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Abstract: The problem of the vibration of a string is well known in its linear form, describing the
transversal motion of a string, nevertheless this description does not explain all the observations
well enough. Nonlinear coupling between longitudinal and transversal modes seams to better
model the piano string, as does for instance the “geometrically exact model” (GEM). This report
introduces a general class of nonlinear systems, “nonlinear hamiltonian systems of wave equations”,
in which fits the GEM. Mathematical study of these systems is lead in a first part, showing
central properties (energy preservation, existence and unicity of a global smooth solution, finite
propagation velocity ... ). Space discretization is made in a classical way (variational formulation)
and time discretization aims at numerical stability using an energy technique. A definition of
“preserving schemes” is introduced, and we show that explicit schemes or partially implicit schemes
which are preserving according to this definition cannot be built unless the model is linear. A
general energy preserving second order accurate fully implicit scheme is built for any continuous
system that fits the nonlinear hamiltonian systems of wave equations class.
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SCHEMAS NUMERIQUES PRESERVANT UNE ENERGIE POUR LES
SYSTEMES HAMILTONIENS NON LINEAIRES D’EQUATIONS D’ONDES.
APPLICATION A LA CORDE DE PIANO.

Résumé : Le probléme de vibration de corde est bien connu dans sa forme linéaire, ou il décrit
le mouvement transversal d’une corde. Cependant, cette description ne rend pas bien compte
des observations. Un couplage non linéaire entre les modes transversal et longitudinal semble
mieux adapté pour décrire la vibration d’une corde de piano, comme le fait par exemple le “mod-
éle géométriquement exact” (MGE). Ce rapport introduit une classe générale de systémes, les
“systémes hamiltoniens non linéaires d’équations d’ondes”, dans laquelle entre le MGE. Dans une
premiére partie, une étude mathématique de ces systémes est menée, ot I’on montre quelques pro-
priétés essentielles (conservation d’une énergie, existence et unicité d’une solution gobale réguliére,
vitesse de propagation finie ...). La discrétisation en espace suit une méthode classique (formu-
lation variationnelle) et la discrétisation en temps est menée de telle fagon & atteindre la stabilité
numérique grice a une technique d’énergie. On introduit une définition de “schéma conservatif”
et 'on montre que des schémas explicites ou partiellement implicites ne peuvent étre conservat-
ifs selon cette définition que si le modéle est linéaire. Un schéma numérique général, préservant
I’énergie, précis a 'ordre deux, entiérement implicite, est donné pour n’importe quel systéme
continu appartenant a la classe des systémes hamiltoniens non linéaires d’équations d’ondes.

Mots-clés :  schémas conservatifs, énergie, systémes hamiltoniens non linéaires d’équations
d’ondes, corde de piano
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Introduction

Piano string vibration has been a recurrent subject of the scientific literature in acoustics. The
problem of the vibration of a string is well known in its linear form, describing the transversal
motion of a string, nevertheless this description does not explain all the observations well enough.
Indeed, these observations illustrate a great complexity regarding the physical phenomena in-
volved during the vibration. These phenomena are very numerous, as for example the hammer
chock against the string, or the non linear coupling between transversal and longitudinal vibra-
tions (longitudinal vibrations are in the same direction as the string). Several authors agree to
say that the piano tone comes in particular from the longitudinal mode and its coupling with the
transversal mode.

According to the linear theory, a vibrating string between two motionless points has a vibration
spectrum composed with a fundamental frequency fy and harmonics frequencies equal to multiples
of fo. A term modeling the spectrum inharmonicity can be added to the linear model, describing
the fact that harmonics are not worth exactly multiples of f; but a slightly higher value, the
sharper the frequency, the bigger the inharmonicity. The harmonics are then called “partials”.
Inharmonicity can be quantified with an inharmonicity factor. Nakamura and Naganuma found
in 1993 a second series of partials in piano sound spectra having one-fourth of inharmonicity com-
pared to the main partial series ([31]). They attributed these to the horizontal polarization of the
string. Giordano and Korty measured in 1996 that the longitudinal motion amplitude is a nonlin-
ear function of the transversal amplitude (|13]), which confirms that the longitudinal vibration is
generated by the transversal motion and not by the misalignment of the hammer, as some theories
had put forward. Conklin measured again the partials found by Nakamura and Naganuma, and
named them “phantom partials”. He observed that the vibration relation between transverse and
longitudinal modes greatly influences the tone quality ([8]), but also that the phantom partials
are generated by a nonlinear coupling of these modes, noticing that the measured frequencies are
sums or differences of the transversal model frequencies ([9]). Bank and Sujbert explained in 2005
that this result can be predicted by an approximated nonlinear model, coupling transversal and
longitudinal modes ([2]). The model used in their paper is an approximation of the “geometrically
exact” model introduced in [30]. The “geometrically exact” model comes from a geometric descrip-
tion of the string, a stress-strain relation and Newton’s law. It is often exploited in the literature
in an approximated form. The model and its approximations are presented in section (1).

All these phenomena, couplings, nonlinearities must be taken into account in numerical simula-
tions aiming at reproducing a piano string sound. First numerical simulations have concerned a
vibrating string in the transversal direction, not coupled with the longitudinal direction (|6]). The
string was coupled with a nonlinear hammer model, which leads to interesting numerical results
and a good fit with physical measurements. Nevertheless, the authors were not satisfied by the
induced sound, attributing the lack of realism to the missing longitudinal mode. The sound of
a piano string begins indeed with an audible high frequency chock, corresponding to the chock
of the hammer on the string. It is transmitted very quickly to the rest of the structure through
the longitudinal wave whose propagation speed is about ten times greater than the transversal
one. Later simulations have consequently used coupled models. Several authors have dealt with
coupled string models for the first transversal modes ([33, 26]) or using digital waveguides ([3],
who made the approximation that the tension is uniform according to space). In [4] one can find a
deep study of approximated nonlinear string models, an explanation of their origin regarding the
“geometrically exact” model, a seek of good models ; and also linear numerical schemes for these
models, with an energetic study of the schemes. The construction of numerical schemes was guided
by the will to preserve an approximation of the energy preserved by the continuous system. This
is a recurrent preoccupation when creating new schemes, for physical and stability reasons, but
mostly particular or scalar equations are dealt with (ODE with polynomial nonlinearity [28, 24],
ODE with general nonlinearity [17], EDP scalar equation with odd power [35], nonlinear scalar
Klein Gordon equation [37, 11, 12, 5], more general EDP scalar equation [12], particular systems

INRIA
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as Hénon-Heiles [29], nonlinear elasticity [15], ODE systems as a particle in a potential [16], or
the 3 body problem [7]). In this study we will try to answer similar questions, in a general case of
systems where no approximation is made regarding the model. We even consider any PDE system
with a particular mathematical structure, with any number of unknown variables. This generality
will allow our scheme to be applied to various fields, as elastodynamics where systems can have a
very impressive size. Furthermore, it will cover all the models cited above.

The mathematical context of the geometrically exact model does not fit the usual hyperbolic the-
ory of linear wave equations. We can introduce a general class of models which differ from each
other in the expression of a function H, referred to as “potential energy”. Properties of this poten-
tial energy lead to mathematical properties of the associated PDE system. We can indeed show,
for instance, that the local hyperbolicity of the PDE system is equivalent to the local convexity of
H. LiTaTsien theory ([27]) shows the existence of global classical solutions for locally hyperbolic
quasilinear systems, which can then be applied when the potential energy is locally convex. Lo-
cal convexity is achieved near the origin for H.,, the potential energy of the geometrically exact
model. Section (1) will describe some more model properties, specifying necessary conditions on
the potential energy. Several authors have written the Taylor expansions of the geometrically
exact potential energy around the origin, in order to work with simpler (polynomials) models :
for instance, [1], [2] and [4] cited above. We will see how these expanded models are connected to
the geometrically exact one, and wether or not they respect the properties displayed earlier.

The main contribution of our work, from the point of view of numerical analysis, is presented
in section (2). We write a finite elements in space, finite difference in time, energy preserving
scheme for a general class of models. Time discretization is tricky because of the nonlinearity of
the models we consider. Schemes are built in order to preserve a discrete energy, consistent with
the continuous one. We finally obtain a second order accurate, energy preserving scheme for any
PDE system in our particular mathematical structure, with any number of unknown variables. At
each time step, the nonlinear scheme is solved with an iterative Newton’s algorithm. Section (3)
presents some of the numerical difficulties and a few numerical results.

RR n°® 7168
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1 Non linear string models and their mathematical structure

Our aim in this study is to understand and model a piano string motion, thanks to the nonlinear
coupling between different vibration directions. Motion equations lead to a particular form of
PDE system, that we will call “hamiltonian system of wave equations”. We will consider this
form of PDE systems in very general point of view, by introducing a general class of systems
differing from each other by the expression of a function H referred to as “potential energy”. The
“geometrically exact” model comes from the geometrical description of the string, a stress-strain
relation and Newton’s law. This model leads to a particular potential energy H., which satisfies
numerous properties. Approximated models coming from a Taylor expansion of H.,, for small
values of its arguments, will be investigated, including the models used in [2] and [4]. We will lead
a mathematical study of certain properties of this general class of models, under some assumptions
on the potential energy H. First, let us wonder the physical origin of the model.

1.1 The geometrically exact model and its variants
1.1.1 Establishment of the geometrically exact model

We are interested in the string vibration, for instance a piano string. The problem has been formu-
lated in its nonlinear version in [30], then used and modified by several authors. The geometrically
exact model comes from a geometric description of the physics of the system and from mechanical
fondamental laws. Figure 1, inspired by [2], presents the unknown variables of the problem. What
follows is widely based on [36].
We will use the following notations:

e z € () indicates the curvilinear coordinate along the string,

e () is a segment of R or R entirely (infinite string),

e ¢t > 0 indicates time,

u(z,t) indicates the transversal component of the string motion (along e,),

v(x,t) indicates the longitudinal component of the string motion (along e,),

FE is the Young’s modulus of the string,
e A is the section area,

e i is the lineic mass of the string,

e T} is the rest tension.

We consider planar motion of a string!, subjected to forces of tension resulting from its extension.
The string is fixed at both ends, where its motion is zero. We assume that Young’s modulus F,
the string’s section A, the lineic mass p and the initial tension T do not depend on z, although
such a dependance could be possible in another model.

The position vector for a point marked by z is:
R(z,t) = (v(z,t) + z)ex + u(z, t)ey = x ex + U(, t)

where U(z,t) is the vector of unknowns (u(x,t),v(x,t)). For a given ¢, small dx, neglecting
O(|6z|?), we have

R (x,d0x,t) := R(x,t) — R(x + dx,t) ~ 8@% ox and ‘5R($,5$at>‘ = ’%’ ox

1A 3-D motion can be supposed, the resulting model will be presented at the end of this paragraph.

INRIA
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v

=4

u(x,t)

L
|

v(z,t) v(x + 0z, t)
Figure 1: Transversal and longitudinal motions of a string.

with

x| ox ox
Let us define s(z,t), the unit vector, tangent to the string at the point marked by z (see figure):

OR| \/(637)+1)2+ (@)2

OR ov ou
Gy (getDex+(ga)ey
S(x,t) N N ov 2 ou\2
V(@& +1)7 (3

OR

‘ ox

We apply the second Newton’s law to the string’s segment [z, z + dz]. The only forces we take
into account come from the tension of the string at the extreme points of the segment, directed
along the unit vectors.

1@ [ [ 1
s ae /T R(y,dx,t) dy | = g [T(z + bz, t)s(z + 6w, t) — T(x, t)s(z,1)]

hence, taking the limit when dxz — 0,

PR 0

The physical stress-strain relation gives us an expression of the tension T', varying along the string,
according to the deformation of the string, namely the relative extension da(z,t). The length of

the element at rest is dz and becomes ‘R(x +dz,t) — R(z,t)

, hence the relative extension, after

a Taylor expansion and neglecting O(|dz|?):

R(z + dx,t) — R(z, t)' — iz R,
ox = oz

.., OR ou
-1 Wlth%—ex—‘r%

da(x,dx,t) :=

RR n°® 7168
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In a general case, a stress strain law can be written:

T(e,1) = 6 (da (x,1)) = fb(

ex-+ 5o w.0)] - 1) ©)

¢ : R — R being a more or less pleasant function, normally growing, positive for any z > 0 and
vanishing for x = 0. The system can then be written:

0*U 0
e

ou ex + U
< gt =1 ox _
oz o | P\t 5 @ ) ) 0

aul|
ox ex+%’

or, defining d : RY — R and F : RY — R" as the following functions,

ex +Vv

d(v)=|ex+v|—1 and F(v):¢od(v)m

"o " aat \aa (3)

22U 9 (6U> y

This kind of systems can be written in a hamiltonian form if this function F : RN — R¥ is the
gradient of another function. For our particular form of F, this is the case. Indeed, we can show

" v fpod(v)] = F(+) W

Where & : R — R is an antiderivative of ¢ : R — R. Indeed,

Vy|@od(v)| = Vi[a(v)] @ 0a(v)

However, we can write that

/ 2 2
ex+v’71: ex+v‘ 1\/1+2ex~v+(v> -1

vo[aw)] = m

d(v) =

Hence its gradient:

We conclude that if &' = ¢, the formula (4) is correct. For any stress-strain law ¢ depending on
the relative extension, we can see that the mechanical PDE system is always under the same form,
which can lead to an hamiltonian form.

Y sfoea()] - g

Setting H = ® o d, we obtain the very general form of system:

2
v = 5V () =0

This form of systems will be referred to as “hamiltonian systems of wave equations”.

In the case where the stress-strain law is affine, it is called Hooke’s law. The constant Tj is called
prestress of the string, and the law can be written:

op(r)=To+FEAT or T(z,t) = To + EA(|ex + %(x’t)‘ -1) @

INRIA
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2
Then, let us introduce ®(7) =Ty 7+ EA %, and the system can be written:

ou

ox

02U
Ko

0

ox

ey + %—S(m,t) ] _ 0
|ex+%—g(x,t)‘

Projecting the system on the axes and noticing that e, does not depend on z, we obtain:

[EA(ex + (1) + (Ty — EA)

02 o o Ju
“Wg:% EAa—z—(EA—TO) 0 |, zeQ t>0,
_ V@) 4 (1 2)
2 14 v
M%:% EA%—(EA—TO) (2+8w) _|, zeQ t>0
_ V@ 4 (1 2)

ov

Finally, we have to add initial data (at ¢ = 0) for v and v but also for Ou and — ; and boundary

conditions at the string extremities. If the string is a segment = [0, L], it is in a first time
considered to be fixed at 0 and L, that is to say, u(z = 0,t) = uw(z = L,t) = 0 and v(z = 0,¢) =
v(x=L,t)=0.

With appropriate space and time scaling, we can write the following equivalent system, depending

. . EA T
on a unique parameter 0 < o < 1 given by the formula o = —EA
Pu 9 |0 Su
5 "5 | o5 ° = | =0 el >0
ou v
G )’
- ) : (8)
02 a | o 1+ 32
871;]_8? az—a 5 9z 5 :07 .'L'EQ7 t> 0.
ou ov
L VG )’
Denoting
1
V (g, vz) € RE Hey(Ug,vy) = 5 u? + 3 v: —a { w2+ (14 vy)2 — (1 +vy) }7
and
u = (u,v),

we can write the string system in the same form of hamiltonian system of wave equations as (6):

?u
ot?

0

ox

[vgex (

ou

ox

)| =0

(9)

1.1.2 Geometrically exact model with three unknowns

We can generalize this geometrically exact model to the non planar motion of a string, considering
two transversal displacements u; and wus, and the longitudinal displacement v. The system of

RR n°® 7168
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three equations can be derived in the same way as the previous system:

Pu 0 o u 4
o om | de Jamy o (dm)? (14 20y
0uy o [ ous Gua ]
5 - — | == -« - = =0, (10)
e RO DR
?o 0| 142 .
o Or 100 J(9m) + (Z2) 4 (14 92)° ]

Denoting

1 1 1
Hew(ul,:raUZ,w7U:L’) = 5 u%,m + 5 u%,m + 5 ’Ui — [\/’U;%’w + U/%J + (1 + UI)Q — (1 + Uz) s

and
u= (u17u25v)7

we can also write the system (10) as (6).

1.1.3 Approximations of the geometrically exact model

Different Taylor expansions of H., with two unknowns lead to different approximated models. Let
us notice that, near origin,

VI +v)?+u2 =1+ (U, ve) =

1

1 1
= 1 + a n(uﬂmvz) -3 77(’11@7’1);1;)2 + A n(uz7vx)3

4 5
2 8 16 (uZIHvZ) +O(n(uw7vﬂ?) )

~ 128

where
DUy, V) = 20, + ui + vi

Developing and neglecting the terms in O( |u,|® ), we have

1 1
(T+o)+up = 1+5 (2ue+up+07)—g (20, + 02 +02)”
L s 120202 1 2)) — 2 (200" + O([u, )
16 * riow * 128

that is to say

1 1 1 1
(o) +uf = (L4 ve) = 5 up — 5 ugve + 5 ujvy — o g + O(Jua”)
2 2 2 8
Then H., verifies, near origin,
He.(u v):1u2+lvzfa[fu271u2fu +1u2v277u4 + O(Jug?) (11)
ex\%x, Yz ) T 9 T 9 x 2 x VT 9 T x €z

INRIA
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(a) Exact model

Fnitoien 0L

Hanitorien DL4

(b) Taylor order 2 (¢) Taylor order 3 (d) Taylor order 4

Foitrien Bnk Sbert

(e) Bank-Sujbert model

Figure 2: Graphs of the different functions H
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Linear model If we only consider the quadratic terms in (11), we make the approximation

11—«
2

1
2, 1.9
ui+ gl

v (u:mvx) S R27 Hem(uzvva:) = HDLQ(“I?’U:L’) =

and we write the classical linear model of two uncoupled wave equations:

0%u 0%u
v 0%

From this system we can deduce an approximate propagation speed for each direction : 1 for the
longitudinal direction, and /1 — « for the transversal direction. Since o ~ 1, we acknowledge
the well known result in mechanics saying that the longitudinal waves have a propagation speed
much higher than the transversal waves. Figure 2(b) shows the graph of the second order of
development.

Higher order models We can push further the Taylor expansion to superior orders:

1-— 1
Hprs(ug,vg) = 2auﬁ+§vﬁ+%uivx
and 1 1 1 1 1
Hpra(ug,v,) = 2au§+§vz+a iuivx—iuivg—i—gui

Their graphs are plotted in figure 2(c) and figure 2(d).

An intermediary model The papers of Bank and Sujbert [2] and Bilbao [4] propose a less
natural model, consisting in neglecting the quartic term — § u2v2 in (11), which can be justified
by a dimensional analysis in the case where the string is excited in the transversal direction (see

appendix B). We obtain:

11—«
HBS(u:vaU:E) = 9 ui +

1
2

1 1
vi—i—a[i uivx—i—gui}

leading to the system
OFu =08, [(1 —a) Ou+ o (d:udsv+ % (<9ggu)3)]7

(12)
020 = 8, [&cv - %(axuf ]

which will be referred to as “Bank and Sujbert” model during the following of this paper. The
graph of this function can be seen in figure 2(e).

In this paragraph, we have built the geometrically exact model (8) and its approximations,
governing a string motion with transversal-longitudinal coupling. We have shown that any stress-
strain law, not necessarily affine as Hooke’s, leads to the same system structure (6) called “hamil-
tonian system of wave equations”. Even systems with higher number of unknowns as (10) can be
written under this form. This structure will be considered in its total generality from now on. We
will display some properties inherited by these systems under some hypothesis, and see if they
apply to the geometrically exact model and its approximations.

INRIA
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1.2 General theoretical frame

This paragraph is devoted to the mathematical study of the hamiltonian systems of wave equa-
tions (6). We will see that the function H, which is a potential energy, totally determines the
system. Geometrically exact model is associated with the energy H.,, and the approximations
coming from a Taylor expansion of the energy for small values of its arguments, at order n, are
associated with the energies Hpy,. The mathematical properties we will find for the system will
depend on hypotheses that must be satisfied by the potential energy. We will see if the geometri-
cally exact model and its approximations satisfy the necessary hypotheses for all the properties.

1.2.1 General formulation

The geometrically exact model displayed in the last paragraph is an example of a general formu-
lation of systems, called “hamiltonian systems of wave equations”’, which can be written, with Q2 a
segment of R or R entirely:

Find u = (ug,--- ,uy) : @ x Rt - RV,

2
ou 9 [ H(a“)]o, reQ, t>0,

o2 oz oz (13)
u(x,0) = up(x), aa—ltl(x,O) =uy(z),

u(z,t) =0 Ve € 02

The function H : RN — R stands for a potential energy.

Application to the geometrically exact string model. In the geometrically exact model,
N = 2 and the function H, noted H,, in the following, is given by:

1 1
V(Uayve) €RZ, Hea(up,ve) = 5 ul 4502 —a [V + 0+ 0l —(1+w) |, (14)

Application to approximate models. In the approximate models, N = 2 and the functions
H, coming from the Taylor expansions of H., at different orders, are given by:

1-— 1
V (uayvs) € R Hpra(us,vs) = — SR 5 v (15)
9 l—a o 1 5, «a 4

V (U, vz) € R, Hprs(ug,v,) = 5 u$+§vx+§uwvw (16)

1-— 1 1 1 1
Y (tg, Vs ) € R?, Hpra(ug,v,) = a ui—l—fvg—i—a[f uivx—fuivz—kfui} (17)

2 2 2 2 8

2 l—a o 1, L 5 4
V (ug,vs) € R, Hpg(ug,v,) = 5 us + 3 vy + ozb ULV + 5 Uy ] (18)

1.2.2 Energy preservation, H' stability
Hypothesis 1.1.1 The function H is assumed positive.

Remark 1.1 The function H is only used through its gradient, hence any H + ¢ can fit for the
equations, with ¢ € R. Thus, its positivity is equivalent to being greater than a constant on R2.
The following theorems are then still true if H is only greater than a constant.

The PDE system (13) preserves an energy as stated in the following.

RR n°® 7168



14 Chabassier € Joly

Theorem 1.1 Any smooth enough solution u of (13) satisfies the energy identity:

;tE() 0, with E(t):/ﬂ{; ‘%1;2+H(gz)} da. (19)

PROOF. Let us multiply the equation with % and integrate over . We have:

9%u 0 ou ou
/Q 5 [Wﬂaxﬂ 5 =0

Let us develop and integrate by parts the second part of the integral:

8%u Ou Ou. 0%u
/Q 52 3t VG i) =

Applying the rules of composed functions derivation, we have:

LamtGme [ 45 aGn)| o

1 0uj? Ou
Q{2 'E +H(8.’£>} dr=20

Hence,

O
Remark 1.2 If we consider the following equation, with a nonzero right member:
Pu 0 ou
— — — |VH(— Q t>0 20

We just saw that if f = 0, the system preserves an energy. A bound for the energy can be obtained
when f is nonzero, namely:

If H is a positive function, the energy E(t) verifies the following equation, for any t > 0:

s < [VEO + 2 [ [|rco)],)

PRrROOF. Let us multiply the equation by % and integrate over x. We have:

1 |0u|? Ju Ju
Q{z\at +H<ax>} RN
Let E(t / { ‘ )} If H is positive, we can write the inequality:
ouy|?
1% )

Then:

770 = [lreoll 5L,
%E(t) < Hf("t)HLi\@\/m

INRIA
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However, %—2\F£ thus

2IW<>sHmM%ﬂﬁw
S < B

= .
?/;Hf("t)‘ L2

VE({t) - VE(©0) < I
Mﬂs[ﬁm+f[Ww>

O

The energy preservation leads to an upper bound for H' norm of the solution, under a condition
on H.

Theorem 1.2 Let us assume that

Hypothesis 1.2.1 There exists K > 0 such that:
vv e RY, H(v) > K|v|? (21)
then, there exists C' > 0 such that:

LI o
N /{1)8“2+H(8“)} dz = E(0)
= /H ydx=FE / ‘ dx,

:K/z@@<4m$w<m»

ou;

PRrROOF.

0)

i

, Vie[l,N].
Dirichlet boundary condition allows us to write Poincaré’s inequality, and to conclude:

|wil|gn < CE(0),  Viel[l,N].

Application to the geometrically exact string model. H! stability of the solution is then
guaranteed if the function H is greater than a parabola. H., satisfies this condition, which leads
to the H' norm stability of the solution of the geometrically exact model. Let us show that for
any (ug,v,) € R2,

l1—«
2

(Z) Heop (g, vz) > (Ug +Ui)

RR n°® 7168
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This inequality is equivalent to:

5 (4 02)

v > af\/u2 + (1+ )% — (1+ v,)]
v > afy/u2 + (1+ )% — (1+v,)]

u? 2 4+ 2(1 4+ vg) > 2y/u + (1 + v,)2
uz+ (1 +v,)% +1>2y/u2 + (1 +v,)2
(Vuz+(14v,)2-1)>>0

This last inequality is always true, then (Z) is also true. Moreover, the constant

ret ¢ ¢ 0

« .
is optimal

since the circle having (0,—1) as a center and 1 as a radius makes the last equation vanish.

Application to approximate models. The approximate models coming from the 3td anqd 4th
order Taylor expansions of H., lead to potential energies Hprs and Hpry4 which are not always
positive (see figures 2(c) and 2(d)). Consequently, hypothesis (1.2.1) cannot be satisfied, and these
models do not guarantee stability if the energy is preserved.

The Bank-Sujbert model based on the potential energy Hpg satisfies hypothesis (1.2.1) with

K= 1_7" Indeed, let us show that for any (u.,v,) € R?,

(j) HBS(UCE7UJL’) > D) (’U,i + ’Ui)
This inequality is equivalent to:
1 1 1 1 11—«
§Ui+§vfc —alg ;- 5%25’%* 8“1 z— (u +0)
@ @ @
& 51}3 + 5uivx + gui >0

1
& v§+uiv$+ZUi20

This can be seen as a second order inequality in the unknown v,.

4
A—(@f4x<f>—o

Then the last inequality is true, and so is (J). Moreover, the parabola described by v, vanishes

a .
is optimal.

when v, = —%uz which means that the constant

€T

1.2.3 First order form and Hamiltonian structure

We want to show that the systems we study (hamiltonian systems of wave equations) can indeed
be written under a hamiltonian form. Define £ = —H. This quantity is a lagrangian density, since
it depends on z and t. The system can be written:

d7u+ 0, (VL(Ou)) =0
with v : (RT x Q) — RN and £ : RY — R. Setting q = d,u and p = d;u, the system becomes:
op = —0, (VE(q))

0iq = 0;p

INRIA
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Introducing H(p,q) = 1p? — £(q), we have:

OH
87(1 = —VL(q)

on_
8p_p

and the system can be written under a hamiltonian form:

oH
Op = —0p (==
tP (3q)
OH
orq = 81(%)

Note that the physical hamiltonian, which can be written according to u:
1 2
H(w) = [0l + H (D)
is nothing but an energy density, as we have seen in previous paragraphs.

1.2.4 Hyperbolicity of the system

Definitions and mathematical results concerning hyperbolic systems of conservation laws can be
found in [14]. We remind here some basic definitions.

Definition 1.1 HYPERBOLIC SYSTEM
We consider the system of equations

Ju 0

where F: D CR" - R" and u = (u1, - ,u,) : @ x Rt — D.

OF;
A(U) B <au3 > 1<4,5<n

the Jacobian matriz of F. The system (22) is said to be hyperbolic if, for any u € D, the matriz
A(u) has n real eigenvalues py(u) < ... < pp(u) < ... < py(u) and n linearly independent
corresponding eigenvectors r1(u),...,rp(u),...,ry(u), i.e.

A(u) r(u) = pg(a) rg(a).

If, in addition, the eigenvalues ux(u) are all distinct, the system (22) is called strictly hyperbolic.

We define

The system is said locally (strictly) hyperbolic if the appropriate properties are true not for u € D
but for u in a neighborhood of a certain point ug.

Definition 1.2 GENUINELY NONLINEAR FIELD
The couple (pur(1), 1y (u)) is said to be genuinely nonlinear or G.N.L. if

Viug(u) -rg(u) Z0Vu e D

Definition 1.3 LINEARLY DEGENERATE FIELD
The couple (pi(0),r(u)) is said to be linearly degenerate or L.D. if

Vi (u) - ri(u) =0Vu e D
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Introducing

(e %4,
ot’ Ox

= (p,q) € R?,

The system (13) can be written:
Find U: Q x Rt — R?V,

ou o0
E‘F%F(U)—(L IEEQ, t>0, (23)

U(z,0) = Up(z), =z €.
where
-VH(U,)

VU= (U,U,) eRY xRY, F(U)=
_Ut

If we develop this expression for regular solutions, we obtain:

Find U: Q x RT — RV,

ou ou
+ p—

U(z,0) = Up(z), =€
where
0 —-D?H(U,)
VU= (U,U,) eRY xRY, A(U)=DF(U)=
—I 0

where D?H (U,) refers to the hessian matrix of H.

This form is usually referred to as “quasilinear system”. This equation does not fit the “semilinear
wave equations” context since the latters’ nonlinearity should only depend on u and not its space
derivatives as in (13). The theoretical context is very different.

Theorem 1.3 Local hyperbolicity of the system (13) is equivalent to the local convezity of H.

PROOF. The eigenvalue problem
Find (Z(U) = (Z,(U),Z,(U)), p(U)) € C*¥ x C, DF(U) Z(U) = u(U) Z(U),
is equivalent to
Find ((Z,(U,)), u(U)) € CV x C,
D?*H(U,) Z,(U) = p*(U) Z,(U)  and  Z,(U) = —u(U)Z,(U)

Thus, local hyperbolicity of the system (13) can only be achieved if H is locally convex.
O

Remark 1.3 Local convexity of H leads to local hyperbolicity for the PDE system, which can
allow us to use some hyperbolic existence and unicity results.
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Energy Preserving Schemes for Non Linear Hamiltonian Systems of Waves Equations 19

Thus, the main problem admits p(U) and —u(U) as eigenvalues if and only if 42?(U) is eigenvalue
of D?H(U,). Since D?H(U,) only depends on U, u? and Z, also only depend on U,. We try
to solve:

D?*H(U,)v(U,) = \(U,)v(U,)
Consequently, if D2H(U,) admits N eigenpairs (A, vi)1<k<n then the first order formulation of
the system will admit 2N eigenpairs :

(ot vt = () o= () )

Vi Vi

Application to the geometrically exact string model. H., is not a convex function since
if we consider the aligned points:

1—a?
He (—Oé, _1) =
2
1
Hex( O, —1) — 5
1—a?
He:c("'aa _1) = 2
the second image is greater that the other two, which contradicts the convexity of H.,. Moreover,
H,, is not smooth (not even C! near the point u, = 0,v, = —1). Anyway, we can consider the

local C*° regularity and convexity of H., in a neighborhood of (0,0), and the eigenvalues and
eigenvectors of the system around this point.

Let us seek the eigenvalues and eigenvectors of V2H,,(U,) for the nonlinear equations system
when N = 2. We have:

VHeo(Us) = VHea (1, 02) = (Zj) ~a| = (11 = <1 _Tf”v) - @]

V2H ey (U, vy) = Idge — o ( (1+v,)2 *Um(l;r Uz)>
ex\Ugx, Uz ( ’U,% + (1 + Ua:)Q)?’ —’LLI(]. + ’l)w) us

This matrix admits as eigenvalues Aj(ug, v,) and Aa(ug, vy):

Thus,

o
u2 + (14 v,)?

A1 (Ug,v) =1 and Ao (Ug,vy) =1 —

associated with the eigenvectors:

vl(uz,%):<lfvz) and vz(um,vz):(_u—’—%))

Uy

The first eigenvalue is then constant on the (u,,v,) plane, and the second eigenvalue is constant
on circles centered on the point (0, —1). Let us come back to the main problem. The eigen-
values coming from \; are uj = 1 and pu; = —1, respectively associated with the eigenvectors
(=v1(ug,vy), v1(Ug, vy)) and (V1 (Ug, V), Vi (U, vy)). The eigenvalues coming from Ao are

My =—, |1 — c
Vuz + (14 v,)?

and

+ «
py = 1=
’ \/ Vi + (1 +0,)?
respectively associated with the eigenvectors
(=13 va(ue, v2), Vo (U, ve))  and (=g Ve (uz, va), Va(te, vs)).

The system is then (strictly) hyperbolic as soon as u3 and p, are real (and distinct), i.e. as soon
as /u2 + (1 +vy)?2 > (>) a. This is true in particular near the point (0,0), since 0 < o < 1.
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Application to approximate Bank-Sujbert model. Hpgg is not a convex function since if
we consider the aligned points:

1+a 2 2 1 o 1

Hys(—y/2 A R PR
Bs( a oz) a2 [ 2 2]
2 2

Hps( 0 7—a):@

1+« 2 2 « 1
H \/2 )y = 14+ -4+ =
Bs(+ a oz) o2 [ +2+204]

the second image is greater that the other two for 0 < o < 1, which contradicts the convexity of
Hps. However, it is a polynomial function, then Hpg is C* and we can express the eigenvalues
and eigenvectors of D?Hpg.

o 3 N2
_ o — 22 2
UI:| 2 \/(1 Vg 2uz) + 4u?

1
U1 = 2

1.2.5 Existence of a global smooth solution

The theory of hyperbolic systems shows that in general, even if initial conditions are very smooth,
there do not exist classical solutions beyond some finite time interval. Anyway, we will see in this
paragraph how we can apply a global classical existence result found in the book of Li Ta-tsien
[27], page 89, to the system under some conditions on H.

In [27], we consider the following Cauchy problem:
Find U:R x RT — R",

ou ou
+ J—

S+ AU =0, (25)

U(z,0) = Ug(x)

The hypothesis made on A are the following: we suppose that A(U) is a n x n matrix, and that
in a neighborhood of U = 0, system (25) is strictly hyperbolic:

/\1(0) < /\2(0) <0< /\n(O)
Moreover we suppose that Uy is a C! function of  with compact support:

Supp(Uo) € [, Bo]
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Theorem 1.4 (Li Ta-tsien) Suppose that A(U) is C? in a neighborhood of U = 0. Suppose that
furthermore that system (25) is linearly degenerate (see definition (1.3)). Then, let

0 = (o — ao) sup |Up(z)],
zER

there exists 0y > 0 so small that for any given 0 € [0,00], Cauchy problem (25) admits a unique
global solution U = U(x,t) € C1(R x RT).

Remark 1.4 This result is shown in the book for systems with the property of “weak linear de-
generacy”, which is fulfilled when the system is linearly degenerated in the sense of Lax. Since the
string model fits into linearly degenerated class of systems, we have simplified here the hypothesis
of Li Ta-tsien’s theorem. Corollary (4.1) of the book [27], page 90, refers to this simplification.
However, the property of “weak linear degeneracy” is better suited to the problem since it is a
necessary and sufficient condition. In the case where this property is not satisfied, for all size of
initial data, the solution “blows up”.

In the case of hamiltonian systems of wave equations, the initial system is:

Find u: R x RT — R,

Pu 9 ou
0
u(e,0) = uola), S (,0) = w(a).

We recall that it can be written in the form of system (25) with:

du Ou
n=2N, U=(gz.5)eR", U= (35)

and
0 —D?H(U,)
VU= (U, U,) e RY xRY, A(U)=DF(U) =
—I 0

In order to satisfy the hypothesis of theorem (1.4), conditions must be set on ug, uy, H. In order
for Ug to be C!, u; must be C! and uy must be C2. In order for A(U) to be strictly hyperbolic in
a neighborhood of U = 0, H must be strictly convex in a neighborhood of U, = 0. In order for
Up to have a compact support, up and u; must have a compact support. In order for A(U) to be
C? in a neighborhood of u, = 0, D?H must be C?, ie H must be at least C* in a neighborhood of
U, =0.

Moreover, if we call (/,ij::7r2::)1§k§]\[ the eigenpairs of A(U), and (A, Vi)1<k<n the eigenpairs of
D?H(U,,) (linked by (24)), then

VA
Vuf-rf::l:z\/%-vk

Consequently, in order for the system to be linearly degenerated, the matrix D? H(U,) must verify
the property VA (U,) - vi(U,) =0 forany 1 < k < N.

Theorem 1.5 Suppose that H is C* and strictly convex in a neighborhood of u, = 0. Assume also
that ug is C?, uy is C' and have both a compact support included in [, Bo]. Suppose furthermore
that the hessian matriz D*H is linearly degenerated. Then, let

0 = (Bo — o) itelg[Iug(w)L i ()],

there exists 8y > 0 so small that for any given 6 € [0,60y], Cauchy problem (26) admits a unique
global C? solution u = u(z,t) ont > 0.
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Application to the geometrically exact string model. The function H., is strictly convex
in a neighborhood of 0 as long as we stay far enough from the point (0, —1). In this neighborhood,
it is also C*°. Let us determine if the eigenvalues of the main problem are linearly degenerate
(LD). We remind (see page 19) that D?H,, has the following eigenvalues:

(07

AM(ug,vg) =1 and Ao(Ug,vy) =1 —
1 ) g ) uZ + (14 v,)?

associated with the eigenvectors:

V1 (Ug,Vz) = ( e ) and Va(Uy, V) = ((1 +vm)>

].-|—’UI Uy

A(u) admits 7 = 1 and p] = —1 as eigenvalues, respectively associated with the eigenvectors
(=v1 (g, ve), v1(ug, vg)) and (vy (g, vs), V1 (U, vg)), and

and py =—,/1—

+ «
po = [1—
2 \/ Vuz + (14 v,)?
respectively associated with the eigenvectors
(_MSFVZ (urv UI)» V2 (ufw UI)) and (_NEVZ (ufb’ Um)a V2 (um» Ux))

First of all, Vuyu = Vup; = (0,0,0,0). These eigenvalues i and p; are consequently LD.
Now, let us consider u; and p5 . We notice first that they depend only on u, and v,, which yields:

0
0 0
v + == =
U3 O, uz (VUx Mgﬂ)
Ov,, 145
However oy
v F_41v ) = 4 Y UaA2
Where
« U
\Y% A xy Ux) = h
U, z(u v ) (m)s (14-%)
Then
+
+ [ TH2 V2(umavz) o M )
VUUL.MQ < v2(u$7’uw) ) = * 2\/5 V2(ua:»'Uw)
_ 1 ta < Uy, ) ' (—(1—1—%))
2V (Vu2 + (1 +0,)2)% \L+ 0z Uy
= 0
Thus,
Vg (g, vz) - 03 (Ug, v2) = 0, Vug # 0 and v, # —1

and

Vit (g, vg) - Vg (g, V) =0, Vu, # 0 and v, # —1

These eigenvalues are then LD. Under assumptions on initial data, we can then apply theorem (1.5)
and have a global C? solution of the equation.
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Remark 1.5 The first eigenvalues pf and py suggest that we can find solutions of the equation
associated to the eigenvalue 1 or —1 independently on the values taken by the solution, since ,uli
do mot depend on u, and v,. The propagation happens then with no deformation. Let ¢ be in
{=1,+1}. If we find U such that %—g s eigenvector associated with the eigenvalue c, then it is
easy to see that:

ou ou ou ou

Ut) and accepts the solution (CUO(w - Ct)) )

Which is a linear transport equation for the vector (Ux Ué)(z —et)

Let us seek these solutions directly in the second order system, that is to say for the eigenvalue
c? =1 : we are looking for U(x,t) = (u(z,t), v(x,t)) such that the propagation speed is 1. Setting
U(z,t) = (u(z,t),v(z,t)) = Ug(z — t) = (uo(x — t),vo(z — 1)), we can write:

0, U(z,t) =Uy(z —t) and 8, U(z,t) = —Ug(z —t)

PU(x,t) =Uy(z —t) and 82U(x,t) =Uy(z—t) = U (x —t)
We obtain the system:
Ug(z —t) — D*He, (Ug(z — 1)) Uy (z — ) = 0
However, if Uy is an eigenvector of D2H,,(Uy) associated with the eigenvalue 1, then
D?*H,,(Uy(x — 1)) Uy (z — t) = Uy (z — 1)

and

Ug(x —ct) — Ug(m —ct)=0
Which confirms that U(z,t) = (uo(x — t),vo(x — t)) is a solution.

We must find Ug(z) such that:

Or equivalently,

0, 05,)

which is enough to know that D*H., (U:) (z— t))Ug (x—t) = Uy (x—t). The two vectors are linked
if their determinant vanishes:

F

O:Og:

—~ o~
ISIRNS

~—

N—
Il

12 ’

(@) ()~ () =0 & QP (FE5A5) =0 D

outside the points where (1 + vé(z)) = 0. Every functions (ug,vo) satisfying this last equality are
then solutions propagating with a speed of 1. It is easy to display a particular, compact supported,
pair of functions, by setting uy(z) proportional to (1+ v(/)(z)), for instance by taking ug(z) always
equal to zero and vo(z) anything. Of course, a lot of other solitons (solutions propagating without
deformation with the speed 1) can be found.

Application to approximate Bank-Sujbert model. The calculation of VA.v leads to:
1

VA

1
VA

1 1
—— 21—
VA T VA

9, 3 3 3
v>\2.U2 —Oé|: Zu‘r—’—zvz — g\/&"‘i

Vv = % [9u92,: +6VA — 12 ui + 36 uivi + 9ui + 12 vi, + 60,

1
A
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where A = 4[(1 — vy — %uif +4ufc]

This calculation shows that with this model, the “weak linear degeneracy” property is violated,
since the system is genuinely nonlinear. This model does not preserve the linearly degenerated
mathematical structure of the exact model, which is a major disadvantage of this approximation.
Indeed, the blow up theorem? can be applied to this case, meaning that the C? norm of the solution

must blow up in a finite time depending on the size of the initial data.

Application to scalar nonlinear wave equations. This existence result is true for the geo-
metrically exact model for N > 2 but is false when the equation is scalar (N = 1) for the nonlinear
case. As the approximate Bank-Sujbert model mentioned earlier, the nonlinear scalar case con-
tradicts the “weak linear degeneracy” property introduced by Li Ta-Tsien. Indeed, the blow up
theorem? can be applied, meaning that the C? norm of the solution must blow up in a finite time
depending on the size of the initial data. This result has been mentioned before by John [21] and
Kleinerman and Majda|[25].

The nonlinear scalar wave equation often found in the literature is the following:
Ut — (K(u$))m = O

It is possible to write this second order scalar equation as a first order system having two opposite
eigenvalues \* = 4+,/K’(u,) associated with the two eigenvectors

v ( f;%uw))

Indeed the quantity VAt .ot is:

K/l -
VAt = B ()
2/ K'(uy)
The classical nonlinear string model is to set K(v) = Y which means the model is not

V1+02’

weakly linearly degenerated.

1.2.6 Finite propagation velocity
Theorem 1.6 We assume that
Hypothesis 1.6.1 There exists a constant C > 0 such that
V(u,) € RN, |VH(u,)> <20C? H(u,), (28)
Then, the solution u of the system (13) propagates with a velocity lower than C.

PROOF. Let us assume hypothesis 1.6.1. We can notice that this property induces that H is
positive. We will use an energy technique. Let V' > 0 be a speed, to be specified later, and a € R
such that the initial data have their support in | — 0o, a[. We have for all ¢ > 0:

oo 920 ou Ou
/M (52 ~ 5 {W”ax)} ) dr=0.

that is to say, after integration by parts,

T 9 /1 Ouy, oo Ou 0%u
(= |=1")dx + / {VH — } . dx
/a+Vt 5t(2 |3t ) at Vi (8:17) 0x0t

Ju, Ju

2pblow up theorem of Li Ta Tsien, see remark 1.4

INRIA



Energy Preserving Schemes for Non Linear Hamiltonian Systems of Waves Equations 25

which, introducing the energy density

_1 ou , ou
+ H(=—
SIS P+ HE)
can be written oo
Oe Ou, OJu
dx VH + Vit
Lo ot -G G v vin =
or, after derivation under the integral,
d [T
— edr+ Ola+ Vi, t) =
dt a+Vt

where

P=Ve-— [VH(‘?“ 6u].

8x) ot
Using the hypothesis on initial data, we have
—+o0 t
vt > 0, / e(xr,t) dr = —/ D(a+Vs,s)ds.
a+Vt 0

Now we choose V' big enough such that ® is positive. This is possible since

6u Ou V  Oup 1 ou
VHG) Gy | = 5 15 gy [vEG]
Consequently
8u 1 Ou, |2 Cc? ou
@2 VH(G) - o VG 2 (V= 5) HG)

thanks to the hypothesis 1.6.1. If we choose V=C, the function ® is positive, and we have
e(z,t)=0 for z>a+Vt, t>0.

Since H is positive, we have
u(z,t)=0 for z>a+Vt, t>0.

This result show that the propagation speed of the solution of the Cauchy problem (13) is upper
bounded by:

3 ‘VH(um) ’
, R(ug)=+—. (29)

1
C= |z sup R(uy)
2 ()

Application to the geometrically exact string model. Let us study the ratio R(u,,v,)
in the geometrically exact case, defined for (u,,v,) € Dr = R? — {(0,0);(0,—1)}, since the
denominator vanishes in (0,0) and the numerator is not defined in (0, —1). If we find an upper
bound for this ratio outside these points®, then we can apply the theorem and conclude that the
solution has a finite propagation velocity. We have:

VHex(uza'Um) = (Umvz)t - Y v - )

a(\/ug—i—(l—km " V2 A+ (14 v,)?

3see remark 1.6
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Thus,

2 2

|VHez(urvvm)‘2 = +

1+wv,
Ux—a< _1)
uz + (14 v,)?

1—a)(1+u,
= ui+v§—2a\/u§+(1—|—v1)2+2—|—a( o) +U)+2avw—|—2a2
u2 + (14 v,)?

o= o Z—t—s)
Z+(1+0,)

Moreover,
1 1
Hep(ug,v,) = §ui + ivz - a( w2+ (1+v,)2— (14 UI))
We want to show that : There exists C' > 0 such that, for any (uy,v.) € Dg,
R(ug,v,) <202, ie, |V Hey (tz, v2)|* < 20% Hey (g, v,)

However, this inequality can be written

a(l —a)(1+vy)
“920 + (1 + UI)2

1 1
<202 bui R a( w2+ (14wv,)2—(1 +vw))]

e (1— (W2 +0)) —20(1— )2 T (AT o) +2 A=)+ )

(1T 0,)?

u? 4+ v — 20/ u2 + (1 +v,)2 + 2 + 2av, + 202

+2a(1 — C*)v + 2a(a — C?) <0

) ) ) - 5 a(l —a)(1+vy)
= 0=+ 0d) — 20/ 1+ 0 + 200] +2 2+ (1+0,)

+2a(a —C?) <0
This last inequality is satisfied for C' = 1. Indeed, we have:

Vuz+(140v)2 > 14+v| > 1+,

Multiplying by 2a(a — 1) which is negative since 0 < o < 1, we obtain, for (u,v,) € R? — (0, —1):

2a(a — 1)y/uZ + (14+v:)2 +2a(l —a)(1+v;) <0

which is the inequality we want. Moreover, the supremum is reached in (0, 1):

|VH,.(0,1)]°
R0,1) = ———F— =2
0,1) H..(0,1)
The propagation speed of the solution is then upper bounded by C = 1 for the geometrically exact
model.

Remark 1.6 The inequality is true almost everywhere in R?, which ensures that the points (0,0)
and (0, —1) are not “blowing up” points. We can show that R is not continuous in these two points,
but stays bounded.

Remark 1.7 The second order Taylor expansion of H.,, leading to a linear decoupled system,
has shown (see page 12) that, in a first approximation, propagation velocities or transversal and
longitudinal waves were /1 — « and 1, which are both bounded by 1.
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Application to approximate Bank-Sujbert model. The potential energy associated with
the approximate Bank-Sujbert model cannot satisfy hypothesis 1.6.1. Indeed,

« 2 a 2
IVHps|? (g, vy) = ((1 — a)ug + auyvg + 51@) + (Ux + 5@)

If we take this expression for v, = 0 and see the resulting function of u,, we obtain:

2
2

2
= a—ug + {a +(1- a)a} ul + (1 — o)

‘VITIB,S'F(UQC,”U:C :0) 4

4

which cannot be bounded by Hpg(u,, v, = 0) which is an order 4 polynomial function of u,.

1.2.7 Preservation of symmetries

The question asked in this paragraph is about symmetry preservation. Here symmetry means
that components of the solution are odd or even. We wonder if, with symmetric initial data, the
system will preserve these symmetries, and under what condition on the system and the function
H. We will see that if a component is odd at the initial time, it stays odd, whatever is H ; and
if a component is even at the initial time, it stays even if H is even according to this variable.
Consider the system

Find u: Q x RT — RY,

2
‘{;t‘;;{vmgu)]_ : VzeQ, Vi>0
x x (30)
ou
u(z,0) = ug(x), E({LO) = uy(z), Ve
u(z,t) =0, Ve d

Theorem 1.7 If initial data ug; are odd for x for any i € [1, N], then the solution u = u(x,t) of
the system (30) preserves this property for x for any t > 0, whatever is H.

If there exists o subset I, of {1,--- , N} such that for any i € I, initial data uo, are even for x ;
for any i € I7, initial data uo; are odd for x. If moreover H is an even function according to its
variables x; for any i € I, then the solution u = u(z,t) of the system (30) will present the same
symmetries as the initial data : w;(z,t) will be even for x for any i € I, and odd for x for any
i€l

PROOF. Let us assume first that the initial data are odd. We will see that the structure of
the PDE system will preserve naturally this property, with no condition on H. Let us write the
system.

0%u 0 ou
W(x,t) ~ % {VH((%C)] (x,t)=0
Or also
O2u(z,t) — Opv(x,t) =0 (31)
v(z,t) = VH(0,u)(z,t) (32)
Setting

u(x,t) := —u(—xz,1)

F(x,t) = VH(,1)(z, 1)
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We have, by the composed functions derivation:
8,0(x,t) = O, [ ~u(—z, t)} — d,u(—a,1t) (33)
hence:
v(z,t) = VH (0,u)(—z,1)

thus,
0.V (2,t) = =0, [VH (0,u)](—z,t) = =0, v(—a,1) from (32)

However, from the first line of the original system, taken in (—z,t), we have:

OPu(—w,t) = Opv(—ux,t)
then:

0V (x,t) = —0Pu(—x,t) = O7u(x,t).

With the definition of v,

oFa(x,t) — 0, v(x,t) =0,

(34)

V(z,t) = VH () (z,1).

That means that the couple (@, V) is another solution of the system (31,32), and since the initial

data are odd, (@, V) is solution of the same Cauchy problem as (u,v). Using the uniqueness of
the solution, we conclude with no conditions on H that:

u(z,t) = —u(—=x,t), VeeQ ,Vit>0.

Let us study now the case where some components of initial data of u are even (those whose
indexes are in the set I,). We can write, for j € [1, N]:

9%u, P ou
() - - [ajH(am)} (z,t) =0

Let us set
Uiz, t) == u(—z,t) Viel, and U;(z,t) = —ui(—mz,t) Viel;
First, we have:
Ofij(z,t) = Ofu;(—mz,t) Vjel, and Ofij(z,t) = —Ofu;(—x,t) Vje€ I
The difference with previous lines stands in the equality (33), which becomes:

0 (x,t) = —0pu;(—=x,t), Viel,
Opti;(z,t) = Opui(—uz,t), Viel.

We can then write, for j € [1, N]

0|0 H ((05) 1+ (00) )| @) = =00 [0 (= Ori) oy (91) ) | (=)

Now we want to find the equations of the system, and conclude thanks to unicity, that the solution
is odd according to the directions that belong to I and even according to the directions that belong
to Ip. For this, 0; H must compensate the sign that appears in front of the second time derivative.
A sufficient condition is that 9;H is even along x; for any i € I;, and odd along x; for any i € I),.
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This condition is equivalent to H being even along the variables x; for any ¢ € I,. Then, we can
write the original system in (—z,¢) and replace the expressions containing ;:

021, (z,t) = awajH(awﬁ) (,1).

Then it appears that u is solution of the same system as u, and given the initial conditions, it is
solution of the same Cauchy problem. The uniqueness leads us to the conclusion that a(z,t) =
u(z,t), hence u; is even for i € I, and odd for i € I7.

To conclude, the function H must be even along its variables x; for any ¢ € I, in order to preserve
u; even for any i € I,. On the opposite, the system’s structure preserves u; odd for any i € I
without conditions on H.

O

Vibration transversale Vibration transversale
T T T
T T T

. . . . . . . . . . . . .

03f 4 oask ]

02 /\ 1l /\/\ |

01 7 oosk 4
o . . . . . . N . . ; . . .

L L
[ 0.1 0.2 03 0.4 05 06 07 0.8 09 1 o 01 02 03 04 05 06 07 08 09 1

Vibration longitudinale Vibration longitudinale
T T

L
08 0.9 1 0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

L L
08 0.9 1 0 0.1 0.2 0.3 0.4 05 0.6 0.7 08 0.9 1

(a) Initial Data (b) After 0,25 seconds

Figure 3: Lost of the symmetry (E,E) with the geometrically exact model.

Application to the geometrically exact string model. The exact model takes as variables
two directions, then it is possible to wonder about the preservation of four symmetries, denoting
O the odd symmetry, and E the even : (E,E) , (E,O), (O,E) and (0,0). An odd symmetry will
automatically be preserved by the structure of the PDE, as shown in the previous paragraph, but
an even one will be preserved only if the function H,, is even along the considered variable. Let
us remind that:

Hep (g, vy) = % u? + % V2 — a{ (14+v)2+u2 -1 +vz)}
Then, H., is even along u for any «, but is not even along v as soon as > 0. We can conclude
that only the symmetries (E,0) and (O,0) will be preserved if o > 0. On the opposite, if a = 0,
H., becomes even along all its variables, then all the symmetries are preserved with the linear
model which appears.

Figure (3) shows a lost of the even symmetry along the longitudinal direction for & = 0,6. The left
subfigure (3(a)) shows the initial data (up : transversal direction, middle : longitudinal direction,
down : string deformation) and the right subfigure (3(b)) shows the solution after 0,25 seconds of
numerical simulation in Matlab. One can notice the clear lost of even symmetry along longitudinal
direction, whereas it is well preserved along transversal direction.
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In this paragraph, we have studied the general class of systems (13) that we called “hamiltonian
systems of wave equations”, differing from each other in the expression of their potential energy
H. The geometrically exact model fits into this class of systems, and so do its order 2, order 3,
order 4 and Bank-Sujbert approximations.

We have seen that this type of systems preserved an energy (theorem 1.1), which could lead to H*!
stability of an eventual solution if the potential energy was greater than a parabola (theorem 1.2).
The geometrically exact potential energy H., satisfies this property, as well as Bank-Sujbert po-
tential energy Hps. On the contrary, order 3 and order 4 approximations take negative values
which contradicts the property.

We have written the general systems under a first order form, and shown that the local hyperbol-
icity of the system was equivalent to the local convexity of the potential energy (theorem 1.3).

As soon as H is C* and locally strictly convex, existence and uniqueness of a global classical
solution is possible (theorem 1.5) for small initial data if the hessian matrix of H is linearly de-
generated (see definition 1.3). The geometrically exact model satisfies this LD property, hence it
does not create singularities in the solution. On the opposite, Bank-Sujbert model is genuinely
nonlinear (see definition 1.2), hence C? singularities appear in the solution, in finite time, for any
initial data.

Finite propagation velocity of the solution can be shown if the ratio between the gradient of the
potential energy and itself is bounded (hypothesis 1.6.1). This bound is actually the bound on the
propagation velocity. The geometrically exact model satisfies the hypothesis with a bound of 1,
then its solution has a propagation velocity bounded by 1. On the contrary, Bank-Sujbert model
presents no bound for the ratio.

Finally, if the initial data has odd components, the solution will be odd for these components. If
the initial data has even components, the solution will be even for these components if H is even
along these directions (see theorem 1.7).
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2 Finite element energy preserving numerical schemes for
nonlinear hamiltonian systems of wave equations

Each time one wishes to discretize in space and time an evolution problem whose solution satisfies
the conservation of an energy, as it is the case of the systems (13) but more generally of many
mechanical models, it is a natural idea to try to construct numerical schemes that preserve rigor-
ously a discrete energy that is an equivalent of the continuous one. The first immediate interest
is that one preserves after discretization a property of the exact solution, property that has an
important physical meaning, particularly in mechanics. The second reason is that the stability of
the scheme is generally ensured by the discrete energy, provided that this energy is positive. As we
shall see immediately in the next paragraph, in the case of (13), the use of variational techniques
(such as the finite element method) for the space semi-discretization ensures “by construction”
the conservation of a positive semi-discrete energy. The difficulties really occur when the time
discretization is concerned. This essential issue will be the object of the section 2.2.

2.1 Spatial semi discretization
2.1.1 Variational formulation

Let us consider the following system of partial differential equations:

0?u — 0, [VH(d,u)] =0,
(35)
u(z,t) =0, Vit>0,Vzed

Even though all what follows could probably be generalized to a more general context, we shall
assume that the function H satisfies the coercivity property (21) and the additional assumption

IM >0 suchthat |[VH(vV)|<M (1+]v]), VveRY (36)
In this case, according to the continuous energy identity, we expect that the solution u satisfies
ue CORY; Hy(Q)N) (37)

which implies, thanks to (36)
H(9,u) € L®(RT; L2(Q)N) (38)

In this framework, we can write a variational formulation in space of (13) in the space:
N
V= (Hy(Q)" - (39)

Let us take the inner product (in RY) of (13) by v € V and integrate over space the resulting
equality. We get after integration by parts, since the boundary terms vanish,

2
j?(/ﬂu-v)—l—/QVH(Bxu)w?zV:Q Vvey (40)

which is the variational formulation of the problem.

2.1.2 Semi-discretization in space

We consider as usual {Vy,h > 0} a family of finite dimensional subspaces of V, where h is an
approximation parameter devoted to tend to 0. We assume the standard approximation property:

VveV, lim inf [[v—vy||=0 (41)
h—0 vLEV,

The most classical example is the approximation with conforming Lagrange finite element of degree
k > 1, so-called Py finite elements, on a family of meshes of Q (in which case the approximation

RR n°® 7168



32 Chabassier € Joly

parameter is nothing but the stepsize of the mesh).

We consider the following semi-discrete problem: find uy, : RT +— V), such that

d2

— / up.vp +/ VH(Bxuh).&cvh =0, Vvp,eV,. (42)
We can write an algebraic formulation of (42) after having introduced the vector Uj, € R (resp.
V), € RMr) of the components of uy (resp. vy) in an appropriate basis of V},. We first introduce
the linear operator in RV», M), and Dy defined by:

(MhUh»Vh>h = / up.Vp, Vv, €V, (43)
Q

By analogy with the formula
/ —0;VH(Ozu) - v = / VH(Ozu) - Opv
Q Q

we introduce the nonlinear function in R¥» (the complicated notation is chosen for convenience
to emphasize the analogy with the continuous case - note that —d, is the formal adjoint of 9,)

D; (VH(Dy)) : Uy — Dj(VH(D,Uy) ), (44)

defined by
(D,’;(VH(DhUh) ),Vh>h - / VH(Opupn) - duvin, ¥ Vi € Vi (45)
Q

Then, (42) is clearly equivalent to the following nonlinear differential system in RV» (where Uy, (¢)
is the vector of the dergrees of freedom of up(t))
d*U

Mth +D;(VH(D,U,)) =0 (46)
The effective implementation (after time discretization - see the next paragraph) inevitably requires
to be able to compute the integrals in the right hand sides of (43), (45). For the nonlinear part
(45), it is not possible to compute exactly these integrals - except for very particular H. This is
the case for instance with the exact string model. That is why these integrals will be evaluated
approximately, which will lead to the following new definitions for M}, and D} ( VH(Dy) ):

h

(MhUhth>h = % up.Vp, Vv, € Vh,
Q
(47)

h
(D;;(VH(DhUh)),vh)h :}( VH(9pup) - 85vh, ¥ vi € V.
Q

h
where the linear form f +— ]{ f is an approximate integral
Q

h
]i f:/Qf for small h. (48)

In practice, this approximate integral will be constructed, in the context of finite elements, by
decomposing the global integral as the sum of integrals along the segments of the finite element
mesh and using inside each segment a given quadrature rule. In practice, as a result, the integral
becomes exact as soon as [ is piecewise (according to the mesh) polynomial of a certain degree.
In particular the calculation of the mass matrix Mj, may be exact in this degree is large enough
since, contrary to VH (9,up) - 05 Vp, the product uy.vy, is piecewise polynomial.
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An important property is required, namely

h
20 — ffzo, (49)
Q

which will be achieved in the finite element context by using quadrature formulas with positive
quadrature weights.

Remark 2.1 In practice, for appropriate quadrature formulas adapted to the finite element space
Vi, the positivity of the quadrature weights induces a stronger property, namely the existence of

v > 0 such that
h
Vv, € Vi, ]{ |vi|? > 'y/ [vi|?.
Q Q

On the other hand, one can choose a quadrature rule that makes the mass matrix become diagonal.
This is called mass lumping and can lead to explicit schemes (see section 10.4 pages 305 to 313
of [22] for a mathematical approach).

For a smooth enough function H, typically H € C?(R), the existence and uniqueness of a local (in
a maximum time interval [0, T} [) solution uy, of (42) is a direct and easy consequence of standard
theorems from the theory of ordinary differential equations [20], with the regularity:

up € Cg(O,Th; Vh).

Our next result allows us to show that the solution is for each h global in time (T}, = +o00) and
provides H' stability estimates.

Theorem 2.1 The scheme (42) preserves a semi discrete energy, ie the solution uy, of the scheme
verifies:

d

h h
fEh(t) =0, with Eh(t) = 1% |8tuh’2 —‘y—j{ H(@zuh).

PrROOF. This property comes directly from the variational formulation, taking v, = O;up
which belongs to V. Then we have:

75 <3t2uh).(3tuh) + 7{: VH(0,up).0, <3tuh> =0
75 &(% atuhD + f; O, (H(@zuh)> =0,

that can be rewritten

which leads to the result.

Theorem 2.2 Let us assume hypothesis (1.2.1), i.e. that there exists K > 0 such that:
w e RN, H(v) > K|v[? (50)
then, there exists C' > 0 such that:
lun@)l|F < CER(0),  Vt=0

h

Remark 2.2 The notation || - || g1 refers to the approzimate mtegmlf .
' Q
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PRroor.
8uh 8uh
H =
F L5 1 mf s m G} = ma)
% i a“h dz:Eh(O)f?{ ’a“h dz,
Q
= Kj{ 3uh j{ H(— dx<Eh(0) using the hypothesis (49) and (50)
8uh
= = K

Dirichlet boundary condition allows us to use a discrete Poincaré’s inequality, and to conclude:

[[unl[7 < C Ew(0).

O

In this paragraph we have written the variational formulation of our system of equations (13)
which leads to (40), and (42) in its semi discrete form. This semi discrete form requires the
calculation of integrals of nonlinear functions, we will use approximate integration (quadrature
rules on segments) to tackle this issue. This semi discretization leads naturally to a semi discrete
energy preservation (theorem 2.1) and to Hj stability of the semi discrete solution (theorem 2.2),
providing hypothesis on the potential energy (hypothesis (1.2.1) and (50)), and on the approximate
integrals (49).

2.2 Time discretization : construction of energy preserving schemes

As announced previously, we investigate the question of finding finite difference schemes that
preserve rigorously a discrete energy. Such schemes are well known in the linear case, which
corresponds to

1
H(v)= §AV ‘v, (= VH(v)=Av) (51)
that is to say to the linear hyperbolic system
Pu—Adu=0 (52)

and its corresponding semi-discrete version, using the notation of the previous paragraph

d2 h
—s Uup - Vp
a2 fféz

which preserves the quadratic discrete energy

h
+?§ Ad,uy -0,vp, =0, Vv, €eEV,. (53)
Q

1 [k 2 1 "
En(t) = 5 74 o’ + 4 74 Adyuy - Oow, (54)

In this case, there is a natural class of energy preserving schemes, called the §—schemes, where
6 € [0,1/2] is an averaging parameter. Those schemes belong to the more general class of Newmark
schemes that also contain dissipative schemes. Using a constant time step At and denoting by u}
the approximation of uy,(¢"), this scheme is, in its variational form:

P = 2up +up! 1 1
?{ A2 thf A9, (fupt +(1-20)uf+0u) ") -0, vy, =0, Vv, €Vy. (55)
Q
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The solution of this scheme satisfies the conservation of a discrete energy

1 1
By =E, (56)
1
where the discrete energy E:+2 corresponding to time "+ 3 = (n+ %)At is given by
h n+1
+1 1 u —u? +1/2 172
B - 57{)|h U] A ) )
]_ n+1 _ 11 un+1 _ un (57)
5 At2 Al h . Zh h
* sl ?{ At
n+1
where we have set uhﬂ/2 = %

The identity (56) is easily derived by taking v, = (uj*' —u} ') /2A¢ as a test function in (55).

1
The conservation of the energy EZ+2 automatically provides the stability of the scheme when
1
6 > 1/4 since E;LH_Z is always positive.

When 6 < 1/4, the scheme is stable under the stability condition

h
A O,y -0,V
A2 f xVh zVh
(1—40) — ! sup

Q
VhEVHL %h Ivh|2
Q

which is nothing but the condition that ensures the positivity of EZ+§

<1 (58)

When 6 = 0, one gets the well-known leap-frog scheme - or explicit scheme - which is explicit in
practice when one achieves mass lumping (see remark 2.1).

Our objective is in some sense to generalize the #-scheme to the nonlinear case, with as main
objective the preservation of a discrete energy guaranteeing the stability of the scheme.

Anticipating some of our results, we shall see that our wish to preserve a discrete energy will lead
to consider implicit schemes. In the context that has motivated the present work, i.e. the numer-
ical modeling of a piano, this is by no means a real constraint : the full piano model couples the
vibrations of the string (a 1D model) with the vibrations of the soundboard (a 2D phenomenon)
and with the sound radiation (a 2D phenomenon). Thus, in the full computational code, the time
devoted to the string itself is a very small percentage of the total computational cost and we are
ready to pay the possible increase of computational time (due to implicitness) for the string if it
gives us more flexibility and robustness for the coupled model. The implicit nature of the scheme
will lead to unconditional stability of the scheme. As a consequence, we shall have no mathemati-
cal constraint on the choice of the time step, which is a pleasant property for the coupled problem.
Moreover, the fact that we have a stability proof by energy will also allow us to treat the stability
of the coupled problem, which is not a priori an easy task.

The problematic of energy preserving schemes in the nonlinear case is obviously not new. In the
simpler context of systems of nonlinear ordinary differential equations, several contributions are
due to Mickens [28] and Kevrekidis [24] in the case of polynomial non linearities, to Greenspan
[17] in the case of general scalar nonlinearity (see also Chin and Qint [7] for the three body prob-
lem and Gonzalez and Simo [16] for a particle in a potential). Several authors (see for instance
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[37, 11, 12, 5]) tackle the case of the scalar (N = 1) nonlinear wave equation. We shall come back
to this case in section 2.2.1. The case of systems (N > 1) appears to be more delicate and has
apparently retained much less attention, at least in the general case. We can mention the work
of Gonzalez [15] for nonlinear elasticity and Kane, Marsden and Ortiz [23] in a general lagrangian
case. However, for studying the vibrations of a non linear string, S. Bilbao in [4] has proposed for
the Bank-Sujbert model [2] a numerical scheme which preserves a discrete energy under a suitable
stability condition (that coincides with the stability condition for the explicit scheme for the linear
model (58)). The way this scheme has been derived is rather mysterious but clearly exploits the
polynomial nature of the function H (as in [28, 24]), which makes its extension to the general case
difficult. This scheme is implicit but the the polynomial nature of H gives a special structure to
the problem that can be exploited from the computational point of view.

Of course the problematic of energy preserving schemes is close to the problematic of symplectic
schemes [34] for the discretization of hamiltonian differential equations, whose purpose is to pre-
serve other invariants as in the continuous problems. These invariants are of more geometrical
nature and linked to the preservation of symmetries of the system. In general, such schemes cannot
preserve a discrete energy (see [38]) but can succeed in “almost preserving” such an energy over
large times [18, 19, 32]. Several authors have lead a comparison between symplectic and preserving
schemes, and found the latter “more accurate” (see [16, 15, 10])

In what follows, we are going to investigate a class of three point schemes for the time discretiza-
tion of (42). These schemes have the same type of structure that the 6-schemes and include all
the linear schemes. These schemes will be based on a function that we shall call the “approximate
gradient”

VH: R xRN xRV — RV

(59)
(U,V,W) I VH(U,V7W)
that should satisfy the consistency condition
vveRY, VH(v,v,v)=VH(v). (60)

Using such an approximate gradient, the fully discrete version of (53) is

h . .n+1 n n—1 h

u —2ul +u " n n_

?{ h Atg h v, —5—7{ VH(@IuhH,(‘)Iuh,@muh N 0vp =0, YvpeV,. (61)
Q Q

For the sequel, we shall assume that VH is a “smooth enough” function. Note that:

e One obtains an explicit scheme (provided mass lumping) as soon as

VH(u,v,w) is independent of u. (62)

e One obtains a scheme which is reversible in time and second order accurate (see remark 2.3)
if and only if
VH(u,v,w)=VH(w,v,u), V(uv,w)ecRY xRY xR", (63)

Remark 2.3 To check the second order accuracy of the time approximation, we introduce the
truncation error defined as the linear form

h n+1 n n—1 h
Uy —2Ur+U
E(vy) = 74 A L }4 VH(@ou*, 0, U7, 0, U7 Y) - 0pvy (64)
Q Q
with U' == up(t) and uy(-) is the solution of (42), which is a smooth function of time. By a
Taylor expansion we have
Uyt —2up+ U dPuy

INE = 5 (") +0(Ar) (65)
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On the other hand, denoting D1V H (u,v,w) (resp. DsVH(u,v,w)) the differential of the appli-
cation u — VH(u,v,w) (resp.w — VH(u,v,w)), we have

VH(0, Ut 0, U, 0, U ") = VH(9,U%,0,U%,0,Un)
+ DyVH(9,U7,0,Ur,0,U}) 9, (Upt' —Up)
+ D3VH(9,Up,0,Un,0,Un) 0, (U~ —UR) + O(AL?)
that is to say, using the consistency condition (60)
H(0, Uy 9, Uy, 0, U Y) = VH(UP)
+ DiVH(9,Up,0,U7},0,Un) 0, (U —Up)

+ D3VH(9,U7,0,U%,0,UD) 0, (U}~ — UR) + O(At?)
Differentiating with respect to u the symmetry condition (63), we get
D\ VH(u,v,w) = D3VH(w,v,u), V(u,v,w)cRY xRY xRV,

so that we can write

VH(0,U, 0, U, 0, U = VH(9,U}) + O(At?)
+ D1VH(9,U7,0,U%,0,Un) (9, U} —20,Ur +0,U} )
that is to say , since ((%CUZH —20, U} + &CUZ_l) =0(At?)
H(0, Uy 9, Ur, 0, U 1) = VH(9,U}) + O(At?) (66)

It suffices to substitute (65) and (66) into (64) and to use the fact that uy(-) is solution of (42)
to conclude that
E(vy) = O(AtQ).

To investigate the preservation of a discrete energy, we choose v, = (uz+1 uZﬁl) /2At as a test

function in (61) (as in the linear case) and obtain

+1 1
1 { |uZ 7uh|2 |uh7uZ |2}

At

w !

h
+f22 VH (0,05, dpu, 00w ™) - 0, (F o

) =0.

This identity suggests us the following

Definition 2.1 The function VH is called “conservative” (we shall also say that the corresponding
scheme is “conservative” or “energy preserving’- cf lemma 2.2.1 ) if and only if there exists a scalar
function (a discrete potential energy)

H: RVxR¥Y — R
(68)

such that

(u—-w)

2

Y (u,v,w) € RV x RY xRN, VH(u,v,w)- = H(u,v) — H(v,w). (69)
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Remark 2.4 Note that (69) implies in particular the symmetry of H:
V(u,v) e RY xRN, H(u,v) = H(v,u). (70)

Of course, for consistency reasons, the discrete potential energy H should also satisfy (in agreement
with (60)

vv eRY, H(v,v)=H(v). (71)
Assuming that VH is conservative, we deduce from (69) that
n+l _ _.n—1
VH(O,ut, 0,ul, ,ul ) - am(%) -
(72)
1 n+1 n n n—1
= E{ H(0uy, ", 0yuy) — H(uy, d,up ™) }
which is a discrete equivalent of the derivation rule for composed functions:
0
— H(dyu) = VH(d,u) - 02,u. (73)

ot
Joining (72) to (67) leads to the:

Lemma 2.2.1 If u}} is a solution of (61), with VH conservative in the sense of definition 2.1, it
satisfies the energy conservation property:

1 _1
E i =gz (74)
1
where the discrete energy E;LH_"’ corresponding to time tnts = (n+ %)At is given by

1 1 h un+1 —unr h n n
Eh 2 = 5%} ‘hTthF + o H(@mthrl,aruh) (75)

where H is the discrete potential energy associated to VH (see (69)).
An immediate consequence (we omit the details of the proof) of this lemma is the
Corollary 2.2.1 If the discrete potential energy H is positive
Y(u,v) €RY, H(u,v) >0, (76)

then the scheme is unconditionally L?-stable in the sense that the L? norm in space of any solution
uy is uniformly (with respect to h and At) bounded.

Remark 2.5 In the linear case, i.e. for H(v) = %; A v -v, the 0-scheme corresponds to
VH(u,v,w) = A (6u+ (1-20)v+6w)

1 u+v u+v
H —_ A .
(wv)=3 A= 2
and the positivity property (76) is unconditionally achieved if and only if 0 > % .

—&—% (9—%)A(u—v)~(u—v).

Before investigating more elaborated discretizations, let us consider the case of the most naive
scheme to discretize (42), which is the most natural extension to the non linear case of the explicit
leap frog scheme (6 = 0) for the linear case:

h ..n+1 n n—1 h
—2uy +
}{ i, R ]{ VH(@Oul) - vy =0, ¥ v € V. (77)
Q Q
which corresponds to
VH(u,v,w)=VH(v). (78)
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Lemma 2.2.2 The explicit scheme (77) is conservative in the sense of the definition 2.1 if and
only if the original equation is linear.

PROOF. According to definition 2.1, we look for a discrete potential energy H(u.v) such that

(u—w)

Y (u,v,w) € RN xR¥ xRY,  H(u,v)—H(v,w) = F(v)- , with F'(v) := VH(v). (79)

Our objective is to show that if H(u,v) exists, F(v) = VH(v) is necessarily linear in v. In what
follows we shall denote V H(u,v) (resp VoH(u,v)) the gradient of the function u — H(u,v)
(respectively v — H(u, v)).

First, differentiating (79) with respect to u leads to the identity
1
ViH(v,w) = 5F(v), v (v,w) € RY xRV, (80)

Next, differentiating (79) with respect to v leads to (DF(u) € L(RY) denotes the differential of
F(u) and DF(u)* its adjoint with respect the usual inner product in R™)

1
VyH(u,v) — ViH(v,w) = §DF(V)*(u —w), V(uv,w)eRY xRY xRV, (81)

which can be rewritten, thanks to (80)
1 1
VoH(u,v) = 5F(w) + 5DF(V)*(u —w),, V(uv,w)eRY xRY xRV, (82)

Finally, we differentiate (82) with respect to w to obtain
1 1
0= 5DF(W)* - §DF(V)*), ¥ (v,w) € RY xRV, (83)

This means that DF(v) is constant in v, i.e. that F' is linear, which achieves the proof.
O
We have in fact a more general result.

Lemma 2.2.3 Let us consider a scheme of the form (61) that is explicit, i. e. VH is independent
of u, and consistent. It is conservative in the sense of the definition 2.1 if and only if VH is linear
and VH(u,v,w) = VH(v).

PROOF. Assume that there exists a discrete potential energy H(u.v) such that

V(u,v,w) € RN xRN xRN, H(u,v) —H(v,w) = F(v,w) - w“
with F(v) := VH(v,w).
Differentiating twice (84) once with respect to u the other with respect to w, we get

DyF(v,w) =0

where Dy F (v, w) is the differential of the function w — F'(v,w). This means that F(v,w) does
not depend on w, i. e.
F(v,w)=F(v).

The consistency condition then implies F(v) = VH(v) and we can then use lemma 2.2.2 to
conclude.
(]

This last lemma shows that, except in the linear case, conservativity implies implicitness.
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2.2.1 The case of the scalar nonlinear wave equation (N=1)

We consider the scalar wave equation (N=1), in which case we can write without any ambiguity
(we omit the index h for simplicity)
u=u, (85)

and (35) simply becomes
Ouy — 0, [F(0,u1)] =0, F:=H' (=VH) (86)

and the scheme (61) writes

n+l _ 2™ n—1 h
]5 A f VH(uu ™, 0yl 0yul") - vy = 0, Yvi € Ve, (87)
Q Q

The conservativity condition (69) is simply

(u1 —w1)

V (ur,v,w1) ERXR xR,  VH(uy,vi,wr) - D)

= H(’Lbl, ’Ul) - H(’Ul, wl). (88)
We notice that, given a discrete energy function H(uy,v;) : R? +— R, satisfying the symmetry
condition (that me know to be necessary - cf remark 2.4):

V(u1,v1) € R xR, H(uy,v1) = H(vy, u1). (89)

(88) determines completely VH (uy,v1,w;y) (this is due to the fact that is VH (uy, vy, wq) real
valued which holds only when N = 1) as (note that we use the symmetry of H and that VH is

smooth):
H(ul, ’Ul) — H(wl, ’1}1)

if uy # wn,
WH(Ul, V1, wl) = e (90)
OH OH )
aim(ul,m)fafm(uhm) if uy = wy.
In fact given any positive symmetric function H(u,vq) satisfying the consistency condition
Vv, € R, H(vl,vl) = H(Ul), (91)

the choice of VH (uy,v1,w1) given by (90) provides a consistent, energy preserving numerical
scheme.

The rest is simply a question of choice of a positive function H satisfying both symmetry (89) and
consistency (91). The two simplest choices (in our opinion) are

H(ui,v1) = % {H(ul) +H(v1)} (92)
H(uy, v1) = H(“1 ‘ZH“) (93)

The choice (92) leads to the scheme

-0,v1 =0, VYov €V (94)

7{’1 ul Tt — 2up + uzfl ot " H(0,ut ) — H(Opu? ™)
Q At? Dpultt — 9pun

while the choice (93) leads to the scheme

h  n+l n n—1 n+1/2 n—1/2
-2 H(o H(0,
% Uq (0 + 'LLh o _,_\% 8 ) ( Uy ) . (92;7}1 — O, v vy € Vh . (95>

O At2 un+1/2 awu?fl/Q
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n+1
ntlj2 Uy Fuf
1 =1 1

where by convention u 5

The reader will easily check that in the linear case, the scheme (94) gives the 6-scheme with
6 = 1/2 while the scheme (95) gives the f-scheme with § = 1/4. Other 6-schemes can be recovered
in the linear case by choosing for the discrete energy H an appropriate linear combination of the
two functions (94) and (95).

Remark 2.6 The schemes are not rigorously defined because of the presence of the denominators.
To be more rigorous, we should introduce, for any function of one variable ® : R — R, the function
of 2 variables:
P(uy) — P(w )
Olw) @) e oy
5(13(U1, wl) = Uy — wy (96)
<I>’(w1) Zf Uy = wWi.

and rewrite (94) and (95) as respectively

1 —1
%h uf ™t =20 +

h
INE -y —|—-7{ 5H(8zu7f+1, 8Iu71“1) <01 =0, Vov €Vy. (97)
Q Q

h , n+1 n n—1
%% —2uy +uy

h
A N -0 +£) (5H(81u7f+1/2,u?71/2) <0yv1 =0, Vv eV,. (98)

Remark 2.7 This form is found in several publications in the scalar case ([12, 24, 17, 37, 35]).

2.2.2 A class of partially decoupled implicit schemes

We come back to the general case of systems, i.e. N > 1 and set up, = (u1,u2, - ,un). If we look
at the equation number £ of the system (35), it writes:

afuz — am [azH(ang, amuj#)] =0 (99)

where 9y H denotes the partial derivative of H with respect to its £*" variable and by convention,
for any v = (v;) € RV

Vjte = (U1, V1,1, - ,vn) and v = (vj) = (v¢, vjze)- (100)

Assuming that u;z, is known, this is for uy a 1D equation very similar to (86). Thus, the most
natural generalization of the scheme (97) is (with V;, = [[ V)

h  n+l n n—1 h
u, " — 2uy + uy ]{ nal ne1 n
% -v1 + 0o H (Opuy ™, Oy ™ 5 Optt” - Ogvp = 0,
Q At2 1 Q ( 4 ¢ ]5‘“) (101)

Vo€V, {€=1,--- N.

where we have introduced a new notation for the multidimensional generalization of (96) : to any
scalar function of N variables ®(vq,--- ,vn), we associate the function of N 4 1 variables (with
notations similar to the previous ones - we omit the details):

D (g, vjze) — P(we, vj20)

if Uy 7& Wy,
00 @ (e, we; vjze) = g — We (102)
3@@(w4,vj#) if Uy = Wy.
which satisfies in particular
Se®(ue, we; vjze) (ue — we) = P(ug, vj0) — P(we, vjze) (103)
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The scheme (101) is clearly of the form (61) with

VH(u,v,w) := ( 6¢H (us, we; vjze) ) (104)

¢ €[l,...,N]’

The question is : is this scheme energy preserving 7 When N = 2, the answer is clearly yes. It
suffices to introduce the discrete energy

H(u,v) = % [, vs) + Hvy,u) } (105)

which is clearly consistent (cf 71) and to compute that, using (103)

- 1
VH(u,v,w) - (UTW) = 5{ 01H (uy,wy;v2) (w1 — wy) + G2 H (ug, wa;v1) (ug — wa) }

= % {H(ul,vg) — H(wy,v2) + H(v1,u2) — H(v1, ws) }

- % {H(u17v2) + H(v1,u2) } —% { H(vi,w2) + H(wy,v2) }

= H(u,v) — H(v,w)

Unfortunately, this nice property seems limited to the dimension 2, except for very special potential
energies H which can be written as the sum of functions of two variables. Let us state a precise
result:

Lemma 2.2.4 Assume N > 2. The approzimate gradient defined by (104) is conservative in the
sense of definition 2.1 if and only if

3 {Hij RP—R1<i<j< N} such that H(v) = ZHij(vi,vj) (106)

i<j

or equivalently

Vi<j<k, 0 H(v)=0. (107)
In this case the discrete potential energy H is given by
1
H(u,v) =3 > {Hij(ui,v;) + Hij(vi, u;)} (108)
i<j

PROOF. See Appendix A.

O
2.2.3 Construction of fully implicit preserving schemes
Following the same idea as in the previous section, we can first look for schemes of the form:
h  n+1 n n—1 h
up ' — 2up +uy +1 -1 ¢ _
7{2 A2 et @ OeH Oy Oy Ol ) - Dave =0, (109)
VYo €V, £€=1,---,N.
nné n+1

where [u?]° represents some approximation of u;(t"), to be determined, using u}‘“, uj and uf
and that we authorize to depend on ¢. The decoupled schemes of section 2.2.2 corresponded to

[u}] = u}. We need another choice to ensure conservativity for any n. Let us consider

[[u;?]]e = u?+sg(é_j), where sg(-) is the usual sign function (110)
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The interpretation of this choice is the following (the principle is similar to the one of the Gauss-
Seidel algorithm for linear systems) : in the [** equation of (115), associated to the component
ug, the other components u; are evaluated at time t"~lif j < ¢ and at time t"*! if j > . As an
illustration, for NV = 2 our scheme writes

j{h u 2%; ki o1+ }{h H(aﬂ”u?ﬂvazugy:l) — H(%}F—lﬁwug_l) < O0yv1 =0,
o At Q Ozul ™ — Oguj
Y €V,
(111)
j{h L QU% ul U2 + }{h H(awu?Jrl»ang:jz - H(a;i?ﬂﬁwugil) < Oyv2 =0,
Q At Q a'qu - a:vug
Y vy € Vs.
With the choice (110), the scheme (115) enters the class (61) with
[WH(u,V,W)L = ( 0o H (ug, wy; [ﬁjguj + (1 = Bjo)w; ]j#) ), (112)
where by definition
Bie=1ifj<f, 0ifj> L (113)

Lemma 2.2.5 The approzimate gradient (112) is conservative in the sense of definition 2.1 and
the associate discrete potential energy is given by:

H(u,v) = % [H() + H(v)) (114)

PROOF.

VH(u,v,w)-M =

5 > (6eH (ug, we; [ Bieu; + (1= Bjo)w; Jiz) ) (we —we)
l

N | =

Using (103) and the definition of §;,, we can write (with some obvious abuse of notation)
(u—w) 1
WH(U,V,W) : T = 5 [ZH(UD'” ,U@,'U)[+1,""UJN) —H(Ul,"' aufflvwlv"'wN)}
¢

As this is a telescopic sum, this results into:

VH(u,v,w) - (u—w) =

1
5 H(ul,---,uN)—iH(wl,---,wN)EH(u,v)—H(v,w).

N |

which achieves the proof.
O

Remark 2.8 The author will notice that, at a given time t"*!, if the equations are solved one by
one when increasing the value of £, the calculation of each component can be done in a decoupled
way as for the scheme (101): one has to solve a triangular non linear system instead of a diagonal
non linear system with (101).

As emphasized by remark 2.8, the numbering of the equations of (or equally the ranking of the
components of u) has an influence on the resulting scheme constructed with the above procedure.
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In other words, to any permutation p € Sy, where Sy is the group of permutations of { 1,--- , N},
we can associate a scheme of the same nature than (115) namely

h ,n+l 2" n—1 h )
f e T T4 f SeH (0puf Y, 0y ™Y 9] 10O 7P g0, = 0,
Q At 0 (115)

Vo€V, £=1,--- N.
which corresponds to the discrete gradient

V(u,v,w) = V@ (u,v,w)
(116)
[V(p)(U,WW)LZ i= (0 H (ug, wy; [53(-12)“]' + (1 - ﬂj(?))wj]j¢g) )

where by definition
B =1t p(j) < p(0), 0 p(j) > p(0). (117)
Any of these scheme will preserve the same energy (75) with H given by (114).

As an illustration, for N = 2, we obtain a scheme that differs from (111) by exchanging the roles
of the indices 1 and 2:

%h u?—"_l o 2’1,“11 + ’I,L?_l - %h H(awu’il-‘rl’ 8wug+1) _ H(a:xu?_l, ag;ug'f‘l) .0 v = 0
Q At? Q dpuy™ = Gpuy ’ )
Yu € V1,

(118)
7{}1 uh ™t — 2uf +uh? vy + j{h H(9uui ™", Opuy™) — H(Opup ™", puy ™) <Oy =0
Q At2? Q azUJTQH_l - Bmug_l ’ )
Y vy € Vs.

A major drawback of these schemes is that each of them is not centered in time (the property (63)
is not satisfied) and consequently only first order accurate in time. From this point of view, they
can not be considered as a generalization of the #-scheme.

To restore the second order accuracy that is valid for the scalar case, the idea is to take the
“average” of these schemes, by choosing the average approximate gradient. For instance, in the
case N = 2, the “average” of the schemes (111) and (118) gives

LTI T e T 1 (" H@uul ™, 0,ud ™) — H(Opul ™, 0pui )
5 vt 5 ntl n—1 +Oa1
Q At 2 9] 8zu1 — awul
1 [ HOuu, 0,ul ™) — H(9pu? ™t 0pul™t
n 77{ (Ozuy 2n+3 (n711 > ) Dy, = 0,
2 Ja O™ — Opu
(119)
Pauntt oy ! 1" HOuul ™, 0,us ™) — H(Opul T, 0puy ™)
5 ‘vt S RES] n—1 ~Oav2
n lj{h H(0,u}™ Y, 0pul™) — H(Opu? ™, 0pul ™) vy = 0
2 Jo Dpultt — §punt ’ '
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The generalization to any N consists in taking
1
VH(u,v,w) = 5 > VH®P (u,v,w). (120)
PESN

Clearly, this discrete gradient is conservative still with the discrete energy given by (114). More-
over, it is centered in time (and then second order accurate) because (63) is satisfied. To check
(63) easily we introduce the bijection Z from Sy into itself

p+—q=12I(p) suchthat q¢(j)=p(N+1-j) (121)
Then, according to (120) and (116), we write:
1
VH(w,v,w)] = 37 (Gt [BPw; + (1 - 690, ,))
pESN

We write p = Z(q) in the sum (so that g describes Sy when p describes Sy) and notice that
p=17I(q) = ﬁj(.?) =1- ﬁj(-g) to write

1
[T v =57 3 (8w [+ (= By +55'0,],))
qESN
Since d¢H (ug, we; vjz¢) is symmetric in (ug, we) we have

1
[VH(W,V,U)}Z =N Z ( 8o H (ug, we; [6;2)'&_7' +(1- ﬂj(z))wj + L#) ) = [WH(u,v,w)L.
qESN

In formula (120), appears as a sum of N! terms. However, we are going to see that, componemt
by component, it can be rewritten it as the sum of only 2! terms, which will be useful for the
practical implementation of the scheme.

To state the result, it is useful to introduce the sets:
Jg:{l,,N}\{f}, EZI,"',N,

and for each 1 </ < N
Yo = {O’ Jp — {—1—1, —1} },

the set of applications from Jy into {+1,—1} (that contains 2V~! elements). Finally to each
o € ¥4, we associate the integer p(o) defined by

(o) =# {l € Jp, o(l) = +1} = #o ' (+1).

Lemma 2.2.6 The approzimate gradient defined by (120) is also given by

[WH(u,V,W)L = Z ¢(o) 5@H(U@.w€; [ (LO(J)> uj + (1_7‘7(])) w; L#) (122)

2 2
o€y

(o)t (N =1 = p(0))!
N1 '

PROOF. Let us introduce the map

where ((o) =

@g : SN’ I Ee
(123)

hSEN

p = Qy(p) =0
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where Jf, is defined by
Vi€ op(j)=sg(pt) - p(j)) (124)

We can rearrange the sum (120) as:

VH(u,V,w)]Z:%Z Z [WH(Z))(lLV,W)} .

V4
7€Se ped; (o)

Next, we remark that, inside each level set of ®,, namely q)zl(a), {VH(P)(u, v, W) L is indepen-
dent of p. Indeed, from the definition (117) we see that

a0 = (1+050) /2

Therefore, we deduce that (Uf; = o when p describes ®, ' (c))
_ 1+0(y 1—0(y
Vped, Yo), [VH(”)(mV,W) } = 6@H(U@,U)g; [(J) uj + (A) wj} 4 )
¢ j#e

which yields
VH(u,v,w)L = z; {#@[1(0)} 5@H(uz,wl; [(1—’—70(])) uj + (I_TU(J)) ij#)'

To conclude it suffices to show that

#®; (o) = p(o) (N — 1 — p(o)). (125)
To check this, given o € Xy, we set m = u(o) € {1, ..., N — 1} and
Ty ={j e Jelo() = +1} 4Ty =m) and T ={j € Ji|o(j) = —1} (#T_ = N —1—m).
Next it suffices to remark that
p(l) =m+1
(i) ®¢(p) = 0 < (i) { pl|z, is a bijection from Z into {1,--- ,m } (126)
plz_ is a bijection from Z_ into {m + 2, ,N}

Indeed, ®/(p) = o means that when j describes Z, (resp. j describes Z_), p(j) takes m values
strictly smaller than p(¢) (resp. N — 1 —m values strictly greater than p(¢)). As a consequence,
the only possibility is p(Zy) = {1,---,m }, p(¢) = m+1 and p(Zy) = {m +2,--- ,N }. This
proves (i) = (ii). The recerve statement is obvious.

To count the number of antecedents of o via &y, from (126), it suffices to multiply the numbers
of bijections in a set with m elements with the numbers of bijections in a set with N —1 —m
elements, which leads to (125).

(]
Finally, the equations of scheme associated to (120) (or (122)) are:
h  n+1 n n—1 h
-2
7{ e qufg Tt “vg + Z C(O’)]{ SeH (Opu ™, 0™ 8xu?;;(€)) - Ozvg = 0,
Q Q
o€, (127)

Vo€V, £=1,..., N.
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To give a concrete example of this scheme, it leads in the particular case N = 3 to the following
scheme:

Find (u1,us2,u3) € V, such that for any (v1,vo,v3) € Vp,

h  n+1 n n—1
%ul — 2uf + uy

1 h
At2? vt 6 j{ [2 51H(8Iu?+17 awu?_1§ GIuTQL'H, (%ug"—l) +
Q

Q
2 51H(81U?+1, aru?_l; azu;l_17 azug_l) +
51 H (Opul ™, 0ul ™ s 0pul T 0pul ) +

51H(amu?+1,awu;lfl;awugfl,amug“)} 9,01 = 0,

h  n+1 n n—1 h
U —2u +u _
7{) gty jé {252H(8xu§+178mu§ L opui ™t dul )+
202 H (Opuy ™, Opuly ™t Oput ™, Opul™h) +

So H (Opuhy ™, 0,ub ™ Oput ™ 0pud ™) +

52H(amug+1,awugfl;awu?fl,amug“)} D09 = 0,

h  n+1 n n—1 h
—2u 1
7{ s Us U5y 7{ [253H(azug+17axugfl;azugmﬁxug“)+
o At2 6 Jo

255 H (Dl 0pult ™" 0pul ™, Dpul ™) +

S3H (Dpul ™, 0™ 0pul Y Opul ™) +

S3H (DpultY, Opul ™t 9pun 2, amugﬂ)} 9,03 = 0.

This paragraph tackles the issue of time discretization, in order to achieve numerical stability
by energy preservation. The main idea is to generalize the 6-schemes. We focused on three-point
schemes, and tried to find a discrete expression of the gradient of the potential energy, which is
consistent and allows an energy preservation.

We introduced a definition of “conservative” approximate gradient function and scheme (defini-
tion 2.1) that leads to a simple energy preservation (lemma 2.2.1), and unconditional L? stability
of the discrete solution (corollary 76). We found out (lemma 2.2.2) that the explicit scheme leads
to a conservative scheme if and only if the system of equations is linear.

In order to build preserving schemes for all size of system, we first handled scalar equations, and
introduced a particular function (96) on which are built preserving schemes (97) and (98). We
then tried to generalize this idea to greater size of systems. The most naive idea (101) (par-
tially implicit scheme) has been shown to be preserving only for very particular potential energies
(lemma 2.2.4). A triangular implicit scheme (115) has been shown to be preserving of a simple
energy (lemma 2.2.5), but only first order accurate. A generalization which is second order ac-
curate has been studied (120) and we found a simple expression (127) for this general preserving
second order accurate scheme.
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3 Numerical results for the nonlinear string

3.1 Numerical issues
3.1.1 The computational algorithm

Finite element discretization Concretely, in the case of the nonlinear string, 2 is a segment,
noted [0, L]. For each direction, we discretize H{ ([0, L]) with Py elements : dividing the domain
into N, — 1 elements, each element has k + 1 secondary points constituting the lattice. Basis
functions are continuous, piecewise polynomials of degree k (ie polynomial on each element),
being 1 at one point and 0 at every others. We can then write the system, equivalent to the
discrete variational formulation (42), taking as test functions in (127) certain basis functions of
X}, chosen in order to achieve equivalency.

We can evaluate the dimension of A}, that is to say the number of degrees of freedom, which
depends on the degree k of the chosen polynoms, on the number of elements N, — 1 in the mesh,
and the size N of the system. The account leads to

Njp =N x Ng= N[(N, — D)k +1]

degrees of freedom, which leads to the same number of lines in the corresponding system. This
system is nonlinear, which prevents us to write the problem in the usual matricial form.

Nonlinear resolution Programming the scheme (127) amounts to nullify, at each time step,
a function F : RM» — R g priori highly non linear. The dimension N}, depends on the size
of the continuous system, the number of finite elements taken for the resolution, but also on the
order of the chosen polynoms. The method we use to find a zero of F' is Newton’s method, which
consists in going from an initial point, then invert the jacobian matrix of F' until we find a point
U* such that F(U*) is “close enough” to zero. We have to calculate this jacobian matrix, which
depends on the point at which we estimate it, since the problem is nonlinear.

We can write the scheme’s solution uy, as its decomposition on basis functions:

N Ng

wo= Y uete

(=1 j=1

where )y ; is a vector having only one non zero component, directed along the direction ¢, which
is ¢; ie the basis function P associated with the degree of freedom j. There are Ny degrees
of freedom for each direction. The unknown of the problem, at each time step, is the vector
U, = (ugjl) 0 the values (“Zj) 0 and (u?;l) 0 being considered known and constant. Then,
the scheme consists in Ny, lines, and the line corresponding to the direction ¢ and the degree of

freedom j can be written:

h n+1 n n—1 h _
-2 n+o
FgU) = P e 3 st i o0 s
’ L A2 L it
0L] 0L oEY,

Ng
where u, = E Ug pPp-
p=1
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OFy ;
The jacobian of this scheme is then a matrix of the applications Bi from R to R:

Uk,n
aFZ,j = a(SgH n+1 n—1, n+a(Z
Oug,p, T AL j{ Pnd; +G; C(o / W(aw 0 0zuy 3 0y ubéf ) 0 Pn 0z,
OFy L os,H L g teg o @y
: = a1, 830 i 89: 8 zPnUz
3uk’n U;e C(U) o ok ( Uy ué ue# ) o0) ¢j
o(k)=+1

These quantities clearly depends on the point where we calculate and not only, as in the linear
case, on the basis functions and time, space steps choice.

3.1.2 Nonlinear string model : specific difficulties

Calculation of §H The calculation of the functions d,H is quite tricky on a numerical point
of view since their definition is:

H(up,u;y,,) — H(tg,u;
( Z;ﬂ) ( Z#Z) if (7 7& ﬂg,

cH (g, g3 ugy,) = OH wg — Uy (128)

or

— (U1, ey Uy UN) if up = .

Indeed, numerically, the calculation of a difference between two numbers is exact until the two
numbers are closer than the numerical precision. Under this precision, calculation will give nu-
merical instabilities. Consequently, two numbers are considered equal, in the code, when their
relative difference is lower than a chosen tolerance, which artificially creates a gap, a discontinuity
in the values taken by the function d,H. Some manipulations have shown that when the analytic
expression of H is known and nice, it is sometimes possible write the function d;H in a way that
eludes the singularity of the denominator when uy and x become close (with no division), which
is precisely the cause of the numerical problem. This remark is true in the particular case of H,,
for N =2 and N = 3 as well. Let u= (uq,...,un—1,v), and

2

—1

1
Hem(u):§ UZ‘i’ =V *Oé|: E Uk 1+U (1+’U):|
1

>
Il

We can rewrite the directional finite derivative functions with no division by ug — 4y, as:
Up + Uy
\/Zk L ud 4 (14 v)2 +\/ZkN LA+ (14 0)?
24+v4+0
\/Zk 1 up + (L+0)? Jr\/Zk p up + (L+0)? |

These expressions tend towards the directional partial derivative when u; tends towards uy, which
avoids to program multiple cases for the corresponding expressions. We can also express the deriva-
tives of these functions, which we will need for the jacobian calculation.

- 1
O¢Heq (ug, to; ur£e) = 2(u£+ue V{#N,

1
6NHea:(’Ua’6;ul7ﬁN) 2<U+U
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(we+ae)uj |: :|
‘ - _ NohE u2+<1+v>2 \/ZN - 2+<1+v)2
OsbeHleaue, s ize) = Va2t (102 4/, 1u2+(1+v)2}2
~ _ 1
6@5@Hex(w,w,ul#) = -« [\/Ezkv 11 ui+(1+v)2+\/ZN T @2 +(140)2 -
(ug+ae)ug vk 7& N

i

\/Ei\] 11 up+(1+v)? |:\/E]kv 11 “i+(1+v)2+\/21kv 11 g +(14v)?

(w0 140) | —_—
8N5£Hex(w,fbe;uz#) = a VEN w2 \/Zk 1 +(1+v)2 Wk 4N,

[V @02+ S @+ (140)? |

(24v+0)u; |: 1 — 1 ]
VEN T2 (1402 \/z,c T u2+(149)2 Vk£N

Ve @40/ S w2 (140)? |

8j5NHez(v,f);ul¢N) =

OO Hea (0, 7 - 1-a] : B
NONHea (v, 0 ui£N) 2T T (o) /N wd  (140)?

(24+v+0)(14v)
VST | S T S A
The expected following properties, which are true with the definition (128)7 are still satisfied with
these (equivalent) definitions:

i

000 Heo (ug, gy upze) =% 03,Hee  Vhandj#N,
Up—u 1

8£6£Hez (ula ﬁf; ul;ﬁé) : ‘ 5 agz,gHez h4 7é N7
Upg—Uyp

ONOrH ey (g, e wite) % ¢ Hex V{I#N,

00N Hes (v, 5;wpn) % ByNHe  YE#AN

V—v

1
aN(SNHex(vJ};ul;éN) — 5 8]2\I,N]{ez

This paragraph laid the emphasis on numerical choices that we made : we chose standard
approximation with Lagrange finite elements of degree k, which leads to a numerical problem
counting N unknowns. The scheme amounts to nullify a nonlinear function F : RV» — RN» | we
chose to use a Newton’s method to approximate a zero. Finally, the nonlinear string model based
on the geometrically exact model allows us to rewrite the functions §,H, defined with a formal
singularity by (128), as regular functions on the numerical point of view.

3.2 Tests of numerical results for the string model

We have implemented the nonlinear string model described in section 1.1 (geometrically exact
model) using our preserving scheme (127), and the developed Bank-Sujbert model. The numerical
results were interesting to show the influence of nonlinearity on the behavior of a vibrating string,
and to show the comparison between exact and developed models.

3.2.1 Influence of the nonlinearity

Numerical experiments have been made on very simple problems to show the influence of the
nonlinearity on the string vibration. Nonlinear behavior can come from two different factors :
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either the nonlinear factor o comes closer to 1, either the initial amplitude grows. Figure (4)
shows the deformation of a string with a sinus as initial condition on the transversal direction.
The time is represented as the third space variable, and the different snapshots are displayed in
different colors from blue to red. The nonlinear factor is changed between the lines, and the initial
amplitude of the sinus is changed between the columns.

The first line has been made with a nonlinear factor o« = 0, which leads to two linear uncoupled
wave equations. Indeed, the initial amplitude of the data has just a scaling influence on the
vibration of the string, expressing the linear behavior of the solution.

The first column shows, for small initial data, the influence of the nonlinear factor a. We can
notice that the vibration is much slower while « increases, which is in agreement with the second
order Taylor expansion of the potential energy H.,: we indeed get as approximated system two
uncoupled linear wave equations, with a celerity of 1 for the longitudinal wave and /1 — « for the
transversal wave, which is the one that we can observe. For o = 0 the celerity is ¢ = 1 and for
a = 0.99 the celerity is ¢ = 0.1, ten times less.

Finally, if we look at the last two lines, we can see that increasing the initial amplitude leads
to non usual behaviors of the string, pointing out the nonlinear influence of the equation, and
especially the stretching of the string due to the presence of longitudinal waves.

We can add that the simulations presented here have lead to a very good energy preservation
(about 10713 relative error on the energy preservation for a Newton tolerance of 10~'* on the ¢?
norm of F(Uy)).

3.2.2 Comparison with approximate Bank-Sujbert model

Another interesting point was to compare the string deformation when we use the geometrically
exact model and when we use the Taylor expansion used in [2] and [4]. Our scheme makes it easy
to switch from one model to another, and the result of simulation can be seen in figure (5).

The system of lines and columns is exactly the same as the previous figure : different nonlinear
factors « in lines, different initial amplitudes in columns. Each subfigure shows the string defor-
mation by exact model in red (solid line) and in expanded model in blue (dashed line).

For o = 0 (the first line) the two models coincide, and we can see that the simulations give the
same result (red (solid) curve and blue (dashed) curve are the same).

But for more realistic values of o (for real piano strings it can be more than 0.999) the two curves
are about the same for a very small initial amplitude, but are slightly different for |ug| = 0.1 and
very different for |ug| = 0.3.

These two numerical examples show the influence of the nonlinearity on the behavior of the
vibrating string, and a comparison between exact and developed models.
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Figure 4: Evolution of the string deformation (time evolution in each subfigure from blue (left) to
red (right) ), for different values of @ and initial amplitude.
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Figure 5: Comparison of a snapshot of the string deformation for exact (red, solid) and approxi-
mate (blue, dashed) model, for different values of & and initial amplitude.
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Conclusions and perspectives

The problem was to model the piano string with nonlinear coupling between transversal and
longitudinal directions of vibration. We derived the nonlinear geometrically exact model (GEM),
and we have seen that any stress-strain law, not necessarily affine as Hooke’s, leads to the same
structure called “hamiltonian system of wave equations”. Numerous approximate models (including
Bank-Sujbert model) come from the Taylor expansions of the potential energy of the GEM.

We introduced a class of systems differing from each other in the expression of their potential
energy H, in which fitted the GEM (associated with H.,) and its approximation including Bank-
Sujbert model (associated with Hpg). We have shown some properties inherent to this class of
systems, assuming hypothesis on the model. The main properties are energy preservation, H'!
stability of the solution if H is greater than a parabola (coercivity property), local hyperbolicity if
and only if H is locally convex, existence and unicity of classical smooth solution for small initial
data if the hessian matrix D?H is linearly degenerated, finite propagation velocity and symmetry
preservation. Only the GEM satisfied all of them.

On a numerical point of view, we have tried to find schemes that preserve a discrete energy, in
a physical purpose but also in order to guarantee numerical stability, which is not an easy task
for nonlinear problems. The semi discretization in space that we choose is classic, based on a
variational formulation and the choice of a family of finite dimensional subspaces. This semi
discretization preserves a semi discrete energy by construction. Time discretization is the difficult
point when we try to build preserving schemes for any size of system. The approach we lead was
guided by the case of scalar equation. The explicit scheme has been rejected since it cannot be
preserving unless the continuous problem is linear. A partially implicit scheme (implicit only for
the variable of the considered line in the system) has been shown to be preserving only for very
particular potential energies. A triangular implicit scheme has been introduced, preserving for
any potential energy, but only first order accurate. Finally, a fully implicit was proposed, which
preserves a simple discrete potential energy and is second order accurate.

Some numerical results were exhibited for the nonlinear string vibration. A new challenge is that
stiff string does not fit the hamiltonian system of wave equations class that we have considered,
we will in a near future develop similar preserving schemes for such problems. In the objective of
modeling a whole piano, we also need to derive a hammer model, a bridge model, a soundboard
and create a preserving numerical scheme for the whole structure coupled with air. The energy
approach should enable us to achieve stability for the coupled problem without digging further.
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A Why the naive scheme is very restrictive for N > 3

In order to preserve a discrete energy, we want to build a function H : (z,y) € RN x RY — R and
a function VH : RN x RN x RY — RY such that:

H(u”'H, un) _ H(un, un—l) 1 un—i—l _ un+1

.V n+1 n ..n— . 12
At H (™, u®,u™) 2At (129)

where H is consistent with the continuous energy H, ie : H(u,u) = H(u), and VH is consistent
with the continuous gradient VH. A natural way of trying to solve this problem is to handle the

kth line of the gradient VH as the directional finite difference in the variable k, letting all the
other variables at time n:

H(“ZH? uln;ék) - H(“ZA; u?;ék)

[VH], ("~ u",u"™) = (130)

We have called this proposition the “naive scheme” since it is a natural extension of the first idea
for N =1.

The question that we raise here is to know if there always exists a function H associated with this
way of writing VH ; and if the answer is yes, what form should have this function. The constraint
on H comes from (130) and (129):

1
H(u"™u") —Hu" w" ) =0 > [Hup 5 uiy) — H(up ™ uly)] (131)

1<k<N

A.1 Naive scheme for scalar equation : a necessary form
In the scalar case, N = 1 and the problem (131) becomes : Find a function H : R? — R such that:

5 Y (z,y,2) € R? (132)

H(l’,y) - H(y7 Z) =
If such a function exists, we cake derive the expression (132) along x:
1 1
O H(z,y) = §H'(x) = There exists a function ¢ and ¢ € R | H(z,y) = iH(x) +o(y)+c

Knowing that if H exists, is must be under this form, we can try it in (132):

H(z) - H(z)

5 Y (x,y,2) € R? (133)

S +600) + = |57 +6(:) +] =

Since the right member does not depend on y, we have : ¢(y) = $H(y). Then

H(z,y) = 3 [H(@) + H(y) + (134)

It is easy to verify that (132) is satisfied.

The conclusion is that, if N = 1, for any function H you can find functions H such that (132)
is satisfied. These functions H that satisfy (132) are written as (134).
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A.2 Naive scheme for a two lines system : a necessary form
The problem (131) becomes : Find a function H : R* — R such that, ¥V (1, x2, y1, Y2, 21, 22) € RS,
H(z1,y2) — H(z1,y2) + H(y1, 22) — H(y1, 22)

2

Since this constraint must be true for all values of its arguments, we can first take xo = yo = 29 = A,
and we obtain:

H(zx1,A\) — H(z1,\) + ) — ;
H(xly)\;ylg)\)7H(y1,)\;zlg)\): ( 1 ) ( 1 ) QM M
Some of the terms disappear, and we have to deal with a problem similar to (132). We can use
the conclusion of the previous paragraph to establish that there exists a function ¢; () such that:
H($1,>\) + H(yl,/\)
2
Similarly, we can take x; = y; = 21 = p in (135) and we obtain:

S — > + H(p,x9) — H(u, 2z
H(u,xz;uyyz)—H(u,yz;u,@)=M MQ (p 72) (b 22)

With the same argument, we establish that there exists a function co(p) such that:

H(p, x2) ;L H (1, y2) + ea(u)

Now if we take z1 = y; = p in the first conclusion and zg3 = yo = A in the second one, we find
that c1(A) = c2(p), V (A, 1) € R?, 50 ¢1(\) = ca(p) = c € R.

H(z1, 225 y1,92) — H(y1, yo; 21, 22) = (135)

H(z1, \y1,A) = +c1(N) (136)

H(H7:E2; /’Lay2) =

Now we derive (135) along xs:

6]HI( ) 10H
— (21, 29; = ——
Oy 1,225 Y1, Y2 2 Oy

We introduce A € R and we integrate the previous expression between A\ and xs:

(y1,72)

1
H(z1, z2;y1,Y2) — H(z1, A\ y1,92) = 3 [H(y1,x2) — H(y1, \)]

We now choose A = y»*:

H(z1, z2;y1,y2) = H(z1, y2; y1,Y2) + - [H(y1,22) — H(y1,92)]

— N

1

=5 [H(z1,y2) — H(y1,y2)] + ¢ +5 [H(y1,72) — H(y1,2)]

using (136). We can simplify, and we have shown that is a function H satisfies (135), it must be
under the form:

1
H(xy, 2;91,92) = 3 [H(z1,y2) + H(y1,72)] + ¢ (137)

Now we must verify that these functions indeed satisfy (135):
H(z1,92) ;H(yl,fz) +c} -~ [H(ylaZQ);H(ZlayQ) L
H(z1,y2) — H(z1,92) + H(y1, x2) — H(ys, 22)

2

H(z1, 225 y1,y2) — H(y1, y25 21, 22) = [

which is the expected conclusion.

The final conclusion of this paragraph is that, if N = 2, for any function H you can find functions
H such that (135) is satisfied. These functions H that satisfy (135) are written as (137).

4An astute way of finding the first line without derivating is to consider H(x1, x2;y1,y2) — H(x1, y2;91,y2) as
[H(z1, 225 y1,y2) — H(y1, y2; 21, y2)] + [H(y1, y2; 21, y2) — H(z1,y2;y1,y2)] and use (135) on each bracket.
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A.3 Naive scheme for N = 3 : a restrictive condition on H

The problem (131) becomes : Find a function H : R® — R such that, V (z1, 22, 23, y1, y2, U3, 21, 22, 23) €
R?,

H(x17y27y3) B H(Zlay27y3)
2
H(y17x27y3) - H(ylaZQayS)
2
H(y1,y2,73) — H(y1,y2, 23)
2

H(z1, z2, 235 y1, Y2, y3) — H(y1, y2, ys; 21, 22, 23) = (138)

+

+

Since this constraint must be true for all values of its arguments, we can first take x3 = y3 = 23 = A,
and we obtain:

H($17y27 )‘) - H(zl7y2a)‘)

2
H(y17$27)\) - H(y17227)\)

H(ﬂj]_, Z2, )\a Y1,Y2, )‘) - H(ylay27 )‘7 ARR R )‘) =

+

2
+M—M
2

Some of the terms disappear, and we have to deal with a problem similar to (135). We can use
the conclusion of the previous paragraph to establish that there exists a function ¢; () such that:

[H (21,92, \) + H(y1, w2, \)] + c1(A) (139)

N | =

H(xlaan A;yl7:l/27)‘) =

Using the same argument with zo =y = 20 = p and 1 = y; = 21 = v, we obtain that there exist
two functions co(u) and c3(v) such that:

H(z1, p, 3591, 1 y3) = = [H(21, 1, y3) + H(yr, 1, 23)] + co(p) (140)

DN | =

and
1
H(Ua xT2,T3;,V,Y2, y3) = 5 [H(V7 X2, y?)) + H(V? Y2, .’L’g)] + CS(V) (141)

If we take 3 = ys = 23 = A\, T2 = Y2 = 22 = pr and 1 = y3 = 21 = v in (139), (140) and (141),
we obtain that c1(\) = ca(p) = c3(v), V(A i,v) € R? 50 ¢1(A) = ca(p) = c3(v) = ¢ € R. Now we

derive (138) along x;:
OH 10H

- . = 142
8£C1 (I1,$2,$3ay1ay2,y3) 281'1 (1‘1,:1/2,3/3) ( )

We introduce v € R and integrate the previous expression between v and x1:

1
H(z1’x27x3;ylay27y3) = H(V7 33271533917242’%) + 5 [H(l'l,yg,y3) - H(V7 y27y3)]

We now choose v = y;°:

1
H(z1, v, 3;Y1,Y2,Y3) = H(y1, x2, 235 Y1, Y2, Y3) + §[H(x17yz,ys)—H(yhyz,ya)]
1 1
=3 [H(y1,2,y3) + H(y1,y2,23)] + ¢ + 3 [H (21,y2,y3) — H(y1,v2,y3)]
5An astute way of  finding the first line without derivating is to consider
H(z1,z2,®3;91,v2,¥3) — H(yi,®2,23;91,92,93) as  [H(zi,z2,23;91,92,y3) — H(y1,y2,¥3; v1, T2, 23)]  +

[H(y1, Y2, y3; y1,x2, x3) — H(y1, z2, £3; y1,y2,y3)] and use (138) on each bracket.
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using (141). We can now write that if a function H satisfies (138) then it is under the form:

[(H(y1,22,y3) + H(y1,Y2, 3) + H(x1,92,93) — H(Yy1,y2,y3)] + ¢
(143)

H(xy, 22, 23591, Y2, y3) =

DN | =

Now we must verify that this kind of functions satisfies indeed (138). We have on the one hand:

H(.?/l:'TQﬂ.UB)+H(y17y27x3)
2
H(xz1,y2,vy3) — H(y1, y2,
(71, Y2,Y3) . (Y1, 92, y3) .
_ (H(Zl>y2,z3) + H (21, 22, Y3)
2
H(y1,22,23) — H(z1, 22, 23)

+ > + ;z)

H(xy1, x2, x35y1, Y2, y3) — H(y1, Y2, ys; 21, 22, 23) = (144)

+

which must be equal to:

H(I'lay27y3) - H(217y2793) + H(LI/]aJ?st.‘S) - H(y17227y3) + H(y17y27$3) - H(ylayQaZ?))

2 2 2

A necessary condition on H so that there exists a function H that satisfies (138) is that:
_H(y17 Y2, y3) - H(Zla Y2, Z3) - H(Zla 22, yS) - H(y1> 22, 23) + H(Zh 22, ZB) -
— H(z1,92,y3) — H(y1, 22, y3) — H(y1, Y2, 23)
Or:

H(yl,yQ,y:s) + H(zlay2723) + H(21722ay3) + H(ylaz%ZS) = (145)
H(z1, 22, 23) + H(21,92,y3) + H(y1, 22,y3) + H(y1, 92, 23)

Since this condition must be true for any (y1,y2,y3; 21, 22, 23) € RO, it is true in particular for
zZ1 = yl —|— h,l, zZo = y2 —|— hg, zZ3 = y3 —|— h,g Wlth (hl,hg,hg) S RSS

H(y1,y2,y3) + H(yr + hi,y2,y3 + hs) + H(yr + hi,y2 + ha,ys) + H(yr.y2 + ho,ys + hs) =
H(y1 + hi,y2 + ho,ys + hs) + H(y1 + h1,y2,y3) + H(y1,y2 + he, y3) + H(y1,y2,y3 + h3)

We group together the terms with the same color, divide by hq:

H(y1,y2,y3) — H(yr + h1,y2,3) n H(yy 4 h1,y2,y3 + h3) — H(y1,y2,y3 + h3)

I h *
H(y1 + hi,y2 + ha,ys) — H(y1,y2 + h27y3)+
hi
H(ys,ya + ha,ys + hs) —H(yi + o+ hayys + hs) _
hy -

Now we take the limit when h; — O:
—O01H (y1,y2,y3) + 01 H (y1,y2,y3 + h3) + 01 H (y1,y2 + ha,y3) — O H (y1,y2 + ha,y3 + h3) =0
We divide by ha:

O1H (y1,y2 + h2,y3) — O1H (y1,Y2,Y3) n O01H(y1,y2,y3 + h3) — O1H (y1,y2 + ha,y3 + hs3)
h2 h2

Then take the limit when ho — O:

=0

8%,1H(y17y27y3) - 3371H(y15 Y2,Y3 + h3) =0
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We divide by hg:

3 1 H(y1,y2,ys + hs) — 93 1 H(y1,y2,y3)

=0
h3

And take the limit when hg — 0:

6::3)’,2,1H(y1,y27y3) =0 (146)

Now we can integrate over ys, there exists a function ¢(y1,y2) such that:

951 H(y1,y2,y3) = d(y1, y2)

We now integrate over ys, there exists a function 1 (y1, y3) such that:

Y2
O1H (y1,y2,y3) = (1, 8)ds + ¥(y1,y3)
0

d(y1,y2)  + (Y1, y3)

We finally integrate over y;, there exists a function &(ys,ys3) such that:

Y1 Y1
H(y1,v2,93) :/0 ¢(s,yz)d8+/0 (s, y3)ds + &(y2, y3)

To summarize, a necessary condition so that (138) can be satisfied is that there exist three functions
12, ¢13 and ¢*2 such that:

’ H(y1,y2,93) = 0" 2(y1,y2) + 6> (Y2, y3) + 6" (y1, y3) ‘ (147)

We can verify that condition (145) is satisfied:

V2 TYo) + ST ) +

+ 0L 2TT) + 6 :
= 0 2 T0) + 6 ga) + 02 7
+ OV + O e + Oy + ) +

Now, with this condition (147) fulfilled, if a function H satisfies (138) then it is under the form:

1
H(th%xfi; y17y27y3) = 5 {¢1’2(y1, $2) +m+ (15273(332; yS) + 12 1>y2) (148)
+ "3 (g1, 3) + % (y2, w3) + ¢V (w1, y2) + 0" (21, y3)

+ Py ) — O ) — 0 ) — O s a)| + ¢

&2 (y1, x2) + ¢V (21, y2)
2

+ ¢1’3(y1,$3) ;¢1,3(x17y3) (149)

n %3 (22, y3) + 0> (y2, 3)
2

H(ﬂfl,@,ﬂfs;yl,y%y:&) =

+c

from (143) and (147).

6The same result can be achieved by derivating directly in the expression (145)
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The conclusion of this paragraph is that, if N = 3, it is not always possible to find a function
H such that (138) is satisfied. If the function H verifies (146), or equivalently is sum of functions
of two variables, that is to say under the form (147), then the only functions H that satisfy (138)
are written as (149), or (143) in a undeveloped form.

Remark A.1 This condition is very restrictive on the model used. For instance, the geometrically
exact model for 3 unknowns (planar nonlinear vibration of a string) does not satisfy it:

1 1 1
Hep(ug,ug,v) = §u% + §u§ + 5112 —a{ \/u% +ui+(1+0v)2—(1 —}—v)}

So
—3/2

a§’72,1Hez(u1, u2,v) = =3 auy ug (1+v) (u% + ug +(1+ v)z)

which is not zero as soon as a # 0.

A.4 Naive scheme for N > 3 : a restrictive condition on H

Hypothesis A.1.1 There exists a function H : R? — R such that
Y (@) 12h<ps (U)1h<p, (21)120<p € R,
H((xr)1<h<p; (Wr)1<k<p) — H((Ur)1<k<p; (21)1<h<p) = (150)
%Z[ (k, (W) izk) — H(Zk,(yl)l;ék)}
k=1

A.4.1 Necessary form of H
Hypothesis A.1.2 If hypothesis A.1.1 is true, then H can be written, with ¢ € R:

H((zr)1<k<p; Wr)1<k<p) = [ZH Tr, (Y)12k) — (p—Q)H((yk)lgkﬁp)] +c (151)
k=1

N | =

We are going to show that hypothesis A.1.2 is true for N > 3 with a proof by mathematical
induction.

Previous paragraph shows that hypothesis A.1.2 is true for N = 3, which begins the induction.

We suppose now that hypothesis A.1.2 is true for a certain N > 3. We suppose hypothesis A.1.1
for p = N + 1, i.e. there exists a function H such that (150). Then this equation is also true for

TN+1 = YN+1 = ZN41 = Al

H((zr)1<ken, A (Wk)1<k<n, A) — H((yr)1<k<n, A (26)1<k<n, A) = (152)
N
Z {H(l‘k, (i)ir) — H(zk, (y1) l;ék)] M—W
k=1

Then hypothesis A.1.1 is true for p = N. We can use the hypothesis A.1.2 to affirm that:

N
1
H((x1)1<k<n; A (Yr)1<h<n,; A) = i[zﬂ(m, (Y)izks A) — (N — Q)H((yk)ISkSNa/\)} +eni1(A)
k=1
Using this same argument for x; = y; = z; = A\; for i = 1,..., N, and finding for each i a function

¢i(A;), then taking in every line all z; = y; = 2; = \;, we can show that all functions ¢; are
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constant. Then,

l\')\r—l

N
H((zk)1<k<n, A (Uk)1<k<n: A) [ZH Tr, (Y1)i2k, A) — (N_2)H((yk)1§k§Na)\)} +c
k=1

(153)

We now derivate (150) along xn11:

OH 1 OH

((er)r1<kens1; Wr)1<hen+1) = I (2541, (k) rtn11)

0T N+1

We integrate it between A and xn41:

H((xx)1<hen+1; r)r1<kent1) = H((@r)1<h<n, A (Uk)1<k<n 1) =

1

3 {H($N+1a (Yr)ketn+1) — H(A, (yk)k?5N+1)i|

If we take A\ = yny1 we can use (153):
H((wr)1<k<n+1; Wr)r1<k<n+1) = H((@e)1<k<n, Yn+1; (Uk)1<k<N+1)

+ % [H($N+17 (yr)kzen+1) — H(yn+1, (yk)k?fNH)}

l\')\»—l

N
{ZH Tr, (Y)i£ks Yn+1) — (N — 2)H((yk)1§k§NayN+1)] +c
=1

+ % [H(-TN-Ha (yk>k;ﬁN+1) - H(ZJN+1» (yk)k;éNJrl)}

N+1

— %[ > H(ak, (y)izr) — (N — 1)H((yk)1§k§N+1)} Y
k=1

Then the hypothesis A.1.2 is true for p = N + 1. It is then true for any N > 3.

A.4.2 Condition on H of the existence of H

If H exists, we have seen in the previous paragraph that it must be under the form (151). Now
we can see under which condition on H this expression satisfies indeed (150).

(154)

H (e, (1))

Which leads to

N

N
(N = 2)H ((y)r<k<n) + > Hyns (20)ik) — (N = 2)H ((zk)1<k<n) = Y H (2, (1) 15)
k=1 k=1

We now choose three distinct indices ki, k3 an k3, and call {k7, k3, k3} = Z.. We call the set of
all the other indices Z¢. Of course, Z, + Z¢ = [ 1,..., N]. In the previous expression, we take
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Tk =Yk = 2k = A for all k € Z¢:

(N = 2)H ((yr)her., (Whieze) + D Hlyrs (20)i2x) + D H (s (20)128) (155)
k€T, keZe
— (N = 2)H ((zr)rez., (2k)rezs) = Z H (2, (yo)izk) + Z H (2, (y0)ik)
= keTe
)\/ >\l
(N - Q)H(ykf y Yk Yk (%7/67_—:) + H(ykf )y Rk s Zky s (%jlelg) (156)
Al Al Ak Al
+ H(2k; Yk » ks, (Vieze) + H(2nps 2, Ukg (lieze) + Y H(zgs 2rg0 205, 06 (AYieze)
keTe I#k

Al Al Al
—(N = 2)H (zkr, zks» 2hy > (oVieze) = H(zkr s yng > Uiy > Wize) + H (ks 20z Y » 12k

+ H (yns > ks> 265, Wiek) + O H Uk Uks s ks 267 (iers)
keTe I#k

The first red term is multiplied by (N — 2), the second red term is the same term summed N — 3
times. There is only one term left. The same thing happens with blue terms. We have:

H (Y s Yrs > Yrs > Mieze) + H(Yrs s 2rg5 2h;> (Mieze) (157)
+ H(zks, Ukg» 2k5> (Mieze) + H(zkr 5 2ry, Uk, (Mieze) — H 2wy, 2k35 2835 (M)ieze)
= H (23, Yry Uk (Mieze) + H(Yrs, 2ry, Uk, (Mieze) + H(Yrs s Yry s 2ks, (M)1eze)

We take now 2z, = yx. + hy for all k € Z,, group similar terms and divide by hg::

 H ey yrg s Yk (M)ieze) — H (ye; yrs» Y iz (158)
hkf
H(zk;,zk; ) 2k (/\z)lez;) - H(yk; )y Rk s Rk3 (/\l)leli’)
hk;

N H(zs ks 23, (Mieze) — H(Yks» Yrg» 2h35 (M) ieze)
h;q
H(zs, 2k, Yry s (M)ieze) — H Yy, 2k Yng (M) ieze)
hkf

=0

+

We make hg: — 0, and we get:
— Oy H (Yrs s Urg s Yng» (N )ieze) — Oy H (Ynsy s 2k, 21 (M )1ee)
+ O H(Ynr  Yrs » 262> (M)ieze) 4 Ok H(Ynr s 2135 Yrs » (\i)ieze) = 0
We now divide by hy; and group similar terms together:
O H(Yny s 2k, Yry (M)ieze) — Ory H(Yry s Yns » Yry > (M)ieze)
ks

Ok H (Y s 2ry» 2hy, (A)ieze) — Orp H Yy > Y > 2rg> (Mieze)
s

=0

We make hg; — 0, and we get:
313;,1@;H(yk;,yk;7yk§, (M)ieze) — 31%;,@1{(211@;7%;,%;7 (M)ieze) =0

We finally divide by hg:, take the limit when hy: — 0 and we get:

Oive g oy H (ks> Ubs» iy » Nieze) = 0 (159)
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Since it is true for any distinct k7, k3, k3, it means that any third crossed derivative must vanish,
i.e. that H is a sum of functions of two variables:

H((@i)iseen) =y 658 (@, ) (160)
k1<k2

We can consequently simplify the expression of H:

N

{ZH(T«, (y)ik) — (N — 2)H((yk)k)] +ec
k=1

NN

H((zr)1<k<ns (k) 1<hsn) =

N
1
=3[0 ) + Y ¢ )

k=1 ki<kz ki <ko

k1=k ko=k
+ Z (bkl,kz(yknykg):l - (N_2) Z ¢k1’k2(ykl,yk2)} +c

k1 <kz k1 <ks
T £k
Feo Lk

We introduce the function a(kq, ko, k):

0 ifki=k
Ck(kl,kg,k) = 0 if k’g =k
1 ifk) #£kand ko # k

Which leads to the following expression for H, where d, stands for the Kronecker symbol:

H((2k)k; (Yr

N
{Z D Okik 8 () + Y ke 65 (g, s )]

k=1 k:1<k72 k1<ka

N)M—l

+Z > alk ko, )M 2 (yry yp,) — (N —2) D ¢’“"“2(yk17yk2)} +e

k=1 ki <ks ky<ks
1 al S
=3[ 20 1" onnren) (X Bk ) + 0o on) (3 )]
k1 <k k=1 =
\W—/ —
1
N
Z ¢k17k2(yk17yk?2) ZO& k17k2? _(N - 2> Z ¢kl7k2(yk1’yk2):| te
k1 <ke k=1 Fr<h
N-2

since o is 1 whenever k
is different from ki or kso.

k1 ko . k1,kz
Z ¢ (Ik‘,uykz) +¢ (yklv'xlﬂ) +c (161)

H((@r)k; (Ye)k) = 5

k1<ka

We can finally verify that this expression satisfies (150). The left hand side is:

ki.k2 (o K1,k z
H((zx), (ye)) = H((m): (1)) = D O s Uka) ;— O Wi ) + ¢ (162)

k1<ka

_ Z ¢k17k2 (ykmzkz) + (bkl,kQ (Zkl’ykz) _¢
2

k1<ko
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And the right hand side is:
N
Z [ T, (Y0)ist) — H (wis (W) 121)] =

k=1
N
:% Z “ Z ¢k1,k2(xkl’yk2)+ Z ¢k‘1,k2 ykuxh Z ¢k1,k2

k=1 k1 <ks k1<ks
ki=k ko=k

— [ > P e um) + D R (e ) +

N | =

k1<kao k1 <ks
ki=k ko=k
1
—— ——
N N

1R (2 Y ) Y Oy AR (g 2k,) Y O

_ Z k=1 k=1
2

1 1
—— ——
N N

¢k17k2 (Zkl ’ yk2) Z 5k1,k +¢k1}k2 (ykl ’ ZkQ) Z 6k2’k

_ Z k=1 k=1
2

k1 <kz

al k1,k2 K1 ko
Z[ rr, (W) l;ék) H(wku(yl)l;ék)] — Z ¢ (xklyykg)‘;ﬁﬁ (Ykys Thy)

k=1 k1<kao

B Z ¢k1’k2 (ykl ) Zk2) + ¢k1,k2 (Zklvykg)
2

N

k1<ko

Which coincides with (162).
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The final conclusion of this appendix is that, if N > 3, it is not always possible to find a

function H such that

v (xk)lfképv (yk)lﬁkﬁpa (Zk)1gkgp S RS”,

H((zr)1<k<ps (Yr)1<h<p) — H((Wr)1<h<ps (21)1<h<p) =

N =

k=

—_

is satisfied. If the function H verifies

Ahos g or H Ukt » ks Yy, (M)ieze) = 0

or equivalently is sum of functions of two variables, that is to say under the form

H((@oh<ken) = Y &% (an,, ap,)

k1<ko

then the only functions H that satisfy (150) are written as

k1,k2 k1,ko
H((zn)k; (Wn)e) = ¢ (kaykz);(b (Ykrs Thy) e

k1<ka

or in a undeveloped form:

1 p
H((zk)1<k<p; Wr)1<k<p) = §[ZH or, (Y1)ier) — (P — 2)H((yk)1§k§p)} +c
.

> [H(xk, (Y1) — H (24, (yl)l;ék)}

(150)

(159)

(160)

(161)

(151)
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B Construction of the Bank & Sujbert model

We want to show that in the case of transverse solicitations of the nonlinear string, the approximate
model found when neglecting small terms is indeed the Bank-Sujbert model.

Denoting u® = (u®,v°) and
1 1 5
H(u,v) = iu +§v oz[ u2+(1+v)27(1+v)},
We are interested in the Cauchy problem:

v 0 ou®
VH =0,
o 750
ut(t=0,2) =cu(z), Ow(t=0,2)=cuy, (163)
ve(t=0,2) =0, e (t =0,2) = 0.
We seek the solution u® under the form:
s =cuy +e2us+edus+ ...
v =cvi+elvat+edug+ ...
And we want to know which system satisfy u® and v° if we neglect €* in the equations.
Developing H up to order 4, we obtain:
I (1, ) l—a , n 1 + n (o e RPN
u,v) = u? + = v? u?v + — ut — — v
PEatt 2 2 2 8 2
Hence
(1—a)u+auv+ 5 @ w8 — aw?
VHDL4(U,’U) = (164)
v + u? — auv
2
It is easy to see that ‘
(uf)? = e%u? + 2e3uyus + O(e?)

(v°)? =¢? vl + 283009 + O(e)

(u®)?v® = 3uivy + O(eh)

uv® = e2ugvy + €3 (uyvg + ugvy) + O(e?)

uf (v°)? = 3ugvi + O(e?)

(u)? = %u? + O(e)

@ We can write the part of the Cauchy problem (163) which is in factor of e:

0%u 0%u
P (l-a) 55 =0,

ot2
821}1 821}1
(Sl) ot2 - 2 =0,
w(t=0,2) =u(z), Owui(t=0,z)=T1u,
v1(t=0,2) =0, Oy (t=0,2) =0.

This system decouples u; and v1, and we notice that vy is solution of a linear wave equation with
speed 1 and initial data 0 which leads to

v = 0.
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On the other hand, wu; is simply the solution of a linear wave equation with speed 1 — «, and initial
data w(z) and @;. The expressions are now simpler:

w=cup+e2us+3ug + ...

v =e2ug+ g +...

and (uf)? = e%u? + 283uqus + O(e?)
(v%)* = O(e")
()22 = Oc*)
usv® = e uyvg + O(e )
W (05)2 = O()
(u)? = %uf + O(e")

@ We write the part of the Cauchy problem (163) which is in factor of &%

82’LL2 82
gz (-2 6902 =0,
0%v9  O%vs  a O 7, 0ui.\2
&) {1 BE e taal(a)) =0

uz2(t=0,2) =0, Owua(t=0,2)=0,
va(t=0,2) =0, Owwa(t=0,z)=0.

Using the same reasoning, us = 0 and ve can be seen as the solution of a linear wave equation

0,0
with right member — ((ﬂ)Q), which is known thanks to (S1).

2 0x \' Oz

@ We finally write the part of the Cauchy problem (163) which is in factor of £3:

62U3 8QU3 6 8U1 31)2 1 8u1 3
s~ (-0 o rag |G+ 5 () =0
621)3 82’03 0 Bul 8’&2

(S5) o2 Ox? +a3x{8x ax] ’

U3(t207l‘)20, 8,5103,(2‘3:0,.73):07
v3(t =0,2) =0, Ows(t=0,z)=0.

@ We combine the three systems in the following way : £(S1) + £2(S2) + £3(S3):

02 (euy + €%up + 3u3) — 0, {(1 — )0y (eur + %ug + 3us)

+ 30,u1 0,09 + 53%(0xu1)3} =0,

83(5@1 + e2uy + 631}3) — 0y {ax(svl + 2y + €3v3)+52%(81u1)2

+ 530z8wu18$uz} =0,
But we know that

uf = euy + %ug + 3us + O(e?)

V" = evy + 209 + 305 + (9(54)

uv® = 3ujve + Ole 4)

(WP—8%+0()

(uf)? = e%u? + 2e3uyus + O(eh)
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Which leads to the following system for (uf,v¢), if we neglect £*:

0%us 0 ou® Oou® Ov®  a ,0uf.3
T a0 Gy e e () =0
9%vs 9 [0  «a 2

Sps) | =2 20 <o
u(t=0,2) =cu(z), Owu(t=0,z)=cy,
ve(t=0,z)=0, 0ve(t =0,2) = 0.

Which corresponds to the Cauchy problem (163) with

1- 1
2a,u2+§vz+%u20+%u4

H(u,v) =

which is exactly the empirical approximation done by Bank and Sujbert in [2].
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