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Optimal Power Control in CDMA Networks with
Constraints on Outage Probability

John Papandriopoulos, Jamie Evans and Subhrakanti Dey

Abstract— This paper proposes a new scheme that couples ~Of particular interest is the work presented in [8] and [9]. In
power control with a minimum outage probability multiuser de-  [8], a scheme whereby the statistics of the received signal to in-
tector. The resultant iterative algorithm is conceptually simple terference ratio (SIR) are used to allocate power, rather than an

and finds the minimum sum power of all users with a set of outage . tant SIR. The allocation decisi then b d
probability constraints. Bounds on the outage probability expres- Instantaneous - Ihe allocalion decisions can then be made

sion are found that extend a previous result that did not include ON @ m'uc,?h S|0W9"' time-scale (following |09'Oormal shadow-
receiver noise. These bounds are used to create a sub-optimaling variations for instance). In [9], an optimization problem
scheme coupling power control and a MMSE multiuser detec- js considered using average SIR which yields locally optimal
tor. This new problem becomes a variant of an existing problem solutions

where outage probability constraints are first mapped to average . . .
SIR threshgld F(zonstrain)t/s. Using a recent resultptﬂat transforrr?s In a multiple access system, multiuser detection (MUD) can
complex SIR expressions into a compact and decoupled form, a be used to further enhance the performance of wireless sys-
non-iterative and computationally inexpensive power control al- tems by exploiting the structure of the multiple access inter-
gorithm is developed for large systems of users. Simulation results ference [14]. The optimal MUD is near-far resistant however
are presented showing the closeness of the optimal and mappedy, ;g ayponential complexity with the number of active users.
schemes, speed of convergence and performance comparisons Wlthl_he decorrelating detect ith Dol ial lexit
other standard receivers. g detector, with polynomial complexity, can
eliminate multiuser interference entirely at the expense of en-
hancing receiver noise power [15]. Furthermore, in a CDMA
system, the noise enhancement increases as the utilization in-
creases until the detector becomes unusable. Minimum mean
squared error (MMSE) detection [16]-[17] is based on the min-
|. INTRODUCTION imization of the expected squared error between a transmitted
. , ) symbol and the received signal. It is also near-far resistant and
Power allocation is an effective way to improve the Peladuces to the decorrelating detector as the AWGN power is ze-

formance of wireless communication systems. It can Mitiyoq The MMSE receiver is considered a compromise between
gate near-far effects occurring when a nearby interferer di

bs th . ¢ h desired si fhe matched filter and decorrelator.
turbs the reception of a remote user, whose desire signal Iy major difficulty in the analysis of a power controlled en-
attenuated to a greater extent. Careful power allocation

Ponment is the coupling of all users through the interference

also increase utilization in interference-limited systems sucht%%y cause each other. One simplifying case is the decorrelating

CDMA, or those multiple access systems employing frequenﬁ}étector as noted above, however recent work has shown that in

reuse amongst cells, as in FDMA. Finally, by allocating mm?large system, decoupling of the interfering effects is also pos-

Index Terms— CDMA, Decorrelator, large system analysis,
MMSE receiver, multiuser detection, outage probability, power
control.

mum power acrass all users, battery life of mobile devices w ble for several other receiver structures including the MMSE

be extended: users only need _to expend gufﬁmgnt POWET [Q%eiver [18]. This work will lead to a fully decentralized PCA
acceptable reception as determined by their quality of servi t requires little computation

(Qos) spemﬂcaﬂons_such as FER, BER or outage probabll_lty. Traditionally, power allocation and multiuser detection were
The power allocation problem has been studied extensive|

X . : Ensidered separately. Power allocation assumed a fixed re-
as an eigenvalue problem for non-negative matrices [1]-[4],

terative P Control Algorith PCA) that iver structure and multiuser detection assumed fixed user
lera I\,/e ower Lontrol Algorithms ( ) tha CONVETYE €aAGh, nsmitter powers. By jointly optimizing both power and linear
users’ power to the minimum power result [5]-[6], optimiza-

) A ceivers, an increase in user capacity in addition to a reduction
tion based approaches [7]._[9] and other variations _[10]__[1 f power consumption is possible [18]. Recent work [19]-[21]
A useful framework for uplink cellular power control is given

in [13] has focused on this problem in order to obtain the benefits of

Much of thi . K deals with i iant ch li)oth power allocation and MUD.
uch of this previous work deals with invanant chann€l . y4in contributions of this paper are:

models. Any power control scheme that attempts to follow fast . . . . .
fades would need to be highly efficient to be implemented in 1) The dgs.lgr_w of a conceptually simple, |terat|ve.algor|thm
practice, or incur a power penalty due to intense signal process- that minimizes the sum power .Of a_II users subject to O.Ut'
ing and may require frequent communication with its assigned age constraints. Thg opt|m|zat!on IS perfprmed on choice
of user powers and linear multiuser receivers. This prob-

base station. ) : . ;
lem reduces to that considered in [8] if background noise
The authors are with the ARC Special Research Centre for Ultra-Broadband IS neglected and linear receivers fixed.
Information Networks (CUBIN), Department of Electrical and Electronic 2y A new sub-optimal iterative PCA-MUD where outage
Engineering, University of Melbourne, Melbourne VIC 3010, Australia, e- ) . P . 9
mail:{jpap, jse, s.dey  }@ee.mu.0z.au constraints are first mapped to average SIR threshold con-

This work was supported by the Australian Research Council. straints. Such a mapping permits the use of a variant of an



existing combined PCA and MMSE MUD given in [19]. for sufficient reception at the BS receiver. By careful choice of
3) A decentralized non-iterative PCA-MUD for medium toy}", we can set a QoS for each usé¥.is given by
large systems of users using a recent result that trans-
forms complex expressions for SIR into a compact and Oi = Pr (%‘ < th)
decoupled form.
Simulation results are also provided comparing each method =Pr | GFu;P; < vfh ZG”—FZ-]-PJ— + 02
with established receivers such as the matched filter and decor- j#i
relating receiver.

The outage probability for th&h user is given by (see [8])

Il. SYSTEM MODEL 2t 1
In this paper, we consider the uplink in a synchronous direct @i = 1 —exp ( G P > |4 WGP (4)
J#i i P

sequence CDMA communications system withusers and a

processing gain aN. We assume a BPSK modulation scheme

and aV-dimensional chip matched filter vector for each symb&- Certainty-Equivalent Margin with Noise

interval, given by The Certainty-Equivalent Margin (CEM) was defined in [8]
without noise. It represents a margin of error &verageSIR
when representing the system by a certainty-equivalent form

I = Z GijFijPibjs; +n (1) (with all statistical variation in signal and noise power ignored
=1 and replaced with their expected values.)

whereG,, F;; P; is the received power power from usgmith We will talig average SIR (denot&lR) to mean the expected
transmit powe?;. G;; F;; represents the instantaneous channiflue of thei™ mobile received power over the expected value

gain of userj to the assigned Base Station (BS) of useFhe ©f the interference from thé& — 1 other mobiles and back- -
data bitsh; take on values af-1 with equal probabilitys; is the ground noise. This is also the certainty-equivalent SIR and is

N-dimensional spreading sequence of usendn is AWGN ~ 91ven by

with zero mean and covarianegl. We assume fixed spreading . D D
. . D ce E[GuFuP] G”P

sequences, with elementsgftaking valuest1/v/N. IRy =" = =

B4 GiFiP o Y, GiP o

®)
_As with [8], we also define the CEM (with noise, denoted
CEM?) as the ratio of the certainty-equivaleBiR to the aver-
age SIR threshold,

Following the conventions of [8], we assur@g; is the pos-
itive slow-varyingpath gain of usejy to the assigned Base Sta-
tion (BS) of uset, excluding any fading. The analysis that fol
lows holds only over a time scale where factors affectiagdo
not change significantly. The tern#s; model fast time-scale
Rayleigh fading and are assumed to be unit mean independent CEM? — %5 — GiiP; (6)
exponentially distributed random variables. R R TR S s

Let c; denote the receiver filter coefficients for ugeat its
assigned BS and = [cy, . .., ck]. The filter output of user at
its assigned BS is given by

C. Relation Between th@ EM° and Outage Probability

Using the following result, we briefly sketch the derivation
yi=clri =Y \/Gi;jF;Pi(c]s;)b; + i; (2)  of upper and lower bounds on outage probability in terms of

j=1 the CEM?. The full development can be found in [22]. For
z1, ..., 2n, > 0 it can be shown that the inequalities

=

wherefi; = ¢/ nis N(0,0%¢/ c;).

n n
Ttk + Y 2z <P [J+2) <efti= 7)
[1l. OUTAGE PROBABILITY AND CERTAINTY-EQUIVALENT 2 p

MARGIN WITH NOISE

o L . . hold, wherek is some constant.
To simplify notation in this section, we shall drop the receiver From (4), we have

filter terms(c, s;)? without a loss of generality (since we can

absorb them into thé&/;; terms). They will become important 1

in Section IV. i = 1- o2y th ~h G P
exp (G ) Tl 1+ 5™

A. SIR and Outage Probability Using the left-hand side inequality in (7), it can be shown that

The SIRy, of theith mobile is given by o > 1
‘= 14CEM?
= GiiFii Py 3) + g
Y 24 GijFij Py 4 o? It can also be shown that the right-hand side inequality in (7)

leads to
The outage probability of usér denotedO;, is defined as

the proportion of time that some SIR thresheld is not met 0; < 1—e VOEMT



The upper and lower bounds on outage are thus, a similar refinement.

1 —1/CEM? n S P
Ty cEMr SYisloe e ® rgn s h
—o? (e i
which have the same form and tightness in the region of interestt. min ¢ 1 — e Si(ei=0%r T ﬁ < O¢,
as the noiseless case in [8]. c.eRY el ”W
Note thatC EM{ (or average SIR with a fixesl!”) and out- P >0 1=1,.., K

age probability are inversely proportional. As we increase the (11)
CEMY (or SIR), we get a lower outage probability and vice-
versa.

B. Optimal Power Control

In this section we describe an iterative algorithm to solve the
optimization problem (11).

Recall that forK” < N, the decorrelator nulls out all users  Taking the log of the outage constraint from (11) and re-
other than the one of interest, at the expense of enhanceddiganging yields
ceiver noise power. The resulting expression for the decorrela-

tor SNR is given by A p.
w; + thf > jzilog | 1+ i”i

GiFii Py Sl ) <1 1
R SuF RN

i

D. Special Case: Decorrelator

Yi =

whereR ;! is the (i, i)™ element of the inverted x K signa- with w; = 02(c/ ¢;), Gi; = Gij(c/ s;)?, and finally
ture sequence cross-correlation maiRx The corresponding

CEMY is given by wi+GiiP, Y, log (1 i gw ?)

P > (12)
o Gii P; Giilog (71_0;)
whereGj; = Sit.
By definition, the outage expression is given by If we view (12) as representing a set of quasi-interference
h constraints on the power vect®, we can define a new PCA
0; = Pr(vi<v") where each useriteratively attempts to compensate for the in-
2R ;! terference. At convergence, we would like each of the outage
= PrlF. < th % 8
- W=7 TGP, constraints to be met.
o2R-1 We define
= 1—exp( vf””) . p
G, - wi+ GaPy 5, log (1+ S482)
I,L‘ P,Ci = — G (13)
I 1 1
or by substituting (9), Giilog (Tot)
Oi -1 e—l/CEM;’. (10) TZ(P) = mi_n IZ(P701) (14)

where we letl;(P,c;) = P; be (12) replaced with equality.
V. POWER CONTROL ALGORITHM We shall now refer td; (P, c;) as theinterference functiotio
A Problem Definition maintain consistency with the framework in [13].

Furthermore, we propose the PCA
The aim of the PCA is to find the power;, and filter coeffi-

cients,c; fori = 1, ..., K, such that the total power transmitted P(n+1) = T(P(n)) (15)
by all users is m|n|m|zed while all outage constraints are met. T o )
Formulating this as an optimization problem, we have whereT(P) = [T1(P),...,Tx(P)] and is initialized with

powers set to the receiver noise levél(0) = o2,Vi and
K matched filter coefficients; (0) = s;, Vi.
Ilgligl ; P This PCA is similar in form to that in [19], however we are
h —o2(e] epnth dealing with outage and average quantities on a slower time
St 1 —eGutei=?Pi ] ﬁ Ot scale. In Section IV-C, we will see how a sub-optimal variant
J#i 1+W of (13)-(15) can be reduced to a PCA that is similar in form to
P, >0, c; e RN i=1,...,K [19].

Since our PCA (15) is of the standard form given by [13],
where we used (4) with the receiver filter included @)jdare Theorem 1 proposes that (14) is&ndardinterference func-
target outage probability constraints. It can be shown that thisn and thus the PCA converges to a fixed solution. The proof
problem is equivalent to the following, where the inner optis based on the three properties of a standard interference func-
mization has been inserted into the constraint set. See [19] fimn given in [13], repeated below:



Definition 1: Interference functiofi(P) is standardif for all ~ with an associated PCA given by,

P > 0 the following properties are satisfied. o 0 T
Tth > Gij(e s;)" P+ 0%(c; i)

« Positivity I(P) > 0. L(P,c;) =
« Monotonicity If P > P’ thenI(P) > I(P’). o Gii (c]si)?
« Scalability Foralla > 1, oI(P) > I(aP). T,(P) = minl;(P,c;) (20)
Theorem 1:T(P) is a standard interference function. e
The proof of Theorem 1 is given in [22]. Pn+1) = TP(n))

SinceT(P) is a standard interference function, the PCA (15) T
converges to a final solutio®* = T(P*). This solution is the whereT(P) = [T1(P), . 7TK(P)} . We shall refer to this
minimum power required to meet the outage constraints (18ca as the outage-mapped MMSE-PCA.
The filter coefficients converge to a new type of MUD, the Min- |, [19], it was shown that the MMSE filter coefficients

imum Outage Probability (MOP) receiver. As such, we shalinimize (20) and so we have the following iterative algorithm
refer to the PCA (15) as the optimal MOP-PCA. for the above problem:

¢ = (SD:S] +0°1) s (21)

C. Average SIR and Outage Probability
Tth 35, Pi(n)Gij(€]'s;)* + 0°(¢] &)

To meet our outage probability constraints, we require that p;(n + 1) = > (22)
O, < Ot for all i. Combining this inequality with the upper Gii (¢; si)
bound in (8), we can define a new constraint@R M} that whereS; = [s1,....8i 1,811, ..,5x], andD; is a (K —
when met, will guarantee that our original outage constramﬁ>< (K —1) diagonal matrix with entrie®, G PG

are also met: omitting P;G,;. The filter coefficients estimatg is updated on

each iteration. The PCA is initialized with powers set to the
noise level and matched filter coefficients. The convergence
proof of this PCA mirrors that in [19].
Since we have used the upper bound®rin the derivation
1 | ( 1 ) above, the solution is sub-optimal, however we guarantee the
0g

0; <1—e VOEMI <Ot j=1,... K. (16)

Rearranging the right-hand inequality of (16) yields,

IN

outage constraints from the right-hand side of (16). Recall that

o — ot
CEM; 1h = in the region of interest, the outage bounds are tight, and so we
> Vi (17) expect that this PCA will result in near-optimal performance as
T log (ﬁ) compared to the optimal MOP PCA.
_ th
= I (18) V. LARGE SYSTEM ANALYSIS
where we have used the definition@EM? from (6) and de- The linear receiver that achieves the minimal power allo-
fined a new quantity, ‘ cation in the previous problem is the linear MMSE receiver.
It does this by minimizing the interference function (20), or
h ik equivalently, maximizing the average SIR of usefhe corre-
L= 7 1\ (19) sponding maxima$bIR for user; is given by
tog (o7
SIR; = P,Gys; (S:D:S; + 021)71 Sis (23)

called the outage-mapped average SIR threshold. We can now
define a new problem, which we can use to restate the optimization problem of section
IV-C as follows:

we L h mn SX, P
rth Iy Gij lT X 2P,+(72 2' i .
st P> g mamCules) orr (e st SIR; > T (24)
N .
P, >0, ¢c;eR i=1,.,.K P, >0 i=1,..,K.

where we have rearranged (5) to fornBiR constraint. This The solution to this problem (if it exists) occurs when all users
problem is mathematically equivalent to the power contrgheet their outage-mapped average SIR constraint with equality.
problem in [19], however we consideveragechannel gains This problem is then equivalent to solving
and the outage-mapped average SIR threshfficas parame-
ters. P,Gs! (SiDiS] +0°T) s, =T (25)
In a similar fashion to [19], the problem is equivalent to
foralli=1,... K.

) K The Large System Analysis (LSA) in [18] derives a closed
n ;1 b form expression that the left-hand side of (25) converges to, in
st J; STt e T Gij(e] s5)2Pj+o2(c] e:) probability, asN — oo, K — oo and the number of users

U= Ga G erN (¢ s:)? per degree of freedomy = £, remains fixed. This SIR, in

P, >0 i=1,.., K the limit, is a deterministic quantity for each usedenoted



BF. Somewhat surprisingly, the result enables the uncoupling VI. SIMULATION RESULTS

of each user in the SIR expression above, by representing eacyr simulations consider a single circular CDMA cell with

user with areffective interference radius 1km. We assume uniform location of users within the
The result allows us to approximate the average SIR forc@ who are subject to distance dependent loss (loss exponent

given user, denoteds;, in a finite sized system with MMSE 4y and log-normal (zero mean, 8dB variance) shadowing. Un-

receivers. The average SIR approximation is given by less otherwise stated, a processing gain of 32 was chosen, cor-
P,G;; responding to a chip rate of 1.2288Mcps and an encoder input
pi~ (26) rate of 38.4kbps under the cdma2000 specification [23]. Fur-

24 1K P B
o+ 3 2= (B Cis PG, B1) thermore, an AWGN noise power equel = 10~3 was cho-
where I(P;G,;, PiGy;, ;) is the effective interference termsen corresponding to approximately a 1MHz bandwidth.
contributed from thg?” user, and is defined as We define three user classes, each having outage probability
P;G;; PGy and SIR threshold pairs &$5%, 10dB), (10%, 8dB), (20%,
PGt PGB (27) 6dB)}. We assign 25% of users to the first class, 50% to the
I second and the remaining to the third.

I(P;Gj;, PGy, 3;) =

Combining (26) and (27) yields In all simulations that follow, user signature sequences are
PGy chosen randomly with elements sf taking valuest+1/v/N
Bi =~ o2+ L ZK P;G;; PiGii_° (28)  with equal probability. Initial filter coefficients are set to the
N j=1 PiGii+P;iG;;Pi matched filter and initial user powers are set to the receiver

For the remaining analysis, we shall assume (28) holds witleise power? = 10~!3 where appropriate.
equality.

Leta] = Pfé”. Equation (28) becomes A. Optimal MOP and Outage-Mapped MMSE PCAs
P.G.: In this section, we compare the optimal MOP-PCA with the
a; PiGii = ——— — PG outage-mapped MMSE-PCA.
0%+ N i1 TFRGyar For K = 4,8, 16, 32 users, Fig. 1 shows in log scale the sum
or power of all users as a function of the iteration step. The opti-
o = 1 (29) mal MOP-PCA and MMSE-PCA are almost indistinguishable,
o? + % Zjil % verifying earlier claims on the tightness of the outage probabil-
sincea; does not depend an ity bounds. .
o 5 T ) Figure 2 considers a system of 32 users. It shows the conver-
SubstitutingP; G = 3+ = & into (29) gives gence of the outage probabilities for each user as a function of
. 1 the iteration step. We clearly see the three outage probability
a = | —K By classes (5%, 10% and 20%) at convergence.
o?+ 5 2 1+7a:a*
1 B. MMSE, Matched Filter and Decorrelator PCAs
I v (30) In this section we compare three standard receivers with out-
0%+ Gr N 2jm1 14180 age constraints under power control: the matched filter (MF),
The non-trivial solution to the fixed point equation (30) i§lecorrelator (DC) and MMSE receivers. Each receiver has an
given by asspmate_d outage constraint mapped_to an average SIR con-
straint using (19). We consider 1,000 independent simulation
(1 _ % ZK_ Fé'}) runs for each receiver type. Signature sequences are chosen
* =) ri independently between runs, however sequences are common
o = =
o2 P,G;; across simulations for each receiver type and specific value of

¢ K
where againp,G;; = Fah Rearranging the left-hand side for

P; gives the power solution of thé€" user,

ForK = 2,3,4,16, 32 users, Fig. 3 shows the total power al-
location, averaged over each simulation run. Simulations where

rgh o2 the solution was not feasible are excluded from this figure — the
P = (%) | K It (1)  reason for the MF-PCA plot stopping At = 4.
(1 - N 27':1 1+'F_;:h) To appreciate the relative difficulty of obtaining a feasible

solution, Fig. 4 shows the percentage of users that met their

where we have the necessary and sufficient condition _ : .
outage constraints, averaged over all simulation runs.

1 K r;h Note the reduction in total power for the MF-PCA Aswas
N Z 1+t <1 (32) increased from three to four users. This can be attributed to
J=1 J the low number of feasible solutions (0.425%) in the scenario
for a solution to exist. for K = 4: only those users with “good” signature sequences

The expression (31) allows for a totally decentralized armbuld attain a feasabile solution. In the scenario whiere: 3,
non-iterative PCA since we have a closed form expression tltlagre is less competition amongst users (as each has a higher
only requires the gain of the user of interest and the outagtegree of freedom) and a greater number of less-efficient sig-
mappedSIR thresholds for all users — all these parameters areture sequence combinations were possible, in the sense that
known (or can be measured) at the base station receiver. more feasible solutions were possible at the expense of a higher

We shall refer to this PCA as the LSA-PCA. total power on average.



C. Large Systems

We now consider the large system results f&r
16, 32, 64, 128, 256, 512 users and compare the LSA-PCA with [4]
the MMSE-PCA.

A fixed o = 0.75 was chosen, with other parameters ags)
above. Figure 5 shows in log scale the sum power of all users
for each simulation scenario. As the system size is scaled u
wards, the LSA-PCA accuracy improves significantly until it
becomes indistinguishable from the MMSE-PCA. For medium-
sized systems, the approximate result gives excellent perfc}r7—]
mance considering the reduced complexity and decentralized
nature of the result. .

Figure 6 shows the percentage of users in each simulatiér‘}
scenario that did not meet their outage constraints, using the
LSA-PCA. Similar statistics are not shown for the MMSE- 9]
PCA, as all users in all scenarios met their outage constrain[ts
with equality. Since the closeness of the LSA- and MMSE-
PCAs was noted above, a plot is also shown to quantify the ave
age deviation between the outage probability specification and
simulated outage probability, for each user not meeting thétt!
outage target. For all scenarios, this deviation is small, ranging
from 3% to under 1% and improves as the size of the systérn]
is scaled upwards. This statistic is important as it validates the
LSA method, even for smaller sized systems. [13]

(3]

VIl. CONCLUSION [14]

This paper introduced a new power control problem that aims;
to jointly optimize user powers and linear receiver filters ac-
cording to outage specifications. An iterative algorithm to sol\f§6
this problem was developed and convergence proved. A boun
on the outage probability enabled a mapping to take place be-
tween outage and an average SIR threshold. From this, a
optimal PCA-MUD was developed that utilized the well known
MMSE receiver. The approximation to the optimal solution Waﬁs]
found to be exceptionally close in ti&~ M region of interest.
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