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AN OPTIMAL ERROR ESTIMATE IN STOCHASTIC
HOMOGENIZATION OF DISCRETE ELLIPTIC EQUATIONS

ANTOINE GLORIA & FELIX OTTO

Abstract. This paper is the companion article of [6]. We consider a discrete elliptic
equation on the d-dimensional lattice Z?¢ with random coefficients A of the simplest
type: They are identically distributed and independent from edge to edge. On scales
large w. r. t. the lattice spacing (i. e. unity), the solution operator is known to
behave like the solution operator of a (continuous) elliptic equation with constant
deterministic coefficients. This symmetric “homogenized” matrix Apom = dnhomld is
characterized by ¢ - Apomé = (€ + V@) - A(€ + Vo)) for any direction ¢ € RY, where
the random field ¢ (the “corrector”) is the unique solution of —V* - A({ + V¢) = 0
in Z? such that ¢(0) = 0, V¢ is stationary and (V¢) = 0, (-) denoting the ensemble
average (or expectation).

In order to approximate the homogenized coefficients Apom, the corrector problem is
usually solved in a box Qr, = [~L, L)% of size 2L with periodic boundary conditions,
and the space averaged energy on (), defines an approximation Ay, of Apen,. Although
the statistics is modified (independence is replaced by periodic correlations) and the
ensemble average is replaced by a space average, the approximation Aj converges
almost surely to Apom as L T oo. In this paper, we give estimates on both errors. To
be more precise, we do not consider periodic boundary conditions on a box of size
2L, but replace the elliptic operator by T — V* - AV with (typically) T ~ L?, as
standard in the homogenization literature. We then replace the ensemble average by
a space average on (J1,, and estimate the overall error on the homogenized coefficients
in terms of L and T'.

Keywords: stochastic homogenization, effective coefficients, difference operator.

2000 Mathematics Subject Classification: 35B27, 39A70, 60H25, 60F99.

1. INTRODUCTION

1.1. Motivation. In this article, we continue the analysis we began in [6] on stochastic
homogenization of discrete elliptic equations. More precisely, we consider real functions
u of the sites  in a d-dimensional Cartesian lattice Z<.
is endowed with a “conductivity” a(e) > 0. This defines a discrete elliptic differential

operator —V* - AV via

—V - (AVu)(z) = D ale)(u(@) —uly)),

yEZdJ:B*y‘:l
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2 A. GLORIA & F. OTTO

where the sum is over the 2d sites y which are connected by an edge e = [z, y] to the site
x. It is sometimes more convenient to think in terms of the associated Dirichlet form, i. e.

> Vu-AVu = ) (@) (V" (AVu)(2))
xE€Zd

= S (@) - v(y)ale)(ul@) - uly),

€

where the last sum is over all edges e and (z,y) denotes the two sites connected by e,
i. e. e =[z,y] = [y, 2] (with the convention that an edge is not oriented). We assume the
conductivities a to be uniformly elliptic in the sense of

a < ale) < [ for all edges e
for some fixed constants 0 < a < 3 < o0.

We are interested in random coefficients. To fix ideas, we consider the simplest situation
possible:

{a(e)}e are independently and identically distributed (i. i. d.).

Hence the statistics are described by a distribution on the finite interval [«, 5]. We'd like
to see this discrete elliptic operator with random coefficients as a good model problem for
continuum elliptic operators with random coeflicients of correlation length unity.

Classical results in stochastic homogenization of linear elliptic equations (see [8] and [13]
for the continuous case, and [10] and [9] for the discrete case) state that there exist
homogeneous and deterministic coefficients Apom such that the solution operator of the
continuum differential operator —V - ApomV describes the large scale behavior of the
solution operator of the discrete differential operator —V* - AV. As a by product of
this homogenization result, one obtains a characterization of the homogenized coefficients
Apom: It is shown that for every direction ¢ € RY, there exists a unique scalar field ¢ such
that V¢ is stationary (stationarity means that the fields V¢(-) and V(- + z) have the
same statistics for all shifts z € Z%) and (V¢) = 0, solving the equation

~V* (A +V9¢)) = 0 inZ9 (1.1)

and normalized by ¢(0) = 0. As in periodic homogenization, the function Z¢ > z —
¢ x4+ ¢(x) can be seen as the A-harmonic function which macroscopically behaves as the
affine function Z¢ 3 z +— & -z. With this “corrector” ¢, the homogenized coefficients Apom
(which in general form a symmetric matrix and for our simple statistics in fact a multiple
of the identity: Apom = anhomld) can be characterized as follows:

£ Apomé = ((§+V9)- A6+ Vo)) (1.2)

Since the scalar field (£ + Vo) - A({ + Vo) is stationary, it does not matter (in terms of
the distribution) at which site x it is evaluated in the formula (1.2), so that we suppress
the argument x in our notation.

When one is interested in explicit values for Ay, one has to solve (1.1). Since this is not
possible in practice, one has to make approximations. For a discussion of the literature on

error estimates, in particular the pertinent work by Yurinskii [15] and Naddaf & Spencer
2



OPTIMAL ERROR IN STOCHASTIC HOMOGENIZATION 3

[12], we refer to [6, Section 1.2]. A standard approach used in practice consists in solving
(1.1) in a box Qf, = [~ L, L)4 N Z? with periodic boundary conditions

V' (AE+Vory) = 0 inQu, (1.3)

and replacing (1.2) by a space average
§-Appt = ]2 (€ +Vor4) - A€ + Vor4)da. (1.4)
L

Such an approach is consistent in the sense that
lim AL# = Ahom
L—oo ’

almost surely, as proved for instance in [1] for the continuous case, and in [2] for the discrete
case. Numerical experiments tend to show that the use of periodic boundary conditions
gives better results than other choices such as homogeneous Dirichlet boundary conditions,
see [14].

An important question for practical purposes is to quantify the dependence of the error

{|Ahom — AL7#\2>1/2 in terms of L. Let us give another interpretation of (1.3): This
equation on @, is equivalent to (1.1) on 7% with a modified conductivity matrix Ay, that
is the periodization of A, on 74, Doing this, we have replaced independent coefficients A
by Q-periodically correlated coefficients A. Since A and A are not jointly stationary (see
Definition 4), it may be difficult to compare V¢ to V¢ 4. To circumvent this difficulty,
and following the route of [13], [10], [15], & [12], and as in [6], we slightly depart from
(1.3) by introducing a zero-order term in (1.1):

T or —V*- (A€ +Vor) = 0 inZ (1.5)

As for the periodization, this localizes the dependence of ¢ (2) upon A(z") to those points
2’ € Z% such that |z—2/| < /T (at first order). Yet, unlike the periodization, V¢ and V¢
are jointly stationary. In terms of random walk interpretation, the lifetime of the random
walker is of order T, and the distance to the origin of order /7. Hence, up to taking
T ~ L?, in first approximation, the function ¢, only depends on the coeflicients A(z)
for z € Qr, as it is the case for ¢, 4.

We'd like to view ¢7q, as a variant of ¢, » which is convenient for our analysis. We then

define
§-Arré = /Zd(§ +Vor) - A&+ Vor)nrde, (1.6)

where 77, is a smooth mask with unit mass and support J;,. The aim of this paper is to

determine the scaling of the error <]Ah0m — A, L\2>1/ % in terms of L and T'. Eventually this
will allow us to make a reasonable choice for 7" and L at fixed computational complexity.

1.2. Informal statement of the results. When approximating Ayom by Ar,r, we make
two types of errors: A “systematic error” and a “random error”. In particular, as shown
in [6],

(€ Avom€ =€+ A7.26)") = (€ (Anom — Ar)E)” +var [Az,].
3



4 A. GLORIA & F. OTTO

The first term is the square of the systematic error (see [6, (1.10)])

Errorgys(T) = |[((+Vér) - A(E+Ver)) — (€ + Vo) - A + V) |
= ((Vor—Vo)  A(Vér —V9)). (1.7)
It measures the fact that the coefficient a(e) at bond e does (up to exponentially small

terms) not influence ¢r(x) if |z — e| > /T. This error vanishes for T = L? 1 co. The
second term is the square of the random error,

1/2
Erroryang(7,L) = var [/Zd(g +Vor) - A+ Vor)nL dx] . (1.8)

It measures the fluctuations of the energy density. This error vanishes as L T oo.

In [6, Theorem 1], we have proved that

1/2 _ . —1119
var [/Zd(g+v¢T)-A(5+v¢T)nde] < { P SR (K

for some ¢ depending only on «, 3, where “<” stands for “<” up to a multiplicative
constant depending only on «, 3, and d. We have also identified the systematic error in
the limit of vanishing conductivity contrast, i. e. 1 — 3/a < 1, and found
d=2 : T71,
d=3 : T73/2
d=4 : T72InT,
d>4 : T72,
where “~” means that both terms have the same scaling (in 7). In this paper, we shall
actually prove that for general o and (3 (see Theorem 1)

d=2 : T 'InT,

d—=3 - T73/2
< )
Errorsys (T) ~ d — 4 : T72 1n T,

d>4 : T72,

where there is a logarithmic correction for d = 2 when compared to the vanishing conduc-
tivity asymptotics.

Errorgys(T') ~

(1.10)

Assuming that ¢7 can be well approximated on domains of size L if we choose T ~ L?,
the combination of (1.10) and (1.9) yields

d=2 : L 'In?L,
2<d<7 : L2

d=8 : L™*InL,

d>8 : L™
Hence the numerical strategy converges at the rate of the central limit theorem for 2 <
d < 8 (up to logarithmic corrections for d = 2 and d = 8).

<|Ahom - AT,L|2>1/2 ,S

Up to dimension 4, the systematic error for T' ~ L? scales as the square of the random error.
In particular, this leaves room for the choice T'. If we take T' ~ L, then the systematic
error is of the same order as the random error. What we have gained is that ¢ can now
be well-approximated on domains of size R ~ /T ~ v/L, and not only L. Note also that
the random error is unchanged if instead of taking the average of one realization of ¢r on

Q1 (with the mask py) we take the empirical average of the averages of N independent
4



OPTIMAL ERROR IN STOCHASTIC HOMOGENIZATION 5

realizations of ¢ on a domain Q /y1/q (with the according mask i, N sa). Hence, since
é7 can be well-approximated on domains of size R > v/L, considering N = 1 realization

of ¢ approximated on 7, or N = \/Ed independent realizations of ¢ approximated on
Q7 yields the same scaling for the error between the homogenized coefficients and their
approximations. Since the computational cost of solving a linear problem is superlinear
in the number of unknows, it seems best to choose N as large as possible, and therefore

taking N = \/Ed seems a reasonable strategy at first order. Yet, we do not make precise
in this paper the relation between R and v/L in terms of absolute values (we only consider
the scaling), which may make the optimal choice for N more subtle in practice than this
general principle. A complete numerical analysis of the numerical method (including the
influence of R and the optimization of N) will be presented in [4].

We conclude this introduction by mentioning the very recent contribution [11] by Mourrat.
The equation under investigation is the same as above, namely a discrete elliptic equation
on Z% with i. i. d. coefficients. The object under study is the spectral measure associated
with the generator of the environment viewed by the particle. Without entering into
details, there exists some non-negative measure e, associated with the elliptic operator
and direction & € R?, such that the homogenized coefficient is given by

€ Anom€ = (646 = [ Sdeal)
As recalled in [11], we also have
B A—=2/T
€ Art = (€49 - | S bdey), (111)

In particular, the systematic error can be written as

1 1
§- A1 — &€ Apomé = T2 /]R+ mdea(k),
so that information on the scaling of the systematic error in terms of 7" yields information
on the spectral behavior, and conversely. The interplay between the strategy used in the
present paper and the spectral measure is further investigated by Mourrat and the first
author in [5]. In what follows, we do not make use of the spectral measure, which makes
our approach self-contained.

The article is organized as follows: In Section 2, we introduce the general framework and
state the main results of this paper, i. e. the systematic error actually scales as in (1.10).
The last two sections are dedicated to its proof.

Throughout the paper, we make use of the following notation:

e d > 2 is the dimension;

° fzd dz denotes the sum over z € Z%, and fD dz denotes the sum over z € Z% such
that € D, D subset of R%;

e (-) is the ensemble average, or equivalently the expectation in the underlying prob-
ability space;

e var [-] is the variance associated with the ensemble average;

e cov [;-] is the covariance associated with the ensemble average;
5



6 A. GLORIA & F. OTTO

< and 2 stand for < and > up to a multiplicative constant which only depends on
the dimension d and the constants a, 3 (see Definition 1 below) if not otherwise
stated;

when both < and 2 hold, we simply write ~;

we use > instead of 2 when the multiplicative constant is (much) larger than 1;
(e1,...,eq) denotes the canonical basis of Z¢.

2. MAIN RESULT
2.1. General framework.

Definition 1. We say that a is a conductivity function if there exist 0 < o < § < 0
such that for every edge e of Z¢, one has a(e) € [a, 5]. We denote by Aqp the set of such
conductivity functions.

Definition 2. The elliptic operator L : L2 (Z%) — L2 (Z%),u — Lu associated with a

conductivity function a € A,z is defined foll? Call R/ 113;
(Lu)(x) = =V* - A(z)Vu(x) (2.1)
where
u(z 4+ e1) —u(x) u(x) —u(z —eyq)
Vu(z):= | : , Viu(z):= | ¢ ,
u(r +eq) —u(z) u(z) —u(z — eq)
and

A(z) := diag[a(er),...,aleq)],
€1 = [ac,a:+e1],... y €d = [.I,:C—Fed].
We now turn to the definition of the statistics of the conductivity function.

Definition 3. A conductivity function is said to be independent and identically dis-
tributed (i. i. d.) if the coefficients a(e) are i. i. d. random variables.

Definition 4. The conductivity matrix A is obviously stationary in the sense that for all
z€ 7% A(-+ 2) and A(-) have the same statistics, so that for all z,z € Z9,

(A(x +2)) = (A(@)).
Therefore, any translation invariant function of A, such as the modified corrector ¢r (see
Lemma 2), is jointly stationary with A. In particular, not only are ¢ and its gradient
V¢r stationary, but also any function of A, ¢ and Vop. A useful such example is the
energy density (£ + Vor) - A(§ + Vor), which is stationary by joint stationarity of A and
Vor.
Another translation invariant function of A is the Green functions G7 of Definition 6. In
this case, stationarity means that Gr(- + z, - + z) has the same statistics as Gr(-,-) for all
z € 7%, so that in particular, for all z,vy, z € Z¢,

(Gr(r+ 2,y +2)) = (Gr(z,y)) -

Lemma 1 (corrector). [10, Theorem 3] Let a € Aypg be an i. i. d. conductivity function,
then for all € € RY, there exists a unique random function ¢ : Z% — R which satisfies the
corrector equation
—V* Alz) (E+Vo(x) =0  inZ% (2.2)
and such that ¢(0) = 0, V¢ is stationary and (V¢) = 0. In addition, (|[V¢[*) < |£[%.
6



OPTIMAL ERROR IN STOCHASTIC HOMOGENIZATION 7

We also define an “approximation” of the corrector as follows:

Lemma 2 (approximate corrector). [10, Proof of Theorem 3] Let a € Anp be an i. i. d.
conductivity function, then for all T > 0 and ¢ € R?, there exists a unique stationary
random function ¢ : Z% — R which satisfies the “approzimate” corrector equation

T Yop(z) — V- A(z) (€ + Vor(z) =0 in 2%, (2.3)
and such that (¢7) = 0. In addition, T~' (¢3.) + <]V¢T]2> < €2,

Definition 5 (homogenized coefficients). Let a € A, be an i. i. d. conductivity function
and let £ € R? and ¢ be as in Lemma 1. We define the homogenized d x d-matrix Apoy as

§ - Anomé = ((§+V9) - A(E+ V9)(0)). (2.4)

Note that (2.4) fully characterizes Ay since Apon, is a symmetric matrix (it is actually
of the form apopld for an i. i. d. conductivity function).

2.2. Statement of the main results. The main result of the article is the following
estimate of the systematic error introduced in Section 1.

Theorem 1. Let a € Ayg be an i. i. d. conductivity function, and let ¢ denote the
approzimate corrector associated with the conductivity function a and direction ¢ € RY,
|€| = 1. We then define for all T > 1 the symmetric matriz Ap characterized by

§-Arg = ((+ Vor) - A(§ + Vor)) . (2.5)
Then, there exists an exponent ¢ > 0 depending only on «, 3 such that
d=2: ’Ahom - AT‘ 5 Tﬁl(lnT)qv
d=3: |Ahom — AT| 5 T_3/2,
d=4: |Apom — Ar| ST 2InT,
d>4: ’Ahom — AT‘ ,S T2
As a by-product of the proof of Theorem 1, we obtain the following

Corollary 1. Let a € A, be an i. i. d. conductivity function, d > 2, T > 0, and let
o1 and ¢ denote the approzimate corrector and stationary corrector (see [6, Corollary 1])

associated with the conductivity function a and direction ¢ € R?, |¢| = 1, respectively.
Then
d=3 : T73/2
T—1<(¢T—$)2>+<\V¢T—V&12> << d=4 : T72InT, (2.7)
d>4 : T2

In particular,
Jim (((6r—8)%) + (IVor - Vd[?)) = o.

This corollary gives a full characterization of the convergence of the regularized corrector
to the exact corrector for d > 2.

Remark 1. Note that the definition (2.5) of Ar does not include the zero-order term
T-1 <¢%>, so that & - Ar& does not coincide with the energy associated with the equation.
Surprisingly, the addition of the zero-order term in the definition of Ay would make the
estimate (2.6) saturate at 7-! for d > 2.

7



8 A. GLORIA & F. OTTO

Remark 2. For d = 2, although we lose control of ¢ we may still quantify the rate of
convergence of Vor to Vo, the gradient of the corrector of Definition 1. In particular,
(2.7) is replaced by

(IVor —Vo[*y < T 'niT

for some ¢ > 0 depending only on «, 3.

2.3. Auxiliary lemmas. In order to prove Theorem 1 and Corollary 1, we need three
auxiliary lemmas in addition to the results of [6]: The first one is a covariance estimate
very similar to the variance estimate in [6, Lemma 2.3], the next one is a refined version
of the decay estimates of [6, Lemma 2.8], whereas the last one is a generalization of the
convolution estimate of [6, Lemma 2.10].

Lemma 3 (covariance estimate). Let a = {a;};en be a sequence of i. i. d. random variables
with range [o, ). Let X and Y be two Borel measurable functions of a € RY (i. e.
measurable w. . t. the smallest o-algebra on RN for which all coordinate functions RY 3
a — a; € R are Borel measurable, cf. [7, Definition 14.4]). Then we have

00 o\ 1/2
cov [X;Y] < Z<sup > <sup

i=1 \ ¥
g—i‘ denotes the supremum of the modulus of the i-th partial derivative
0z
da;
of Z with respect to the variable a; € [, 5], for Z = XY .

0X
8ai

oy
({90,2‘

9\ 1/2
> var [a1] , (2.8)

where sup,,

(al,"' ,aiflaai,azﬁrl,“‘)

The proof of this lemma is standard. As for [6, Lemma 2.3], it relies on a martingale
difference decomposition.

We define discrete Green’s functions as follows:

Definition 6 (discrete Green’s function). Let d > 2. For all 7' > 0, the Green function
Gr : Aapx 24 x 78 — 7%, (a,z,y) — Gr(x,y;a) associated with the conductivity function
a is defined for all y € Z% and a € Aqpg as the unique solution G(-,y;a) € L*(Z%) to

/Zd T Gr(z,y;a)v(z)de + | Vo(z)- A(x)V,Gr(z,y;a) dz = v(y), Vv € L3(29),

7.4
(2.9)
where A is as in (2.1).

Throughout this paper, when no confusion occurs, we use the shorthand notation G (x,y)
for Gr(z,y;a). We need a decay of the Green function Gr(x,y) and its (discrete) gradient
V.Gr(z,y) in |x — y| > 1 that is uniform in a but nevertheless coincides (in terms of
scaling) with the decay of the constant-coefficient Green function. The constant-coefficient
Green function in the continuous case is known to decay as

- |z — yl
|z — y|> 4 exp(—const..——=) for d>2 and
VT
VT _
(In | ‘)exp(—const. = y’) for d=2;
r—=1y

VT
8
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its gradient decays as the first derivative of these expressions. Note the cross-over of the
decay at distances |z — y| of the order of the intrinsic length scale VT > 1 from algebraic
(or logarithmic in case of d = 2) to exponential.

In the class of a-uniform estimates, these decay properties survive as pointwise in (x,y)
estimates on the level of the discrete Green function Gr(z,y) itself, but only as averaged
estimates on the level of its discrete gradient V,Gr(z,y). More precisely, V,.Gr(z,y) has
to be averaged in x on dyadic annuli centered at x = y. It will be important that the
average can be (at least slightly) stronger than a square average (see [6, Lemma 2.9]). On
the other hand, we do not need the exponential decay: Super algebraic decay is sufficient
for our purposes.

Lemma 4 (pointwise decay estimate on Gr). Let a € Ayg, and Gt be the associated
Green function. For d > 2, we have for all k > 0, and all z,y € 7¢

Cr(x.y) < (L4 |z — y)* “min{L, ’””JT'”’ Y, (2.10)

where the constant in “<” depends on k. For d =2, we have for all k > 0

ln(1+\|/mT—y|) for |z —y| < VT
(EZF for Jw—yl 2 VT

(2.11)

GT(.%',y) § {

where the constant in “<” depends on k.

Finally, for the proof of Theorem 1, we need to know that also the convolution of the
gradient of the Green’s function with itself decays at the optimal rate, i. e.

Lemma 5 (convolution estimate). Let hr, g : Z% — RY satisfy the following properties.
Assumptions on hr (estimate of |V,Gr(y + z,y)|): For all R>1 and T > 0,

d>2: / hr(2)%dz < R*9, (2.12)

R<|z|<2R
d=2: / hr(z)?dz < min{l, VTR '}2, (2.13)

R<|z|<2R
(2.14)

and for R ~ 1
d>2: / hr(2)%dz < 1. (2.15)
|z|I<R

Assumptions on gr (estimate of G (y + z,v)): For d > 2, and for all z € 72,

1l

ﬁ)—?’}, (2.16)

gr(z) = (14 |2))* “min{1, (

and for d = 2,

(2.17)

() for o] <VT |
(G5 Jor |d>VT
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Then we have

/Zd gr(2) /Zd hr () hr(z — w) dwdz < 3:4§ v (2.18)

3. PROOF OF THE MAIN RESULTS

Throughout this section, we let ¢ € R? be such that [¢] = 1.

3.1. Proof of Theorem 1. In view of (1.7), in order to estimate |A7r — Apom|, we need
to estimate how close the modified corrector ¢ is to the original corrector ¢ (in terms of
(IVér — V¢|?)). Therefore, it is natural to introduce 1y = TQ%%T (the prefactor T2 is
such that ¢p is properly renormalized in the limit 7' T oo at least for large d). Considering
1 is also convenient since for d = 2, the corrector ¢ is not known to be stationary (only its
gradient is known to be stationary) so that working with the modified correctors ¢, which
are known to be stationary, avoids technical subtleties. In fact, we opt for a dyadically
discrete version of ¥ defined via

1/}T = T(¢2T — ¢T) (31)

This discrete version has the technical advantage that we don’t have to think about the
differentiability of ¢ in 1. Moreover, its dyadic nature is in line with the dyadic decom-
position of the T-axis according to

o
| A7 — Anom| <D [Agip — Agiag| (3.2)
=0
forced upon us in the case of d = 2. In order to get (3.2), we used the fact that

lim A7 = Anom, (3.3)

T—o00

which is proved in [6, Proof of Theorem 1, Step 8]. We shall also use that ¢ solves

T Ypr —V* - AVYr = %@T. (3.4)

We split the proof in eight steps.

Step 1. Derivation of
-2

€ (Aor — A)é] < T2 {prr) | + 5| (Grroon) . (35)

Although this could be directly infered from the spectral formula (1.11) for Ay, we give
an elementary argument relying only on the corrector equation. We recall the following
consequence of (2.3) which is proved in [6, Proof of Theorem 1, Step 8]:

T~ orx) + (£ + Vor) - AVy) = 0 (3.6)
for every field x : Z4 — R that is jointly stationary with A and such that <X2> < 00. From
formally differentiating the definition (2.5) of Ar w. r. t. T and using (3.6) for y = %LTT,

we obtain

O0AT

Odr
S ar

= —2T71<8—T¢T>-
10
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We claim that the corresponding discrete-in-T" version reads

£ (Agr — Ap)€ = -T2 <<¢T¢T> + %<7;Z)T¢2T>> : (3.7)

Indeed, by definition of A, by expanding the square, by symmetry of A, by definition of
Y7, and (3.6), we have

£ (Aor — Ar)§
= (((+Véor)  A(§ + Vor)) — ((§+ Vor) - A+ Veér))
=  ((Véar —Vor) - A€ + Voar)) + (Voar — Vor) - A+ Vor))

W (Vi A€ + Voar)) + (Vibr - AE + Vor))
T~ (2T)  (Wrder) + T~ <¢T¢T>)

(3.6)

In the next four steps, we focus on the first term of the r. h. s. of (3.5). The second term

will be dealt with the same way in Step 7.
9\ 1/2 9\ 1/2
> <sup > , (3.8)
a(e)

Step 2. Proof of
where the sum runs over the edges e, and proof of the representation formulas

9¢1(0)
da(e)

Y7 (0)
da(e)

[{éryr)| < Z <Sl(ll))

e

05;2(;) = —(& + Vior(2)) V., Gr(2,0), (3.9)
a0 3.10)
da(e)

_% | Gr(0.w)(& + Vi () V=, Gar (2, w)dw,

where the edge is e = [z, z + €;].

Due to [6, Lemma 2.6] the functions ¢p and ¢y are measurable with respect to the
coefficients a. Hence (3.8) is a consequence of the covariance estimate of Lemma 3: Since

(1) = (Yr) =0,

(prvr) = (o7 — (o7)) (1 — (¥1)))
= cov [br;r].

Formula (3.9) is identical to [6, Lemma 2.4, (2.12)]. To prove (3.10), we first make use of
the Green representation formula for the solution to (3.4):

vr@) = ~ [ Gl w)dor (w)dw, (3.11)

2 7.4
for all € Z. Since a(e) — ¢r(;ale)) and a(e) — ¢or(-;ale)) are continuously dif-
ferentiable by [6, Lemma 2.4], we deduce by formula (3.1) that a(e) — op(-;a(e)) is
also continuously differentiable. Using then the formulas [6, Lemma 2.5, (2.15)] and [6,
Lemma 2.4, (2.12)] for the derivatives of G and ¢r with respect to a(e), and the fact
11
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that Gy € LY(Z%) (see [6, Corollary 2.2]), we may switch the order of the differentiation
and the integration to obtain for all z € Z¢

0vr(x)
da(e)
- 5 /Zd da(e) ¢ar(w)dw + 5 » Gr(z,w) 5a(c) dw
" BILGR) _1/ V.G (7, 2)V.,Gr(z, w)por (w)dw
2 Jy
_% g Gr(z,w)(& + Vigar(2)) Vs, Gor (2, w)dw
(3.11) —V.,Gr(z, 2)Viyr(z) — %/Zd Gr(z,w)(& + Vigar(2)) V., Gar (2, w)dw,

(3.12)
which is (3.10) taking = = 0.

From now on in the proof, we let g7 be defined as in Lemma 5 (that is, gr decays as the
Green function Gr).

Step 3. In this step, we shall prove that
[(oryr)| S L+N, (3.13)

where

£ [ (Ve OBIT.Gr o)
74d

o\ 1/2
<</Zd gr(w)(1+ |V¢2T(z)|)|VzG2T(z,w)|dw> > dz, (3.14)
and N = N7 + N,
M = /Z (L4 IVor(2)P)IV=Gr(z,0)2)* (Vi (2)P|V2Gr(2,0)2)

2 12(3.15)

1/2

Ne = w() [ (04 [For@P)IT-Gr(= 0F)
2

(14 [Vour () P)|V:Gr (=, 0)P) " dz, (3.16)
with
d=2 : T,
d=3 : VT,
v =N g=4 . T
d>4 : 1
The term L is a linear error: It is of the same type as for the analysis in the limit of
vanishing ellipticity contrast (see [6, Appendix]). On the contrary, the term N is nonlinear
and does not appear in the limit of vanishing ellipticity contrast. As we shall prove, it is
of lower order. The terms £ and V] in estimate (3.13) would be direct consequences of
(3.8), and (3.9) & (3.10), disregarding the suprema in a(e) in (3.8). Taking the suprema
in a(e) into account actually brings the second nonlinear term N, which turns out to be
of lower order than Nj.

)

12



OPTIMAL ERROR IN STOCHASTIC HOMOGENIZATION 13

According to [6, Lemma 2.4, (2.13)] we have for (3.9)

3;5;((6(;)‘ S (14 [Vigr(2))IV.Gr(z,0)]. (3.17)

up
a(e)
It remains to deal with (3.10). Using the pointwise decay of Gp in Lemma 4 combined

with the susceptibility estimates [6, Lemma 2.4, (2.14)] and [6, Lemma 2.5, (2.16)] of Vor
and VG w. r. t. a(e), we obtain

sup

a(e)
S [ orw)1+ Vidar ()1 -Gar (2. w)ldu. (318)

- [ Gr0.w)& + Vidar () V-, Gar (. wyi

which together with (3.17) gives the linear term L.

To treat the first term of the r. h. s. of (3.10), we need to deal with the supremum of
|Vitbr(2)| over a(e). We appeal to (3.12) that we rewrite in the form

O (x)
da(e)
where Gr(z,e) == Gr(z,z + ;) — Gr(z,z) and Gr(e,w) = Gr(z + e;,w) — Gr(z,w).
Hence,
OVihr(2)
da(e)

=Vir(2)Gr(z,e) — %(5@' + Vigar(2)) /Zd Gr(z,w)Gr (e, w)dw,

= —Vir(2)Gr(ee) — %(@ + Vigar(z)) /Zd Gr(e,w)Gar(e,w)dw,
(3.19)

where Gr(e,e) := Gr(z+e;,z+e€;) +Gr(z,2) — Gr(z+e;, 2) — Gr(z, 2+ €;). On the one
hand, the uniform bound [6, Corollary 2.3] on VGr yields |Gr(e,e)] < 1. On the other
hand, as we shall argue, we have

d=2 : T,
d=3 : VT
< =
» Gr(e,w)Gor(e,w)dw < vy(T) d—4 . InT, (3.20)
d>4 : 1.

Hence if we regard (3.19) as an ordinary differential equation for V;¢r(z) in the variable
a(e), we obtain

sup Vi (2)] S [Vihr (2)] + va(T) (1 + [Vigar (2)]) (3.21)
since a(e) lies in a bounded domain [a, 8], and supy) [Vidor(2)| < 1+ [Vigor(z)| ac-
cording to [6, Lemma 2.4, (2.14)] with 2T instead of 7. Note that (3.17), (3.21) and
suPy(e) |V Gr(2,0)| S |V2,Gr(2,0)] give the nonlinear terms N and Na.

We now give the argument for (3.20). We first use Cauchy-Schwarz’ and Young’s inequal-
ities
1/2

IN

1/2
( GT(e,w)de> < GQT(@,U})Zdw>
7.4 7.4d

[ 9Grew)Paw+ [ V.Gor (e w) P
7d 7.4

Gr(e,w)Gar(e,w)dw
7.d

A
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Both terms in the r. h. s. scale the same way and we only treat the first one. We make a
decomposition of Z? into the ball of some radius R, and dyadic annuli {w : 2'R < |z —w]| <
2i+1R} for i € N. For d = 2 we consider R ~ /T and for d > 2 we take R ~ 1. We begin
with d = 2. We first replace the gradient of the Green’s function by the Green’s function
itself, appeal to [6, Lemma 2.8 (ii)] on the ball of radius R, and to the decay estimate [6,
Lemma 2.8 (iii)] on dyadic annuli. This yields

|V2GT(z,w)|2dw
Zd

o0
< / GT(z,w)de—i—Z/ Gr(z,w)*dw
|z—w|<R i—0 Y 2'R<[z—w|<2PFIR

o0
S T+) T2%min{l,27}® ST
i=1
For d > 2, we first appeal to the uniform estimate of [6, Corollary 2.3] to bound |VGr|
by 1 on the ball of radius R ~ 1, and then replace the gradient of the Green’s function
by the Green’s function itself and use the decay estimate [6, Lemma 2.8 (iii)] on dyadic
annuli, so that

/ |VZGT(z,w)|2dw
7.4

< / \V.Gr(z,w)>dw + Z/ Gr(z,w)dw
[z—w|<R i=0

{R<|z—w|<2tH1R
0 . .
g 14+ Z(Qz)dJrQ(Qfd) min{l, ﬁ(zzR)fl}Q
=1

d=3 : VT,
< d=4 : InT,
d>4 : 1,

as desired. This concludes Step 3.
Step 4. Suboptimal estimate of the nonlinear term N:

d=2 \/Tlan,

N < (Vor-AVYnY2 da=3 . T, (3.22)
d>3 : 1,
No S pa(T)va(T), (3.23)

where

d=2 : InT,

Ha(T) = { d>2 : 1

and ¢ is a generic exponent which only depends on «a, 3. We first deal with A7, and begin
with the second factor of the r. h. s. of (3.15). The pointwise estimate (2.10) of Lemma 4
for d > 2 on the Green function gives the suboptimal pointwise estimate on the gradient
of the Green function

d

IVGr(2,0)] < Gr(z,0)+ > Gr(z+e;,0) < (1+]2)* (3.24)
i=1
14
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This estimate coincides for d = 2 with the uniform bound of [6, Corollary 2.3]. The
coercivity of A thus yields

(IVGr(2,0)2|Var(2)[2) 2

< (L + 12D HVYr(2) - A(2)Vir(2) '/
= (1+])) 27 (Vyr - AVyr)'/?

by joint stationarity of Vi and A. Hence, (3.15) turns into
N S (Ve AVT,Z)T>1/2 /d(l + |2[)2~@ <(1 + |V¢T(Z)|2)|VGT(,2,0)|2>1/2 ds.
Z

We then let p > 2 be a Meyers’ exponent as in [6, Lemma 2.9] and use Holder’s inequality
in probability with exponents (p/(p — 2),p/2), the stationarity of V¢, the fact that the
gradient of ¢ is estimated by ¢7 as in (3.24), and the bounds on the stochastic moments
of ¢ in [6, Proposition 1]

M S (Vir- AV)'?
/Zd(l +[2[)* <1 + |V¢T(Z)|2p/(p—2)>(p72)/(2p) (|VGT(z,0)|p>1/P .
= (Vir - AVr)'/? <1 . |V¢T|2p/(p_2)>(p*2)/(2p)
/Zd(l + 12D (VGr(2,0) )P dz
< (Vor- AVYr) 2 (14 |¢T|2p/<p—2>><p72>/<2p> /Zd(l .

S wa() (Vi - AVYr)'? /Z (L) VG (=, 0)) P dz, (3.25)

for some generic ¢ depending only on «, . Hélder’s inequality with exponents (p, p/(p—1))
in Z% combined with the decomposition of Z¢ into the ball of some radius R ~ 1 and
dyadic annuli {w : 2R < |z — w| < 27'R} for i € N (and the uniform bound on VGr
from [6, Corollary 2.3]) yields

/Zd(l + |Z|)27d <|VGT(Z,O)|p>1/p ds

3 1/p
5 1 + / VG Z, 0 de
; << 21R<|z|§2i+1R| 7(2,0)] >>

(r—1)/p
</ (1+ |Z|)(2—d)p/(p—1)dz) )
21R<|2|<2i+1R
15



16 A. GLORIA & F. OTTO

Using the optimal decay of VGr on dyadic annuli in LP norm from [6, Lemma 2.9] with
k = 2p, this turns into

/Zd(l + \Z’)z—d <lvGT(z7O)’p>1/p d-

© 4 4 ‘ 4 (r=1)/p
_ i o py(1=dp 1 VT3 i v o py(@—dp/ (1)
<1 +ZZ; (@R R) =7 min{1, 2ZR} ) ((2 R)4(2'R) )
_ S ) 3—d . \/T
= 1+ 2(2 R) 'R

Recalling that R ~ 1, this implies
d=2 : \/T,
/ (14 )2 (VGr (-0 P dz <  d=3 : T,
z4 d>3 : 1.

Combined with (3.25) it proves (3.22).

We now turn to Ns. Proceeding as above to deal with the terms V¢ and Vgor in N,
we obtain as desired

No S va(T)pa(T) / (IV.Gr(z, 0)PY2/P dz
7d

< va(T)pa(T)*7H

using the decomposition of Z% into the ball of some radius R ~ 1 and dyadic annuli
{w:2'R < |z —w| < 2R} for i € N, together with the higher integrability of gradients
of [6, Lemma 2.9], and [6, Corollary 2.3].

Step 5. Estimate of the linear term L:

d=2 : TT,
d=3 VT,

£3Yd=1 @ mr (3.26)
d>4 : 1.

We first treat the second factor of (3.14). We proceed as in Step 4 to deal with the
expectation of the corrector term, and let p > 2 be a Meyers’ exponent as in [6, Lemma 2.9].
We obtain by Holder’s inequality in probability with exponents (p/(p — 2),p,p) and the
bounds on the stochastic moments of ¢ from [6, Proposition 1]:

2
<< [ o)1+ 190 GV o wie >

= [ [ ortwlan @) {0+ V62 () )PIV2 Gar e ) IV, Gar )] duwda

N (1 + <|¢2T|2p/(p—2)>( 2)/”)
/Zd / gr(w)gr(w') |V, Gar (2, w) [PY P (9., Gar (2, ) )P dwdu
S ([ arw) (19.Gar ) dw>2.

16



OPTIMAL ERROR IN STOCHASTIC HOMOGENIZATION 17

We thus have

1/2
£S5 n®) [ (04 190r@PIVGr 0P [ o) (9. Gareyw)?) P dud.
z z
Appealing once more to Holder’s inequality in probability with exponents (p/(p — 2),p/2)
and to [6, Proposition 1], this turns into

L < pa(T)™ /Z L gr(w) /Z AV2Gar(z,w))! P (V-G (2,0)) /¥ dadw

= pa(T)* /Zd gr(w) /Zd hor(z — w)hr(z)dzdw,

where, by stationarity, we have set
hr(w) = (|VuGr(w,0)P)/7
hor(w) = (|VuGor(w,0)P)7.

By the optimal decay estimate of VG on dyadic annuli from [6, Lemma 2.9] (and by
the uniform bounds on VG from [6, Corollary 2.3]), and by definition of g7, we are in
position to apply Lemma 5. Estimate (3.26) is thus proved.

Step 6. Proof of

(Vipr - AVYr) < [{o19r) |- (3.27)
Using (3.1), we rewrite (3.4) as
(QT) Mr — VAV = ooy — (2T) M
= %qu. (3.28)

We now multiply (3.28) by ¢:

1
(1)~ WF = (V7 AVYr)gr = Sérvr.
By integration by parts and joint stationarity of ¢p, Vippr and A (see [6, Proof of Theo-
rem 1, Step 8] for details), this turns into
—1/,2 1
27)~ (v7) + (Vo - AVYr) = 3 (pT9r) -
We then conclude by the non-negativity of the first term.

Step 7. Proof of
d=2 : ThiT,

d= : \/T,
Herdr) | S g_y o T (3.29)
d>4 : 1,
and
d=2 . ThiT,
d= : \/T,
[{Perdr) | S 4 gy o T (3.30)

d>4 : 1.
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From Steps 3, 4 & 5, and Young’s inequality, we deduce that
d=2 : TnT,

) o
| (pribr) | — 3 (Vir - AVYr) S Eii: i 1\1/1—?,
d>4 : 1.

Combined with Step 6, this shows (3.29).

For (3.30), we proceed exactly as for (3.29) in Steps 2-6. In particular, with obvious
notation, we have

| ($arpr) | S N+ L,

where
d=2 : ThiT,
1 d=3 : VT
U . < )
N =5 (Vor-AVPr) S 4 gy InT,
d>4 : 1.
and
d=2 : TIniT,
E/ < d: . ﬁ,
~ d=4 : InT,
d>4 : 1.

We then conclude as above.

Step 8. Proof of (2.6).
Steps 1 & 7 yield

€ (Ar — Aor)é| < T72[{$ripr) | + (2T%) 7 (dartpr) |
d=2 : TiT,
< 72 d=3 : \/T,
~ d=4 : T,
d>4 : 1.

(3.31)

We finally appeal to the dyadic decomposition of the T-axis (3.2), which, combined with
(3.31), turns into

d=2 : (2'T)"'In9(2'T)
=) d=3 . @1)”
. - < ' ‘
€ (AT — Apom)é| S Z; d=4 : (2'T)°In(2'T)
S ld>4 0 212
d=2 T-11n? T,
S d=4 : T2InT,
d>4 : T2

This concludes the proof of the theorem.
18



OPTIMAL ERROR IN STOCHASTIC HOMOGENIZATION 19

3.2. Proof of Corollary 1. By Steps 6 and 7 in the proof of Theorem 1 and by the
definition (3.1) of 17, we learn that

3.1 _
(IWoor — Vor[) & 12(|vyrf?)
(3.27)&(3.29) d=3 : T7372
< d=4 : T72InT,
d>4 : T72.

In particular, Vér is a Cauchy sequence in L? in probability. Hence, V¢r converges in
L? to its weak limit V¢, and by a dyadic decomposition of the T-axis the above estimate
yields
d=3 : T73/72
(INVor —Vo|*) £ d=4 : T2IT,
d>4 : T72,
which gives the second term of the 1. h. s. of (2.7).

Likewise, from Step 7 in the proof of Theorem 1, we learn that

3.1)

w
—

{(¢or — ¢1)*) = T ((¢par — d1)%r)
< T~ (|¢2rvr]) + loTer]))
(3.29)&(3.30) d=3 : T2
< d=4 : T 'InT,

d>4 : T71,

so that ¢r is a Cauchy sequence in L? in probability and ¢7 converges in L? to its weak
limit ¢ provided by [6, Corollary 1]. In particular, by a dyadic decomposition of the T-axis
the above estimate yields

d=3 : T2
<(¢T—¢)2>: d=4 : T‘ilnT,
d>4 : T,

which is the first term of the 1. h. s. of (2.7). This concludes the proof of the corollary.

4. PROOF OF THE AUXILIARY LEMMAS

4.1. Proof of Lemma 3. W. 1. 0. g. we may assume

o) 2 [e’e) 2
0X oY
sup | — , su < oo. 4.1
Let Z,, denote the expected value of Z conditioned on aq,--- ,a,, that is

Zn(a17"' 7an) = <Z‘a17"' 7an>-
From [6, (5.2) & (5.3)] in the proof of [6, Lemma 2.3], we learn that

lim ((Z - 2,)°) = 0,
19



20 A. GLORIA & F. OTTO

for Z = X,Z, = X, and Z =Y, 7, = Y,, respectively, so that, by Cauchy-Schwarz’
inequality in probability,

lim (X)) = (X),

nloo

lim <Yn> = <Y>’

nToo

lim (X,Y,) = (XY).

nfoo

Hence,
7111Trc£lo cov [X,; Y] = TILITII.é(<XnYn> — (X)) (Ya))
—(XY) - (X)(Y)
= cov [X;Y]. (4.2)
Note also that

NE

cov [X,;Yy] = ((X3Y3) — (Xi-1Yioq)) (4.3)

i=1
with the notation Xy = (X) and Yy = (Y'), so that (X,,) = Xy and (Y,,) = Yp. Inequality

(2.8) then follows from (4.1), (4.2), (4.3), and
9\ 1/2 o\ 1/2
X > <sup > , (4.4)

that we prove now. By our assumption that {a;};en are i. i. d., we have

Z’i—l(a17"' 7a’i—1) - /Zi(ala"' 7ai—17a;,) ﬁ(da;/)7

0 oy

aai

aj

(X;Y5) —(X;.1Yi1) S <SUP

<XZ'(CL1,"' ,CLZ')YZ‘(CH,"' ,ai)> = </Xi(ala"' aaiflya;)}/i(aly”' aaifl?a;) B(da;)>7

where 3 denotes the distribution of a;. Hence we obtain

(XiYi) — (Xi1Yi1)
== </Xi(a1,"' ,aiflaa;‘)yvi(ala”' ,ail?a;)ﬁ(da;)>
- </Xz‘(a1,"' ,az1,a§)ﬁ(da§)/3ﬁ(al,"' ,ailaa;/)ﬁ(daél)>
= <//% (Xi(ar, -+ ai-1,a;) — Xi(ar, -+, ai-1,a7))
X (}/;(alf" 7ai—17a;) - }/i(alf" 7ai—17a;/)) ﬁ(da;)/g(da;,)>

<//% (Xi(ar, -+ aim1,05) = Xi(an, - ,ai—17a;/))2 5(da§)5(da;,)>

1/2

IN

1/2
. <//% (Yi(ar, - ai_1,d}) = Yiar, - ,ai_y,al))’ B(daé)ﬁ(da?)> '

We then conclude the proof of (4.4) as in the proof of [6, Lemma 2.3].
20
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4.2. Proof of Lemma 4. We divide the proof in two main parts and deal with |z| < /T
and |z| > VT separately. The proof relies on the Harnack inequality on graphs. We refer
to Zhou [16] for Z¢, and to Delmotte [3] for other graphs. We recall here the easy part of
Harnack’s inequality (see [3, Proposition 5.3] or [16, Proof of Theorem 3.3, (3.11)]).

Lemma 6 (Harnack’s inequality). Let a € Anp and R> 1. If g: 7% — R* satisfies
—V*- AVyg(z) <0 (4.5)

in the annulus {R/2 < |z| < 4R} (that is g is a nonnegative subsolution), then

1/2
sup  g(z) S <R_d/ g(:ﬂ)de> . (4.6)
R<|z[<2R R/2<|x|<4R

Step 1. Proof of (2.10) for |z — y| < VT.
Since G satisfies

—Vi - AV.Gr(z,y) = =T 'Gr(z,y) <0 (4.7)

for |x — y| > 1, one may apply Lemma 6. For R > 1, we then have

1/2
s Grley) 5 (R [ Gr(e,yPdr )
z:R<|z—y|<2R R/2<|z—y|<4R

Combined with [6, Lemma 2.8, (2.21)] for ¢ = 2 (which is uniform in 7 > 0 and y € Z%),
this yields

sup Gr(z,y) S R
R<|z—y|<2R

from which we deduce (2.10) for v/T > |z —y| > 1. For |z —y| ~ 1, we appeal to [6, Proof
of Lemma 2.8, (4.4)] with R ~ 1 and ¢ = 1, which yields sup|,_, <z Gr(z,y) < 1 by the
discrete L' — L™ estimate.

Step 2. Proof of (2.11) for |z — y| < VT.

Let N be a positive integer such that 2V ~ /T and 2=V+/T > 1. For all i € {1,..., N},
we first show that

1/2
27T 2/ Gr(z,y)*dx < i~ In(————=).(4.8
(( s g G0 S i) (1)

Estimate (4.8) follows from the triangle inequality and the BMO estimate of [6, Lemma 2.8
(2.20)] provided we show that

G_T{\x—y\SQ*“r?\/T} N2 (49)
21



22 A. GLORIA & F. OTTO

where G_T{|$_y|<27i+2\/f} denotes the average of Gp(z,y) on the set {|z —y| < 2772/T}.
By the triangle inequality and the BMO estimate of [6, Lemma 2.8 (2.20)], we have

G_T{Iw—yISQ*i“\/T}

< OT(aycr-rovTy

{|lz — y| <27 3VTY Ja—y<o-+3yT
< Gryyyo-ivsyry T 0

1/2
1 -
+2 < (GT($, y) - GT{x_ySQiJrCi\/T})de)

where C is a universal constant independent of . Combined with the estimate for ¢ = 1
Cr{p—yicavry S b
which is a consequence of [6, Lemma 2.8 (2.22)], this implies (4.9) by induction.
We are now in position to prove (2.11) for |z — y| < v/T. Since z +— Gr(x,y) satisfies
_v; : AvaT(x7y) - _T_lGT(may) <0
in the annulus {z, 27" '/T < |z — y| < 27"2y/T}, Lemma 6 implies
w  Grlew) £ (VDR
22T < |z—y|<2—+1/T 2711/ T < |z—y|<2-+2y/T
VT
1+27/T

using (4.8) for 27T > 1. For |z — y| < R ~ 1, we appeal to (4.9) and to the discrete
L' — L™ estimate

1/2
GT(xa y)de>

In( )

~

GT(QT,y) S RQG_T{|$_y|§R} S IDT
This completes the proof of (2.11) for |z — y| < V/T.

Step 3. Proof of (2.10) & (2.11) for |z —y| > VT.
Let R > +/T. Since G satisfies

—V! - AV,.Gr(z,y) = =T 'Gr(z,y) < 0, for |z —y| > 1,

Lemma 6 implies

1/2
sup  Gr(r,y) < Rd/ Gr(z,y)de | .
z:R<|z—y|<2R R/2<|z—y|<4R

Combined with [6, Lemma 2.8, (2.23)] for ¢ =2 and r =k, i. e.
/ Grla.y)?ds S REC-OVTRY,
R/2<|z—y|<4R

this yields the desired pointwise bound.
22
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4.3. Proof of Lemma 5. First note that by symmetry,
1
/ hr(2)hr(z — z)dz = / hr(z)hr(z —x)dz > = / hr(2)hr(z — x)dz.
|2|< |2l 21> |2 2 Jza
Hence, it is enough to consider
/ gT(x)/ hr(z)hr(z — x)dzdx.
74 |2|<|z—z]

In this proof, we essentially combine the pointwise decay of gr with the results of [6,
Lemma 2.10] that we recall here for the reader’s convenience~(see [6, Proof of Lemma 2.10,
Steps 1, 2 & 4]): There exists R ~ 1 such that for all R > R/2,

P . 2 71
/ / hr(2)hr(z — x)dzdr < { d=2 : R max{L]n(\/TR e
R<|z|<2R J)2|<|2—2|

d>2 : R%
(4.10)
d=2 : InT
i hr(z)hr(z — x)dzdr < { ' ’ (4.11)
/|$|S4R /z§|z—x d>2 : 1.

In view of (4.11) & (4.10), it will be convenient to make a dyadic decomposition of space.
In order to also benefit from the decay of gr(x) for |z| > /T, we make the following
decomposition of Z:

74 = {lz| < 27IVT} (4.12)
U || VT < |z| < 27'VT) (4.13)
i=—1,...,—1
U | 2VT < || < 27'VTY, (4.14)
€N

where I is characterized by 2R < 271\/T < 4R.

For the integral over the r. h. s. of (4.12), we appeal to (4.11) and to the definitions (2.16)
and (2.17) of gr(z) for |z| S 1:

_ . 2
/ gr(@) / he(2)hr(z — 2)dzde < { d=2 : T,y 15
|z|<2=1vT |2|<|z—x] a>2 : 1

For the integral over (4.14), we use this time (4.10) for R > +/T and the definitions (2.16)
and (2.17) of gr(z) for |z| > /T, so that for all i € N we have

T Nz — 2)dzdx i JN2—d (6i\—3 (o /T2
Lo om0 [ prlhrte —adiede 5 VDY)

_ \/T4_d(2i)lfd_

Summing this inequality on 7 € N then yields the estimate

/ﬁ<ng($) /|z|§z—x|hT(Z)hT(Z_x)dde < \/T4_d. (4.16)
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We now deal with the integral over the last part (4.13) of Z¢. To this aim, we combine
(4.10) for R < /T with the definitions (2.16) and (2.17) of gr(z) for |z| < VT. In
particular, for all i € {—1I,...,—1}, we have

/21\/T<|$|§2i+1\/7 9742) /lzlﬁz—arl hr(2hr(z - )dzde
C fd=2  wmE)EVT e ~ PRV
~ { d>2 - (Qi\/T)Q (Zi\/T)Qfd — (2i\/T)4fd_

Summing this inequality over i € {—1,...,—1} and using that 2/ ~ VT then yield

/ gr(zx) / hr(2)hr(z — x)dzdx
2-IVT<|z|<VT |2|<|z—x|

-1
d=2 1+TZ¢242‘
< i=—1 .
d>2 : 1+VT 1Y (2
\ i=—1
d=2 : T,
Pt Jd=3 s VT, 417
~ d=4 : InT, (4.17)
d>4 :

The combination of (4.15), (4.16) & (4.17) finally proves (2.18).
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