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On the membership problem for non-linear Abstract
Categorial Grammars

Sylvain Salvati

Abstract In this paper we show that the membership problem for second order non-
linear Abstract Categorial Grammars is decidable. A consequence of that result is that
Montague-like semantics yield to a decidable text generation problem. Furthermore the
proof we propose is based on a new tool, Higher Order Intersection Signatures, which
grasps statically dynamic properties of A-terms and presents an interest in its own.

1 Introduction

Abstract Categorial Grammars (ACGs) have been introduced in [dGO01] as a simple
tool to model the interface between syntax and semantics. In those grammars, there
is a distinction between the abstract level in which deep structures are represented as
proofs in linear logic and the object level which accounts for the surface structures.
The lexicon is formalized as a homomorphism which performs the translation between
those two levels. This lexicon is bound to be described by means of higher order linear
A-terms (each bound variable occurs exactly once). In this paper we are concerned with
the consequences on the membership problem when the linearity constraint on the lex-
icons is dropped. Extending ACGs in that direction is natural since linearity has many
shortcomings especially when one is concerned with semantics. But also, many struc-
tures can be encoded in the simply typed A-calculus, such as tuples, enumerated types,
conditionals, lists or even relational databases [Hil94]. All those structures can serve
both in the modelisation of the syntax and of the semantics of natural languages. We
show here that in the particular case of second order ACGs, the membership problem
remains decidable while non-linear lexicons are used. This result is of particular impor-
tance since it means that, in general, generating texts from meaning representations is
decidable when the semantics is Montague-like [Mon74].
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Modern approaches of Montague semantics are mainly concerned with describing
the interface between syntax and semantics by using an intermediate structure, usually
called the deep structure of the sentence, and interpreting this structure with a homo-
morphism so as to obtain a representation of the meaning of that sentence. Usually
this meaning is represented as a formula in a given logic. For example we can use the
following operators so as to define the deep structure of a toy language:

SEEK : np — np — s,
AND : np — np — np,
JOHN : np,

MARY : np,

A:n — np,

UNICORN : n.

S otk W=

The terms built with these operators can be interpreted with the homomorphism Lsyn
such that:

Lsyn(SEEK) = Azy.z cherchent y,
Lsyn(AND) = Azy.x et y,
Lsyn(JOHN) = Jean,
Lsyn(MARY) = Marie,

Lsyn(A) = Az.une z,

L syn (UNICORN) = licorne.

S otk W

The term sentence = SEEK(AND JOHN MARY)(A UNICORN) is interpreted as the French
sentence Jean et Marie cherchent une licorne with the homomorphism Lsyn. We may
then try to give a semantics to this language by defining a homomorphism Lsem such
that:

Esem

SEEK) = AS O0.0(A\zx.S(\y.seek y x)),
AND) = AN1NoP. A (Nlp)(NQP),
JOHN) = AP.Pj,

MARY) = AP.P m,

A) =APQ.3(Az. A (Pz)(Qx)),
UNICORN) = Az.unicornz.

Esem
l:sem

Csem

»Csem
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Then Lsem maps sentence to the term
3(Az. A (unicornz)(A(seek jz)(seekmuz)))

Given such a term, one may wonder whether the grammar we use contains a sentence
whose meaning representation is precisely that term. We here show that answering
such a question is decidable in general and our results can be used so as to generate
such a sentence. Note that we do not answer the problem of generation in general
which should take into account some problem of logical equivalence, we rather solve
the problem of ezact generation as proposed in [Kan07]. Indeed given the semantic
term

I(Az. A (unicorn z)(A(seek jz)(seekjx)))

we will generate the sentence Jean et Jean cherchent une licorne. Contrary to [Kan07],
and besides well-typedness, we do not have any restrictions on the A-terms that can be
used to define the correspondence between syntax and semantics. One may in particular



use duplication and deletion as much as one wishes to describe the translation of
syntactic structures into meaning representations.

The approach that leads to this result is similar to one generally used in formal
language theory that consists in showing the closure of the class of languages under
investigation by intersection with regular sets. ACGs do not define strings or trees
languages but languages of A-terms. Thus the main question we face is related to the
definition of a suitable notion of regularity for the simply typed A-calculus. The tools
involved to cope with that problem are based on intersection types [DCGAL98]. Even
though we won’t discuss the issue of defining a relevant notion of regularity for the
simply typed A-calculus here, all that we do is closely related to such a notion, and
the proofs we get are quite similar to the usual syntactic proofs of closure of Context
Free Languages under intersection with regular sets. They also resemble to the proofs
of [Kan06] where it is showed that Abstract Categorial Languages (languages defined
by ACGs) are closed under the inverse of a relabeling. Actually, restricted to strings
or trees languages, second-order non-linear ACGs coincide with level-n IO grammars
introduced and studied in [Dam82]. Our result somehow extends Damm’s result which
shows that level-n IO grammars are closed under intersection with regular sets.

The outline of the paper is as follows, in section 2 we introduce the necessary
technical notions. In section 3, we define and show the principal properties of the
main tool on which our results are based, Higher Order Intersection Signatures. We
give and prove the main theorem, the singleton set theorem, concerning higher-order
intersection signatures in section 4. This theorem shows that singleton sets, i.e. sets like
{N|N =g, M}, can be characterized by typing properties expressed on Higher Order
Intersection Signatures. Section 5 shows that the class of languages of A\-terms defined
by second order non-linear ACGs is closed under typing judgements over Higher Order
Intersection Signature. Finally section 6 gives some conclusions and future directions
of research.

2 Simply typed A-calculus and non-linear ACGs

A higher order signature (HOS) X is a triple (A,C,7) such that A is a finite set of
atomic types, C is a finite set of constants, and 7 is a function from C to 74, the set of
stmple types (or types). T4 is the smallest set containing A and verifying the property
that whenever it contains a1 and a2 then it contains (a1 — a2); we may also write 7
instead of 74. We will use Greek lowercase letters, «, 3, v, ...to denote types, when
necessary we will also use indices and superscripts. We will write oy — -+ — an — 3
for the type (g — (-++ — (an — B)---)). Moreover, higher order signatures will be
denoted by X (sometimes with subscripts), X1, Yo, ...and, unless stated otherwise,
we will assume that X is the triple (A, C, 7), Xgyp is the triple (Agyup, Csub, Tsup) With
sub being either a subscript or an index. In general, we will use the roman lowercase
letters a, b, ¢, d, e to denote constants. The order ord(a) of a type « is defined to be 1
if that type is atomic and maz(ord(ai) + 1,ord(a2)) if & = a3 — a2. The notion of
order is extended to higher order signatures, and ord(X) = maz{c € Clord(7(c))}.
We then assume that we are given an infinite and countable set V' of A-variables; in
general, z, y and z (possibly with indices) will range over A-variables. The A-calculus
we will use is typed a la Church so that terms have a unique type. In particular -
variables (or simply variables when it is unambiguous) explicitly convey their types.
Given a finite set of atomic types A, the association of A-variables with types is simply



obtained by considering the set V x 74. Given a € T4, we write V for the set V x {a},
the set of A-variables of type «; and the set UaeTA V* will be denoted by V4 or V.
In general the elements of V* will be written 2%, y* and z® instead of (z,a), (y,«) or
(z, ), we may also sometimes omit the type annotation when it is irrelevant.

The set, Ay, of A-terms built on X, is the union of the sets of the family (AS)qe7,
which is defined as the smallest family verifying:

if x €V and a € Ty, then 2% € A%,

if c € C then c € A;(C),

if My € A%7P) My € AS:, then (M My) € AS,,
if M € A%, then Az®.M € A%77.

W o=

The notation F'V (M) stands for the set of free variables of M and is defined as usual.
Note that the variables 2 and z” are considered to be distinct when « # (3. This in
particular has the consequence that FV (Az®.xz°7°) = {2°7°}. We will use the let-
ters M, N, P, Q, possibly with some indices, to denote A-terms. Given M; € A%", R
My € AT, we define M[zT" := My;...;xp™ := Mpy] to be the result of the simulta-
neous capture-avoiding substitution of x(fl by My, ...and of z™ by M,. Given ~ in
{B;m; Bn}, we write M — M’ to denote that M ~-contracts to M’ M iw M’ denotes
the fact that M is y-reducible to M’ and M =, M’ stands for M is y-convertible to
M'; we assume that the reader is familiar with these notions and that of normal form;
we otherwise refer him/her to [Bar84]. In general we will write MMy ... My instead
of (...(M1Ma)... Mp) and Ax7'...z5". M instead of Az{".... Azp™. M.

A context is a term with a hole, generally written C[], the term C[N] is obtained
by grafting the term NN in the hole. Note that grafting a term in a context may bind
some variable; for example if C[| = Az.[] and N = z then C[z] = Az.z. Given M in Ay,
M is said in n-long form, or in long form, if for every C[] and N such that C[N] = M
and N € A%_)ﬁ , one of the following properties holds:

1. N is of the form A\z®.N’,
2. C[ is of the form C'[[|N'].

When a term is in long form, the structure of the types of its sub-terms is made explicit
in the syntax of the term itself. If its has a complex type then this sub-term is either
a A-abstraction or it is applied to some argument. The set of terms in long form are
closed under B-reduction and also when M is in long form and M’ —n M we have
that M’ —3 M. For example, Ay1.(Ay2.xy2)y1 —n Ay1.zy1 and Ay1.(Ay2.zy2)y1 —p
Ay1.zy1. Working with terms in long form allow us to compare terms modulo (n-
convertibility only using 3-conversion. Indeed, when M; =g, Mz then if M{ and M}
are long forms of M; and Ms then M{ =3 M} and the converse also hold. Long
forms have been introduced in [Hue76] where their main properties have also been
proved. It is quite usual to work with the long normal forms of terms in order to prove
properties about the simply typed A-calculus (e.g. [GTL89]) since they are a canonical
representation of the proofs denoted by the terms.

A homomorphism between two higher order signatures X1 and X2 is a pair (g, h)
such that g maps 74, to 74,, h maps Ay, to Ay, and the following holds:

L. g(a — f) = g(a) — g(B)

2. h(z®) = 29(®)

3. for ¢ € Cy, h(c) is a closed element (i.e. F'V (h(c)) = 0) of /17211(6)
4. h(M1Ms) = h(M1)h(M2)



5. h(Az®.M) = Az9(®) h(M).

It is easy to establish that whenever M € AS, then h(M) € AQE(;). In general, if
‘H = (g, h) is a homomorphism, we will write H(«) for g(«) and H(M) for h(M).
Non-linear! Abstract Categorial Grammars are 4-tuples G = (X1, X9, £, S) where:

2’1 is a higher order signature, the abstract vocabulary,
X9 is a higher order signature, the object vocabulary,
L is a homomorphism from X to Yo, the lericon and,
S is an element of A1, the distinguished type.

L

Note that contrary to the usual definition we do not require that Xy or Y9 are linear
signatures or the lexicon to be linear. The order of a non-linear ACG is the order of
its abstract vocabulary. A non-linear ACG G = (X1, X2, £, S) defines two languages:

— The abstract language: A(G) = {M € A§1 |M is closed},

— The object language: O(G) = {M € AéiS)HN € A(G).L(N) =g, M}

3 Higher order intersection signatures

In this section we define higher order intersection signatures (HOIS). This new kind of
signatures is used as a second layer of typing over simply typed A-calculus. The reader
must be careful not to get confused between the simple type a A-term may have and the
intersection types higher order intersection signatures may assign to it. HOIS adapt
intersection types [DCGAL98|, usually dedicated to the untyped A-calculus, to the
simply typed A-calculus. Intuitively, the reason why we use intersection type comes from
the fact that we want to obtain a notion of regularity for the simply typed A-calculus?.
Such a notion should define sets that are closed under Bn-convertibility and expressing
invariants of A-terms under conversion is usually done with types. Thus regular sets of
A-terms should be defined in terms of typing. Furthermore a notion of regularity for
the simply typed A-calculus should extend the usual notions of regularities for strings
and trees. If we take a tree automaton, the abstract machine that recognizes regular
set of trees, its behavior is defined by rules of the form a(qi,...,gn) — ¢, which could
intuitively be rephrased with types by the fact that a has type g1 — -+ — ¢n — ¢. But
a tree automaton can have several such rules concerning a, it would then be as if a had
several types. A natural way of giving several types to a constant in type theory is to
use intersection types. We stop here concerning the motivations of using intersection
types and we now define higher order intersection signatures.

Given a higher order signature X, a finite set I and a function p from I to A,
we define the set of intersection types N, as the union of the member of the family
(N3)aeT, which is the smallest family verifying:

1. NG = p Ha)ifae A
2. Ng7P =P(Ng) x {a} x N3

where P(A) is the powerset of A.

1 as opposed to the usual ACGs defined in [dGO1].

2 we will develop the reasons why we can actually define regular sets of A-terms with HOIS

in a future paper.



The traditional notation for the intersection types is (N 3). It is provable that the
M connector enjoys properties like idempotence, associativity, commutativity and has
a neutral element w.? Since, for technical reasons, we want to use types modulo these
equivalence relations, we use a different notation for intersection types. The intersection
of several types will be denoted by the set containing those types. Intuitively the
intersection type (S, a,p) € ﬂg_)ﬁ would be written in the usual syntax as p; N...N
pn — pwhen S # Qand S = {p1;...;pn} or wa — p* when S = (). The fact that we use
P(Ng) x {a} x ﬂg instead of P(Ny) x ﬂg in the definition ﬁz‘_’ﬁ has the consequence
that if p belongs to N, then there is a unique a such that p € Ng. Thus an intersection
type p that belongs to NG is, as one may expect, only used to type the terms of A%.
In examples we will feel free to use the more traditional notation that uses N and wq.

Note that given a € A, we have | NG | < |I| given o — 3 € T4 we have | ﬂg_)ﬂ =
21051 x| ﬂg |. Thus NY is finite for every a € T4.

Then, a higher order intersection signature I is a 4-tuple (X, I, p, f) where:

. X is a higher order signature,

. I is a finite set of atomic types.
. pis a mapping from I to A,

> W N =

().

. T
. f associates to any c € C a subset of N,

Such a higher order intersection signature is also called an intersection signature
over X. In general we shall write N% instead of N and N7 instead of N, for a HOIS
= (X,1,p,f). A II-type environment is a function from Vx to P(Ny7) verifying:

1. I'(x®) is a subset of N%;,

2. I' associates a non-empty subset of N7 only to a finite number of variables.
A Il-type environment I may be represented as a finite sequence such as x‘lll
S1,...,xp™ ¢ Sp where for all 4, I'(z") = S; and if 2P £ z" for all ¢ € [1;n] then
F(Z’B) = (). Given two II-type environments I" and A, we write I, A the II-type envi-
ronment such that I, A(z®) = I'(z®) U A(z®). In particular, when we write I',z% : S,
we implicitly consider that I'(z®) = 0.

Given an intersection signature I1 = (X, I, p, f), we define derivations which estab-
lish judgements of the form: I' - M : p where I is a II-type environment, M € Ay
and p € Ny7. The term M is called the subject of the judgement I' F; M : p. The
judgments are obtained with the following deduction rules:

peS p € f(e) Iz®:Skgp M:p

AxioM ———  CONST ABSTRACTION

Iz®:Sktpz®:p I'ktpce:p 'k Ax®M : (S, a,p)

kg M:(S,a,p) NeAS VgeS. I'kp N:g
I'Fg MN:p

Aprp

As a shorthand we may write that I' = M : S is derivable to express that for all p in
S, I' = M : pis derivable.

An immediate consequence of the fact that N7 is finite for every o € Ty is that
type checking is decidable.

3w stands for the universal type, i.e. every term can be typed by w, and thus w represents

the set of all A-terms.
4 intuitively wq stands for the simply typed version of w and it is the universal intersection

type of the terms that belong to AS..



The properties of terms which are typed in an intersection signature are quite sim-
ilar to the properties one usually obtains with intersection types. The most important
one is that judgements are invariant modulo B-convertibility.

Before we come to prove this strong property we formulate some simple technical
lemmas. In the following we assume that we are given a HOS X and a HOIS over X,
1I.

Lemma 1 I[f I' b3 M : p is derivable then there is a in T4 such that M € AS. and
pENG.

Proof Simple induction on the derivation of I -7 M : p.

Lemma 2 If ' b M : p is derivable and A is a II-type environment then I') A b7
M : p is derivable.

Proof Simple induction on the derivation of I" k7 M : p.

Lemma 3 If ' M : p is derivable then for all II-type environments A verifying:

1. for all z® € V, A(z®) C I'(z®) and
2. for all % € FV(M), A(z®) = I'(z®).

At M :pis derivable.
Proof Simple induction on the derivation of I' - M : p.
We now prove that this derivation system enjoys the substitution lemma.

Lemma 4 Given N € AS,, if I'z® : St M :p and if forallq € S, Iy N : g
then I', I's Fip M[z® := N : p, where I's(y®) = Uges Iy(y%).
Proof We proceed by induction on the derivation of I z% : S b M : p:
1. If the derivation is of the form
pel(z)
Iz®:Skp 27 :p

there are two cases: either 27 = x®, then using Lemma 2 we get that I, I's -7 N : «
is derivable and the conclusion follows immediately; or 27 # z and in that case
the conclusion is also trivial with the use of Lemma 2 and Lemma 3.

2. If the derivation is of the form:

p € f(e)
Iz®:Skpgc:p
then the conclusion is trivial.
3. If the derivation is of the form:

La®*:Sy":8 g M:p
Lz Stg 2y?.M:(S,7,p)

we suppose that y7 ¢ FV(N) (this is possible thanks to a-conversion), thus
Ay . M[z® = N] = (\y7.M)[z% := NJ|. By induction hypothesis, we get that
I'[g,yY : 8" - M[z® := N] : p is derivable, and thus we obtain the result by
abstracting over 7.



4. Suppose the derivation is of the form:
Iz®:Stg M :(S,7,p) M e AY, Vge S . Iz*: Sty Ms:q
Iz®:SFMMs;:p

By induction hypothesis, I', I's Fi7 Mi[z® := N]: (S’,~,p) is derivable and for all
g€ S, I'I's - Ms[z® := N] : q is derivable. The conclusion follows using ApP.

We now prove that the converse of the substitution lemma, the extraction lemma,
holds for this system.
Lemma 5 If N € AS, I' by M[z® := NJ : p then there is S C N such that:
1. I''z® : S+ M : p is derivable
2. forallqe S, I' N : q is derivable

Proof We proceed by induction on the structure of M:

1. If M =27 (resp. M =c) with 27 # %, then it suffices to take S = 0.

2. If M = z® then we have that I" 7 N : p is derivable and since N € A%, lemma 1
implies that p € N%. Thus, I, z% : {p} b = : p is also derivable. The conclusion
trivially follows with the choice S = {p}.

3. If M = M; M>, and the derivation of I' -7 M[z® := NJ : p is of the form:

It Mi[z® .= N]:(8",8,p) My e Ag Vge S'. 't Myz® :=N]:q
'+ (MiMs)[z® := N]:p

by induction hypothesis, we have the existence of S7 such that:
(a) for all ¢ € S1, I' 7 N : q is derivable
(b) Iz : 81 My : (S, 8,p) is derivable
The induction hypothesis also implies that for all ¢ € S’ there is Sq such that:
(a) for all ¢ € Sq, '3 N : ¢ is derivable
(b) I,z : Sq g Ma : g is derivable
We let S = S1 U qus, Sq. Then, with Lemma 2, we obtain the derivability of
Ix®:Skg My:(S',3,p)and I'z® : St My : q for all ¢ € S’. This ends the
proof in this case.
4. If M = M\yP.M’, then p = (S',8,p') and the derivation of I' g M[z® :=N]:p
must be of the form:

Iy’ 8" b Mz :=N]:p
't ()\y’B.MI)[xa :=N]: (S/,B,pl)

we may suppose without loss of generality that yﬁ ¢ FV(N) which implies that
AP M) [z® == N] = M\y®.M'[z® := N]. By induction hypothesis, we have the
existence of S C N%, such that:

(a) forallqge S, I, y’B : 8" 7 N : q is derivable

(b) I'Nz®: S,y? 8" 7 M : pis derivable

From Lemma 3, and the fact that y° ¢ FV(N) we have that I' bjg N : ¢ is
derivable. By using the abstraction rule, we obtain that I',z® : S Fpz )\yﬁ M
(S’, 3, p) is derivable and this concludes the proof.

We are now in position to prove the subject reduction and the subject expansion
theorems.



Theorem 1 IfI' bk M : p is derivable and M iﬂ N then I' = N : p is also derivable.

Proof We first prove that the property holds when M —g N. In such a case we have
M = C[(A\x*.M1)M3)] and N = C[M;[z® := Ms]]. The proof is done by a trivial
induction on the structure of C[], the initial case being proved using the substitution
lemma for intersection types.

We then iterate this result to obtain the theorem.

Theorem 2 If M € As;, M i)ﬁn N and I' b7 N : p is derivable then I' = M : p is
also derivable.

Proof To prove this theorem, we first prove that:
1.if I' b M : (S,3,p) is derivable, z° ¢ FV(M) and I'(z®) =  then I'
z? . (MzP) : (S, 8,p) is derivable with the following derivation:
qge S
F,mB:SFHM:(S,,&p) xﬁe/lg Vg€ S. F,xﬁ:SFHxﬁ:q
F,mB:SI—U (Mxﬁ):p
't )\xﬁ.(Ma:B) : (S, 8,p)

We indeed have that I',z° : Sk M : (S, 8,p) (by Lemma 2 and since I" 7 M :
(S, B,p) is derivable).

2. if My € AS, and I' b My[x® := Ma] : p is derivable then I' b7 (Aa®.M1)Ms : p
is derivable. Indeed, from the extraction lemma we know that there exists S C N,
such that:

(a) forall g € S, I' b7 My : q is derivable
(b) I''z® : Sty My : pis derivable
We then get:

Iz :SkgM:p
Tk dx® My (S,a,p) Ma€AS Vg€ S.I'kp My:q
I'tg Az My)Ms : p

Observe that this also works in the case where 2 is not free in M; (in that case,

S =0).

Then these results are extended to the case of a one step reduction by induction on
the structure on M. The theorem is finally obtained by iterating the one step reduction
case.

Note that this last theorem only holds when M € Ay, that is when M is simply
typed.

As one may remark, Theorem 1 only gives subject reduction for B-reduction. This
is actually due to the fact that derivability is not preserved under n-contraction. One
can derive the sequent = : a — ¢+ A\y.zy : aNb — ¢ with the following derivation:

y:anNbx:a—ckx:a—c y:anNbzx:a—cky:a

y:anNbzx:a—ckay:c

ria—chkAyzy:anb—c
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while Ay.xy —y = and it is not possible to derive z:a - cFz:aNb—c.
In order to fix this problem in the typing system, we need define the following
subtyping relation on intersection types:

vep o) TCNY VYpeS3geTql®p ST ¢CPp
L% T<*S (T, a,q) TP (S, a,p)

We may add the following typing rule:
I'tpM:p pC®gq
I'tp M:q

When a derivation uses this subtyping rule, we write the judgement I' }—% M : p.
Actually on terms in long form we will see that any derivation established by I—I% can
also be derived by F7.

We first give some basic properties concerning C.

We first state that C© is a preorder on N% (we leave the proof to the reader).

Lemma 6 The relation T verifies the following properties:

1. if pC® q then p,q € NG
2. if p e NG then p C° p,
3. if p1,p2,p3 € NGy, p1 C% p2 and po T p3 then py T ps3.

Lemma 7 If I’ F% M : p is derivable and M i>7, N then I’ F% N : p is derivable.

Proof We use the same method as for subject reduction for the type system F;. We
show that if M = Az®.Nz® so that 2% ¢ FV(N), then whenever I F% M :pis
derivable we have that I” !—% N : p is also derivable. We extend this property to the
case where M —y N by an easy induction on the structure of M. Finally we obtain
the result by iterating this last property.

Lemma 8 Suppose that I' = M : p is derivable and that p CT% q then there is
M’ Ln M such that I' -7 M’ : q is derivable.

Proof By Lemma 6 we know that p € N, thus, with Lemma 1 we obtain that M € AS.
We then prove this lemma by induction on the structure of a:

1. if o is atomic then obviously p = g and we may conclude by choosing M’ = M.

2. ifa=a; — -+ — an — ag with ag being atomic then we have that:
(a) p= (S1,00, (- (Snyam,t)--+))
(b) ¢=(T1,01, (- (Tn,on,t) -+ +))
(c) for all k € [1,n], T}, <** S}, so that for all p’ € S, there is ¢’ € T}, such that

¢ Cyp,

(d) and ¢ € p(a).
Let’s take fresh variables, 41!, ..., yn™, which are not free in M and are associated
to the empty set by I'. We let A =y : T1,...,yy : Ty then for all k € [1,n] and all
g €T, A yg"“ : ¢’ is derivable. Thus given p’ € S}, the induction hypothesis
gives us the existence of M,f, such that M]f, S yp* and I A b M]f/ cp s
derivable. Since derivability is preserved by n-expansion and that n-expansion is
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confluent, there is M}, such that My, i>7, yz"“ and for all p’ € Sy, I A My, :p.
Thus we have that I, A MM; ... My, : ¢ is derivable and then

'k Ay?l coyn MMy .. My (Th, o1, (- (Thyan, t) -+ +))
is derivable. The proof is finished since we have:

Ayt oyn MMy .. My i Ayt oynt Myt oypn
*
—>,7M

Together with Lemma 7, this last lemma shows that the subject reduction and the
subject expansion theorems can easily be transferred from the type system 7 to the
system I—%.

Theorem 3 If M is in long form, I' b M : p is derivable and p C% q. Then
't M : q is derivable.

Proof From the previous lemma we have the existence of M’ such that M’ i’n M and

I'bg M’ : qis derivable. But since M is in long form, M’ Lﬁ M and from the subject
reduction theorem for B-reduction we get that I' 7 M : g is derivable.

Theorem 4 Suppose that M’ is the long form of M then I’ I—I% M : p is derivable if
and only if ' -7 M’ : p is derivable.

Proof The first direction of the implication is an immediate consequence of the previous
theorem. For the second direction it suffices to use Lemma 7.

So the judgments of the derivation system l—% are closed under Bn-convertibility
when the subjects are elements of Ay, but derivability in }—% is equivalent to deriv-
ability in ;7 on long forms. This gives us a nice tool to avoid the subsumption rule in
inductions.

HOIS may express very strong properties about the terms. In particular the theorem
we prove in the next section shows that they can characterize Bn-convertible classes of
A-terms.

4 Defining singleton sets with intersection types

The main interest for this paper of higher order intersection signatures is that they
can be used to describe with static typing any singleton set, i.e sets of the form {N €
Ax|N =g, M}. Characterizing singleton sets with simple types has already been
explored. The first result we are aware of is [BS82] which proves that simple typing
enables to define any singleton sets of affine terms. This result has been extended
in several directions by [AO94], [Aot99], [Tat99] and [HTO00]. But it is well known
that simple types cannot sufficiently constrain the set of terms they type so as to
define any singleton set. The simplest example is given by Church numerals which,
when greater than 2, have (0 — 0) — o — o0 as most general type. Therefore, a
singleton set containing any church numeral greater than 2 cannot be defined by means
simple types. This is why a stronger notion of typing is necessary. In this section
we show that this can be done with HOIS. As an example, we can illustrate how
intersection types can discriminate Church numerals. Indeed, one can see that M =
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AfOT0x0 FOT0( L (£ 2°) .. .), the church numeral n, is the only A-term, modulo
nx

Bn-convertibility, that can be typed with (0 - 1N...N(n—1) —n) — 0 — n in the
HOIS (X,{0;...;n},p, f) where X is a signature that does not declare any constant
and only uses one atomic type, namely o, p is a function that maps every k in {0;...;n}
to o, and f is the empty function.

As usual in what follows, unless stated otherwise, we assume that we are given a
HOS X and an intersection signature over X' noted I1.

Our theorem, the singleton set theorem, relies on a precise account of the occur-
rences of atomic formulae.

Definition 1 Given ¢ € I and p € Nj7, the number of occurrences of ¢ in p, |p|. is
defined as:

0ifp+#¢

lifp=1

2. ifp= (S,a,p/) then \p\L = |P/|L + qus |Q|L

Given I', a II-type environment, the number of occurrences of ¢ in I', written ||, is
equal t0 3 acy D ger(ze) |ale- The number of occurrences of ¢ in the types of the
constants of IT is defined as |IT]|, = ) ¢ quf(c) lq|.-

1. if p € I then |p|L={

We also need the usual notion of polarity which in a formula distinguishes, for any
derivation, the subformulae that are bound to be used as hypothesis (i.e. used as the
type of a variable) and the subformulae that will have to be proved (i.e. used as the
type of a A-term).

Definition 2 Given a higher order intersection signature I and p € N7, we say that
q € N7 (resp. S C Nj7) occurs positively in p if and only if:

1. g=por,
2. p=(T,a,p’) and either ¢ (resp. S) occurs positively in p’ or ¢ occurs negatively
in p”” € T (resp. or S occurs negatively in p” € T).

We say that ¢ € N7 (resp. S C Np7) occurs negatively in p if and only if p = (T, o, p’)
and either ¢ (resp. S) occurs negatively in p’ or ¢ occurs positively in p”" € T (resp.
S =T or S occurs positively in p”" € T).

We say that g (resp. S) occurs positively or negatively in a II-type environment
I whenever there is z® € Vy such that g (resp. S) occurs positively or negatively in
p € I'(z%).

The difference between constants and variables is rather small. It stems from the
fact that variables are declared directly in I7-type environments whereas constants are
declared in II, the HOIS. The proof of the singleton set theorem requires a precise
management of the I7-type environments for the variables. Concerning constants, such
a management is performed by operations on higher order intersection signatures.
So we give here an operation that allows to discard a type assignment in a II-type
environment and its counter-part at the level of higher order intersection signatures.

Definition 3 Given I" a II-type environment, we define I'\z® : g to be the II-context
such that:
I(z*)\{g} when y” = 2

(Ma® : q)(y°) = {F(yﬁ) otherwise
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Definition 4 Given a higher order intersection signature IT = (X, I, p, f) we define
the signature obtained from IT by suppressing the declaration ¢ : p, written IT\c: p =
(X,1,p,g), where:
fld)ifd#c
d) = .
o0 ={ fni -

Definition 5 Given I a II-type environment and p € N7, we say that the pair (I, p)
is balanced relatively to II if it fulfills the following properties:

1. Each element ¢ € I has at most two occurrences in I', p and I1, i.e. |I'|,+|p|.+|II|, <
2.

2. There is no negative occurrence of ¢ in I" and J.c f(c).

3. There is no positive occurrence of @) in p.

A sequent I’ I—I% M : p is said to be balanced whenever the pair (I',p) is balanced
relatively to II.

When 7 is clear from the context we will simply write that a pair (I, p) is balanced.

We now show that if (I',p) is balanced then all the terms such that I -7 M : p is
derivable are pairwise Bn-convertible. The proof of this property relies on the following
lemma:

Lemma 9 Given ¢ = (S1,aq, (-++ (Sn,an,t) - +)) € Ny such that |q|, = 1 we have:

1. Ifr I—% M : p is derivable, ¢ € I'(z®) and |I'\z® : q|, + |pl. + ||, = O then
IMNz® : gt M :p is derivable.

2. If I I—% M : p is derivable, g € f(c) for some c € C, |I'|, + |p|. + |[II\c: ¢q|. =0
then I '_IEY\c:q M : p is derivable.

Proof Using the subject reduction and the subject expansion theorems, we may assume
without loss of generality that M is in long normal form; furthermore, the use of the
Theorem 4 allows us to consider that the derivation does not use the subsumption rule.
Thus, in general, either M = yﬁMl o.My, or M =bM; ... My, or M = /\yﬂ.M'. As
the second statement of this lemma can be proved in the same way as the first one, we
only give the proof of the first statement.

To prove the first statement of the lemma we proceed by induction on the structure
of M,:

1. if M = yﬁMl oo Mp (resp. M =bMj ... My,) then there is

q/ = (T1,617 ( o (Tm,ﬁmyp) ' ))

such that:

(2) ¢ € T(W°) (resp. 4’ € f(b))

(b) Since |pl, =0, g # ¢’ and ¢’ € (M2 : 9)(3”)

(¢) M; is in long normal form and M; € A%

(d) Since |[I'\z® : q|, =0, for all ¢’ € T}, |¢"|. =0

(e) Forall ¢" € Ty, ' -7 M; : q" is derivable

Then by induction hypothesis, we get that for all i € [1,m] and all ¢ € Tj,
Mz® : g bp M; : ¢" is derivable. Since ¢/ € (I'\z® : ¢)(y°) and I'\z® : q is
II-type environment, we obtain that I'\z% : q b1 P (resp. I'\z% : q b
b: q/) is derivable. Thus by a repeated use of the application rule we obtain that
MNz®:qtp YO My ... My : p (resp. IN\z® : gt OMy ... My, : p) is derivable.
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2. if M = \y®. M’ then p = (S, 38, p’) and the derivation of I" -7 M : p must be like:
ny’:Stp My
I Ay’ .M (S,8,p)

as there is no occurrence of ¢ in the elements of S or in p’, we can apply the
induction hypothesis and obtain that (I'\@® : q),y” : S bz M’ : p is derivable
and then that I'\z® : ¢ ;7 M : p is also derivable.

We are now in a position to prove the property we wanted for balanced judgements.

Theorem 5 If I }—% M:pand I’ }—% N : p are balanced and derivable then M =g,
N.

Proof Because we have the subject reduction and the subject expansion theorems for
derivations in higher-order intersection signatures with Theorem 4, proving this theo-
rem boils down to proving that given a balanced pair (I, p) there is at most one long
normal term M such that ' M : p is derivable.

So let us suppose we are given a balanced pair (I, p) and a long normal term M
such that I' g M : p is derivable. We prove that M is unique. The uniqueness of M
is shown by induction on its structure:

1. if M = 2*M; ... My, then p € I and:
(a) there is ¢ = (S1,a1, (- (Sn,an,p)--+)) in I'(z?).
(b) For all i € [1,n] and ¢’ € S;, I' = M; : ¢ is derivable.
(c) Since (I, p) is balanced, |I'\z® : q|p + |II|p = 0 and for all ¢ € [1,n], S; # 0.
Let I" = I'z® : ¢, from the previous lemma, we have that I'' 7 M; : ¢ is
derivable for all ¢ € S;. We also have that for « € I, |I"'|, + |II|, + |¢'|. < |T), +
|[IT|, + |p|. < 2 which implies that (I"',¢’) is balanced. We can then apply the
induction hypothesis to I'' -7 M; : ¢’ which gives that any N in long normal form
such that I 7 N : ¢ is equal to M;. Now let us suppose that there is N, a term
in long normal form, such that I' -7 N : ¢’ is derivable. The use of the previous
lemma gives that I"” ;7 N : ¢’ is also derivable and finally that N = M;. The fact
that there is no negative occurrence of () implies that no S; is empty and, then,
that each of the M; is uniquely defined. Since there is no other possible choice
concerning the head of M we can conclude that M is unique.

2. if M =cM; ... My then we proceed similarly to the previous case.

3. if M = Az® M’ then the derivation must be of the form:

F,a:a:SI—HM/:pI
It xz®. M : (S, a,p)

Obviously the pair (I',z® : S;p’) is balanced, then by induction hypothesis, M’
is the unique long normal term such that I',z% : S k7 M’ : p’ is derivable ; the
unicity of M follows.

This theorem proves that balanced sequents of higher-order intersection signatures
define singleton sets. The question is now whether all the (Bn-equivalence classes of
terms built on a higher order signature X' can be captured that way. The answer is
positive and it leads to the singleton set theorem.

Definition 6 Given two intersection signatures over X, II1 = (X, I1, p1, f1) and ITs =
(X, I, p2, f2) such that for all ¢ € I1 NI2, p1(t) = pa(¢) then II1 U ITo, the union of I1;
and Ils, is defined as the intersection signature (X, I U Ia, p, f) where:
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[ p)ifeel
Lopl) = {p;(b) ifv € I;
2. f(e) = f1(c) U f2(o)

Definition 7 Two signatures over X, IT} = (X, I1,p1, f1) and IIs = (X, I2, p2, f2),
are independent if Iy N Is = 0.

The union of two independent intersection signatures is always defined. Remark
that the union operation between signatures is associative and commutative.

Theorem 6 Given M a term in long normal form then there is an intersection sig-
nature II and a pair (I, p) such that I’ I—% M : p is derivable and balanced.

Proof We proceed by induction on the structure of M:

1. if M = 2P Mj ... My then by induction hypothesis there is a family of intersection

signatures (Hk)ke[l,n] and a family of pairs ((Fkapk))ke[l,n] such that for all k €
[1,n], I} I—I%k My, : pg, is derivable and balanced.
We may suppose that the ITj, are pairwise independent. Let ¢/ be a new atomic
intersection type such that for all k € [1,n], o/ ¢ I, f B =31 — -+ — fn — «q,
we let [T = (X2, {/},p/, f) with p/(//) = a and f’ is the empty function. We
then let 1T = 1T’ U Usepyng Tis 2 = ({01}, 81, (- ({pa}s By /) ) and I be the
II-context verifying:

I(y®) = {p} UlUkepin) Tu(@®) if y* = zP
T Ukep,n) Tk(y®) otherwise

we have that for all ¢ € I}, (for some k € [1,n]), |I'|, + |II|. = |Tk|. + |Tk|. + Pkl
and obviously I I—% M -/ is derivable. To prove that (I',.) is balanced relatively
to IT we just have to note that |I'|,s +|IT|,s +|¢’|,, = 2 and use the fact that (I, px)
is balanced relatively to II}.

2. if M = cMj ... My then the conclusion is proved using the same principle as in the
previous case.

3. if M = Az”.M’ the conclusion is a direct consequence of the induction hypothesis.

Finally we get the singleton set theorem as a corollary.

Theorem 7 Given M € Ay, there is I, I' and p such that I" F% N : p is derivable
if and only if M =g, N.

5 Decidability of the membership problem for second order ACGs

To obtain the decidability result we aim at, we start by showing a closure property of
the languages of A-terms defined by second order non-linear ACGs. We indeed prove
that the class of languages defined by second order non-linear ACGs is closed under
intersection with the set of terms typable on a higher-order intersection signature with
all the types of a given set P. Then the use of the singleton set theorem reduces the
membership problem to the problem of the emptiness of the language of a second order
ACG, which is trivially decidable (it amounts to checking whether a local tree language
is empty or not).
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Before establishing the result, we settle some useful notations. For P C N%, we will
write I' = M : P is derivable as a shorthand for I' - M : p is derivable for all p in P.
IT a higher order intersection signature, 73 C N7 and T C ﬂlﬂj we define T7 —q T2
to be the set {(T1, o, p)|p € To}. When taking 71 C N¢ and Th C ﬁ%, it is obvious
that T7 —q To C ﬁ%_}ﬁ.

Theorem 8 Given a second order non-linear ACG G = (X, X1, L, S), an intersection

signature IT = (X1,1,p, ) and P C I’TILY(S), there is a second order non-linear ACG G’

such that:
OG)={M|MecO@G)A +: M: P}

Proof We define G’ = (X}, X1, L', (S, P)) in the following way:

L Af = {{a,Q)la € Ag A Q C N},
2. Ch={{c,{S1,...,5n),S0)|T0(c) = a1 — -+ — an — agA
Vi € [0,n]. S; € NE*IA
i £(0) 51 = ar) ** ~L(an 1) Sn = L(an) S0},
3. T6(<Cv <Sly"'7Sn>7SO>) = <a1751> — e — <an75’n> N <O(0,So> when TO(C) _
Q) — - — ap — ap,
4. L (e, Q) = L(a),
5. L'({¢, (S1,-.-,5n),S0)) = L(c).

We claim that given a € Ag, M € Aé(la) and @ C ﬂﬁ(a), the two following

properties are equivalent:

1. thereis a closed term N € A%O such that L(N) =g, M, and }—% M : @ is derivable,
2. there is a closed term N’ € Ag’@ such that £'(N') =3, M.

0
We first prove that 1 implies 2. We proceed by induction on the structure of .
Since X is a second order signature and « is an atomic type, we have that N is of
the form ¢Nj ... N, (we assume in what follow that ¢ has type oy — -+ — an — ).
Thus, M =g,, L(c)(L(N1))...(L(Nn)) and from the Theorems 1, 2 and 4, and the fact

that !—% M : @ is derivable we have that the judgement:
i L@(LND) - (L(Nn)) 2 q
is derivable for all ¢ € ). Therefore there are S‘f, ..., S such that:

1. I—% L(c) : p? is derivable with p? = (87, L(a1),...(SE, L(an),q) ...),
2. F% L(N;) : S is derivable for all i in [1,n].

Let S; = quQ Sf, we get that for all ¢ from [1,n], F% L(N;) : S; is derivable; then by

induction hypothesis we get that there is N} in Ag“si) such that £'(N}) =gn L(N;).
0

Moreover, if we let 79 = (S1, L(a1), ... (Sn, L(an),q) .. .) we have that r? C p? because

for all i in [1,n], SI C S;. It follows that FIEI L(c) : P is derivable with P = {J ¢ r?.

We observe that actually:

P=25 T L(ar) " T L(n—1) Sn T L(an) Q
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it, follows that (c, (S1,...,5n), Q) is an element of C} and its type is (o, S1) — -+ —
{an, Sn) — (o, Q). So if we let N’ = (¢, (S1,...,5n),Q)N; ... N}, we get an element
of Ag‘,’@ such that £'(N') =g, M because:

0

L£'(N") L' ({¢,(S1,...,5),Q)N1...N})
L

= L'({¢;(S1,-- -, 8n), Q)L (ND)) ... (L' (NR))

L'(N7)) ... (L' (Nn))
L(N1))...(L(Nn))

L(c
=gn L(c
=pn M

)
)(

This ends the proof of the first part of the claim.

We now prove the second direction of the equivalence, that is 2 implies 1. We
proceed by induction on the structure of N’. Since (a, Q) is an atomic type and since
X{, is a second order signature, N’ must be of the form {(c, {(S1, ..., Sn), Q) N7 ... N;, and
N;
induction hypothesis gives the existence of N; in AOZ"O such that £'(N]) =g, L(N;); it
also gives the fact that I—% L'(N}) : S; is derivable. Since £'({c, (S1,...,Sn),Q)) =gy
L(c) if follows that £'(N') =g, L(cNi...Nyn). Furthermore, by definition of Cjj we
have that I—% L(c) : 51 =L(ay) " “Llan_1) Sn —L(a,) @ is derivable and therefore
we obtain that

is a closed element of Ag“si) (assuming that 79(c) = oy — -+ — an — a). The
0

F= L/(N):Q

is derivable. The conclusion easily follows the use of the subject reduction and subject
expansion theorems.
Finally the theorem is a simple consequence of the claim.

Note that the construction of G is effective.

Theorem 9 Given G = (X1,X,L,S) a second order non-linear ACG, and M, it is
decidable whether M € O(G).

Proof The singleton set theorem gives the existence of I and p such that for all NV,
the derivability of I—% N : p implies that M =g, N. The previous theorem allows us to
effectively build an ACG G’ such that O(G') = {N|N € O(G)A I—% N : p}. Thus O(G")
is either empty if and only M ¢ O(G). Thus checking the emptiness of G’ amounts to
check M ¢ O(G) which shows our decidability result.

We conclude this section with some remarks. Theorem 8 shows that the languages
of second order non-linear ACGs are closed under intersection with typing properties
in HOISs. We may wonder whether this is particular to second order non-linear ACGs
or whether it can be extended to other kinds of ACGs. We can show that this closure
property does not hold in general for non-linear ACGs. We will not get into the details
of the proof but sketch the general idea. Basically, this is based on the fact that the
emptiness problem for non-linear ACGs is decidable whereas the emptiness of the set
of terms being typable with intersection types and belonging to the language of a non-
linear ACG is undecidable. The decidability of the emptiness of non-linear ACGs can
be easily reduced to proof-search in minimal logic which is known to be decidable. The
undecidability of the emptiness of sets of the form {M € O(G)| kg M : P} (for some
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non-linear ACG §) can easily be reduced to the problem of A-definability which is
known to be undecidable [LoaOlP. This negative result lets us suppose that in general
the membership problem is undecidable for non-linear ACGs or that if it is decidable,
the proof of decidability must be quite evolved. If we are interested in linear ACGs,
we can also show that the emptiness of the sets of the form {M € O(G)| g M : P} is
undecidable (for G being a linear ACG). But since it is not known whether linear ACGs
have a decidable emptiness problem we cannot conclude as we did in the non-linear
case. We nevertheless conjecture that the languages of linear ACGs are also not closed
under this kind of intersection property.

6 Conclusion and perspectives

We have shown that the membership problem for second order non-linear ACGs is
decidable. The proof we propose to solve this problem uses the definition of a new
tool higher order intersection signatures which was designed to extend the notion of
regularity to simply typed A-terms. We will give a precise account of such a notion in
a future paper.

Since A-terms both generalize string and trees, this decidability results can be used
for a wide range of formalisms. But, if one limits oneself to strings and trees, this result
does not bring anything new when compared to Damm’s decidability result for level-n
IO grammar [Dam82]. The real novelty comes from the fact our decidability result also
applies to languages of A\-terms. A side-effect of this extension of Damm’s result, is the
use of intersection types so as to characterize precise syntactic properties of A-terms.
Such languages may be seen as the set of semantic representations of a Montague-like
semantics associated to a context-free formalism. Here we mean context-free formalisms
in a broad sense, which encompasses tree adjoining grammars [AKJ75] and multiple
context free grammars [SMFK91], that is formalisms whose derivation structures can
be represented by local sets of trees. Montague-like semantics are much more powerful
than what can be found in the literature. Indeed, for tree adjoining grammars, such
an approach has been used in [Pog04] to model elegantly some difficult semantics
phenomenon. And, contrary to what it was commonly admitted in the literature, [dG07]
shows that it is possible to extend Montague’s ideas so as to implement DRT. This
work relies on the modelisation of context of the discourse. This can be achieved in the
simply typed A-calculus as soon as the maximal number of individuals that are stored in
memory is fixed since databases can be represented in simply typed A-calculus [Hil94].

Even though we here give a general answer to the problem of text generation
in a Montagovian framework, the algorithm we could extract from the proof is non-
elementary, i.e. highly intractable. This is not surprising since it is known that even
normalisation of simply typed A-terms is non-elementary [Sta79]. On the other hand,
restricted variants of this problem have already been showed to be polynomial as in
[Pog01], [Sal05] and [Kan07]. The framework we have settled within this paper should
give new ways of finding interesting and tractable restrictions of the text generation
problem, and it should also allow to define heuristics to partially solve this problem in
the general case.

5 Even though the reduction is simple, it has some technical aspects that would not fit in the
exposition of the present paper. Furthermore this reduction presents some points of interest
that deserve a development on their own.
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