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1 Introduction

We present transmission conditions for the electro-quasistatic approximation of
the Maxwell equations in a high contrast medium with an insulating thin layer.
We aim at providing asymptotic expansion at any order, whatever small the
conductivity of the layer is. The asymptotic for the thickness tending to zero
are very different compared with the soft contrast medium [7, 8], since the effect
of the thin layer appears at the zeroth order in the high contrast case. Therefore,
unlike the result of Vogelius and Nguyen [13] for small diameter inhomogeneities,
which provides a unique asymptotic formulation for both high and soft contrast
media, such a result does not exist for thin layers.

1.1 Motivation

The distribution of the steady-state potential in a biological cell is important for
bio-electromagnetic investigations. A sufficiently large amplitude of the trans-
membranar potential (TMP), which is the difference of the electric potentials
between both sides of the cell membrane, leads to an increase of the membrane
permeability [9, 12]. Molecules such as bleomycin can then diffuse across the
plasma membrane. This phenomenon, called electropermeabilization, has been
already used in oncology and holds promises in gene therapy [6, 11], justifying
precise assessments of the TMP. Since the experimental measurements of the
TMP on living cells are limited — mainly due to the membrane thinness, which
is a few nanometers thick — a numerical approach is often chosen [9, 10]. How-
ever, these computations are confronted with the heterogeneous parameters of
the biological cells. Therefore in this paper we derive a rigorous asymptotic
analysis to tackle these numerical difficulties.

We consider the three-dimensional model of biological cell given by Schwan [4,
5] for different frequency ranges. This model is studied under the electro-
quasistatic approximation' of the Maxwell equations. This approximation is
usually considered to describe the behavior of a cell submitted to an electric
field of frequency smaller than few giga Hertz. Depending on the frequency,
the modulus of the complex conductivity of the thin layer is either very small
(for the frequency range under 10KHz), or of the same order (for the frequency
range between 100KHz and 100MHz) compared with the membrane thickness.
We aim to give a uniform formulation, that is valid whatever the frequency
is, and that avoid to mesh the thin layer. More precisely, we provide uniform
approximate transmission conditions, that describe the effect of the layer with-
out meshing it. This uniform estimate over the proposed range of frequency
(up to 100MHz) enables us to apply safely the transmission conditions also for
time-transient and non-linear problem, which are more relevant for modeling
the electropermeabilization process.

1.2 The studied problem

Denote by © a bounded domain with a smooth boundary 992. The domain O%
is a subdomain of Q. Tt is surrounded by a thin layer O%, with thickness § such

IThe electro-quasistatic approximation consists of neglecting the curl part of the electric
field, which therefore derives from a potential so-called electric potential. This amounts to
considering the steady-state potential equations with complex coefficients.

INRIA
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that ©2 U Q9 is compactly embedded in Q. We denote by O, = Q\ O U 09,
which is supposed é-independent. Let o, be the inner complex conductivity? of
0% and we define similarly o, and o,,. We suppose that both imaginary and
real parts of o., 0., and oy, are positive. We define O, = Q '\ O, with smooth
boundary I" and

o, in OF, O
_ . 6 d ~ UC) m CH
o=140nm, in0;, ando= .
. oe, in O,.
Oe, in O,

The electro-quasistatic formulation is given by:
V- (oVu) =0, in Q
i .

ulog = g, on O

g is the electric potential imposed on the boundary of 2. We suppose that g is
as regular as we need. We aim at providing the rigorous asymptotic expansion
of the potential u for ¢ tending to zero and |o,,| < §. The main insight of the
paper is to consider the thin layer highly insulating in the sense that

Om = 0§Sm,

where |S,,| = 1 and [£] < 1. Depending on the frequency of the studied phe-
nomenon, the parameter |£| can be of the order 1, J, or even smaller. For each
frequency, it is possible to provide a precise asymptotic expansion by solving
specific partial differential equations. However, in this paper we aim at giving
a rigorous variational formulation, that allows to approach the steady-state po-
tential accurately and for all the different cases in a same maneer. The method
used to derive the effective transmission conditions has been extensively de-
scribed previously. We refer to [3] for the original paper and to [8, 7] for a more
general description. It consists in a suitable change of variables in the thin layer
in order to make appear the small parameter in the equations.

Multiply (1) by u and integrate by parts. There exists a constant C' such
that

lullzio.) < Clglmrzea),  Vullrzos) < Clglmizoa),

and
C
[Vull 208 ) < ﬁ|g|m/2(am-

According to the last inequality, the more resistive the thin layer is, the worse
the estimate of the electric field Vu in the membrane is. This estimate makes
us think that “the electric field is trapped into the membrane”. Therefore,
unlike the case of a soft contrast medium, we can assume that the resistive thin
layer has an influence on the zeroth approximation of the potential. We aim at
justifying this conjecture by performing a rigorous asymptotic expansion of the
potential at any order, that are valid from the resistive case to the very resistive
case.

2The complex conductivity ¢ of a given material is defined by
o = iwe + s,

where s and e denote respectively the (real) conductivity and permittivity of the material,
and w is the frequency of the time-harmonic field.

RR n° 7163
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1.3 Main result

The main result of the present paper can be summarized in the following The-
orem.

Theorem 1.1. Let g belong to H™%2(9Q), forn € N. For all 0 < k < n,
there exists (g%, g%) in HY?In+2=k(T) x Y2417 +2=K(T) and u® such that:

Auk =0 in 0O, U0,, uF|pg = 56“9,
[GOuF)r =gk onT,
Sp&[uFlr — o0uk - =&, onT.

The function (g’f),gjkv) are defined by induction in equalities (17). Denote by

n

upr = Z(ié)kuka

k=0

then there exists a constant C, independent on 6 and & such that

[ = ugpyllmr(0.) < Cn&"|glms/2+n 00 (2)

and for all w € O,

||u - U’prHHl(w) < Cn6n|g|H5/2+"'(6(2)a (3)
[V (v — ugpp) 2wy < Cn&0™|gl s /2en o0 (4)

Observe that the previous conjecture is justified in the approximate trans-
mission conditions of the jump of u* across I'. Actually, even at the zeroth
order, the thin membrane has an influence on the potential, since the specific
membrane conductivity Sy, appears. This is the main insight of this paper: for
resistive thin layer, the membrane influence appears at the zeroth order, and
the electric field is trapped into the membrane. The variational formulation of
the above problem is given by equation (19).

From the electromagnetic point of view, the estimates (2)—(4) are the more
relevant since they provide precise estimates on the electric field. Moreover,
these estimates are optimal since they are valid even if the complex conductivity
of the thin layer dramatically decreases.

In Section 2, we perform the change of variables, that will be useful to de-
rive the asymptotic expansion. We then perform the formal identification of
the coefficients in Section 3, and we provide preliminary estimates in Section 4.
Section 5 is devoted to the proof of our main result, and in the last section, nu-
merical simulations with finite element method illustrate the theoretical results.

INRIA
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2 Geometry

Let xt = (21, z2) be a system of local coordinates on I' = {¢)(x1)} . Denote by
n the normal vector® of I' outwardly directed to O, and define the map ® by

V(XT, $3) el' xR, (I)(XT,.T3) = ’L/J(XT) + x3n(x1-).
The thin layer 02, is then parameterized by
0, = {®(x1,23), (xT,23) €T % (=0,0)}.

The Euclidean metric in (x7, z3) is given by the 3 x 3—matrix (g;;):,j=1,2,3 where
gij = (0;®,0;®). According to [1], gs3 = 1, ga,3 = g3,a = 0 for a € {1,2} and
for (o, 3) € {1,2}2

Gap(xT, 3) = gog(xT) — 223bap(xT) + T3cap(xT), (5)

where

o = (0at,051),  bap = (Ban, Ip1), cap = (Dan, Ign).
We denote by (¢*) the inverse matrix of (g;;), and by g the determinant of
(9i5)-
2.1 Laplace operator for functions
The Laplace-Beltrami operator acting on functions for the metric (g;;)i j=1,2,3

is given by* [2]

% S0 (vag0y). (6)
i,j=1,2,3

According to (5) and using the compacity of I', the functions g;; are analytic
on the cylinder I x [—4, 0], for § small enough. Define for all [ € N,

9 (v99")
- (M55
ALy = 05 (9°7)]

Ay

) for (i7]) E {172’3}27

13:0

25=0" for (o, ) € {1,2}2.

Observe that the above functions al;

’ and Aflﬁ are smooth functions defined on
I". Therefore we infer

V(XT,.T3) cl'x (—(5,0),

l
A, :a§+z% dhsds+ > dhgds + ALpdads | - (7)

1>0 a,B=1,2

3The normal vector n is defined by

811/1 A\ 327,0

T 01 A S|

49; denotes the partial derivative with respect to the variable x;, for i = 1,2, 3.

RR n° 7163
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For all [ € N, we denote by Sll« the differential operator of order 2 defined on I"
by

St= > abyos+ Al0a0s, (8)
a,B=1,2

and we perform the change of variable 7 = x3/d to obtain the Laplacian in the
local (x1,7n)-coordinates

A, 5—26,274— a336 +Z§m <l+1 aktta, +SF), V(xT,m) € T x (=1,0).
(9)

The following proposition will be useful in order to derive the asymptotics.

Proposition 2.1. Let u be a smooth harmonic function in O.. We still denote
by u the function uwo® in the tubular neighborhood of I'. For all p € N there
exists two surfacic operators on T’ denoted by Ry, and RY, respectively of order
p—1 and p such that

O3ulp- = Ry (Onulr-) + R (ulr-). (10)
The operators Ry, and RY, are defined by the following recurrence formulae:
Ry =0, R%, =1d, Ry =1d, R, =0,

and for all p >0
p+2 Ep: p+1—1 p—1

Ry = ch (abs Y™+ RYSE)
1=0
where CL = p!/(I(p —1)!).
Proof. The proof is an application of the Leibniz rule for the differentiation

applied to (7). O

The above proposition leads to the following corollary by applying the Taylor
formula with integral remainder term in the variable 7.

Corollary 2.2. Let u be a smooth harmonic function in O., and denote by I' _s
the boundary of (9‘2. There exists a sequence of operators (I'?),>o of order p
such that for all p € N

IRk O
U|F:5 B ];) k! (Rk ( nu|1‘*) + Rllc)(uh‘*)) + WT + (u) (11)

b \Ek _ S\p+1
O, = Y- S (R 0, ) + R (e ) + ST, (12)
k=0

where there exists a constant C' such that for all p

TP+ ()| grs2-sry < Cllullgrsz(o,), i=0,1.

INRIA



inria-00442659, version 1 - 22 Dec 2009

Transmission conditions for resistive thin layers 9

3 Formal asymptotics
Define the so-called profile function wu,, in I" x (=1,0) by
V(xr,m) €T x (—1,0),  wpulxr, ) = w0 b(xr, ).
Since 04, /0 = £S,y,, the transmission conditions inherent to (1) write now:
Ucanuh“:s 0 ®(-, =6) = ESmIpumly=—1, u|r:5 0®(:, =8) = Um|p=—1, (13)
oeOpulr+ 0 = £SmOntm|n=0, Ulp+ 0P = U |y=0- (14)

To obtain our transmission conditions, we set

{uu05u1+52 2 ... in0QlUO,, (15)

U, = ud, — dul, +0%u2, — -, in T x (—1,0),

and we perform the identification of the terms with the same power in §. We
emphasize that the coefficients u’ will be defined in the whole domain € even
if Z o(=0)7u’ approximates u only in O, U O2. Observe that equations (13)
are Wr1tten on I'_gs, while we want to write transmission conditions on I'. Insert
the ansatz (15) into equalities (11)—(12) of Corollary 2.2 to infer

ulpo, =D (=9 (“p|F Z%(Rl O™ )+RlD(U”_l|r))>,

p=>0

1 _ _
Ontlp-, = > (=0 (a"“plr £ 3L(R Ou) + R l|r>)> |

p>0 =1

3.1 Recurrence formulae
Let us now identify the terms with the same power in §. We necessarily have:
AuP =0, in O.UOQO,, |aQ = 509,

where 6 is the Kronecker symbol equal to 1 if p = 0 and 0 otherwise. Write
now the equations satisfied by «?, in I x (-1, 0):

p—2 4
Ot = —asdul =S ( by ot ! +S%U£:2‘l) . ()
=0

According to transmission conditions (13)—(14), by integrating the previous
equality, we infer:

=1

p
1
ESmOnub, |p=—1 = 0¢ <6nu]{i +) i (Ré\fl(anup_llr—) - ngl(up_llr))> ;

0 p—2
= fme/ (ag3&7ufn1 + Z% (l Z 1“331877 Pl 5%%”)) dn + 0O u®|p+.
-1 =0

RR n° 7163
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This leads to the following Neumann transmission condition for u?:

p
o]y = 00 > 5 (R 1) + B ! p )
=1

0 p—2
_ N n
—l—fsm/l (agsanufn Lt lE Tl (l+ 1a3318,7up 27 4 Stub, 2" l)) dn.
_ —

To obtain the Dirichlet transmission condition, we use the Taylor equality

n
Ve (—1,0), ub (-,n) =ub |,=0 + ndyul,|,= 0+/ (n —s)@%uﬁl(-,s)ds.
0

According to (16)—(13)—(14) and applying the above equality with n = —1, we
infer

p
1
gsm [UP]F - O—eanuphUr = gSm Z N

=1
’ = ( n
+£Sm/_1(1+7’]) (agSaﬁufn_l‘i‘;ﬁ (l+1a331677up 2— l+8lup 2— l))d77

Define u* and uF, identically equal to zero for k = —2, —1. Therefore the
sequences (u”),>o and (u?,),>0 are defined by:

(Rl (Onu? |- >+RZDUP7I|F*)

AuP =0, in 0. U0, u’laq =3}, (17a)

ESm [u]p = 0eOnu’ |+ = ESm Z (R (Bnu?!|p-) + Rhyu? ')

0
ngSm/ (1+m) <a338 ub ! ZU_ <l+1a3318n . Z+Slruﬁ121>> dn,

=0
(17b)
~ p : 1 I+1 p—l +1, p—1
(GO, uP|p = Zl_ (R (0pu? =) + R P~ o)
55 / <a33a up ' +Z Al (l+1 lBnga’V] fn - l+8%‘uﬁm_2_l)> d77-
(17¢)
In the cylinder T x (—1,0) we have
ub = uP|p+ —l—ngsm@ Ul |t
0 P2 n
—|—/ (n—ys) <a330 ubt 4 Z I (l n 1al+18 ub 2" l+8%uﬁl_2_l) ds) .
7
(17d)

INRIA
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4 Preliminary estimates

Let s > 0. Let g, gn, and gp belong respectively to H/2+5(9Q), H=1/2+s5(T),
and to H/2+3(T'). Let v satisfy

Av=0, inO.UO., wvlaa=y, (18a)

[60nv]r = gn, (18b)
e

§lolr - S—anvhu =&9p- (18c)

4.1 Variational formulation

Define PH(2) the space of function in Q, which have the H!-regularity in O,
and O.:

PH'(Q) = {u : ulo, € HY(O.), ulo, € Hl(Oc)},
and let PH}(Q) the space of functions in PH'(Q2), which vanish on Q. The

variational formulation of Problem (18) is:

find v € g + PH}(Q) such that for all ¢ € PH(Q)
/Q&VUqudx + EASW[U]F[¢]FdS = E/FSng[Qﬁ]FdS + /F gn@lp+ds.  (19)

Observing that the bilinear form a(-,-) defined by

2

Wo,0) € [PHYQ))?, a(6,v) = / FVOVd + € / Smldlr[]rds,

is an hermitian product on PH'(Q) we infer the following proposition.

Proposition 4.1. Let s > 0. Let g, gn, and gp belong respectively to H/?+5 (982,
H=Y2+5(T), and to HY?*5(T'). There exists a unique solution v to prob-
lem (18), which belongs to PH(Q). More precisely, using elliptic reqularity

vlo, € HT5(0.), and v|o, € H*T*(0,).

4.2  Uniform estimates in ¢ for the generic problem

In this section, we aim at providing uniform estimates for £ tending to zero, for
the solution v to (18). Let Z be defined by

AT =0, inO,,
Tlon =0, I|r=1.

Multiply (18) by Z in O, and by 1 in O,, and integrate by parts twice in O,
and once in O.. We obtain the following equality:

/Jev|p+8nI|p+ds:/ UeganIder/gNds.
r o0 r

RR n° 7163
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Using the above equality, and multiplying (18) by Z in O, and by 0 in O.

integration by parts leads to
/[v]pds = §/ gpds.
r r

We define the sequence (v!,v%);>0 by

{Avg =0, in O,

Ug|39 =9, Ueanvgh’ = gN,

and
1
0 0
= d
ve mes(T") /Fve %

and for [ > 1

Avl =0, in O,

lve - 1 k=1 k-1 ) (20a)

Ue|6Q =0, Uean’Ueh" = Sm(ve — Ve )|F - Sm(slgD’
and

Avl =0, in O.

0 Onvllr = S (VET" = 0E7Y)|r — Simdigp, (20b)

fr vids = fr(”é — digp)ds.

Proposition 4.2. For all k > 0, (vk,v%) € HITT*(0,) x H2TT%(0,), and

e’ e
vY is constant. Moreover there exists a constant Co, 0., which only depends on

the domain O, and O, such that for all k > 0

[l s (0. + [0 a0y < Cb o, (1912t omy (21)
+ 9ol mr/2+sry + |gN|H*1/2+S(F))-
Proof. According to (20) there exists a constant Co, o, such that for all k> 1
[or a0 + 105 10, < Co.0.([vE 1 0.) + el 1 (0.),
hence

s 100 + 05 I m10.) < Co, 0. (il a0, + lvall i o.):

k+1
< Coe,oc(

9|H1/2(asz)
+ 9o lm1/2r) + |gN|H*1/2(F))-

Then we use the elliptic regularity satisfied by v* and v* to conclude. [l

INRIA
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Proposition 4.3. For ¢ small enough, the series Y, &l and 3, €0l nor-
mally converge in H'*5(0.) and in H'**(0,) respectively. Moreover, the sums
satisfy Problem (18), hence by uniqueness

Ll Ll
o.=> &, vo, =) &l

1>0 1>0

v

Particularly, since v° is constant, we infer that all the derivatives of v|o, are of

order .

Proof. Choose ¢ € (0,1/(2Co,,0.)) and Proposition 4.2 leads to Proposition 4.3.
|

4.3 A priori estimates for the asymptotic coefficients

The following proposition is an application of both propositions 4.2-4.3. The
proof performed using the induction process is left to the reader.

Proposition 4.4. Let k € N and s > 0. We suppose that g, gp and gn satisfy
ge H'PHHh(0Q), gp e HPPHHD), gy e HV/2HHN(D).

For 1 € {0,---k} denote ul, and ul the respective restrictions of u! to O. and
O.. The following regularities hold:

u, € H'WH10,), . e H*THH0,).

In the cylinder T x (—1,0), the coefficients ul, equals
1
V(XTﬂ?) el'x (_L O)a Uﬁn(XTﬂ?) = Z U"fn(XT)a
n=0

where f* € HY?+stk=UT) for n €0,---,1. The following estimates hold

Hule”Hl*S*k*l(Oe) < Cak (|9|H1/2(an) + 9o g2y + |9N|H*1/2(F))a
bl grasen—i(o,) < Cﬂ,k(|g|H1/2(asz) + gDl 2 (ry + |gN|H*1/2(F))a

paax |fk|H1/2+s+kfl(r) < Cﬂ,k(|g|H1/2(aQ) + 9o lm1/2(r) + |gN|H*1/2(F))-
Moreover, we have the following estimate uniformly in &:
VUl resr-t(o,) < Cﬂ,k€(|g|H1/2(aQ) + 9o g2y + |9N|H*1/2(F))-

5 Error estimates

For p > 0, we denote by £, the operator on I' x (—1,0) of order 1 in the
n-variable and 2 in the xt-variables defined by:

1 p 77l—2 n B B
Ly=0g— = <a§ +ad300, + Y _ o' 72 (z 1al3318,7 + Sk 2) .
=2

RR n° 7163
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According to (9), for any function v € C*([0,1]; H*+3/%(T)):

100 s 1 y) < o™ . ooy

According to Proposition 4.3, for all & > 0, the derivatives of u*|o_ are of order
€. Define U* as follows:

i u® — Sul + -+ (=6)kuk, in O, UO?,
- upt — ou -+ (_6)7%5;?, inT x (—1,0).

Our main result provides uniform estimates of the error performed by the ap-
proximate expansion at any order, for || tending to zero. The following theorem
straightforwardly leads to Theorem 1.1.

Theorem 5.1. Let k > 0. Suppose that g belongs to H/?>TF(T).
Let w* = u — U*. There exists a constant C), such that

[w¥ | 10, < Ck€5k|g|H5/2+k(BQ)a (22)
and for all w € O,

[w* || 11 () < Cr6*1glpr5/2+% (002) (23)

V| 2 < Ck§5k|g|H5/2+k(aQ)- (24)

Proof. By definition of the functions (ul)lzo and (u]");>0, we infer
oAwk =0, in O, U O?,
omA gt = —0, Li,(U), in T x (—1,0),
w¥loq =0,

with the following transmission conditions

Jcanwkh“:s — Umanwkh“fs = UmanUk|Ft6 - ¢7C<9nUk|F:67
OmOnw®|p- — oedpw|ps =0,
wk|1“:5 - wk|rj5 = Uk|1“j5 - UI]f:67
w”|pr — wF|p- = 0.
Moreover, by definition we have
amanUk|Ft6 — acanUk|F:6 = —g ST,
Uk|rf5 _ Uk|r:5 — _gkHLRHL(R),
According to Proposition 4.4 and to Corollary 2.2 we infer
‘Tk+1+i(Uk

)‘Hl/Z—i(F) ch, 120,1

Multiply by ¢ in H'(Q2) and integrate by parts with the help of Green’s formula.
Taking ¢ = w* and using the trace theorem on I' we infer that

oV p2(q) = O(E5FT1/2).
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Then defining @* = w® — (=6)* 4, in T x (—1,0) and @* = w* in O U O,
we infer
oV (| L2y = O(E6*F),
hence the theorem.
O

6 Numerical simulations for a 3D-resistive thin
layer

6.1 Transmission conditions for the two first orders

To obtain the two first order terms, we first observe that according to defini-
tion (8), SY is the Laplace-Beltrami operator on I, therefore we denote it by
82 = Ar. Hence, applying recurrence formula (17), we get the first two orders
of the asymptotics.

The order 0

Au® =0, in O, UO,,
[56nu0}1, =0, &S, [uO]F — 0e0,u|p+ = 0. (25)
ulloq = ¢.
In the membrane:
vt = nul]r o U + ug|pr

The order 1

Aul =0, in O, UO,,

[58nu1]r = o.Arul|p-,
0
33 Oc (26)
€Sm [ul]r - Ueanu1|1"+ = é-Sm (1 + Tw—m) an’u/oh—*—.
u1|5Q =0.

In the membrane:

O]F

1 Oe 1 o
’UT =Uu |F+ + nw—manu |F+ - ?a33[u
Observe that the effect of the geometry appears at the first order term, while
in the case of soft contrast material, it appears at the second order term [7, §],

since we have 0

a
=33
2)

where . is the mean curvature of the surface I'. If we were considering an
infinite cylinder, and still denoting by I' the curve of the cross section, aJs
would be the curvature of T

We recall that the zeroth order approximation is u" and the first order ap-
proximation is u® —du'. In the next part we illustrate numerically the theoretical
results by studying the rate of convergence of the errors u—u® and u— (u® —dul)
in H'-norm in the outer medium.
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6.2 Simulations

Domains 2 and O; are two disks centered in 0 of respective radius equal to 2
and 1. Parameters o, and S,, are taken equal to 1 and o, to 2. Function ¢ is
exp(i36).

Figure 1: Real part of u® + du' computed by the finite element method with
0 = 0.05.

From the analytic solutions the expected rates of convergence with ¢ are
verified since the numerical estimated exponents are respectively 1 for the order
0 and 2 for the order 1; see Figure 2. The green line corresponds to the zeroth
order for the soft contrast media. In the soft contrast case, the effect of the
layer appears only at the first order term, meaning that the influence of the
layer is of order §. We observe that this potential does not provide an accurate
approximation of the potential, since the error estimate does not converge, when
0 tends to zero.

As predicted by Theorem 5.1 and Theorem 1.1, the rate of convergence of the
zeroth order term u° defined by (25) increases when the membrane conductivity
decreases, justifying the use of such approximate conditions whatever small the
membrane conductivity is; see Figure 3. This behavior is also recovered when
using the finite element method based on the variational formulation (19) for
solving our model problem; see Figure 4.

We conclude by observing that the convergence rates are asymptotic mean-
ing that if the membrane is not thin enough, it is not sure that our approximate
transmission conditions are relevant. For instance, in the configurations we
chose, the accuracy of the transmission conditions seems to increase for a thick-
ness around 107! but if we were choosing other configurations, the accuracy
could have decreased as well. Therefore, the shape of the error curves are not
significative for a thickness larger than 102,
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[lu— uappHHl(Oa)

Figure 2: Log-log diagram of the error

Nl = appl| 1 00)

Order 0 soft contrast
Estimated exponent: 0.0
Order 0

Estimated exponent: 0.99
Order 1

Estimated exponent: 2.0

102

versus the membrane

e=1

Estimated exponent: 0.99

€=

Estimated exponent: 1.99 | |

=4
Estimated exponent: 3.0

1072

107!

thickness.

Figure 3: Log-log diagram of the error of the zeroth order for different small

conductivities.
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10—2 L

1073 L
S
=
& 10 4
=]
\
1075 3 - - - - — E = 1 3
==+ Estimated exponent: 0.91
—_—f = )
10-6F [ +~ =+ Estimated exponent: 1.95 | |
1072 107!
0

Figure 4: Log-log diagram of the error of the zeroth order for different small
conductivities. Computations are performed with the finite element method.
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