuous time models which are exponen-
tials of processes of independent increments. Given a continuous-time model (S )¢>0, where Sy = sg exp(XY)
and X ¢ is a process with independent increments and discrete trading dates tg, %1, - - , ¢y, our discrete model
will be S = (S}), such that Sy = Sf , for all k = 0,1,---N. In this discrete time setting, the Variance-
Optimal pricing and hedging problem consists in looking for the initial endowments ¢ € R and the admissible

strategy v = (vy) which minimizes

N
E[(VP — H)?] with V& =c+) vAS .
k=1
This framework is indeed well suited to take into account together both the non-Gaussianity of log-returns
and hedging errors due to the discreteness of trading times. Our investigation for quasi-explicit formulae

when the underlying is the exponential of sums of independent random variables is due to two reasons.

1. The first one comes from the fact that the basic continuous time model can be time-inhomogeneous in

a natural way, see for instance [28].

2. The second, more original reason, is that the discretized times, which correspond in our case to the

rebalancing dates, are not necessarily uniformly chosen.

About item 1., some prices exhibit non stationary and non-Gaussian log-returns. One common example of
this phenomenon can be observed on electricity futures or forward market: the forward volatility increases
when the time to delivery decreases whereas the tails of log-returns distribution get heavier resulting in huge
spikes on the Spot. The exponential Lévy factor model, proposed in [7] and [I3] allows to represent both the
volatility term structure and the spikes on the short term. More precisely, the forward price given at time ¢
for delivery of IMWh at time Ty > t, denoted FtTd is then modeled by a two factors model, such that

t
S¢ = F = Fl exp(m}* —i—/o ose MaTWGN, + o W), forall t € [0,Ty] , (1.1)

where m is a real deterministic trend, A a real Lévy process and W a real Brownian motion. Hence, forward
prices are modeled as exponentials of PII with non-stationary increments and existing results from [29] valid
for stationary independent processes cannot be applied for that kind of models.

Concerning item 2., the announced motivation for our development is to be able to analyze the impact of

a non-homogeneous discretization of the trading dates on the Variance-Optimal hedging error. The issue of



considering non-homogeneous trading dates was first considered by Geiss [2I] who analyzed the impact on
the hedging error of discretizing a continuously rebalanced hedging portfolio. He showed that for a given
irregular payoff (e.g. a digital call), concentrating rebalancing dates near the maturity instead of rebalancing
regularly can improve the convergence rate of the hedging error. Later, Geiss and Geiss [22] introduced the
so called fractional smoothness quantifying the impact of the payoff irregularity on the optimal discretization
grid. The reader can consult [23] for a nice survey on this subject and [24] for some recent developments.

Hence, it seems to be of real interest to be able to consider such non-homogeneous grids. However, if
the continuous time log-price model X¢ = log(S¢) — log(sg) has independent and stationary increments,
considering non-homogeneous trading dates involves a non stationary discrete time process X such that
Xy = X{_ for k = 0,---N, where tg,t1,--- ,tx denote the non-homogeneous trading dates. Hence, here
again existing results from [29] cannot be applied neither for hedging at non-homogeneous times nor for
evaluating the resulting hedging error.

In the present work, we have performed some numerical tests concerning both applications. One major
observation is the remarkable robustness of the Black-Scholes strategy that still achieves quasi-minimal
hedging errors variances, with both non Gaussian log-returns and discrete rebalancing dates. Besides, our
tests show that when hedging with electricity forward contracts, the impact of the choice of the rebalancing
dates on the hedging error seems to be more important than the choice of log-returns distribution (Gaussian
or Normal Inverse Gaussian, in our case). Concerning the case of hedging an irregular payoff (a digital call,
in our case), our numerical tests confirm the result of [2I]. In almost Gaussian cases, we observe that the
variance optimal hedging error, can be noticeably reduced by optimizing the rebalancing dates. However,
this phenomena is less pronounced when the tails of the log-returns distribution get heavier for which the
hedging error gets less sensitive to the rebalancing grid. This suggests that the result of [2I] and [24] could
not be extended straightforwardly to the non Gaussian case.

This article is organized as follows. In Section 2, notations and generalities on the discrete Follmer-
Schweizer decomposition are presented. In Section 3, we derive semi-explicit Follmer-Schweizer decom-
position for exponential of PII. Section 4 is devoted to the solution to the global minimization problem.
Tllustrative example and simulation results are given in Section 5; in particular, subsection [5.2]is concerned

with data coming from the electricity market.

2 Generalities and Discrete Follmer-Schweizer decomposition

We present the context of the problem studied by [38].

Let (92, F, P) be a probability space, N € N* a fixed natural number and F = (Fy)g=0,.... v a fixed
reference filtration. We shall assume that F = Fn. Let (Sk)k—o.....n be a real-valued, F-adapted, square-
integrable process. We denote by ASj the increments Sy — Si_1, for k = 1,--- , N. We use the convention

that a sum (respectively product) over an empty set is zero (resp. one).

Definition 2.1. We denote by O the set of all predictable processes v (i.e.: vy is Fr—1-measurable for each
k > 1) such that vy ASy, € L2(Q) for k=1,--- ,N. Forv € ©, G(v) is the process defined by

k
Gr(v) == ZUjASj, for k=1,---,N.
Jj=1

The problem addressed in [38] is the following.



Given H € £?(Q), we look for (V, ¢*) which minimize the quantity
E[(H - Vo - Gr(9)7] . (2.2)

over Vg € R and ¢ € ©. It will be called discrete time optimization problem. The expression

E|(H-Vy—-Gr (cp*))2 will be called the variance optimal hedging error.

Definition 2.2. Schweizer [38] introduces the following non-degeneracy condition (ND). We say that
S satisfies the non-degeneracy condition (ND) if there exists a constant 6 €]0, 1] such that

(E[ASK|Fi—1])® < SE[(AS))*[Fi1] .
P.a.s fork=1,--- N.
Remark 2.3. 1. If (Sk) is a martingale then (ND) is always verified.

2. Note that by Jensen’s inequality, we always have (E[ASk|Fr_1])> < E[(ASk)2|Fr_1] a.s. The point of

condition (ND) is to ensure a strict inequality uniformly in w.

To obtain another formulation of (ND), we now express S in its Doob decomposition as Sy = My + Ay
where M}, is a square-integrable martingale and Ay is a square-integrable predictable process with Ay = 0.

It is well-known that this decomposition is unique and is given through
AAg = E[ASL|Fr—1] , and AMy := AS, — AA .
We will operate with the help of some conditional moments and conditional variance setting
Var[ASg|Fr—1] = E[(ASk)?|Frx_1] — E[ASk|Fr_1]? .
Remark 2.4. For k=1,..., N, we have the following.
1. E[(ASk)?|Fra1] = E[(AM)? | Fraa] + (AAR)? 5
2. Var[ASg|Fr—1] = E[(AM)?|Fr_1] ;
3. Previous conditional variance vanishes if and only if AMy =0 a.s.

We introduce the predictable process \; by

— AAk o E[ASkLkaﬂ
A = E[(ASK)?[Fee1]  E[(ASK)2|Fr1]’ (2.3)

for all k =1, -+, N. These quantities could be theoretically infinite.
Remark 2.5. Suppose that P(AS; =0) =0 for any k=1,--- ,N.

1. Then E[(AS)?|Fr_1] > 0 a.s. In fact, let B = {w|E[(ASk)?(w)|Fr_1] = 0}. This implies AAy, = 0
on B because of Remark[2.7] 1. By the same Remark,

0 = 1gE[(AM})?|Fi_1] = E[1 g(AM},)?|Fr_1] ,

so AMy =0 a.s. on B. This implies that ASy =0 a.s. on B. By assumption, B is forced to be a null

set.



2. Previous point 1. guarantees in particular that (\;) are all finite.

Definition 2.6. The mean-variance tradeoff process of S is defined by

i E[AS)|Fi_1]?
— Var[AS|Fi-1] ’
forall j=1,---,N. K% is the discrete version of the continuous time corresponding process K defined for

instance in Definition 2.11 of [28] or in Section 1. of [306)].
Proposition 2.7. The condition (ND) is fulfilled if and only if

E[ASk| Fr_1]?
VCLT‘[AS;C |fk—l]

s a.s. bounded uniformly in w and k.
Proof. See (1.6) in [38]. O

A basic tool for solving the optimization problem ([22) in [38] is the discrete Follmer-Schweizer decom-

position.

Definition 2.8. Denote by S = M + A the Doob decomposition of S into a martingale M and a predictable
process A. A complex-valued square integrable random variable H is said to admit a discrete Féllmer-
Schweizer decomposition (or simply discrete FS-decomposition) if there exists a Fo-measurable Hy, a
complez-valued process & such that both Re&(z), Im&(z) belong to O, and a square integrable C-valued mar-
tingale L such that

1. LE M is a martingale;
2. E(LE) =0,
3. H=Ho+ S0, &AS, + L.
When Point 1. is fulfilled L™ and M are called strongly orthogonal.
If H is a real valued r.v. then H admits a real discrete FS decomposition if it admits a F'S decomposition
with Hy € R and £ being a real valued process. In this case £ € O.
2.1 Existence and structure of an optimal strategy

Assumption 1. (Sk)k=1,... N satisfies the non-degeneracy condition (ND).

Remark 2.9. 1. Under Assumption I, Proposition 2.6 of [38] guarantees that every square integrable

real random variable H admits a real discrete FS-decomposition.
2. That decomposition is unique because of Remark 4.11 of [35].

3. The previous two points imply the existence and uniqueness of the discrete Féllmer-Schweizer decom-

position when H is a complex square integrable random variable.

4. An immediate consequence is that the decomposition of a real square integrable random variable is

necessarily real.



Other tools for solving the optimization problem and evaluating the error are the following.
Proposition 2.10. If S satisfies (ND), then Gn(©) is closed in L2(P).
Proof. See [38], Theorem 2.1. O

Theorem 2.11. Suppose that S = M + A has a deterministic mean-variance tradeoff process. Let H be a
square integrable real random variable with discrete real FS- decomposition given by H = Ho+Gn(£7)+ L.

1. The optimization problem ([Z2) is solved by (V, p*) where V' = Hy and ¢* is determined by
0k = & + Ae(Hy—1 — Ho — Groa(¢")).

2. Suppose that Fo is a trivial o-field. The hedging error is given by

N N
Jo= Y EIALEY] [T (- xa4)).
k=1 j=k+1

Proof. Point 1. follows from Proposition 4.3 of [38]. Concerning Point 2., LY = 0 a.s. since Fy is trivial.
The result follows from Theorem 4.4 of [38]; O

Similarly to [29], we will calculate it explicitely in the case where S is the exponential of process with

independent increments.

3 Exponential of PII processes

From now on, we will suppose that (X,)n—o,... n is a sequence of random variables with independent
increments, i.e. (X; — Xg, -+, Xy — Xy_1) are independent random variables. From now on, without
restriction of generality, it will not be restrictive to suppose Xo = 0. We also define the process (Sy,)n=0.... N

as S, = spexp(X,), 0 <n < N for some sy > 0.

Definition 3.1. We denote D = {z € C|exp(2Xn) € L'}.

3.1 Discrete cumulant generating function

Definition 3.2. We define the discrete cumulant generating function as
m:Dx{0,---, N} = C with m(z,n) = E[e*»X»] for alln =1,--- N and by convention m(z,0) = 1.

This function is a discrete version of the cumulant generating function investigated in [28].

Remark 3.3. 1. Ifz € D then the property of independent increments implies that m(z,n) = Elexp(2AX,,)]
is well-defined for all z € D and n=0,1,--- ,N.

2. Ify € RTND, Cauchy-Schwarz inequality implies that [0,~]+iR C D; ify € R=ND then [y,0]+iR C D.

This shows in particular that D is conver.

Remark 3.4. When X has stationary increments then we have m(z,n) = m(z,1) for alln=1,--- ,N. We

denote this quantity by m(z) similarly as in [29], Section 2.

We formulate some assumptions which are analogous to those in continuous time case, see [28].



Assumption 2. 1. AX,, is never deterministic for everyn =1,--- , N.
2.2€D.
Remark 3.5. In particular, S, € £L?(2), for everyn =0,1,---, N, because 2 € D.

Lemma 3.6. z — m(z,n) is continuous for any n = 0,1,--- | N. In particular, if K is a compact real set

then sup, ¢ g r |m(2,n)| < 00.

Proof. We set Y = AX,, for fixed n € {1,---,N}. Let z € D and (z,) be a sequence converging to z.
Obviously exp(z,Y) — exp(zY) a.s. In order to conclude we need to show that the sequence (exp(z,Y")) is

uniformly integrable. After extraction of subsequences, we can separately suppose that
1. either min, Re(z,) < Re(z,) < Re(z), for all p € N,
2. or max,, Re(z,) > Re(z,) > Re(z), for all p € N.

This implies the existence of a, A € D NR such that a < Re(z,) < A, for all p € N.
Consequently if M > 0, for every p € N, we have

—-M

Elexp(zY )Ly sad] < / exp(yRe(zy))dpy () + /Moo exp(yRe(zp))dpy (1)

— 00

where p1y is the distribution law of Y. Previous sum is bounded by f:ojf exp(ay)duy (y)+ [y exp(Ay)duy (y)
Since M is arbitrarily big, the result is established. O

Lemma 3.7. Letn=20,---,N.
1. E[eAXr —1]2 = m(2,n) — 2m(1,n) + 1.
2. Var[eAXn — 1] =m(2,n) —m(1,n)2.
3. EleAX» —1] =m(1,n) — 1.

Proof. Statements 1. and 3. follow in elementary manner using the definition of m.
Statement 2. follows from statement 1. and the fact that E[e®X» — 1] = m(1,n) — 1. O

Remark 3.8. m(2,n) —m(1,n)? is strictly positive for anyn =1,--- ,N. In fact Assumption[d 1. implies

that eAX» — 1 is never deterministic.
Remark 3.9. For z € D andn € {1,--- N}, we have E(SZ) = s§ [1r_, m(z, k).
Proposition 3.10. Forn € {1,--- N}, we have

1. AA, =E[AS,|Fn-1] = (m(1,n) —1)Sp—1.

2. Var[AS,|Fn-1] = (m(2,n) —m(1,n)?)S2_,.

o

Condition (ND) is always satisfied.

1 m(l,n) —1
Sp_1m(2,n) —2m(1,n) +1°

An =

5. The mean-variance tradeoff process K@ is deterministic.



Proof. 1. follows from E[AS,,|F, 1] = S,_1E[eA%» — 1] and Lemma 37 3.

2. Since
E[(AS,)*|Fua] = 55 E[(e2X —1)7),

we can write

Var[AS,|Fn_1] = E[(AS,)*Fn_1] — E[AS,|Fn_1]?,

= S2E[(e®¥ —1)%] - S E[e®*r —1]?

= 82 Var[eAX —1].
The conclusion follows from Lemma [3.7] 2.

3. We make use of Proposition 27l In our context we have

E[AS,|Faa]>  (m(l,n) —1)?
Var[AS,|Fo—1] — m(2,n) —m(1,n)?’

The denominator of the right-hand side never vanishes because of Remark

4. Tt follows from (23]), (34), Lemma 3.7 1. and point 1. of this Proposition.

5. It is a consequence of point 3. and Definition 2.6

3.2 Discrete Follmer-Schweizer decomposition

(3.4)

Similarly to [29] and [28], we would like to obtain the discrete Follmer-Schweizer decomposition of a random

variable of the type H = S%;, for some suitable z € C. The proposition below generalizes Lemma 2.4 of [29].

Proposition 3.11. Under Assumption[d, let z € D fized, such that 2Re(z) € D. Then H(z) = S% admits

a discrete Féllmer-Schweizer decomposition

{H(z)n = H(2)o+ X, £(2)sASk + L(2)n
H(z)y = H(z)=15%

where
H(z), = h(zn)S;, forall ne{0,---N}
&) = g(z,n)h(z,n)S7=%, forall ne{l,---N}
L(z), = H(z)n—H(z)o— Z{(z)kASk , forall nef{0,---N}
k=1

and g(z,n), h(z,n) are defined by

N
h(z,n) = H (m(z,4) — g(z,4)[m(1,4) — 1])
1=n—+1
m(z+1,n) —m(1,n)m(z,n)
m(2,n) —m(1,n)?

g(z,m)

Remark 3.12. 1. z+ 1€ D because D is convez, taking into account Assumption[d 2.



2. If 2Re(z) does not belong to D, for simplicity, we will set

g(z,n) = h(z,n) = H(2), =&(2)n = L(2), = 0.

3. If K is a compact real interval, for any n € {0,--- N} we have sup, ¢z (|l9(z,n)| + |h(z,n)|) < co.

Remark 3.13. Suppose that (X,)n=0,... N is a process with stationary increments i.e. such that
Xy — Xo, -+, XNy — Xn_1 are identically distributed random variables.
According to Remark[37)], we have

m(z+ 1) —m(1)m(z)

g(z,n) = @) (12 (3.9)
We will denote in this case g(z) the right-hand side of (3.9). Moreover h(z,n) = h(z)N =" where
h(z) = m(z) — g(2)[m(D) - 1] (3.10)

Proof of Proposition [F.11]. Since z+1 € D all the involved expressions are-well defined. Since L(z)o = 0,

we need to prove the following.
1. L(z) is a square integrable martingale.
2. L(z)M is a martingale.

From (3.4), it follows that

AL(2)y = L(2)n — L(2)n_1 = h(2,n)S8% — h(z,n — 1)SZ_| — g(z,n)h(z,n)S? _,(e2*" —1);

n—1

L(z), is square integrable for any n € {0,---, N} since 2z € D and (X,,) has independent increments.

Since S? = 87 ,e*2%n we have
AL(z), =S4 [h(z,n)eZAX" — h(z,n —1) — g(z,n)h(z,n)(e>Xn — nl, (3.11)

therefore E[AL(z)y|Fn—1] = S?

n

_E [h(z,n)e* 2% — h(z,n — 1) — g(z,n)h(z,n)(e2X" —1)].
1. To show that L(z) is a martingale it is enough to show that
E [A(z, n)e*2Xn — h(z,n —1) — g(z,n)h(z,n) (X" — 1] =o.

Previous expression is equivalent to the relation h(z, n)m(z,n)—h(z,n—1)—g(z,n)h(z,n)(m(l,n)—1) =
0 for any 0 < n < N which is equivalent to h(z,n — 1) = h(z,n) (m(z,n) — g(z,n)(m(1,n) — 1)) for
any 0 < n < N. Previous backward relation with h(z, N) = 1 leads to (B1).

2. It remains to prove that (L(z),M,) is a martingale. Since L(z), and M, are square integrable for
any n then L(z),M, € L'. We prove now that E[AL(z),AM,|F,_1] = 0. Proposition B.I0 1. implies
that the Doob decomposition S = M + A of S satisfies AA4,, = (m(1,n) —1)S,_1 . Moreover

AM, = AS, — AA, =S, (2% —1) = S, _1(m(1,n) — 1) = S, _1 (2% —m(1,n)).
Coming back to (311))

AL(2),AM,, = SZT1 (A% —m(1,n)) [h(z,n)eZAX" —h(z,n —1) — g(z,n)h(z,n)(er* — 1].

10



Taking the conditional expectation with respect to F,,_1, we obtain

E[AL(2), AM,,|Fp—1]

(
[h(z n)eZAX" —h(z,n—1)—g(z,n)h(z, n)(eAX" — 1)] | Fr—1]
_ Sz-l-lE (eAX" m(

)

[
[ (z,n e#AXn _ h(z,n—1) — g(z,n)h(z,n)(eAX" - 1)]]
_ SerlE[e(z-H Ath( )

- Xuh(z,n —1) — e2Xng(z,n)h(z,n)(erX» —1)
— m(1,n)h(z,n)e* X +m(1,n)h(z,n —1)
+ m(1,n)g(z,n)h(z,n) (e = 1)].

Again by Lemma B.7] previous quantity equals zero if and only if
h(z,n)m(z +1,n) — g(z,n)h(z,n)m(2,n) — m(1,n)h(z,n)m(z,n) +m(1,n)?g(z,n)h(z,n) =0,

or equivalently m(z + 1,n) — g(z,n)m(2,n) —m(1,n)m(z,n) + m(1,n)%g(z,n) = 0. Remark B8 finally
shows that g(z,n) must have the form (38). This concludes the proof of Proposition BTl

O
3.3 Discrete Follmer-Schweizer decomposition of special contingent claims
We consider now options f : C — R as in [28] of the type
= f(Sny), with f(s) :/szﬂ(dz) , (3.12)
C

where II is a (finite) complex measure in the sense of Rudin [34], Section 6.1. An integral representation of
some basic European calls can be found in [29] or [2§].

The European Call option H = (Sp — K)4+ and Put option H = (K — S7)+ have a representation of the
form (BI2) provided by the lemma below.

Lemma 3.14. Let K > 0.

1. For arbitrary 0 < R <1, s > 0, we have

1 R+i00 Klfz
- K)y —s5s=— F———dz . 3.13
(s e —s= 270 ) p—ico s z2(z—1) - (3:13)

2. For arbitrary R <0, s >0

1 R+i00 Klfz
K — — e dz . 3.14
( 8+ = 270 Jp_ oo § z(z—1) : (3:14)

We need at this point an assumption which depends on the support of II. We set I := suppIl N R.

Assumption 3. 1. Iy is compact.

2. 2l C D.

11



Remark 3.15. 1. Assumption[3 is always verified (for any 0 < R < 1) for the Call since Iy = {R, 1} is
always included in [0, 1] which is a subset of % by Assumption[q 2.

2. Assumption[3 is also verified for the Put, choosing suitable R provided that D contains some negative

values.
Remark 3.16. 1. Since D is convex, Assumption[d 2. and the fact that 2 € D imply that Iy +1 C D.

2. Since Iy is compact, taking I = 5, for some z € C, Assumption[3 is equivalent to the assumptions of
Proposition [Z11.

3. Since Iy is compact, Assumption[d point 1. and Lemma T8 imply that sup,cor, (g |m(2,n)| < 00, for

everyn=1,---,N.

4. Taking into account Remark[3IZ and points 2. and 3. we also get sup,cc(|g(z,n)| + [h(z,n)]) < oo,
for everyn=1,---,N.

Remark 3.17. Notice that Assumption[3 is relatively weak and verified for a large class of models, whereas
Assumption 8 required in [28] to derive similar results, in the continuous time setting, noticeably restricts

the set of underlying dynamics.

Lemma 3.18. For any n € {0,---, N}, according to the notations of Proposition [Z11] we have
1. sup.cc E[[H(2)al?) < oo;
2. sup.cc E[|€(2)n[*(ASn)?] < 00, forn > 1;
3. sup,ec E[(AL(2)n)% < o0.

Proof. Remark [BF] together with point 4. of Remark B.I6] show the validity of point 1. Point 3. is a
consequence of points 1 and 2. Concerning this last point, let n € {1,--- , N}. By Lemma B.7 1.

E[€" (2)n*(ASn)?] = g(z,n)*h(z,n)’E(S321)(m(2,n) — 2m(1,n) + 1)
= g(z,n)%h(z,n)*m(22,n — 1)(m(2,n) — 2m(1,n) + 1)
The conclusion follows by Remark O
Proposition below extends Proposition 2.5 of [29].

Proposition 3.19. We suppose the validity of Assumptions[Q and[3. Any contingent claim H = f(Sn)

admits the real discrete FS decomposition H given by

H, = Ho+Y,_&AS,+LH
Hy = H
where
H, — / H(2),T1(d2) (3.15)
C
e = / £(2)aT1(d2) (3.16)
C
L = / L(z)n11(dz) = H, — Hy — > & ASy, (3.17)
C

k=1
according to the same notations as in Proposition[311] and Remark[ZIZ Moreover the processes (Hy,),(¢H)

and (L) are real-valued.

12



Proof. We proceed similarly to [29], Proposition 2.1. We need to prove that L¥ (resp. L7 M) is a square
integrable (resp. integrable) martingale. This will follow from Proposition BTl and Fubini’s theorem. The
use of Fubini’s is justified by Lemma The fact that H,&” and L¥ are real processes follows from
Remark 4. O

4 The solution of the minimization problem

4.1 Mean-Variance Hedging

We can now summarize the solution to the optimization problem.

Theorem 4.1. We suppose the validity of Assumptions[2 and[3 Let H = f(Sn) with discrete real FS-

decomposition

Hy = H.

A solution to the optimal problem (Z2) is given by (V§', ©*) with Vi = Hy and ¢* is determined by

i=1

n—1
o =&+ A (Hnl — Hy - Z wa&) (4.18)

where \p, is defined for alln € {1,--- ,N}, by

1 m(l,n) —1

An = Sp—1m(2,n) —2m(1l,n)+1

(4.19)

Moreover the solution is unique (up to a null set).

Remark 4.2. In the case that X has stationary increments, we obtain

1 m(1) — 1

An =g m2) —2m(1) +1°

where m(n) = E(exp(nX1)). This confirms the results of Section 2. in [29].

Proof of theorem [{.1] The existence follows from Theorem 2111 Proposition B.19 and Proposition [3.10]
points 3., 4. and 5.

Uniqueness follows exactly as in the proof of Proposition 2.5 of [29]: in our case Lemma B.7] gives

Var[eAXn — 1] = m(2,n) — m(1,n)>.

4.2 The Hedging Error

The hedging error is given by Theorem 2.TT] since the mean-tradeoff process is deterministic.

Theorem 4.3. We suppose the validity of Assumptions [ and [3.  The variance of the hedging error in
Theorem [J-1] equals

JO—/C/CJO(y,z)H(dy)H(dz), (4.20)

13



with

Jo(y,2) = { i Eg:l oy, 7 R)h(z KAy )Hf om(y+ 2z, — )H;V:k—i-l a(j)
7 0
where
: m(27]) B m(lvj)2
‘U= e —2ml1,5) +1
and

ply, 2 k)p(1, 1;k) — p(y, 1, k)p(2, 15 k)
p(1,1;k) ’

where p(y, z; k) = m(y + z,k) —m(y, k)m(z, k), y, z € suppll.

by, z; k) =

,Z €
Y, 2 € suppm (4.21)

otherwise

(4.22)

Remark 4.4. The function p above plays an analogous role to the complex valued function with the same

name introduced in [28] at Definition 4.3 in the continuous time framework.

Proof. We proceed again similarly to the proof of theorem 2.1 of [29]. Theorem [Z.TT] gives that the hedging

error is given by

N N
Jo=>Y E(ALL)?] [ 1 =x44;).
k=1 j=k+1

Proposition B.10 gives

AA; E[AS)|Fj-1] = (m(1,5) = 1)S;—1

ijl m(27]) - 2m(17]) + 17

SO
1= X\AA; =a(j),

and it remains to calculate E[(ALf)?]. Since

AL = /C AL(2),I1(dz)

we have

(AL / / AL(y)p AL (2)eT1(dy)TI(dz)
and hence by Fubini’s Theorem

E[(ALF)? // E[AL(y)r AL(2)]T1(dy)TI(d2).

Relation (BII)) says that

AL(Z)]C - S}Ziriz [h(ya k)eyAXk - h(yv k— 1) - g(yv k>h’(ya k)(eAXk

(4.23)

(4.24)

(4.25)

(4.26)

~1)]

(A2, k)e* X% — h(z,k — 1) — g(z, k)h(z, k) (e2¥F —1)] .
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Taking the expectation we obtain
EAL()EAL(2)R] = E[SETH(A(z k)h(y, k)m(y + 2, k) — h(z, k)h(y, k — 1)m(z, k)
— h(z,k)h(y, k)g(y, k)E[e* ¥ (e2X% —1)] — h(z,k — Dh(y, k)m(y, k)
+ h(z,k—Dh(y,k —1) + h(z, k — D)h(y, k)g(y, k)E[e2Xr —1]
— h(z,k)h(y, k)g(z, F)E[e"2Xx (A% —1)] + h(z, k)h(y, k — 1)g(z, k)E[e? ¥ — 1]
(2, k)h(y, k)g(2, k)g(y, k)E[(e2¥* —1)°]}.

Recalling that E[(e2Xr — 1)2] = m(2,k) — 2m(1, k) + 1 and E[e2** — 1] = m(1,k) — 1, we obtain

k)
+ h(z k)
EAL(RAL(2)] = ES{TTH(R(z, k)h(y, kym(y + 2, k) — h(z, k)h(y, k — 1)m(z, k)

— Wz, k)h(y, k)g(y, k) (m(z + 1, k) = m(z, k) — h(z, k = D)h(y, k)m(y, k)
+ Wz k= Dh(y, k=1) + h(z,k = Dh(y, k)g(y, k)(m(1, k) — 1)

(4.27)
— h(z,k)h(y, k)g(z,n)(m(y + 1,k) — m(y, k))
+ h(z,k)h(y, k—1)g(z, k) (m(l,n) — 1)
+  h(zk)h(y, k)g(z, k)g(y, k)(m(2, k) — 2m(1, k) + 1)}.
By Proposition B.I1] we have for = y or 2z that
W k—1) = h(z, k)m(z, k) — g, k)(m(1,k) — 1) (4.28)

We replace the right-hand sides of ([@28)) in ({21) and we factorize by h(z, k)h(y, k). Finally, after simplifi-

cation we obtain
EAL(yRAL()] = E[Sy{Ih(z, k)h(y, k){m(y + 2, k)
= m(z, k)m(y, k) + m(z, k)g(y, k)m(1, k) + m(y, k)g(z, k)m(1, k)
— 9, k)m(z + 1, k) — g(z, k)m(y + 1, k)
= gz, k)g(y, k)[m(1, k) — 1]
+ 9z, k)g(y, k)[m(2, k) — 2m(1, k) + 1]}

Hence,
E[AL(y)k AL(2)x] = B[S 1Rz, k)h(y, k)b(y, 23 k), (4.29)
where i
E[SET] = st TP R[eWHIAN ] — = [T m(y + 2,0 - 1) (4.30)
(=2
and
by, z:k) = {m(y+2k) —m(z, k)m(y, k) — g(y, k)ym(z + 1,k) — g(z, k)m(y + 1,k)

+ m(z,k)gly, k)m(1, k) + m(y, k)g(z, k)m(1, k)
— 9(z,k)g(y, F)m(1, k) + g(z, k)g(y, k)ym(2, k)}.

We observe that
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Since, for x =y or 2

px,1;k)
k) =200
9(z k) p(1,15k)
it follows that b(y, z; k) = b(y, z; k). Finally, @24), @25), @26), @29), @30) and @3) give
k N
Joly,2) = 57 Z by, z k)h(z, k)h(y, k) [ [ m(y + 2,0 = 1) T] (1—X44))
=2 j=k-+1
N k N
= 5N by kh(z DRy k) [[my+2.0-1) T] ali).
k=1 =2 j=k+1

O

From the expression of the variance of the hedging error ([@21]), we can derive a sort of criterion for

completeness for market asset pricing models. More precisely, the condition
b(y,z;k) =0, forally,z€ Dand ke {1,---N} (4.32)

characterizes the prices models that are exponential of PII for which every payoff (that can be written as an
inverse Laplace transform) can be hedged. In the specific case of a Binomial (even inhomogeneous) model,

we retrieve the fact that Jo(y,z) =0 and so Jy = 0. In fact, that model is complete.

Proposition 4.5. Let a,b € R, X}, = a with probability pr and X = b with probability (1 — py). Then
Jo(y,z) =0 for every y,z € 2.
Proof. Writing p = p, k € {0,1,---, N}, we have
p(y, k) = pe®WTD 4 (1= p)e’@H) — (pe 4 (1 — p)e™)(pe®” + (1 — p)e™)
_ (ea(y—i-z 1 blut2) 4 gbytaz _|_ebz+ay)
p) (e + eby) (e + ebz) '

So p(y, z; k)p(1,1; k) = p?(1—p)* (€™ + e¥) (e* + %) (e* + eb)2. On the other hand, this obviously equals
p(y, Lik)p(z, L k). O

If X is a process with stationary and independent increments we reobtain the result of [29]].
Proposition 4.6. Let(X}) be a process with stationary increments. We denote
m(y) = E(exp(yX1))
M) = )~ Bty + 1) = m(Dm()
2

2)
m(2) —m(1)
m(2) —2m(1) +1°

Then

%:Aﬁhmwmmmw>

%@@:{ sbT By, 5) UL G a(y,2) £ mly + 2)
ST B, )N m(y + )N L if a(y,z) = m(y +72)

with

, (4.33)

16



where

a(y,z) = aH(yH(2),
By.s) = mly+2)— m(2)m(y)m(z) — m(1)m(y + 1)mﬂ§2)—_n;§8m(y)m(z +1)+m(y+ )m(z + 1)'

Proof. We observe that for k£ € {0,---, N}, we have
m(y +z,k) =m(y +2), h(y.k) =H" " and h(z,k) = H(2)" "

So

N N—k
N m(2) — m(1)  N-
II a0 = <m(2)—2m(1)+1> =a"h

j=k+1

Consequently, expression ([{Z1)) for y, z € supp(Il),

N
Joy,2) = s By, 2) Y mly + )" (Hy)H()a) "
k=1
z m zZ)— z)a N .
PR . o) PRI if m(y + 2) # aH(y)H(2) (434)
7 sg 7By, ) Nmly + )N i m(y+2) = aH(y)H(2)
This concludes the proof of the proposition. O

5 Numerical results

As announced in the introduction, we will now apply the quasi-explicit formulae derived in previous sections
to measure the impact of the choice of the rebalancing dates on the hedging error. We will consider two

cases that motivated the present work:

1. the underlying continuous time log-price model has stationary increments but the payoff to hedge is
irregular, such as a Digital call, so that, as shown in [21] 24], hedging near the maturity can improve
the hedge;

2. the payoff is regular (e.g. classical call) but the underlying continuous time model shows a volatility
term structure which is exponentially increasing near the maturity, such as electricity forward
prices. For this reason it seems again judicious to hedge more frequently near the maturity, where the

volatility accelerates.

5.1 The case of a Digital option

We consider the problem of hedging and pricing a Digital call, with payoff f(s) = 1{x )(s) of maturity
T > 0. From (35) in [29], the payoff of this option can be expressed as

R+1c z
f(s) = lim L/ SZK dz , (5.35)
z

for an arbitrary R > 0. This implies that the complex measure II is formally given by

1 K

I(dz) = —bp(dRe(=))d(i(Im(2)). (5.36)

However, such measure is only o-finite so that apphcatlon of Theorem[.Tlis not rigorously valid. Nevertheless,

using improper integrals one is able to recover an exploitable form for applications.
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Proposition 5.1. Let f(s) = l{x [(5). We suppose again the validity of Assumption[d and[3 Let R > 0.

1. The FS-decomposition of the contingent claim H = f(Sy) is given by

H, = Hy+Yr_ ¢IAS, +LH
Hy = H
where
H, = lim H(z),II(dz) (5.37)
£=00 ) Ri[—£,4]
¢ = lim £(2),10(d2) (5.38)
£=00 J Ri[—£,4]
i = / L(2)nI(dz) = H, — Hy — > _ & ASy, (5.39)
C

k=1

according to the same notations as in Proposition [311] and Remark[312.
2. The solution to the minimization problem is still given by Theorem [{.1]

3. The variance of the hedging error is given by

lim /C /C Jo(y, 2L (dy) Tl (d=),

{— 00

where for each £ > 0, I, is the finite complex measure defined by I1,(B) = II(B (R + i[—¢,£])) for a
Borel set B C C.

Proof. We proceed similarly as in Lemma 4.2 of [29]. For ¢ > 0, we denote f; : C — C defined by
fe(s) :== [ s*I;(dz). According to the proof of Lemma 4.2 of [29], there is u € R such that

I£(s) = fe(s)] <us®, VseR

The Lebesgue’s dominated convergence theorem implies that lim o E [(fe(Sn) — f(Sn))?] = 0. Setting
H' = fi(Sn), H = f(Sn) we get limy_,oo E [(H — H*)?] = 0. Item 1. follows by Proposition 1]

Ttem 2. follows by the same arguments as the proof of Theorem E.Tl

Item 3. follows exactly as in step 3. of the proof of Lemma 4.2 of [29]. O

In this section, this will be assumed so that formula (Z220) will be used in the case of a Digital option.
The underlying process S¢ is given as the exponential of a Normal Inverse Gaussian Lévy process (see
Appendix[6l B. i.e. for all t € [0,T],

S; = et | where X° is a Lévy process with X{ ~ NIG(a, 3,0, 1) -

Given N + 1 discrete dates 0 = tg < t; < --- < ty = T, we associate the discrete model pricing X = XV
where X = X{ ,k € {0,...,N}. X is a discrete time process with independent increments. The related
cumulant generating function z — m(z, k) associated to the increment AX), = Xy — Xy = X{ — X{ |
for k € {1,--- N} is defined on D = [—a — 8;a — B]. We refer for this to [28] Remark 3.21 2., since X€ is a
NIG process. By additivity we can show that

m(z, k) = Elexp(2AX})] = exp (At;C [uz +6(\V/a2 = B2 — /a2 — (B + 2)2)]> , forzeDke{0,...,N}.
(5.40)
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For other informations on the NIG law, the reader can refer to Appendix [6] B.

Assumption[2 1. is trivially verified, Assumption[2]2. is verified as soon as 2 < a— 3. Thanks to Remark [3.15]
Assumption [ is automatically verified for the Call and Put representations given by Lemma B.14] and, by
similar arguments, even for the digital option.

The time unit is the year and the interest rate is zero in all our tests. The initial value of the underlying
is s = 100 Euros. The maturity of the option is 7" = 0.25 i.e. three months from now. Four different
sets of parameters for the NIG distribution have been considered, going from the case of almost Gaussian
returns corresponding to standard equities, to the case of highly non Gaussian returns. The standard set of

parameters is estimated on the Month-ahead base forward prices of the French Power market in 2007:
a=3846, f=-3.85, §=6.40, u=0.64. (5.41)

Those parameters imply a zero mean, a standard deviation of 41%, a skewness (measuring the asymmetry)
of —0.02 and an excess kurtosis (measuring the fatness of the tails) of 0.01. The other sets of parameters
are obtained by multiplying parameter a by a coefficient C, (3, 0, 1) being such that the first three moments
are unchanged. Note that when C' grows to infinity the tails of the NIG distribution get closer to the tails of
the Gaussian distribution. For instance, Table [[lshows how the excess kurtosis (which is zero for a Gaussian

distribution) is modified with the four values of C' chosen in our tests. We compute the Variance Optimal

Coefficient [ C =014 | C=02][C=1]| C=2 |
« 5.38 7.69 38.46 76.92
Excess kurtosis 0.61 0.30 0.01 4.1073

Table 1: Excess kurtosis of X1 for different values of «, (8, d, 1) insuring the same three first moments.

(VO) hedging error given by (£20), for different grids of rebalancing dates. The corresponding initial capital
Vo denoted by V" = Hp in Theorem BTl is computed using Proposition [3.19
In particular, we consider the parametric grid introduced in [21] and [24] 7% := {0 = tg’N, N ,tl]’\}N}

defining, for any real b € (0,1], N rebalancing dates such that
k
tZ’N:T—T(l—N)l/b for all k € {0,--- , N —1} . (5.42)

Note that 75 coincides with equidistant rebalancing dates whereas when b converges to zero, the rebalancing
dates concentrate near the maturity. To visualize the impact of parameter b on the rebalancing dates grid,
we have reported on Figure[I] the sequences of rebalancing dates generated by n%, for different values of b.
We have reported on Table 2] the standard deviation of the Variance Optimal hedging error for different
values of coefficient C' and different choices of rebalancing grids. More precisely, we have considered three
types of rebalancing grids, for N = 12 rebalancing dates.
1. Equidistant rebalancing dates (corresponding to 71%)

2. "N where b* is obtained by minimizing the Variance Optimal hedging error w.r.t. to parameter b;

3. The non parametric optimal grid 7* obtained by minimizing the Variance Optimal hedging error w.r.t.

the N rebalancing dates.

Notice that in both cases the optimal (parametric and non parametric) grid is estimated by an optimization

algorithm based on Newton’s method.
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Enumeration of rebalancing dates

Figure 1: Sequences of rebalancing dates for different values of b, for N = 12.

First, one can notice that for any choice of rebalancing grid, the hedging error increases when C' decreases.
Hence, one can conclude, as expected, that the degree of incompleteness increases when the tails of log-
returns distribution get heavier.

Besides, one can notice that the parametrization (5.42]) of the rebalancing grid seems remarkably relevant
since the optimal parametric grid 7% achieves similar performances as the optimal non-parametric grid 7*.
Moreover, we observe that the hedging error can be noticeably reduced by optimizing the rebalancing dates
essentially for C' > 1 i.e. around the Gaussian case. In these cases, one can observe on Figure [2] that
the optimal rebalancing grid is noticeably different from the uniform grid since rebalancing dates are much
more concentrated near maturity. This confirms the result of [2I] that shows that, in the Gaussian case,
taking a non uniform rebalancing grid (corresponding to b = 0.5) allows to obtain a hedging error with

—1/4 achieved

the convergence order for the L? norm of N~1/2 (up to a log factor) improving the rate N
with a uniform rebalancing grid (i.e. b = 1), obtained in [26]. However, it is interesting to notice that this
phenomenon is less pronounced when the tails of the log-returns distribution get heavier. In particular, one
can observe on Figure [ that the hedging error gets less sensitive to the rebalancing grid when C' decreases

even if the optimal grid seems to get closer to the uniform grid.

5.2 The case of electricity forward prices

We consider the problem of hedging and pricing a European call, with payoff (ng — K)4, on an electricity
forward, with a maturity 7" = 0.25 of three month. The maturity T is supposed to be equal to the delivery
date of the forward contract T = Ty. Because of non-storability of electricity, the hedging instrument is the
corresponding forward contract. Then we set S¢ = F;I'| where the forward price F is supposed to follow
the NIG one factor model ([[LIl) with m = 0,0 = 0 and o5, = ¢ > 0. This gives

t
S; = eXt | where Xi = / oe MT="gA, where A is a NIG process with Ay ~ NIG(q, 8,6, 1) .
0
(5.43)
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C=2

c=1

C=02

C=014 |

10 x STDvo(ﬂ.*)

1.483 (30.82)

1.652 (34.33)

2.663 (54.80)

3.017 (61.53)

10 x STDvo(ﬂ.b*)

1.520 (31.58)

1.685 (35.01)

2.665 (54.84)

3.017 (61.53)

10 x STDVO(rrl)

1.892 (39.32)

1.952 (40.56)

2.691 (55.38)

3.028 (61.76)

Vo(r) 0.4903 0.4859 0.4813 0.4812
Vo () 0.4903 0.4860 0.4814 0.4813
\ b H 0.4078 0.4394 0.6106 \ 0.6710 \

Table 2: Standard deviation of the Variance Optimal hedging error (x10) (reported within parenthesis in percent
of the initial capital Vo(n")), initial capitals for b =1 and b = b*, optimal grid parameters b*, for different choices of

parameters C' with N = 12 and K = 99 (Digital option).
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Figure 2: Parametric and non parametric optimal rebalancing grids for different choices of parameter C with N = 12

and K = 99 (Digital option).
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Figure 3: Standard deviation of the Variance Optimal hedging error as a function of b, for different choices of

parameter C' (b being indicated by the dashed line abscissa) with N = 12 and K = 99 (Digital option).

Given N + 1 discrete dates 0 =ty < t; < --- < ty = T, we consider the discrete process X = X% where
Xy = X ,0 <k < N. We denote again by z — m(z, k) the cumulant generating function associated with
the increment AXy = X — Xy for k € {1,--- N}. That function and its domain can be deduced from
Lemma 3.24 and Proposition 6.2 in [28], see also [657). The domain D contains D := [—O‘TH;, o‘f:ﬁ] + iR
and given for any z € D,k=0,...,N,

23
m(z, k) = E[exp(z/ oe MW GAL)]

tp—1

ty
= exp (/ HA(Zud’U,> . with 2, = zoe M%)
tp—1

= exp (/tk [z + (5(\/042 — 82— a2—(B+ zu)2)}du>, (5.44)

te—1

where k* is recalled in formula (657). Hence Assumption B] 1. is obviously satisfied since A # 0 and
Assumption 2] 2. is verified as soon as o < O‘—;ﬂ; thanks to Remark [B.I5] Assumption [3] is automatically
verified for the call representation given by Lemma [3.14]

Parameters are estimated on the same data as in the previous section, with Month-ahead base forward prices

of the French Power market in 2007. For the distribution of A; this yields the following parameters
a=1581, §=-1.581, § =15.57, u=1.56,

corresponding to a standard and centered NIG distribution with a skewness of —0.019 and excess kurtosis
0.013. The estimated annual short-term volatility and mean-reverting rate are o = 57.47% and X = 3.
We have reported on Figure dl the standard deviation of the hedging error as a function of the number of

rebalancing dates for four types of hedging strategies.

e Variance Optimal strategy (VO) with the uniform rebalancing grid (dark line) and with the op-

timal rebalancing grid 7* (dark dashed line). Both variances are computed using formula ([.20])
applied to the process (5.43);
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e Black-Scholes strategy (BS) implemented at the discrete instants of the uniform rebalancing grid
(light line) and of the rebalancing grid 7* (optimal for the Variance Optimal strategy) (light
dashed line). Both variances are computed using Theorem 3.1 of [2] extended to non-stationary log-
returns, to derive a quasi-explicit formula for the variance of the BS hedging error. Indeed, in [2], the
authors uses the Laplace transform approach, to derive quasi-explicit formulae for the mean squared
hedging error of various discrete time hedging strategies including Black-Scholes delta when applied to
Lévy log-returns models. This extension of this result to the general case when X is a non-stationary

process with independent increments is given below.

Proposition 5.2. Let v be an admissible strategy satisfying
vy = / £Y(2), Sz 111(dz) (5.45)

form =1,..., N, where f¥(2), is a deterministic function of the complex variable z. Let ¢ be the
initial capital; the bias and the variance of the hedging error e(v,c) := H — ¢ — Zszl v ASy, is given
by

N N k
Ele(v,c)] = /Sg l]‘[ m(z,k) =Y fU(2)k(m — D[] mz1-1)| M(dz) —c (5.46)
k=1 k=1 =2

Ble(v,07) = [ [ 57 0a(02) = al2) = a0, 2) + oalp D@y, (5.47)
where
N
w2 = [[my+zh
W v
vl.2) = 3 fWklm+ 1,k —m k) [[my+20 [] meD
k=1 =1 I=k+1
N
vs(y,2) = > fU2)k[mly+1k) - Hmy+zl H m(y, 1)
k=1 I=k+1
N k—1
w(y,2) = DUk (2)k (2, k) = 2m(1 k) + 1] [T mly + 2,0)
k=1 =1

k—1 j—1
+ZZfU(Z)/€fU(y)j [m(y+17k)_ (yvk)]Hm(y+Zvl) H m(yvl)(m(lvj)_l)
j=2 k<j =1 I=k+1
j—1 k—1
D [ my+20 T meDma k) -1).
1=1 l=j+1
Therefore, the variance of the hedging error is
Var(e(v; ¢)) = Var(e(v;0)) = E[(e(v; 0)?] + Ele(v; 0)]?
Proof. The proof is similar to the one of Theorem 3.1 of [2]. O

Remark 5.3. In the case of Black-Scholes delta hedging strategy

2)p =2 H m(z,k), where mb*(z, k) = exp (— Vma[?Xk]z + Var[2AXk] 22) .
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Observing Figure @ one can notice that, as expected, in all cases, the hedging error decreases when the
number of trading dates increases. Observing the continuous lines, corresponding to a uniform rebalancing
grid, one can notice the remarkable robustness of the Black-Scholes strategy. Indeed, in spite of the non
Gaussianity of log-returns and the discreteness of the rebalancing grid, the Black-Scholes strategy is still
quasi optimal in terms of variance.

Besides, in this case, the impact of the choice of the rebalancing grid seems to be more important than
the choice of log-returns distribution (Gaussian or Normal Inverse Gaussian). For instance, using the VO
strategy with the optimal rebalancing grid 7* instead of 7! allows to reduce 9% (for N = 10) of the hedging
error standard deviation. The BS strategy shows similar performances to the VO case, when implemented
at the rebalancing times 7*. Indeed BS optimal rebalancing grid (in terms of variance) appears to be close
to * (up to 107%). Moreover, one can observe on Table [ that here again, the parametrization (5.42)) of the
rebalancing grid seems to be particularly well suited since it achieves minimal hedging errors comparable to

the one achieved with the nonparametric optimal grid 7*.

Notice that our analysis only considers the variance of the hedging error. To obtain the mean square
error, one should add the bias contribution which is of course zero for the variance optimal strategy but it
is in general non negligible for the Black-Scholes strategy. In particular, we can observe that this bias term
varies strongly with the parameters of the NIG distribution.

For instance, for N = 2 uniform rebalancing dates, replacing parameter 5 by —f increases the bias
(defined as (5.40), with initial capital ¢ = V{25) from -0.04 to 4.45. Moreover, one should also observe
that the drift and the skewness of log-returns also impact the standard deviation of the BS hedging error.
Changing again § by —f implies an increase of the log-returns expectation (resp. skewness) from 0 to 3.12
(resp. from -0.02 to 0.02) which induces an increase of the standard deviation of the BS hedging error from
4.91 to 5.92, whereas the standard deviation of the VO hedging error decreases from 4.83 to 2.10.
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Figure 4: Standard deviation of the hedging errors as a function of the number of rebalancing dates N, for K = 99

(Call option).

To analyze the impact of the rate of volatility increase on the optimal rebalancing grid, we have computed
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| N=2 N=5 | N=10 N =25 N =50
STDyorey || 45683 (53.23) | 3.1129 (36.10) | 2.3807 (27.56) | 1.7790 (20.57) | 1.5233 (17.61)
STDyome) || 457167 (53.27) | 3.1550 (36.59) | 2.4186 (28.00) | 1.8023 (20.84) | 1.5354 (17.75)
STDyoy || 48331 (56.32) | 3.4012 (39.44) | 2.6154 (30.28) | 1.9275 (22.29) | 1.6145 (18.66)
STDpsiey || 4.9137 (57.26) | 3.4196 (39.66) | 2.6217 (30.35) | 1.9329 (22.35) | 1.6231 (18.76)
STDps(z) | 4.6291 (53.94) | 3.1273 (36.27) | 2.3884 (27.65) | 1.7886 (20.68) | 1.5344 (17.74)
Vo(r) 8.5818 8.6232 8.6380 8.6469 8.6499
Vo () 8.5895 8.6275 8.6406 8.6493 8.6531
| b* | 05917 | 06208 | 06284 | 06203 | 06172 |

Table 3: Standard deviation of the Variance Optimal hedging error (reported within parenthesis in percent of the
initial capital Vo(n')), initial capitals, optimal grid parameters b*, for different choices of rebalancing dates N (Call

option).

the hedging error standard deviation for several values of parameter A choosing the corresponding volatility

—2MT) is fixed. The resulting pairs (A, o) are reported on Tabledl

parameter o such that Var(Xrp) = %(1 —e
Coupling those parameters allows us to obtain comparable options for different parameters A; at least this
ensures a fixed initial capital in the BS framework (with V2 = 8.7037). On Figure 5, we have reported the
optimal grid parameter b* minimizing the standard deviation of the VO hedging error for different values of
M. As expected, when \ increases, i.e. when the volatility increases more rapidly near the maturity, then b*
decreases indicating that the optimal rebalancing dates concentrate near the maturity. On Figure[@l one can
observe that the hedging error increases with A even when the rebalancing dates are optimized. However,
optimizing the rebalancing dates allows to reduce noticeably the hedging error, specifically for high values of

. For instance, it allows to reduce 7.5% of the error standard deviation when A = 3 and 17.9% when A = 9.

1 2 3 6 9
o || 0.4662 | 0.5202 | 0.5747 | 0.7349 | 0.8823

2

Table 4: Short term volatility o (s.t. Var(Xr) = Z-(1 —

g e~ 27 s fixed) for different values of parameter A with
N =10 and K = 99 (Call option).
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Figure 5: Optimal rebalancing grid parameter b* as a function of A for K = 99 and N = 10 (Call option).
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Figure 6: Standard deviation of the hedging error as a function of X for K =99 and N = 10 (Call option).
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6 Appendix

A: A general convergence theorem for FS decompositions

Proposition 6.1. Let (H)jenu{to0y be a sequence of r.v. in L2(Q, Fn). Let

{ 21 0 +Zz:1§£ + n (648)
HY = H
be the FS-decomposition of H'. Suppose that H* — H> in L*(Q). Then, for £ — +oo,

1. HY — HE in L2(Fo);

2. &L — €% in probability for anyn € {1,...,N};

3. L& — L in L2(Q).
Proof. For n € {1,...,N}, { € NU {400} we have

HY = H) | + & AS, + ALY, (6.49)

For technical reasons we set {f\,_ﬂ =0 and L§V+1 = Lfv. The result will follow if for every n € {0,..., N},

for ¢ — +o00 we have
1. HY — HY in £
2. E [(A5n+1)2 (&ns1 — 7(?31‘1)2:| — 0,
3. LYy — L8, in L2

We will prove 1.,2. and 3. by backward induction on n € {0,..., N} starting from n = N. The step N
of the induction is constituted by the assumption, in particular 1. and 3. are verified by assumption and 2.
is trivially verified.
Suppose that 1.,2. and 3. hold for some n € {1,..., N}, we will prove their validity for the integer n — 1.
First, 1. implies that E [Hf;|]—"n,1} —stoo E[HP|Fn-1] in L£2(Q). We continue taking the conditional
expectation with respect to F,,—1 in ([649). This gives

E [Hp|Fao1] = Hy oy + 6,04, (6.50)
The difference between ([6.49) and ([G50) gives

HY —E[HL|Foo1] = E5AM, + ALY, € € NU {+0o0}.

Consequently
HY — HY =E[H) — HX|Fo1] = (€, — &) AM, + A(LL, — LY).
So
E [(Hf; — H®)-E[H! - H;:°|]-'n,1]2} ~E [(gﬁ — ) (AMnﬂ +E[A (LS - L)) (6.51)
in fact

E ((&) — &7) AM,A (Ly, — LY)) = E (&, — &°)E ((AMy)A(Ly, — Ly?)| Fro1)) =0,
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because M. (LY — L) is a martingale. Since the left-hand side of [5I) converges to zero when ¢ — oo, it
follows that
2
E[(¢h - )" (M| = 0 (6.52)
E[A (LS - L))" =i O
This shows 2. and 3. of the (n — 1)-step of the backward induction. It remains to show item 1. By (€49,

we have

Hy oy — Hp2y = Hy — H* = AS, (&, — &%) = A (L, — L) -

Since Hf — H° and A (Lf, — L;®) converge to zero in £, it remains to show that AS, (&5 —£2°) =00 0
in £2(Q) when ¢ — co. Now AM,, (£ — &) —¢—00 0 in £3(22) and so by (652) we only have to prove that
E[(€h - €7)" (A40)*] om0 0. (6.53)
By the (ND) condition and item 1. of Remark 4] we have
(M) = (E(AS,|F)” < 0B ((AS,)* 1Fu )

= (A4 +E [(AM,)?1F,]).
Consequently

(AA,)? < %E {(AMn)Q |]—‘n_1] .

So the left-hand side of (653) is bounded by

)
TE[(6h —&0) (MM 2 mnc 0

The result is finally established. O

B: The Normal Inverse Gaussian distribution

The Normal Inverse Gaussian (NIG) distribution is a specific subclass of the Generalized Hyperbolic family
introduced by Barndorff-Nielsen in 1977, see for instance [3]. The density of a Normal Inverse Gaussian

distribution of parameters («, 8,9, 1) is given by

Q@ Ki(ad/1+ (x — p)2/62
fNIG(I;Oé,ﬂ,(s,,M):;eXP(CS /042—[324-[3@—#)) 1( +( w3/ )

R — , forany x e R, (6.54)

where K7 denotes the Bessel function of the third type with index 1 and where the parameters are such that
§ >0, «>0and a > |3|. Afterwards, NIG(«, 3,0, 1) will denote the Normal Inverse Gaussian distribution
of parameters (a, 3,0, ).

A useful property of the NIG distribution is its stability under convolution i.e.

NIG(a7ﬁ7517M1) *NIG(O(,B,éQ,/LQ) = NIG(CY,ﬁ,(Sl +527/1'1 +M2) .

This property shared with the Gaussian distribution allows to simplifies many computations.
If X is a NIG(«, 3,4, 1) random variable then for any a € RT and b € R, Y = aX + b is also a NIG

random variable with parameters («/a, 8/a,ad, ap + b).
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The mean and the variance associated to a NIG(«, 8, d, ) random variable X are given by,

1) da?
EX =pu+ 9B , VarX = _a3 , with v=+/a?—-3%. (6.55)
v v

The characteristic function of the NIG distribution is given by exp(¥ ) where Uy ¢ verifies

Unie(u) =logElexp(iuX)] = ipu + 5(vVa?2 — B2 — /a2 — (B +iu)?) forany uweR. (6.56)

The moment generating function of the NIG distribution is particularly simple,

K (2) = K6 (2) = logElexp(2X)] = pz +6(va2 — B2 —/a? — (B+2)2), for Re(2) € [—(a+B);a—0] .
(6.57)
The Lévy measure of the NIG distribution is given by

FNjg(dx) = eﬁwé—aKl

mlz|

Notice that the Lévy measure does not depend on parameter .

(a|z])dz  for any z € R. (6.58)
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