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‖∇(u− uh)‖L2(Ω) ≤ Ch|u|H2(Ω).

u
Ω R2 R3 h uh

C h u

C

u
uh

L2

u− uh H1 H2

L2

Ω R2

f ∈ L2(Ω) u : Ω → R

−∆u = f Ω,

u = 0 ∂Ω.



h > 0 Th Ω K
hK h Vh

Th Vh,0 Vh

∂Ω
uh ∈ Vh,0

∫

Ω
∇uh · ∇vhdx =

∫

Ω
fvhdx ∀vh ∈ Vh,0.

w =
∂2u

∂x2
1

uh

wh ∈ Vh
∫

Ω
whvhdx = −

∫

Ω

∂uh

∂x1

∂vh
∂x1

dx+

∫

∂Ω

∂uh

∂x1
vhn1ds ∀vh ∈ Vh,

n = (n1, n2)T ∂Ω

O(1)

Ω = (0, 1)2 h = 0.1



h

wh(P ) = wh(x1, x2) =
uh(x1 − h, x2)− 2uh(x1, x2) + uh(x1 + h, x2)

h2

P O(h2)
∂2u/∂x2

1(x1, x2) uh rhu
u

u(x1, x2) = x1(1 − x1)
w(x1, x2) = −2 uh rhu
wh(P ) = −3/2 P wh(P ) =
−9/4 P

Ω f H3(Ω)
w wh C

h ≤ 1
‖w − wh‖L2(Ω) ≤ C.

L2

‖w − wh‖2L2(Ω) =

∫

Ω
(w − wh)(w − vh)dx+

∫

Ω
(w − wh)(vh − wh)dx,

vh ∈ Vh

‖w − wh‖2L2(Ω) =

∫

Ω
(w − wh)(w − vh)dx

−
∫

Ω

∂

∂x1
(u− uh)

∂

∂x1
(vh − wh)dx+

∫

∂Ω

∂

∂x1
(u− uh)(vh − wh)n1ds,

‖w − wh‖2L2(Ω) ≤ ‖w − wh‖L2(Ω)‖w − vh‖L2(Ω)

+ ‖∇(u− uh)‖L2(Ω)‖∇(vh − wh)‖L2(Ω)

+ ‖∇(u− uh)‖L2(∂Ω)‖vh − wh‖L2(∂Ω).

C h

h2‖∇(vh − wh)‖2L2(Ω) + h‖vh − wh‖2L2(∂Ω) ≤ C‖vh − wh‖2L2(Ω),

‖w − wh‖2L2(Ω) ≤ ‖w − wh‖L2(Ω)‖w − vh‖L2(Ω)

+ C‖vh − wh‖L2(Ω)

(
1

h
‖∇(u− uh)‖L2(Ω) +

1

h1/2
‖∇(u− uh)‖L2(∂Ω)

)
.



vh − wh = vh − w + w − wh

‖w − wh‖2L2(Ω) ≤ 3

(
‖w − vh‖2L2(Ω)

+ C2

(
1

h
‖∇(u− uh)‖L2(Ω) +

1

h1/2
‖∇(u− uh)‖L2(∂Ω)

)2
)
,

vh ∈ Vh u ∈ H3(Ω) w ∈ H1(Ω) vh = Rhw

‖w − vh‖L2(Ω) ≤ Ch‖u‖H3(Ω),

C h u

1

h
‖∇(u− uh)‖L2(Ω) +

1

h1/2
‖∇(u− uh)‖L2(∂Ω)

h

‖∇(u− uh)‖L2(∂Ω) ≤ ‖∇(u− rhu)‖L2(∂Ω) + ‖∇(rhu− uh)‖L2(∂Ω).

‖∇(u− uh)‖L2(∂Ω) ≤ Ch|u|H2(∂Ω) ≤ C̃h‖u‖H3(Ω),

C C̃ h u

‖∇(rhu− uh)‖L2(∂Ω) ≤
C

h1/2
‖∇(rhu− uh)‖L2(Ω).

‖∇(rhu− uh)‖L2(∂Ω) ≤
C

h1/2

(
‖∇(rhu− u)‖L2(Ω) + ‖∇(u− uh)‖L2(Ω)

)

≤ C̃h1/2|u|H2(∂Ω),

C C̃ h u

∂uh/∂x1



Πh : L2(Ω) → Vh L2 Vh

g ∈ L2(Ω) Πhg ∈ Vh

∫

Ω
(Πhg)vhdx =

∫

Ω
gvhdx ∀vh ∈ Vh.

P

Πhg(P ) =

∑

K∈Th
P∈K

∫

K
gdx

∑

K∈Th
P∈K

|K|
,

Πhg(x) =
Nh∑

i=1

Πhg(Pi)ϕi(x) ∀x ∈ Ω,

Nh Th ϕi

Pi

Ω f H3(Ω)
w

wh = Πh
∂(Guh)1

∂x1
,

(Guh)1 Guh ∈ V d
h

d = 2, 3 Guh ∇u
C̃ 0 < α ≤ 1 h

1

h
‖∇u−Guh‖L2(Ω) +

1

h1/2
‖∇u−Guh‖L2(∂Ω) ≤ C̃hα.

C h ≤ 1

‖w − wh‖L2(Ω) ≤ Chα.

Πh

∫

Ω
whvhdx =

∫

Ω

∂(Guh)1
∂x1

vhdx ∀vh ∈ Vh.

∫

Ω
whvhdx = −

∫

Ω
(Guh)1

∂vh
∂x1

dx+

∫

∂Ω
(Guh)1vhn1ds ∀vh ∈ Vh.



∂uh/∂x1 (Guh)1

L2 ∇uh

Vh

(Guh)1 = Πh
∂uh

∂x1
.

Pi

uh Pi Pi

P j
i j = 1, ..., Ni Ni ≥ 6

Pi (x1, x2) Pi

(ξj , ηj) P j
i

p(x1, x2, Pi) = ai0 + ai1x1 + ai2x2 + ai3x
2
1 + ai4x1x2 + ai5x

2
2

uh(P
j
i )

Ni ×Ni

ATA&a = AT&b,

A =





1 ξ1 η1 ξ21 ξ1η1 η2
1

1 ξ2 η2 ξ22 ξ2η2 η2
2

1 ξNi ηNi ξ2Ni
ξNiηNi η2

Ni




&a =





ai0
ai1

ai5




&b =





uh(P 1
i )

uh(P 2
i )

uh(P
Ni
i )




.

w = ∂2u/∂x2
1

(Guh)1 ∈ Vh, (Guh)1(Pi) =
∂p

∂x1
(0, 0, Pi) = ai1 i = 1, ..., Nh,

wh

wh ∈ Vh, wh(Pi) =
∂2p

∂x2
1

(0, 0, Pi) = 2ai3 i = 1, ..., Nh.



w = ∂2u/∂x2
1 wh ∈

Vh

De = ‖∇(u− uh)‖L2(Ω),

DeZZ =

∥∥∥∥
∂u

∂x1
− (Guh)1

∥∥∥∥
L2(Ω)

(Guh)1 ,

D2eZZ = ‖w − wh‖L2(Ω) wh ,

DeLS =

∥∥∥∥
∂u

∂x1
− (Guh)1

∥∥∥∥
L2(Ω)

(Guh)1 ,

D2eLS1 = ‖w − wh‖L2(Ω) wh ,

D2eLS2 = ‖w − wh‖L2(Ω) wh ,

D2eWF = ‖w − wh‖L2(Ω) wh .

Ω = (0, 1)2 f u
u(x1, x2) = sin(2πx1)

Ω

‖∇(u−uh)‖L2(Ω)

O(h)
* O(h1.5)

O(h2)
* O(h1.5)

O(h2)

h2



De DeZZ D2eZZ DeLS D2eLS1 D2eLS2 D2eWF

O(h2)
* O(h1.5)

h = 0.05

De DeZZ D2eZZ DeLS D2eLS1 D2eLS2 D2eWF

h = 0.05 wh



wh(x1, 0.525)
w(x1) = −4π2 sin(2πx1)

h = 0.05 w wh

x1 x2 = 0.525

h = 0.003125

L2 ∇u−Guh

∇(u−uh) ∇uh−Guh

wh

h = 0.0125 wh

De DeZZ D2eZZ DeLS D2eLS1 D2eLS2 D2eWF



De DeZZ D2eZZ DeLS D2eLS1 D2eLS2 D2eWF

wh(x1, 0.5)
wh(x1, 0.5)

w(x1) = −4π2 sin(2πx1)

wh(x1, 0.5)
wh(x1, 0.5)

w(x1) = −4π2 sin(2πx1)

h = 0.003125 w wh

x1 x2 = 0.5



h = 0.0125 wh

ATD2A&a = ATD2&b,

D 1
1/2



D2eLS1 D2eLS2 D2eLS1 D2eLS2 D2eLS1 D2eLS2

0.75 TOL ≤

(
∑

K∈Th

η2
K

)1/2

‖∇uh‖L2(Ω)
≤ 1.25 TOL.

TOL ηK

TOL ar
eiZZ

eiZZ =
‖∇uh −Guh‖L2(Ω)

‖∇(u− uh)‖L2(Ω)
.

wh

TOL = 0.0625



TOL De DeZZ D2eZZ DeLS D2eLS1 D2eLS2 D2eWF

TOL Nh ar eiZZ

TOL = 0.0625 wh



wh(x1, 0.5)
wh(x1, 0.5)

w(x1) = −4π2 sin(2πx1)

wh(x1, 0.5)
wh(x1, 0.5)

w(x1) = −4π2 sin(2πx1)

TOL = 0.0625 w wh

x1 x2 = 0.5

Ω = (0, 1)3 f

u(x1, x2, x3) =
1

2

(
tanh(40r(x1, x2, x3)− 0.1)− tanh(40r(x1, x2, x3)− 0.2)

)
,

r(x1, x2, x3) =
√
(x1 − 0.5)2 + (x2 − 0.5)2 + (x3 − 0.5)2

wh w

x3 = 0.5 wh

h = 0.0125



De DeZZ D2eZZ D2eWF Nh

h = 0.0125
wh x3 = 0.5

10 × 10 × 10
uh

TOL = 1 TOL

wh

TOL = 0.125



TOL = 1 uh

x3 = 0.5

TOL De DeZZ D2eZZ D2eWF Nh

TOL



wh
wh

w

wh
wh

w

wh
wh

w

TOL = 0.125 w
wh x1 x2 = x3 = 0.5 0.5 ≤ x1 ≤ 0.9
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