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Implémentation de la théorie des ensembles de Bourbaki dans Coq
partie 2
Ensembles Ordonnés, cardinaux, nombres entiers

Résumé : Nous pensons qu’il est possible de mettre dans un ordinateur ’ensemble de I'ceuvre
de Bourbaki. L'un des objectifs du projet Gaia concerne I'algebre homologique (théorie et
algorithmes); dans une premiere étape nous voulons implémenter les neuf chapitres du
livre Algebre. Au préalable, il faut implémenter la théorie des ensembles. Nous utilisons
I’Assistant de Preuve Cogq; les choix fondamentaux et axiomes sont ceux proposées par Car-
los Simpson. Ce rapport liste et commente toutes les définitions et théoremes du Chapitre
“Ensembles ordonnés, cardinaux, nombres entiers”. Une petite partie des exercises a été ré-
solue. Le code est disponible sur le site Web http://www-sop.inria.fr/apics/gaia.

Mots-clés : Gaia, Coq, Bourbaki, ordre, cardinaux, ordinaux, entiers



Bourbaki: Theory of sets in Coq, II 3

Introduction

Objectives

Our obijective (it will be called the Bourbaki Project in what follows) is to show that it
is possible to implement the work of N. Bourbaki, “Eléments de Mathématiques”[3], into a
computer, and we have chosen the Coq Proof Assistant, see [4}[1]. All references are given to
the English version “Elements of Mathematics”[2], which is a translation of the French ver-
sion (the only major difference is that Bourbaki uses an axiom for the ordered pair in the En-
glish version and a theorem in the French one). We start with the first book: theory of sets. It
is divided into four chapters, the first one describes formal mathematics (logical connectors,
quantifiers, axioms, theorems). Chapters II describes sets, unions, intersections, functions,
products, equivalences; Chapter III defines orders, integers, cardinals, limits. The last chap-
ter describes structures. The first part of this report[5] describes Chapter I and Chapter II, we
consider here Chapter III.

Content of this document

This document describes the code found in the files set5.v, set6.v, set7.v, set8.v, set9.v,
and set10.v, corresponding to sections 1 to 6 of Chapter III. The first section describes order
relations and associated properties (like upper bounds, greatest elements, increasing func-
tions, order isomorphisms). The second section studies well-ordered sets, and introduces
the notion of transfinite induction. We show Zermelo’s theorem (which is equivalent to the
axiom of choice). Section 3 defines cardinals, addition, multiplication and order on cardi-
nals (a cardinal is a representative of a class of equipotent sets; this class is not a set, and
the axiom of choice is required). Section 4 defines natural integers as cardinals x such that
x # x+ 1. It introduces induction on natural integers, so that a natural integer is any cardinal
obtained by applying a “finite” number of times x — x + 1 to the empty set. More formally,
if E is a set containing zero and stable by x — x + 1, it contains all natural integers. If E is
any set with cardinal x, the set E U {E} has cardinal x + 1. As a consequence, one can define
amapping n — E, that associates to each natural number 7 a set E,, of cardinal z (by trans-
finite induction, one can do this for any cardinal n). This set E, is called an ordinal in [7]
and pseudo-ordinal here (For Bourbaki, an ordinal is a representative of well-ordered sets).
It allows one to define finite cardinals without the use of the axiom of choice. There is no set
containing all cardinals (thus no set containing all ordinals) but given a cardinal (or ordinal)
a, there is a set containing all cardinals (or ordinals) less than a, and it is well-ordered. Ev-
ery finite ordinal is a natural integer; infinite ordinals possess strange properties (addition
and multiplication are non-commutative) studied in the Exercises. Section 5 studies some
properties of integers (for instance division, expansion to base b) and computes the number
of elements of various sets (for instance the number of subsets of p elements of a set of n
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4 José Grimm

elements, the number of permutations, etc). Section 6 studies infinite sets. If there exists an
infinite set, then there exists a set N containg all natural integers. An axiom is required in
Bourbaki; in Coq, there is an infinite set, namely nat, and it is canonically isomorphic to the
set of natural integers. We use this isomorphism in section 5 (for instance, the factorial func-
tion and binomial coefficient are defined by induction on the Coq type nat, then shown to
satisfy the Bourbaki definitions). There are few infinite cardinals (i.e., for any cardinal x there
is a cardinal y such that y > x, for instance 2%, but one could add an axiom saying that y > x
implies y = 2%), so that one gets result like: the number of permutations of E is the number
of mapping N — E, it is also the number of orderings on E (see Exercices).

Section 6 defines direct limits and inverse limits. It is not yet implemented. There are
many exercises, only a few of them are solved.

The reader is invited to read the introduction of the first part. It explains some imple-
mentation details (for instance, what is a set? what formulation of the axiom of choice is
used?).

Terminology

Chapter III is much less formal that Chapter II. Let’s for instance quote Definition 9 [2]
p. 146]: “Two elements of a preordered set E are said comparable if the relation “x < y or
y < x” is true. A set E is said to be totally ordered if is is ordered and if any two elements of E
are comparable. The ordering in E is then said to be a total ordering and the corresponding
order relation a total order relation.”

One has to understand this as follows. A preordered set is a pair (E, G) which satisfies the
preorder condition. The notation x < y stands for (x, y) € G. An ordered set is a preordered
set where additional conditions are required for G. The ordering is G, the corresponding
order relation is “(x, y) € G”. By definition, E is uniquely determined by G. Instead of saying
that E is totally ordered, one can say: G is a total ordering if it is an ordering and for every x
and y in the substrate of G one has “(x,y) € G or (y,x) € G”. This non ambiguous, and will
be our definition. The following sentence is ambiguous “The set R of real numbers is totally
ordered”, since the order is not specified. Note that a sentence like “(R, <) is totally ordered”
is ambiguous since < can denote any ordering. One must say “The set R of real numbers is
totally ordered by the usual order on real numbers.” We shall use the notation x <g y; an
alternative would be x < y (mod R) as in [7].

Bourbaki says: “a well-ordered set is totally ordered”. This is a short-hand for: for every
(E, 1), ifI'is a well-ordering on E, then I' is a total ordering on E. It is impossible to say “for ev-
ery equivalence relation R we have...” since relations cannot be quantified; there is only one
theorem in E.II.6, the chapter on equivalence relations. It is of the form: a correspondence I"
between X and X is an equivalence if and only if... This might explain why Bourbaki defines
an order as a correspondence, rather than a graph. As a consequence, there are few criteria
(C59 to C63 define normal and transfinite induction).

INRIA



Bourbaki: Theory of sets in Coq, II 5

Chapter 1

Order relations. Ordered sets

1.1 Definition of an order relation

In the last chapter of the first part of this document, we studied equivalence relations,
that were reflexive, symmetric and transitive. If we replace symmetric by antisymmetric, we
get an order relation. Remember that transitive means that if x ~ y and y ~ z then x ~ z, and
symmetric means that if x ~ y then y ~ x. If arelation is symmetric and transitive, then x ~ y
implies x ~ x and y ~ y. The support of a relation is of the set of all x and y that are related
by the relation. A relation is reflexive on a set E if x € E is equivalent to x ~ x.

We say that a relation (denoted here <) is antisymmetric if x < y and y < x imply x = y.
We say that it is reflexive if x < y implies x < x and y < y (this means that the relation is
reflexive on the support). An order relation on E is an order relation whose support is E
(or equivalently, that is reflexive on E). Bourbaki defines preorder relations later; giving the
definition right now reduces a little bit the code. A preorder relation is reflexive and transitive.
The opposite relation of <, denoted by >, is such that x < y and y > x are equivalent.

Definition antisymmetric_r (r:EEP) :=
forall x y, rxy >ryx->x=y.
Definition is_antisymmetric (r:Bset) :=
is_graph r & forall x y, related r x y -> related r y x -> x = y.
Definition reflexive_rr (r:EEP) :=
forallxy, rxy > (rxx& ryy).
Definition order_r(r:EEP) :=
transitive_r r & antisymmetric_r r & reflexive_rr r.
Definition order_re (r:EEP) x :=
order_ r r & reflexive r r x.
Definition preorder_r (r:EEP) :=
transitive_r r & reflexive_rr r.
Definition opposite_relation (r:EEP) :=
fun x y => r y x.

Equality and inclusion are order relations. The opposite of an order relation is an order
relation.

Lemma equality_is_order: order_r(fun x y => x = y).
Lemma sub_is_order: order_r sub.
Lemma opposite_is_preorder_r: forall r,

preorder_r r -> preorder_r (opposite_relation r).
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6 José Grimm

Lemma opposite_is_order_r: forall r,
order_r r -> order_r (opposite_relation r).

An order on a set E is a graph G such that the relation (x, y) € G is an order relation be-
tween x and y with substrate E. A preorder is similarly defined. The opposite order relation
corresponds to the inverse graph, which is thus called the opposite order. A correspondence
I' = (G,E,E), whose graph G is an order on E, is also called an order by Bourbaki (this defini-
tion is in fact never used).

Definition order (r: Bset) :=
is_graph r & is_reflexive r & is_transitive r & is_antisymmetric r.
Definition preorder (r: Bset) :=
is_graph r & is_reflexive r & is_transitive r.
Definition opposite_order := inverse_graph.
Definition order_c r :=
is_correspondence r & source r = target r & source r = substrate (graph r)
& order (graph r).

If we have an order relation on E, we can take its graph, and this gives an order (this is the
same construction as for equivalence relations).

Lemma order_has_graphO: forall r x,
order_re r x -> is_graph_of (graph on r x) r.
Lemma order_has_graph: forall r x,
order_re r x -> exists g, is_graph_of g r.
Lemma order_if_has_graph: forall r g,
is_graph g -> is_graph_of g r ->
order_r r -> order_re r (domain g).
Lemma order_if_has_graph2: forall r g,
is_graph g -> is_graph_of g r —>
order_r r -> order g.
Lemma order_has_graph2: forall r x,
order_re r x -> exists g,
g = graph_onr x &
order g & (forall u v, r u v = related g u v).

The next two lemmas are more often used. They say that an order can be obtained from
an order relation by taking its graph on a set.

Lemma preorder_from_rel: forall r x,
preorder_r r -> preorder (graph_on r x).
Lemma order_from_rel: forall r x,
order_r r -> order (graph_on r x).

We give here some simple properties of orders.

Lemma order_reflexivity_pr: forall r x u v,
order rer x > r uv -> (inc u x & inc v x).
Lemma order_symmetricity_pr: forall r x u v,
order rer x > (ruv & rvu) = (dncu x & inc v x & u = v).
Lemma order_reflexivity: forall r a,
order r -> inc a (substrate r) = related r a a.
Lemma order_antisymmetry: forall r a b,
order r -> related r a b -> related r b a -> a = b.

INRIA
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Lemma order_transitivity: forall r a b c,

order r -> related r a b -> related r b ¢ -> related r a c.
Lemma order_is_order: forall r,

order r —> order_r (related r).
Lemma order_is_graph: forall r, order r -> is_graph r.
Lemma substrate_domain_order: forall f,

order f -> substrate f = domain f.
Lemma substrate_opposite_order: forall r,

order r-> substrate(opposite_order r) = substrate r.
Lemma opposite_is_order: forall r,

order r -> order (opposite_order r).

Remember that the diagonal of E is the graph of the equality relation on E. We know that
it is an equivalence. It is also an order.

Lemma diagonal_order : forall x, order(diagonal x).

{ Given a relation < and a set X, we can consider the relation “xe X and y e Xand x < y”. If
we assume x < x for all x € X, this gives an order relation on X. This is for instance the case of
inclusion, since x c x is always true. The set X can be J3(A), or any other set.

Definition induced_order_r (r:EEP) x :
fun u v =>incux & inc v &ruv.
Definition inclusion_order (a:Bset) :=
graph_on (fun u v => sub u a & sub v a & sub u v) (powerset a).
Definition inclusion_suborder (b:Bset) :=
graph_on (fun u v => inc u b & inc v b & sub u v) b.

Lemma induced_order_order_r: forall r x,

order_r r —> (forall u, inc u x -> r u u) —-> order_re (induced_order_r r x) X.
Lemma order_sub_on_set: forall a,

order_re (fun u v => sub u a & sub v a & sub u v) (powerset a).
Lemma order_sub_on_subset: forall a,

order_re (fun u v => inc u a & inc v a & sub u v) a.
Lemma inclusion_is_order: forall a,

order (inclusion_order a).
Lemma inclusion_order_rw: forall a u v ,

related (inclusion_order a) u v = (sub u a & sub v a & sub u v).
Lemma substrate_inclusion_order: forall a,

substrate (inclusion_order a) = powerset a.
Lemma subinclusion_is_order: forall a,

order (inclusion_suborder a).
Lemma subinclusion_order_rw: forall a u v ,

related (inclusion_suborder a) u v = (inc u a & inc v a & sub u v).
Lemma substrate_subinclusion_order: forall a,

substrate (inclusion_suborder a) = a.

¢ Second example. We consider the set ®(E, F) of functions from a subset of E to F and the
extension relation. Remember that x € ®(E, F) if an only if there is a function f whose source
is a subset of E, its target is F and its value as correspondence is x. We say that g extends f if
f and g are functions, the graph of f is a part of the graph of g, the target of f is a part of the
target of g. If f and g are associated to two elements of ®(E,F), they have the same target,
namely F.

We can now define extends_in on the set ®(E,F), and simplify the definition: g extends
f if and only if pr, f < pr, g. This is an order; the only non trivial point is antisymmetry. If
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pr;x = pr; ¥, we have x = y since the source of a function depends only on its graph pr, x.
We then define extension_order. This is an order on ®(E, F). Note that Bourbaki considers “g
extends f” as a relation between f and g. In our definition g comes before f.

Definition extends_in x y:=
fun g f=> inc f (set_of_sub_functions x y) & inc g (set_of_sub_functions x y)
& extends (inv_corr_value g) (inv_corr_value f).
Definition extension_order x y :=
graph_on (extends_in x y) (set_of_sub_functions x y).

Lemma extends_in_pr: forall xy g f,
extends_in x y g £ =
(inc f (set_of_sub_functions x y) & inc g (set_of_sub_functions x y) &
sub (P £) (P g)).
Lemma extends_refl: forall f,
is_function f -> extends f f.
Lemma extends_antisymmetric: forall xy f g,
inc f (set_of_sub_functions x y) ->
inc g (set_of_sub_functions x y) ->
Pf=Pg-—>1f=g.
Lemma extends_order: forall x y,
order_re(extends_in x y) (set_of_sub_functions x y).
Lemma extension_is_order: forall x vy,
order (extension_order x y).
Lemma extension_order_rw: forall x y u v ,
related (extension_order x y) u v = (extends_in x y u v).
Lemma substrate_extension_order:forall x y,
substrate (extension_order x y) = (set_of_sub_functions x y).

¢ Third example. Let E be a set, and W the subset of B (J3(E)) formed of all partitions of E.
Recall that a partition ® of E is a set of sets whose union is E, so that ® < 3(E). Additional
conditions are: the empty set is not in ®, the elements of ® are mutually disjoint. We say
that @ is coarser (or sometimes not finer) than @’ if for every Y € @' there exists X € ® such
that Y < X. We shall show that it is an order. But we start with another property: assume
that X is a partition of E; if x € X then x is a subset of E hence x € *J3(E). We can consider the
canonical injection from X to B(E). The graph of this function is a family of sets; this family
is a partition of E.

Definition set_of_partition_set x :=
Zo(powerset (powerset x)) (fun z => partition z x).

Definition partition_fun_of_set y x:=
canonical_injection y (powerset x).

Lemma partition_set_in_double_powerset: forall y x,
partition y x -> inc y (powerset (powerset x)).
Lemma set_of_partition_pr: forall x vy,
inc y (set_of_partition_set x) = partition y x.
Lemma function_pfs: forall y x,
partition y x -> is_function (partition_fun_of_set y x).
Lemma source_pfs:forall y x,
source (partition_fun_of_set y x)
Lemma target_pfs: forall y x,
target (partition_fun_of_set y x) = powerset x.
Lemma W_pfs: forall y x a,

y.
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partition y x -> inc a y -> W a (partition_fun_of_set y x) = a.
Lemma partition_pfs: forall y x,
partition y x -> partition_fam (graph (partition_fun_of_set y x)) x.

We now define coarser and show that it is an order on W.

Definition coarser x := graph_on coarser_c (set_of_partition_set x).

Lemma coarser_reflexive : forall y, coarser_c y y.
Lemma coarser_antisymmetricc : forall y y’ x,

partition y x -> partition y’ x ->

coarser_c y y’ —-> coarser_c y’ y —> suby y’.
Lemma coarser_antisymmetric : forall y y’ x,

partition y x -> partition y’ x ->

coarser_c y y’ -> coarser_cy’ y > y =y’ .
Lemma related_coarser: forall xy y’,

related (coarser x) y y’ =

(partition y x & partition y’ x & coarser_c y y’).
Lemma related_coarser_bis: forall x y y’,

related (coarser x) y y’ =

(partition y x & partition y’ x &

forall a, inc a y’ -> exists b, inc b y & sub a b).

Lemma substrate_coarser : forall x,

substrate (coarser x) = set_of_partition_set x.
Lemma coarser_order : forall x, order (coarser x).
Lemma smallest_partition_is_smallest: forall x y,

nonempty x ->

partition y x -> related (coarser x) (smallest_partition x) y.
Lemma largest_partition_is_largest: forall x y,

partition y x -> related (coarser x) y (largest_partition x).

Let ® be a partition; consider the set formed of all Ax A with A € ®; let ® be the union of all
these sets. We pretend that this set is the graph of the equivalence associated to the partition.
The relation “® coarser than ®'” is equivalent to ® > ®'. Bourbaki says that this shows that
coarser is an order. The nontrivial point is antisymmetry: we must show that ® = ®' implies
® = @'. This is a consequence of the fact that the sets A x A are mutually disjoint. If @ and b
are in the same element of ® and in A and B for @', the pair (a, b) is in ®, hence in ®', hence
in A x A and B x B, so that the intersection of A and B is not empty, and A = B.

Definition partition_relation_set_aux y x :=

Zo (powerset (coarse x)) (fun z => exists a, inc a y & z = coarse a).
Definition partition_relation_set y x :=

partition_relation (partition_fun_of_set y x) x.

Lemma prs_is_equivalence: forall y x,

partition y x -> is_equivalence (partition_relation_set y x).
Lemma partition_relation_set_prl: forall y x a,

partition y x ->

inc a y -> inc (coarse a) (partition_relation_set_aux y x).
Lemma partition_relation_set_pr: forall y x,

partition y x —>

partition_relation_set y x =

union (partition_relation_set_aux y x). (x 16 *)
Lemma sub_partition_relation_set_coarse: forall y x,

partition y x -> sub (partition_relation_set y x) (coarse x).
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Lemma nondisjoint :forall a b ¢, inc a b -> inc a ¢ -> disjoint b ¢ -> False.

Lemma partition_relation_set_order: forall x y y’,
partition_set y x -> partition_set y’ x —>

sub (partition_relation_set y’ x)(partition_relation_set y x) =

related (coarser x) y y’. (* 20 %)

Lemma partition_relation_set_order_anti: forall x y y’,
partition y x -> partition y’ x ->
(partition_relation_set y’ x = partition_relation_set y x) ->
sub y y’. (x 34 %)

Lemma partition_relation_set_order_antisymmetric: forall x y y’,
partition y x -> partition y’ x —>
(partition_relation_set y’ x = partition_relation_set y x) ->
y=y-

Let G be a graph, A be the diagonal of the substrate of G. If A € G and Go G c G then
GoG=G. The two assumptions say that G is reflexive and transitive, this a preorder. Anti-
symmetry is GN G lcA. SinceAis symmetric (i.e., it is its inverse), reflexivity is also A G,
so that G is an order if and only GoG = G, and GNG ™! = A (we know that G is an equivalence
ifand only GoG = Gand Gn Gl=A). Proposition 1 of Bourbaki |2} p. 132] considers the case

of a correspondence.

Lemma preorder_propl: forall g,
is_graph g ->
sub (diagonal (substrate g)) g -> sub (compose_graph g g) g —>
compose_graph g g = g.
Lemma order_pr: forall r,
order r =
(compose_graph r r = r &

intersection2 r (opposite_order r) = diagonal (substrate r)).

Theorem order_cor_pr: forall f,
is_correspondence f ->
order_c f =
(source f = target f & source f = (domain (graph f)) &
compose_graph (graph f) (graph f) = graph f &
intersection2 (graph f) (opposite_order (graph f))
= diagonal (substrate (graph f))).

1.2 Preorder relations

(x 28 *)

Consider the relation “R is coarser than R'” in the set of all coverings of E. This is a pre-
order relation, since it is reflexive and transitive; it is not antisymmetric, for if R is a covering,
R’ = RuU{X} with X c E, then R’ is a covering which is coarser then R. Now, R is coarser than
R’ if thereis aY € R such that X Y. It can happen that X ¢ R; in such a case, R is coarser than
R/, R is coarser than R, but R # R'. In the case of a partition, X € R, Y € R’ and X c Y implies

X=Y.

Here is the definition and the basic properties.

Lemma preorder_is_preorder: forall r,
preorder r -> preorder_r (related r).

Lemma opposite_is_preorderl: forall r,
preorder r -> preorder (opposite_order r).

INRIA
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The relation “x < y and y < x” is an equivalence if < is a preorder. Denote it by ~. Then
x < y is compatible with x ~ x’ and y ~ y’. This means that if these three relations hold, then
we have also x' < y'. If < has a graph G, then ~ has a graph, which is GNnG™'. If G is a graph,
itis a preorder if and only if A € G and Go G < G. We know that it implies Go G = G.

Lemma equivalence_preorder: forall r,

preorder_r r —>

equivalence_r (fun x y =>r xy & r y x).
Lemma compatible_equivalence_preorder: forall r,

let s := (funxy=>rxy&ryx) in

preorder_ r r -> forall x y x’ y’, rxy ->sxx’ >syy’ >rx’y’.
Definition equivalence_associated_o r:= intersection2 r (opposite_order r).

Lemma equivalence_preorderl: forall r,
preorder r —>
is_equivalence (equivalence_associated_o r).
Lemma substrate_equivalence_associated_o: forall r,
preorder r —>
substrate (equivalence_associated_o r) = substrate r.
Lemma compatible_equivalence_pre_order: forall r,
let s := (funxy=>rxy&ryx in
preorder r r -> forall x y x’ y’, rxy >sxx’ >syy’ >rx’y’.
Lemma compatible_equivalence_preorderl: forall r u v x y,
preorder r -> related r x y ->
related (equivalence_associated_o r) x u ->
related (equivalence_associated_o r) y v—>
related r u v.
Lemma preorder_prop: forall g,
is_graph g ->
preorder g = (sub (diagonal (substrate g)) g & sub (compose_graph g g) g).
Lemma preorder_prop2: forall g,
preorder g —-> compose_graph g g = g.
Lemma preorder_reflexivity: forall r a,
preorder r -> inc a (substrate r) = related r a a.

Let < be a preorder on a set E, and ~ the equivalence associated to it. Assume that R is the
graph of <, and let 7t be the canonical projection E/~. Given two objects of the form u = n(x)
and v = n(y) in the quotient, we can compare u and v via x < y, this is independent of the
representatives x and y. This relation has a graph, namely S cGoS™!, where S is the graph of
1. This set is also (it x ){(G), where 1t x m maps E x E into (E/~) x (E/~). This relation is an
order on the quotient; it is called the order relation associated with <.

Definition order_associated (r:Bset) :=
let s := (graph(canon_proj (equivalence_associated_o r))) in
compose_graph (compose_graph s r) (opposite_order s).

Lemma is_graph_order_associated: forall r,
is_graph (order_associated r).
Lemma related_compose3: forall s r u v,
is_graph s -> is_graph r ->
related (compose_graph (compose_graph s r) (opposite_order s)) u v =
exists x, exists y, related s x u & related s y v & related r x y.
Lemma related_graph_order_associatedl: forall r u v,
preorder r—>
related (order_associated r) u v =
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( inc u (quotient (equivalence_associated_o r)) &
inc v (quotient (equivalence_associated_o r)) &
exists x, exists y, inc x u & inc y v & related r x y).
Lemma related_graph_order_associated2: forall r u v,
preorder r—>
related (order_associated r) u v =
( inc u (quotient (equivalence_associated_o r)) &
inc v (quotient (equivalence_associated_o r)) &
forall x y, inc x u -> inc y v -> related r x y).
Lemma substrate_order_associated: forall r,
preorder r-> substrate (order_associated r) =
(quotient (equivalence_associated_o r)). (* 15 %)
Lemma order_order_associated: forall r,
preorder r-> order (order_associated r). (* 27 x)
Lemma graph_order_associated: forall r,
preorder r —>
order_associated r = image_by_fun (
ext_to_prod(canon_proj (equivalence_associated_o r))
(canon_proj (equivalence_associated_o r))) r. (x 41 %)

1.3 Notation and terminology

(x 21 *)

For simplicity, we shall write x < yinstead of x < y,and x < y for “x < yand x # y”. In Coq,
we do not want to overwrite the standard notations for comparison for natural numbers. For
this reason, we shall use gle, gge, ggt and glt. These are functions with three arguments: an

order and two elements to be compared.

Definition gle (r x y:Bset) := related r x y.
Definition gge (r x y:Bset) := related r y x.
Definition glt (r x y:Bset) :=gler xy & x <> y.
Definition ggt (r x y:Bset) :=gger xy & x <> y.

For Bourbaki an order on E satisfies

(RO;) Therelation “x < y and y < z” implies x < z.
(ROy) Therelation “x < y and y < x” implies x = y.
(ROqp) Therelation x < y implies “x<xand y < y”.
(ROry) Therelation x < x is equivalent to x € E.

Note the absence of quantifiers; in Bourbaki, if x is a free variable, P{x{ is equivalent to
(Vx)(Pix}). Hence the definition is correct if x, y and z are three distinct letters that do not
appear in E or <. The first part of C58 is: let < be an order relation and let x, y be two distinct
letters; the relation x < y is equivalent to “x < y or x = y”. Here, Bourbaki explicitly says that
x and y are distinct. The statement is true only if x = x implies x < x, for instance if < is an

orderon E and x € E.

Definition order_axioms (r s:Bset) :=
(forall x y z, glerxy -> gleryz ->gler x z) &
(forall x y, glerxy -> gleryx ->x=y) &
(forall x y, gler x y -> (inc x s & inc y s)) &
(forall x, gle r x x = inc x 8) &
is_graph r.

< <

Lemma axioms_of_order: forall r,

INRIA



Bourbaki: Theory of sets in Coq, II 13

order r = (order_axioms r (substrate r)).

Lemma 1t_leq_trans : forall r xy z,
order r > glt rxy ->gleryz->gltrx z.
Lemma leq_lt_trans : forall r xy z,

order r > glerxy ->gltryz->gltrx z.
Lemma 1t_lt_trans: forall r a b ¢, order r ->
glt rab->glt rbc->gltrac.
Lemma le_pr: forall r x y,
inc x (substrate r) -> order r -> gler x y = (glt r xy \/ x = y).

We say that f is a morphism or isomorphism for two orders denoted < or < on E and F if
f is afunction from E to F compatible with the orders (this means the obvious: if x <g y then
f(x) <r f(y) and conversely). A morphism is required to be injective, and an isomorphism
is required to be bijective. Properties of morphisms will be studied later. A morphism is an
isomorphism on its range.

Definition order_isomorphism f r r’:=
(order r) & (order r’) &
(bijective f) & (substrate r = source f) & (substrate r’
(forall x y, inc x (source f) -> inc y (source f) ->
glerxy=gler’” (Wx f) (Wy £)).

target f) &

Definition order_morphism f r r’:=
(order r) & (order r’) &
(injective f) & (substrate r = source f) & (substrate r’ = target f) &
(forall x y, inc x (source f) -> inc y (source f) ->
glerxy=gler’ (Wx £f) (Wy £)).

1.4 Ordered subsets. Product of ordered sets

Let G be a graph, A a set. Define Gy = Gn (A x A). This is a graph, whose substrate is a
subset of A. If G is reflexive, with substrate E and A < E, then the substrate of G is A. As a
consequence if G is an order (or preorder) on E, then G, is an order (or preorder) on A. It is
called the order induced by G. By abuse of notations, if the order relation associated to G is
denoted x < y then the order relation associated to G also denoted x < y instead of x <j y.
The first three lemmas here say that x <4 y implies x < y, and x <5 y implies x < y; moreover
if xe Aand y € A, then x <, yis equivalent to x < y.

Definition induced_order (r a:Bset):=
intersection2 r (coarse a).

Lemma related_induced_order: forall r a x y,

inc x a -> inc y a —>

related (induced_order r a) x y = related r x y.
Lemma related_induced_orderl: forall r a x y,

gle (induced_order r a) x y -> gle r x y.
Lemma related_induced_order2: forall r a x y,

glt (induced order r a) x y -> glt r x y.

Lemma relation_induced_order :forall r a,
is_graph r -> is_graph (induced_order r a).

Lemma substrate_induced_orderl :forall r a,
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is_reflexive r ->

sub a (substrate r) -> substrate (induced_order r a) = a.
Lemma substrate_induced_order :forall r a,

order r —>

sub a (substrate r) -> substrate (induced_order r a) = a.

Lemma reflexive_induced_order: forall r a,

sub a (substrate r) ->

is_reflexive r -> is_reflexive (induced_order r a).
Lemma transitive_induced_order: forall r a,

sub a (substrate r) ->

is_transitive r -> is_transitive (induced_order r a).
Lemma preorder_induced_order: forall r a,

sub a (substrate r) ->

preorder r -> preorder (induced_order r a).
Lemma order_induced_order: forall r a,

sub a (substrate r) ->

order r -> order (induced_order r a).
Lemma sub_graph_coarse_substrate: forall r,

is_graph r -> sub r (coarse (substrate r)).
Lemma induced_order_substrate: forall r,

order r -> (* OK if r is graph *)

induced_order r (substrate r) = r.

Let ®(E, F) be the set of all mappings of subsets of E into F. Recall that the set of triples
I'=(G,A,B) is termed set_of sub_functions. We first show that I' — G is a function from
®(E,F) to the set of functional graphs included in E x F. This function is in fact an isomor-
phism of ordered sets, where the first set is endowed with the relation “g extends f” between
f and g (this is the opposite order of extension_order) and the second set with the inclusion
order.

Definition set_of_graphs(x y :Bset):=
(Zo(powerset (product x y)) (fun z => functional_graph z)).

Definition graph_of_function (x y:Bset):=
BL (fun g => (P g)) (set_of_sub_functions x y)
(set_of_graphs x y).

Lemma sub_graph_of_function: forall x y z,
inc z (set_of_sub_functions x y) -> sub (P z) (product x y).
Lemma set_of_graphs_pr: forall x y z,
inc z (set_of_sub_functions x y) -> inc (P z) (set_of_graphs x y).
Lemma axioms_graph_of_function: forall x y,
transf_axioms(fun g => (P g)) (set_of_sub_functions x y)
(set_of_graphs x y).
Lemma fonction_graph_of_function: forall x y,
is_function (graph_of_function x y).
Lemma source_graph_of_function: forall x y,
source (graph_of_function x y) = set_of_sub_functions x y.
Lemma target_graph_of_function: forall x y,
target (graph_of_function x y) =  (set_of_graphs x y).
Lemma W_graph_of_function: forall x y £,
inc f (set_of_sub_functions x y) -> W f (graph_of_function x y) = P f.
Lemma injective_graph_of_function: forall x y,
injective (graph_of_function x y).
Lemma surjective_graph_of_function: forall x y,
surjective (graph_of_function x y).
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Lemma isomorphism_graph_of_function: forall x vy,
order_isomorphism (graph_of_function x y)
(opposite_order (extension_order x y))

(inclusion_suborder (set_of_graphs x y)).

( IfE is a set, we consider the mapping ® — ®, that maps a partition to the graph of the asso-
ciated equivalence. We know that “® coarser than @"” is equivalent to ® > @'. This mapping
is an isomorphism on its image (when the source is endowed with the opposite of the coarse
relation, and the target with ). The source is the set of partitions, the target is some subset
of P(E x E).

Definition graph_of_partition x :=
fun_function(fun y => partition_relation_set y x)
(set_of_partition_set x) (powerset (coarse x)).

Lemma axioms_gop: forall x,

transf_axioms (fun y => partition_relation_set y x)

(set_of_partition_set x) (powerset (coarse x)).

Lemma target_gop: forall x,

target (graph_of_partition x) = powerset(coarse x).
Lemma W_gop: forall x y,

partition y x ->

W y (graph_of_partition x) = partition_relation_set y x.
Lemma function_gop: forall x, is_function(graph_of_partition x).
Lemma injective_gop: forall x, injective(graph_of_partition x).
Lemma isomorphism_gop: forall x,

order_morphism (graph_of_partition x) (coarser x)

(opposite_order (inclusion_order (coarse x))).

¢ We consider the set of all preorders on E; more precisely the set of all graphs that are pre-
orders, and order them by inclusion. A preorder s is finer than ¢ if s c ¢; this is the same as to
say that elements related by s are related by ¢.

Definition set_of_preorders x :=

Zo (powerset (coarse x))(fun z => substrate z = x & preorder z).
Definition coarser_preorder (x:E) :=

inclusion_suborder (set_of_preorders x).

Lemma set_of_preorders_pr: forall x z,
inc z (set_of_preorders x) = (substrate z = x & preorder z).

Lemma order_coarser_preorder: forall x,

order (coarser_preorder x).
Lemma substrate_coarser_preorder: forall x,

substrate (coarser_preorder x) = set_of_preorders x.
Lemma related_coarser_preorder: forall x u v,

related (coarser_preorder x) u v =

(preorder u & preorder v & substrate u = x & substrate v
Lemma related_coarser_preorderl: forall x u v,

related (coarser_preorder x) u v =

(preorder u & preorder v & substrate u = x & substrate v = x &

forall a b, inc a x -> inc b x -> related u a b -> related v a b).

X & sub u v).

¢ Consider now a family of sets E,, a family of orders I', with graphs G,. Denote the relation
associated to G, by <,. On the product [TE, we can consider the relation: Vi, x, <, x| between
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(%), and (x)),. This is an order relation; it will be called the product of the order relations and
its graph will be called the product of the orders. The graph is [] G, transported from [](E, xE,)
to [1E, x [1E, via the canonical bijection.

Definition product_order_r(f g:Bset): EEP :=
fun x x’ =>
inc x (productb f) & inc x’ (productb f) &
forall i, inc i (domain f) -> related (Vi g) (Vi x)(Vizx’).

Definition product_order f g:=
graph_on (product_order_r f g) (productb f).

Definition axioms_product_order f g:=
fgraph f & fgraph g & domain f = domain g &
(forall i, inc i (domain f) -> order (V i g)) &
(forall i, inc i (domain f) -> substrate (Vi g) =V i f).

Lemma order_r_product_order: forall f g,
axioms_product_order f g -> order_r (product_order_r f g).
Lemma order_re_product_order: forall f g,
axioms_product_order f g -> order_re (product_order_r f g)(productb f).
Lemma order_product_order: forall f g,
axioms_product_order f g -> order(product_order f g).
Lemma related_product_order: forall f g x x’,
axioms_product_order f g ->
related(product_order f g) x x’ =
(inc x (productb f) & inc x’ (productb f) &
forall i, inc i (domain f) -> related (Vi g) (Vi x)(Vix’)).
Lemma substrate_product_order: forall f g,
axioms_product_order f g -> substrate(product_order f g) = productb f.
Lemma product_order_def: forall f g, axioms_product_order f g ->
image_by_fun (prod_of_products_canon f f) (product_order f g)
= (productb g). (* 36 *)

Since F is a product, an order on F gives an order on the set of graphs of functions. We
can compare two functions f and g via f(x) < g(x). This is not an order because we cannot
consider the set of all functions. However, this gives a natural order on & (E; F) via sof _value.
Note.

The function that associates to a triple of & (E; F) its graph in FEisan isomorphism.

Definition graph_order_r(x y g:Bset): EEP :=
fun z 2z’ =>
inc z (set_of_gfunctions x y) & inc z’ (set_of_gfunctions x y) &
forall i, inc i x-> related g (Vi z)(V i z’).
Definition function_order r x y r f g :=
is_function f & is_function g & source f = x & target f =y
& source g =x & target g =y &
forall i, inc i x -> related r (Wi f) (Wi g.
Definition graph_order x y g :=
graph_on(graph_order_r x y g) (set_of_gfunctions x y).
Definition function_order x y r :=
graph_on(fun u v => function_order_r x y r(sof_value x y u)(sof_value x y v))
(set_of_functions x y).
Definition cst_graph x y:= L x (fun _ => y).
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Lemma axioms_product_order_x:forall x y g, order g -> substrate g =y ->
axioms_product_order (cst_graph x y) (cst_graph x g).

Lemma cst_graph_pr: forall x y,
productb (cst_graph x y) = set_of_gfunctions x y.

Lemma graph_order_r_pr: forall x y g z z’, order g —-> substrate g =y ->

graph_order_ r x y g z z’ =

product_order_r (cst_graph x y) (cst_graph x g) z z’.
Lemma graph_order_pr:forall x y g, order g —-> substrate g =y —>

graph_order x y g = product_order (cst_graph x y) (cst_graph x g).
Lemma order_graph_order: forall x y g, order g -> substrate g =y ->

order (graph_order x y g).
Lemma substrate_graph_order: forall x y g, order g —-> substrate g =y —>

substrate (graph_order x y g) = set_of_gfunctions x y.
Lemma reflexive_function_order: forall x y r u,

order r -> substrate r = y >

inc u (set_of_functions x y) -> related (function_order x y r) u u.
Lemma substrate_function_order: forall x y r,

order r -> substrate r = y >

substrate (function_order x y r) =set_of_functions x y.
Lemma order_function_order: forall x y r,

order r -> substrate r = y -> order (function_order x y r).
Lemma function_order_pr: forall x y r £ f’,

order r -> substrate r = y >

related (function_order x y r) f f’ =

(inc f (set_of_functions x y) &

inc £’ (set_of_functions x y) &
forall i, inc i x ->
related r (W i (sof_value x y f)) (W i (sof_value x y £’))).

Lemma isomorphism_function_order: forall x y r,

order r -> substrate r =y ->

order_isomorphism (BL P (set_of_functions x y)(set_of_gfunctions x y))

(function_order x y r)(graph_order x y r). (x 15 *)

¢ We consider now the product of two order relations (it is similar to the product of a family
of order that has two elements).

Definition product2_order_r f g :=
fun x x’ =>
inc x (product (substrate f) (substrate g)) &
inc x’ (product (substrate f) (substrate g)) &
related f (P x) (P x’) & related g (Q x) (Q x’).

Definition product2_order f g:=
graph_on (product2_order_r f g)(product (substrate f)(substrate g)).

Lemma preorder_r_product2_order: forall f g,

preorder f -> preorder g -> preorder_r (product2_order_r f g).
Lemma order_r_product2_order: forall f g,

order f -> order g -> order_r (product2_order_r f g).
Lemma preorder_product2_order: forall f g,

preorder f -> preorder g -> preorder (product2_order f g).
Lemma order_product2_order: forall f g,

order f -> order g -> order (product2_order f g).
Lemma product2_order_pr: forall f g x y,

related (product2_order f g) x y = product2_order_r f g x y.
Lemma substrate_preorder_product2_order: forall f g,
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preorder f -> preorder g -> substrate (product2_order f g) =
product (substrate f) (substrate g).

Lemma substrate_order_product2_order: forall f g,
order f -> order g -> substrate (product2_order f g) =
product (substrate f) (substrate g).

1.5 Increasing mappings

We say that a function is increasing if x < y implies f(x) < f(y) and decreasing if x < y
implies f(x) = f(y). Bourbaki defines increasing when < is a preorder. A function is strictly
increasing or strictly decreasing if x < y implies f(x) < f(y) or f(x) > f(y). A function that is
increasing or decreasing is monotone.

Definition increasing map f src r r’:=

forall x y, inc x src -> inc y src > gler xy -> gle r’ (f x) (f y).
Definition decreasing map f src r r’:=

forall x y, inc x src -> inc y src > gler xy -> gge r’ (f x) (f y).
Definition strict_increasing map f src r r’:=

forall x y, inc x src -> inc y src > glt r x y -> glt r’ (£ x) (£ y).
Definition strict_decreasing map f src r r’:=

forall x y, inc x src -> inc y src > glt r x y -> ggt v’ (f x) (f y).

Definition increasing fun f r r’:=
is_function f & order r & order r’ & substrate r = source f
& substrate r’ = target f &
increasing map (fun w => W w f) (source f) r r’.
Definition decreasing fun f r r’:=
is_function f & order r & order r’ & substrate r = source f
& substrate r’ = target f &
decreasing map (fun w => W w f) (source f) r r’.
Definition monotone_fun f r r’:=
increasing fun f r r’ \/ decreasing fun f r r’.
Definition strict_increasing fun f r r’:=
is_function f & order r & order r’ & substrate r = source f
& substrate r’ = target f &
strict_increasing map (fun w => W w f) (source f) r r’.
Definition strict_decreasing fun f r r’:=
is_function f & order r & order r’ & substrate r = source f
& substrate r’ = target f &
strict_decreasing map (fun w => W w f) (source f) r r’.
Definition strict_monotone_fun f r r’:=
strict_increasing fun f r r’ \/ strict_decreasing fun f r r’.

Some consequence when we replace one order by its opposite.

Lemma increasing_fun_reva : forall f r r’,

increasing fun f r r’> -> decreasing fun f r (opposite_order r’).
Lemma increasing_fun_revb : forall f r r’,

increasing_fun f r r’ -> decreasing_fun f (opposite_order r) r’.
Lemma decreasing_fun_reva : forall f r r’,

decreasing_fun f r r’ -> increasing_fun f r (opposite_order r’).
Lemma decreasing_fun_revb : forall f r r’,

decreasing_fun f r r’ -> increasing_fun f (opposite_order r) r’.
Lemma monotone_fun reva : forall f r r’,

INRIA



Bourbaki: Theory of sets in Coq, II 19

monotone_fun f r r’ -> monotone_fun f r (opposite_order r’).
Lemma monotone_fun_revb : forall f r r’,
monotone_fun f r r’ -> monotone_fun f (opposite_order r) r’.

Same for strictly monotone.

Lemma opposite_gle: forall
gle (opposite_order r) x
Lemma opposite_gge: forall
gge (opposite_order r) x

™

y, order r ->
gler y x.
y, order r —->
gler xy.

o]

< R< R
I

Lemma glt_inva: forall

order r -> glt r x
Lemma ggt_inva: forall

order r -> ggt r X
Lemma ggt_invb: forall v,

order r -> ggt r x glt r y x.
Lemma strict_increasing_ fun_reva : forall f r r’,

strict_increasing_fun f r r’ -> strict_decreasing_fun f r (opposite_order r’).
Lemma strict_increasing_fun_revb : forall f r r’,

strict_increasing_fun f r r’ -> strict_decreasing_fun f (opposite_order r) r’.
Lemma strict_decreasing fun_reva : forall f r r’,

strict_decreasing fun f r r’ -> strict_increasing fun f r (opposite_order r’).
Lemma strict_decreasing_fun_revb : forall f r r’,

strict_decreasing_fun f r r’ -> strict_increasing_fun f (opposite_order r) r’.
Lemma strict_monotone_fun_reva : forall f r r’,

o]

Yy
= ggt (opposite_order r) x y.
Yy
glt (opposite_order r) x y.

o]

< H< < H
ol

strict_monotone_fun f r r’ -> strict_monotone_fun f r (opposite_order r’).
Lemma strict_monotone_fun_revb : forall f r r’,
strict_monotone_fun f r r’ -> strict_monotone_fun f (opposite_order r) r’.

If f is constant, then f is increasing and decreasing. Conversely, the identity function is
increasing and decreasing on a set ordered by equality. This function is not constant when
the set has more then one element. Let E be set, f the function that maps X c E to its com-
plementary. This is a strictly decreasing function when the powerset is ordered by inclusion.

Lemma constant_fun_increasing: forall f r r’,
order r -> order r’ -> substrate r = source f ->
substrate r’ = target f -> is_constant_function f ->
increasing fun f r r’.
Lemma constant_fun_decreasing: forall f r r’,
order r -> order r’ -> substrate r = source £ ->
substrate r’ = target f -> is_constant_function f ->
decreasing_fun f r r’.
Lemma identity_increasing_decreasing : forall x,
let r := diagonal x in
(increasing_fun (identity_fun x) r r &decreasing_fun (identity_fun x) r r).
Lemma complementary_decreasing: forall E,
strict_decreasing_fun(BL (fun X => complement E X) (powerset E) (powerset E))
(inclusion_order E) (inclusion_order E).

Let U, be the set of upper bounds of {x} (the case of a non-singleton will be studied later).
We have x < y if and only if Uy, « U. The function x — Uy, is strictly decreasing.

Definition set_of_majorantsl x r:=
Zo (substrate r) (fun y => related r x y).
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Lemma set_of_majorantsl_pr: forall x y r,
order r -> inc x (substrate r) -> inc y (substrate r) ->
(related r x y = sub (set_of_majorantsl y r) (set_of_majorantsl x r)).
Lemma set_of_majorantsl_decreasing: forall r, (* 15 %)
order r —>
strict_decreasing_fun(BL (fun x=> (set_of_majorantsl x r))
(substrate r) (powerset (substrate r))) r (inclusion_order (substrate r)).

If a function is injective, monotone implies strictly monotone. If a function is bijective, it
is an isomorphism if and only if the function and its opposite are increasing.

Lemma strict_increasing_from_injective: forall f r r’,

injective f -> increasing _fun f r r’ -> strict_increasing fun f r r’.
Lemma strict_decreasing_from_injective: forall f r r’,

injective f ->decreasing fun f r r’ -> strict_decreasing fun f r r’.
Lemma strict_monotone_from_injective: forall f r r’,

injective f -> monotone_fun f r r’ -> strict_monotone_fun f r r’.
Lemma order_isomorphism_increasing: forall f r r’,

order_isomorphism f r r’ ->

strict_increasing fun f r r’.
Lemma order_morphism_increasing: forall f r r’,

order_morphism f r r’ ->

strict_increasing fun f r r’.
Lemma order_isomorphism_pr: forall f r r’,

order r —-> order r’ —>

bijective f -> substrate r = source f -> substrate r’ = target f ->

(order_isomorphism f r r’ =

(increasing fun f r r’ & increasing_fun (inverse_fun f) r’ r)).

Assume that we have two ordered sets E and E/, decreasing functions u and v from E to
E’ and E’ to E. Assume u(v(x)) = x and v(u(x")) = x’ for all x and x’. Proposition 2 [2} p. 139]
says uocvou=uand vouov=rv.

Theorem decreasing_composition: forall u v r r’,
decreasing_fun u r r’ -> decreasing fun v r’ r ->
(forall x, inc x (substrate r) -> related r (W (W x u) v) x) —>
(forall x’, inc x’ (substrate r’) -> related r’ (W (W x’ v) u) x’) —->
(compose u (compose v u) = u & compose v (compose u v) = v). (x 21 *)

1.6 Maximal and minimal elements

Bourbaki says: if E is a set with a preorder, then a € E is minimal (resp. maximal) in E if
X < a (resp. x = a) implies x = a. In the definition given here, we do not say that r is an order
or a preorder.

Definition maximal_element r a:
inc a (substrate r) & forall x, inc x (substrate r) -> gler a x -> x = a.
Definition minimal element r a:
inc a (substrate r) & forall x, inc x (substrate r) -> gle r x a -> x

a.

{ Given a correspondence [ and a pair (x, y), we can extend f to f’ by imposing f'(x) = y;
this is a correspondence, it is a function if x is not in the source of f. This extension is unique
if we merely add x to the source, y to the target and (x, y) to the graph. The extension is a
surjective function if f is surjective.
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Definition tack_on_f f x y:=
corresp (tack_on (source f) x)
(tack_on (target f) y) (tack_on (graph f) (J x y)).

Lemma corresp_tack_on: forall f x vy,
is_correspondence f -> is_correspondence (tack_on_f f x y).
Lemma function_tack_on: forall f x vy,
is_function f -> ~(inc x (source f)) -> is_function (tack_on_f f x y).
Lemma W_tack_on_in: forall f x y u,
is_function f -> ~(inc x (source f)) -> inc u (source f) —>
Wu (tack_on_f f x y) =Wu f.
Lemma W_tack_on_out: forall £ x y,
is_function f -> ~(inc x (source f)) -> W x (tack_on_f f x y)

1]
<

Lemma surjective_tack_on: forall f x vy,

surjective f -> ~(inc x (source f)) -> surjective (tack_on_f f x y).
Lemma tack_on_f_injective: forall x £ g a b,

is_function f -> is_function g -> target f = target g —>

source f = source g -> ~ (inc x (source f)) ->

(tack_on_f f x a = tack_.on_f gxb) ->f =g.

Examples. In B(E), the empty set is the smallest element for inclusion. If we remove
it, minimal elements are singletons. On the set of partial functions ordered by extension,
maximal elements are total functions (because non-total functions can be extended).

Lemma maximal_element_opp: forall r a,

order r -> maximal_element r a -> minimal_element (opposite_order r) a.
Lemma minimal_element_opp: forall r a,

order r -> minimal_element r a -> maximal_element (opposite_order r) a.
Lemma maximal_opposite: forall r x,

order r -> maximal_element (opposite_order r) x = minimal_element r x.

Lemma minimal_inclusion: forall E y, (* 14 x)
let F:= complement (powerset E) (singleton emptyset) in
inc y F -> (minimal_element (inclusion_suborder F) y = is_singleton y).

Lemma maximal_prolongation: forall E F x, (x 43 x)
nonempty F -> inc x (set_of_sub_functions E F) ->
maximal_element (opposite_order (extension_order E F)) x = (P (Q x) = E).

1.7 Greatest element and least element

We start with the definition of the greatest and least element of an order relation (some-
times called the largest or smallest). Trivial properties follow. If < is an order on E, then a is
a greatest element for the order if a € E and for all x € E we have x < a (the condition a € E
could be relaxed in E is not empty). A greatest element may not exist, but is unique. It is
maximal. A set that has a greatest element has a unique maximal element.

Definition greatest_element r a:=
inc a (substrate r) & forall x, inc x (substrate r) -> gle r x a.
Definition least_element r a:=

inc a (substrate r) & forall x, inc x (substrate r) -> gle r a x.

Lemma unique_greatest: forall a b r,
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order r -> greatest_element r a -> greatest_element r b -> a = b.
Lemma unique_least: forall a b r,

order r -> least_element r a -> least_element r b -> a = b.
Lemma greatest_reverse: forall a r,

order r -> greatest_element r a -> least_element (opposite_order r) a.
Lemma least_reverse: forall a r,

order r -> least_element r a —-> greatest_element (opposite_order r) a.
Lemma greatest_maximal: forall a r,

order r -> greatest_element r a -> maximal_element r a.
Lemma least_minimal: forall a r,

order r -> least_element r a -> minimal_element r a.
Lemma greatest_unique_maximal: forall a b r,

greatest_element r a -> maximal_element r b -> a = b.
Lemma least_unique_minimal: forall a b r,

least_element r a -> minimal_element r b -> a = b.

Now some examples. If G is a subset of ‘B(E), then the upper and lower bounds of G are
the intersection and union; we anticipate a bit: for the moment being, we just say that the
least and greatest elements are the intersection and union, provided they are in &. Note that
E need not be mentioned in the theorems.

Lemma least_is_intersection: forall s a,
least_element (inclusion_suborder s) a ->
nonempty s -> a = intersection s.
Lemma greatest_is_union: forall s a,
greatest_element (inclusion_suborder s) a -> a = union s.
Lemma intersection_is_least: forall s,
inc (intersection s) s ->
least_element (inclusion_suborder s) (intersection s)
Lemma union_is_greatest: forall s,
inc (union s) s -> greatest_element (inclusion_suborder s) (union s).

Some applications. On P(E), the least element is @, the greatest is E. On the set of partial
functions from E to F, there is no greatest element if F has at least two elements. In fact,
two constant functions defined on the whole of E are maximal. Hence all constant functions
are the same. If E is empty there is a unique partial function, the empty function, otherwise
constants x — u and x — v are the same only if u = v.

Lemma emptyset_is_least: forall E,
least_element (inclusion_order E) emptyset.
Lemma wholeset_is_greatest: forall E,
greatest_element (inclusion_order E) E.
Definition empty_function_tg F := BL (fun x => x) emptyset F.
Lemma function_empty_function_tg: forall F,
is_function (empty_function_tg F).
Lemma least_prolongation: forall E F,
least_element (opposite_order (extension_order E F))
(corr_value (empty_function_tg F)).
Lemma greatest_prolongation: forall E F x,
greatest_element (opposite_order (extension_order E F)) x ->
nonempty E -> small_set F. (* 17 *)

Bourbaki notices that if E is a set, A the diagonal of E, then A is the smallest of equiva-

lences or preorders on E (for the inclusion order induced on ‘B(E x E)). This a consequence
of the next lemma. Note: We have defined finer_equivalence and shown that if S and R are
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equivalences on a same set, then S is finer than R if and only if S < R. Thus, on the set of
equivalences on E, the inclusion order is finer_equivalence and we have already shown that
the least element is the diagonal and the greatest one is E x E.

Lemma least_equivalence: forall r,
is_reflexive r -> sub (diagonal (substrate r)) r.

Proposition 3 [2} p. 140] in Bourbaki says: Let E be an ordered set and let E’ be the disjoint
union of E and a set {a} consisting of a single element. Then there exists a unique ordering
on E’ which induces the given ordering on E and for which a is the greatest element of E'.

There is no definition of “disjoint union”, but section I1.4.8 defines the sum of a family of
sets as the union of a family of mutually disjoint sets. Thus, given E and A = {a}, there exists
E and A, two disjoint sets, two bijections f :E — E and g : A — A, and E’ is the union of E
and A. Because g is a bijection, there is an element a’ such that {a'} = A. The proposition is
now: if G is the given order, then (f x f)(G) is an order, its substrate is f(E), namely E, and
there is a unique order on E U {a'}, extending (f x f)(G) and with a’ as greatest element. In
our implementation we consider two separate lemmas.

Definition order_with_greatest r a :=
union2 r (product (tack_on (substrate r) a) (singleton a)).

Lemma order_with_greatest_pr: forall r a, (* 44 x)
let r’:=order_with_greatest r a in
order r -> ~ (inc a (substrate r)) ->
(order r’ & substrate r’ = tack_on (substrate r) a &
r = intersection2 r’ (coarse (substrate r)) & greatest_element r’ a).
Lemma order_transportation: forall f r,
let r’:= image_by_fun (ext_to_prod f f) r in
bijective f -> order r -> substrate r = source f ->
(order r’ & substrate r’ = target f). (* 47 %)
Theorem adjoin_greatest: forall r a E,
order r -> substrate r = E -> ~ (inc a E) —>
exists_unique (fun r’ => order r’ & substrate r’ = tack_on E a &
r = intersection2 r’ (coarse E) & greatest_element r’ a). (* 39 *)

If r is an order on E (Bourbaki considers the case of pre-orders) we say that a part A of
E is cofinal (or coinitial) if for all x € E there is a y € A such that x < y (or y < x) if the order
is denoted <. Bourbaki says “To say that an ordered set E has a greatest element therefore
means that E has a cofinal subset consisting of a single element”. The lemmas given here talk
about an object r and its substrate E. We do not assume that r is an order: we do not even
assume that r is a graph (what happens is the following: if r’ is the set of pairs (x, y) in r, then
r’ is the the graph of the relation associated to r, for which x and y are related if and only if

(x,y)er).

Definition cofinal _set r a :=

sub a (substrate r) &

(forall x, inc x (substrate r) -> exists y, inc y a & gle r x y).
Definition coinitial _set r a :=

sub a (substrate r) &

(forall x, inc x (substrate r) -> exists y, inc y a & gle r y x).
Lemma exists_greatest_cofinal: forall r,

(exists x, greatest_element r x) =

(exists a, cofinal_set r a & is_singleton a).
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Lemma exists_least_coinitial: forall r,
(exists x, least_element r x) =
(exists a, coinitial_set r a & is_singleton a).

1.8 Upper and lower bounds

Given an order r on a set E denoted by < and a set X, an element x is said to be an upper
bound for r and X if y € X implies y < x. A lower bound is an element x such that y € X
implies x < y. If the set X is not empty, we deduce that x € E; in order to cover the case X = @,
we add the condition x € E; the set of upper bounds of the empty set is thus E. Note that
Bourbaki assumes that r is a preorder (but in most examples, and in the next section, it will
be an order).

Definition upper_bound r X x :=

inc x (substrate r) & forall y, inc y X -> gle r y x.
Definition lower_bound r X x :=

inc x (substrate r) & forall y, inc y X -> gle r x y.

The first properties given here are trivial. If we have an order on E and if X is a subset
of E, we can consider the order induced on X; this may have a least element m or a greatest
element M. If these quantities exist, they are in X and are an upper or lower bound of X for
the relation on E. Converse holds: if X has an upper bound in X, it is M.

Lemma opposite_upper_bound: forall x X r, order r —>
upper_bound r X x = lower_bound (opposite_order r) X x.
Lemma opposite_lower_bound: forall x X r, order r —>
lower_bound r X x = upper_bound (opposite_order r) X x.
Lemma smaller_lower_bound: forall x y X r, preorder r ->
lower_bound r X x -> gle r y x —-> lower_bound r X y.
Lemma greater_upper_bound: forall x y X r, preorder r —>
upper_bound r X x -> gle r x y —> upper_bound r X y.
Lemma sub_lower_bound: forall x X Y r,
lower_bound r X x -> sub Y X-> lower_bound r Y x.
Lemma sub_upper_bound: forall x X Y r,
upper_bound r X x -> sub Y X -> upper_bound r Y x.
Lemma least_element_pr: forall X r, order r -> sub X (substrate r) ->
(exists a, least_element (induced_order r X) a) =
(exists x, lower_bound r X x & inc x X).
Lemma greatest_element_pr: forall X r, order r -> sub X (substrate r) ->
(exists a, greatest_element (induced_order r X) a) =
(exists x, upper_bound r X x & inc x X).

We consider now bounded sets, that are sets that have a bound.

Definition bounded_above r X := exists x, upper_bound r X x.
Definition bounded_below r X := exists x, lower_bound r X x.
Definition bounded_both r X := bounded_above r X & bounded_below r X.

Lemma bounded_above_sub: forall X Y r,

sub Y X ->bounded_above r X -> bounded_above r Y.
Lemma bounded_below_sub: forall X Y r,

sub Y X ->bounded_below r X -> bounded_below r Y.
Lemma bounded_both_sub: forall X Y r,
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sub Y X ->bounded_both r X -> bounded_both r Y.
Lemma singleton_bounded:forall x r,
is_singleton x -> order r -> sub x (substrate r) -> bounded_both r x.

1.9 Least upper bound and greatest lower bound

The Bourbaki definition is: let E be an ordered set and let X be a subset of E. An element
of E is said to be greatest lower bound of X in E if it is the greatest element of the set of lower
bounds of X in E. Let Wx be the set of lower bounds of X; it is a subset of E, hence can be
ordered with the order induced from E. This may have a greatest element x. This is in Wx
hence is a lower bound of X and if z is another lower bound we have z < x. The converse is
true, hence we have a characterization of the greatest lower bound that does not involve the
set Wx. Similarly the least upper bound of X is an upper bound x such that if z is another
upper bound, then x < z.

Definition greatest_lower_bound r X x :=
greatest_element (induced_order r (Zo (substrate r)
(fun z => lower_bound r X z))) X.
Definition least_upper_bound r X x :=
least_element (induced_order r (Zo (substrate r)
(fun z => upper_bound r X z))).

Lemma greatest_lower_bound_pr: forall r X x,
order r -> sub X (substrate r) ->
greatest_lower_bound r X x = (lower_bound r X x

& forall z, lower_bound r X z -> gle r z x).

Lemma least_upper_bound_pr: forall r X x,
order r —> sub X (substrate r) ->
least_upper_bound r X x = (upper_bound r X x

& forall z, upper_bound r X z -> gle r x z).

The greatest lower bound and least upper bound are also called supremum and infimum
and denoted by supy X and infy X. As usual, the order is < and the substrate is E; in some cases
the set E isnot mentioned. If X = {x, y} we often write sup(x, y) and inf(x, y). The sup does not
always exists, but is unique since there is a unique least element. We give a characterization
of the sup and the inf when they exist. The case of two arguments is also provided.

Lemma supremum_unique: forall x y X r, order r ->

least_upper_bound r X x -> least_upper_bound r X y -> x = y.
Lemma infimum_unique: forall x y X r, order r ->

greatest_lower_bound r X x -> greatest_lower_bound r Xy -> x =y.

Definition supremum r X := choose (fun x=> least_upper_bound r X x).
Definition infimum r X := choose (fun x=> greatest_lower_bound r X x).
Definition has_supremum r X :=(exists x, least_upper_bound r X x).
Definition has_infimum r X :=(exists x, greatest_lower_bound r X x).
Definition sup r x y := supremum r (doubleton x y).

Definition inf r x y := infimum r (doubleton x y).

Lemma supremum_prl: forall X r,
order r -> sub X (substrate r) -> has_supremum r X ->
least_upper_bound r X (supremum r X).

Lemma infimum_prl: forall X r,
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order r -> sub X (substrate r) -> has_infimum r X ->
greatest_lower_bound r X (infimum r X).
Lemma inc_supremum_substrate : forall X r,
order r -> sub X (substrate r) -> has_supremum r X ->
inc (supremum r X) (substrate r).
Lemma inc_infimum_substrate : forall X r,
order r —> sub X (substrate r) -> has_infimum r X ->
inc (infimum r X) (substrate r).
Lemma supremum_pr: forall X r,
order r -> sub X (substrate r) -> has_supremum r X ->
(upper_bound r X (supremum r X) &
forall z, upper_bound r X z -> gle r (supremum r X) z).
Lemma infimum_pr: forall X r,
order r -> sub X (substrate r) -> has_infimum r X ->
(lower_bound r X (infimum r X) &
forall z, lower_bound r X z -> gle r z (infimum r X)).
Lemma sup_pr: forall a b r,
order r -> inc a (substrate r) -> inc b (substrate r)
-> has_supremum r (doubleton a b) ->
(glera(suprab)& glerb (supr ab) &
forall z, gleraz -> gler bz ->gler (supr ab) z).
Lemma inf_pr: forall a b r,
order r -> inc a (substrate r) -> inc b (substrate r)
-> has_infimum r (doubleton a b) ->
(gle r (inf r a b) a & gler (inf r a b) b&
forall z, glerza -> gler zb ->gler z (inf r a b)).
Lemma least_upper_bound_doubleton: forall r x y z,
order r > gler x z > gleryz —>
(forall t, glerxt >gleryt ->gler zt) —>
least_upper_bound r (doubleton x y) z.
Lemma greatest_lower_bound_doubleton: forall r x y z,
order r -> gler zx ->glerzy ->
(forall t, glert x >glerty->glert z) —->
greatest_lower_bound r (doubleton x y) z.

We show here the following claim: if a subset X of E has a greatest element a, then a is the
least upper bound of X in E.

Lemma greatest_is_sup: forall r X a,

order r -> sub X (substrate r) ->

greatest_element (induced_order r X) a -> least_upper_bound r X a.
Lemma least_is_inf: forall r X a,

order r -> sub X (substrate r) ->

least_element (induced_order r X) a -> greatest_lower_bound r X a.

The roles of inf and sup are exchanged if we replace the order by its opposite.

Lemma inf_sup_opp: forall r X a,

order r -> sub X (substrate r) ->

greatest_lower_bound r X a = least_upper_bound (opposite_order r) X a.
Lemma sup_inf_opp: forall r X a,

order r -> sub X (substrate r) ->

least_upper_bound r X a = greatest_lower_bound (opposite_order r) X a.

Examples. We study the sup and inf of the empty set.
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Lemma set_of_lower_bounds_emptyset: forall r ,
Zo (substrate r) (fun z => lower_bound r emptyset z) = substrate r.
Lemma set_of_upper_bounds_emptyset: forall r ,
Zo (substrate r) (fun z => upper_bound r emptyset z) = substrate r.
Lemma least_upper_bound_emptyset: forall r x, order r ->
least_upper_bound r emptyset x = least_element r x.
Lemma greatest_lower_bound_emptyset: forall r x, order r ->
greatest_lower_bound r emptyset x = greatest_element r x.

If G is a subset of 3(E), then the upper and lower bounds of & are the union and inter-
section, as claimed before. Is S is empty, the intersection is undefined, and the greatest lower
bound is the greatest element, namely E.

Lemma intersection_is_inf: forall s E, sub s (powerset E) ->
greatest_lower_bound (inclusion_order E) s
(Yo (nonempty s) (intersection s) E). (* 14 %)

Lemma union_is_sup: forall s E, sub s (powerset E) ->
least_upper_bound (inclusion_order E) s (union s).

Third example. If u is in ®(E, F), the set of partial functions from E to F, we denote its
domain by D(w). If © is subset of ®(E, F), it has a least upper bound if and only if for all # and
v in the family, for all x € D(u) nD(v) we have u(x) = v(x). Denote this property by P(u, v).
We use an auxiliary result: if u < w, the condition x € D(u) n D(w) is equivalent to x € D(u),
and P(u, w) is true. Thus, if u and v are bounded by w, P(u, v) is true. Conversely, we know
that if P is true on T there is a f function defined on the union of the D(u«) such that u < f.
This is the least upper bound.

Lemma extension_order_pr : forall EF f g x,
related (opposite_order (extension_order E F)) f g —>
inc x (P (Q £)) -> W x (inv_corr_value f) = W x (inv_corr_value g).

Lemma sup_extension_orderl: forall EF T £,
sub T (set_of_sub_functions E F) ->
least_upper_bound (opposite_order (extension_order E F)) T f ->
forall u v x, incu T -> inc v T -> dinc x (P (Q u)) -> inc x (P (Q v)) —>
W x (inv_corr_value u) = W x (inv_corr_value v).
Lemma sup_extension_order2: forall E F T,
sub T (set_of_sub_functions E F) ->
(forallu v x, incuT ->dnc v T -> dincx (P (Qu)) -> dincx (P (Q v)) —>
W x (inv_corr_value u) = W x (inv_corr_value v)) —->
exists x, least_upper_bound (opposite_order (extension_order E F)) T x &
(P (Q x) = unionf T (fun u => (P (Q u)))) &
(range (P x) = unionf T (fun u => (range (P u))))&
(P x) = unionf T (fun u => (P w)). (* 28 *)

If f is a function with source A and if its target is an ordered set, the supremum of the
image f(A) is denoted by sup f(x). The infimum is denoted by inj{ f(x). For typographical
X€E

X€EA
reasons, for in-text formulas, the notations sup,, f(x), inf,eca f(x) are preferred. If f is the
identity function, one can write sup x or inj{ x. We give a characterization of the sup and inf
XeA X€
of a function.

Definition is_sup_fun r f x := least_upper_bound r (image_of_fun f) x.
Definition is_inf_fun r f x := greatest_lower_bound r (image_of_fun f) x.
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Lemma is_sup_fun_pr: forall r f x, order r -> substrate r = target f ->
is_function f ->
is_sup_fun r f x = (inc x (target f)
& (forall a, inc a (source f) -> gle r (W a f) x)
& forall z, inc z (target f) -> (forall a, inc a (source f)
> gler (Waf) z) ->gler x z).
Lemma is_inf_fun_pr: forall r f x, order r -> substrate r = target f ->
is_function f ->
is_inf_fun r £ x = (inc x (target f)
& (forall a, inc a (source f) -> gle r x (W a £))
& forall z, inc z (target f) -> (forall a, inc a (source f)
> glerz (Wa f)) ->gler z x).

In general, we consider a family rather than a function (i.e., a functional graph instead of
a function).

Definition is_sup_graph r f x := least_upper_bound r (range f) x.
Definition is_inf_graph r f x := greatest_lower_bound r (range f) x.
Definition has_sup_graph r f := has_supremum r (range f).
Definition has_inf_graph r f := has_infimum r (range f).

Definition sup_graph r f := supremum r (range f).

Definition inf_graph r f := infimum r (range f).

Here are the characteristic properties.

Lemma is_sup_graph_prl: forall r f,
order r -> sub (range f) (substrate r) -> has_sup_graph r f ->
least_upper_bound r (range f) (sup_graph r f).

Lemma is_inf_graph_prl: forall r f,
order r -> sub (range f) (substrate r) -> has_inf_graph r f ->
greatest_lower_bound r (range f) (inf_graph r f).

Lemma is_sup_graph_pr: forall r f x, order r -> sub (range f) (substrate r) ->
fgraph f ->
is_sup_graph r f x = (inc x (substrate r)
& (forall a, inc a (domain f) -> gle r (V a f) x)
& forall z, inc z (substrate r) -> (forall a, inc a (domain f)
> gler (Vaf)z) ->gler x z).
Lemma is_inf_graph_pr: forall r f x, order r -> sub (range f) (substrate r) ->
fgraph f ->
is_inf_graph r f x = (inc x (substrate r)
& (forall a, inc a (domain f) -> gle r x (V a £))
& forall z, inc z (substrate r) -> (forall a, inc a (domain f)
> glerz (Vaf) ->gler z x).

Assume that A c E is a set that has an infimum and a supremum. If A is empty, we know
that these elements are the least and greatest elements; otherwise, if y € Awe have infA< y <
supA, hence infA < sup A. This is Proposition 4 [2, p. 142].

Theorem compare_inf_supl: forall r A, order r -> sub A (substrate r) ->
(has_supremum r A) -> (has_infimum r A) ->
A = emptyset —>
(greatest_element r (infimum r A) & least_element r (supremum r A)).
Theorem compare_inf_sup2: forall r A, order r -> sub A (ssetubstrate r) ->
(has_supremum r A) -> (has_infimum r A) ->
nonempty A -> gle r (infimum r A) (supremum r A).
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Proposition 5 [2, p. 142] says that sup is increasing and inf is decreasing (as a function
from P(E) into E, where 3 is ordered by inclusion). Of course, these are only partial func-

tions. As a corollary, consider a family (x,)e1 and J < I; we have sup x, < sup x, if both quan-
19] el
tities are defined. Note that the first term is the supremum of the restriction of the family

to].

Theorem sup_increasing: forall r A B, order r -> sub A (substrate r) ->
sub B (substrate r) -> sub A B ->
has_supremum r A -> has_supremum r B ->
gle r (supremum r A) (supremum r B).
Theorem inf_decreasing: forall r A B, order r -> sub A (substrate r) ->
sub B (substrate r) -> sub A B ->
has_infimum r A -> has_infimum r B ->
gge r (infimum r A) (infimum r B).
Lemma sup_increasingl: forall r f j,
order r -> fgraph f -> sub (range f) (substrate r) -> sub j (domain f) ->
has_sup_graph r £ -> has_sup_graph r (restr f j) ->
gle r (sup_graph r (restr f j)) (sup_graph r f).
Lemma inf_decreasingl: forall r f j,
order r -> fgraph f -> sub (range f) (substrate r) -> sub j (domain f) ->
has_inf_graph r £ -> has_inf_graph r (restr f j) ->
gge r (inf_graph r (restr f j)) (inf_graph r f).

Proposition 6 [2} p. 143] says that if f and g are two functions of type F — E, if f(x) < g(x))
for all x € F then sup f < sup g, provided that both quantities are defined. In fact, it is stated

as: iffor all 1 € I we have x, < y,, then sup x, < sup y,, and inIf X < inIf -
el 1€l e e

Lemma sup_increasing2: forall r f f’,
order r -> fgraph f -> fgraph f’ -> domain f = domain f’ ->
sub (range f) (substrate r) -> sub (range f’) (substrate r) ->
has_sup_graph r £ -> has_sup_graph r £’ ->
(forall x , inc x (domain f) -> gler (V x f) (Vx £’)) —->
gle r (sup_graph r f) (sup_graph r £’).

Lemma inf_increasing2: forall r f f’,
order r -> fgraph f -> fgraph f’ -> domain f = domain f’ ->
sub (range f) (substrate r) -> sub (range f’) (substrate r) ->
has_inf_graph r £ -> has_inf graph r f’ ->
(forall x , inc x (domain f) -> gle r (V x £f) (V x £’)) —->
gle r (inf_graph r f) (inf_graph r £f’).

Proposition 7 [2, p. 143] is the following. Consider a family (x,)e1, and let J)) e be a
covering of I. The family (x,),¢j, is the restriction of (x,) to J); we assume that it has a supre-

mum sup x;, and we consider the family (sup x,) er. This family has a supremum if and only
(SN L))
if (x).e1 has one, and the values are the same; the second equality in (1) is true under similar

conditions.

M Sup x, = sup (sup x,}, infx, = inf (infx,).
lEP l AEE(ld? l) el ' AeLgeh l)

The first lemma here says that if x is a least upper bound for one family, it is also the least
upper bound for the other one. Finally, since the supremum is a least upper bound, we get
the result by uniqueness.
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Lemma sup_distributive: forall r f c x, (* 58 %)

order r -> fgraph f -> sub (range f) (substrate r) ->

covering c¢ (domain f) ->

(forall 1, inc 1 (domain c) -> has_sup_graph r (restr £ (V1 ¢c))) —>

is_sup_graph r f x =

is_sup_graph r (L (domain c) (fun 1 => sup_graph r (restr £ (V1 ¢)))) x.
Lemma inf_distributive: forall r f ¢ x, (% 58 *)

order r -> fgraph f -> sub (range f) (substrate r) ->

covering c¢ (domain f) ->

(forall 1, inc 1 (domain c¢) -> has_inf_graph r (restr £ (V1 ¢c))) —->

is_inf _graph r f x =

is_inf_graph r (L (domain c) (fun 1 => inf_graph r (restr £ (V1 ¢)))) x.
Lemma sup_distributivel: forall r f c,

order r -> fgraph f -> sub (range f) (substrate r) ->

covering c¢ (domain f) ->

(forall 1, inc 1 (domain c¢) -> has_sup_graph r (restr £ (V1 ¢c))) —>

has_sup_graph r f =

has_sup_graph r (L (domain c¢) (fun 1 => sup_graph r (restr £ (V1 ¢))))
Lemma inf_distributivel: forall r f c,

order r -> fgraph f -> sub (range f) (substrate r) ->

covering c¢ (domain f) ->

(forall 1, inc 1 (domain c¢) -> has_inf_graph r (restr £ (V1 ¢))) —>

has_inf_graph r f =

has_inf_graph r (L (domain c¢) (fun 1 => inf_graph r (restr £ (V1 ¢))))

Theorem sup_distributive2: forall r f c, (* 19 %)
order r -> fgraph f -> sub (range f) (substrate r) ->
covering ¢ (domain f) ->
(forall 1, inc 1 (domain c¢) -> has_sup_graph r (restr £ (V1 ¢c))) —>
((has_sup_graph r f =
has_sup_graph r (L (domain c¢) (fun 1 => sup_graph r (restr £ (V1 c))))) &
(has_sup_graph r f -> sup_graph r f =
sup_graph r (L (domain c¢) (fun 1 => sup_graph r (restr £ (V1 c)))))).

Theorem inf_distributive2: forall r f c, (* 19 *)
order r -> fgraph f -> sub (range f) (substrate r) ->
covering c¢ (domain f) ->
(forall 1, inc 1 (domain c¢) -> has_inf_graph r (restr £ (V1 c))) —>
((has_inf_graph r f =
has_inf_graph r (L (domain c) (fun 1 => inf_graph r (restr f (V1 ¢))))) &
(has_inf_graph r f -> inf_graph r f =
inf_graph r (L (domain c) (fun 1 => inf_graph r (restr £ (V1 c)))))).

¢ Corollary. Let (xpu)\,weLxm be a double family of elements of an ordered set E such that
for each p € M the family (xjy) et has a least upper bound in E. This family is the restriction
of the double family to L x {u}. For the double family to have a least upper bound in E it is
necessary and sufficient that (sup,¢p Xap)uem has a least upper bound, and the bounds are
the same. The second equality in (2) holds under similar conditions.

2) sup Xy, =sup(supxy), inf x), = inf (infxy,).
(A, WeLxM 3 MEM AeL : AwelxM T H T peM rel”
Definition partial_fun f x m := restr f (product x (singleton m)).

Lemma sup_distributive3: forall r f x y,
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order r -> fgraph f -> sub (range f) (substrate r) ->
domain f = product x y —>
(forall m, inc m y -> has_sup_graph r (partial_fun f x m)) ->
((has_sup_graph r f =

has_sup_graph r (L y (fun m => sup_graph r (partial_fun f x m)))) &
(has_sup_graph r f -> sup_graph r f =

sup_graph r (L y (fun m => sup_graph r (partial_fun f x m))))).

Lemma inf_distributive3: forall r f x y,

order r -> fgraph f -> sub (range f) (substrate r) ->
domain f = product x y —>
(forall m, inc m y -> has_inf_graph r (partial_fun f x m)) ->
((has_inf_graph r f =

has_inf_graph r (L y (fun m => inf_graph r (partial_fun f x m)))) &
(has_inf_graph r f -> inf_graph r f =

inf_graph r (L y (fun m => inf_graph r (partial_fun f x m))))).

Proposition 8 [2} p. 144] says that if we have a family of ordered sets E,, a subset A of [[E,,
and if A, = pr A, then A has aleast upper bound of the form (x,), if and only if each A, has one,
and there is equality; a similar property holds for the greatest lower bound.

1el”

supA = (SupA)er = (suppr,x) o, infA = (infA)e1 = (ilelgprlx)

XeA

Theorem sup_in_product: forall f g A, (x 60 *)
let Ai:= fun i => (image_by_fun (pr_i f i) A) in
let has_sup :=
forall i, inc i (domain f) -> has_supremum (V i g) (Ai i) in
axioms_product_order f g -> sub A (productb f) ->
((has_sup = has_supremum (product_order f g) A) &
(has_sup -> supremum (product_order f g) A =
L (domain f) (fun i => supremum(V i g) (Ai i)))).
Theorem inf_in_product: forall f g A, (* 60 *)
let Ai:= fun i => (image_by_fun (pr_i f i) A) in
let has_inf :=
forall i, inc i (domain f) -> has_infimum (V i g) (Ai i) in
axioms_product_order f g -> sub A (productb f) ->
((has_inf = has_infimum (product_order f g) A) &
(has_inf -> infimum (product_order f g) A =
L (domain f) (fun i => infimum(V i g) (Ai i)))).

Proposition 9 [2, p. 144] assumes that E is an ordered set, F is a subset of E and A is a

subset of F. It can happen that one of supg A and supg A exists, but not the other; they may
be unequal. If the objects exist we have

Supg A < SupgA, infg = infp A (FcE).

If supp A exists and is in F, it is supp A.

Theorem sup_inducedl: forall r A F, order r -> sub F (substrate r) -> sub A F —>
has_supremum r A -> has_supremum (induced_order r F) A ->
gle r (supremum r A) (supremum (induced_order r F) A).

Theorem inf_inducedl: forall r A F, order r -> sub F (substrate r) -> sub A F ->
has_infimum r A -> has_infimum (induced_order r F) A —>
gge r (infimum r A) (infimum (induced_order r F) A).

Theorem sup_induced2: forall r A F, order r -> sub F (substrate r) -> sub A F —>
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has_supremum r A -> inc (supremum r A) F ->
(has_supremum (induced_order r F) A &
supremum r A = supremum (induced_order r F) A).
Theorem inf_induced2: forall r A F, order r -> sub F (substrate r) -> sub A F ->
has_infimum r A -> inc (infimum r A) F ->
(has_infimum (induced_order r F) A &
infimum r A = infimum (induced_order r F) A).

1.10 Directed sets

An ordered set is said left or right directed if every doubleton is bounded (above or below).

Definition right_directed r :=
order r & forall x, forall y, inc x (substrate r) -> inc y (substrate r) ->
bounded_above r (doubleton x y).
Definition left_directed r :=
order r & forall x, forall y, inc x (substrate r) -> inc y (substrate r) ->
bounded_below r (doubleton x y).

We rewrite the definition as: for all x and y there is a z such that x < zand y < z. A set
that has a greatest element is right directed. A product of directed sets is directed. A cofinal
set of a directed set is directed for the induced order.

Lemma right_directed_pr: forall r,
right_directed r = (order r &
forall x, forall y, inc x (substrate r) -> inc y (substrate r) -> exists z,
inc z (substrate r) & gler x z & gler y z).
Lemma left_directed_pr: forall r,
left_directed r = (order r &
forall x, forall y, inc x (substrate r) -> inc y (substrate r) -> exists z,
inc z (substrate r) & gler z x & gler z y).

Lemma greatest_right_directed : forall r, order r —>
(exists a, greatest_element r a ) -> right_directed r .
Lemma least_left_directed : forall r, order r ->
(exists a, least_element r a ) -> left_directed r.
Lemma opposite_right_directed : forall r, is_graph r ->
right_directed r = left_directed(opposite_order r).
Lemma opposite_left_directed : forall r, is_graph r ->
left_directed r = right_directed(opposite_order r).
Lemma product_right_directed: forall f g, (* 14 *)
axioms_product_order f g ->
(forall i, inc i (domain f) -> right_directed (V i g))
-> right_directed (product_order f g).
Lemma product_left_directed: forall f g, (* 14 *)
axioms_product_order f g —>
(forall i, inc i (domain f) -> left_directed (V i g))
-> left_directed (product_order f g).
Lemma cofinal_right_directed: forall r A,
right_directed r -> cofinal_set r A -> right_directed (induced_order r A).
Lemma coinitial_left_directed: forall r A,
left_directed r -> coinitial_set r A -> left_directed (induced_order r A).

Proposition 10 [2} p. 145] says that in a right directed set, a maximal element is the great-
est element.
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Theorem right_directed_maximal: forall r x,

right_directed r -> maximal_element r x —> greatest_element r x.
Theorem left_directed_mimimal: forall r x,

left_directed r -> minimal_element r x -> least_element r x.

1.11 Lattices

A latticeis an ordered set on which each pair has aleast upper bound and a greatest lower
bound.

Definition lattice r := order r &
forall x, forall y, inc x (substrate r) -> inc y (substrate r) ->
(has_supremum r (doubleton x y) & has_infimum r (doubleton x y)).

Lemma lattice_sup_pr: forall r a b,
lattice r -> inc a (substrate r) -> inc b (substrate r) ->
(glera(suprab) & glerb (supr ab)&
forall z, gler a > gler bz -> gler (supr ab) z).
Lemma lattice_inf_pr: forall r a b,
lattice r -> inc a (substrate r) -> inc b (substrate r) ->
(gler (inf r ab) a & gler (inf r a b) b&
forall z, glerza -> glerzb ->gler z (inf r a b)).

The powerset is a lattice. In fact each set has a supremum and an infimum.

Lemma inf_inclusion: forall A x y, sub x A -> suby A ->

greatest_lower_bound (inclusion_order A) (doubleton x y) (intersection2 x y).
Lemma sup_inclusion: forall A x y, sub x A -> suby A ->

least_upper_bound (inclusion_order A) (doubleton x y) (union2 x y).
Lemma powerset_lattice: forall A, lattice (inclusion_order A).

The product of lattices is a lattice. This is an easy consequence of Proposition 8, and the
fact that pr A is a doubleton if A is a doubleton. A lattice is a directed set.

Lemma product_lattice: forall f g,
axioms_product_order f g ->
(forall i, inc i (domain f) -> lattice (V i g))
-> lattice (product_order f g). (* 29 %)
Lemma lattice_directed: forall r,
lattice r -> (right_directed r & left_directed r).

Other examples. The set of integers, with the order “x divides y” is a lattice. The set of
subgroups of a group (ordered by inclusion) is a lattice. The set of topologies on a set is a

lattice. The set of real functions on an interval is a lattice. The opposite of a lattice is a lattice.

Lemma lattice_inverse: forall r, lattice r -> lattice (opposite_order r).

1.12 Totally ordered sets

Two elements of a preordered set E are said comparable if the relation “x < y or y < x”
is true. A set E is said to be totally ordered if is is ordered and if any two elements of E are
comparable.
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Definition total order r :=
order r & forall x y, inc x (substrate r) -> inc y (substrate r) ->
(glerxy \/ ggerxy).

An order satisfies GoG = G and GNG~! c Ag. It is total if moreover GUG™! = E x E. We
have x < y or x > y or x = y. A subset of a totally ordered set is totally ordered. A small set is
totally ordered. The opposite of a totally ordered set is totally ordered.

Lemma total_order_pr: forall r,
total_order r =
(compose_graph r r = r &
intersection2 r (opposite_order r) = diagonal (substrate r)&
union2 r (opposite_order r) = coarse (substrate r)).
Lemma total_order_prl : forall r x y,
total_order r -> inc x (substrate r) -> inc y (substrate r) ->
(gltrxy \/ ggtrxy \/ x=y).
Lemma total_order_sub : forall r x,
total_order r -> sub x (substrate r) -> total_order (induced_order r x).
Lemma total_order_conterexample:
~ (total_order (inclusion_order two_points)).
Lemma total_order_opposite: forall r,
total_order r -> total_order (opposite_order r).

If x < y, then sup(x, y) = y and inf(x, y) = x, hence a totally ordered set is a lattice.

Lemma sup_comparable: forall r x y, gler x y —>

order r -> least_upper_bound r (doubleton x y) y.
Lemma inf_comparable: forall r x y, gler x y —>

order r -> greatest_lower_bound r (doubleton x y) x.
Lemma sup_comparablel: forall r x y, order r -> gler X y -> supr x y =
Lemma inf_comparablel: forall r x y, order r -> gler xy -> inf r x y
Lemma doubleton_sym: forall x y, doubleton x y = doubleton y x.
Lemma total_order_lattice: forall r, total_order r -> lattice r.
Lemma total_order_directed: forall r,

total_order r -> (right_directed r & left_directed r).

<

]
»

Proposition 11 2, p. 147] says that if f is strictly monotone and the ordering on the source
is total, then f is injective. If f is strictly increasing, it is a morphism (an isomorphism onto
the image). We first show that if f is strictly increasing, then it is increasing.

Lemma increasing_fun_from_strict: forall f r r’,
strict_increasing fun f r r’ -> increasing fun f r r’.
Lemma decreasing_fun_from_strict: forall f r r’,
strict_decreasing fun f r r’ -> decreasing fun f r r’.
Theorem total_order_monotone_injective: forall f r r’,
total_order r —> strict_monotone_fun f r r’ -> injective f.
Theorem total_order_increasing_morphism: forall f r r’,
total_order r -> strict_increasing _fun f r r’ -> order_morphism f r r’.

Proposition 12 [2, p. 147] says that in a totally ordered set E, an element x is the least

upper bound of a subset X if and only if it is an upper bound and, for all y < x, thereisazeX
such that y < z and z < x. We first show that in a totally order set we have x < y or y < x.

Lemma compare_dichot: forall r x y,
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total_order r -> inc x (substrate r) -> inc y (substrate r)
> (glerxy \/ gltryx).
Theorem sup_in_total_order:forall r X x, total_order r -> sub X (substrate r)->
least_upper_bound r X x = (upper_bound r X x &
(forall y, glt r y x -> exists z, inc z X & glt r y z & gler z x)).

Theorem inf_in_total_order:forall r X x, total_order r -> sub X (substrate r)->
greatest_lower_bound r X x = (lower_bound r X x &
(forall y, glt r x y -> exists z, inc z X & glt r zy & gler x z)).

1.13 Intervals

There are many definitions of an interval. The set of all x such that a < x < b is called
the closed interval and denoted [a, b]; the set of all x such that a < x < b is called the open
interval and denoted ]a, b[; intervals can be semi open. One can drop one of the conditions,
for instance the set of all x such that x < bis denoted by ] —, b|, this is an unbounded interval.

The letters o, ¢, u stand for open, close, and unbounded.

Definition interval_oo r a b := Zo(substrate r)(fun z => glt r a z & glt r z b).
Definition interval_oc r a b := Zo(substrate r)(fun z => glt r a z & gle r z b).
Definition interval_ou r a := Zo (substrate r) (fun z => glt r a z).
Definition interval_co r a b := Zo(substrate r)(fun z => gler a z & glt r z b).
Definition interval_cc r a b := Zo(substrate r)(fun z => gle r a z & gle r z b).
Definition interval_cu r a := Zo (substrate r) (fun z => gle r a z).
Definition interval_uo r b := Zo (substrate r) (fun z => glt r z b).
Definition interval_uc r b := Zo (substrate r) (fun z => gler z b).
Definition interval_uu r := Zo (substrate r) (fun z => True).
Definition is_closed_interval r x := exists a, exists b,

inc a (substrate r) & inc b (substrate r) & gle r a b & x = interval_cc r a b.
Definition is_open_interval r x := exists a, exists b,

inc a (substrate r) & inc b (substrate r) & gle r a b & x = interval_oo r a b.
Definition is_semi_open_interval r x := exists a, exists b,

inc a (substrate r) & inc b (substrate r) & gler a b &

(x = interval_oc r a b \/ x = interval _co r a b).
Definition is_bounded_interval r x := is_closed_interval r x \/

is_open_interval r x \/ is_semi_open_interval r x.
Definition is_left_unbounded_interval r x :=

exists b, inc b (substrate r) & (x = interval uc r b \/ x
Definition is_right_unbounded_interval r x :=

exists a, inc a (substrate r) & (x = interval_cu r a \/ x = interval _ou r a).
Definition is_unbounded_interval r x :=

is_left_unbounded_interval r x \/ is_right_unbounded_interval r x \/

X = interval_uu r.

interval _uo r b).

Definition is_interval r x :=
is_bounded_interval r x \/ is_unbounded_interval r x.

A closed interval is never empty; however [a, al, |4, a] and ]a, a[ are empty.

Lemma nonempty_closed_interval: forall r x,
order r -> is_closed_interval r x -> nonempty x.
Lemma singleton_interval: forall r a,
order r -> inc a (substrate r) -> is_singleton (interval_cc r a a).
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Lemma empty_interval: forall r a,
order r -> inc a (substrate r) ->
(empty (interval_co r a a) & empty (interval_oc r a a)&
empty (interval oo r a a)).

The only non trivial result here is Proposition 13 [2 p. 148] that says that in a lattice, the
intersection of two intervals is an interval. There are 81 cases to consider. By symmetry, we
have to consider only 45 cases. We further simplify the proof by considering reverse order.

Lemma opposite_interval_cc: forall r a b,

order r -> interval_cc r a b = interval_cc (opposite_order r) b a.
Lemma opposite_interval_oo: forall r a b,

order r -> interval_oo r a b = interval_oo (opposite_order r) b a.
Lemma opposite_interval_oc: forall r a b,

order r -> interval_oc r a b = interval_co (opposite_order r) b a.
Lemma opposite_interval_co: forall r a b,

order r -> interval_co r a b = interval_oc (opposite_order r) b a.
Lemma opposite_bounded_interval: forall r x, order r ->

is_bounded_interval r x -> is_bounded_interval (opposite_order r) x.

Lemma opposite_interval_uu: forall r,

order r -> interval_uu r = interval_uu (opposite_order r).
Lemma opposite_interval_uo: forall r a,

order r -> interval_uo r a = interval_ou (opposite_order r) a.
Lemma opposite_interval_ou: forall r a,

order r -> interval_ou r a = interval_uo (opposite_order r) a.
Lemma opposite_interval_cu: forall r a,

order r -> interval_cu r a = interval_uc (opposite_order r) a.
Lemma opposite_interval_uc: forall r a,

order r -> interval_uc r a = interval_cu (opposite_order r) a.
Lemma opposite_unbounded_interval: forall r x, order r ->

is_unbounded_interval r x -> is_unbounded_interval (opposite_order r) x.
Lemma opposite_interval: forall r x, order r ->

is_interval r x -> is_interval (opposite_order r) x.

Note the the intersection of two closed intervals is either empty or is a closed interval.

The intersection of two open intervals may be closed: let a and b two non-comparable
elements and ¢ = sup(a, b). Then ¢ > a and ¢ > b, so that the intersection of Ja, — [and | b, — [
is [c, — [. We start with lemmas about bounded intervals.

Lemma intersection_intervall: forall r x y,
lattice r ->is_closed_interval r x -> is_closed_interval r y ->
is_bounded_interval r (intersection2 x y). (x 24 *)
Lemma intersection_interval2: forall r x y,
lattice r —->is_open_interval r x -> is_open_interval r y ->
is_bounded_interval r (intersection2 x y). (x 102 *)
Lemma intersection_interval3: forall r a b a’ b’,
lattice r -> inc a (substrate r) -> inc a’ (substrate r) ->
inc b (substrate r) -> inc b’ (substrate r) ->
is_bounded_interval r
(intersection2(interval_co r a b)(interval_co r a’ b’)) (x 43 %)
Lemma intersection_interval4: forall r a b a’ b’,
lattice r -> inc a (substrate r) -> inc a’ (substrate r) ->
inc b (substrate r) -> inc b’ (substrate r) ->
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is_bounded_interval r (intersection2(interval_oc r a b)(interval _oc r a’ b’)).
Lemma intersection_intervalb: forall r a b a’ b’,
lattice r -> inc a (substrate r) -> inc a’ (substrate r) ->
inc b (substrate r) -> inc b’ (substrate r) ->
is_bounded_interval r
(intersection2(interval_co r a b) (interval_oc r a’ b’)). (x 72 *)
Lemma intersection_interval6: forall r x y,
lattice r ->is_semi_open_interval r x -> is_semi_open_interval r y ->
is_bounded_interval r (intersection2 x y).
Lemma intersection_interval7: forall r a b a’ b’,
lattice r -> inc a (substrate r) -> inc a’ (substrate r) ->
inc b (substrate r) -> inc b’ (substrate r) ->
is_bounded_interval r
(intersection2(interval_cc r a b)(interval_oo r a’ b’)). (x 68 x)
Lemma intersection_interval8: forall r a b a’ b’,
lattice r -> inc a (substrate r) -> inc a’ (substrate r) ->
inc b (substrate r) -> inc b’ (substrate r) ->
is_bounded_interval r
(intersection2(interval_cc r a b)(interval_oc r a’ b’)). (x 38 %)
Lemma intersection_interval9: forall r a b a’ b’,
lattice r -> inc a (substrate r) -> inc a’ (substrate r) ->
inc b (substrate r) -> inc b’ (substrate r) ->
is_bounded_interval r
(intersection2(interval_oo r a b)(interval_oc r a’ b’)). (x 79 %)
Lemma intersection_intervallO: forall r a b a’ b’,
lattice r -> inc a (substrate r) -> inc a’ (substrate r) ->
inc b (substrate r) -> inc b’ (substrate r) ->
is_bounded_interval r (intersection2(interval_oo r a b) (interval _co r a’ b’)).
Lemma intersection_intervalll: forall r a b a’ b’,
lattice r -> inc a (substrate r) -> inc a’ (substrate r) ->
inc b (substrate r) -> inc b’ (substrate r) ->
is_bounded_interval r (intersection2(interval_cc r a b)(interval_co r a’ b’)).
Lemma intersection_intervall2: forall r x y, lattice r ->
is_bounded_interval r x -> is_bounded_interval r y ->
is_bounded_interval r (intersection2 x y).

We consider now the case of unbounded intervals.

Lemma intersection_intervall3: forall r x,
is_interval r x -> intersection2 x (interval_uu r) = x.

Lemma intersection_intervall4: forall r x y, lattice r ->
is_left_unbounded_interval r x -> is_left_unbounded_interval r y ->
is_left_unbounded_interval r (intersection2 x y). (* 58 *)

Lemma intersection_intervall5: forall r x y, lattice r —->
is_right_unbounded_interval r x -> is_right_unbounded_interval r y ->
is_right_unbounded_interval r (intersection2 x y).

Lemma intersection_intervall6: forall r x y, lattice r ->
is_left_unbounded_interval r x -> is_right_unbounded_interval r y ->
is_bounded_interval r (intersection2 x y). (* 33 *)

Lemma intersection_intervall7: forall r x y, lattice r ->
is_unbounded_interval r x -> is_unbounded_interval r y ->
is_interval r (intersection2 x y).

Lemma intersection_intervall8: forall r x y, lattice r ->
is_left_unbounded_interval r x -> is_bounded_interval r y —>
is_bounded_interval r (intersection2 x y). (* 195 %)

Lemma intersection_intervall9: forall r x y, lattice r ->
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is_right_unbounded_interval r x -> is_bounded_interval r y —>
is_bounded_interval r (intersection2 x y).

Lemma intersection_interval20: forall r x y, lattice r ->
is_unbounded_interval r x -> is_bounded_interval r y ->
is_bounded_interval r (intersection2 x y).

The theorem is trivial, its proof has three lines; however, if we count all previous lemmas,
this gives a total of 841.

Theorem intersection_interval: forall r x y,
lattice r -> is_interval r x -> is_interval r y ->
is_interval r (intersection2 x y) .
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Chapter 2

Well-ordered sets

This chapter defines the notion of a well-ordering, and the lexicographic ordering (we
compare two sequences X; and y; according to the least index j such that x; # y;.) We show
Zermelo’s theorem (there exists a well-ordering) and Zorn’s lemma (every inductive ordered
set has a maximal element). These theorems are equivalent to the axiom of choice, thus non-
constructive. Ordinals (first, second, third, etc.) are introduced at the end of the chapter,
cardinals (one, two, three, etc.) are defined in the next chapter. To each finite ordinal cor-
responds a unique cardinal (see Chapter 4 for the definition of “finite”). The “etc.” in the
sentence above suggests that there is a unique way to add a new term to the sequence (for
instance fourth and four). This is called “induction” in the case of finite cardinals; it is called
“transfinite induction” in the case of well-ordered sets.

2.1 Segments of a well-ordered set

A relation Rix, yi is said to be a well-ordering relation between x and y if R is an order
relation between x and y and if for each non-empty set E on which Rix, y{ induces an order
relation, E, ordered by this relation, has a least element. A set E ordered by an ordering I' is
said to be well-ordered if the relation y € I'(x) is a well ordering between x and y; I is then
said to be a well-ordering on E. The definition that follows corresponds to I".

Definition worder r :=
order r & forall x, sub x (substrate x) -> nonempty x ->
exists y, least_element (induced_order r x) y.

Bourbaki notes that a totally ordered set with two elements is well-ordered. In fact, it
contains a and b such that a < b, so that the graph is the set with three elements (a, a), (a, b)
and (b, b). All total orders on sets with two elements are isomorphic. We consider here the
case where a and b are the elements of the doubleton two_points.

Definition canonical_doubleton_order :=

union2 (doubleton (J TPa TPa) (J TPb TPb)) (singleton (J TPa TPb)).
Lemma canonical_doubleton_order_pr: forall x y,

related canonical_doubleton_order x y =

( (x= TPa & y = TPa) \/ (x= TPb & y = TPb) \/ (x= TPa & y = TPb)).

Lemma one_not_zero: (singleton emptyset) <> emptyset.
Lemma substrate_canonical_doubleton_order:
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substrate canonical_doubleton_order = two_points.
Lemma worder_canonical_doubleton_order:
worder canonical_doubleton_order. (¥ 23 *)

By considering the least element of the doubleton {x, y}, one deduces that a well-ordering
is a total ordering. Every subset that is bounded above has a least upper bound. A subset of
a well-ordered set is well-ordered. Adjoining a greatest element to a well-ordered set gives a
well-ordered set. A nonempty well-ordered set has a least element.

Lemma worder_total: forall r, worder r -> total_order r.

Lemma worder_hassup: forall r A, worder r -> sub A (substrate r) ->
bounded_above r A -> has_supremum r A.

Lemma induced_trans: forall r x y,
order r -> sub x y-> sub y (substrate r) ->
induced_order r x = induced_order (induced_order r y) x.

Lemma worder_restriction: forall r A, worder r -> sub A (substrate r) ->
worder (induced_order r A).

Lemma worder_adjoin_greatest: forall r a, worder r-> ~ (inc a (substrate r))
-> worder (order_with_greatest r a). (* 23 *)

Lemma worder_least: forall r, worder r -> nonempty (substrate r) ->
exists y, least_element r y.

Some useful small lemmas. If < is arelation on E, then x < y means x < y and x # y. Thus
x < x is false and x < y implies that x and y are in E. If we have a total order on E, if x € E and
y € E then x < y or y < x; in the case of an order, one of these relations is false.

Lemma inc_ltl_substrate: forall r x y, glt r x y -> inc x (substrate r).
Lemma inc_1t2_substrate: forall r x y, glt r x y -> inc y (substrate r).
Lemma total_order_pr2 : forall r x vy,
total_order r -> inc x (substrate r) -> inc y (substrate r) ->
(glt rxy \/ gleryx).
Lemma not_le_gt: forall r x y, order r -> gle r x y -> glt r y x -> False.
Lemma not_lt_self: forall r x, glt r x x -> False.

Consider two strictly increasing functions f and g, with the same source and range.
These functions are equal provided that the source is well-ordered (on Z, the mapping x —
x + 1 is a strictly increasing bijection, different from the identity, so that the condition on the
order is necessary). Assume f # g, and let x be the smallest element such that f(x) # g(x).
Since f(x) is in the range of g, there is z such that f(x) = g(z). If z < x then f(2) < f(x) = g(2),
contradicting the definition of x. Since the source is totally ordered, we get x < z (since x # z),
hence g(x) < g(z) = f(x). Since g(x) is in the range of f, the same argument gives f(x) < g(x),
absurd.

Lemma strict_increasing_extens: forall f g r r’,
strict_increasing fun f r r’-> strict_increasing fun g r r’ -> worder r ->
range (graph f) = range (graph g) ->
f=g. (x 33 %)

A segment S in an ordered set E is such that, if x € S and y € E and y < x, then y € S.
Note that if E is the substrate of < then y < x implies y € E. An interval of the form |—, x[ is
a segment; it will be denoted by Sy, and is called the segment with endpoint x. The interval
]—, x] will be called the closed segment.
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Definition is_segment r s :=

sub s (substrate r) & forall x y, inc x s -> gle r y x -> inc y s.
Definition segment r x := interval_uo r x.
Definition segment_c r x := interval_uc r x.

The 20-some following lemmas sometimes assume that we have an order < on E, and
that S is a segment. We assume x’ € E. They state that if x € S and y < x then y € S. If
y € ]—,x[ then y < x. We have S c E. We have |—,x[ c E, |]<—,x]x c E. We have x ¢ ]—, x[
and x’ € ]—, x']]. We have y < x’ ifand only if y € ], x[' and y < x’ if and only if y € ]—, x'].
We have |—, x'] = ], x[U {x}. We have |—, x[r  F, where the notation Wg means that we
restrict < to F. The empty set and E are segments. Intersections and unions of segments are
segments. If S’ is a segment for the order induced on S, then S’ is a segment. Finally | —, x'[ is
a segment.

Lemma 1t_in_segment: forall r s x y,
is_segment r s -> inc x s -> glt r y x -> inc y s.
Lemma inc_segment: forall r x y, inc y (segment r x) -> glt r y x.
Lemma not_in_segment : forall r x, inc x (segment r x) -> False.
Lemma sub_segment: forall r x, sub (segment r x) (substrate r).
Lemma sub_segmentl: forall r s, is_segment r s -> sub s (substrate r).
Lemma sub_segment2: forall r x y,
sub (segment (induced_order r x) y) x.
Lemma segment_inc: forall r x y, inc x (substrate r) ->
glt r y x -> inc y (segment r x).
Lemma segment_rw: forall r x y, inc x (substrate r) ->
inc y (segment r x) = glt r y x.
Lemma segmentc_rw: forall r x y, inc x (substrate r) ->
inc y (segment_c r x) = gle r y x.
Lemma inc_bound_segmentc: forall r x, order r -> inc x (substrate r) ->
inc x (segment_c r x).
Lemma sub_segmentc: forall r x, sub (segment_c r x) (substrate r).
Lemma segment_c_pr: forall r x, order r -> inc x (substrate r) ->
tack_on (segment r x) x = segment_c r x.
Lemma empty_is_segment: forall r, is_segment r emptyset.
Lemma substrate_is_segment: forall r, order r -> is_segment r (substrate r).
Lemma intersection_is_segment: forall r s , order r -> nonempty s ->
(forall x, inc x s -> is_segment r x) -> is_segment r (intersection s).
Lemma union_is_segment: forall r s , order r —->
(forall x, inc x s -> is_segment r x) -> is_segment r (union s).
Lemma unionf_is_segment: forall r j s, order r ->
(forall x, inc x j -> is_segment r (s x)) -> is_segment r (unionf j s).
Lemma subsegment_is_segment: forall r s s’, order r ->
is_segment r s -> is_segment (induced_order r s) s’ -> is_segment r s’.
Lemma segment_is_segment: forall r x, order r ->
inc x (substrate r) -> is_segment r (segment r x).

Proposition 1 [2] p. 149] is the converse of the previous lemma. In a well-ordered set, a
segment is either the whole set or of the form S . If an ordered set has a least element a, then
Sx = [a, x[; hence in a well-ordered set E, a segment S is either E, or else E is not empty, has a
least element a and S = [a, x][.

Theorem well_ordered_segment: forall r s, worder r —-> is_segment r s ->
s = substrate r \/ (exists x, inc x (substrate r) & s = segment r x). (x 15 *)
Lemma segment_alt: forall r x a, order r -> least_element r a —>
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segment r x = interval_co r a x.
Lemma segment_altl: forall r s, worder r -> is_segment r s —>
s = substrate r \/ (exists x, exists a, s = interval_co r a x).

Some useful lemmas. We consider a well-ordered set. If S and S’ are segments, then S < S’
orS'cS. If S/, if x € S, the segments with endpoint x in S or S’ coincide. If x < y, then
Sy<cSyand Sy xS, Sy xSy. Ifz< yand y € S then z € S;. The set | —, x] is a segment. If
S is a segment x € S, then Sy is the segment with endpoint x for the order induced on S. It is
also the segment with endpoint x for the order induced on]—, yl or ]—, y[if x < y.

Lemma segment_dichot_sub: forall r x vy,
worder r -> is_segment r x -> is_segment r y ->
(sub x y \/ sub y x).
Lemma segments_induced_order: forall r s’ s’’ x,
worder r -> is_segment r s’ -> is_segment r s’’ -> sub s’ s’’ -> inc x s’ ->
segment (induced_order r s’) x = segment (induced_order r s’’) x.
Lemma segment_monotone: forall r x y, order r -> gle r x y —>
sub (segment r x) (segment r y).
Lemma le_in_segment: forall r x y z, worder r -> inc x (substrate r) ->
inc y (segment r x) -> gle r z y -> inc z (segment r x).
Lemma coarse_segment_monotone: forall r x y, worder r -> gle r x y —>
sub (coarse (segment r x)) (coarse (segment r y)).
Lemma tack_on_segment: forall r x,
worder r -> inc x (substrate r) ->
is_segment r (segment_c r x).
Lemma segment_induced_a: forall r s x,
worder r -> is_segment r s -> inc x s —>
segment (induced_order r s) x = segment r x.
Lemma segment_induced: forall r x x0, worder r -> glt r x0 x —>
segment (induced_order r (segment r x)) x0 = segment r xO0.
Lemma segment_inducedl: forall r x x0, worder r -> glt r x0 x —->
segment (induced_order r (segment_c r x)) x0 = segment r x0.

In a totally ordered set E, the union of all segments is E minus its greatest elements (there
is at most one such element). In fact the union is the set of all x for which there is a y such
that x < y (remember that x < y implies x € E and y € E).

Lemma union_segments: forall r, total_order r -> (x 18 *)
let E := substrate r in
let A := union (fun_image E (fun x => (segment r x))) in
( (forall x, ~ (greatest_element r x)) -> A = E)

& (forall x, greatest_element r x -> A = complement E (singleton x)).
If]—,x[=]—,ylthenx=y (ifx< y,then x€]—, y[et x € ]—, x[).

Lemma segment_injective: forall r x y, total_order r —>
inc x (substrate r) -> inc y (substrate r) -> segment r x = segment r y —>
X =y.

Lemma segment_injectivel: forall r x y, worder r —>
inc x (substrate r) -> inc y (substrate r) -> segment r x = segment r y ->

X =y.

Assume that E is well-ordered. The mapping x — Sy is a bijection on the set E* \ {E}
where E* is the set of all segments of E. This mapping is an order isomorphism. From this,
we deduce that E* \ {E}, hence E*, is well-ordered. This is Proposition 2 in [2, p. 149].
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Definition set_of_segments_strict r:=

fun_image (substrate r) (fun x => (segment r x)).
Definition set_of_segments r:=

tack_on (set_of_segments_strict r) (substrate r).
Definition set_of_segments_iso r:=

BL(segment r) (substrate r) (set_of_segments_strict r).

Lemma inc_set_of_segments: forall r x, worder r —->
is_segment r x = inc x (set_of_segments r).

Lemma sub_set_of_segments: forall r x, worder r —>
inc x (set_of_segments r) -> sub x (substrate r).

Lemma set_of_segments_axiom: forall r, worder r —>
transf_axioms (segment r) (substrate r) (set_of_segments_strict r).

Lemma bijective_set_of_segments_iso:forall r, worder r —->
bijective (set_of_segments_iso r).

Theorem isomorphism_set_of_segments_iso:forall r, worder r —>
order_isomorphism (set_of_segments_iso r) r
(inclusion_suborder (set_of_segments_strict r)).

Theorem set_of_segments_worder: forall r, worder r —>
worder (inclusion_suborder (set_of_segments r)). (* 64 x)

We state Lemma 1 [2, p. 150]. Let Xo)aea be a family of ordered sets, directed with respect
to the relation <. Suppose that, for each pair of indices (o, ) such that Xy < Xg, the ordering
induced onXq by that of Xg is identical with the given ordering on Xq. Under these conditions

there exists a unique ordering on then set E = | ] X which induces the given ordering on each
aEA
Xg. In the lemma that follows, g is the family of orders (G,) and the resulting order is the

union of the family.

Definition common_prolongation_order g h:=
order h & substrate h = unionf (domain g) (fun a => (substrate (V a g))) &
(forall a, inc a (domain g) -> V a g = induced_order h (substrate (V a g))).
Definition common_prolongation_order_axiom g :=
fgraph g &
(forall x, inc x (domain g) -> order (V x g)) &
(forall a b, inc a (domain g) -> inc b (domain g )-> exists c,
inc ¢ (domain g) & sub (substrate (V a g)) (substrate (V c g))
& sub (substrate (V b g)) (substrate (V c g))) &
(forall a b, inc a (domain g) -> inc b (domain g) ->
sub (substrate (V a g)) (substrate (Vb g)) ->
V a g = induced_order (V b g) (substrate (V a g))).

Lemma order_mergel: forall g, common_prolongation_order_axiom g ->
common_prolongation_order g (unionb g). (* 34 %)
Lemma order_merge2: forall g hl h2, common_prolongation_order_axiom g ->
common_prolongation_order g hl ->
common_prolongation_order g h2 -> (hl = h2).

We consider now Proposition 3 [2, p. 149]. It says Let (X,).e1 be a family of well-ordered sets
such that for each pair of indices (1, k) one of the sets X,, X is a segment of the other. Then there

exists a unique ordering on the set E = |_JX, which induces the given ordering on each of theX,.
el
Endowed with this ordering, E is a well-ordered set. Every segment of X, is a segment of E; for

each x € X,, the segment with endpoint x in X is equal to the segment with endpoint x inE; and
each segment of E is either E itself or a segment of one of theX,. Note that if Xo = Xg, then each
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set is a segment of the other; the orderings G, and Gg may differ, in which case (since orders
are total) there is a pair (x, y) such that x < y for one order and y < x for the other one, and no
compatible order exists on the union. Thus an additional condition needed (the same one as
in the previous lemma). With this definition, the next lemmas become trivial.

Definition common_worder_axiom g:=
fgraph g &
(forall x, inc x (domain g) -> worder (V x g)) &
(forall a b, inc a (domain g) -> inc b (domain g) ->
is_segment (V a g) (substrate (V b g))
\/ is_segment (V b g) (substrate (V a g))) &
(forall a b, inc a (domain g) -> inc b (domain g) ->
sub (substrate (V a g)) (substrate (Vb g)) ->
V a g = induced_order (V b g) (substrate (V a g))).

Lemma order_merge3: forall g,

common_worder_axiom g —-> common_prolongation_order_axiom g.
Lemma order_merge4: forall g,

common_worder_axiom g —-> common_prolongation_order g (unionb g).
Lemma order_merge5: forall g hl h2, common_worder_axiom g ->

common_prolongation_order g hl ->

common_prolongation_order g h2 -> (hl = h2).

Theorem worder_merge: forall g, common_worder_axiom g ->
( (common_prolongation_order g (unionb g)) &

worder (unionb g) &

(forall a x, inc a (domain g) -> is_segment (V a g) x
-> is_segment (unionb g) x ) &

(forall a x, inc a (domain g) -> inc x (substrate (V a g)) ->
segment (V a g) x = segment (unionb g) x) &

(forall x, is_segment (unionb g) x ->
X = substrate (unionb g) \/

exists a, inc a (domain g) & is_segment (V a g) x)). (x 54 *)

2.2 The principle of transfinite induction

The next result is Lemma 2 [2], p. 151]. It says that, given a well-ordered set E and a set &
of segments of E, all segments are in G if G is stable by union and by adjunction of a greatest
element (i.e., if the segment S, belongs to G then S, U {x} belongs to &). As a consequence,
the substrate of the order is in &.

Lemma transfinite_principlel: forall r s,
worder r -> (forall x, inc x s -> is_segment r x) ->
(forall s’, sub s’ s -> inc (union s’) s) ->
(forall x, inc x (substrate r) -> inc (segment r x) s
-> inc (segment_c r x) s) ->
(forall x, is_segment r x —-> inc x s). (x 42 %)
Lemma transfinite_principle2: forall r s,
worder r -> (forall x, inc x s -> is_segment r x) ->
(forall s’, sub s’ s -> inc (union s’) s) ->
(forall x, inc x (substrate r) -> inc (segment r x) s
-> inc (segment_c r x) s) ->
inc (substrate r) s.
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Let H(x) be the assumption: “x € E, and for all y € E such that y < x, then p(y) is true”.
Assume that < is a well-ordering on E. Assume that, for all x, H(x) is true; then p(x) is true.
This is C59 (“Principle of transfinite induction”), [2, p. 151].

Theorem transfinite_principle: forall r (p:EP),
worder r ->
(forall x, inc x (substrate r) ->
(forall y, inc y (substrate r) -> glt r y x -> p y)
-> p x)
-> forall x, inc x (substrate r) -> p x.

We now define a mapping by transfinite induction. We consider a well-ordered set E, a
function g, and an element x € E. Let g denote the restriction of g to ], x[ as a surjective
function.

Definition restriction_to_segment r x g :=
restriction2 g (segment r x) (image_by_fun g (segment r x)).
Definition restriction_to_segment_axiom r x g :=
worder r & inc x (substrate r) & is_function g & sub (segment r x) (source g).

Lemma sub_image_target: forall g x, is_function g —>
sub (image_by_fun g x) (target g).
Lemma source_rts: forall r x g,
source (restriction_to_segment r x g) = (segment r x).
Lemma target_rts:forall r x g,
target (restriction_to_segment r x g) = image_by_fun g (segment r x).
Lemma axioms_rts: forall r x g, restriction_to_segment_axiom r x g -—>

restriction2_axioms g (segment r x) (image_by_fun g (segment r x)).

Lemma function_rts: forall r x g, restriction_to_segment_axiom r x g ->
is_function (restriction_to_segment r x g).

Lemma W_rts: forall r x g a, restriction_to_segment_axiom r x g ->
glt r a x -> W a (restriction_to_segment r x g) =W a g.

Lemma surjective_rts: forall r x g, restriction_to_segment_axiom r x g ->
surjective(restriction_to_segment r x g).

Lemma rts_extensionality: forall r s x f g,
worder r —> inc x (substrate r) -> worder s —> inc x (substrate s) —>
segment r X = segment s x —->
is_function f -> sub (segment r x) (source f) ->
is_function g -> sub (segment s x) (source g) ->
(forall a , inc a (segment r x) > Wa f =Wag) —>
restriction_to_segment r x f = restriction_to_segment s x g.

We can now state Criterion C60 (Definition of a mapping by transfinite induction) [2} p.
151]: Let u be a letter, Tiu} a term in the theory I (in whichE is a set well-ordered by a relation
denoted <). There exists a set U and a mapping f of E onto U such that for all x € E we have
f(x) = T$fWE. Furthermore the set U and the mapping f are uniquely determined by these
conditions.

We shall denote by fsm the restriction of f to the segment x for the ordering S (more
precisely, the ordering induced on S by the given ordering). Let’s denote by .#(S,T, f) the
property of the criterion, namely, that f is a surjective function defined on S such that f(x) =
Tifs(x) § for every x € S.

Assume that Z (E, T, f) and £ (E, T, f’) are true. Assume x € E, f and f’ agree on Sy. Then
FEX) = fém (the functions have the same target, because they are surjective, and take the
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same value). By assumption, T} é’”i =T} ém §, so that f and f’ agree on S, U {x} (this trans-

finite_uniquel). We consider the set of all segments & on which f and f’ agree. This set
is clearly stable by union, and we have seen that, if it contains Sy, then it contains S, U {x}.
Hence it contains E. Since f and f’ agree on E, they are equal (same reasoning as above).

Assume now that #(S',T, f') and #(S",T, f") are true, and S’ and S” are segments such
that S’ =« S”. Let f be the restriction of f” on S’. This is a surjective function. We have
S(,x) = fs'f(x) (because the functions are surjective and take the same values on S’). We have

- 'f(x) = f'f,m because these are two restrictions to identical segments. We have f(x) = f”(x).
Assumption .#(S”, T, f”') gives thus f(x) = T# S(,X) {, in other words, #(S', T, f), hence f = f' by
uniqueness. This is transfinite_auxl.

Assume we have a set of segments G and, for S € G, we have a function f; such that
Z(s,T, fs). We use our axiom of choice to select such a function f;. Let ¢ be the union of the
targets of the f, and let g; be the function that has the same source as f; (namely s), same
graph as f;, but target . If s and s’ are two segments, we have s c s’ or s’ c s; in the first
case gs and gy agree on s (previous result). By symmetry g and gy agree on s’ in the other
case. Using prolongation_covering, we get a function g that coincides with every g;. The
target of this function is ¢, so that the function is surjective. Assume x € S and S € &. We have
g(x) = fs(x) because fs(x) = gs(x). Thus the quantities gix) and fs(f) are well defined and
equal. We have fsff) = s(g) because these two functions are restriction of fs to the segment
defined by x, and whether this segment is defined by the ordering on ¢ or S is irrelevant (we
have x € S c £). We have fs(x) = T} S(Jsc)i by assumption. Thus g(x) = T} ggx) {. This means that
F(t,T, g) is true. This is transfinite_aux2. We changed a bit the theorem; initially it was: if, for
S € G, there exists a function f such that .#(s,T, f), there is a function g such that .#(t,T, g).
It is now: given functions f; such that (s, T, fs), there exists a function g such that .#(¢,T, g)
whose target is the union of the targets of the functions f; (this target has to be the union, by
uniqueness).

Assume now that .#(S,,T, f). Let’s extend f to f’ via to S, u {y} via the formula f’(y) =

1(x)
Sy f

every x € S;,. The formula is also true for y = x, hence (S, U {y}, T, f ). These facts allow us
to use the transfinite induction principle, to show the existence of a function defined every-
where. Assume that for some F we have Tiuf € F. If we change the definition of .#(S, T, f) by
adding the condition that the target of f is a subset of F, we can easily show that the target of
the unique function defined by transfinite induction is a subset of F.

T§fW4. This function takes the same values as f on subsets of S, hence f”(x) = Tt for

Definition transfinite_def r p f:=

surjective f & source f = substrate r &

forall x, inc x (substrate r) -> W x £ = p (restriction_to_segment r x f).
Definition transfinite_defined r p:= choosef (fun f => transfinite_def r p f).

Lemma transfinite_uniquel: forall r p f f’ z, worder r ->
inc z (substrate r) ->
transfinite_def r p £ -> transfinite _def r p £’ >
(forall x : Bset, inc x (segment r z) > Wx f =W x £f’) ->
restriction_to_segment r z f = restriction_to_segment r z f’.
Lemma transfinite_unique: forall r p f f’, worder r ->
transfinite_def r p £ -> transfinite_def r p £’ -> f = £’. (% 21 %)
Lemma transfinite_pr: forall r x p, worder r -> transfinite_def r p x —>
transfinite_defined r p = x.
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Lemma transfinite_auxl: forall r p s’ s’ £’ £f’7,

worder r —-> is_segment r s’ -> is_segment r s’’ -> sub s’ s’’ >
transfinite_def (induced_order r s’) p f’ ->
transfinite_def (induced_order r s’’) p f’’ ->

f’ = restriction2 f’’ s’ (image_by_fun f’’ s’). (* 26 x)

(* old version
Lemma transfinite_aux2: forall r p s, worder r -> (* 70 *)
(forall z, inc z s -> is_segment r z) —>
(forall z, inc z s -> (exists f : correspondenceC,
transfinite_def (induced_order r z) p f)) ->
exists f : correspondenceC, transfinite_def (induced_order r (union s)) p f.

*)

Lemma transfinite_aux2: forall r p s tdf, worder r -> (x 67 *)
(forall z, inc z s -> is_segment r z) —>
(forall z, inc z s -> transfinite_def (induced_order r z) p (tdf z)) ->
exists f : correspondenceC,
(transfinite_def (induced_order r (union s)) p f &
target £ = unionf s (fun z => target (tdf z))).

Lemma transfinite_aux3: forall r p x g,
worder r -> inc x (substrate r)
-> transfinite_def (induced_order r (segment r x)) p g
-> transfinite_def (induced_order r (segment_c r x)) p
(tack_on_f g x (p (restriction_to_segment r x g))). (* 37 %)

Theorem transfinite_definition: forall r p,
worder r -> exists_unique (fun f => transfinite_def r p f).

Theorem transfinite_definition_stable: forall r p F,
worder r ->
(forall f, is_function f -> is_segment r (source f) -> sub (target f) F ->
inc (p £) F) ->
sub (target (transfinite_defined r p)) F. (* 35 *)

2.3 Zermelo’s theorem

We show here that every set is the substrate of a well-ordering. This requires quite a
number of small results. Consider two well-orderings, I and I'" on E and E’; denote by S, and
S’. the segments with endpoints x in I and I’ (these are subsets of E and E’). Let V be the set
ofall x e EnE'such thatS, =S/ and (S xSy)NT = (S, xS’ ) NI’; the last condition says that T
and I'" induce the same ordering on S,. This set is a segment for I' and I'/, and both orderings
coincide.

Definition common_ordering_set r r’ :=
Zo (intersection2 (substrate r) (substrate r’))
(fun x => segment r x = segment r’ x &
induced_order r (segment r x) = induced_order r’ (segment r’ x)).

Lemma Zermelo_aux0: forall r r’,

common_ordering_set r r’ = common_ordering _set r’ r.
Lemma Zermelo_auxl: forall r r’ v, worder r -> worder r’ ->
v = common_ordering_set r r’ -> is_segment r v. (x 28 *)
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Lemma Zermelo_aux2: forall r r’ v, worder r -> worder r’ ->
v = common_ordering_set r r’ -> sub(induced_order r v)(induced_order r’ v).

Let Q(I') denote the following property: I is a well-ordering of a subset of E, and if S,
denotes the segment of I with endpoint x, we have S, € G and p(Sy) = x.

Definition Zermelo_axioms E p s r:=
worder r &
sub (substrate r) E &
(forall x, inc x (substrate r) -> inc (segment r x) s) &
(forall x, inc x (substrate r) -> p (segment r x) = x).

Let g(I',T’) be the property that, if E and E’ are the substrates of ' and I, then Ec E’, E is
a segment of I, and T is the ordering induced by I’ on E. We pretend that if Q(I') and Q(I")
are true, then either g(I',T') or g(I',T) is true. The previous lemmas show that this is true if V
is either E or E’. Otherwise, we may consider x and x’ the smallest element of E or E’ not in
V, so that V=S, and V = Sy (for the orderings I' and I"'). By application of p we get x = x'.
This implies x € V, absurd.

Lemma Zermelo_aux3: forall Es pr r’,
let q := fun r r’ => sub (substrate r) (substrate r’)
& r = induced_order r’ (substrate r) & is_segment r’ (substrate r) in
Zermelo_axioms E p s r -> Zermelo_axioms E p s r’ ->
gqrr’\/ qr’r.

Let I be a well-ordering and x an element not in the substrate. We can extend I' as I by
adjoining x as greatest element. This is a well-ordering, a segment of this order is either the
substrate of I, the substrate of I', or a segment Sy of I'.

Lemma Zermelo_aux4: forall r a, worder r ->
let owg := order_with_greatest r a in
~ (inc a (substrate r)) —->
(worder owg & segment owg a = (substrate r) &
forall x, inc x (substrate owg) -> x = a \/
segment owg x = segment r x). (* 13 % )

Let E be a set, S a part of ‘B(E) and p a function from & into E such that p(X) ¢ X. Con-
sider 9, the set of orderings I that satisfy property Q; by virtue of Zermelo_aux3, there is a
well-ordering I" (the unions of the elements of 901) that extends the orderings of 9. It satis-
fies Q. Its substrate M is not in &. Proof: if M € G, and a = p(M), we know a ¢ M, so that we
can extend I to I'" by adjoining a as greatest element. This new order satisfies Q (for all y,
Sy € G and p(Sy) = y; this is true if y is in the support of I', otherwise y=aand S, =M€ G,
p(Sz) = p(M) = a). This means that the new order is in 901, its support is a subset of M, and
a €M, absurd.

Lemma Zermelo_aux: forall E s p, sub s (powerset E) —->

(forall x, inc x s -> inc (p x) E) & ~ (inc (p x) x))->
exists r, Zermelo_axioms E p s r & (~ (inc (substrate r) s)). (x 52 *)

Let now & be the set of all subsets of E but E itself. If p is the representative of the com-
plement of x in E, the order defined by the lemma Zermelo_aux has its substrate in 3(E) - G.

Thus, it is a well-ordering on E. This is Theorem 1 [2} p. 153].

Theorem Zermelo: forall E, exists r, worder r & substrate r = E. (x 17 %)
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2.4 Inductive sets

An ordered set is said to be inductive if every totally ordered subset of E has an upper
bound in E. More precisely, let r be an order and E its substrate, then every subset X of E,
for which the order induced by r is total, has an upper bound for r. The set ®(A, B) of partial
functions is inductive, another example is given page

Definition inductive_set r :=
forall X, sub X (substrate r) -> total_order (induced_order r X) ->
exists x, upper_bound r X x.

Lemma inductive_graphs: forall a b,
inductive_set (opposite_order (extension_order a b)). (* 32 x)

Consider an ordered set E; assume that each well-ordered subset of E is bounded above.
Let p(S) be an upper bound of S thatis notin S. Let G be the set of sets S c E for such a p(S)
exists. By Zermelo_aux, there is I" that satisfies Q, i.e. I is a well-ordering of a subset M of E,
and if S denotes the segment of I" with endpoint x, we have S, € & and p(Sy) = x. This last
condition says that if y < x for T', it is true for the ordering on E; hence I is the restriction to M
of the ordering of E. By assumption, M is bounded, say by m. This element is maximal (this
is Proposition 4 [2} p. 154]).

Theorem 2 [2} p. 154] says that every inductive ordered set has a maximal element. This
is a trivial consequence of the previous result.

Theorem Zorn_aux: forall r, order r ->
(forall s, sub s (substrate r) -> worder (restriction_order r s) ->
(bounded_above r s)) —>
exists a, maximal_element r a. (* 35 %)
Theorem Zorn_lemma: forall r, order r -> inductive_set r ->
exists a, maximal element r a.

Corollary. IfE is inductive, a € E, F is the set of all x = g, then F is inductive (if X is a totally
ordered set in F, then X U {a} is totally ordered; an upper bound m is in F since it satisfies
a < m). Hence there is a maximal element m such that a < m. Second corollary: if § is
a subset of the powerset of E such that for every subset & of § which is totally ordered by
inclusion, the union (resp. intersection) of the sets of & belongs to §, then § has a maximal
or minimal element. The trick with the intersection is that the intersection is not defined if
® is empty. The set is nevertheless inductive, provided that § is not empty (in the case of the
union, it contains the empty set).

Lemma inductive_max_greater: forall r a, order r -> inductive_set r ->
inc a (substrate r) —>
exists m, maximal_element r m & gle r a m. (* 26 *)
Lemma inductive_powerset: forall A F, sub A (powerset F) ->
(forall S, (forall x y, inc x S -> inc y S -> sub x y \/ sub y x) ->
sub S A ->inc (union S) A) —>
inductive_set (inclusion_suborder A).
Lemma maximal_in_powerset: forall A F, sub A (powerset F) ->
(forall So, (forall x y, inc x So -> inc y So -> sub x y \/ sub y x) ->
sub So A -> inc (union So) A) ->
exists a, maximal_element (inclusion_suborder A) a.
Lemma minimal_in_powerset: forall A F, sub A (powerset F) -> nonempty A —->
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(forall So, (forall x y, inc x So -> inc y So -> sub x y \/ sub y x) —->
sub So A -> inc (intersection So) A) ->
exists a, minimal_element (inclusion_suborder A) a.

2.5 Isomorphisms of well-ordered sets

Assume that E and F are two well-ordered sets. We show Theorem 3 [2, p. 155]: Let
I(u, v, f) be the property that f is an order isomorphism from u onto a segment w of v. We
claim that there exists a unique f such that I(E,E f), or there exists a unique f such that
I(EE, f). Note: The two cases are not excluded; in that case, f is surjective.

Recall that an order isomorphism is a bijection such that x < y is equivalent to f(x) <
f (). In the proof of the theorem we use the set § of triples (A, B, C) associated to a function
f, satisfying the following properties: The source A of f is a subset of E, the target B is the set
F (this is also called a partial function from E to F). We assume that the source and the range
of f are segments of E and E’; Finally, we assume that f is an isomorphism onto its range. In
other terms, a < b is equivalent to f(a) < f(b). The definition of order_morphism requires f
to be injective. We start with a lemma that says that this condition is not needed.

Lemma order_morphism_prl: forall f r r’,
order r -> order r’ -> is_function f -> substrate r = source f ->
substrate r’ = target f ->
(forall x y, inc x (source f) -> inc y (source f) ->
glerxy=gler’ (Wx ) (Wy £))
-> order_morphism f r r’.

In order to show uniqueness we start with a lemma: if f is increasing and g is strictly
increasing, if the image of f is a segment of F, then f(x) < g(x) for all x. The proof is by
contradiction. If a is the smallest element such that g(a) < f(a), since the image of f is
a segment there is a z such that g(a) = f(z). Since f is increasing this gives z < a, hence
f(2) < g(z) < g(a), absurd.

Lemma increasing_function_segments: forall r r’ f g,
worder r -> worder r’ ->
increasing _fun f r r’ -> strict_increasing fun g r r’->
is_segment r’ (range (graph f)) ->
forall x, inc x (source f) -> gle r’> (W=x £f) (Wx g). (x 31 %)
Lemma isomorphism_worder_unique: forall r r’ x vy,
worder r -> worder r’ -> is_segment r’ (range (graph x)) ->
is_segment r’ (range (graph y)) ->
order_morphism x r r’ -> order_morphism y r r’
-> X =y.
Lemma induced_order_trans: forall a b ¢, sub ¢ b ->
induced_order (induced_order a b) c¢ = induced_order a c.

Given a totally ordered subset X of §§, we can apply lemma sup_extension_order2, that
says that there exists a function f that extends all elements in X; we know that the source and
range of f are the union of the sources and ranges of the elements of X, hence are segments.
Given a and b in the source of f, there is a function g that is defined for both a and b (because
X is totally ordered); since a < b is equivalent to g(a) < g(b) and f(a) = g(a) and f(b) = g(b)
we deduce that a < b is equivalent to f(a) < f(b). As a consequence, f is increasing and
hence is a morphism. Consider now a maximal element f. If the source of f isE, thenI(E,E f)
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is true. If the range of f is F, then f~! is a bijection from F onto a subset of E, hence I(EE, f1).
Otherwise, if a is the smallest element of E not in the source of f and b the smallest element
not in the range of b, we can extend f to a function g by saying g(a) = b. This function is in
§. This contradicts the maximality of f.

Theorem isomorphism_worder: forall r r’, (% 157 x)
worder r -> worder r’ ->
let iso:= (fun u v £ =>
is_segment v (range (graph f)) & order_morphism f u v) in
exists_unique (fun f => iso r r’ f) \/ exists_unique (fun f => iso r’ r f).

Corollary 1. The only isomorphism from a well ordered set into a segment of itself is the
identity.

Lemma identity_isomorphism: forall r, order r ->
order_isomorphism (identity_fun (substrate r)) r r.

Lemma identity_morphism: forall r, order r ->
order_morphism (identity_fun (substrate r)) r r.

Lemma unique_isomorphism_onto_segment: forall r f, worder r ->
is_segment r (range (graph f)) -> order_morphism f r r ->
f = identity_fun (substrate r).

Corollary 2. If E and F are two well ordered sets, f an isomorphism of E onto a segment
of F, g an isomorphism of F onto a segment of E, then f and g are inverse bijections.

Lemma inverse_order_isomorphism: forall r r’ f ,
order_isomorphism f r r’ -> order_isomorphism (inverse_fun f) r’ r.
Lemma compose_order_isomorphism: forall r r’ r’’ f f’,
composable f’ f -> order_isomorphism f r r’ -> order_isomorphism f’ r’ r’’
-> order_isomorphism (compose f’ f) r r’’.
Lemma compose_order_morphism: forall r r’ r’’ f f’,
composable f’ f -> order_morphism f r r’ -> order_morphism f’ r’ r’’
-> order_morphism (compose f’ f) r r’’.
Lemma bij_pair_isomorphism_onto_segment: forall r r’ f £f’,
worder r -> worder r’ ->
is_segment r’ (range (graph f)) -> order_morphism f r r’ ->
is_segment r (range (graph f’)) -> order_morphism f’ r’ r ->
(order_isomorphism f r r’ & order_isomorphism f’ r’ r &
f = inverse_fun f’). (* 35 %)

Finally, we show that every subset of a well-ordered set is isomorphic to a segment of E.

Lemma isomorphic_subset_segment: forall r a,
worder r -> sub a (substrate r) ->
exists w, exists f, is_segment r w &
order_isomorphism f (induced_order r a) (induced_order r w). (* 46 %)

2.6 Lexicographic products

Consider the follow definition. We assume that (X,)¢; is a family of sets, with domain
I, g is a family of orderings (for each 1, g, is an ordering on f;) and r is a well-ordering in I.
Denote the order relation associated to r by <, and the order relation associated to g, by <.
The lexicographic product is the order associated to the relation: x and y are elements of the
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product [1X,, and either x = y, or, if 1 is the smallest index (for the relation <) such that x, # y,
then x, < y..

Definition lexicographic_order_r (r f g:Bset): EEP :=
fun x x’ =
inc x (productb f) & inc x’ (productb f) &
forall j, least_element (induced_order r (Zo (domain f)
(fun i => Vix<>Vizx’))j-—>glt@jig (VjxIWjx).

Definition lexicographic_order_axioms r f g:=
worder r & substrate r = domain f &
fgraph f & fgraph g & domain f = domain g &
(forall i, inc i (domain f) -> order (Vi g)) &
(forall i, inc i (domain f) -> substrate (Vi g) =V i f).

Definition lexicographic_order r f g :=
graph_on (lexicographic_order_r r f g)(productb f).

Itis obvious that the lexicographic product is well-defined; it is a bit more longish to prove
that it is an order on the product.

Lemma order_lexproduct_order: forall r f g, (x 67 *)

lexicographic_order_axioms r f g -> order (lexicographic_order r f g).
Lemma related_lexicographic_order: forall r £ g x x’,

lexicographic_order_axioms r f g —>

related (lexicographic_order r f g) x x’ =

(inc x (productb f) & inc x’ (productb f) &

forall j, least_element (induced_order r (Zo (domain f)
(fun i => Vix<>Vizx’))j->glt (Vjg (Vjx)WjFx)).

Lemma substrate_lexicographic_order: forall r f g,

lexicographic_order_axioms r £ g —>

substrate(lexicographic_order r f g) = productb f.

If all orders are total so is the lexicographic product.

Lemma total_lexicographic_order: forall r f g,
lexicographic_order_axioms r f g —>
(forall i, inc i (domain g) -> total_order (V i g)) ->
total_order (lexicographic_order r f g). (* 23 x)

2.7 Ordinals

What follows is not part of the main text of Bourbaki, but may come from exercises. Recall
that the disjoint union of a family of sets (X,),e1 is the union of the sets X, x {i}. If x is in the
union, it has the form (y,A), where y € E), and A € 1. This quantity will be denoted by A(x).

Assume that we have an order < on I, and an order <, on each X,. We can compare two
elements via: either A(x) < A(y), or x = (x/,A) and y = (y/,A) and x’ <) ¥ in E). In some cases,
we may assume the base sets non-empty.

Definition ordinal_sum_axioms r f g:=
order r & substrate r = domain f &
fgraph f & fgraph g & domain f = domain g &
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(forall i, inc i (domain f) -> order (V i g)) &
(forall i, inc i (domain f) -> substrate (Vi g) =V i f).

Definition ordinal_sum_axiomsl r f g:
ordinal_sum_axioms r f g & (forall i, inc i (domain f) -> nonempty (V i £)).

Definition ordinal_sum_r (r f g:Bset): EEP :=
fun x x’ =>
inc x (disjoint_union f) & inc x’ (disjoint_union f) &

(gltr @x @x)\/ Qx=Qx" &gle (V@Qzx) g (Px) (Px)).

Definition ordinal_sum r f g :=
graph_on (ordinal_sum_r r f g)(disjoint_union f).

We show here that this induces an order on the disjoint union. This is the ordinal sum of
the family and denoted by )¢ X,. As is customary, this notation hides the relations < and <=,.
Note that the same notation is used for the cardinal of the disjoint union.

Lemma du_index_pr:forall f x, inc x (disjoint_union f) ->

(inc (Q x) (domain f) & inc (P x) (V (Q x) f) & is_pair x).
Lemma 1t_1t_trans: forall r a b ¢, order r ->

glt rab->gltrbc->gltrac.

Lemma order_ordinal_sum: forall r f g,
ordinal_sum_axioms r f g -> order (ordinal_sum r f g).
Lemma related_ordinal_sum_order: forall r f g x x’,
ordinal_sum_axioms r f g —>
related (ordinal sum r f g) x x’ =
(inc x (disjoint_union f) & inc x’ (disjoint_union f) &
(gltr @x) Qx)\N (Qx=Qx" &gle (VQx) g (Px) (Px’)))).
Lemma related_ordinal_sum_order_id: forall r f g x x’,
ordinal_sum_axioms r f g —>
related (ordinal_sum r f g) x x” -> gle r (Q x) (Q x’).
Lemma disjoint_union_pr: forall f x vy,
inc y (domain f) -> inc x (Vy £f) ->
inc (J x y) (disjoint_union f).
Lemma substrate_ordinal_sum: forall r f g,
ordinal_sum_axioms r f g —>
substrate(ordinal_sum r f g) = disjoint_union f.

Given two sets a and b the disjoint union of the family x — E; and y — E, is E; x {x} U
E2 x {y}. In the special case where x and y are TPa and TPb, we call this the canonical disjoint
union. We have a canonical ordering on the index set with x < y.

Definition canonical _du2 a b :=
disjoint_union (Lvariantc a b).
Lemma disjoint_union2_rw: forall abxy, y <> x —>
disjoint_union (Lvariant x y a b) =
union2 (product a (singleton x)) (product b (singleton y)).
Lemma disjoint_union2_rwl: forall a b,
disjoint_union (Lvariantc a b) =
union2 (product a (singleton TPa)) (product b (singleton TPb)).
Lemma canonical du2_rw: forall a b,
canonical_du2 a b = union2 (product a (singleton TPa))
(product b (singleton TPb)).
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Lemma canonical_du2_pr: forall a b x,
inc x (canonical_du2 a b) = (is_pair x &
((inc (P x) a & Q x = TPa) \/ (dnc (P x) b & Q x = TPb))).

We define the ordinal sum of the two sets E; and E; as the ordinal sum of the family
o — E; and p — E,, defined on the canonical doubleton ordered by o < 8. This is an ordered
set, it will be denoted by E; + E».

Definition ordinal_sum2 r r’ :=
ordinal_sum (canonical_doubleton_order)
(Lvariantc (substrate r) (substrate r’))
(Lvariantc r r’).

Lemma ordinal_sum2_ axioms: forall r r’, order r -> order r’ ->
ordinal_sum_axioms canonical_doubleton_order
(Lvariantc (substrate r) (substrate r’)) (Lvariantc r r’).

Lemma order_ordinal_sum2: forall r r’, order r -> order r’ ->
order (ordinal_sum2 r r’).

Lemma substrate_ordinal_sum2: forall r r’, order r -> order r’ ->
substrate (ordinal_sum2 r r’) = canonical_du2 (substrate r) (substrate r’).

The ordering on E; + E; is defined by x < y if and only if either pr,x = pr,y = a and
priXx <, pr;y, or pr,x = pr,y =f and pr; x <, pr; y, or pr,x < pr,y (where {«,} is the canon-
ical doubleton, < its ordering, pr,x < pr,y is the same as pr,x = a and pr,y # «, while
pr,x = pr,y =p is the same as pr, x # a and pr, y # ).

If we identify E; and E, as subsets of E; +E,, we can restate this as: forall x € E; and y € E»
we have x < y, and the ordering induced by the sum on E; or E, is the original ordering.

Lemma related_ordinal_sum2_order: forall r r’ x x’, order r -> order r’ ->
related (ordinal _sum2 r r’) x x’ =
(inc x (canonical_du2 (substrate r) (substrate r’)) &
inc x’ (canonical_du2 (substrate r) (substrate r’)) &
((@ x=TPa & Q x> = TPa & gle r (P x) (P x’))
\/ (Q x <> TPa & Q x’ <> TPa & gle r’ (P x) (P x’))
\/ (Q x =TPa & Q x’ <> TPa))).
Lemma related_ordinal_sum2_order_spec: forall r r’ x x’, order r -> order r’ ->
inc x (substrate r) -> inc x’ (substrate r’) ->
glt (ordinal_sum2 r r’) (J x TPa) (J x’ TPb).
Lemma ordinal_sum_totalorder: forall r f g,
ordinal_sum_axiomsl r £ g ->
total_order (ordinal_sum r f g) = (total_order r &
forall i, inc i (domain f) -> total_order (V i g)). (*x 17 *)

We want to show the associativity of the ordinal sum.

2E=) (LE) TI=X1n

el AeL €]y AeL

There is an abuse of notations here. Since I is an ordinal sum, it is an ordering, and € I has
to be interpreted as t belongs to the support. On the other hand J, is a set, but not a subset of
the support (the support if the union of the J x {A}).
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Assume that E = }_E, is the sum associated to the triple (7, f, g) (where f is the family E,,
g the family of orderings and r and ordering on the index set I). Assume I =) J,. This means
that we have a triple (r/, f', g’), and r is the ordinal sum associated to this triple. An element
of E is a pair (x,1) with1 €I and x € f(1). Since I is a disjoint union, ( is a pair, hence our
element has the form

™) y=LAN), AeL, tef'N), xef@N.

Let F) be the ordinal sum of the sets E, for t € J). It is the ordinal sum of (ry, f, g»), where
AW = f((,A) and g\ (1) = g((,A)) (composition of t — (1,A) and the restrictions of f and g).
Moreover r), is the obvious ordering on J, namely g’(A). We can consider the ordinal sum
E' = Y F). It is defined by (R,E G) where F and G are functions with domain L, G(]A) is the
ordinal sum (), fi, g\), F(A) is its substrate, and R is the ordering on the index set, hence r'.
An element of the substrate has the form (x, ), where A € L, and x € F(A). This means that x
has the form (y,1) where 1 € J) and y € f)(1). Thus, an element in the substrate of E’ has the
form ((y,0,A) A€ L, 1€ f'(A). Compare this with (*). This gives a natural bijection between E
and E'. Itis an order isomorphism since (x,1,A) < (x’,1/,\’) ifand only if either A <A’ or (A = A’
and eithert <’ or (=’ and x < x")).

Section Ordinal_assoc.
Variables r £ g r’ f’ g’:Bset.
Hypothesis oa_axiom : ordinal_sum_axioms r f g.
Hypothesis oa_axiom’ : ordinal_sum_axioms r’ f’ g’.
Hypothesis oa_link : r = ordinal_sum r’ f’ g’.
Definition ordinal_ sum_assoc_aux 1l:=
ordinal_sum (V1 g’) (L (V1 £’) (funi=>V (Jil) £))
L W1f) (funi=>V (J1il g).
Definition ordinal_sum_assoc :=
ordinal_sum r’
(L (domain £’) (fun 1=> disjoint_union (L (V1 £’) (fun i =>V (J i 1) £))))
(L (domain f’) (fun 1=> ordinal_sum_assoc_aux 1)).

Lemma ordinal_sum_assoc_auxl :forall 1,
inc 1 (substrate r’) ->
ordinal_sum_axioms (V1 g’) (L (V1 £’) (fun i=>V (Jil) £))
L W1f) (funi=>VJil g).

Lemma ordinal_sum_assoc_aux?2 :forall 1,
inc 1 (domain f’) -> order (ordinal_sum_assoc_aux 1).

Lemma ordinal_sum_assoc_aux3 :
ordinal_sum_axioms r’
(L (domain £’) (fun 1=> disjoint_union (L (V1 £’) (fun i =>V (J i 1) £))))
(L (domain f’) (fun 1=> ordinal_sum_assoc_aux 1)).

Lemma ordinal_sum_assocl: order ordinal_sum_assoc. (* 70 *)

Lemma ordinal_sum_assoc_iso:
order_isomorphism (BL (fun x=> J (J (P x) (P (Q x))) (Q (Q x)))

(disjoint_union f) (substrate (ordinal_sum_assoc)))

(ordinal_sum r f g) (ordinal_sum_assoc). (* 70 %)

End Ordinal_assoc.
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Chapter 3

Equipotent Sets. Cardinals

Bourbaki denotes by Eq(X,Y) the property that there is a bijection between X and Y and
denotes by Card(X) the set 17(Eq(X,Z)). He calls this the cardinal of X, or the power of X. It is
interesting to notice that no name is given to the notation a® when this means the cardinal of
the set of mappings from one set into another (the operation is nevertheless called “exponen-
tiation of cardinals”). The term “power” is used only in the phrase “power of the continuum”,
where it means the cardinal of the set of real numbers (to be defined elsewhere), or, equiva-
lently, the cardinal of SB(N) (where N is the set of natural integers, defined in Chapter 6). For
us, the term “power” will only be used to denote a®.

Bourbaki does not define “a cardinal”. The only possible interpretation of “t is a cardinal”
is “the object v is of the form Card(E) for some set E”. Using a specific font for cardinals sug-
gests that a cardinal is some special object, and that we should perhaps introduce a type for
these cardinals. If A = {¢} and a denotes the cardinal of A, it is impossible to prove a = A or
a # A (non-uniqueness of 1). This means that giving a different type to these objects invali-
dates no theorem of Bourbaki (with the exception of 0 = @).

One can multiply cardinals. For instance a.a = Card(A x A) is a (if A is the set given
above). This makes sense because Card(A x B) is left unchanged when A is replaced by A’
with Card(A) = Card(A’). But it becomes difficult to assert associativity or commutativity of
the product: we need the notion of a family of cardinals, which is a function f :1— C, where
I is some index set and C is the type of the cardinals (we can also consider graphs of func-
tions, which are subsets of I x C; this is even more problematic, because C is too big to be
a set, hence I x C cannot be identified to a set). If J is a subset of I, the cardinal product of
the restriction of f to ] is a cardinal, and this induces a function ¥(I) — C. Such an object is
neither a function in the Bourbaki sense (with a source, a target, a graph), neither in the Coq
sense.

Bourbaki solves the problem by defining the cardinal product as the cardinal of the prod-
uct. This means that cardinals are ordinary sets. This also means that we can consider the
cardinal product of any two sets. The relation a.b = b.q, valid for two cardinals, is valid for
any two sets.

Our theorems are easier to prove and use if we drop the requirements that the arguments
are cardinals. The relation a.1 = a is true only if a is a cardinal. The relation a < ab is true if
b # 0; in order for < to be antisymmetric we impose that its arguments are cardinals, so that
we need a to be a cardinal. Our proof uses 1 < b which is valid only if b is a cardinal. Thus our
theorem assumes that both arguments are cardinals. This is a case where assumptions are
not minimal.
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3.1 The cardinal of a set

We denote by Eq(X,Y) the property that there is a bijection between X and Y. This is
equipotent in Coq. We know that this relation is reflexive, symmetric and transitive (but is
not an equivalence, because it has no graph). Singletons are equipotent, as well as sets with
two distinct elements.

Lemma singletons_equipotent: forall x vy,
equipotent (singleton x) (singleton y).
Lemma doubleton_equipotent: forall x y x’ y’,
let f:= corresp (doubleton x x’) (doubleton y y’)
(doubleton (J x y) (J x’ y’)) in
x <>x7 D>y <H>yo >
(bijective f & source f = doubleton x x’ & target f = doubleton y y’ &
Wxf=y&Wx>f=y"). (x26 %)
Lemma doubleton_equipotentl: forall x y x’ y’,
X <> x’ -> y <>y’ -> equipotent (doubleton x x’) (doubleton y y’).

Products of equipotent sets are equipotent. We first consider the case of productb since
we have theorems that say that ext_prod_map from []E, to []F, is injective or surjective (See
Part I, section 6.7). We also consider the case of the product of two sets (the bijection is
ext_to_prodC).

Lemma equipotent_productf: forall In pl p2,
(forall i, inc i In -> equipotent (pl i) (p2 i)) ->
equipotent (productf In pl) (productf In p2).

Lemma equipotent_productb: forall x y, fgraph x -> fgraph y —>
domain x = domain y ->
(forall i, inc i (domain x) -> equipotent (V i x) (Vi y)) —->
equipotent (productb x) (productb y).

Lemma equipotent_product: forall a b a’ b’,
equipotent a a’ -> equipotent b b’ ->
equipotent (product a b) (product a’ b’).

If A, B and C are sets, then A x B is equipotent to B x A, and A x (B x C) is equipotent to
(A xB) x C. We have (AUB) x C = (A x C) U (B x C). Finally, if B is a singleton, A and A x B are
equipotent.

Lemma equipotent_product_sym: forall a b,

equipotent (product a b) (product b a).
Lemma product2associative : forall a b c,

equipotent (product a (product b c)) (product (product a b) c).
Lemma distrib_inter_prod2: forall a b c,

product (union2 a b) ¢ = union2 (product a c) (product b c).
Lemma distrib_inter_prod3: forall a b c,

product ¢ (union2 a b) = union2 (product c a) (product c b).
Lemma equipotent_a_times_singl: forall a b,

equipotent a (product a (singleton b)).

Two sets A x B and A’ x B are disjoint if B and B’ are disjoint; this is the case when B and
B’ are distinct singletons.

Lemma disjoint_pr: forall a b,
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(forall u, inc u a -> inc u b -> False) -> disjoint a b.
Lemma disjoint_union2_pr0O: forall a b x vy,
disjoint x y -> disjoint (product a x) (product b y).
Lemma disjoint_union2_pril: forall x vy,
X <> y -> disjoint (singleton x) (singleton y).
Lemma disjoint_union2_pr: forall a b x y,
x <> y -> disjoint (product a (singleton x)) (product b (singleton y)).

Two unions UX, and UY, with the same index set are equipotent if the sets are equipotent
and if each family is mutually disjoint. For if f; is a function from X, into Y, we can find a
function f such that f(x) = fi(x) whenever x € X,, provided that x is in a unique X, (i.e., the
family is mutually disjoint). If the family Y, is mutually disjoint, then f(x) = f(y) implies
that there is t such that x € X, and y € X, hence fi(x) = f{(y). Thus f is injective if each f; is
injective.

Two disjoint unions of equipotent sets are equipotent. Remember that the disjoint union
of a family of sets X, is the union of the sets Xl’ =X, x {t}. Two lemmas mentioned above say
that each X, is equipotent to X/ and the family is disjoint.

Lemma equipotent_disjoint_union: forall X Y,
fgraph X -> fgraph Y -> domain X = domain Y ->
(forall i, inc i (domain X) -> equipotent (V i X) (Vi Y)) —>
mutually_disjoint X -> mutually_disjoint Y ->
equipotent (unionb X) (unionb Y). (* 38 *)
Lemma equipotent_disjoint_unionl: forall X Y,
fgraph X -> fgraph Y -> domain X = domain Y ->
(forall i, inc i (domain X) -> equipotent (V i X) (Vi Y)) ->
equipotent (disjoint_union X) (disjoint_union Y).

Given two sets A and B, two distinct elements a and , if I is the set that contains o and
P, there is a family (X,),e1 such that such that A = Xy and B = Xg. This family is Lvariant. We
shall denote it by X,z (A, B). We show here uniqueness of the family. We will use for J the set
two_points, and denote the family by X(A,B). If g is the function that maps a and  to TPa
and TPbit is a bijection from I to J, so that very every family of two sets is, modulo a change
of variables, a family on J.

Lemma two_terms_bijl: forall a b x y £,

y <> x -> fgraph f -> domain f = doubleton xy >V xf=a->Vyf=>b->
range f = doubleton a b -> f = Lvariant x y a b.

Lemma two_terms_bij: forall a b x y £,
x <> y —-> fgraph f -> domain f = doubleton xy >V xf=a ->Vyf=D>b->

exists g, (bijective g & target g = two_points
& source g = doubleton x y &
f= gcompose (Lvariantc a b) (graph g)).

If A and B are two sets, the union of the family X(A,B) is AuUB. As a consequence, if A
is equipotent to A" and B is equipotent to B’ and the sets are disjoint, then AUB and A’ UB’
are equipotent. The disjoint union of the family X,g(A,B) is A x {a} UB x {}. It depends
on « and fP; but two such disjoint unions are equipotent (see later). We shall therefore use
the family X(A,B). Its disjoint union depends only on A and B. We shall use later on the
relation Xop (A, B) = Xpo(B, A), which implies, after re-ordering, that the disjoint union of A
and B (whatever the index set) is equipotent to the disjoint union of B and A.
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Lemma disjoint_commutative: forall a b,
disjoint a b -> disjoint b a.
Lemma union_of_twosets_auxl: forall a b,
union2 a b = unionb (Lvariantc a b).
Lemma equipotent_disjoint_union2: forall a b a’ b’,
disjoint a b -> disjoint a’ b’ -> equipotent a a’ -> equipotent b b’ ->
equipotent (union2 a b) (union2 a’ b’).

The representative of an equivalent class for equipotency (this is not a set) of the set X, is
called its cardinal, and denoted Card(X). Bourbaki denotes by 0, 1 and 2, the cardinals of the
empty set, a singleton, or a doubleton with two distinct elements.

Definition cardinal x := choose (fun z => equipotent x z).

Definition card_zero := cardinal emptyset.

Definition card_one cardinal (singleton emptyset).

Definition card_two := cardinal (doubleton (singleton emptyset) emptyset).

Proposition 1 [2, p. 158] states that X and Y are equipotent if and only if they have the
same cardinal. The cardinal of the empty set is the empty set. A nonempty set has non-zero
cardinal.

Lemma cardinal_pr: forall x, equipotent (cardinal x) x.
Lemma cardinal_prO: forall x, equipotent x (cardinal x).

Theorem cardinal_equipotent: forall x vy,
(cardinal x = cardinal y) = (equipotent x y).

Lemma cardinal_zero: cardinal emptyset = emptyset.
Lemma zero_is_emptyset: card_zero = emptyset.
Lemma cardinal_emptyset: cardinal emptyset = card_zero.
Lemma cardinal_nonemptyset: forall x,

cardinal x = card_zero -> x = emptyset.
Lemma cardinal_nonemptysetl: forall x,

nonempty x —> cardinal x <> card_zero.
Lemma cardinal_one_is_singleton: is_singleton(card_one).

The cardinal of a singleton is one, the cardinal of a doubleton with two distinct elements
is two.

Lemma cardinal_singleton: forall x, cardinal(singleton x) = card_one.
Lemma cardinal_doubleton: forall x x’,
x <> x’ -> cardinal(doubleton x x’) = card_two.

3.2 Order relation between cardinals

A well-ordering relation is an order relation such that every nonempty set in which the
relation is reflexive has a least element. We restate this as follows: for every set E such that
x € Eimplies x < x, there exists a well-ordering, denoted by <, whose substrate is E, such that
x < yisequivalentto “xe Eand yeEand x < y.”

Definition worder_r r :=
order_r r & forall x, (forall a, inc a x -> r a a) -> nonempty x ->
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exists y, least_element (graph_on r x) y.

Lemma related_graph_onl: forall r x a b,

related (graph_on r x) a b = (inc a x & inc b x & r a b).
Lemma wordering_pr: forall r x, worder_r r ->

(forall a, inc a x -> r a a) ->

(substrate (graph_on r x) = x & worder (graph_on r x)). (x 16 *)

We say that v is a cardinal if it is of the form Card(y). We say that t <ggrq nif v and n are
cardinals, and v is equipotent to a subset of n. The notation is often simplified to v < n. We
also introduce the notation t >gaq 1

Definition is_cardinal x:= exists y, x = cardinal y.
Definition equipotent_to_subset x y:= exists z, sub z y & equipotent x z.
Definition cardinal_le x y :=
is_cardinal x & is_cardinal y &equipotent_to_subset x y.
Definition cardinal_1lt a b := cardinal_le a b & a <> b.

We list here some useful properties. First, for all x, Card(x) is a cardinal. Then A is equipo-
tent to a subset of B if and only if there is an injection from A into B. Since the composition
of two injections is an injection, and bijections are injections, we get some interesting re-
sults. For instance there is an injection from A into B if and only if there is an injection from
Card(A) into Card(B). Thus A is equipotent to a subset of B if and only if Card(A) is equipo-
tent to a subset of Card(B). Thus A < B if and only if Card(A) < Card(B). If a is a cardinal, then
Card(a) = a and a < a. We have Card(Card(A)) = Card(A). If A is equipotent to a subset of B
and B is equipotent to C, then A is equipotent to a subset of C. If A c B then A is equipotent to
asubset of B. If f : A— B is injective then Card(A) < Card(B). Finally, if E is a set of cardinals,
the support of the order induced by <carq on E is E.

Lemma cardinal_le0O: forall x, is_cardinal (cardinal x).
Lemma cardinal_lel: forall x y,

equipotent_to_subset x y =

(exists f, injective f & source f = x & target £ = y). (x 15 %)
Lemma inj_composel: forall f f’,

injective f-> injective f’ -> source f’ = target f ->

injective (compose f’ f).
Lemma cardinal_le2: forall x y,

equipotent_to_subset x y = equipotent_to_subset (cardinal x) (cardinal y).
Lemma cardinal_le3: forall x vy,

equipotent_to_subset x y = cardinal_le (cardinal x) (cardinal y).
Lemma cardinal_le9: forall f, injective f —>

cardinal_le (cardinal (source f)) (cardinal (target f)).
Lemma cardinal_le4: forall x, is_cardinal x -> cardinal x = Xx.
Lemma cardinal le_reflexive: forall x, is_cardinal x -> cardinal_le x x.
Lemma cardinal_le5: forall E, (forall x, inc x E -> is_cardinal x) ->

substrate (graph_on cardinal_le E) = E.

Lemma cardinal_le6: forall x, cardinal (cardinal x) = cardinal x.
Lemma cardinal_le7: forall a b c,

equipotent b ¢ -> equipotent_to_subset a b —>

equipotent_to_subset a c.
Lemma cardinal_le8: forall a b, sub a b -> equipotent_to_subset a b.
Lemma sub_smaller: forall a b,

sub a b -> cardinal_le (cardinal a) (cardinal b).

We show here that 0, 1 and 2 are cardinals.
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Lemma cardinalO: is_cardinal card_zero.
Lemma cardinall: is_cardinal card_one.
Lemma cardinal2: is_cardinal card_two.

Theorem one [2 p. 159] says that the ordering between cardinals is a well-ordering. The
idea is the following. Let E be a set of cardinals, and A its union. Consider a well-ordering
on A. Let ¢(x) be the smallest segment of A equipotent to x (if x € E, x is a subset of A hence
isomorphic, hence equipotent, to a segment of A; hence ¢ is well-defined). The relation
a <card b on E is equivalent to ¢p(a) < &(b) (if a <caq b then a is isomorphic to a subset of
¢(b), hence a isisomorphic to a segment u of ¢p(b); by definition ¢ (a) < u, hence p(a) < db(b);
converse is easy). From this, one deduces that the relation a <c,,q b is an order on E. This is
a well-ordering, since the set of segments is well-ordered. Assume a <cyq b and b <carq a. If
we consider the doubleton {a, b}, we have a < b and b < a for the induced order, hence a = b.

Theorem wordering_cardinal_le: worder_r cardinal_le. (x 101 %)

Some consequences: if a, b, and ¢, are cardinals, then a <cyq b and b <cyq ¢ implies
0 <carq ¢ (this is easy). Either a <cgq b or b <carq o; but if both relations hold, then a = b.
This can be restated as: if there is an injection from A into B and an injection from B into A,
then there is a bijection between the two sets A and B. This is sometimes called the Cantor-
Bernstein Theorem. It can be shown without the axiom of choice.

Lemma cardinal_antisymmetryl: forall x y,
cardinal_le x y -> cardinal_le y x -> x = y.

Lemma cardinal_antisymmetry2: forall a b,
equipotent_to_subset a b -> equipotent_to_subset b a ->
equipotent a b.

Lemma cardinal_le_transitive: forall a b c,
cardinal_le a b -> cardinal_le b ¢ -> cardinal_le a c.

Lemma cardinal_1lt_le_trans: forall a b c,
cardinal 1t a b -> cardinal_le b ¢ -> cardinal_1lt a c.

Lemma cardinal_le_1lt_trans: forall a b c,
cardinal_le a b -> cardinal_1lt b ¢ -> cardinal_lt a c.

Lemma cardinal_le_total_order: forall a b,
equipotent_to_subset a b \/ equipotent_to_subset b a.

Lemma cardinal_le_total_orderl: forall a b,
is_cardinal a -> is_cardinal b ->
a =Db \/ cardinal_1t a b \/ cardinal_1lt b a.

Lemma cardinal_le_total_order2: forall a b,
is_cardinal a -> is_cardinal b ->
cardinal_le a b \/ cardinal_1lt b a.

We have 0 < a for every cardinal a, and 1 < a if moreover a # 0.

Lemma zero_smallest: forall x, is_cardinal x -> cardinal_le card_zero x.

Lemma zero_smallestl: forall x, cardinal_lt x card_zero -> False.

Lemma one_small cardinal: forall x, is_cardinal x -> x <> card_zero ->
cardinal_le card_omne Xx.

Lemma one_small_cardinall: forall x, cardinal_lt card_zero x ->
cardinal_le card_one x.

For every cardinal a, the set of objects of the form Card(b) for b € *P(a) is the set of car-
dinals < a. Given a family of cardinals (a,),c1, we can find a cardinal b greater than all a, (for
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instance the union) and consider the set E of cardinals < b. The family, being bounded in a
well-ordered set, has a supremum c. If 0 is another upper bound, either ? = b hence 0 = ¢, or
0 < b, hence isin E and ? = c. It is called the supremum of the family. This is Proposition 2 in
[2} p. 160]. We first show the same result for a set of cardinals.

Definition set_of_cardinals_le a:=
fun_image(powerset a)(fun x => cardinal x).

Lemma set_of_cardinals_pr: forall a b, is_cardinal a ->
inc b (set_of_cardinals_le a) = (cardinal_le b a).

Lemma cardinal_supremum: forall x,
(forall a, inc a x -> is_cardinal a) ->
exists_unique (fun b => is_cardinal b &
(forall a, inc a x -> cardinal_le a b) &
(forall c, is_cardinal ¢ -> (forall a, inc a x -> cardinal_le a c) —>
cardinal_le b c)). (* 33 %)
Theorem cardinal_supremuml: forall x,
fgraph x ->
(forall a, inc a (domain x) -> is_cardinal (V a x)) —->
exists_unique (fun b => is_cardinal b &
(forall a, inc a (domain x) -> cardinal_le (V a x) b) &
(forall c, is_cardinal c ->
(forall a, inc a (domain x) -> cardinal_le (V a x) c) —>
cardinal_le b c)).

Proposition 3 in [2} p. 160] says that Card(Y) < Card(X) if there is a surjection of X onto Y.

Theorem surjective_cardinal_le: forall x y,
(exists z, surjective z & source z = x & target z = y) —->
cardinal_le (cardinal y) (cardinal x).

3.3 Operations on cardinals

Given a family of cardinals (a,),¢1, the cardinal of the sum of these sets is called the cardi-

nal sum and denoted by Z a,; the cardinal of the product is called the cardinal product and
el

denoted Plal. The standard notation is [ [ a, and will be used in the next chapter. The qual-
1€ el
ificative “cardinal” will also be omitted in “cardinal sum” and “cardinal product”. . Bourbaki

introduces a new notation (for this chapter only), in order to avoid ambiguities. There is no
need to introduce a specific notation for the cardinal sum (since there is no notation for the
sum, aka the disjoint union).

Definition cardinal_sum x := cardinal (disjoint_union x).
Definition cardinal_prod x := cardinal (productb x).

Proposition 4 of [2, p. 160] says that the cardinal sum or cardinal product of the family
Card(E,) is the cardinal of the sum or the product of the sets E,. In other terms, if a, = Card(E,)
then Card([]E,) = Pq, and Card(SE,) = }_ a,. One can notice that the cardinal of a union is at
most the cardinal of the disjoint union.

Theorem cardinal_prod_pr: forall x, fgraph x ->
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cardinal (productb x) =

cardinal_prod (L (domain x) (fun a => cardinal (V a x))).
Theorem cardinal_sum_pr: forall x, fgraph x ->

cardinal (disjoint_union x) =

cardinal_sum (L (domain x) (fun a => cardinal (V a x))).
Lemma cardinal_sum_prl: forall x, fgraph x ->

cardinal_le (cardinal (unionb x))

(cardinal_sum (L (domain x) (fun a => cardinal (V a x)))).

Proposition 5 [2} p. 161] says that if f is a bijection from K to I and if g, is a cardinal then
(“commutativity” of the sum and product):

E: afW)::z:a“ KE;af“Q::EZaP

keK el

If the family (J)) L, is a partition of I, then (“associativity” of the sum and product):

Ya=) (D a) Pa=P (Pa).

el Ael ey el A€L €]y

Let ((aj,)ie7,)reL. be a family of families of cardinals. Let I =[]]J,. Distributivity of product

over sum is
)\E (L a)=2( P )

LEJA fel AeL

Note that we do not need a, be a cardinal in any of these theorems. The relations are
trivial for the product, and in the case of the union, we have to check the families are disjoint.

Theorem cardinal_sum_commutative: forall X f,
fgraph X -> target f = domain X -> bijective f —>
cardinal_sum X = cardinal_sum (gcompose X (graph f)). (* 30 *)
Theorem cardinal_prod_commutative: forall X f,
fgraph X -> target f = domain X -> bijective f ->
cardinal_prod X = cardinal_prod (gcompose X (graph f)).
Theorem cardinal_sum_assoc: forall f g,
fgraph f -> partition_fam g (domain f) ->
cardinal_sum f = cardinal_sum (L (domain g) (fun 1 =>
cardinal_sum (restr £ (V1 g)))).
Theorem cardinal_prod_assoc: forall f g,
fgraph f -> partition_fam g (domain f) ->

cardinal_prod f = cardinal_prod (L (domain g) (fun 1 =>
cardinal_prod (restr £ (V1 g)))).
Theorem cardinal_distrib_prod_sum: forall f, (* 51 *)
fgraph £ >

(forall 1, inc 1 (domain f) -> fgraph (V1 £f)) ->
cardinal_prod (L (domain f) (fun 1 => cardinal_sum (V 1 f))) =
cardinal_sum (L (productf (domain f) (fun 1 => (domain (V 1 £))))

(fun g => (cardinal_prod (L (domain f) (fun 1 =>V (V1 g) (V1 £)))))).

Given two sets a and b, we can consider a family of two elements whose range is the
doubleton {a, b} (for instance Xy (a,b), see page . The cardinal product of this family is
the cardinal of the product, it is denoted by ab or a.b. The cardinal sum of the family is the
cardinal of the disjoint union, namely a x {x} U b x {y}. We shall sometimes denote this as
a;Uby. The cardinal sum of this family is independent of the pair (x, y) by commutativity. It
will be denoted by a+ b. If a and a’ are equipotent, if b and b’ are equipotent, the products
ax b and a’ x b’ are equipotent, so that the cardinal products are equal; we show that the
same result is true for the cardinal sum.
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Definition card_plus a b :
cardinal_sum (Lvariantc
Definition card_mult a b :
cardinal_prod (Lvariantc a b).
Definition doubleton_fam f a b :=
exists x, exists y, x<>y & fgraph
Vxf=a& Vyif=nb.

b).

o

Lemma card_plus_is_cardinal: forall
Lemma card_mult_is_cardinal: forall

Lemma card_mult_prl:forall a b,
card_mult a b = cardinal (product

Lemma card_plus_pr: forall a b f,
doubleton_fam f a b -> card_plus

Lemma card_mult_pr: forall a b f,
doubleton_fam f a b -> card_mult

Lemma disjoint_union2_pr3: forall a
equipotent (card_plus a b)

f

a

b

& domain f = doubleton x y &

b, is_cardinal (card_plus a b).
b, is_cardinal (card_mult a b).

b).
b = cardinal_sum f.
b = cardinal_prod f.

Xy, y<>x >

(union2 (product a (singleton x)) (product b (singleton y))).

Lemma disjoint_union2_pré4: forall a b,

equipotent (card_plus a b)

(union2 (product a (singleton TPa)) (product b (singleton TPb))).

Lemma card_plus_prl: forall a b a’ b’,

disjoint a b -> equipotent a a’ -> equipotent b b’ ->
cardinal (union2 a b) = card_plus a’ b’.
Lemma cardinal_sum_pr2: forall a b a’ b’, equipotent a a’ -> equipotent b b’ ->

card_plus a b = card_plus a’ b’.

Lemma card_mult_pr2: forall a b a’ b’,

cardinal a = cardinal a’ -> cardinal b = cardinal b’ ->

card_mult a b = card_mult a’ b’.

Lemma doubleton_fam_canon: forall (f:EE),
doubleton_fam (L two_points f) (f TPa) (£ TPb).
Lemma card_commutative_aux: forall a b,

doubleton_fam (Lvariantc b a) a b.

Lemma card_plus_pr0O: forall £,

cardinal_sum (L two_points f) = card_plus (f TPa) (f TPb).

Lemma card_mult_pr0O: forall f,

cardinal_prod (L two_points f) = card_mult (f TPa) (f TPb).

The proof of the associativity of the sum needs three distinct sets. We may chose 0, 1

and 2.

Lemma card_one_not_zero: card_one <> card_zero.

Lemma card_two_not_zero: card_two <> card_zero.
Lemma card_one_not_two: card_one <> card_two.

As a corollary, if a, b and ¢ are cardinals we have

D a+b=b+a

(2) a+(b+c)=(a+b)+c
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(3) a(b+¢)=ab+ac.

Note that the formulas are true even if a, b and ¢ are not cardinals. In the case of (1),
we use Xy (a, b) = Xyx(b, a). Associativity of the product is a consequence of equipotency of
A x (BxC)and (AxB) xC. In the case of a sum, the situation is a bit more complicated. Using
the same notations as before, a(b + ¢) is equipotent to a; U (b; U ¢x);). Using distributivity of
the product and union, it is equipotent to a; U bj; U ¢;. One can replace double indices by
single ones, and this is equipotent to a; Ub; Uci. The same idea can be used for (3). The
quantity a(b + ¢) is equipotent to a x (b; Uc;) hence to (ax b;) U (ax ¢j), and (ax b); U(axc);,
by associativity of the product. We show in fact (b + ¢)a = ba + ca, because, basically we use
equipotency of (AUB) x C and (A x C)u (B x C). We have a) b, =) ab,. We use the same
techniques as above (rather the use general distributivity).

Lemma card_plus_commutative: forall a b,

card_plus a b = card_plus b a.
Lemma card_mult_commutative: forall a b,

card_mult a b = card_mult b a.
Lemma card_mult_associative: forall a b c,

card_mult a (card_mult b c¢) = card_mult (card_mult a b) c.
Lemma card_plus_associative: forall a b c, (* 75 %)

card_plus a (card_plus b c¢) = card_plus (card_plus a b) c.
Lemma equipotent_productl: forall a b c,

equipotent a b -> equipotent (product a c) (product b c).
Lemma cardinal_distrib_prod_sum3 : forall a b c,

card_mult a (card_plus b c) =

card_plus (card_mult a b) (card_mult a c). (x 16 *)
Lemma cardinal_distrib_prod_sum2 : forall a b c,

card_mult (card_plus b c) a =

card_plus (card_mult b a) (card_mult c a).
Lemma distrib_prod2_sum: forall A f,

product A (unionb f) = unionb (L (domain f) (fun x => product A (V x £))).
Lemma cardinal_distrib_prod2_sum: forall a f, is_cardinal a -> fgraph f ->

card_mult a (cardinal_sum f) =

cardinal_sum (L (domain f) (fun i => (card_mult a (V i f)))).

3.4 Properties of the cardinals 0 and 1

If a family is empty, the sum is zero and the product is one. If a family has a single element
that is a cardinal, this element is the sum or the product.

Lemma trivial_cardinal_sum: forall f, domain f = emptyset ->
cardinal_sum f = card_zero.

Lemma trivial_cardinal_prod: forall f, fgraph f -> domain f = emptyset ->
cardinal_prod f = card_one.

Lemma trivial_cardinal_suml: forall x f, domain f = singleton x ->
is_cardinal (V x f) -> cardinal _sum f = V x f.

Lemma trivial_card_plus: forall x a, is_cardinal a ->
cardinal_sum (cst_graph (singleton x) a) = a.

Lemma trivial_cardinal_prodl: forall x f, fgraph f -> domain f = singleton x ->
is_cardinal (V x f) -> cardinal_prod f = V x f.

One can remove 0 in a sum and 1 in a product. This is Proposition 6 [2, p. 162]. The result
is clear for the sum, because 0; = @ (where 0; means 0 x {i}). In the case of a product, it is a
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trivial consequence of bijective_prj. If the family has two elements, this gives nice results. If
a factor of a product is zero, so is the product itself.

Theorem zero_unit_sum: forall f j,
fgraph f -> sub j (domain f) ->
(forall i, inc i (complement (domain f) j) -> (V i f)
cardinal_sum f = cardinal_sum (restr f j).

Theorem one_unit_prod: forall f j,
fgraph f -> sub j (domain f) ->
(forall i, inc i (complement (domain f) j) -> (V i f)
cardinal_prod f = cardinal_prod (restr f j).

card_zero) ->

card_one) ->

Lemma zero_unit_sumr: forall a, is_cardinal a ->
card_plus a card_zero = a.

Lemma zero_unit_suml: forall a, is_cardinal a ->
card_plus card_zero a = a.

Lemma one_unit_prodr: forall a, is_cardinal a ->
card_mult a card_one = a.

Lemma one_unit_prodl: forall a, is_cardinal a ->
card_mult card_one a = a.

Lemma zero_prod_absorbing: forall a,
card_mult a card_zero = card_zero.

Lemma zero_product_absorbing: forall f,
fgraph f -> (exists i, inc i (domain f) & cardinal (V i f) = card_zero)
-> cardinal_prod f = card_zero.

Let a and b be two cardinals; consider a set I equipotent to b and the two families a, = a

and ¢, = 1. Then
ab=>) a; b=) c.

el el

The first formula is obtained from the second after multiplication by a, and using distribu-
tivity.

Lemma sum_of_ones: forall b j, is_cardinal b -> equipotent b j ->
cardinal_sum (L j (fun _ => card_ome)) = b.

Lemma sum_of_onesl: forall b,
equipotent (cardinal_sum (cst_graph b card_one)) b.

Lemma sum_of_same: forall a b j, is_cardinal a -> is_cardinal b ->
equipotent b j —>
cardinal_sum (cst_graph j a) = card_mult a b.

Lemma sum_of_samel: forall a b,
cardinal_sum (cst_graph b a) = card_mult a b.

Proposition 7 [2] p. 162] says that a cardinal product is non-zero if and only if each factor
is non-zero (because a product is non-empty if and only if no factor is empty). Proposition 8
(2} p. 162] asserts injectivity of the successor function, namely that if a and b are two cardinals
such that a+ 1 =b+1 then a = b. In effect, there exists X equipotent to a, Y equipotent to b,
and u ¢X, v¢YsuchthatXu{u} =Yu{v}. If u=v, then X =Y; otherwise, if Z=YNY, we have
X=Zu{v}andY =ZuU{u}, so thatif c = Card(Z) we havea=b =c+ 1.

Lemma disjoint_with_singleton: forall a b,
~ (inc b a) -> disjoint a (singleton b).
Theorem zero_cardinal_product: forall f,
fgraph f -> (forall i, inc i (domain f) -> V i f <> card_zero) =
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(cardinal_prod f <> card_zero).
Lemma zero_cardinal_product2: forall a b, a <> card_zero -> b <> card_zero ->
card_mult a b <> card_zero.
Theorem succ_injective: forall a b, is_cardinal a ->
is_cardinal b -> card_plus a card_one = card_plus b card_one ->
a = b. (x 73 %)

3.5 Exponentiation of cardinals

If a and b are two cardinals, the cardinal of the set of functions from b to a is denoted
a®, by abuse of notation Proposition 9 [2} p. 163] says that we can replace a and b by
equipotent sets.

Definition card_pow a b := cardinal (set_of_functions b a).
Lemma card_pow_pr: forall a b a’ b’,
equipotent a a’ -> equipotent b b’ ->
card_pow a b = card_pow a’ b’.
Theorem card_pow_prl: forall x y,
cardinal (set_of_functions y x) = card_pow (cardinal x) (cardinal y).

Proposition 10 [2 p. 163] says that if a and b are two cardinals, I is a set with cardinal b
and g, is the constant family a, then ab = Plal. This is a trivial consequence of the fact that
Le

the set of functions and the set of graphs of functions are equipotent. Note: we do not need
a and b to be cardinals. Note also that Card(I) = b implies that b is a cardinal, hence, we give
also another version of the theorem.

A consequence is that, if a and b are cardinals, (a,)e; and (b,)e1 are families of cardinals
we have

b,
@i =Pa®  (Pa)’=Pab.

el el el

The proof does not make use of the fact that the sets are cardinals, so we dropped the as-
sumption. The proof of the first formula is as follows. Let a, = a. We have aXw® = E) a,, where

J is any set whose cardinal is 1 b,; we chose the disjoint union of the sets b,. We have a nat-
ural partition of ] and we can apply the associativity of the product. For the second formula,
let ag = a, forteTand p € b. This is a family defined on the product I x b, for which we have
have two natural partitions (all elements with the same , or all elements with the same f3);
we can apply associativity of the product twice. We also have

ab+c — abac, (ab)‘ — C(t[)t, abc — (ab)c‘

Lemma card_pow_pr2: forall a b,
cardinal_prod (cst_graph b a) = card_pow a b.
Theorem card_pow_pr3: forall a b j, cardinal j = b —>
cardinal_prod (cst_graph j a) = card_pow a b.
Lemma power_of_sum: forall a f, fgraph f ->
card_pow a (cardinal_sum f) =
cardinal_prod (L (domain f) (fun i => card_pow a (Vi £))). (% 18 %)
Lemma power_of_prod: forall b f, fgraph f ->
card_pow (cardinal_prod f) b =

Lthe trouble seems to be that 42 and 2* denote the set of graphs of mappings from 2 to 4 or from 4 to 2; these
sets are obviously distinct, but have the same number of elements; hence 42 = 2% is true with these new notations,

see page[lzo]
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cardinal_prod (L (domain f) (fun i => card_pow (V i f) b)). (* 65 %)
Lemma power_of_sum2: forall a b c,

card_pow a (card_plus b c) =

card_mult (card_pow a b) (card_pow a c).
Lemma power_of_prod2: forall a b c,

card_pow (card_mult a b) c =

card_mult (card_pow a c) (card_pow b c).

Proposition 11 [2, p. 164] states a’ = 1 (Bourbaki says that there is a unique function
from the empty set into an another one. We use the fact that 0 is the empty sum, and
rewrite a® as a product). We have al = a (Bourbaki says that this is a consequence of bijec-
tive_productl_canon, a lemma that says that EF is equipotent to E if F has a single element;
we replace the power by a product with a single factor, then simplify). One has 1* =1 (Bour-
baki says that there exists a unique function from a set into a singleton; here we rewrite 1 as
an empty product, rewrite the power as an (empty) product). Finally, if a is not zero, then
0% = 0 since there is no function from a non-empty set into the empty set.

Lemma power_x_0: forall a, card_pow a card_zero = card_one.
Lemma power_0_0: card_pow card_zero card_zero = card_one.
Lemma power_x_1: forall a, is_cardinal a -> card_pow a card_one = a.
Lemma power_1_x: forall a, card_pow card_one a = card_one.
Lemma power_O_x: forall a, a <> card_zero ->
card_pow card_zero a = card_zero.

We have 1+1 = 2; this can be shown by proving the the LHS is the sum of a family contain-
ing only ones, hence is the number of elements in the family; the family has two elements;
all sets with two distinct elements are equipotent. A consequence is a = a.a.

Lemma equipotent2_two_points: equipotent card_two two_points.
Lemma card_two_pr: card_two = card_plus card_one card_one.
Lemma power_x_2: forall a, is_cardinal a ->

card_pow a card_two = card_mult a a.

The final result in this section is Proposition 12 [2], p. 164], it states that the cardinal of
the power set of X is 2X (for each subset Y of X, we can consider the characteristic function,
whose value is 0 on Y and 1 elsewhere).

Lemma card_powerset: forall X,
cardinal (powerset X) = card_pow card_two X. (* 80 *)

3.6 Order relation and operations on cardinals

Proposition 13 [2, p. 164] states that a = b if and only if there exists ¢ such thata=b+¢
(for simplicity, we assume all three quantities to be cardinals, although ¢ could be any set,
and both relations a = b and a = b + ¢ imply that a is a cardinal).

Proof. Assume B equipotent to a subset X of A and let C be the complement. Then B+ C
is equipotent to B; UC, (where B; = B x {1}). We can replace B by X, then omit the indices,
so that B + C is equipotent to A. Conversely, if A is equipotent By U C,, there is a bijection
B; UCy — A, and by restriction an injection B; — A, and by composition, an injection B — A.
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Theorem cardinal_le_when_complement: forall a b, (* 36 *)
is_cardinal a -> is_cardinal b ->
(cardinal_le b a) = (exists c, is_cardinal c & card_plus b ¢ = a).

Proposition 14 [2} p. 165] says that is a, = b, (for two families of cardinals) we have

Y a =) b, PaleIbl

el el el

The first formula is shown as follows. We have a bijection from b, into a subset E, of a,, hence
a bijection from b, x {1} into a subset E, x {1} of a, x {t}. This gives a bijection from the disjoint
union UJb, x {t} into a subset UE, x {t} of Ja, x {i}. The proof of the second formula is similar:
we get a bijection from [] b, into a subset []E, of [] a,. As a corollary, we obtain a smaller result
if we restrict the domain of the sum or the product; in the case of a product, we assume all
factors distinct (proof: missing terms are replaced by zero, or one). The power is increasing
with respect to both arguments.

Theorem sum_increasing: forall f g,
fgraph f -> fgraph g -> domain f = domain g ->
(forall x, inc x (domain f) -> cardinal_le (V x f) (V x g)) —->
cardinal_le (cardinal_sum f) (cardinal_sum g). (* 24 %)
Theorem product_increasing: forall f g,
fgraph f -> fgraph g -> domain f = domain g ->
(forall x, inc x (domain f) -> cardinal_le (V x £f) (V x g)) —->
cardinal_le (cardinal_prod f) (cardinal_prod g).

Lemma sum_increasingl: forall f j, fgraph f ->
(forall x, inc x (domain f) -> is_cardinal (V x f)) ->
sub j (domain f) -> cardinal_le (cardinal_sum (restr f j)) (cardinal_sum f).
Lemma product_increasingl: forall f j, fgraph f ->
(forall x, inc x (domain f) -> is_cardinal (V x f)) —>
(forall x, inc x (domain f) -> V x f <> card_zero) ->
sub j (domain f) -> cardinal_le (cardinal_prod (restr f j)) (cardinal_prod f).
Lemma sum_increasing2: forall a b a’ b’,
cardinal _le a a’ -> cardinal_le b b’ ->
cardinal_le (card_plus a b) (card_plus a’ b’).
Lemma product_increasing2: forall a b a’ b’,
cardinal_le a a’ -> cardinal _le b b’ ->
cardinal_le (card_mult a b) (card_mult a’ b’).
Lemma sum_increasing3: forall a b, is_cardinal a ->is_cardinal b ->
cardinal_le a (card_plus a b).
Lemma product_increasing3: forall a b, is_cardinal a ->is_cardinal b ->
b <> card_zero —>
cardinal_le a (card_mult a b).
Lemma power_increasingl : forall a b a’ b’,
a <> card_zero -> cardinal_le a a’ -> cardinal_le b b’ ->
cardinal_le (card_pow a b) (card_pow a’ b’).

To conclude this chapter, we prove Cantor’s theorem (Theorem 2, [2] p. 165]) stating that
2% > a for every cardinal g, so that there is no set containing all cardinals.

Theorem cantor: forall a, is_cardinal a ->
cardinal_1t a (card_pow card_two a).
Lemma cantor_bis: ~ (exists a, forall x, is_cardinal x -> inc x a).
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Chapter 4

Natural integers. Finite sets

There are two kinds of sets and cardinals: the finite ones and the infinite ones. There is
a set N containing all finite cardinals, so that we have statements of the form: if n € N then
n # n+ 1, and no special font is required. Moreover, we think of elements of N as elements,
not sets: the relation 1 # 2 means technically that either there is x € 1 and x ¢ 2 or there is
x €2and x ¢ 1. One can define integers without using the axiom of choice, for instance, using
pseudo-ordinals, case where 1 c 2, so that there is x € 2 and x ¢ 1. All sensible definitions of
integers as sets assume that 1 is a singleton and 2 a doubleton, so obviously at least one of the
two elements of 2 is not an element of 1. Which one is irrelevant: integers are used to count
objects. In this chapter, we give only some basic facts (addition, multiplication, subtraction
and division are studied in the next chapter).

Integers are presented in [6] as follows. There is a symbol O and a symbol S, and two
operations a+ b and a - b (sum and product), defined on integers, which are a finite (maybe
empty) sequence of letters S followed by a single O. The five axioms are

Axiom1l Va,Sa#O0.

Axiom2 Va,a+0O=a.

Axiom3 VaVb,a+Sb=S(a+Db).

Axiom4 Va,a-O=0.

Axiom 5 VaVb,a-Sb=(a-b)+a.

The first axiom has an unusual form, since most axioms are of the form a = b = c. This
axiom is built-in in Coq: an object of a type with n constructors is defined by a single con-
structor: an integer is either O or Sa, but nor both. This means that if ¢ an integer, one and
only one of axioms 2 and 3 apply to a + c¢. The axiom implies injectivity of S. Note that Coq
defines addition an multiplication by induction on the first argument.

In the system presented above, it is impossible to prove Va,a = O + a, although the re-
sult is obvious for any a. Thus a new principle is needed. It says something like: “If all the
strings in a pyramidal family are theorems, then so is the universally quantified string which
summarizes them”. (We get a pyramid if we center the statements a = O + a, for consecutive
values of a). The whole pyramid has an infinite number of statements, and proving it requires
an infinite proof. Assume that each line can be shown from the previous one, using exactly
the same argument. Then the proof has that form P and Q and Q and Q, etc. It is infinite,
but not too much, hence is accepted. The induction principle is: “Suppose u is a variable,
and X{u} is a well-formed formula in which u« occurs free. If both Vu : (X{u} > X{Su/u}) and
X{0/u} are theorems, then Vu : X{u} is also a theorem.” This is built-in in Coq, under the form

nat_ind =
fun P : nat -> Prop => nat_rect P
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: forall P : nat -> Prop,
PO -> (forall n : nat, Pn -> P (S n)) -> forall n : nat, P n.

In this chapter we shall prove that the Bourbaki integers satisfy the induction principle, under
the form

Lemma cardinal_c_induction_v: forall r:EP,
(r card_zero) -> (forall n, inc n Bnat-> r n -> r (succ n))
-> (forall n, inc n Bnat -> r n).

and as a consequence, that all these definitions are essentially the same. The proof of the
principle is as follows: the least element of the set of element not satisfying a property (if
the set is non-empty) is not either O or Sa. This is a consequence of the fact that N is well-
ordered. Note that the property shown by induction (X, B, 1, in the examples) is quantified in
Coq, but neither in [6] nor in Bourbaki.

An important property of integers is the possibility of defining a function by induction.
This is a Coq example

Fixpoint add (n m:nat) {struct n} : nat :=
match n with

| 0 =>m
| Sp=>8 (add p m)
end.

This definition says that the source is N x N, induction is on 7, and the result is of type N. By
induction, there is at most one function satisfying Axioms 2 and 3. In Bourbaki, one could
define, for each m, a function f;;; : N — E,;;, which is the unique surjective function satisfying
the two axioms, show that E;,;, c N, extend the function f;, : N — N, then merge all these
functions to get f : N x N — N. This function cannot be defined without first showing the
existence of the set of integers (You will be have to wait until Chapter 6 for this). It is however
possible to prove by induction that addition satisfies the two axioms (if one replaces n € N
by n is a finite cardinal in the induction principle). Obviously, definition by induction is a
particular case of definition by transfinite induction. Exercise 2.17 defines sum and product,
exercise 2.18 defines exponentiation of ordinals. The situation is simpler: since there is no
set containing all ordinals, what has to be defined is not a function; it is called an “ordinal
functional symbol” it is something that associates an ordinal to a pair of ordinals.

4.1 Definition of integers

A finite cardinal is one that satisfies a # a + 1. This will be called an integer. The quantity
a+ 1 is the successor of a.

Definition succ x := card_plus x card_one.

Definition is_finite_c x := 1is_cardinal x & x <> succ x.
Definition is_finite_set x := is_finite_c (cardinal x).
Definition card_three := succ card_two.

Definition card_four := succ card_three.

If a is finite, so is a + 1, by injectivity of the successor function. The converse is obvious.
This is Proposition 1 [2} p. 166].
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Lemma integer_is_cardinal: forall x, is_finite_c x -> is_cardinal x.
Lemma succ_is_cardinal: forall a, is_cardinal (succ a).

Lemma cardinal_succ: forall a, cardinal (succ a) = succ a.

Lemma is_finite_succl: forall x, is_finite_c x -> is_finite_c (succ x).

Theorem is_finite_succ: forall x, is_cardinal x ->

(is_finite_c x) = (is_finite_c (succ x)).
Lemma succ_cardinal: forall z, succ (cardinal z) = succ z.
Lemma is_finite_succl: forall x, is_finite_c x -> is_finite_c (succ x).
Lemma is_finite_succ2: forall x, is_finite_set x -> is_finite_c (succ x).
Lemma succ_zero: succ card_zero = card_one.

Lemma is_finiteO: is_finite_c card_zero.
Lemma is_finitel: is_finite_c card_onme.
Lemma is_finite2: is_finite_c card_two.
Lemma is_finite3: is_finite_c card_three.
Lemma is_finite4: is_finite_c card_four.

4.2 Inequalities between integers

Proposition 2 [2} p. 166] says that if a is a cardinal and 7 an integer, if a < n then a is an
integer. If n is an integer and n # 0, then there is a unique integer m such that n = m+ 1. It is
called the predecessor of n. In this case a < n is equivalent to a < m. If a + b is an integer and
a is a cardinal, then a is an integer. The same holds in the case of a product, if b # 0.

Definition prec n := choose (fun m => is_finite_c m & n = succ m).

Lemma cardinal_le_when_complementl: forall a b,
cardinal_le b a -> (exists c, is_cardinal c & card_plus b c = a).
Lemma succ_injective: forall a b, is_cardinal a -> is_cardinal b ->
succ a = succ b -> a = b.
Lemma is_less_than_succ: forall a, is_cardinal a ->
cardinal_le a (succ a).
Theorem le_int_is_int: forall a b, is_finite c b ->
cardinal _le a b -> is_finite_c a.
Lemma is_finite_in_sum: forall a b, is_cardinal b ->
is_finite_c (card_plus a b) -> is_finite_c b.
Theorem exists_prec: forall n, is_finite_c n -> n <> card_zero ->
exists_unique (fun m => is_finite_c m & n = succ m).
Lemma prec_pr: forall n, is_finite_c n -> n <> card_zero ->
(is_finite_c (prec n) & n = succ (prec n)).
Lemma finite_in_product: forall a b, is_cardinal a -> is_cardinal b ->
b <> card_zero -> is_finite_c (card_mult a b) -> is_finite_c a.
Theorem 1t_is_le_succ: forall a n, is_finite_c n ->
cardinal_1t a (succ n) = cardinal_le a n.

As a corollary, every subset of a finite set is finite. If X €Y, X # Y and Y is finite, then
Card(X) < Card(Y). Bourbaki says that the converse is true by definition. In fact, if Y is empty,
it is finite, otherwise there is x € Y, and if X is the complement of {x} in Y, then Card(Y) =
Card(X) + 1. The relation Card(X) < Card(Y) implies that Card(X) is finite, hence Card(X) + 1
is also finite.

Lemma sub_finite_set: forall x y, sub x y -> is_finite_set y —>
is_finite_set x.
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Lemma cardinal_succ_pr0O: forall a b, equipotent a b -> succ a = succ b.
Lemma equipotent_singleton_one: forall a, equipotent (singleton a) card_one.
Lemma cardinal_succ_pr: forall a b, ~ (inc b a) ->
cardinal (tack_on a b) = succ a.
Lemma not_inc_complement_singleton: forall a b,
~ (inc b (complement a (singleton b))).
Lemma cardinal_succ_prl: forall a b,
cardinal (tack_on (complement a (singleton b)) b) =
succ (cardinal (complement a (singleton b))).
Lemma strict_sub_smaller: forall x y, sub x y -> is_finite_set y ->
x<> y -> cardinal_1t (cardinal x) (cardinal y).
Lemma strict_sub_smallerl: forall vy,
(forall x, sub x y -> x<> y —-> cardinal_lt (cardinal x) (cardinal y)) ->
is_finite_set y.

The image of a finite set by a function is finite. If f is a function from E to F that are finite
and equipotent, then f is injective if and only f is surjective if and only f is bijective.

Definition restriction_to_image f :=
restriction2 f (source f) (image_of_fun f).

Lemma restriction_to_image_axioms: forall f, is_function f ->
restriction2_axioms f (source f) (image_of_fun f).

Lemma restriction_to_image_surjective: forall f, is_function f ->
surjective (restriction_to_image f).

Lemma restriction_to_image_bijective: forall f, injective f ->
bijective (restriction_to_image f).

Lemma image_smaller_cardinal: forall f, is_function f ->
cardinal_le (cardinal (image_of_fun f)) (cardinal (source f)).

Lemma finite_image: forall f, is_function f -> is_finite_set (source f) ->
is_finite_set (image_of_fun f).

Lemma finite_image_by: forall f A, is_function f -> sub A (source f) ->
is_finite_set A -> is_finite_set (image_by_fun f A).

Lemma finite_fun_image: forall a f, is_finite_set a ->
is_finite_set (fun_image a f).

Lemma finite_range: forall f, fgraph f -> is_finite_set(domain f) ->
is_finite_set(range f).

Lemma finite_graph_domain: forall f, fgraph f ->
is_finite_set f -> is_finite_set (domain f).

Lemma finite_graph_range: forall f, fgraph f ->
is_finite_set f -> is_finite_set (range f).

Lemma finite_domain_graph: forall f, fgraph f ->
is_finite_set (domain f) -> is_finite_set f.

Lemma bijective_if_same_finite_c_inj: forall f,
cardinal (source f) = cardinal (target f) -> is_finite_set (source f) ->
injective f -> bijective f.

Lemma sub_image_of_fun: forall f x, is_function f -> sub x (source f) ->
sub (image_by_fun f x) (image_of_fun f).

Lemma bijective_if_same_finite_c_surj: forall f,
cardinal (source f) = cardinal (target f) -> is_finite_set (source f) ->
surjective f -> bijective f. (* 38 x)

4.3 The set of natural integers

Bourbaki introduces the set N of natural integers in the Chapter 6; he needs an axiom that
asserts the existence of an infinite set; in Coq, we know that N exists; it is infinite. Instead of
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saying “for all x and y, if x and y are finite cardinals, then x + y is a finite cardinal”, we will say
“for all xe Nand y € Nwe have x+ y e N.

Remember that N is the set of all S¥O, i.e., the set that contains O, SO, SSO, SSSO, etc.
The mapping x — Sx is injective but not surjective. Let’s denote by s the Bourbaki function
associated to S. It is injective and not surjective. The previous previous theorem implies
that N cannot be finite. We say that a is an infinite cardinal if it is a cardinal, but not a finite
cardinal, and we set that E is an infinite set it it is not finite, i.e., when its cardinal is infinite.
If a is finite and b is infinite, then a < b thus a < b. As a consequence, the set of all finite
cardinals < b it is the set of all finite cardinals. This gives a set N such that xe N < xisa
finite cardinal.

Definition is_infinite _c a := is_cardinal a & ~ (is_finite_c a).
Definition infinite_set E := is_infinite_c (cardinal E).
Definition Bnat := Zo(set_of_cardinals_le (cardinal nat))

(fun z => is_finite_c z).

Lemma finite_1lt_infinite: forall a b,

is_finite_c a -> is_infinite_c b -> cardinal_1lt a b.
Lemma finite_le_infinite: forall a b,

is_finite_c a -> is_infinite_c b -> cardinal_le a b.

Lemma S_inj_not_bij: injective (acreate S) & (~ surjective (acreate S)).
Lemma nat_infinite_set: is_infinite_c (cardinal nat).
Lemma finite_smaller_infinite: forall a b,
is_finite_c a -> is_infinite_c b -> cardinal_lt a b.
Lemma inc_Bnat: forall a, inc a Bnat = is_finite_c a.
Opaque Bnat.

Lemma Bnat_is_cardinal: forall x, inc x Bnat -> is_cardinal x.

We define x <y ytobe “xe Nand y e N and x <caq ¥’ This is a well-ordering on N.

Definition Bnat_order := graph_on cardinal_le Bnat.
Definition Bnat_le x y := inc x Bnat & inc y Bnat & cardinal_le x y.
Definition Bnat_lt x y := Bnat_le x y & x<>y.

Lemma substrate_Bnat_order: substrate Bnat_order = Bnat.
Lemma worder_Bnat_order: worder Bmnat_order.
Lemma related_Bnat_order: forall x vy,

gle Bnat_order x y = Bnat_le x y.

We now restate some theorems of the form “x is finite” as x € N.

Lemma incO_Bnat: inc card_zero Bnat.

Lemma incl Bnat: inc card_one Bnat.

Lemma inc2 Bnat: inc card_two Bnat.

Lemma inc_succ_Bnat: forall x, inc x Bnat -> inc (succ x) Bnat.

Lemma le_int_in_Bnat: forall a b, cardinal_le a b -> inc b Bnat -> inc a Bnat.
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4.4 The principle of induction

If a property p is true for 0 and if p(n) = p(n+ 1) for all integers n, then p is true for
all integers n (let X be the set of cardinals < n that do not satisfy p. If n ¢ X then p(n) is true,
otherwise X is non-empty and well-ordered; its least element is an integer m; we know that
m cannot be 0, hence is of the form n + 1 and p(n) is false, hence n € X, absurd).

We give four variants of the principle. Let S(n) be the relation: n is an integer and R is
true for all integers p < n. If S implies R, then R is true for all integers.

If R(a) is true, and if R(n) together with a < n (respectively a < n < b) implies R(n + 1),
then for all n such that a < n (respectively a < n < b), the relation R is true. In both cases n
must be an integer (in the second case, we assume b integer, so that n < b or n < b implies
that 7 is an integer). Bourbaki uses induction on a < n < b = R(n), but it is simpler to use
a<n<b = R(n).

The last variant is: if @ < n < b and R(n + 1) implies R(n), if moreover R(b) is true, then
a < n < b implies R(n). The proof is by induction on P = =R. If R is false for some n with
a < n < b then P is true for some ¢ with a < ¢ < b. On the other hand, if a < n < b then P(n)
implies P(n + 1).

Lemma cardinal c_induction: forall r:EP,
(r card_zero) -> (forall n, is_finite_c n -> r n -> r (succ n))
-> (forall n, is_finite_c n -> r n).

Lemma cardinal_c_inductionl: forall r:EP,
let s:= fun n => forall p, is_finite_c n -> is_finite_c p ->
cardinal_1lt pn ->r p in
(forall n, is_finite.cn ->sn ->r n) —>
(forall n, is_finite_c n -> r n).
Lemma cardinal_c_induction2: forall (r:EP) k,
is_finite_ c k > r k ->
(forall n, is_finite_c n -> cardinal le k n -> r n -> r (succ n))
-> (forall n, is_finite_c n -> cardinal_le k n -> r n).
Lemma cardinal_c_induction3: forall (r:EP) a b,
is_finite_c a -> is_finite_ c b -> r a ->
(forall n, cardinal_le a n -> cardinal _lt n b -> r n -> r (succ n))
-> (forall n, cardinal_le a n -> cardinal_len b -> r n).
Lemma cardinal_c_induction4: forall (r:EP) a b,
is_finite_c a -> is_finite_c b -> r b ->
(forall n, cardinal_le a n -> cardinal_1lt n b -> r (succ n) -> r n)
-> (forall n, cardinal_le a n -> cardinal_len b -> r n).

We rewrite our induction principle with x € N instead of “x is a finite cardinal”. We rewrite
variants 3 and 4, replacing a < n < b by n € [a, b]. We first rewrite n€ [a,b] asasnn <y b
then as a <card 1 <card b. The trick is that n <gyq b implies 17 € N.

Lemma Bnat_interval_cc_pr: forall a b x, inc a Bnat -> inc b Bnat ->
inc x (interval_cc Bnat_order a b) = (Bnat_le a x & Bnat_le x b).
Lemma Bnat_interval_co_pr: forall a b x, inc a Bnat -> inc b Bnat ->
inc x (interval_co Bnat_order a b) = (Bnat_le a x & Bnat_lt x b).
Lemma Bnat_interval_cc_prl: forall a b x, inc a Bnat -> inc b Bnat ->
inc x (interval_cc Bnat_order a b) = (cardinal_le a x & cardinal_le x b).
Lemma Bnat_interval_co_prl: forall a b x, inc a Bnat -> inc b Bnat ->
inc x (interval_co Bnat_order a b) = (cardinal_le a x & cardinal_lt x b).
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Lemma cardinal_c_induction_v: forall r:EP,
(r card_zero) -> (forall n, inc n Bnat-> r n -> r (succ n))
-> (forall n, inc n Bnat -> r n).
Lemma cardinal_c_induction3_v: forall (r:EP) a b,
inc a Bnat -> inc b Bnat -> r a —>
(forall n, inc n (interval_co Bnat_order a b) -> r n -> r (succ n))
-> (forall n, inc n (interval_cc Bnat_order a b) -> r n).
Lemma cardinal_c_induction4_v: forall (r:EP) a b,
inc a Bnat -> inc b Bnat -> r b >
(forall n, inc n (interval_co Bnat_order a b) -> r (succ n) -> r n)
-> (forall n, inc n (interval_cc Bnat_order a b) -> r n).

The empty set is finite, and if X is finite then X U {x} is finite. We then show a partial
converse, that will be useful for induction on finite sets. If X has cardinal zero, it is the empty
set, and if X has cardinal n + 1, it is of the form X’ U {x}, where X’ has cardinal 7.

Lemma emptyset_finite: is_finite_set (emptyset).<

Lemma tack_on_finite: forall X x,
is_finite_set X -> is_finite_set(tack_on X x).

Lemma singleton_finite: forall x, is_finite_set(singleton x).

Lemma doubleton_finite: forall x y, is_finite_set(doubleton x y).

Lemma card_one_not_zero: card_one <> card_zero.

Lemma succ_nonzerol:forall n, cardinal_le card_one (succ n).

Lemma succ_nonzero:forall n, succ n <> card_zero.

Lemma prec_prO: forall n, inc n Bnat -> prec (succ n) = n.

Lemma succ_positive: forall a, cardinal_lt card_zero (succ a).

Lemma tack_if succ_card: forall x n, is_cardinal n -> cardinal x = succ n —>
exists u, exists v, x = tack_on u v & ~(inc v u) & cardinal u = n.

The induction principle on finite sets is now: If a property P is true for the empty set, if
P(a) implies P(au {b}), then P is true for every finite set. In general P has the form: if A then
B. Note: if b € a, then au {b} = a, and we have a version where we add the condition b ¢ a.

Lemma finite_set_inductionO: forall s:EP,
s emptyset -> (forall a b, s (a) -> ~(inc b a) -> s (tack_on a b)) ->
forall x, is_finite_set x -> s x.
Lemma finite_set_induction: forall s:EP,
s emptyset -> (forall a b, s (a) -> s (tack_on a b)) —>
forall x, is_finite_set x -> s x.
Lemma finite_set_inductionl: forall (A B:EP) x,
(A emptyset -> B emptyset)
-> (forall a b, (A a -> B a) —> A(tack_on a b) -> B(tack_on a b))
-> is_finite_set x -> A x -> B x.

In some cases P is false for the empty set. If P is true for all singletons, then P is true for
every non-empty finite set.

Lemma finite_set_induction2: forall (A B:EP) x,
(forall a, A (singleton a) -> B (singleton a))
-> (forall a b, (A a -> nonempty a -> B a) ->
nonempty a -> A(tack_on a b) -> B(tack_on a b))
-> is_finite_set x -> A x -> nonempty x -> B x.
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The next lemmas correspond to Exercise 4.1. If we denote by §(E) the set of finite subsets
of E, and by P(E, ®) the property: (i) @ € &; (ii) the relation X € & and x € E imply X U {x} € &,
then P(E, §) is true; by induction, P(E, ®) implies § < &. As a consequence, the union of two
finite sets is finite. The powerset of a finite set is finite (proof by induction: BX U {x}) is the
union of P(X) and the image of P (X) by the mapping Y — (Y U {x}); if x ¢ X, the union is
disjoint, and the cardinal is twice the cardinal of 3 (X)).

Definition set_of_finite_subsets E := Zo(powerset E) (fun X => is_finite_set X).
Definition set_of_finite_subsets_prop E F:=
inc emptyset F & forall x X, inc x E -> inc X F -> inc (tack_on X x) F.

Lemma set_of_finite_subsets_pr: forall E,

set_of_finite_subsets_prop E (set_of_finite_subsets E) &

(forall F, set_of_finite_subsets_prop E F -> sub (set_of_finite_subsets E) F)
Lemma set_of_finite_subsets_pr: forall E,

set_of_finite_subsets_prop E (set_of_finite_subsets E) &

(forall F, set_of_finite_subsets_prop E F -> sub (set_of_finite_subsets E) F).
Lemma finite_union2: forall x y, is_finite_set x -> is_finite_set y ->

is_finite_set (union2 x y).
Lemma finite_powerset: forall x,

is_finite_set x -> is_finite_set (powerset x). (* 36 *)

4.5 Finite subsets of ordered sets

Let < be an order relation on a set E that makes it a directed set, a lattice, or a totally
ordered set; and let X be a finite non-empty subset of E. Then X has an upper bound, or
has a least upper bound and a greatest lower bound, or has a least and greatest element
respectively (Proposition 3, [2 p. 170]). We have to show that there is an x such that P(x,X).
By assumption, this is true if X is a doubleton (therefore, if X is a singleton). If X =Y U {b} and
P(a,X) we have to show the property for the doubleton {a, b}.

Lemma finite_set_induction3: forall (p:EEP) E X,
(forall a b, inc a E -> inc b E -> exists y, p (doubleton a b) y) ->
(forall a bx y, sub a E -> inc b E -> p a x -> p (doubleton x b) y->
p (tack_on a b) y) ->
(forall X x, sub X E -> nonempty X -> p X x -> inc x E) ->
nonempty X -> is_finite_set X -> sub X E -> exists x, p X x.

Lemma finite_subset_directed_bounded: forall r X,
right_directed r ->is_finite_set X -> sub X (substrate r) -> nonempty X
-> bounded_above r X.
Lemma finite_subset_lattice_inf: forall r X,
lattice r ->is_finite_set X -> sub X (substrate r) -> nonempty X
-> exists x, greatest_lower_bound r X x.
Lemma finite_subset_lattice_sup: forall r X,
lattice r ->is_finite_set X -> sub X (substrate r) -> nonempty X
-> exists x, least_upper_bound r X x.
Lemma finite_subset_torder_greatest: forall r X,
total_order r ->is_finite_set X -> sub X (substrate r) -> nonempty X
-> exists x, greatest_element (induced_order r X) x. (* 20 *)
Lemma finite_subset_torder_least: forall r X,
total_order r ->is_finite_set X -> sub X (substrate r) -> nonempty X
-> exists x, least_element (induced_order r X) x.
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Some consequences. A nonempty finite set (the word “nonempty” is missing in Bour-
baki) has a maximal element, and if totally ordered, has a greatest element. A finite totally
ordered set is well-ordered.

Lemma finite_set_torder_greatest: forall r,
total_order r ->is_finite_set (substrate r) -> nonempty (substrate r)
-> exists x, greatest_element r x.

Lemma finite_set_torder_worder: forall r,
total_order r ->is_finite_set (substrate r) -> worder r.

Lemma finite_set_maximal: forall r,
order r ->is_finite_set (substrate r) -> nonempty (substrate r) ->
exists x, maximal element r x.

4.6 Properties of finite character

If E is a set, a property PiX{ (where X is a subset of E) is said to be of finite character if
the set G of all X satisfying P is of finite character; this means X € & if and only if every finite
subset Y of X satisfies Y € &. Example: the set of totally ordered subsets of an ordered set.
Theorem 1 [2} p. 171] states: Every set G of subsets of a set E which is of finite character has
a maximal element (when ordered by inclusion). The word “nonempty” is missing: if X € &,
then ¢ is a finite subset of X; hence ¢ € &. But the empty set is of finite character.

Definition of finite_character s:=
forall x, (inc x s) = (forall y, (sub y x & is_finite_set y) -> inc y s).

Lemma of_finite_character_example: forall r, order r ->
of _finite_character(Zo (powerset (substrate r)) (fun z =>
total_order (induced_order r z))).
Lemma maximal_inclusion: forall s, of_finite_character s -> nonempty s ->
exists x, maximal_element (inclusion_suborder s) x.

4.7 Finite cardinals and the type nat

4.7.1 Pseudo-ordinals

This section is an answer to Exercise 20 of section 2 of Bourbaki. In an early edition of the
book, a pseudo-ordinal was defined as a set E satisfying the three following properties: (1)
@eE,(2)ifyeEand x€ ythen x € E, (3) therelation “xe Eand ye Eand (x=yorxe y)”isa
well-order in E. If F is a well-ordered set, the ordinal of F is a well-ordered set (defined via the
axiom of choice) isomorphic to F; the purpose of the exercise was to show that every well-
ordered set is isomorphic to a unique pseudo-ordinal, so that one could define the ordinal of
a set as this unique pseudo-ordinal.

In fact, ordinals are defined in this way in [7], before introducing the axiom of choice.
However, condition (1) has been replaced by: there are no x and y in E such that x € y and
y € x. If y is the smallest element of E, then x € y implies x € E, hence y = x or y € x, which
are absurd; thus, if E is not empty, @ € E. On the other hand, if E = {®,E}, then E is a pseudo-
ordinal according to (1), (2) and (3) (whether such a set exists is undecidable). The new defi-
nition of pseudo-ordinals given below is completely different.
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We denote here by T(x) the quantity x U {x}. A set X is transitive if x € X implies x c X.
A set S is called decent if x € S implies x ¢ x. A pseudo-ordinal is a set X such that, if Y is a
transitive subset of X, distinct from X, then Y is an element of X.

Definition transitive_set X:= forall x, inc x X -> sub x X.

Definition pseudo_ordinal X:= forall Y, sub Y X -> transitive_set Y ->
Y <> X -> inc Y X.

Definition decent_set x := forall y, inc y x -> ~ (inc y y).

If X is transitive so is T(X). Unions and intersections of transitive sets are transitive. A
pseudo-ordinal is transitive and decent. If X is a pseudo-ordinal, so is T(X). The empty set is
a pseudo-ordinal.

Lemma transitive_tack_on_itself: forall y,
transitive_set y -> transitive_set (tack_on y y).

Lemma transitive_union: forall x, (forall y, inc y x -> transitive_set y)
-> transitive_set (union x).

Lemma transitive_intersection: forall x, (forall y, inc y x -> transitive_set y)
-> nonempty x -> transitive_set (intersection x).

Lemma pseudo_ordinal_transitivel: forall x,
pseudo_ordinal x -> (transitive_set x & decent_set x). (x 17%)

Lemma pseudo_ordinal_transitive: forall x,
pseudo_ordinal x -> transitive_set x.

Lemma pseudo_ordinal_tack_on: forall x,
pseudo_ordinal x -> pseudo_ordinal (tack_on x x).

Lemma pseudo_ordinal_emptyset: pseudo_ordinal emptyset.

Lemma pseudo_not_inc_itself: forall x, pseudo_ordinal x -> ~(inc x x).

If X and Y are two pseudo-ordinals, we have X € Y or Y € X or X =Y. A transitive set is a
pseudo ordinal whenever all elements are pseudo-ordinals. As a consequence all elements of
a pseudo-ordinal are pseudo-ordinals. The intersection of a family of pseudo-ordinals is the
smallest element for the inclusion order (i.e., is an element of the family). Thus, a pseudo-
ordinal is well-ordered for the inclusion order.

Lemma pseudo_ordinal_dichotomy : forall x y,
pseudo_ordinal x -> pseudo_ordinal y ->
(inc x y \/ inc y x \/ x = y).
Lemma pseudo_ordinal_pr: forall x, transitive_set x ->
(forall y, inc y x -> pseudo_ordinal y) ->
pseudo_ordinal x.
Lemma pseudo_ordinal_empty: pseudo_ordinal emptyset.
Lemma inc_pseudo_pseudo: forall x y, pseudo_ordinal x -> inc y x ->
pseudo_ordinal y.
Lemma intersection_of_pseudo_ordinals: forall x, nonempty x —->
(forall a, inc a x -> pseudo_ordinal a) -> inc (intersection x) x.
Lemma worder_sub_ordinal: forall x, pseudo_ordinal x ->
worder (inclusion_suborder x).

The conclusion of Exercise 20 is: for every ordinal a there exists a unique pseudo-ordinal
Eq such that Ord(E4) = a. Exercise 2.13 defines Is(I',I'') as the property that I' and I are two
orderings and there is an isomorphism between the two orderings (compare with Eq(E, E'),
that says that there a bijection between the two set), and Ord(I') to be 1A (Is(I',A)) (compare
with Card(E)). This is called the order-type of I'. The order type of a well-ordered set is called
an ordinal in Exercise 14.
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We show here that, for every well-ordered set E, there exists a unique pseudo-ordinal X
and an order isomorphism between E and X. Uniqueness is proved as follows. Let X and Y be
two pseudo-ordinals, and f an isomorphism. This means thatif ae X and be X then ac b is
equivalent to f(a) c f(b). Since a, b, f(a) and f(b) are pseudo ordinals, a € b is equivalent to
f(a) € f(b). Let Abe the subset of X formed of all a such that f(a) # a. If Ais not empty, it has
a smallest element b (because X is well-ordered). If c € b, then c < b and ¢ # b, hence c € A
and f(c) = c¢. On the other hand, if u € f(b), then u €Y by transitivity of Y, so that u = f(v)
for some v € X. From f(v) € f(b) we deduce v € b, hence v = f((v) = u f(b) c b. Since f(b)
is a pseudo-ordinal distinct from b we deduce f(b) € b, hence f(f (b)) = f(b) hence f(b) =b
by injectivity, absurd. Thus A is empty, and f(a) = a for all a € X. This implies X c Y; by
surjectivity we have X =Y.

Let p(f, x) be the set f(x), namely the set of all f(y) for y € x. Assume that < is a well-
ordering on a set E and define a function f by transfinite induction on E via p. This means
that for every x € E, we have f(x) = f(]—, x[), where ]—, x[ is the set of all b such that b < x.
From the definition we get f(a) € f(b) ifa< band f(a) c f(b) if a < b. Assume f(a) € f(a);
every w € f(a) is of the form f(v) for v < a; if w = f(a), we find v < a such that f(v) €
f (). The set of all a such that f(a) € f(a) has no smallest element hence is empty. This
implies injectivity of f; so that f is an order isomorphism (where the target of f is ordered by
inclusion). If x € f(a), then x = f(b) for some b < a, thus f(b) c f(a) and f(a) is transitive.
If a is the smallest element such that f(a) is not a pseudo-ordinal, then all its elements are
pseudo-ordinals; contradiction. Since the image of f is transitive and contains only pseudo-
ordinals, it is a pseudo-ordinal.

Lemma pseudo_ordinal_isomorphism_unique: forall x y f,
pseudo_ordinal x -> pseudo_ordinal y ->
order_isomorphism f (inclusion_suborder x) (inclusion_suborder y) ->
X =y. (* B3 %)
Lemma pseudo_ordinal_isomorphism_exists: forall r, worder r ->
exists y, exists f, (pseudo_ordinal y &
order_isomorphism f r (inclusion_suborder y)). (* 71 %)

One can define the cardinal of a set E as the smallest pseudo-ordinal equipotent to it.
This avoids using the axiom of choice. Of course, in order to show that a set is equipotent to a
pseudo-ordinal, we use Zermelo’s theorem, put a well-ordering on the set, and use the previ-
ous result. Let X be such a pseudo-ordinal. Let Y be the smallest pseudo-ordinal equipotent
to E (in the well-ordered set X). Let Z be a pseudo-ordinal equipotentto E. If Z€ Y, then Z € X
by transitivity of X; by definition of Y we have Y c Z, absurd. Thus Y c Z. This property shows
that Y does not depend on X.

Lemma pseudo_ordinal_prl: forall x, exists y,
pseudo_ordinal y & equipotent x y &
(forall z, pseudo_ordinal z -> equipotent x z -> sub y z).

4.7.2 Pseudo-ordinals and the type nat

Our implementation of Bourbaki in Coq relies on the fact that a set is a type, and if a is
a set, a € B means a = #Zb for some b of type B (where # denotes Ro). This is an abstract
construction. If we define a type A with two constructors B and C, then #B € A and ZC € A.
We assume Z injective; since B # C by construction, the set A has two distinct elements %ZB
and ZC. The only property of #B is that it is one of the two elements of A. A property of the
form #£B = ¢ is undecidable.
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Let’s now define a more complicated type, nat, denoted N; it has a constant constructor
O, and another constructor S that is a function on N. This means that, whenever x is of type
N, then Sx is also of type N. This set satisfies the principle of induction (that says under
which condition a property is true for the elements of this set), and we can define a function
by induction. Later on, Bourbaki introduces N, the set of finite cardinals. It satisfies the
principle of induction (see section, and functions can be defined by induction (Chapter
six, section|[6.2), as a variant of definition by transfinite induction of the well-ordered set N.
In the next section, we shall show that N and N are isomorphic; in this section we compare N
and the collection of finite pseudo-ordinals (this is in fact a set, but it will not be used).

Since Sn is of type N whenever n is of type N, we can define a function s such that s(a) e N
whenever a € N: if a e N and a = Z(b) then s(a) = Z(S(b)). As noted above, a property of the
form 20 = ¢ is undecidable. Although the exact value of s(20) is unknown, we can show
some properties of s: for instance, s is injective and not surjective (there is a unique way to
construct an object of type N; so that Sx is never O and Sx = Sy implies x = y). The Coq
parser and pretty printer identify O and 0, SO and 1, SSO and 2. In order to avoid confusion,
we shall write 0, 1 and 2 for the cardinals (note that 0 = @).

Let’s define by induction a function f by f(0) = 20 and f(n+ 1) = Z(S(9(f(n))) where
a = %B(f(n)) is defined by Za = f(n). For instance f(1) = Z(1). The property “f is the
identity function” (more precisely f = 2) is undecidable (it cannot be proved; we hope that
adding it as an axiom does not make the theory contradictory).

The type N is called nat in Coq; it has an order relation, noted <, and two operations +
and #, that correspond, via the bijection f, to comparison, sum and product of finite cardi-
nals. We shall import all theorems about natural integers from the Coq library by identifi-
cation of N and N. Given that @ = f(0) = 20 = 20, we may assume 20 = @. The relation
1) =2(1) suggest that Z(1) should be 1, but this is a set defined via the axiom of choice, as
a set with one element; it could be {@}, it could also be any other set. We will add the relation
Z(S0) = {@} as axiom. As a consequence Z(S0O) is unlikely to be a cardinal, but it will allow
us to construct a function card, such that card(x) = 1 whenever x is a singleton, i.e., whenever
Card(x) = 1. The two axioms relating %, S and O have been introduced by Carlos Simpson in
the following way:

(*
Axiom nat_realization_0 : forall x : Bset, ~ inc x (Ro 0).
Axiom nat_realization_S :
forall (n : nat) (x : Bset),
inc x (Ro (S n)) = (inc x (Ro n) \/ x = Ro n).
Lemma nat_zero_emptyset : Ro O = emptyset.

*)

These axioms are useless, hence have been withdrawn. On the other hand, we can de-
fine a function that shares exactly the same properties. The first axioms defines a set 20
that contains no element, hence is the emptyset. The second axioms defines 2 (Sn), that is
equal (by extensionality) to T(Z%n). Thus, we define natR denoted by %y, via Zn0 = @ and
%N(Sn) = T(%Nn).

Fixpoint natR (n:nat) :=
match n with 0 => emptyset
| S p => tack_on (natR p) (natR p)
end.
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The conclusion of Exercise 20 is: In particular the pseudo-ordinals whose order-type are
0,1,2=1+1, and3 =2+1 are respectively

2, {2}, {2,i2}, {92} {2, {2}

Lemma value_R_O: natR O

Lemma value_R_1: natR 1 singleton emptyset.

Lemma value_R_2: natR 2 = doubleton (singleton emptyset) emptyset.

Lemma value_R_3: let tripleton a b ¢ := tack_on (doubleton a b) c in
natR 3 = tripleton (doubleton (singleton emptyset) emptyset)
(singleton emptyset) emptyset.

emptyset.

If a is a pseudo-ordinal, then so is T(a). By induction, we deduce that if n is of type nat,
Znn is a finite pseudo-ordinal.

Lemma pseudo_ordinal_Rnat: forall i, pseudo_ordinal (natR i).
Lemma finite_Rnat: forall i, is_finite_set (matR i).

Define a relation < on nat by the properties: Vx,x < xand Vxy, x <y = x < S(y). This
is reflexive and transitive. Showing that it is an order is not completely trivial (see the Coq
library). One can show that the relation x < y, defined by Sx < y, is equivalent to x < y and
X#Y.

It is clear by induction that if x < y then Znx € Zny. If x < y then Zn(Sx) € Zny hence
Znx € Bny. If Bnx € Zny, then x < y, for otherwise we would have y < x, hence Zny €
Znx, hence Znx € Znx, absurd. In the same fashion, x < y is equivalent to Zn(Sx) € Zn Y.
Note that, if Zni = %N, then Zni © Znj and Znj < Ri, thisi < jand j <1i; hencei = j.
This shows injectivity of Zn.

Lemma Rnat_le_implies_sub : forall i j, i <= j -> sub (natR i) (matR j).
Lemma Rnat_lt_implies_inc : forall i j, i < j -> inc (matR i) (matR j).
Lemma Rnat_lt_implies_strict_sub : forall i j,

i < j => strict_sub (natR i) (natR j).
Lemma Rnat_sub_le : forall i j, sub (natR i) (natR j) = (1 <= j).
Lemma Rnot_inc_itself: forall i, ~ (inc (natR i) (natR i)).
Lemma Rnat_inc_1lt : forall i j, inc (natR i) (nmatR j) = (i < j).

Asaconsequence, if i < j then Card(Z%n i) <card Card(Z%n j), and if Card (% i) = Card (%N j),
then i = j. From this, we deduce that each finite cardinal is of the form Card(%y(i)) for a
unique i.

Lemma cardinal_Rnat_1t: forall i j,
i< j -> cardinal_lt (cardinal (natR i)) (cardinal (natR j)).
Lemma cardinal_Rnat_inj: forall i j,
cardinal (natR i) = cardinal (matR j) -> i = j.
Lemma exists_nat_cardinal: forall a, is_finite_c a ->
exists_unique(fun i:nat => cardinal (natR i)=a).

We define here a new variant of the axiom of choice: choosenat p, or én(p), will be a
natural number satisfying p, or zero otherwise.

Definition refined_prnat (p:nat -> Prop) u :=

(exp->pu & ~(exp) ->u-=0.
Lemma exists_refined_prnat : forall p , exists u, (refined_prnat p u).
Definition choosenat p := chooseT (refined_prnat p) (nonemptyT_intro 0).
Lemma choosenat_pr : forall p, (ex p) -> p (choosenat p).
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We can now introduce a function card(n) making the following diagram commutative

(Finite cardinals) Set —Cad N

lcard CardT

_—
N T Set

In this diagram, N, Set and N are types; N is the set of natural numbers (as a Coq type), and
N is the collection of cardinals (the objects x such that x is a cardinal do not form a set,
neither a type, we call it a collection). We use the notation N to emphasize that if x is a finite
set, then its cardinal is a member of the set of finite cardinals. If x is not finite, we define
card(x) to be 0, in this case the diagram does not commute. If however n is finite we have
Card(Z(card(n))) = Card(n). By uniqueness, we have card(%n(i)) = i for every nat i. If A is
a finite set, then Card A = Card B implies card A = card B. The converse is true if both sets are
finite.

Definition cardinal_nat x := choosenat(fun i => cardinal (matR i) = x).
Lemma cardinal_nat_cardinal: forall x,
cardinal_nat (cardinal x) = cardinal_nat x.
Lemma cardinal_nat_pr: forall x, is_finite_set x —>
cardinal (natR (cardinal_nat x)) = cardinal Xx.
Lemma cardinal_nat_prl: forall i, cardinal_nat(natR i) = i.
Lemma cardinal_nat_finite_eq: forall a b, is_finite_set a ->
cardinal a = cardinal b -> cardinal nat a = cardinal_nat b.
Lemma cardinal_nat_finite_eql: forall a b,
is_finite_set a -> is_finite_set b ->
cardinal nat a = cardinal_nat b -> cardinal a = cardinal b.

We have card0 =0, card1 = 1 and card 2 = 2. Note that, if s is the successor function, then
3 =s(2) and 3 = S2, this implies card3 = 3.

Lemma cardinal_nat_emptyset: cardinal_nat emptyset = O.
Lemma cardinal_nat_singleton: forall x, cardinal_nat (singleton x) = 1.
Lemma cardinal_nat_doubleton: forall x vy,

X <> y -> cardinal_nat (doubleton x y) = 2.
Lemma cardinal_nat_zero: cardinal _nat card_zero
Lemma cardinal_nat_one: cardinal_nat card_one =
Lemma cardinal_nat_two: cardinal_nat card_two =

N~ ol

4.7.3 Bijection between nat and the integers

Denote by s(n) the successor of n. We have s(0) = 1, and a + s(n) = s(a + n) (associativity
of the sum). We have a.s(b) = ab+ a and a.0 = 0. By induction we deduced that the sum and
product of two integers are integers.

Lemma plus_via_succ: forall a n,
card_plus a (succ n) = succ (card_plus a n).

Lemma Bnat_stable_plus: forall a b, inc a Bnat -> inc b Bnat >
inc (card_plus a b) Bnat.

Lemma mult_via_plus: forall a b, is_cardinal a ->
card_mult a (succ b) = card_plus (card_mult a b) a.

Lemma Bnat_stable_mult: forall a b, inc a Bnat -> inc b Bnat ->
inc (card_mult a b) Bnat.
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We define now by induction a function .4 that associates a cardinal to each nat; by con-
struction A4 (0) = 0 and A (Sn) = s(A (n)). This function converts addition and multiplica-
tion on nat to cardinal sum and cardinal product (induction on N). This function is injective
(because succ is injective). By induction on N, this function is surjective. More precisely, ev-
ery finite cardinal has the form A4 (n). Assume a < b; then A (a) <carq /& (b); conversely, if
this relation holds then A (a) + x = A (b) for some x. By surjectivity x = A (c), by injectivity
a+ ¢ = bwhich implies a < b. By injectivity of 4 we deduce that a < b and A (a) <carq AN (b)
are equivalent.

Let g be the inverse of .A4/; such a function exists using the axiom of choice. By uniqueness
this function is card, hence card(4 (x)) = x and A (card(x)) = x.

Fixpoint nat_to_B (n:nat) :=
match n with O => card_zero | S m => succ (nat_to_B m) end.

Lemma nat_B_0: nat_to_B 0 = card_zero.
Lemma nat_B_1: nat_to_B 1 = card_one.
Lemma nat_B_2: mnat_to_B 2 = card_two.
Lemma nat_B_S: forall n, nat_to_B (S n) = succ (nat_to_B n).
Lemma inc_nat_to_B: forall n, inc (nat_to_B n) Bnat.
Lemma nat_B_plus: forall a b,
nat_to_B (a+b) = card_plus (nat_to_B a) (nat_to_B b).
Lemma nat_B_mult: forall a b,
nat_to_B (a*b) = card_mult (nat_to_B a) (nat_to_B b).

Lemma nat_B_inj: forall a b,
nat_to_B a = nat_to_ B b -> a = b.
Lemma nat_to_B_surjective: forall n, inc n Bnat -> exists m,
nat_to_ B m = n.
Lemma nat_B_le: forall a b,
(a<= b) = cardinal_le (nat_to_B a) (nat_to_B b).
Lemma nat_B_1t: forall a b,
(a< b) cardinal_1t (nat_to_B a) (nat_to_B b).
Lemma nat_B_1lt: forall a b,
(a< b) cardinal_1t (nat_to_B a) (nat_to_B b).
Lemma nat_B_1t0: forall b,
(0<b) = cardinal_1t card_zero (nat_to_B b).
Lemma nat_to_B_pr: forall n, inc n Bnat ->
nat_to_B (cardinal_nat n) = n.
Lemma nat_to_B_prl: forall n,
cardinal_nat(nat_to_B n) = n.

We finish with the definition of the power function on N.

Fixpoint pow (n m:nat) {struct m} : nat :=
match m with

| 0=>1
| Sp=> (pownp)*n
end
where "n ~ m" := (pow n m) : nat_scope.
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Chapter 5

Properties of integers

Bourbaki introduces the set of integers in the next chapter, while we have done so in the
previous one. As a consequence, in all theorems, the phrase “x is an integer” will be replaced
by x € N. Sometimes, we shall use x € N or x : N, where N is the set of finite cardinals and N is
the type nat. The function ./ is the natural bijection between N and N.

5.1 Operations on integers and finite sets

Consider a finite family x;. This means that we have a functional graph G, with domain I,
and an associated mapping i — x;. Induction can be performed on the domain, the range or
the graph: for instance, we can show by induction on the range of the family that the union
of finite sets is finite, or that the supremum is finite. In these two cases, sup x; or Jx;, the
result depends only on the range (and one can consider the supremum of union of a set of
sets, instead of a family). This is false in the case of a sum (we know that if x; = 1, the sum is
the cardinal of the index set, so that the range can be a singleton and the sum infinite).

In all these cases, we have a function F (union, supremum, sum) and a function g such
that F(xy, x2,...,x,) = g(x1,F(x,...,x5)). This formula allows us to prove properties by in-
duction on the length 7 of the sequence (for n = 2). We may have F(x) = x, in which case we
can handle the case n = 1. In the case of the sum or union, the case n = 0 is trivial, in the case
of the intersection or supremum, the function is not defined if the sequence is empty. Finite
sequences (i.e. sequences where indices are 1, 2, 3, etc.) will be studied later. If g is not com-
mutative, we can define F only in the case where the index set is ordered; if g is commutative
(as in the examples above), any ordering can be used, and there is no need to convert the
finite family into a finite sequence. We know that union, sum, supremum are associative. In
some cases, we want to prove an associativity formula for a function F defined as above, for
a non-commutative function g (this is basic algebra). We shall explain how this can be done,
in section[5.41

We show that a finite sum }_;¢; x; of integers is an integer, by considering f(J) = ¥ ;¢ ;.
The proof is by induction on the cardinal of J. If ] =] U{j}, and j €', we have a partition of
J, with index set K = {1, 2}, and we can apply the associativity formula. It says f(J) = Y kex V&-
Since K has two elements this is y; + y», and we know that the sum of two integers is an
integer. We have y; = f(J') and y, = x; (in both cases, a double restriction is involved). A triv-
ial consequence of these considerations will be that x; < " x;. We start with some ancillary
lemmas.
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Lemma domain_restr_empty: forall f, fgraph f ->
domain (restr f emptyset) = emptyset.
Lemma domain_restr: forall f a,
fgraph f -> sub a (domain f) -> domain (restr f a) = a.
Lemma double_restr: forall f a b, fgraph f ->
sub (tack_on a b) (domain f) ->
(restr (restr f (tack_on a b)) a) = (restr f a).
Lemma double_restrb: forall f a b, fgraph f ->
sub (tack_on a b) (domain f) ->
(restr (restr f (tack_on a b)) (singleton b)) = (restr f (singleton b)).
Lemma trivial_cardinal_sum3: forall f a, fgraph f ->
inc a (domain f) -> is_cardinal (V a f) ->
cardinal_sum (restr f (singleton a)) =1V a f.
Lemma trivial_cardinal_prod3: forall f a, fgraph f —>
inc a (domain f) -> is_cardinal (V a f) ->
cardinal_prod (restr f (singleton a)) =V a f.
Lemma partition_tack_on: forall a b, ~ inc b a ->
partition_fam (Lvariantc a (singleton b)) (tack_on a b).
Lemma partition_complement: forall a b, inc b a ->
partition_fam (Lvariantc (complement a (singleton b)) (singleton b)) a.

Given a family of cardinals a; with sum S and product P we have a; <S and a; < P, when-
ever all factors are non-zero.

Lemma sum_increasing6: forall f j, fgraph f ->
(forall x, inc x (domain f) -> is_cardinal (V x f)) —>
inc j (domain f) -> cardinal_le (V j f) (cardinal_sum f).
Lemma prod_increasing6: forall f j, fgraph f ->
(forall x, inc x (domain f) -> is_cardinal (V x f)) —>
(forall x, inc x (domain f) -> V x f <> card_zero) -—>
inc j (domain f) -> cardinal_le (V j f) (cardinal_prod f).

A finite family of integers is a functional graph i € I — x; where [ is finite and each x; is
finite. We may rewrite this as x; € N.

Definition finite_int_fam f:= fgraph f &
(forall i, inc i (domain f) -> inc (V i f) Bnat) &
is_finite_set (domain f).

Proposition 1 [2, p. 171] says that if (a;);er is a finite family of integers, then )_ a; and
i€l
l_[ a; are integers. As a consequence, if ] I then Z a; and H a; are integers. As explained
iel i€J i€J
above, we first show the result for all J, by induction on the cardinal, then consider the special
caseJ =1

Lemma finite_sum_finite_aux: forall f x, finite_int_fam f ->
sub x (domain f) -> inc (cardinal_sum (restr f x)) Bnat.
Lemma finite_product_finite_aux: forall f x, finite_int_fam f ->
sub x (domain f) -> inc (cardinal_prod (restr f x)) Bnat.
Theorem finite_sum_finite: forall f, finite_int_fam f ->
inc (cardinal_sum f) Bnat.
Theorem finite_product_finite: forall f, finite_int_fam f ->
inc (cardinal_prod f) Bnat.
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We have obvious consequences. For instance, a finite union of finite sets is finite. As ex-
plained above, this is easy by induction. Bourbaki says that, if E is the union and S is the sum,
then S is finite, and, since there is a surjection from S onto E, we have Card(E) < S, so that
card(E) is finite. However Card(E) < S has already been stated (as corollary to Proposition 4).
A finite product of finite sets is a finite set (since the cardinal of the product is the product
of the cardinals). Since a? is a product, it is finite if a and b is finite. Thus, the powerset of a
finite set is finite.

Lemma finite_union_finite: forall f, fgraph f ->
(forall i, inc i (domain f) -> is_finite_set (V i f))
-> is_finite_set (domain f) -> is_finite_set(unionb f).
Lemma finite_product_finite_set: forall f, fgraph f ->
(forall i, inc i (domain f) -> is_finite_set (V i f))
-> is_finite_set (domain f) -> is_finite_set(productb f).
Lemma finite_c_set: forall b, is_finite_c b -> is_finite_set b.
Lemma Bnat_stable_pow: forall a b, inc a Bnat -> inc b Bnat ->
inc (card_pow a b) Bnat.
Lemma finite_powerset: forall a, is_finite_set a -> is_finite_set (powerset a).

5.2 Strictinequalities between integers

We start this section with a list of some definitions and theorems, extracted from the Coq
library. Consider for instance zerop. We show its type, not its value which is irrelevant for the
use we shall make of it; this value is a proof that for every n (of type nat), one of A or B is
true. This is summarized by the notation {A} + {B} (certified disjoint union). The heavyside
function is not part of the library, it is an example of how this construction can be used. The
underscores in the definition represent the two proofs. The Coq parser and pretty-printer
interpret this in the same fashion as if zerop n then 0 else 1. A property is decidable if it can be
shown true of false. For us, all properties are decidable since we have an axiom that says so.
It is however useful to know that equality and inequality are decidable. We state also some
theorems such as if n < m is false then n > m is true. In this case, the result is a consequence
of the fact that one of the properties is true.

(*
Definition zerop n : {n = 0} + {0 < n}.
Definition 1lt_eq lt_dec nm : {n < m} + {n = m} + {m < n}.
Definition gt_eq_gt_dec nm : {m > n} + {n = mn} + {n > m}.
Definition le_lt_dec nm : {n <= m} + {m < n}.
Definition le_le_ S dec nm : {n <= m} + {S m <= n}.
Definition le_ge dec nm : {n <= m} + {n >= m}.
Definition le_gt_dec nm : {n <= m} + {n > m}.
Definition le_lt_eq_ dec nm : n <= m -> {n < m} + {n = m}.

Definition heavyside n := match (zerop n) with left _ => 0 | right _ => 1 end.

Theorem dec_le : forall n m, decidable (n <= m).

Theorem dec_1t : forall n m, decidable (n < m).

Theorem dec_gt : forall n m, decidable (n > m).

Theorem dec_ge : forall n m, decidable (n >= m).

Theorem not_eq : forall nm, n <> m ->n <m \/ m < n.

Theorem not_le : forall nm, ~n <=m ->n > m.

Theorem not_gt : forall nm, ~n >m -> n <= m.
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Theorem not_ge : forall nm, ~n > m -> n < m.
Theorem not_1t : forall nm, ~n <m -> n >= m.

*)

Proposition 2 2 p. 173] says that a < bif and only if there is c such that0 < cand b = c+a.
Proof. From a < b we deduce b # 0, hence b =Sb' and a < b'. As a consequence b’ = a+ ¢/,
and b=Sb' =S(a+ ') = a+Sc'. The first relation says that ¢’ is an integer, so that Sc’ is an
integer; it is obviously > 0. Conversely, from a < awe geta<Sa,i.e. a<a+1,andfrom0<c
we get 1 < c. Since addition is increasing we have a+1 < a+ c and we conclude by transitivity.
In our implementation, we first prove the result for the type nat.

Theorem 1t_to_plus: forall a b:nat, a<b = exists c:nat, 0<c & c+a=b.
Theorem cardinal_lt_pr: forall a b, inc a Bnat -> inc b Bnat —>
(cardinal_1t a b = exists ¢, is_finite_c ¢ & cardinal_ 1t card_zero c &
b =card_plus a c).

We give here a list of theorems of the standard Coq library, that relate addition, multipli-
cation and order. We add a theorem that says that if a < b and ¢ < d then ac < bd (whenever
d#0).

(* These are in the Coq library

Lemma plus_reg 1l : forallnmp, p+n=p+m->n =m.
Lemma plus_le_reg 1 : forall nmp, p+n<=p+m ->n <=m.
Lemma plus_1lt_reg 1 : forall nmp, p+n<p+m->n <m.

Lemma plus_le_compat_1l : forall nm p, n<=m ->p + n <= p + m.

Lemma plus_le_compat_r : forall nm p, n<=m ->n + p <= m + p.

Lemma le_plus_1 : forall nm, n <= n + m.

Lemma le_plus_r : forall nm, m <= n + m.

Theorem le_plus_trans : forall nm p, n <=m ->n <=m + p.

Theorem 1lt_plus_trans : forall nm p, n <m ->n <m + p.

Lemma plus_lt_compat_1l : forall nm p, n<m ->p +n < p + m.

Lemma plus_lt_compat_r : forall nm p, n<m->n +p <m+ p.

Lemma plus_le_compat : forall nmp gq, n<=m ->p<=q->n+p<=m+q.
Lemma plus_le_lt_compat : forall nmpq, n<=m ->p<q->n+p<m+qg.
Lemma plus_lt_le_compat : forallnmp q, n<m->p<=q->n+p-<mnm+q.
Lemma plus_lt_compat : forallnmp q, n<m->p<q->n+p<mnm+qg.

Lemma mult_0_le : forall nm, m = 0 \/ n <= m * n.
Lemma mult_le_compat_1 : forall nm p, n <=m -> p * n <= p * m.
Lemma mult_le_compat_r : forall
Lemma mult_le_compat

forall nm p (q:nat), n <=m -> p <=q ->n * p <=mn * q.
Lemma mult_S_1t_compat_1 : forall nmp, m < p -> S n *m< Sn * p.
Lemma mult_lt_compat_r : forall nm p, n <m ->0<p ->n * p <m* p.
Lemma mult_S_le_reg 1 : forall nm p, Sn *m<=Sn *p ->m <= p.

*)

n
nmp,n<=m->n*p<=m* p.

Lemma mult_1t_le_compat : forall nm p q,
0Kg >n <m->p<=qgq->n*p<mn*dg.

Lemma mult_le_lt_compat : forall nm p q,
0OKm->n<=m->p<qg->n*xp<m*gdg.

Lemma zero_lt_one: cardinal_lt card_zero card_one.
Lemma zero_lt_oneN: 0 < 1.
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Proposition 3 [2, p. 173] says that }_a; <Y b; and [[ a; < [] b; for two families of integers
with the same index set, if a; < b; for each i and a; < b; for some j. In the case of a product,
b; > 0 is required. The case where the family has two elements is a consequence of the state-
ments given above. In the general case, assume a; < b}, and consider the partition J U {j} of
I. We have ¥ ;c1a; = A+ aj, where A =} ;¢; a; (we use the same argument as when showing
that the sum is finite). In the same way, };c; b; =B+ bj, and A < B. The proof in the case of
the product is similar. Note that A is finite since it is the sum of a restriction.

Consequences: if a< a’ thena+b < a’' +b. Thisimpliesa+1<a'+1,thusa+1<d.

Lemma finite_sum2_1t: forall a b a’ b’,
inc a Bnat -> inc b Bnat -> inc a’ Bnat -> inc b’ Bnat->
cardinal_le a a’ -> cardinal_1lt b b’ ->
cardinal_1t (card_plus a b) (card_plus a’ b’).

Lemma finite_sum3_1t: forall a a’ b,
inc a Bnat -> inc b Bnat -> inc a’ Bnat -> cardinal 1t a a’ ->
cardinal_1t (card_plus a b) (card_plus a’ b).

Lemma not_card_le_1lt: forall a b, cardinal_le a b -> cardinal 1t b a -> False.

Lemma 1t_n_succ_le: forall a b, inc a Bnat -> inc b Bnat ->
cardinal_1t a b = cardinal_le (succ a) b.

Lemma 1t_n_succ_leN: forall a b, a <b ->S a <=b.

Lemma finite_prod2_lt: forall a b a’ b’,

inc a Bnat -> inc b Bnat -> inc a’ Bnat -> inc b’ Bnat->

cardinal _le a a’ -> cardinal_1lt b b’ -> a’ <> card_zero ->
cardinal_1t (card_mult a b) (card_mult a’ b’).

Theorem finite_sum_lt: forall f g, (* 14 *)
finite_int_fam f -> finite_int_fam g -> domain f = domain g —>
(forall i, inc i (domain f) -> cardinal_le (Vi f) (Vi g)) ->
(exists i, inc i (domain f) & cardinal_1t (Vi f) (Vi g)) —->
cardinal_1t (cardinal_sum f) (cardinal_sum g).

Theorem finite_product_lt: forall f g, (* 18 *)
finite_int_fam f -> finite_int_fam g -> domain f = domain g ->
(forall i, inc i (domain f) -> cardinal le (Vi f) (Vi g)) ->
(exists i, inc i (domain f) & cardinal_1t (Vi f) (Vi g)) —>
(forall i, inc i (domain f) -> cardinal_lt card_zero (V i g)) ->
cardinal_1t (cardinal_prod f) (cardinal_prod g).

Consequences: a < a’' implies0< a’. f0<aand1<bthena<ab. fa>0and b=1
then a? > a (this holds also for infinite cardinals). We have a? < a’? if a < a’ and b > 0 (the
first condition implies @’ > 0). We have a” < a” if a>1 and b < b/ (the case a = 0 is special, if
a =1, both terms are 1). Writing b’ = b+ x we must show a” < a?a*. If b > 1 we get a < b*.

Lemma special_cardinal_positive: forall a a’,
cardinal_1t a a’ -> cardinal_1lt card_zero a’.

Lemma finite_lt_a_ab: forall a b, inc a Bnat -> inc b Bnat ->
cardinal_1t card_zero a -> cardinal_lt card_one b ->
cardinal_1t a (card_mult a b).

Lemma cardinal_le_a_apowb: forall a b,
cardinal_1t card_zero a -> cardinal_le card_one b ->
cardinal_le a (card_pow a b).

Lemma le_one_not_zero: forall a, cardinal_le card_one a ->

cardinal 1t card_zero a.

Lemma non_zero_apowb: forall a b,
cardinal_1t card_zero a -> is_cardinal b ->
cardinal_1t card_zero (card_pow a b).

Lemma finite_power_ltl: forall a a’ b,
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inc a Bnat -> inc a’ Bnat -> inc b Bnat->
cardinal 1t a a’ -> cardinal_1lt card_zero b ->
cardinal_1t (card_pow a b) (card_pow a’ b).
Lemma finite_power_1t2: forall a b b’,
inc a Bnat -> inc b Bnat -> inc b’ Bnat->
cardinal_1t b b’ -> cardinal_lt card_one a ->
cardinal_1t (card_pow a b) (card_pow a b’).
Lemma 1t_a_power_b_a: forall a b, inc a Bnat -> inc b Bnat ->
cardinal_1t card_one b -> cardinal_lt a (card_pow b a).

We study here the function pow on the type nat.

Lemma power_of_sumN: forall a b c, a =~ (b+c) = (a =~ b) *(a ~ c).
Lemma power_x_ON: forall a, a =~ 0 = 1.
Lemma power_O_ON: O = 0 = 1.
Lemma power_x_1N: forall a, a ~ 1 = a.
Lemma pow_succ: forall a b, inc a Bnat -> inc b Bnat ->
card_pow a (succ b) = card_mult(card_pow a b) a.
Lemma nat_B_pow: forall n m,
nat_to_B (n ~ m) = card_pow (nat_to_B n)(nat_to_B m).
Lemma power_of_prodN: forall a b c,
(a*b) “c= (a~c)* (b~ o).
Lemma power_1_xN: forall a, 1 ~ a = 1.
Lemma nat_not_zero_pr: forall a, a <> 0 -> nat_to_B a <> card_zero.
Lemma power_O_x: forall a, a <> 0 -> 0 ~ a = 0.
Lemma non_zero_apowbN: forall a b, 0 <a -> 0 < a ~ b.
Lemma finite_power_l1tiN: forall a a’ b, a<a’ ->0< b-> a”~b<a ~ b.
Lemma finite_power_1t2N: forall a b b’,
b<b>->1<a-> a b<a”hb’.

Ifa+b=a+b orif ab= ab' then b= b’ (all arguments are integers; a # 0 in the case of a
product).

Lemma plus_simplifiable_left: forall a b b’,
inc a Bnat -> inc b Bnat -> inc b’ Bnat ->
card_plus a b = card_plus a b’ -> b = b’.

Lemma plus_simplifiable_right: forall a b b’,
inc a Bnat -> inc b Bnat -> inc b’ Bnat ->
is_finite_c a -> is_finite_c b -> is_finite_c b’ ->
card_plus b a = card_plus b’ a -> b = Db’.

Lemma mult_simplifiable_left: forall a b b’,
inc a Bnat -> inc b Bnat -> inc b’ Bnat -> a <> card_zero —>
card_mult a b = card_mult a b’ -> b = Db’.

Lemma mult_simplifiable_right: forall a b b’,
inc a Bnat -> inc b Bnat -> inc b’ Bnat -> a <> card_zero —>
card_mult b a = card_mult b’ a -=> b = b’.

Lemma plus_simplifiable_leftN: forall a b b’:nat,
a+b=a+b ->b=">b.

Lemma plus_simplifiable_rightN: forall a b b’:nat,
b+a=>b"+a->b=">b.

Lemma mult_simplifiable_leftN: forall a b b’:nat,
0<>a->a*b=ax*xDb’” ->b=">b’.

Lemma mult_simplifiable_rightN: forall a b b’,
0<>a->bx*a=D>b’ *a->b=">b.
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If a and b are integers and a < b there is a unique integer c such that b = a + ¢, it is called
the difference, and denoted by b — a. There is a Coq function, denoted by sub, defined for all
integers, whose value is zero for a > b; we extend our function so that they share the same
behavior.

Definition card_subO a b:=
choose (fun ¢ => inc ¢ Bnat & card_plus b c = a).
Definition card_sub a b := Yo(cardinal_le b a) (card_subO a b) card_zero.

Lemma card_sub_pr0O: forall a b, inc a Bnat-> inc b Bnat ->
cardinal_le b a ->
(inc (card_sub a b) Bnat & card_plus b (card_sub a b) = a).

Lemma Bnat_stable_sub: forall a b, inc a Bnat -> inc b Bnat ->
inc (card_sub a b) Bnat.

Lemma cardinal_sub_wrong: forall a b, inc a Bnat -> inc b Bnat ->
~ (cardinal_le b a) -> card_sub a b = card_zero.

Lemma card_sub_pr: forall a b, inc a Bnat-> inc b Bnat ->
cardinal_le b a -> card_plus b (card_sub a b) = a.

We have (a + b) — b = a for all integers. Uniqueness means thatifa+b=cthena=c-»b
andb=c—a.

Lemma card_sub_prl: forall a b, inc a Bnat-> inc b Bnat ->
card_sub (card_plus a b) b = a.

Lemma card_sub_pr2: forall a b ¢, inc a Bnat-> inc b Bnat ->
card_plus a b = ¢ -> a = card_sub c b.

Lemma plus_minusC: forall n m p , inc m Bnat-> inc p Bnat ->
n = card_plus m p -> p = card_sub n m.

Lemma nat_B_sub: forall a b,
nat_to_B (a-b) = card_sub (nat_to_B a) (nat_to_B b).

Once we have shown that we have the same subtraction on N and on N, we can deduce
some properties from the Coq Library.

We have (b—a)+ (W' —a') = (b+b') — (a+ a') if the first two differences are defined. We
have the trivial formulas: a—a =0and a—0 = a. If a > 0, then a—1 is the predecessor of a. We
have (a—b)—c=a—(b+c)if a= b+ c. Taking c = 1, and denoting by P and S the predecessor
and successor, we have P(a—b) =a—Sb.If b<a,thena-b<a.lfb+1<athen b< a.

(* These are in the Coq library
Lemma minus_n_n : forall n, O n - n.
Lemma minus n 0 : forall n, n = n - O.
Lemma le_plus_minus : forallnm, n<=m ->m =n + (m - n).
Lemma plus_minus : forall nmp, n=m + p -> p =n — m.
Lemma minus_plus : forall nm, n +m - n = m.

Theorem le_minus : forall nm, n - m <= n.
Lemma minus_plus_simpl_1_reverse : forallnmp, n -m=p +n - (p + m).
Lemma minus_Sn m : forall nm, m <=n ->S (n -m) =S n - m.
Lemma le_plus_minus : forallnm, n<=m ->m =n + (m - n).
Lemma le_plus_minus_r : forall nm, n <=m ->n + (m - n) = m.
Lemma 1t _minus : forall nm, m <=n ->0<m->n -m< n.
Lemma 1t_0O_minus_1t : forall nm, 0O <n - m ->m < n.
Theorem not_le _minus O : forall nm, ~m<=n ->n -m = 0.
*)

Lemma minus_wrong: forall n m, n<=m -> n-m = 0.
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Lemma pred_minus: forall nm, m<n -> n-m = S(n - S m).
Lemma minus_n_nC: forall a, inc a Bnat -> card_sub a a = card_zero.
Lemma minus_n_OC: forall a, inc a Bnat -> card_sub a card_zero =a.

Lemma card_sub_pr4: forall a b a’ b’, inc a Bnat-> inc b Bnat ->
inc a’ Bnat-> inc b’ Bnat ->
cardinal _le a b-> cardinal_le a’ b’ ->
card_plus (card_sub b a) (card_sub b’ a’) =
card_sub (card_plus b b’) (card_plus a a’).
Lemma card_sub_pr4N: forall a b a’ b’,
a<sb -> a’ <= b’ -> (b-a) + (b’-a’) = (b+b’)- (ata’).

Lemma Sn_is_1plus: forall n, Sn =1 + n.
Lemma Sn_is_plusl: forall n, S n = n +1.
Lemma 1t_i n : forall i n, i< n -> 1 <= n-i.

Lemma card_sub_associative: forall a b c,
inc a Bnat -> inc b Bnat -> inc c¢ Bnat ->
cardinal_le (card_plus b c) a ->
card_sub (card_sub a b) ¢ = card_sub a (card_plus b c).
Lemma card_sub_associativeN: forall a b c,
(b +c) <= a -> (a-b) -c = a - (b+c).
Lemma prec_prl: forall a, inc a Bnat -> a <> card_zero
-> prec a = card_sub a card_one.
Lemma prec_is_cardinal_prec: forall a, inc a Bnat ->
a <> card_zero -> cardinal_nat (prec a) = pred (cardinal_nat a).
Lemma card_sub_non_zero: forall a b, inc a Bnat -> inc b Bnat ->
cardinal_le (succ b) a -> card_sub a b <> card_zero.
Lemma card_sub_associativel: forall a b, inc a Bnat -> inc b Bnat ->
cardinal_le (succ b) a -> prec (card_sub a b) = card_sub a (succ b).
Lemma sub_le_symmetry: forall a b, inc a Bnat -> inc b Bnat ->
cardinal_le b a -> cardinal_le (card_sub a b) a).
Lemma double_sub: forall n p, Bnat_le p n ->
card_sub n (card_sub n p) = p.
Lemma double_subN: forall n p, p <= n ->n - (n- p) = p.
Lemma succ_le_lt: forall a b, inc a Bnat -> is_cardinal b ->
cardinal_le (succ b) a -> (inc b Bnat & cardinal_1lt b a).

We state here some properties of the ordering on N.

Lemma Bnat_le_reflexive: forall a, inc a Bnat -> Bnat_le a a.
Lemma sum_increasingb5: forall a b, inc a Bnat -> inc b Bnat ->
Bnat_le a (card_plus a b).
Lemma Bnat_le_reflexive: forall a, inc a Bnat -> Bnat_le a a.
Lemma Bnat_le_transitive: forall a b c, Bnat_le a b -> Bnat_le b ¢ ->
Bnat_le a c.
Lemma Bnat_le_antisymmetric: forall a b, Bnat_le a b -> Bnat_le b a -> a = b.
Lemma Bnat_total_order: forall a b, inc a Bnat -> inc b Bnat ->
Bnat_le a b \/ Bnat_1lt b a.
Lemma Bnat_zero_smallest: forall a, inc a Bnat -> Bnat_le card_zero a.
Lemma Bnat_zero_smallestl: forall a, Bnat_le a card_zero -> a = card_zero.
Lemma zero_smallest2: forall a, cardinal_le a card_zero -> a = card_zero.

We show here thatifa+b<a+b',a+b<a+b',ab<ab' orab<ab thenb<b' orb< b’

if inequality is strict in the assumption; in the case of a product, a must be non-zero. Thus, if
ab is an integer and b # 0 then a is finite. By, contradiction, we would have a = a+ 1, hence if
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X = ab, then x = x+b. As a consequence b is integer, and we can simplifyby xin x+0=x+b,
thus b=0.

Lemma Bnat_plus_le_simplifiable: forall a b c,

inc a Bnat -> inc b Bnat -> inc c¢ Bnat->

cardinal_le (card_plus a b) (card_plus a c) -> cardinal_le b c.
Lemma Bnat_plus_lt_simplifiable: forall a b c,

inc a Bnat -> inc b Bnat -> inc c Bnat->

cardinal_1t (card_plus a b) (card_plus a c) -> cardinal_1lt b c.
Lemma Bnat_mult_le_simplifiable: forall a b c,

inc a Bnat -> inc b Bnat -> inc c¢ Bnat-> a <> card_zero ->

cardinal_le (card_mult a b) (card_mult a c) -> cardinal_le b c.
Lemma Bnat_mult_lt_simplifiable: forall a b c,

inc a Bnat -> inc b Bnat -> inc c¢ Bnat-> a <> card_zero ->

cardinal_1t (card_mult a b) (card_mult a c) -> cardinal_1lt b c.
Lemma is_finite_in_product: forall a b, is_cardinal a -> is_cardinal b ->

b <> card_zero -> is_finite_c (card_mult a b) -> is_finite_c a.

(*
Lemma plus_le_reg_ 1l : forall nmp, p+n<=p+m->n <=m.
Lemma plus_lt_reg 1l : forall nmp, p+n<p+m->n < m.
Lemma mult_S_le_reg 1 : forall nmp, Sn *m<=Sn*p ->m<=p.
*)
Lemma nonzero_suc: forall n, 0<>n -> exists m, n = S m.
Lemma mult_S_1t_reg 1 : forall nmp, Sn*m< Sn*p->m< p.
Lemma mult_1t_reg_ 1l : forall nmp, 0<>n ->n *m < n * p ->m < p.
Lemma mult_1t_reg r : forall nmp, 0<>n ->m *n < p *n ->m < p.

5.3 Intervals in sets of integers

Bourbaki says that, for every integer a, there is a set containing all integers < a; he de-
notes this as [0, a]. The set [a, b] is used without definition, in a context where this denotes
the set of all integers x such that a < x < b. He says that x — x + a is a strictly increasing
isomorphism of [0, b] onto [a,a + b]. In fact, these sets contain only cardinals, hence are
well-ordered by <ca.q. As a consequence, all isomorphisms are strictly increasing.

We use here a different approach. If a € N and b € N, we can consider [a, b] as an interval
for the ordering <y on N (ordered by <y). This set is the same as the previous one, and has
the same ordering.

Definition interval_Bmnat a b := interval_cc Bnat_order a b.
Definition interval_co_Oa a:= interval_co Bnat_order card_zero a.
Definition interval_Bnato a b :=

graph_on cardinal_le (interval_cc Bnat_order a b).

We give here some properties of intervals. We have x € [a, b] if and only if a =y x and
x <N b, where x <y b is the same as x € N, and b € Nn and x < b. Note that x < b implies
x € N. Thus we state: x € [0, a[ if and only if x < @ and x € [0, 4] if and only if x < a. These two
intervals are subsets of N. We have [0, a + 1[= [0, A].

Lemma interval_Bnat_pr: forall a b x, inc a Bnat -> inc b Bnat ->
inc x (interval_Bnat a b) = (Bnat_le a x & Bnat_le x Db).
Lemma sub_interval Bnat: forall a b,
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sub (interval _Bnat a b) Bnat.
Lemma interval_Bmat_pr0O: forall b x, inc b Bnat ->
inc x (interval_Bnat card_zero b) = cardinal_le x b.
Lemma sub_interval_co_Oa_Bnat: forall a, sub (interval_co_Oa a) Bnat.
Lemma interval_co_Oa_pr2: forall a x, inc a Bnat ->
inc x (interval_co_0Oa a) = cardinal_lt x a.
Lemma interval_co_Oa_pr3: forall a x, inc a Bnat ->
inc x (interval_co_Oa (succ a)) = cardinal_le x a.
Lemma interval_co_cc: forall p, inc p Bnat ->
interval_Bnat card_zero p = interval_co_Oa (succ p).
Lemma interval_cc_Oa_increasing: forall a b, inc b Bnat ->
cardinal _le a b —->
sub (interval_Bnat card_zero a) (interval_Bnat card_zero b).
Lemma interval_cc_Oa_increasingl: forall a, inc a Bnat ->
sub (interval_Bnat card_zero a) (interval_Bnat card_zero (succ a)).
Lemma inc_a_interval_co_succ: forall a, inc a Bnat ->
inc a (interval_co_Oa (succ a)).
Lemma interval_co_Oa_increasing: forall a, inc a Bnat ->
sub (interval_co_Oa a) (interval_co_Oa (succ a)).
Lemma interval_co_Oa_increasingl: forall a b, inc a Bnat -> inc b Bnat —>
cardinal_le a b -> sub (interval_co_0Oa a) (interval_co_0Oa b).
Lemma interval_co_pr4: forall n, inc n Bnat ->
( (tack_on (interval _co_Oa n) n = (interval_co_Oa (succ n)))
& ~(inc n (interval_co_0a n))).
Lemma cardinal_c_induction5_v: forall (r:EP) a,
inc a Bnat -> r card_zero ->
(forall n, cardinal _lt n a -> r n -> r (succ n))
-> (forall n, cardinal_le n a -> r n).

Note that x <[, ) y is equivalent to a < x < y < b, where < is the ordering on cardinals,
since this relation implies that x and y are finite.

Lemma worder_interval Bmnato: forall a b, inc a Bnat -> inc b Bnat ->
worder (interval_Bnato a b).
Lemma substrate_interval_Bmato: forall a b, inc a Bnat -> inc b Bnat ->
substrate (interval_Bnato a b) = interval_Bnat a b.
Lemma related_interval_Bnato: forall a b x y, inc a Bnat -> inc b Bnat —>
gle (interval_Bnato a b) x y = (inc x (interval_Bnat a b) &
inc y (interval_Bnat a b) & cardinal_le x y).
Lemma related_interval_Bmatol: forall a b x y, inc a Bnat -> inc b Bnat —>
gle (interval_Bnato a b) x y = (cardinal_le a x &
cardinal_le a y & cardinal_le x b & cardinal_le y b& cardinal_le x y).
Lemma related_interval_Bmato2: forall a b x y, inc a Bnat -> inc b Bnat —>
gle (interval_Bnato a b) x y = (cardinal_le a x
& cardinal_le y b& cardinal_le x y).

We define here the ordered interval [0, a[. This is a well-ordered set (in fact, it is a segment
of N). We have x <9 4; yifand onlyif x < y and y < a, since these two relations imply x € [0, a[
and y € [0, al.

Definition interval_Bnatco a :=
graph_on cardinal_le (interval_co_0a a).

Lemma worder_interval_Bnatco: forall a, inc a Bnat ->
worder (interval_Bnatco a).

INRIA



Bourbaki: Theory of sets in Coq, II 97

Lemma substrate_interval_Bnatco: forall a, inc a Bnat ->
substrate (interval_Bnatco a) = interval_co_Oa a.
Lemma related_interval_Bnatco: forall a x y, inc a Bnat ->
gle (interval_Bnatco a) x y = (cardinal_le x y & cardinal_lt y a).

Lemma sum_increasing4: forall a b a’ b’,
Bnat_le a a’ -> Bnat_le b b’ ->
Bnat_le (card_plus a b) (card_plus a’ b’).

Lemma sub_increasing2: forall a b c, inc a Bnat -> inc b Bnat -> inc c Bnat->
cardinal_le c¢ (card_plus a b) -> cardinal_le b ¢ ->
cardinal_le (card_sub c b) a.

We consider now the function z— z+ b, (z€ [0,al,z+ b€ [a,a+ b)), thathas z— z—b
as inverse, and hence is a bijection. Proposition 4 [2, p. 174] says these these functions are
order isomorphisms.

Definition rest_plus_interval a b :=
BL(fun z => card_plus z b) (interval_Bnat card_zero a)
(interval_Bnat b (card_plus a b)).

Definition rest_minus_interval a b :=
BL(fun z => card_sub z b) (interval_Bnat b (card_plus a b))
(interval_Bnat card_zero a)

Lemma rest_plus_interval_axioms: forall a b, inc a Bnat -> inc b Bnat ->
transf_axioms (fun z => card_plus z b) (interval_Bnat card_zero a)
(interval_Bnat b (card_plus a b)).
Lemma rest_minus_interval_axioms: forall a b, inc a Bnat -> inc b Bnat ->
transf_axioms (fun z => card_sub z b) (interval_Bnat b (card_plus a b))
(interval_Bnat card_zero a).

Lemma restr_plus_minus_bij: forall a b, inc a Bnat -> inc b Bnat ->
(bijective (rest_plus_interval a b) & bijective (rest_minus_interval a b)
& (rest_minus_interval a b) = inverse_fun (rest_plus_interval a b)).
Theorem restr_plus_interval_isomorphism: forall a b, inc a Bnat -> inc b Bnat->
order_isomorphism (rest_plus_interval a b)
(interval_Bnato card_zero a)
(interval_Bnato b (card_plus a b)).

If a < b, then [a, b+1] = [a, b]Ju{b+1} and the union is disjoint. Thus [a, b+1] has one more
element than [a, b]. By induction, it has b + 1 elements when a = 0, and by application of the
isomorphism shown above, it has (b — a) + 1 elements. This is Proposition 5 [2, p. 174]. As a
consequence, the set of integers is infinite (since [0, 7] is subset of N we have n+1 < Card(N),
so that Card(N) cannot be of the form n). This argument is used at the start of Chapter 6:
the axiom that asserts the existence of an infinite set is equivalent to the assertion that there
exists a set containing all finite cardinals.

Lemma cardinal_intervalOa: forall a, inc a Bnat ->
cardinal (interval_Bnat card_zero a) = succ a.

Theorem cardinal_interval: forall a b, Bnat_le a b->
cardinal (interval_Bnat a b) = succ (card_sub b a).

Lemma finite_set_interval_Bnat: forall a b, Bnat_le a b ->
is_finite_set (interval_Bmat a b).
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Lemma finite_set_interval_co: forall a, inc a Bnat ->
is_finite_set (interval_co Bnat_order card_zero a).
Lemma Bnat_infinite: ~(is_finite_set Bnat).

Proposition 6 [2, p. 175] asserts that every finite totally ordered set is isomorphic to a
unique interval [1, n], where 7 is the number of elements. Bourbaki adds the conditionn =1,
this is not needed. We start with a lemma that says that [1, n] has n elements (note that
this is also true for n = 0). Then we pretend that if E and F are two finite equipotent totally
ordered sets, there is a unique order isomorphism between them. This is because the sets
are well-ordered, so that there exists a unique order morphism from E onto a segment of F;
whatever the image, the function is bijective hence is an order isomorphism. The general
theorem says that there is another possibility, namely that there exists an isomorphism from
F onto a segment of E; it is bijective, so that its inverse is an isomorphism from E onto F.
Bourbaki uses Corollary 2 to Proposition 2 of § 2, no. 2 (it says: if X is a subset of a finite set
E, and X # E, then Card(X) < Card(E). Maybe Corollary 4 was intended, since it says that an
injection is bijective).

Lemma cardinal_intervalla: forall a, inc a Bnat ->
cardinal (interval_Bnat card_one a) = a.
Lemma isomorphism_worder_finite: forall r r’, (* 27 %)
total_order r -> total_order r’ ->
is_finite_set (substrate r) -> equipotent (substrate r) (substrate r’) ->
exists_unique (fun f => order_isomorphism f r r’).
Theorem finite_ordered_interval: forall r, total_order r ->
is_finite_set (substrate r) ->
exists_unique (fun f => order_isomorphism f r
(interval_Bnato card_one (cardinal (substrate r)))).

We consider here properties of [0, b — 1]. If we denote it by I}, it is the interval [0, b[. Note
that [0, b[ exists even when b = 0. We can rewrite Proposition 6 as: every finite totally ordered
set is isomorphic to a unique interval [0, n[, where 7 is the number of elements.

Lemma cardinal_interval_co_Oa: forall a, inc a Bnat -> a <> card_zero —>
cardinal (interval_Bnat card_zero (prec a)) = a.
Lemma interval_co_Oa_pr: forall a x, inc a Bnat -> a <> card_zero ->
inc x (interval_Bnat card_zero (prec a)) = (inc x Bnat & cardinal_lt x a).
Lemma interval_co_Oa_prl: forall a, inc a Bnat -> a <> card_zero ->
interval_Bnat card_zero (prec a) = interval_co_Oa a.
Lemma cardinal_interval_co_Oal: forall a, inc a Bnat —>
cardinal (interval_co_Oa a) = a.
Lemma emptyset_interval_00: interval_co_Oa card_zero = emptyset.

Theorem finite_ordered_intervall: forall r, total_order r ->
is_finite_set (substrate r) ->
exists_unique (fun f => order_isomorphism f r
(interval_Bnatco (cardinal (substrate r)))).

5.4 Finite sequences

A finite sequence is a family (x;);e; whose index set is a finite subset of N (Bourbaki says:
a finite set of integers). Let f be the unique isomorphism f of the interval [1, n] onto I (with
the natural ordering on I). Then x(y) is defined for k € [1, n]. It is called the kth term of the
sequence. If k =1 or k = n, it is called the first or last term.
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If P{i} is equivalent to i € I, where I is a finite set of integers, then (x;) ;c; may be written as

(x7)psis- In fact, such a notation can be used whatever I. As an example one can see (#;) g<i<p-
b
The sum of such a family may be denoted by Z t.

i=a

Lists are defined in Coq by

Inductive list (A : Type) : Type :=
nil : list A
| cons : A => list A -> list A

A list can be either empty (this is nil), or of the form cons A a b where a is of type A and b is
a list of type A. The parameter A is often implicit. The expression cons A a b is denoted by
a:: b. There are many functions in the standard library that deal with lists. For instance, seq
can produce the list containing 1, 2, 3. Given a list containing x;, x, and x3 (of type A) it is
possible to create the list containing (1, x1), (2, x2), and (3, x3) (of type N x A) then the set of
all these values. This is a finite sequence (i.e., a functional graph, with domain {1, 2, 3} In this
section, we explain how to convert operations defined by Bourbaki for finite sequences (like
sum and product) into operations on Coq lists.

Additional theorems about integers.

Lemma plus_n_Sm_subSn: forall nm, n+ Sm-n - 1 =m.

Lemma plus_n_Sm_subSm: forall nm, n+ Sm-m - 1 =n.

Lemma minus_SnSi: forall in, i < Sn->8n-1i-1 - 1.

Lemma double_compl_nat:forall i n, i< n ->
i=n-(@-1i-1) -1.

Lemma double_compl_ex:forall i n, i< n -> (n - i - 1) < n.

]
(=]

5.4.1 Lists as functions

Given a function g, we define here the list L containing g(0), g(1), g(2) up to g(n—1). The
list has length n; it is stored in reverse order: g(n — 1) is the head of the list. On the diagram
below, the mapping g — L is denoted by fI. Given a list L of length rn, we define a function g
that returns the k-th element of the list (in fact, the element in position n — k — 1, since the
list is in reverse order). This construction could be generalized to any type; we must provide
a default value for k = n; we consider only integers and sets, with default values g(k) = 0 or
g(k) = ¢. The mapping L — g is denoted by If on the diagram below. The composition of
these two functions is the identity.

Lemma list_extens: forall (A:Type) (11 12 : list A) (u:A),
length 11 = length 12 ->
(forall i, i< length 11 -> nth i 11 u = nth i 12 u) -> 11 = 12.

Fixpoint fct_to_list (A:Type) (f: nat->A)(n:nat): list A :=
match n with 0 => nil
| Sm => (f m) ::(fct_to_list f m) end.
Definition list_to_fct (a: list nat) :=
fun n => nth (length a -n -1) a 0.
Definition list_to_fctB (a: list Bset) :=
fun n => nth (length a -n -1) a emptyset.
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Lemma fct_to_list_length : forall A (f:nat->A) n,
length (fct_to_list f n) = n.
Lemma list_to_fct_pr0O: forall a 12 11,
list_to_fct (11 ++ a :: 12) (length 12) = a.
Lemma list_to_fct_prOB: forall a 12 11,
list_to_fctB (11 ++ a :: 12) (length 12) = a.
Lemma list_to_fct_pr: forall (A:Type) (f:nat->A) (u:A) n i,
i<n -> nth (n-i-1) (fct_to_list f n) u =f 1i.
Lemma list_to_fct_prl: forall f n i,
i<n -> list_to_fct (fct_to_list f n) i = f 1.
Lemma list_to_fct_priB: forall f n i,
i<n -> list_to_fctB (fct_to_list f n) i = f 1.
Lemma list_to_fct_pr3: forall 12 11,
fct_to_list (list_to_fct (11++12)) (length 12) = 12.
Lemma list_to_fct_pr4: forall 1,
fct_to_list (list_to_fct 1) (length 1) = 1.
Lemma list_to_fct_pr3B: forall 12 11,
fct_to_list (list_to_fctB (11++12)) (length 12) = 12.
Lemma list_to_fct_pr4B: forall 1,
fct_to_list (list_to_fctB 1) (length 1) = 1.

Note that if g and g’ agree on [0, n— 1] then flI(g) = fl(g'). On the other hand, if L is a list
of size n and L' = a :: L, if the associated functions are g and g’, then g’'(n) = a, and g and g’
agree on [0,n —1].

Lemma fct_to_list_unique: forall (A:Type) (f g: nat-> A) n,
(forall i, i< n -> f i = g i) -> fct_to_list f n = fct_to_list g n.

Lemma app_nth3 : forall A (a:A),
forall 1’ dn, n > 1 -> nthn (a::1’) d = nth (n-1) 1’ 4.
Lemma list_to_fct_consO: forall a 1,
list_to_fct (a :: 1) (length 1) = a.
Lemma list_to_fct_consl: forall a 12 n, n< length 12 ->
list_to_fct (a :: 12) n = list_to_fct 12 n.

Lemma list_to_fct_consBO: forall a 1,
list_to_fctB (a :: 1) (length 1) = a.

Given a list L of elements of N, of length n, if g = If{L), we construct a function G: [0, n[—
N via g(card i) = card(G(i)). The mapping L — G will be denoted by LF on the diagram below.
Similarly, given a list L of sets, we construct G : [0, n[— E via g(cardi) = G(i). This is well-
defined if all elements of the list belong to the set E.

Definition list_to_f (1: list nat):=
BL (fun n =>(nat_to_B (list_to_fct 1 (cardinal_nat n))))
(interval_co_Oa (nat_to_B (length 1))) Bnat.

Definition list_to_fB (1: list Bset) E:=
BL (fun n => (list_to_fctB 1 (cardinal_nat n)))
(interval_co_Oa (nat_to_B (length 1))) E.

Lemma axioms_list_to_f: forall (1: list nat),
transf_axioms (fun n =>(Ro (nat_to_B (list_to_fct 1 (cardinal_nat n)))))
(interval_co_Oa (nat_to_B (length 1))) Bnat.

Lemma function_list_to_f: forall (1: list nat),
is_function (list_to_f 1).
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Lemma source_list_to_f: forall (1: list nat),

source (list_to_f 1) = (interval_co_0Oa (nat_to_B (length 1))).
Lemma target_list_to_f: forall (1: list nat),

target (list_to_f 1) = Bnat.
Lemma W_list_to_f: forall (1: list nat) n,

inc n (interval_co_Oa (nat_to_B (length 1))) ->

Wn (list_to_f 1) = nat_to_B (list_to_fct 1 (cardinal_nat n)).
Lemma W_list_to_f1: forall (1: list nat) n,

n < length 1 ->

W (nat_to_B n) (list_to_f 1) = nat_to_B (list_to_fct 1 n).
Lemma W_list_to_f2: forall (1: list nat) n,

n < length 1 ->

cardinal_nat(W (nat_to_B n) (list_to_f 1)) = list_to_fct 1 n.

(Finite Lists) Lists
/A LF
a
I f(\ | Il ZF(,N)
\
l{ / BN
N— N

Given a function [0, n[— N, we can construct a function N — N, by extending the function
with zero, and using the natural isomorphism between N and N. It will be denoted by BN on
the diagram. The composition fl o BN is the inverse of LF.

Definition back_to_nat f n:=
cardinal _nat (Yo (inc (nat_to_B n) (source f))
(W (nat_to_B n) f) card_zero).

Lemma back_to_nat_pr: forall f n, inc (nat_to_B n) (source f) ->
back_to_nat f n = cardinal nat (W (nat_to B n) f).
Lemma back_to_nat_prl: forall f n k,
source f = (interval_co_Oa (nat_to_B k)) ->
n < k -> back_to_nat f n = cardinal_nat (W (nat_to_B n) f).
Lemma back_to_nat_pr2: forall (1: list nat) n,
n < (length 1) -> back_to_nat (list_to_f 1) n = list_to_fct 1 n.

Lemma list_to_f_prl: forall f n, is_function f -> target f = Bnat ->
source f = (interval_co_Oa (nat_to_B n)) ->
f = list_to_f (fct_to_list (back_to_nat f) n).

Lemma list_to_f_pr2: forall 1,
fct_to_list (back_to_nat (list_to_f 1)) (length 1) = 1.

Given a list L and a predicate P, we define P(L) to be true if every element of the list
satisfies P. Given a predicate with two arguments, we say that the list satisfies the predicate
whenever P(a, b) is true if a comes before b. This means that, if f is the function associated
to the list, then i < j implies P(f (i), f(j)).

Fixpoint single_list_prop (A:Type) (L: list A) (q: A->Prop) :=
match L with nil => True | a :: b => q a /\ single_list_prop b q end.

Lemma single_list_propl: forall A (q: A->Prop), single_list_prop nil q.
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Lemma single_list_prop2: forall A a b (q: A->Prop),

q a —> (single_list_prop b q) = (single_list_prop (a::b) q).
Lemma single_list_prop3: forall A a b (q: A->Prop),

~ (q a) -> ~(single_list_prop (a::b) q).

Lemma single_list_prop_app: forall A a b (q: A->Prop),
(single_list_prop a q) -> (single_list_prop b q)
-> (single_list_prop (at++b) q).

Lemma single_list_prop_refine: forall A L (p q: A->Prop),
(forall a, p a -> q a) -> (single_list_prop L p) ->
(single_list_prop L q).
Lemma simple_list_prop_nth: forall A (q: A->Prop) L u n,
single_list_prop L q -> n < length L ->
q (nthn L w.
Fixpoint double_list_prop (A:Type) (L: list A) (q: A->A->Prop) :=
match L with nil => True
| a :: b => single_list_prop b (q a) /\ double_list_prop b q
end.

The contraction Cy, (L) of alist L is inductively defined by Cr,(a :: L) = f(a,Cr, (L)), the
value of the empty list being v. If f(a, b) = bu{a}, we call this the range of the list and denote
it by r(L). We write L c E if Pg(L) holds, where Pg(x) is x € E; this means that every element of
the list belongs to E.

Fixpoint contraction (A B: Type) (L: list A) (£: A-> B->B) (v: B):B :=
match L with | nil => v

| a :: b=>f a (contraction b £ v) end.
Definition list_range 1 := contraction 1 (fun a b => tack_on b a) emptyset.
Definition list_subset L E := single_list_prop L (fun x => inc x E).

The range of a list is the smallest set E such that L ¢ E. We show L c r(L) by induction. We
have r(L) c r(a :: L). We then use the fact that if P implies Q, then P(L) implies Q(L), where
Pisxer(l)and Qis x € r(a::L). We can now state: if L  E is a list of length n, there is an
associated function [0, n[— E.

Lemma list_range_pr: forall L, list_subset L (list_range L).
Lemma list_range_prl: forall L E, list_subset L E -> sub (list_range L) E.

Lemma axioms_list_to_fB: forall 1 E, list_subset 1 E ->
transf_axioms (fun n => (list_to_fctB 1 (cardinal_nat n)))
(interval_co_Oa (nat_to_B (length 1))) E.

Lemma function_list_to_fB: forall 1 E, list_subset 1 E ->
is_function (list_to_fB 1 E).

Lemma source_list_to_fB: forall 1 E,
source (list_to_fB 1 E) = (interval_co_Oa (nat_to_B (length 1))).

Lemma target_list_to_fB: forall 1 E,
target (list_to_fB 1 E) = E.

Lemma W_list_to_fB: forall 1 E n, list_subset 1 E —->
inc n (interval_co_Oa (nat_to_B (length 1))) ->
Wn (list_to_fB 1 E) = list_to_fctB 1 (cardinal_nat n).

Lemma W_list_to_fB1l: forall 1 E n, list_subset 1 E ->
n < length 1 ->
W (nat_to_B n) (list_to_fB 1 E) = list_to_fctB 1 n.
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Lemma fct_to_rev: forall (A:Type) (f:nat->A) n,
rev (fct_to_list f n) = fct_to_list(fun i=> f(n-i-1)) n.

More properties of intervals.

Lemma partition_tack_on_intco: forall a, inc a Bnat ->
partition_fam (Lvariantc (interval_co_Oa a)
(singleton a)) (interval_co_Oa (succ a)).
Lemma interval_co_Oa_restr: forall a f, inc a Bnat ->
(L. (interval_co Bnat_order card_zero a) f
= (restr (L (interval_co Bnat_order card_zero (succ a)) f)
(interval_co_0Oa a))).

IfLisalistof size n, and L' = a :: L, if the associated functions are G and G/, then G'(n) = a,
and G and G’ agree on [0, n—1]. This is because the same result holds for g and g’. But here
we can be more precise: G’ is the function obtained from G by adding the relation G'(n) = a.
We have two variants, depending on whether we have lists of integers or lists of sets.

Lemma list_to_f consO: forall a 1,
W (nat_to_B (length 1)) (list_to_f (a :: 1)) = (nat_to_B a).
Lemma list_to_f_consl: forall a 1 n, n< length 1 ->
W (nat_to B n) (list_to_f (a :: 1)) = W (nat_to_B n) (list_to_f 1).

Lemma list_to_f cons2: forall a 1,
list_to_f 1 = restriction_function (list_to_f (a :: 1))
(interval_co_Oa (nat_to_B (length 1))).
Lemma list_to_f_cons3: forall a 1,
list_to_f (a::1) =
tack_on_f (list_to_f 1) (nat_to_B (length 1)) (nat_to_B a).

Lemma list_subset_cons: forall a 1 E, list_subset 1 E -> inc a E ->
list_subset (a::1) E.
Lemma list_to_f_consBO: forall a 1 E, list_subset 1 E -> inc a E >
W (nat_to_B (length 1)) (list_to_fB (a :: 1) E) = a.
Lemma list_to_f_consBl: forall a 1 n E, n< length 1 ->
list_subset 1 E -> inc a E ->
W (nat_to_B n) (list_to_fB (a :: 1) E) = W (nat_to_B n) (list_to_fB 1 E).
Lemma list_to_f_consB2: forall a 1 E,
list_subset 1 E -> inc a E ->
list_to_fB 1 E = restriction_function (list_to_fB (a :: 1) E)
(interval_co_Oa (nat_to_B (length 1))).
Lemma list_to_f_consB3: forall a 1 E,
list_subset 1 E -> inc a E ->
list_to_fB (a::1) E= tack_on_f (list_to_fB 1 E) (nat_to_B (length 1)) a.

5.4.2 Contracting lists

We show here the following. Assume that f(n) is a cardinal for all n. Let F(n) be the
cardinal sum of the family i — f(i) on [0,n —1]. Then F(n+1) = f(n) + F(n), and there is a
similar relation for the product. The same formula holds if F(n + 1) is the cardinal sum of
the graph of the function f and F(n) is cardinal sum of the graph of the restriction of f to
[0, n—1]. We apply this to the case where f is LF(a::L); its restriction is LF(L), and f(n) = a.
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Lemma induction_on_sum: forall a f, inc a Bnat ->
(forall a, inc a Bnat -> is_cardinal (f a)) ->
let iter := fun n=> cardinal_sum (L (interval_co_Oa n)f)
in card_plus (iter a) (f a) = (iter (succ a)).
Lemma induction_on_prod: forall a f, inc a Bnat ->
(forall a, inc a Bnat -> is_cardinal (f a)) ->
let iter := fun n=> cardinal_prod (L (interval_co_0Oa n ) f)
in card_mult (iter a) (f a) = (iter (succ a)).
Lemma induction_on_suml: forall f n,
is_function f -> source f = interval_co_Oa (succ n) -> inc n Bnat ->
(forall a, inc a (source f) -> is_cardinal (W a f)) —>
card_plus (cardinal_sum (graph (restriction_function f (interval_co_0Oa n))))
(W n £f) = cardinal_sum (graph f).
Lemma induction_on_prodl: forall f n,
is_function f -> source f = interval_co_Oa (succ n) -> inc n Bnat ->
(forall a, inc a (source f) -> is_cardinal (W a f)) —>
card_mult (cardinal_prod (graph (restriction_function f (interval_co_0Oa n))))
(W n f) = cardinal_prod (graph f).

Lemma induction_on_sum2: forall a 1,
card_plus (cardinal_sum (graph (list_to_f 1))) (nat_to_B a)
= cardinal_sum (graph (list_to_f (a::1))).

Lemma induction_on_prod2: forall a 1,
card_mult (cardinal_prod (graph (list_to_f 1))) (nat_to_B a)
= cardinal_prod (graph (list_to_f (a::1))).

We define here the sum and product of a list of integers as a contraction. We shall denote
this by X(L) and II(L). We have Z(a :: b) = a+ Z(b) and Il(a :: b) = a.Il(b). By induction
A (Z(L)) =Y LFL) and A (IT(L)) = [1 LF(L).

Definition list_sum 1 := contraction 1 plus O.
Definition list_prod 1 := contraction 1 mult 1.

Lemma list_sum_pr: forall 1,

nat_to_B (list_sum 1) = cardinal_sum (graph (list_to_f 1)).
Lemma list_prod_pr: forall 1,

nat_to_B (list_prod 1) = cardinal_prod (graph (list_to_f 1)).

If we denote by a++ b the concatenation of two lists, then Cryla+ +b) = f(Cf,, (a), Cfl,(b))
provided that the result is true for the empty list, i.e., f(v, b) = b for all b, and if f is associa-
tive. As a consequence X(a++ b) = Z(a) + Z(b) and I[1(a ++ b) =I1(a) - I1(b). This is a general
property of contractions of an associative function f

Denote by X/, (f) the expression Z(fI( f, n)). This is the sum of the list of the values f (i) for
i < n. Ifwe denote by fi + f> the function i — fi (i) + f>(i) thenwe have X/ f+X) g =%/ (f + g).
There are similar formulas for the product. We have two induction formulas; the trivial one
is2!  (f) = f(n)+2,(f); the non-trivial one is 2/, (f) = f(0) + Z},(f ©S), where (f 0S)(i) =
fa+1).

Lemma contraction_assoc: forall (A :Type) (L1 L2: list A)
(f: A-> A->A) (v: A),
(forall abc, fa (fbc)
(forall a, f va=a) —>
(contraction (L1++L2) f v)

f (f ab) c) >

f (contraction L1 f v)(contraction L2 f v).
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Lemma list_sum_single: forall a, list_sum (a::nil) = a.
Lemma list_prod_single: forall a, list_prod (a::nil) =
Lemma list_sum_app: forall a b, list_sum (a++b) = (list_sum a)+ (list_sum Db).
Lemma list_sum_cons: forall a b, list_sum (a::b) = a + (list_sum b).
Lemma list_sum_consr: forall a b, list_sum (a++(b::nil)) = (list_sum a)+ b.
Lemma list_prod_app: forall a b,

list_prod (a++b) = (list_prod a)* (list_prod b)
Lemma list_prod_cons: forall a b, list_prod (a::b) = a*(list_prod b).
Lemma list_prod_consr: forall a b, list_prod (at++(b::nil)) = (list_prod a)* b.

a.

Definition fct_sum f n:= list_sum (fct_to_list f n).
Definition fct_prod f n:= list_prod(fct_to_list f n).

Lemma fct_sumO: forall f, fct_sum £ O = 0.
Lemma fct_prod0: forall f, fct_prod f O 1.
Lemma fct_sum_rec: forall f n, fct_sum f (S n) =
Lemma fct_prod_rec: forall f n, fct_prod £ (S n)
Lemma fct_sum_recl: forall f n,

fct_sum £ (S n) = (£ 0) + (fct_sum (fun i=> £ (8 i)) n).
Lemma fct_prod_recl: forall f n,

fct_prod £ (S n) = (f 0) * (fct_prod (fun i=> f (S i)) n).
Lemma fct_sum_plus: forall f g n,

(fct_sum f n) + (fct_sum g n) = fct_sum (fun i=> (£ i) + (g i)) n.
Lemma fct_prod_mult: forall f g n,

(fct_prod f n) * (fct_prod g n) =fct_prod (fun i=> (f i) * (g i)) n.

N o

(f n) + (fct_sum f n).
= (f n) * (fct_prod f n).

We show here some trivial results. The sum of a constant function is the product, and the
sum is unchanged if we replace the list by its reverse. A bit more complicated: the reverse of
the list associated to a function f is the list associated to i — f(n—1i—1).

Lemma fct_sum_const: forall n m, fct_sum (fun _ => m) n = n *m.
Lemma fct_prod_const: forall n m, fct_prod (fun _ => m) n = pow m n.
Lemma list_sum_rev: forall 1, list_sum 1 = list_sum (rev 1).
Lemma list_prod_rev: forall 1, list_prod 1 = list_prod (rev 1).
Lemma fct_sum_rev: forall f n,

fct_sum f n = fct_sum (fun i=> f(n-i-1)) n.
Lemma fct_prod_rev: forall f n,

fct_prod f n = fct_prod (fun i=> f(n-i-1)) n.
Lemma fct_to_rev: forall (A:Type) (f:nat->A) n,

rev (fct_to_list f n) = fct_to_list(fun i=> f(n-i-1)) n.

We consider here the inverse of BN: if f is a function of type nat— nat, we construct a
function [0, n[— N. It is the composition of fI and LF. We shall denote it by NB. The first
theorem is a statement about NB, the two others are statements about the graph of NB. The
third theorem is deduced from the second by applying [0, 72+ 1[ = [0, n].

Lemma 1 _to_fct: forall f n,
BL (fun p => nat_to_B(f (cardinal_nat p))) (interval_co_Oa (nat_to_B n))
Bnat = list_to_f (fct_to_list f n).

Lemma 1 to_fctl: forall f n,
L (interval_co_Oa (nat_to_B n)) (fun p => nat_to_B(f (cardinal_nat p)))
= graph (list_to_f (fct_to_list f n)).
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Lemma 1 _to_fct2: forall f n,
L (interval_Bnat card_zero (nat_to_B n))
(fun p => nat_to_B(f (cardinal_nat p)))
= graph (list_to_f (fct_to_list £ (S n))).

5.5 Characteristic functions on sets

We define ¢4 (x) to be 1 if x € A and 0 otherwise. This induces a function on every set B.

Definition char_fun A B := BL (fun z=> Yo (inc z A) card_one card_zero)
B (doubleton card_one card_zero).

Lemma char_fun_axioms: forall A B,

transf_axioms (fun z=> Yo (inc z A) card_one card_zero)

B (doubleton card_one card_zero).
Lemma function_char_fun: forall A B, is_function (char_fun A B).
Lemma source_char_fun:forall A B, source (char_fun A B) = B.
Lemma target_char_fun:forall A B,

Lemma W_char_fun:forall A B x,
inc x B -> W x (char_fun A B) = Yo (inc x A) card_one card_zero.
Lemma cardinal W_char_ fun:forall A B x,
inc x B -> is_cardinal (W x (char_fun A B)).
Lemma W_char_fun_a:forall A B x, sub A B -> inc x A ->
W x (char_fun A B) = card_one.
Lemma W_char_fun_b:forall A B x, sub A B -> inc x (complement B A) ->
W x (char_fun A B) = card_zero.

Now some properties. We have ¢ = ¢p if and only if A = B. The function ¢, (for AcE) is
constant if and only if A= E or A = @. Proposition 7 [2} p. 176] lists additional properties.

GeE-A(X) =1 -da(x)
bang(x) = Pa(x)Pp(x)
GanB (%) + PauB(X) = Ga(x) + p(x)

Lemma chart_fun_injective: forall A A’ B, sub A B -> sub A’ B >
(A=A’) = (char_fun A B = char_fun A’ B).

Lemma W_char_fun_aa:forall A x, inc x A ->
W x (char_fun A A) = card_one.
Lemma W_char_ fun _bb:forall A x, inc x A ->
W x (char_fun emptyset A) = card_zero.
Lemma constant_char_fun:forall A B, sub A B ->
(forall x y, inc x B => inc y B => W x (char_fun A B) = W y (char_fun A B))
-> (A=B \/ A = emptyset).
Lemma char_fun_complement: forall A B x, sub A B -> inc x B >
W x (char_fun (complement B A) B)
= card_sub card_one (W x (char_fun A B)).
Lemma char_fun_inter: forall A A’ B x, sub A B -> sub A’ B -> inc x B ->
W x (char_fun (intersection2 A A’) B)
= card_mult (W x (char_fun A B))(W x (char_fun A’ B)).
Lemma char_fun_union: forall A A’ B x, sub A B -> sub A’ B -> inc x B ->
card_plus (W x (char_fun (intersection2 A A’) B))
(W x (char_fun (union2 A A’) B) )
= card_plus (W x (char_fun A B)) (W x (char_fun A’ B)).
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5.6 Euclidean Division

Assume that P{x{ is a property of integers, satisfied by at least one element. Since the set
of integers is well-ordered, there is a smallest such element, hence x such that P(x) is false
and P(x + 1) is true, unless P(0) is true. We give two variants of this fact.

We also give a proof on the type nat. We show that if p(0) is false and p(Sn) is true for
some 7, negating the existence of x such that p(Sx) true and p(x) false is absurd. The double
negation axiom then shows that such an x must exist.

Lemma least_int_prop: forall prop:EP,

(forall x, prop x -> inc x Bnat) -> (exists x, prop x) ->

prop card_zero \/ (exists x, inc x Bnat & prop(succ x) & ~ prop x).
Lemma least_int_propl: forall prop:EP,

(forall x, prop x -> inc x Bnat) -> ~(prop card_zero) ->

(exists x, prop x) -> (exists x, inc x Bnat &prop(succ x) & ~ prop x).
Lemma least_int_propO: forall p:nat->Prop,

~(p 0) -> (exists x, p x) -> (exists x, p (S x) & ~ p x).

Theorem 1 [2, p. 176] says that, if b > 0, a and b are integers, there exist unique integers
q (called quotient) and r (called remainder) such that a = bg +r and r < b. We show that
the conditions are equivalent to bg < a < b(q+1) and r = a— bq. Thus g is the smallest
integer such that a < b(g + 1). This inequality is satisfied for g = a, this shows existence and
uniqueness of g.

Lemma division_prop_nat: forall a b q r, 0 <>b ->
(a=b*q+r & r<b) = (b*q <= a & a < bx (S q) &r =a - (b*xq)).
Lemma Ndivision_unique: forall a bqq’ r r’, 0 <> b —>
a=bxqgq+r >r<b->a=>bxq +r” ->r’<b->
Q=9 &r=1").
Lemma Ndivision_existence: forall a b, 0 <> b ->
exists q, exists r, (a=bx q+r & r < b).

In order to define the quotient and remainder, we must use the axiom of choice. We start
with the definition of the quotient and remainder for finite cardinals. If the remainder of the
division of a by b is zero we say that b divides a.

Definition division_prop a b q r :=

a = card_plus (card_mult b q) r & cardinal_1lt r b.
Definition card_rem a b:=

choose (fun r => inc r Bnat & exists q, inc q Bnat & division_prop a b q r).
Definition card_quo a b:=

choose (fun q => inc q Bnat & exists r, inc q Bnat & division_prop a b q r).
Definition Bnat_divides b a := card_rem a b = card_zero.

We prove again existence and uniqueness of the division; this shows that our definitions
make sense.

Lemma division_result_integer: forall a b g r, inc a Bnat-> inc b Bnat ->
b <> card_zero -> division_prop a b q r -> is_cardinal q —>

(inc q Bnat & inc r Bnat).

Lemma division_prop_alt: forall a b q r, inc a Bnat-> inc b Bnat ->
inc q Bnat-> inc r Bnat -> b <> card_zero —->
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division_prop a b q r = (cardinal_le (card_mult b q) a
& cardinal_lt a (card_mult b (succ q))
& r = card_sub a (card_mult b q)).

Lemma division_unique:forall a b q r q’ r’, inc a Bnat-> inc b Bnat ->
inc q Bnat-> inc r Bnat -> inc q’ Bnat-> inc r’ Bnat -> b <> card_zero ->
division_prop a b q r -> division_prop a b q’ r’ ->
(=9 &r=r).

Lemma division_exists:forall a b, inc a Bnat-> inc b Bnat ->
b <> card_zero -> exists q, exists r,
(inc q Bnat & inc r Bnat & division_prop a b q r).
Lemma Bnat_division: forall a b, inc a Bnat-> inc b Bnat -> b <> card_zero ->
(inc (card_rem a b) Bnat & (inc (card_quo a b) Bnat) &
(division_prop a b (card_quo a b) (card_rem a b))).

Note. Bourbaki says: the number g introduced above is the integral part of the quotient
of a by b, since in the set of rational numbers Q, there exists ¢ such that a = bc, and q is the
integral part of c. He reserves the term guotient only to the case where the remainder is zero.
Moreover he says “writing a/b or § will imply that b divides a”. This is an abuse of notations.
(It is all right to say that a < b implies that a and b are integers, because we can consider as a
short-hand for “a < band a € N and b € N”, but, if d(a, b) is the property that b divides a, and
q(a, b) is the quotient, then a/b cannot be a short-hand for “q(a, b) and d(a, b)” because this
expression makes no sense (it is neither a term nor a relation). Moreover, the convention is
not always respected since Bourbaki proves

i 1
i=-nn+1).
i1 2

Euclidean division is curiously defined in Coq. The following two lemmas say thatif b > 0,
then for every a we have {x : N|3y: N, Z} where Z is the division property a = bg + r and
r < b, and (x,y) is (g, r) or (r,qg). This expression is a type; from it one can extract q and the
associated property (namely that there is r such that 7).

(*
Lemma quotient :
forall n,
n>0 >
forall m:nat, {q : nat | exists r : nat, m=q *n +r /\ n > r}.
Lemma modulo :
forall n,
n>0 —>
forall m:nat, {r : nat | exists q : nat, m

g*n+r /\n>r}.

*)

Hence we provide the following definition. For simplicity, in the case b = 0, we shall use
b =1 instead (quotient one, remainder zero). However, we say that b divides a only when b
is non-zero.

Definition Nquo a b :=
cardinal_nat (card_quo (Ro (nat_to_B a))
(Yo (b = 0) card_one (Ro (nat_to_B b)))).
Definition Nrem a b :=
cardinal_nat (card_rem (Ro (nmat_to_B a))
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(Yo (b = 0) card_one (Ro (nat_to_B b)))).
Definition Ndivides b a:= 0 <> b & Nrem a b = 0.

Lemma Ndivision_exists: forall a b, 0 <> b ->
(a = bx (Nquo a b) + (Nrem a b) & (Nrem a b < b)).
Lemma Ndivision_pr: forall a bgq r, 0 <> b ->
a=bxq+r ->r<b->(=Nquo abé&r=DNrem a b).

Lemma Ndivision_pr_q: forall a b g r, 0 <> b ->
a=bxq+r->r<b->q=Nquo ab.

Lemma Ndivision_pr_r: forall a b g r, 0 <> b ->
a=bxq+r->r<b->r=Nrem ab.

All properties true for Nquo and Nrem are true for card_quo and card_rem. For this rea-
son, we shall only prove our theorems for the case of type nat.

Lemma nat_B_division: forall a b, 0 <> b ->
(nat_to_B (Nquo a b) = card_quo (nat_to_B a) (nat_to_B b) &
nat_to_B (Nrem a b) = card_rem (nat_to_B a) (nat_to_B b)).
Lemma nat_B_quo: forall a b, 0 <> b —>
nat_to_B (Nquo a b) = card_quo (nat_to_B a) (nat_to_B b).
Lemma nat_B_rem: forall a b, 0 <> b ->
nat_to_ B (Nrem a b) = card_rem (nat_to B a) (nat_to_B b).

Now some consequences when division is exact. Bourbaki says: every multiple a’ of a
multiple a of b is a multiple of b. One can restate this as: if b divides a, then b divides ac.

Lemma inc_quotient_bmnat:forall a b, inc a Bnat-> inc b Bnat -> b <> card_zero ->
inc (card_quo a b) Bnat.
Lemma inc_remainder_bmat:forall a b,
inc a Bnat-> inc b Bnat -> b <> card_zero ->
inc (card_rem a b) Bnat.

Lemma Ndivides_pr: forall a b,
Ndivides b a -> a = b * (Nquo a b).
Lemma Ndivides_prl: forall a b, 0 <> b -> Ndivides b (b *a).
Lemma Ndivides_pr2: forall a b g, 0 <> b ->
a=bx*xq ->q = Nquo a b.
Lemma one_divides_all: forall a, Ndivides 1 a.
Lemma Ndivides_pr3: forall a b q,
Ndivides b a -> q = Nquo a b -> a = b * q.
Lemma Ndivides_pr4: forall b g, 0 <> b —>
Nquo (b * gq) b = q.
Lemma Ndivision_itself: forall a, 0 <> a ->
(Ndivides a a & Nquo a a = 1).
Lemma Ndivides_itself: forall a, O <> a -> Ndivides a a.
Lemma Nquo: forall a, O <> a -> Nquo a a = 1.
Lemma Ndivision_of_zero: forall a, 0 <> a ->
(Ndivides a 0 & Nquo 0 a = 0).
Lemma Ndivides_trans: forall a b a’, Ndivides a a’-> Ndivides b a
-> Ndivides b a’.
Lemma Ndivides_transl: forall a b a’, Ndivides a a’-> Ndivides b a
-> Nquo a’ b = (Nquo a’ a) *(Nquo a b).
Lemma Ndivides_trans2: forall a b c,
Ndivides b a-> Ndivides b (a *c).
Lemma non_zero_mult: forall a b, 0 <> a -> 0 <> b -> 0 <> (ax*b).
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Lemma Nquo_simplify: forall a bc, 0 <>b ->0<>c —>
Nquo (a * ¢) (b * c) = Nquo a b.

If b divides a and &', it divides the sum and the difference.

Lemma card_quo_simplify: forall a b c,
inc a Bnat -> inc b Bnat ->inc c¢ Bnat -> b <> card_zero -> c <> card_zero
-> card_quo (card_mult a c) (card_mult b c) = card_quo a b.
Lemma divides_and_sum: forall a a’ b, Ndivides b a -> Ndivides b a’
-> (Ndivides b (a + a’) &
Nquo (a + a’) b = (Nquo a b) + (Nquo a’ b)).
Lemma distrib_prod2_sub: forall a b c, inc a Bnat -> inc b Bnat -> inc c Bnat
-> cardinal _le c b ->
card_mult a (card_sub b c) = card_sub (card_mult a b) (card_mult a c).
Lemma distrib_prod2_subN: forall a b c, c<= b->
a * (b-c) = (axb) - (a*c).

Lemma divides_and_difference: forall a a’ b, inc a Bnat-> inc a’ Bnat ->
inc b Bnat -> b <> card_zero -> cardinal_le a’ a ->
Bnat_divides b a -> Bnat_divides b a’
-> (Bnat_divides b (card_sub a a’) &
cardinal_le (card_quo a’ b) (card_quo a b) &
card_quo (card_sub a a’) b = card_sub (card_quo a b) (card_quo a’ b)).

5.7 Expansion to baseb

Proposition 8 [2, p. 177] is Let b be an integer > 1. For each integer k > 0 let Ey. be the
lexicographic product of the family (J,)o<n<k-1 Of intervals all identical with [0, b—1]; For each

k-1
r=(ro,71,...,Tk-1) € Eg, let fi.(r) = Z rhbk_h_l; then the mapping f is an isomorphism of
h=0
the ordered set Ej. onto the interval [0, b* —1]. Bourbaki notes that (if @ > 0) there is a least
integer k such that a < b* hence a unique sequence ry, such that

k-1
1) a=Y b1
h=0

subject to the conditions0<rp<b-1forO<h<k—-1and ry>0.

Discussion. We say that (1) is a BE-expansion, and it is a normalized expansion if either
k = 0 (the sum is empty) or ry > 0. The quantity ry, is the digit of index k, and rq is the leading
digit. We can restate the theorem as: every integer has an expansion to base b for some k,
and a unique normalized expansion. Two numbers expressed in base b with k digits can be
compared using only the value of the digits, starting with the leading digits. We can complete
the theorem as follows: one can add or remove zero leading digits in the expansion, hence
given two numbers with k and k' digits, one can add leading zeroes to smallest sequence,
then apply the theorem, or else remove leading zeroes in order to get normalized expansions,
and then the number that has the smallest number of digits is the smallest number.

Note that the conditions 0 < r;, and 0 < h are redundant, since negative integers have
not yet been introduced. The conditions can be restated as rj, < b for h < k, and the interval
[0, b —1] is the interval [0, b|, this is the set of all integers < b. The condition0<h < k-1
is equivalent to 0 < k— h—1 < k-1, and the sum can be rewritten as Z’,;;(l) Fi—p1b". If
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Sk = I't—h—1, We get

k-1
®) a=Y syb"

h=0
subject to the conditions 0 < s <b—-1for0< h < k—1 and si_; # 0 is the normalization
condition. We call this is LE-expansiorﬂAssociated to fi(r) is the function gg(s).

If y(s) is the sequence (s, ..., Sg), then

@) 8k+1 = So+ b.gr(W(s)

(Bourbaki has a similar formula with f and ¢). This is a recursive definition; one can convert
it into an iterative one: as long as there are digits, multiply by b and add the next digit. We
start with s;_; and terminate with sy. This means that we consider digits from left to right,
1o then rp, then ry, etc. This is called the Horner scheme for the formula (1), and is used by
every computer program to read numbers. If s is represented as a list, then s is the head of
the list and y(s) is its tail, and (3) is the natural way to associate a value to the list.

A consequence of (3) is that sp and gi(w(s)) are the remainder and quotient of the Eu-
clidean division of a by b, and this shows uniqueness by induction. Computers use this
method for printing numbers, i.e., finding the sequence s; given a; the number k is not
known a priori. In practice, one has either fixed-size numbers, say < 232, case where an apri-
ori bound can be found; or else a = 25_1 ShBh, for some B, case where k < nK for some n,
which is the size of the expansion of B in base b. The digits are computed one after the other,
stored in a buffer. After that, the number is normalized (useless zeroes are removed).

Assume s < b, s, < b; then so + bg < so + bg' if and only if either g = g’ and sp < s; or
g < g'. This condition is equivalent to (g, sy) < (g',sy), where (g, s) is in the substrate of
some lexicographic product Fj xJ of two sets. By induction, we can identify Fj with the set
of sequences (sy,...,S;). Because sy comes after g, this set is the lexicographic product in
reverse order of the sets J,. Thus, the ordering of the sequence ry, is the lexicographic product
of the sets J,.

Consider now the sequence ¥ (s) = (sp, ..., Sx-1), then

4) 8r+1 = 8 (5)) + sg.bF,

It happens that s and gx (‘Y (s)) are the quotient and remainder of the Euclidean division of
gr+1 by bF. This is an alternate way to show uniqueness of the expansion (one could use it to
print a number in a computer program, the drawback being that one has to compute all b*
in decreasing order). Note that spbk < i1 < (Sk+ 1)bk. This shows that two numbers with
distinct leading digits compare as their leading digits, and shows the theorem. We shall use
this approach since ¥ is just the restriction.

We define an expansion to be a family of k terms, all less than b, where k and b are inte-
gers, b = 2. The domain of the family is the interval [0, k[, it is the set of integers i with i < k.
The associated valueis ¥, f;b'. It is an integer. If we have an expansion of length k + 1, the re-
striction to [0, k[ is an expansion. The values are the same, up to the quantity fkbk . Similarly,
we can extend an expansion from size k to size k + 1.

Lemma b_power_k_large: forall a b, inc a Bnat -> inc b Bnat —>
cardinal_1t card_one b -> a <> card_zero -> exists Kk,
inc k Bnat & cardinal_le (card_pow b k) a
& cardinal_1t a (card_pow b (succ k)).

1 According to Wikipedia, little-endian storage means: increasing numeric significance with increasing mem-
ory addresses; big-endian is its opposite, most-significant byte first.
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Definition is_expansion f b k :=
inc b Bnat & inc k Bnat & cardinal_1lt card_one b &
fgraph f & domain f = interval_co_Oa k &
forall i, inc i (domain f) -> cardinal_1t (V i f) b.
forall i, inc i (domain f) -> cardinal_ 1t (V i f) b.

Definition expansion_value f b :=
cardinal_sum (L (domain f) (fun i=> card_mult (V i f) (card_pow b i))).

Lemma is_expansion_propO: forall f b k i,
is_expansion f b k -> (inc i (domain f)) = cardinal_lt i k.
Lemma is_expansion_propl: forall f b k i,
is_expansion f b k -> cardinal_1t i k -> inc (V i f) Bnat.
Lemma is_expansion_prop2: forall f b k, is_expansion f b k ->
finite_int_fam (L (domain f) (fun i=> card_mult (V i f) (card_pow b i))).
Lemma is_expansion_prop3: forall f b k, is_expansion f b k ->
inc (expansion_value f b) Bnat.
Lemma is_expansion_prop4: forall f b k, is_cardinal k ->
is_expansion f b (succ k) -> inc k Bnat.
Lemma is_expansion_prop5: forall f b k, is_cardinal k ->
is_expansion f b (succ k) ->
is_expansion (restr f (interval_co_Oa k)) b k.
Lemma is_expansion_prop6: forall f b k, is_cardinal k ->
is_expansion f b (succ k) -> inc (V k f) Bnat.
Lemma is_expansion_prop7: forall f b k, is_expansion f b (succ k) ->
is_cardinal k ->
(expansion_value f b) =
card_plus (expansion_value (restr f (interval_co_Oa k)) b)
(card_mult (V k f) (card_pow b k)).
Lemma is_expansion_prop8: forall f b k x,
let g:= L (interval_co_0Oa (succ k)) (fun i=> Yo (i=k) x (V i f)) in
is_expansion f b k >
inc x Bnat -> cardinal_ 1t x b ->
(is_expansion g b (succ k) &
expansion_value g b = card_plus (expansion_value f b)
(card_mult (card_pow b k) x)). (* 18 %)

We have ¥; fib' < b¥. As a consequence the quotient and remainder of the division of
Yick+1 fib? by b¥ are fi and ¥, f;b'. This shows uniqueness of the expansion. If a < b*
there is an extension of length k (proof by induction, the highest term is the quotient of the
division by b*~1). Since a < b?, there is at least one extension.

Lemma is_expansion_prop9: forall f b k, is_expansion f b k ->
cardinal_1t (expansion_value f b) (card_pow b k). (* 22 %)

Lemma is_expansion_propl0O: forall f b k, is_cardinal k ->
is_expansion f b (succ k) ->
division_prop (expansion_value f b) (card_pow b k) (V k f)
(expansion_value (restr f (interval_co_Oa k)) b).

Lemma is_expansion_unique: forall f g b k,
is_expansion f b k -> is_expansion g b k ->
expansion_value f b = expansion_value g b -> f = g. (* 32 %)

Lemma is_expansion_existsl: forall a b k, inc a Bnat -> inc b Bnat ->
cardinal_1t card_one b -> cardinal_1lt a (card_pow b k) ->
exists f, (is_expansion f b k & expansion_value f b = a).

Lemma is_expansion_exists: forall a b, inc a Bnat -> inc b Bnat ->
cardinal 1t card_one b -> exists k, exists f,
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(is_expansion f b k & expansion_value f b = a).

As a consequence Y.<+ fib' and ¥; i+, gib’ are in the same order as f; and gy if these
are different. Todo: state and prove a theorem that compares two arbitrary expansions.

Lemma is_expansion_propll: forall f g b k, is_cardinal k ->
is_expansion f b (succ k) -> is_expansion g b (succ k) ->
cardinal_1t (V k f) (V k g) ->
cardinal_1t (expansion_value f b) (expansion_value g b).

5.8 Combinatorial analysis

The next result is Proposition 9 [2} p. 179], known in French as the shepherd’s principle. If
f is a function from a set with cardinal a onto a set with cardinal b, and if all set f~!({x}) have
the same cardinal ¢, then a = bc. Bourbaki assumes f surjective; in fact if x is in the target but
not in the range, then ¢ = 0, and the source is empty.

Theorem shepherd_principle: forall f c, is_function f ->
(forall x, inc x (target f) -> cardinal (inv_image_by_fun f (singleton x))=c)
-> cardinal (source f) = card_mult (cardinal (target f)) c. (x 27 x)

5.8.1 Iterated functions

Note: all useful results of this section have been moved to section The remaining
trivial results are given without comment.

Definition function_on_nat f :=
fun m =>nat_to_B (f (cardinal_nat m)).

Lemma inc_function_on_nat_Bnat : forall f n,
inc (function_on_nat f n) Bnat.
Lemma function_on_nat_pr : forall f n,
cardinal_nat(function_on_nat f n) = f (cardinal_nat n).
Lemma function_on_nat_prl : forall f n,
function_on_nat f (nat_to_B n) = nat_to_B (f n).

5.8.2 Factorial

Bourbaki defines the factorial of n, denoted by n!, as ]_[ (i +1). If S is the successor func-

i<n
tion, this is IT/,(S), with the notations of page[104} it satisfies 0! = 1 and (n+ 1)! = n!(n + 1).
These two conditions characterize the function. We define the factorial function by induc-
tion, something that Bourbaki cannot do yet (defining a function by induction is introduced

in the next chapter).

Fixpoint factorial (n:nat) : nat :=
match n with

| 0=>1
| S p => (factorial p) * S p
end.

RR n° 7150



114 José Grimm

Lemma factorialO: factorial O = 1.
Lemma factoriall: factorial 1 = 1.
Lemma factorial2: factorial 2 = 2.

Lemma factorial_succ: forall n, factorial (S n) = (factorial n) * (S n).
Lemma factorial_nonzero: forall n, 0 <> factorial n.

Lemma factorial_prop: forall f, £ 0 =1 ->
(forall n, f (Sn) = (f n) * (Sn)) —>
forall x, £ x = factorial x.
Lemma factorial_propl: forall n, factorial n = fct_prod S n.

5.8.3 Number of injections

Proposition 10 [2} p. 170] says that the number of injections from a set with m elements
to a set with n elements is A, = n!/(n — m)!. Note that, if such an injection exists, we have
m < n; otherwise the number is zero. We first prove that the quantity is well-defined, since if
J <1, the product [] f; restricted to J divides the product [] f; restricted to J. In fact, in order
to show this, we have to prove some auxiliary facts (f; must be a non-zero integer, so that the
products are non-zero, etc). This requires 44 lines of proof, but proving by induction on ¢
that b! divides (b + ¢)! requires only 3 lines.

Thus, if m < n, then m! and (n — m)! divide #n!; it happens that the product of these two
numbers divides 7!, but such a result is generally false.

(*

Lemma divides_restriction_product: forall f x, fgraph f ->
(forall i, inc i (domain f) -> is_finite_c (V i f)) —>
(forall i, inc i (domain f) -> (V i f) <> card_zero) —>
is_finite_set (domain f) -> sub x (domain f) ->
Bnat_divides (cardinal_prod (restr f x)) (cardinal_prod f).

Lemma quotient_of_factorials: forall a b, inc a Bnat -> inc b Bnat ->
cardinal_le b a -> Bnat_divides (factorial b) (factorial a).

*)

Lemma quotient_of_factorials: forall a b, b <= a >
Ndivides (factorial b) (factorial a).

Lemma quotient_of_factorialsl: forall a b, b <= a —>
Ndivides (factorial (a - b)) (factorial a).

Consider an injective function f from A into B, which are sets with cardinals a and b,
we know a < b; since a is the cardinal of the image, the quantity b — a is the cardinal of the
complement of f(A) in B.

Lemma tack_on_nat: forall a b, is_finite_c (cardinal (tack_on a b)) ->
~ (inc b a) -> cardinal_nat (tack_on a b) = S (cardinal_nat a).

Lemma cardinal_complement_image: forall f, injective f ->
is_finite_set (target f) ->
(cardinal_le (cardinal (source f)) (cardinal (target f)) &
cardinal (complement (target f) (image_of_fun f)) =
card_sub (cardinal (target f)) (cardinal (source f))). (* 21 *)

We have A, (n — m)! = nl. From this we deduce A, (n—m) = Ay jm+1-
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Definition number_of_injections b a :=
Nquo (factorial a) (factorial (a - b)).

Lemma number_of_injections_pr: forall a b, b <=a —>
(number_of_injections b a) * (factorial (a - b))
= factorial a.

Lemma number_of_injections_rec: forall a b, b<a ->
(number_of_injections b a) * (a - b) =
number_of_injections (S b) a.

Lemma number_of_injections_base: forall a,
number_of_injections 0 a = 1.

The proof of the proposition is as follows. If m = 0, then A,,;;, = 1; and there is a unique
function from the empty set into E, this function is injective. Consider now A = A’u{a}, where
A’ has m elements. Let G; and G be the sets of injective functions from A and A’ to F, and
H; and Hj, their cardinals. By induction, using the recurrence formula for A,;;, we must show
H; = Ha(n— m). Given f € Gy, its restriction R(f) to A’ is obviously injective, hence is in G,.
Given f’in Gy, and b € F, there is a unique f with f' = R(f) and f(a) = b. This function is
an injection if and only if b is not in the range of f’. In other terms, f — f(a) is a bijection
from R™1({f}) onto the complementary of the range of f’ that has n— m elements. Hence
R f'}) has n— m elements; the conclusion follows from the shepherd’s principle.

Definition set_of_injections E F :=
Zo (set_of_functions E F) (fun z=> injective(inv_corr_value z)).

Lemma number_of_injections_prop: forall E F n m, (* 128 *)
cardinal E = nat_to_B n -> cardinal F = nat_to_ Bm -> n <=m ->
cardinal (set_of_injections E F) = nat_to_B(number_of_injections n m).

An injection from E into itself is a bijection when E is finite. Since A, = n!, we deduce
that n!is the number of permutations of E.

Definition set_of_permutations E :=
(Zo (set_of_functions E E)(fun z=> bijective(inv_corr_value z))).

Lemma number_of_permutations: forall E n, cardinal E = nat_to_B n ->
cardinal (set_of_permutations E) = nat_to_B (factorial n).

5.8.4 Number of coverings

Proposition 11 [2} p. 180] says that if E is a set with 7 elements, n = }_ p;, the number of
coverings by mutually disjoint sets (X;); of E such that Card(X;) = p; is n!/(I] p;!). By abuse of
language, we shall call this a partition of E (the abuse is that X; is required to be non-empty
for a partition, and also that, in the first Chapter, we defined the set of partitions of E as a
subset of P(P(E)). Here we consider functions, i.e., a subset of & (I,*P(E)). For Bourbaki,
the index set I is the interval [1, h] but any finite set could be used instead. The “number of
objects such that Q” is the cardinal of the set of objects such that Q, and we first exhibit this
set. The proof of the proposition will show that B(p;) = n!/[] p; is well defined. The quantity
B(p1, p2) is called the binomial coefficient; it satisfies B(p+1,9) + B(p,g+1) =B(p+1,q+1)
hence is an integer (this is Proposition 13), so that B(p;) is an integer, by induction on the
number of p; (for instance B(p, p2, p3) = B(p1 + p2, p3)B(p1, p2)). The proof given here is not
by induction. It is a rather long (over 500 lines).
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In the definition that follows, p is the sequence of integers p;, E is the base set, f is the
function i — X; and z is the value of the function (as a set). Assume that Card(E) = }_ p;. This
means that we have a bijection f from the disjoint union of p; to E. Let F; = p; x {i}; the
source of f is the union of these F; whose cardinal is the same as the cardinal of p; which
is p;. We pretend that f(F;) and F; have the same cardinal. Thus, if P denotes the set of
partitions of E with p; elements, P is non-empty since i — f(F;) belongs to P.

Definition partition_with_pi_elements p E f :=
is_function f & source f = domain p &
(forall i, inc i (domain p) -> cardinal (Wi f) =V i p) &
partition_fam (graph f) E.

Definition set_of_partitions p E :=
Zo(set_of_functions (domain p) (powerset E))
(fun z=> partition_with_pi_elements p E (inv_corr_value z)).

Lemma equipotent_restriction: forall f x,
sub x (source f) -> bijective f ->
equipotent x (image_by_fun f x).

Lemma mutually_disjoint_prop: forall f,
(forall i j y, inc i (domain f) -> inc j (domain f) -> i<> j ->
inc y (Vi £f) -> inc y (V j f) -> False) —>
mutually_disjoint f.

Lemma mutually_disjoint_propl: forall f, is_function f ->
(forall i j y, inc i (source f) -> inc j (source f) ->
incy (Wi f) ->incy (W j£f) -> i=j) >
mutually_disjoint (graph f).

Lemma number_of_partitionsl: forall p E,
finite_int_fam p -> cardinal_sum p = cardinal E ->
nonempty (set_of_partitions p E). (x 28 *)

Define Q(E) to be the set of permutations of E. Assume g € Q(E). Denote by w(p,E, f, g)
the mapping i — g(E;); it belongs to P (same argumentation as before). Thus we have a
function ¢ : g— w(p,E, f, g), from Q to P. We pretend this is surjective (lemma 4) (if X; is a
partition with p; elements, then F; is equipotent to X;; this gives a bijection h; from F; to X;,
hence a function g; that extends h;, with target E, and a function g that coincides with g; on
F;).

Definition set_of_partitions_aux p E f g:=
BL (fun i => image_by_fun (inv_corr_value g) (W i £f))
(domain p) (powerset E).
Lemma number_of_partitions2: forall E p f g,
inc g (set_of_permutations E) ->
(transf_axioms (fun i => image_by_fun (inv_corr_value g) (W i £))
(domain p) (powerset E)).

Lemma number_of_partitions3: forall p E f g, (* 29 %)
finite_int_fam p -> cardinal_sum p = cardinal E ->
partition_with_pi_elements p E £ -> inc g (set_of_permutations E) ->
inc (corr_value (set_of_partitions_aux p E f g)) (set_of_partitions p E).
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Lemma number_of_partitions4: forall p E £,
finite_int_fam p -> cardinal_sum p = cardinal E ->
partition_with_pi_elements p E £ ->
surjective (BL (fun g => corr_value (set_of_partitions_aux p E f g))
(set_of_permutations E) (set_of_partitions p E)). (x 78 *)

This function ¢ is not injective: lemma 5 says ¢p(g) = ¢(h) if and only if ™! o g is a bijec-
tion that leaves each f (i) invariant. Fix h; for each g and i, the restriction w; of h™'og to f(i)
can be considered as a function from f(i) to itself; it is in fact a bijection, hence the family
(w;); is an element of the product of the sets Q(f(i)) (this is lemma 6).

Consider now the function @ that associates to each permutation k of E the family of
restrictions to A; = f(i). If k leaves A; invariant, the restriction of k to A; is a bijection, so
that, if we consider as target of @ the product of the permutations of A;, ® is well-defined
for h 1o g, foreach ge (p_l ({h}). This is a bijection (lemma 7). The main result follows: the
target of ® has cardinal [] p;!; the source of @ is ¢~ ({h}) if we take k = h~! o g; it then suffices
to apply the shepherd’s principle.

Lemma number_of_partitions5: forall p E f g h,
finite_int_fam p -> cardinal_sum p = cardinal E ->
partition_with_pi_elements p E £ ->
inc h (set_of_permutations E) -> inc g (set_of_permutations E) ->
(set_of_partitions_aux p E f g = set_of_partitions_aux p E £ h) =
(forall i, inc i (domain p) -> image_by_fun (compose (inverse_fun
(inv_corr_value h)) (inv_corr_value g)) (Wi £f) = (Wi £f)). (x 43 %)

Lemma number_of_partitions6: forall p E £ h, (* 33 %)
finite_int_fam p -> cardinal_sum p = cardinal E ->
partition_with_pi_elements p E £ —>
inc h (set_of_permutations E) ->
transf_axioms (fun g=> L (domain p) (fun i=> corr_value (restriction2
(compose (inverse_fun (inv_corr_value h)) (inv_corr_value g))
Wif) Wif)))
(Zo (set_of_permutations E)
(fun g => (set_of_partitions_aux p E f g = set_of_partitions_aux p E f h)))
(productb (L (domain p)(fun i=> (set_of_permutations (W i £))))).
Lemma number_of_partitions7: forall p E £ h, (* 148 %)
finite_int_fam p -> cardinal_sum p = cardinal E ->
partition_with_pi_elements p E £ ->
inc h (set_of_permutations E) ->
bijective(BL (fun g=> L (domain p) (fun i=> corr_value (restriction2
(compose (inverse_fun (inv_corr_value h)) (inv_corr_value g))
Wif) Wif)))
(Zo (set_of_permutations E)
(fun g => (set_of_partitions_aux p E f g = set_of_partitions_aux p E £ h)))
(productb (L (domain p)(fun i=> (set_of_permutations (W i £)))))).

We give here the long and the short version of the theorem.

Definition factorialC n := nat_to_B (factorial (cardinal_nat n)).
Theorem number_of_partitions: forall p E,
finite_int_fam p -> cardinal_sum p = cardinal E ->
let num:= factorialC (cardinal E) in
let den := cardinal_prod (L (domain p) (fun z => factorial (V z p)))
in (num = card_mult (cardinal (set_of_partitions p E)) den &
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is_finite_c num & is_finite_c den & den <> card_zero &
is_finite_set (set_of_partitions p E)). (* 55 %)

Theorem number_of_partitions_bis: forall p E,
finite_int_fam p -> cardinal_sum p = cardinal E ->
cardinal (set_of_partitions p E) =
card_quo (factorialC (cardinal E))
(cardinal_prod (L (domain p) (fun z => factorialC (V z p)))).

We now restate our theorem replacing the functional graph p by a list g of integers. Note
that p appears four times; so that we must (1) convert our list g into a finite family of integers,
(2) relate the sum of g; with the sum of p;, (3) relate the product of g;! with the product of
the p;! and finally (4) define the set of partitions with g; elements.

Consider point (4). A partition with p; elements is a function f whose graph F satisfies
the property to be a partition, such that that f(i) has p; elements for each i. Given a list L
and a function f, we can define f (L) by induction; if f is the card function, we can consider
a list of sets L such that f(L) = g, and call this a list of sets of cardinal q. We can define by
induction the union of the list, hence consider L as a covering of E by sets with cardinal q.

5.8.5 The binomial coefficient

We define here by induction a function, called the binomial coefficient, satisfying

(Z - (p31)=0 (Zﬂ):(PZI)+(Z)

n) (n) (n+1) nn+1)
= ]_, =n, =
0 1 2 2

Fixpoint binom (n p:nat) {struct n} : nat :=
match n, p with

We show here

| 0, 0 =>1

| 0, Sm=>0

| Sq, 0 =>1

| Sq, Sm=> (binom q (S m)) + (binom q m)

end.

Lemma binomO: forall n, binom n O = 1.

Lemma binoml: forall n, binom n 1 = n.

Lemma binom2a: forall n, 2*(binom (S n) 2) =n * S n.
Lemma binom2: forall n, binom (S n) 2 = Nquo (n * S n) 2.

Let f(n, p) be the product of the binomial coefficient by p!(n— p)!. Note thatif p > n, n—pis
zero by convention and (n — p)! is one. We have then (n—p)! =if(p<n,n—-p,1).(n—(p+ 1)\
This gives us an induction property for f, from which we deduce f(n, p) =if(p < n, n!,0).

Lemma binom_alt_pr: forall n m,
(binom n m)* (factorial m) * (factorial (n-m)) =
if(le_1t_dec m n) then (factorial n) else O.

INRIA



Bourbaki: Theory of sets in Coq, II 119

Eliminating if gives now the following

n n n! n
= =———whenps<n =0when p > n.
(P) (”—P) pl(n—-p)! (P)

Moreover division is exact. Proposition 13 [2} p. 181] is the following relation, which is true

by definition:
n+1 n n
= +| ]
(’” 1) (’” 1) (’7)

Lemma binom_pr: forall n p, p <=n —>
Ndivides ((factorial p) * (factorial (n- p))) (factorial n).
Lemma binom_prO: forall n p,
p>n -> binom n p = O.
Lemma binom_prl: forall n p,
p<=n -> binom n p = Nquo (factorial n) ( (factorial p) * (factorial (n -p))).
Lemma binom_pr2: forall n p,
(binom (n+1) (p+1)) = (binom n (p+1)) + (binom n p).
Lemma binom_symmetric:forall n p, p <=n ->
binom n p = binom n (n -p).

Consider a set E with n elements, and the set of all subsets A of E with p elements; we
shall denote this by Q, (E), or simply Q. If p > n this set is empty. We assume here p < n. If A
is a subset of E with p elements, then E—A has n— p elements; these two sets form a partition
of E with (p;) elements, where the family (p;); is formed of p and n — p. We restate this as:
(X;); — X1 is a bijection from the set of partitions of E with (p;) elements onto Q. Thus,
these sets have the same cardinal, the quotient of n! and the product of the (p;!);, which is
p!(n— p)!. Note that A— E — A is a bijection from Q,, to Q.

The last theorem given here has the following form: if » and p are two natural numbers
with p < n, if Card(E) = A (n) and if d is p!(n — p)!, then Q_y () (E) is finite, d # 0 and n! =
d - card(Q_y (p) (E)).

Definition subsets_with_p_elements p E:=
Zo (powerset E)(fun z=> cardinal z =p).

Lemma binomiall: forall n p, inc n Bnat -> inc p Bnat ->
cardinal_le p n -> finite_int_fam (Lvariantc p (card_sub n p)).
Lemma binomial2: forall n p, inc n Bnat -> inc p Bnat ->
cardinal_le p n -> cardinal_sum (Lvariantc p (card_sub n p)) = n.
Lemma cardinal_complement: forall A E, sub A E —>
card_plus (cardinal A) (cardinal (complement E A)) = cardinal E.
Lemma cardinal_complementl:forall n p E A, inc n Bnat -> inc p Bnat ->
cardinal E = n -> cardinal A = p -> sub A E >
cardinal (complement E A) = card_sub n p.
Lemma binomial3: forall n p, inc n Bnat -> inc p Bnat ->
cardinal_le p n -> let pp:=Lvariantc p (card_sub n p) in
cardinal_prod (L (domain pp) (fun z => factorialC (V z pp))) =
card_mult (factorialC p) (factorialC (card_sub n p)).
Lemma subsets_with_p_elements_pr: forall n p E, inc n Bnat -> inc p Bnat >
cardinal E = n ->
cardinal (set_of_partitions (Lvariantc p (card_sub n p)) E) =
cardinal (subsets_with_p_elements p E). (x 58 x)
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Lemma binomial4: forall n p E, inc n Bnat -> inc p Bnat ->cardinal_le p n —>
cardinal E = n -> let num:= factorial n in
let den := card_mult (factorialC p) (factorialC (card_sub n p))
in (num = card_mult (cardinal (subsets_with_p_elements p E)) den &
is_finite_c num & is_finite_c den & den <> card_zero &
is_finite_set (subsets_with_p_elements p E)).
Lemma bijective_complement: forall n p E, inc n Bnat -> inc p Bnat -> (* 25 *)
cardinal_le p n -> cardinal E = n —>
bijective(BL (fun z => complement E z)
(subsets_with_p_elements p E) (subsets_with_p_elements (card_sub n p) E)).

Lemma binomialb: forall n p E, p<= n -> cardinal E = nat_to_B n ->
let num:= factorial n in
let den := (factorial p) * (factorial (n - p)) in
let swp := subsets_with_p_elements (nat_to_B p) E in
(num = (cardinal_nat swp) * den & O <> den & is_finite_set swp).

We restate the previous result as: if Q, (E) is the set of subsets A of E with CardA = A (p),
then Card(Q, (E)) = A ().

Theorem binomial7: forall n p E, cardinal E = nat_to_B n ->
cardinal (subsets_with_p_elements (nat_to_B p) E) = nat_to_B(binom n p).

We have Y-, (Z) = 2" (this is Proposition 12 [2} p. 181]). The sum is over all p with p < n;
implicitly, in Bourbaki the sum is over all integers, with the convention that the coefficients of
the binomial with p > n are zero. We give two proofs for the same theorem. We first consider
the relation } Card(Q(E)) = A (X (Z)). The sets (Qp,(E) are mutually disjoint and the union
is the powerset of E whose cardinal is 2" (every subset of E has a cardinal p with p < n). The
second proof is by induction on n. Let B, be the function p — (Z) We have

*) Y Buri(p) =By 0+ Y Bu(p+1).

p<n+1l p<n

We have } B,+1(p+1) =Y B,(p+1) + Y B,(p) since the relation is true (without the }) by
definition. By induction, the second sum is 2"*; applying (*) with n instead of 7+ 1 shows that
the first sum is 2" (modulo the additional term, the conclusion follows because B;;1(0) =
B, (0)).

Lemma sum_of_binomial: forall n, inc n Bnat ->
cardinal_sum (L (interval_Bnat card_zero n)
(fun p => nat_to_B(binom (cardinal_nat n) (cardinal_nat p)))) =
card_pow card_two n. (x 31 *)

Lemma sum_of_binomiall: forall n,

fct_sum (fun p => binom n p) (S n) = pow 2 n.
Lemma sum_of_binomial2: forall n,

fct_sum (binom n) (S n) = pow 2 n.

We show here that 2n = n+ n, hence 2+2 = 2.2 = 4 and 2* = 42,

Lemma two_plus_two: card_plus card_two card_two = card_four.

Lemma two_times_n: forall n, card_mult card_two n = card_plus n n.

Lemma two_times_two: card_mult card_two card_two = card_four.

Lemma power_2_4: card_pow card_two card_four = card_pow card_four card_two.
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5.8.6 Number of increasing functions

Consider two finite totally ordered sets E and F. Denote by .#(E,F) the set of strictly
increasing mappings from E into F. We pretend that

Card(#(E,F)) = (Z) if Card(E) = p and Card(F) = n.

The idea is that the mapping f — R(f) is a bijection from . (E, F) onto the set of subsets with
p elements of F, where R(f) denotes the range of f. We consider Theorem 3 (§ 2, no. 5), or
its variant that says that if E and X are two finite equipotent totally ordered sets, there is a
unique order isomorphism from E onto X. We can extend this isomorphism into a strictly
increasing function E — F. Conversely, if f and f’ are two strictly increasing mappings, with
the same range, if f = io g and f’ = i o g’ are the canonical decompositions of the functions,
where i is the canonical injection from the common range to F, then g and g’ are bijections,
and equal by uniqueness.

Lemma cardinal_set_of_increasing_functionsl: forall r r’ f,
total_order r -> strict_increasing fun f r r’ ->
(order_morphism f r r’ & cardinal (substrate r) = cardinal (image_of_fun f)).

Lemma cardinal_set_of_increasing_functions2: forall r r’,
total_order r -> total_order r’ ->
is_finite_set (substrate r) -> is_finite_set (substrate r’) ->
bijective(BL (fun z => range (graph (inv_corr_value z)))
(Zo (set_of_functions (substrate r) (substrate r’))
(fun z=> strict_increasing fun (inv_corr_value z) r r’))
(subsets_with_p_elements (cardinal (substrate r)) (substrate r’))). (x 87 *)

Lemma cardinal_set_of_increasing_functions: forall r r’ n p,
total_order r -> total_order r’ ->
cardinal (substrate r) = nat_to_ B p ->
cardinal (substrate r’) = nat_to_ B n —>
cardinal (Zo (set_of_functions (substrate r) (substrate r’))
(fun z => strict_increasing_fun (inv_corr_value z) r r’)) =
nat_to_B(binom n p).

We give here a characterisation of increasing (and strictly increasing) functions whose
source is a segment of N. Let E be an ordered set, assume f(x) € E for x < p. Assume f(x) <g
f(x+1)for x < p. Then f(x) <g f(y) whenever x < y < p (we write y = x+c and use induction
on c¢). Thus, if g is a mapping [0, p] — E, then g is increasing (resp. strictly increasing and
injective) if g(x) =g g(x+1) (resp. g(x) <g g(x+1)) for x < p.

Lemma increasing_propl : forall p f r, inc p Bnat -> order r —>
(forall i, cardinal_le i p -> inc (f i) (substrate r)) ->
(forall n, cardinal_1t n p -> gle r (f n) (f (succ n))) ->
(forall i j, cardinal_le i j -> cardinal_le j p ->

gle r (f 1) (£ j)).

Lemma strict_increasing prop : forall p f r, inc p Bnat -> is_function f ->
source f = interval_co_Oa (succ p) -> order r -> substrate r = target f ->
(forall n, cardinal ltnp -> gltr (Wn £f) (W (succ n) £)) ->
(injective f &

strict_increasing_fun f (interval_Bnato card_zero p) r).
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Lemma increasing_prop : forall p f r, inc p Bnat -> is_function f ->
source f = interval_co_Oa (succ p) -> order r -> substrate r = target f ->
(forall n, cardinal lt np ->gler (Wn £f) (W (succ n) £)) ->
increasing_fun f (interval_Bnato card_zero p) r.

Assume now f(x) is an integer, f(x) < f(y) for x < y < p. Then x < f(x) for x < p, by in-
duction on x. The function i — f(i) — i is decreasing, according to the previous result. De-
note by I, the interval [0, p[. Assume f maps I, into I,;,. When i < p we have f(i) —i <
flp—=1—-(p—-1)<n+p-p+1,hence f(i)—iel,;.

Lemma strict_increasing_propl: forall f p,
inc p Bnat -> (forall i, cardinal_lt i p -> inc (f i) Bnat)
-> (forall i j, cardinal_lt i j -> cardinal_1lt j p ->
cardinal_1t (£ i) (f j)) —->
(forall i, cardinal_lt i p -> cardinal_le i (f 1i)).

Lemma strict_increasing_prop2: forall f p,
inc p Bnat -> (forall i, cardinal_lt i p -> inc (f i) Bnat)
-> (forall i j, cardinal 1t i j -> cardinal 1t j p ->
cardinal_1lt (f i) (f j)) ->
(forall i j, cardinal_le i j -> cardinal_lt j p ->
cardinal_le (card_sub (f i) i) (card_sub (f j) j)). (x 31 %)
Lemma strict_increasing_prop3: forall f p n,
inc p Bnat -> inc n Bnat -> (forall i, cardinal_1lt i p -> inc (£ i) Bmat)
-> (forall i j, cardinal 1t i j -> cardinal_1lt j p —->
cardinal_1t (f i) (f j)) ->
(forall i, cardinal_lt i p -> cardinal_1t (f i) (card_plus n p)) ->
(forall i, cardinal_1lt i p -> cardinal_le (card_sub (f i) i) n).

Denote by </ (E, F) the set of increasing mappings from E into F. If f is a mapping, denote
by s(f) the mapping i — f(i) —i. We have show that s is a mapping from #(I,1,+,) into
o (Ip,1,41). We pretend that it is a bijection. In fact, it is rather easy to show that the inverse
mappingis a(f):i— f(i)+i. If f is increasing, then a(f) is strictly increasing, and if f(i) < n
for i < p, then f(i) +i < n+ p. The two sets being equipotent, we get

Card(s/ (I, Ls1)) = Card(# (L, Ls ) = (”;p )

Lemma cardinal_set_of_increasing_functions3: forall n p,
let r:= interval_Bnatco (nat_to_B p) in
let r’:= interval_Bnato card_zero (nat_to_B n) in
cardinal (Zo (set_of_functions (substrate r) (substrate r’))
(fun z => increasing_fun (inv_corr_value z) r r’)) =
nat_to_B(binom (n+p) p). (169 *)

Consider now two finite totally ordered set E and F. We pretend

+p-

Card(«f (E,F)) = (n 1) if Card(E) = p and Card(F) = n.

If n = p =0, it is understood that n + p — 1 = 0, the binomial coefficient is one, and we have
only one function, namely the empty function fom E into F. If n = 0 and p > 0 the binomial
coefficient is zero, F is empty, and there is no function E — F. Consider now n > 0. There is
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a unique order isomorphism f between between E and [0, p[, and g between F and [0, n—1].
Assume h : E — F increasing. Then goho f -1.70, pl— [0, n[. We state a first result that says
that the composition of two increasing functions is increasing, then a result that says that
the composition of three functions is increasing if two of them (say g and f!) are strictly
increasing and the middle one (say h) is increasing. Now, if k= goho f~' wehave h =g 'o
ko f, so that h is increasing if and only if k is increasing. This gives an isomorphism between
</ (E,F) and &/ (I, I,).

Lemma increasing_compose: forall f gr r’ r’’,
increasing_fun f r r’ -> increasing _fun g r’ r’’ ->
(composable g f &
(forall x, inc x (source f) -> W x (compose g £) =W (Wx £f) g) &
increasing_fun (compose g f) r r’’).

Lemma increasing_composed: forall f gh r r’ r’’ r’’’,
strict_increasing fun f r r’ -> increasing_fun g r’ r’’ ->
strict_increasing _fun h r’’ r’’’ ->
let res:= compose (compose h g) f in

(inc (corr_value res) (set_of_functions (source f) (target h)) &
(forall x, inc x (source f) -> Wxres =W (W (Wx £f) g) h) &
increasing_ fun res r r’’’).

Lemma cardinal_set_of_increasing_functions4: forall n p r r’,
total_order r -> total_order r’-> cardinal (substrate r) = nat_to_B p ->
cardinal (substrate r’) = nat_to_B n ->
cardinal (Zo (set_of_functions (substrate r) (substrate r’))
(fun z => increasing_fun (inv_corr_value z) r r’)) =
nat_to_B(binom (n+p-1) p). (* 105%)

We compute now the number a;, of pairs (i, j) such that 1 <i < j < n, and the number
b,, of pairs satisfying 1 < i < j < n. This is the number of increasing (resp. strictly increas-
ing) mappings of a set with two elements into the interval [1, n], which has n elements. Our
previous results show

_n(n+1)_ n+1 b _n(n—l)_ n
"2 T2 "2 T 2)

The Bourbaki proof of these relations (Proposition 14 [2] p. 181]) is different. He notices that
an,=bp+nsincei < jisequivalenttoi < jori< j.Asubsetof [1,n] is of cardinal two if and
only if it is a doubleton {i, j} with i # j, and we may assume i < j; hence b, is the number of
subsets of cardinal two of [1, n]. The link between a,, and b, is given by the following trivial

relation:
(n+1) nn+1) (n)
=—-= +n
2 2 2

Lemma binom_2plus: forall n, binom (S n) 2 = Nquo(n *(S n)) 2.
Lemma binom_2plus0O: forall n, binom (S n) 2 = (binom n 2) +n.

Lemma set_of_card_two: forall x, cardinal x = card_two ->
exists u, exists v, u<>v & x = doubleton u v.
Lemma cardinal_pairs_lt: forall n,
cardinal (Zo (product Bnat Bnat)
(fun z=> cardinal_le card_one (P z) &
cardinal_1t (P z) (Q z) & cardinal_le (Q z) (nat_to_B n)))=
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nat_to_B (binom n 2). (* 56 %)
Lemma cardinal_pairs_le: forall n,
cardinal (Zo (product Bnat Bnat)
(fun z=> cardinal_le card_one (P z) &
cardinal_le (P z) (Q z) & cardinal_le (Q z) (nat_to_B n)))=
nat_to_B (binom (S n) 2). (x 38 %)

A corollary is the following formula

L . _nn+1) (n+l
ZV_ 2 _(2 )

We shall give different variants. Denote this by s,. We have consider s,—; = 2/, (I) where I
is the identity function; remember that ¥, is the sum for 0 < i < n; adding i = 0 does not
change the sum. The proof by induction fits on a line. We consider then f/n which is the sum
in reverse order. This is Z;l(n —i-1). Thus 2s,,_1 = Z’n(n —1) = n(n—1). The proof needs 8
lines. Finally, we shall give the proof of Bourbaki: we have s, = a;, where a, is the cardinal
of the set E of all pairs (i, j) with 1 <i < j < n, since E is the union of the sets [1, j] x {j}, i.e.,
the disjoint union of the intervals [1, j], which are of cardinal j.

Lemma fct_sum_constl: forall f n m, (forall i, i<n -> f i = m) ->
fct_sum f n = n *m.

Lemma sum_of_i: forall n, fct_sum (fun i=> i) n = binom n 2.

Lemma sum_of_i2: forall n,
cardinal_sum (L (interval_Bmat card_one (nat_to_B n)) (fun i=>i)) =
nat_to_B(binom (S n) 2). (* 26 *)

5.8.7 Number of monomials

Consider a set E, a law of composition of E, and elements x, y, z, etc, of E. Consider a
combination of these variables, where x appears 3 times, z appears twice and y appears once.
If the law is associative and commutative, the combination is equal to x- (x- (x- (y - (z- 2)))).
This is called a monomial, and denoted by x®yz?. The total number of terms (here six) is
called the degree. Assume that we have a second law of composition a + b, and that the
usual rules apply. This means that (a + b)" can be expanded as sum monomials: (a+ b)" =
2 Yij a'b’. It happens that y; ji= (?) if i + j = n (this is the explanation of the term “binomial
coefficient”). More generally, (¥ x;)" = Yes, I'1x!, where I is a mapping i — n;, x' denotes
the monomial x{l lxgz -~~xZ” . The total degree of the monomial is )" n; = n. Takinga=b=1,
gives ¥, () = 2". Taking a = —1 and b = 1 gives ¥ ,,(~1)”(},) = 0 (The first result has already
been proved, the second is the object of Exercice 5.2). We have also } g, I't = p” (it can be
shown, by induction of the number of variables, that I'; is the number of coverings of a set
with n elements by subsets with n; elements). The cardinal of the set S, is the object of the
next theorem. We compute it by induction on both n and p.

Let E be a set with & elements, A,, and B,, be the sets of functions u with Yieru(i) <n
and ) ;cg u(i) = n respectively. Let A,;;, and B,,;, the cardinals of these sets. Proposition 15 [2,

p. 182]) says
n+h B, — n+h-1
h T p-1 )

We have A, = By, +A,_1,p, since A, is the disjoint union of B,, and A,,_; (one difficulty of
the proof is that Bourbaki has not yet defined the set of integers; as a consequence, he adds

App =
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the condition that the target of u is the interval [0, n], hence A,_; is not a subset of A; it is
nevetheless isomorphic to the complement of B,, in A,,). If x ¢ E, every function u such that
> u(i) < n can be uniquely extented to E U {x} in such a way as }_;cg, u(i) = n. This gives
By, h+1 =App. The formulas follows by induction (they are trivial for & =0 and n = 0).

Definition set_of_functions_sum_le E n:=
Zo (set_of_functions E (interval_Bnat card_zero n))
(fun z=> cardinal_le(cardinal_sum (P z)) n).

Definition set_of_functions_sum_eq E n:=
Zo (set_of_functions E (interval_Bnat card_zero n))
(fun z=> (cardinal_sum (P z)) = n).

Lemma set_of_functions_sumO: forall f,
(forall a b, inc (f a b) Bnat) ->
(forall a, f 0 a = card_one) ->
(forall a , f a 0 = card_one) ->
(forall a b, £ (S a) (S b) = card_plus (f (S a) b) (£ a (S Db))) ->
forall a b, f a b = nat_to_B(binom (a+b) a).

Lemma set_of_functions_suml: forall E x n,
inc n Bnat -> is_finite_set E -> ~ (inc x E) ->
equipotent (set_of_functions_sum_le E n)
(set_of_functions_sum_eq (tack_on E x) n). (x 102 % )

Lemma set_of_ functions_sum2: forall E n,
inc n Bnat -> is_finite_set E ->
equipotent (complement (set_of_functions_sum_le E (succ n))
(set_of_functions_sum_eq E (succ n)))
(set_of_functions_sum_le E n). (* 106 *)
Lemma set_of_functions_sum3: forall E,
cardinal (set_of_functions_sum_le E card_zero) = card_omne. (*x 32 *)
Lemma set_of_functions_sum4: forall n, is_cardinal n->
cardinal (set_of_functions_sum_le emptyset n) = card_omne.

Lemma set_of_functions_sum_pr: forall n h,
let intv:= fun h => (interval_co_Oa (mat_to_B h)) in
let sle:= fun n h => set_of_functions_sum_le (intv h) (nat_to_B n) in

let seq := fun n h => set_of_functions_sum_eq (intv h) (nat_to_B n) in
let A:= fun n h => cardinal (sle n h) in
let B:= fun n h => cardinal (seq n h) in

(Anh= Bn (Sh) & Anh = nat_to_B(binom (n+h) n)). (* 118 %)

We give now a variant of the theorenﬂ We pretend that the number of functions y de-
fined on [0, p] with values in [0, 7] and such that ¥ y; < n is Ap ps1 = (”;f;l). This is the
previous result for 1 = p +1 (if h = 0, there is a unique function defined on a set with & el-
ements, the empty function, and the sum is zero). The quantity A, ;1 is the number of
subsets of [0, n+ p] with p + 1 elements. Consider the sequence x;, defined by induction (see
next chapter) via xp = yp and x;4+1 = yi+1 + x; + 1. All we have to to is prove that the map-
ping y — {xo, X1,..., Xp} is bijective (as a function with values in the subset of ([0, n + pI)
formed of sets with p + 1 elements). The idea is that the function x is stricly increasing,

and uniquely defined by its range. Since A, ,+1 is the number of stricly increasing functions

2Suggested by Jean-Baptiste Pomet
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[0, p] — [0,n + p]; all we have to to is to prove that the mapping y — x is a bijection (as a
function into .# ([0, p], [0, n + p]).

The inverse mapping of y — x is defined by y;41 = x;+1 — (x; + 1). It is easier to consider
Yi+1 = Zi+1 — Zi, where z; = x; — i. It happens that z; is the sum of the restriction of y to the
interval [0, i] (there is no need to define it by induction) and is obviously increasing. Since
Ay p+1 is the cardinal of </([0, p], [0, n]), the set of increasing functions [0, p] — [0, n], all we
have to do is show that y — z is a bijection Cp;, — C;m where Cp, is the set of functions
¥:10, p] — [0, n] such that }_ y; < nand C;m =4 ([0, p], [0, n]). We first show that A, 1 is the
cardinal of Cj,,,.

Definition set_of_functions_sum_le_int p n :=
set_of_functions_sum_le (interval_Bnat card_zero p) n.

Definition set_of_increasing_functions_int p n :=
(Zo (set_of_functions (interval_Bnat card_zero p) (interval_Bnat card_zero n))
(fun z => increasing_ fun (inv_corr_value z)
(interval_Bnato card_zero p)
(interval_Bnato card_zero n))).

Lemma card_set_of_increasing_functions_int : forall p n,
cardinal (set_of_increasing functions_int (nat_to_B p)(nat_to_B n)) =
nat_to_B(binom (n+p+1) (p+1)).

IfR(f, i) denoted the restriction of the function f to the interval [0, i] we have R(R(f, i), j) =
R(f,j) if j = i. If S(f,i) is the sum of the restrition of R(f,i) we have S(f,0) = f(0) and
S(f,i+1)=f(i+1)+S(f,i).

Lemma double_restrc: forall f n p, fgraph f -> inc p Bnat ->
cardinal_lt n p —>
domain f = interval_Bnat card_zero p —>
restr (restr f (interval_Bnat card_zero (succ n)))
(interval_Bnat card_zero n) =
restr f (interval_Bnat card_zero n).
Lemma induction_on_sum3: forall f m,
is_function f -> inc m Bnat ->
source f = interval_Bnat card_zero m ->
(forall a, inc a (source f) -> is_cardinal (W a f)) ->
(cardinal_sum (restr (graph f) (interval_Bnat card_zero card_zero))
= (W card_zero f)
& (forall n, cardinal le n m ->
card_plus (cardinal_sum (restr (graph f) (interval_co_0a n))) (W n f)
= cardinal_sum (restr (graph f) (interval_co_0a (succ n))))).

Given a function y, we consider z such that z; = S(y,7). We first show that z maps [0, p]
into [0, n], and then that z € C'pnif y € Cp,, (nore that i — S(y, i) is increasing). We then show
that y — z is injective and surjective. The key relation is zy = yp and z;;; = y;+1 + z; (trivial
consequence of induction_on_sum3); it says that y is uniquely defined from z. Moreover,
given an increasing function Z', if yo = z; and y;+1 = 2], | - z;, the same formula is satisfied
by z’, hence z = Z/, thus proving surjectivity.

Definition sum_to_increasing_fun y :=
fun i => cardinal_sum (restr (graph y) (interval_Bnat card_zero i)).
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Definition sum_to_increasing_fct y n p :=
BL (sum_to_increasing_fun (inv_corr_value y))
(interval_Bnat card_zero p) (interval_Bnat card_zero n).

Lemma sum_to_increasingl: forall y n p,
inc n Bnat -> inc p Bnat ->
inc y (set_of_functions_sum_le_int p n) ->
transf_axioms (sum_to_increasing_fun (inv_corr_value y))
(interval_Bnat card_zero p)
(interval_Bnat card_zero n).

Lemma sum_to_increasing2: forall n p,
inc n Bnat -> inc p Bnat ->
transf_axioms (fun y=> corr_value (sum_to_increasing_fct y n p))
(set_of_functions_sum_le_int p n)
(set_of_increasing_functions_int p n). (x 50 *)

Lemma sum_to_increasing4: forall n p,
inc n Bnat -> inc p Bnat ->
injective (BL (fun y=> corr_value (sum_to_increasing fct y n p))
(set_of_functions_sum_le_int p n)
(set_of_increasing_functions_int p n)). (* 46 %)

Lemma sum_to_increasing5: forall n p,
inc n Bnat -> inc p Bnat ->
surjective (BL (fun y=> corr_value (sum_to_increasing fct y n p))
(set_of_functions_sum_le_int p n)
(set_of_increasing_functions_int p n)). (x 79 *)

Lemma sum_to_increasing6: forall n p,

cardinal (set_of_functions_sum_le_int (nat_to_B p) (nat_to_B n)) =
nat_to_B(binom (n+p+1) (p+1)).
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Chapter 6

Infinite sets

6.1 The set of natural integers

Bourbaki defines an infinite set as a set that is not finite. If such a set exists and a is its
cardinal, then all integers 7 satisfy n < a, since otherwise we would have a < n, which implies
a finite. This means that the set N of cardinals n such that n is finite contains all integers. By
extensionality, it does not depend on a. Bourbaki has an axiom that asserts the existence
of an infinite set, and deduces (Theorem 1, [2} p. 184]) that the set N of integers exists. Its
cardinal is denoted by Ry.

We have shown that nat is infinite because S is injective and not surjective. We have
shown that N and N are isomorphic. In fact, we have defined a function .4 from the type nat
to the set N that is compatible with successor, addition, multiplication and order. We have
shown that it is injective and surjective. This means that N and N are equipotent, so that N
is infinite. We have already shown this fact, using the same argument as Bourbaki: assume
N finite, with cardinal z; then the interval [0, n] is a subset of N hence s(n) < n, where s(n) is
the cardinal of the interval. But we know that s(n) = n+ 1 and n < s(n).

Lemma equipotent_nat_Bnat: equipotent Bnat nat.
Lemma infinite_Bnat: is_infinite_c (cardinal Bnat).

Bourbaki defines a sequence as a family whose index set I is a subset of N. It is called an
infinite sequence if I is infinite. Remember that a finite sequence is a family where I is finite
and contains only integers; this means that I is a finite subset of N.

Let’s quote Bourbaki |2, p. 184] “Let Pini be a relation and let I denote the set of integers
n such that Pini is true. I is then a subset of N. A sequence (x;,) 1 is then sometimes written
(X)pins, and xy, is called then nth term in the sequence.” Example. Assume that Pinf is the
relation n € Z where Z denotes the set of rational integers as a subset of N. According to the
quote, (x,)nen and (x,) ez are the same sequences. This may be confusing since they are
obviously different families. In section [5.4) Bourbaki assumes that P{n} implies that n is an
integer; this is missing here. Other example: we consider the property “n even and n < 10”.
This is a finite sequence and the 4th term is 6; in the French version, we can read “x4 est le
terme d’indice 4” and “xs est le 4-eme terme”. In English this is translated as “x, is the 4th
term” and “xg is the 4th term”. This may be confusing.
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According to Bourbaki, if the property is n = k, the sequence is written as (x,) <y, or
(Xn) n=k Or even (x,) if k = 0 or k = 1. This last notation is obviously ambiguous. The sum of

[e.°]
such a family may be denoted a Z Xn.
n=k
Two sequences (x)ner and (¥,) ne1 with the same index set are said to differ only in the
order of their terms if there exists a permutation f of the index set I such that xz(,) = y, for
all n € I. This makes sense even if I is not a subset of the integers. By commutativity, two
sequences that differ only in the order of their terms have same sum and product.

A multiple sequence is a family whose index set is a subset of a product N” (p is a integer).

Let f be a bijection of N onto a set I. For each family (x;);e1, the sequence n — x¢() is
said to be obtained by arranging the family (x;) ;e in the order defined by f.

6.2 Definition of mappings by induction

If we instantiate C60 to the well-ordered set N we get a criterion that says that we can
define a function by induction on N. The value of the function at 7 is of the form T$ f”$
where g¥ denote the restriction of g to ]«—, x[ which is the interval [0,x—1]. Let n = m+1;
the least upper bound of [0, 7 — 1[ is m, so that the value of the function can be of the form

Stf(m)t.

There are some technical details. We use the following definitions

M := fun f => supremum Bnat_order (source f)
T:= fun u => Yo (u = empty_function) a (s (W (M u) uw))

Bourbaki first defines
D(u) = &x(x e Nand (Jy)((x, y) € pr; (pr; (1)))).

He says that, if u is a function defined on a subset of N, then D(u) is the domain. This is
by definition the intersection of the domain of the graph of u and N. If u is a function, it is
the intersection of the source and N. In our definition, we use the whole source. Bourbaki
defines M(u) as being the least upper bound of D(u), and in a footnote says that one could
change the definition of the least upper bound, in order to give a meaning to this term even
when D(u) is unbounded. In fact, one can even change the definition so that M(u) is defined
when D(u) is not a subset of N (this avoids taking the intersection with N). Our definition of
supremum satisfies this condition. We use the property that if a set has a greatest element,
itis a least upper bound, and is the supremum by uniqueness. Let ¢ be the empty function,
and consider the relation

(u=dpand y=a)or (u#¢dand y =SiuM(u))i).

Denote this by R§y, uf and let T{u$ be the term 1, (Rfy, uf). If u = ¢ then Tfu$ is a, otherwise
itis S{u(M(uw))}; our equivalent of the if-then-else construct is Yo. The argument u of the term
T will always be (this is obvious by induction) the restriction of f to the interval [0,n —1[. If
n = 0, the restriction is ¢ hence f(0) = a, and if n = m + 1, the restriction has source [0, m],
whose supremum is m, so that f(m+ 1) =S f(m)i.

Lemma segment_Bnat_order: forall x, inc x Bnat ->
segment Bnat_order x = interval_co Bnat_order card_zero x.
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Lemma sup_interval_co_Oa: forall n, inc n Bnat ->
supremum Bnat_order (interval_co_Oa (succ n))
Lemma funct_extensionalityl: forall f g, source f = source g ->

n.

surjective f -> surjective g ->
(forall x, inc x (source f) > Wx f=Wxg) ->f =g.

Lemma integer_induction: forall s a, exists_unique (fun f =>
source f = Bnat & surjective f & W card_zero f = a &
forall n, inc n Bnat -> W (succ n) f =s (Wn £f)). (x 30 %)

Our theorem says that there exists f such that P. We use the axiom of choice and call
this function as induction_defined. Thus f =1(a, g) satisfies f(0) = aand f(n+1) = g(f(n)).
Bourbaki says that if g: E — E then f : N — E. This is not quite correct: the range of f is a
subset of E, and by construction, the function is surjective. There is a unique extension of f
(with the same source) whose target is E. If h is a function from N x E into E, there exists a
unique function f : N — E such that f(0) = a and f(n+1) = h(n, f(n)). This function is pr, g
where g is defined by induction via y : (i, x) — (n+1, h(n, x)). Note that pr, g is the identity
function, so that pr,g(n+1) = pr,w(g(n)) = pr,(w(n,pr,g(n))) = h(n,pr,g(n)).

Definition induction_defined s a:= choosef (fun f=>
source f = Bnat & surjective f & W card_zero f = a &
forall n, inc n Bnat -> W (succ n) f = s (Wn f)).

Lemma induction_defined_pr: forall s a,
let £ := induction_defined s a in
source f = Bnat & surjective f & W card_zero f = a &
forall n, inc n Bnat -> W (succ n) f =s (Wn f).
Lemma integer_induction_stable: forall E g a,
inc a E -> is_function g -> source g = E -> target g = E >
sub (target (induction_defined (fun n=> W n g) a)) E.
Lemma induction_with_var: forall E h a,
is_function h -> source h = product Bnat E -> target h = E -> inc a E >
exists_unique (fun f=> is_function f & source f = Bnat & target f= E &
W card_zero f = a
& forall n, inc n Bnat > W (succn) f =W (Jn (Wn £)) h). (x 29 %)

We give a variant, where £ is a function of two arguments n € N and x € E, rather then a
function with source N x E. We give a name to this operation. If f =1, (E, h, a)), itis the unique
function N — E such that f(0) = aand f(n+1) = h(n, f(n)). It exists whenever n€ Nand x € E
implies h(n, x) € E. We consider a second variant where n < p and x € E implies h(n,x) € E.
Bourbaki notes that, in such cases, the function f is always defined and surjective, but the
target of f is no more guaranteed to be a subset of E. There exists a unique surjective function
(or unique function with target E) defined on [0, p]. We can extend it to N (for instance, by
defining f(n) = a). We assert here existence of a function f =1>(E, h, a, p), f : N — E such that
f(0)=aand f(n+1) = h(n, f(n) for n < p. By induction on [0, p|, it is obvious that f(n) is
uniquely defined for n < p (we leave this as an exercise for the reader).

Definition induction_definedl E h a:= choosef (fun f=>
is_function f & source f = Bnat & target £ = E & W card_zero f = a &
forall n, inc n Bnat -> W (succ n) £f =hn (Wn £)).

Definition induction_defined2 E h a p:= choosef(fun f=>
is_function f & source f = Bnat & target £ = E & W card_zero f = a &
forall n, cardinal 1t np -> W (succ n) £ =hn (Wn £)).
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Lemma induction_with_varl: forall E h a,
(forall n x, inc n Bnat -> inc x E -> inc (b n x) E) -> inc a E ->
exists_unique (fun f=> is_function f & source f = Bnat & target f= E &
W card_zero f = a
& forall n, inc n Bnat -=> W (succ n) f =hn (Wn £f)).

Lemma induction_with_var2: forall E h a p,
(forall n x, inc n Bnat -> inc x E -> cardinal_1lt n p -> inc (h n x) E)
-> inc a E -> inc p Bnat ->
exists f, is_function f & source f = Bnat & target f=E &
W card_zero f = a
& forall n, cardinal 1t np -> W (succ n) f =hn (Wn f).
Lemma induction_defined_pr2: forall E h a p,
(forall n x, inc n Bnat -> inc x E -> cardinal_1lt n p -> inc (h n x) E)
-> inc a E -> inc p Bnat ->
let £ := induction_defined2 E h a p in is_function f &
source f = Bnat & target f = E & W card_zero f = a
forall n, cardinal_ 1t np -> W (succ n) f =hn (Wn £).

15

Lemma induction_defined_prl: forall E h a,
(forall n x, inc n Bnat -> inc x E => inc (h n x) E)
-> inc a E ->
let f := induction_definedl E h a in is_function f &
source f = Bnat & target £ = E & W card_zero f = a &
forall n, inc n Bnat -> W (succn) f=hn (Wn £f).

6.3 Properties of infinite cardinals

Bourbaki claims (Lemma 1, [2} p. 186]) that every infinite set E has a subset F equipo-
tent to N; the argument being that there exists a well-ordering on E. If E is isomorphic to
a segment of N, then E is equipotent to N since all other segments are of the form |]—, x|,
hence [0, x[, thus are finite. Otherwise, N is isomorphic to segment of E, hence equipotent to
asubset of E.

Lemma equipotent_range: forall f, injective f ->
equipotent (source f) (range (graph £f)).
Lemma morphism_range: forall f a b,
order_morphism f a b -> equipotent (substrate a) (range (graph f)).
Lemma morphism_rangel: forall f a b,
order_morphism f a b -> cardinal (substrate a) = cardinal (range (graph f)).
Lemma infinite_greater_countable: forall E,
infinite_set E -> exists F, sub F E & cardinal F = cardinal Bnat.

Bourbaki pretends that there is an injection from N x N into N. He uses expansion to base
2. Essentially, the function is defined by f(2n+1i,2m+ j) =4f(n,m)+2i+ j, where i and j are
0 or 1. Injectivity follows from the fact that every integer can be uniquely written as 4a+2i + j
where i and j are 0 or 1. In fact, the function is bijective. We use here a different function. If
g(k) is the binomial coefficient with indices k + 1 and 2, then g is strictly increasing (this is
clear by induction). The difference between two consecutive values is k+1. Let f(n,m) = n+
g(n+m). Thisisin theinterval [g(n+m), g(n+m+1)[. This interval, hence the quantity n+m,
is uniquely defined by f(n, m). This means that if f(n,m) = f(n',m') then n+ m =n'+ m’,
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hence n = n' and m = m’. The mapping is surjective: for all x there is an integer k such that
gk) = x < g(k+1) because g(k) = k.

Bourbaki claims that N x N is equipotent to N: the relation Card(N) < Card(N xN) is a con-
sequence of {0} x N c (N x N). Here we prove existence of a bijection (canonically associated
to the function f described above).

Definition merge_ints (n m: nat) := n + binom (n+m+1) 2.

Lemma 1t_plus: forall a b, 0 <>a -> b < b+a.
Lemma binom_monotone: forall n m, n< m ->binom (S n) 2 < binom (S m) 2.
Lemma binom_monotonel: forall n m, binom (S n) 2 < binom (S m) 2 -> n<m.
Lemma binom_injective: forall n m, binom (S n) 2 = binom (Sm) 2 -> n = m.
Lemma merge_intsl: forall n m, 1let k := n+m+l in

binom k 2 <= merge_ints n m & merge_ints n m < binom (S k)2.
Lemma injective_merge_ints: forall a b c d,

merge_ints a b = merge_ints ¢ d -> (a=c & b = d). (x 19 *)
Lemma surjective_merge_ints:

forall x, exists n, exists m, merge_ints nm = x. (* 18 *)
Lemma equipotent_N2_N: equipotent (product Bnat Bnat) Bnat.

Let E be some set and 2 the set of functions y from a subset of E into E x E, such that
(a) v is injective and (b) its range is A x A, where A is the source of v and (c) v extends Wg.
The set is ordered by the prolongation order. Bourbaki says “It is immediately seen that 911 is
inductive”. (The example in sectionm is the set of functions without these conditions). The
proofis similar to the one that states that there exists an isomorphism between well-ordered
sets. If y € 9t and b is the cardinal of its source, conditions (a) and (b) assert that b = b? while
(c) says b = by.

Consider now an infinite set E with cardinal a. There exists a subset D equipotent to N,
hence a bijection ¢ between D and D x D. This implies that there exists a function g that
satisfies conditions (a) and (b) above. This function will be used for the definition of 9.
Consider a maximal element ¥, whose source F has cardinal b. The assumption b = by says
that this cardinal is infinite, so 2b < b% hence b = 2b. Assume b < a. There exists a subset Z
of E that is the disjoint union of F and a set Y with cardinal b (since ¢ < b implies ¢+ b < a).
The complement of F x F in Z x Z has cardinal 3b® hence b. We can thus extend our function
as a bijection from Z into Z x Z. This contradicts minimality, and b = a. Thus we have shown
(Theorem 2 [2} p. 186]): for every infinite cardinal a, we have a = a?.

Definition set_for_equipotent_inf2_inf E psi:=
Zo (set_of_sub_functions E (product E E)) (fun z =>
injective (inv_corr_value z) &
range (P z) = product (P (Q 2)) (P (Q 2)) &
sub (P psi) (P z)).

Lemma inductive_set_for_equipotent_inf2_inf: forall E psi,
inc psi (set_for_equipotent_inf2_inf E psi) ->
inductive_set (induced_order (opposite_order (extension_order E (product E E)))
(set_for_equipotent_inf2_inf E psi)). (* 106 *)

Lemma equipotent_inf2_infl: forall E, infinite_set E ->
exists psi, inc psi (set_of_sub_functions E (product E E)) &
injective (inv_corr_value psi) &
infinite_set (P (Q psi)) &
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range (P psi) = product (P (Q psi)) (P (Q psi)).
Lemma equipotent_inf2_inf2: forall E psi x,
infinite_set (P (Q psi)) -> inc x (set_for_equipotent_inf2_inf E psi) ->
inc psi (set_for_equipotent_inf2_inf E psi) ->
is_infinite_c (cardinal (P (Q x))).

Theorem equipotent_inf2_inf: forall a, is_infinite_c a ->
card_pow a (card_two) = a. (x 169 *)

By induction, a” = a if a is an infinite cardinal and n = 1 is an integer. As a consequence,
if (a;)j¢1 is a finite family of non-zero cardinals, if the largest one is an infinite cardinal a, then
the product is a. If a; < a then ) a; < a and we have equality if one of the cardinals is a. The
cardinals can be zero, and the index set can be infinite, provided that Card(I) < a. Finally, ifa
and b are two non-zero cardinals, one of them being infinite, then the sum and the product
is the greatest of them.

Note. Bourbaki writes “sup(a, b)” instead of “the greatest of them”; our function sup takes
three arguments, one of them being the order; in this case, there is no order (because there
is no set containing all cardinals). We know that the supremum of any family of cardinals
exists, so that the supremum of two cardinals is well-defined, but we have no notation for
this operation. Note also that using a lemma of the form: if a is infinite or b is infinite, then
a+ b =sup(a, b) is uneasy, since this means that a + b is at least a, at least b, and at most any ¢
that is at least a and at least b. It is much easier to say: if a is infiniteand b<athena+b=a,
and use commutativity of addition when needed. Note that b infinite implies a infinite, and
b can be zero (since a is infinite, it is clearly non-zero). In the case of a product, we need the
condition b # 0.

->

Lemma power_of_infinite: forall a n, is_infinite_c a -> inc n Bnat

n <> card_zero -> card_pow a n = a.
Lemma finite_family_product: forall a f, fgraph f ->
is_finite_set (domain f) -> is_infinite_c a ->

(forall i, inc i (domain f) -> cardinal_le (V i f) a) —>
(forall i, inc i (domain f) -> V i f <> card_zero) —>
(exists j, inc j (domain f) & (V j £f) = a) ->
cardinal_prod f = a.

Lemma product2_infinite: forall a b, cardinal_le b a ->

is_infinite_c a -> b <> card_zero -> card_mult a b = a.
Lemma notbig_family_sum: forall a f, fgraph f ->

is_infinite_c a -> cardinal_le
(forall i, inc i (domain f) ->

cardinal_le (cardinal_sum f) a.

Lemma notbig_family_suml: forall
is_infinite_c a -> cardinal_le
(forall i, inc i (domain f) ->
(exists j, inc j (domain f) &
(cardinal_sum f) = a.

Lemma sum2_infinite: forall a b,
is_infinite_c a -> card_plus a

(cardinal (domain f)) a ->
cardinal_le (V i f) a) —>

a f, fgraph £ >
(cardinal (domain f)) a ->
cardinal_le (V i f) a) —>
Vjf)=a -

cardinal_le b a ->
b = a.
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6.4 Countable sets

A countable set is one that is equipotent to a subset of N. Proposition 2 [2} p. 188] says
that an infinite countable set is equipotent to N. We rewrite this as: a countable set is finite
or equipotent to N.

Proposition 1 [2, p. 188] says that a subset of a countable set is countable; the product
of a finite family of countable sets is countable; the union of a countable family of countable
sets is countable.

Proposition 3 [2} p. 189] says that an infinite set E has a partition (X,),e; where X, is infinite

countable and I is equipotent to E. Proposition 4 [2} p. 189] says that if f is a function from E
-1

onto F, such that F is infinite and f ({x}) is countable for any x € F, then F is equipotent to E.

Definition is_countable_set E:= equipotent_to_subset E Bnat.
Lemma countable_prop: forall E,
is_countable_set E = cardinal_le (cardinal E) (cardinal Bnat).
Lemma infinite_greater_countablel: forall E,
infinite_set E -> cardinal_le (cardinal Bnat) (cardinal E).
Lemma countable_finite_or_N: forall E, is_countable_set E ->
is_finite_c (cardinal E) \/ cardinal E = cardinal Bnat.
Lemma countable_finite_or_N_b: forall E, is_countable_set E ->
is_finite_set E \/ equipotent E Bnat.
Lemma countable_finite_or_N_c: forall E, is_countable_set E ->
infinite_set E -> equipotent E Bnat.
Theorem countable_subset: forall E F, sub E F -> is_countable_set F ->
is_countable_set E.
Theorem countable_product: forall f, fgraph f ->
is_finite_set (domain f) ->
(forall i, inc i (domain f) -> is_countable_set (V i f)) —>
is_countable_set (productb f).
Theorem countable_union: forall f, fgraph f ->
is_countable_set (domain f) ->
(forall i, inc i (domain f) -> is_countable_set (V i f)) —>
is_countable_set (unionb f).
Theorem infinite_partition: forall E, infinite_set E ->
exists f, partition_fam f E & equipotent (domain f) E &
(forall i, inc i (domain f) -> (infinite_set (V i f) &
is_countable_set (V i f))). (* 33 %)
Theorem countable_inv_image: forall f, surjective f ->
(forall y, inc y (target f) ->
is_countable_set (inv_image_by_fun f (singleton y))) ->
infinite_set (target f) ->
equipotent (source f) (target f). (x 41 *)

Proposition 5 [2], p. 189] says that the set § of finite subsets of an infinite set E is equipo-
tent to E. The proof of Bourbaki is not clear. He defines §, as the set of all subsets with n
elements of E and claims Card(§,) < Card(E). Thus, the cardinal of the union of these sets is
at most ),y Card(E) = Card(E). Thus Card(§) < Card(E); equality holds because the set of
singletons is equipotent to E and is a subset of §.

The Bourbaki claim is: for every X € §, there is a bijection from [1, n] onto X, so that
the cardinal of §,, is at most the cardinal of the set of functions from [1, 7] into X which is
Card(E"™) = Card(E). Our proof is as follows.
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For every X € §, there is a bijection [1, n] — X, hence an injective function from [1, ] into
E withrange X, butitis notunique. Let K be the set of injections from [1, n] into E. Let f be the
function that associates to each element of K its range. The target of this function is clearly
Sn- Let Q be the set of permutations of [1, n], and c it cardinal. This is a non-zero integer.
We pretend that the cardinal of f~!({x}) is c. We take an element g in this set (it exists, by
the remark above). For every permutation # of [1, n], we consider g o h. This operation is a
bijection from Q onto f~!({x}). Surjectivity of this operation uses the fact that for any k there
exists g such that k = g o h, if the ranges are the same (since £ is injective) and this function
is surjective. It is bijective since it is an endomorphism of a finite set. We can now apply the
shepherd’s principle. The product of the cardinal a of §,, and c is the cardinal b of the set of
injections, that is smaller than the cardinal d of the set of functions from [1, n] into E. If n =0,
we clearly have a < Card(E); otherwise d = Card(E). Hence ac = b < Card(E). If a is finite, we
have a < Card(E); but if a is infinite, we have a = ac (since c is non-zero finite). This implies
a < Card(E).

As a corollary, the set of finite sequences with value into E is equipotent to E; in fact, this
set is the union of the sets of functions from I into E (that has the same cardinal as E') for all
finite subsets I of N. Since E! and I are equipotent and since the set of finite subsets of N is
countable, the result is immediate.

Theorem infinite_finite_subsets: forall E, infinite_set E ->
equipotent (Zo (powerset E) (fun z => is_finite_set z)) E. (* 141 %)

Lemma infinite_finite_sequence: forall E, infinite_set E ->
equipotent (Zo(set_of_sub_functions Bnat E) (fun z=> is_finite_set (P (Q z))))
E. (x 66 %)

A set is said to have the power of the continuum if it is equipotent to *J3(N). In this case, its
cardinal is 2%, and the set is not countable.

6.5 Stationary sequences

A sequence (x,) nen is stationary if there exists an integer m such that x, = x,, for n = m.
We define here the notion of increasing and decreasing sequences. It is the graph of an in-
creasing function where the source is N with its natural order. Note that a decreasing se-
quence is increasing for the opposite order.

Definition stationary_sequence f :=
fgraph f & domain f = Bnat &
exists m, inc m Bnat & forall n, inc n Bnat -> cardinal le m n —->
Vnf=Vmft£.
Definition increasing_sequence f r:=
fgraph f & domain f = Bnat & sub (range f) (substrate r) &
forall n m, inc n Bnat -> inc m Bnat -> cardinal_le n m ->
gler (Wnif) (Vmf).

Definition decreasing_sequence f r:=
fgraph f & domain f = Bnat & sub (range f) (substrate r) &
forall n m, inc n Bnat -> inc m Bnat -> cardinal_le n m ->
gler (Vmf) (Vo 1)

Proposition 6 [2} p. 190] says that, if E is an ordered set, each non-empty set has a maximal
element if and only if each increasing sequence is stationary. We start with a lemma: a func-
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tion f such that f(n) < f(n+1) is increasing (by induction on m, we have f(n) < f(n+ m)).
By definition increasing fun fr r’ says that the target of f is the substrate of r; in our case, it
is merely a subset, so that the definition will not be used: we show that the graph of f is an
increasing sequence.

The Proposition is shown as follows. Given an increasing sequence, its range is non-
empty. It it has a maximal element x, and m = n then x, < x,, implies x,, = x,. Conversely,
assume that we have a set A that has no maximal element. For each x, the subset T, of
elements of A greater than x is non-empty. This means that the product [] T, is non-empty,
hence there is a function f : A — A such that f(x) > x and a sequence x,+1 = f(x,). This
sequence is strictly increasing, absurd.

As a consequence a totally ordered set E is well-ordered if and only if each decreasing
sequence is stationary (to show that it is well-ordered, we consider the opposite order; thus
every non-empty set has a minimal element, this element is the least element, since all sub-
sets of E are directed). Moreover, an increasing sequence in a finite ordered set has a maximal
element.

Lemma increasing_prop: forall f r, order r ->
is_function f -> source f = Bnat -> sub (target f) (substrate r) ->
(forall n, inc n Bnat -> gle r (Wn f) (W (succ n) £f)) ->
increasing_sequence (graph f) r.
Lemma decreasing_prop: forall f r, order r ->
is_function f -> source f = Bnat -> sub (target f) (substrate r)
(forall n, inc n Bnat -> gge r (Wn f) (W (succ n) £f)) ->
decreasing_sequence (graph f) r.
Theorem increasing_stationary: forall r, order r —>
(forall X, sub X (substrate r) -> nonempty X ->
exists a, maximal_element (induced_order r X) a) =
(forall f, increasing_sequence f r -> stationary_sequence f). (* 43 x)
Theorem decreasing stationary: forall r, total_order r —->
(worder r) =
(forall f, decreasing_sequence f r -> stationary_sequence f). (x 38 *)
Theorem finite_increasing_stationary: forall r, order r ->
is_finite_set (substrate r) ->
(forall f, increasing_sequence f r -> stationary_sequence f).

|
\4

Proposition 7 [2} p. 190] says that if E is noetherian (every non-empty set has maximal
element) and if F is a subset of E such that for a € E, if Vx,x > a — x € F then a € F; then
F=E.

Theorem noetherian_induction: forall r F, order r ->
(forall X, sub X (substrate r) -> nonempty X ->
exists a, maximal_element (induced_order r X) a) ->
sub F (substrate r) ->
(forall a, inc a (substrate r) -> (forall x, glt r a x -> inc x F)
-> inc a F)
-> F = substrate r.
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Chapter 7

The size of one

When I was young, [ was intrigued by the following quote of Bourbaki:

Bien entendu il ne faut pas confondre le ferme mathématique désigné (chap. I, § 1, n° 1)
par le symbole « 1 » et le mot « un » du langage ordinaire. Le terme désigné par « 1 » est égal,
en vertu de la définition donnée ci-dessus, au terme désigné par le symbole

@) Tz(Aw@EU)(u=(U,{g},Z) and U c {@} x Z
and (Vx)((x € {g}) = @y)((x,y) € U))
and (Vx)(Vy)(VY)(((x,y) €U and (x,y) eU) = (y=y")
and (Vy)(y€Z) = 3x)((x,y) € U)))).

Une estimation grossiére montre que le terme ainsi désigné est un assemblage de plusieurs
dizaines de milliers de signes (chacun de ces signes étant I'un des signes 1, 0, v, 7, =, €, D).

English translation is (2, p. 158]): The mathematical term denoted (Chapter 1, § 1, no. 1)
by the symbol “1” is of course not to be confused with the word “one” in ordinary language.
The term denoted by “1” is equal, by virtue of the definition above, to the term denoted by
the symbol (*). As a rough estimate, the term so denoted is an assembly of several tens of
thousands of signs (each of which is one of 1,0, v, 7, =, €, D).

The same expression appears in the English version and in the French one (except that
“and” is replaced by “et” in French). By definition, 1 is Card({@}) = tz(Eq({®}, 2)).

If 1 is a big object, then how big is 2? or the set N of integers, or the set R of real numbers?
IfPX,n)is: X=(x,¥,2) and x" + y" = z" and x # 0 and y # 0 and z # 0, what is the size of
the formula (Vn)(n € N = (3X)(X € R and P(X, n)))? If this is an assembly with millions
of signs, how big will be a proof of it? If billions of signs are needed, how can one check the
proof? T am convinced that it is a bad idea to try to reduce the object under consideration
to its basic components (a kind of normal form) and apply low-level theorems to it; Fermat'’s
theorem cannot be proved by exhibiting an assembly that is a proof in the sense of Bourbaki.
On the other hand, the estimation of Bourbaki shows that it should be possible to print the
whole assembly denoting 1 on an A0-size poster. Alas, the estimation is wrong.
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First comments. For simplicity, we shall write Y instead of {¢}. The formula is hence

1z(Quw)(3FU)( u=(U,Y,Z)
andUcYxZ
and (Vx)((xeY) = @y ((x,y) € U))
and (Vx)(Vy)(Vy)(((x,y) eUand (x,y) eU) = (y=y")
and (Vy)(y€Z) = (3x)((x,y) € U))
and (Vx)(Vx)(Vy)(((x,y) €U and (x',y) eU) = (x=x")))).

*)

This is of the form t7(W,) where Wy is (3u) (U)W, and where W is of the form P1 and P2 and
P3 and P4 and P5 and P6. Properties P1 and P2 say that u is a correspondence with source
Y, target Z and graph U, properties P3 and P4 say that u is a function, property P5 that u is
injective, and P6 that u is injective. In other words, W says that U is the graph of a bijection
with source Y and target Z. Our formula is thus 12(Eq(Y,Z)), as it should be. Note that P6
is missing in (*). In fact, if (x,y) € U, then x € Y, hence x = @, so that P6 is a consequence
of other relations. Hence, the term designed by (*) is equal but not identical to 1. In what
follows, we shall discuss the size of (**).

The case of Coq. The expression W has the form

exists u : Bset,
exists U : Bset,

u=J (JU emptyset) Z &
(forall : Bset, inc x U -> inc x (record Y (fun _ : Bset => Z))) &
(forall : Bset, inc x Y -> exists y : Bset, inc (J xy) U) &
(forall x y y’ : Bset, inc (Jxy) U->inc Jxy’) U->y=y") &
(forall y : Bset, inc y Z -> exists x : Bset, inc (J xy) U) &
(forall x x” y : Bset, inc (J x y) U -> inc (J x’ y) U ->x = x’)

X
X

Expanding everything but J gives:

exists u : Bset,
exists U : Bset,
u=J (JU emptyset) Z &
(forall x : Bset,
(exists a : U, Ro a = x) —>

exists a : record (IM (fun _ : one_point => emptyset))
(fun _ : Bset => Z), Ro a = x) &
(forall x : Bset,
(exists a : IM (fun _ : one_point => emptyset), Ro a = x) ->

exists y : Bset, exists a : U, Roa=Jxy) &

(forall x y y’ : Bset,

(exists a : U, Roa=Jxy) -> (exists a : U, Roa=Jxy’) >y=y’) &
(forall y : Bset,(exists a : Z, Ro a = y) ->

exists x : Bset, exists a : U, Roa=Jxy) &

(forall x x’ y : Bset, (exists a : U, Roa=Jxy) —>

(exists a : U, Roa=Jx’ y) -> x =x’)

Because of our implementation of T in Coq, the full expansion of 1 is three times as big as this
quantity. This gives a total of 500 tokens (we count forall, exists, Bset, etc, as a single token).
In [3], the symbol that looks like > has been withdrawn, and a pair is no more a primitive.
As explained in the first part of this document, we do not use the same implementation as
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Bourbaki. In particular, we use a primitive object fwo_points which is a set with two distinct
elements. The expansion of the last line of the previous code is then:

(exists a : U,
Ro a = IM (fun t : two_points =>

match t with

| two_points_a => IM (fun _ : one_point => x’)

| two_points_b =>

IM (fun tO0 : two_points =>

match tO with
| two_points_a => emptyset
| two_points_b => IM (fun _ : one_point => y)
end)

end)) -> x = x’)

If we estimate this as 50 tokens, this gives a total size of one that is less than 2000 tokens.
For Bourbaki, a correspondence is an object that satisfies P1 and P2 (namely u = (U,Y,Z) and
U cYxZ), and for us, a correspondence is a data structure, that has three fields (source, target
and graph) and some properties; denoting by u the triple formed of these three objects, by
U, Y and Y the components of the triples, then U is a graph, whose domain is a subset of Y
and whose range is a subset of Z. This is equivalent to U c Y x Z. This is also equivalent to say
that the graph of the correspondence is a subset of the product of the source and the range,
but becomes much larger if we expand everything that can be expanded. We estimate that
the number of tokens, after full expansion, is roughly 16000.

Premiminary computations. Let’s try to count exactly the numbers of signs of one in Bour-
baki. Remember that the empty set is the following list of signs:
T et eddn

It is easy to count them: there are 12 signs. The definition of the empty setis 1, ((Vy)(y € x)).
If P is a formula we denote by L[P] its length; assume that P depends on z and has a signs and
B other signs. Remember that (3z)P(z) is (t,P|2z)P, this is the formula obtained by replacing
all z by 1,P. Thus we have

L[(32)P(2))] = (a+ 1) (ax + ).
Since (Vz)P(z) is (3z)(~(Pz)), we get

LI(VZ2)P(2)] =1+ (a+ 1) (a+p+1).

In the case of (Vy)(y € x), we have a = 1 and f = 4, the length is 11, hence L[@] = 12. The
following formulas are obvious:

L[A or B] =1+LI[A] +L[B]

L[A and B] =4+ L[A] + L[B]
LA = Bl =2+L[A] +L[B]
L[A < B] =8+2L[A] +2L[B]

The set of all x such that P(z) is T, ((Vz)(z € y) <= P) hence

L[{z,P(2)}] = 40 + 360+ 47 + (4ot + 6)p.
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The length of z = xor z = y is 3+ x + y + 2z, and since {x, y} is the set of all z such that z =
X or z =y we get
Ll{x, y}1 =177+ 14x +14y.

Since {@} = {@, ¥} we get
L[{g}] =513.

Assume that W has length a+ U + yZ + u. The size of (U)W is
B+D@+P+YZ+u);

the size of (Fu) U)W is
B+HP+2)(x+p+YZ+1);

hence the size of one is
1+P+DP+2)(a+p+y+1).

Size of a triple. We estimate here the length of the expression u = (U,Y,Z), assuming that
the triple is the pair of pairs ((U,Y),Z). Since the pair (x, y) is {{x}, {x, y}} we have
L[(x, )] =5133 +588x + 196y.

L[((x,y),2)] =3023337 +345744x + 115248y + 196z
Llu=(U,Y,Z)] =62145562 + 345744U + 196Z + u

Let a be the constant that appears here, and 5 the coefficient of U. Since the size of one is at
least afy?, this formula shows that the size is a bit larger than what Bourbaki claims. Instead
of “several tens of thousands”, it is at least 1018,

The English version of Bourbaki (as well as the 1956 French edition) has the special sym-
bol that looks like > and creates a pair. We use here the notation L', when we count the size
of the English one; we have

L'[u=(U,Y,Z2)]=u+U+Z+516.
Size of a graph. We try to find the size of expression P2, namely U c Y x Z. If Bis Y x Z, this
expression is (Vz)(z € A = z € B), its size is 22 + 3A + 3B. The size of “z = (x,y) and x €
Yand ye€Z”is z+2x+2y+Y+Z+12. If thisis P, then Y x Z is the set of all z so that there exists

x such that there exists y such that P. Quantifying 3y gives 42 + 6x + 3Y + 3Z + 3z, quantifying
Jx gives 336 + 21(Y + Z + z). Taking the set of all z gives 32807 + 1890(Y + Z).

L'[UcY xZ] =98443 +3U +5670(Y + Z);
L'[P2] =3007153 +3U + 5670Z.
For the French version, the length of P is
589x +5144+197y+z+Y+Z.
Quantifying over y gives

1057518 + 198Y + 1987+ 116622x + 198z.
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Quantifying over x gives
136931729220 + 23091354(Y + Z + 2).
Taking the set of all z gives
LIY x Z] =12649889797944532895 + 2132842656761388(Y + Z);

L[U cY x Z] =37949669393833598707 + 3U +6398527970284164 (Y + Z);
L[P2] =41232114242589374839 + 3U +6398527970284164Z.

This number is so big that it is impossible to put in a computer the full expansion of U c
{@} x Z.

Size of a bijection. Let’s try to find the size of the expressions P2, P3, P4, P5 and P6. They
are similar. We start with (x, y) € U, the size is

5134 +588x196y+U; or2+x+y+U.
The size is (Ay)((x,y) € U) is
1050010+ 197U + 115836x or 6 + 2U + 2x.
The sizeof xe Y = (3y)((x,y) € U) is
1050013+ 197U +115837x+Y or9+2U +3x+Y.
The size of (Vx)(xeY = Jy)((x,y) €U))is
135049848139 + 22820086U + 115838Y or 53 + 8U +4Y.

The size of P3 is
135109273033 + 22820086U or 2105 + 8U.

The size of (x,y) € U and (x,)’) € U is
10272 +1176x+ 196y + 196y’ +2U or 8 + 2x+ y + y' + 2U;
The size of (x,y) €U and (x,y) e U = y=y'is
10275+ 1176x+ 197y + 197y’ +2U or 11 +2x+ 2y +2y' +2U;
The size of (V)')((x,y) €U and (x,y) e U = y=y)is
2073655+ 396U + 34848x + 39006y or 43 +6U +6x + 6.
The size of (V))(Vy)((x,y)eUand (x,y)eU = y=y)is
82408606635 + 15446772U +9082701936x or 351 +42U +42x.
Finally the size of P4 is

830988285585569103965 + 140298425964797364U or 16943 + 1806U.
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The size of (3x)((x, y) € U) is
3370258 + 589U + 115444y or 6+ 2U +2y.
Thesizeof ye Z = (Fx)((x,y) € U) is
3370261 +589U + 115445y + Z or 9+ 2U + 3y + Z.
Hence the size of P5 is

402410930323 +67997694U + 1154467 or 53 + 8U +4Z.

The size of (x,y) €U and (x',y) eU = x=x"is
10275 +589x + 589x" +392y +2U or 11 +2x +2x’ + 2y +2U.
The size of (Vy)((x,y)eUand (x',y) eU = x=x') is
4192525+ 786U +231477(x + x') or 43 +6U + 6x +6x'.
The size of (Vx')(Vy)((x,y) eUand (x',y) eU = x=x")is
1024059366435 + 181941708U +53581833006x or 351 +42U +42x.
Hence the size of P6 is

57741990789964425582095 +9748770215064355956U or 16943 + 1806U.

The size of the expressions P3 to P6 is hence

58572979076087514889416 +9889068641119971100U + 115446Z or 36044 + 3628U + 4Z.

This gives, for the French version a = 58614211190330166409837 5 = 9889068641120316847
Y = 6398527970399806, and for the English version: This gives a = 3033733, § = 36732 and
Y = 5675.

Conclusion. The statement, at the start of the chapter, quoted from the 1956 edition of
Bourbaki, translated in English in 1968, is grossly wrong since the size is not several thou-

sands, but in fact
4150763939024 663.

Moreover, the 1970 decision to remove the axiom of the ordered pair had a dramatic effect
on the size of one, that increases to

5733067044017980337582376403672241161543539419681476659296689.
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Chapter 8

Exercises

There are 111 exercises for this chapter (plus 9 concerning direct and inverse limits). We
give here the number of lines of the code of all these.

Section 1. 1 (12), 2 (350), 3 (671), 4 (149), 5 (114), 6 (970), 7 (128), 8 (29), 9 (145), 10 (17),
11 ()

This is example 1 page 148: Let E = {«, B} be a set whose elements are distinct. It is easily
verified that the subset {(a, o), (8, ), («, )} of E x E is the graph of a well-ordering on E.

finition example_worder :=
union2(doubleton (J TPa TPa) (J TPb TPb)) (singleton (J TPa TPb)).

We first show that we have an ordering.

Lemma example_is_worder: worder example_worder.
Proof. set (g:= example_worder). red in g.
assert (forall z, inc z g =(z = J TPa TPa \/ z = J TPb TPb \/ z = J TPa TPb)).
ir. app iff_eq. ir. ufi g H. nin (union2_or H). nin (doubleton_or HO). left.
am. right. left. am. right. right. app singleton_eq. ir. uf g. nin H.
rw H. fprops. app union2_first. fprops. nin H; rw H. app union2_first. fprops.
app union2_second. fprops.
assert (is_graph g). red. ir. rwi H HO. nin HO. rw HO. fprops. nin HO.
rw HO. fprops. rw HO. fprops.
assert (Ha: related g TPa TPa). red. rw H. left. tv.
assert (Hb: related g TPb TPb). red. rw H. right. left. tv.
assert (Hc: related g TPa TPb). red. rw H. right. right. tv.
assert (substrate g = two_points). set_extens. rwi (inc_substratel x HO) H1.
nin H1. nin H1. rwi H H1. nin Hl. rw (prl_injective H1). fprops.
nin H1; rw (prl_injective H1); fprops.
nin H1. rwi H H1. nin H1. rw (pr2_injective H1). fprops.
nin H1; rw (pr2_injective H1); fprops. rwi two_points_pr H1. nin H1; rw Hi.
app (inc_argl_substrate Ha). app (inc_argl_substrate Hb).
assert (order g). red. ee. am. red. split. am. ir. rwi H1 H2.
rwi two_points_pr H2. nin H2; rw H2; am.
red. split. am. ir. red in H2. red in H3. rwi H H2. rwi H H3.
assert (related g TPa z). nin H3. rww (pr2_injective H3).
nin H3; rww (pr2_injective H3). nin H2. rww (pril_injective H2).
nin H2; rww (prl_injective H2). nin H3. rw (pr2_injective H3).
wr (pr2_injective H2). rww (prl_injective H3).
nin H3; rww (pr2_injective H3).
red. split. am. ir. red in H2. red in H3. rwi H H2. rwi H H3. nin H2.
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rw (pri_injective H2). rw (pr2_injective H2). tv.

nin H2. rw (prl_injective H2). rw (pr2_injective H2). tv.
nin H3. rw (prl_injective H3). rw (pr2_injective H3). tv.
nin H3. rw (prl_injective H3). rw (pr2_injective H3). tv.
wri H3 H2. ap (prl_injective H2).

If X is a subset of E, it contains only a or p. If it is a singleton, it has clearly a least element.
Otherwise, if it is not empty, it must be E and the smallest element is a. All in all, we have
to show four relations of the type x < y. Note that in the case of a totally ordered set with
three elements, checking transitivity consists in considering 36 pairs of the form x < y and
¥y < z, and checking that it is well-ordered consists in finding a smallest element for 7 sets,
thus checking 12 relations.

red. ee. am. ir. apply by_cases with (inc TPa x). ir.
apply by_cases with (inc TPb x). ir. assert (x = two_points).
rwi H1 H3. ap extensionality. am. red. ir. rwi two_points_pr H7.
nin H7; rww H7. exists TPa. red. aw. split. am. ir. aw.
rwi H7 H8. rwi two_points_pr H8. nin H8; rww HS.
ir. assert (x = singleton TPa). set_extens. cp (H3 _ H7). rwi H1 HS.
rwi two_points_pr H8. nin H8. rw H8. fprops. elim H6. wrr HS8.
rww (singleton_eq H7). exists TPa.
red. aw. split. am. ir. aw. rwi H7 H8. rww (singleton_eq HS8).
ir. nin H4. rwi H1 H3. cp (H3 _ H4). rwi two_points_pr H6. nin H6. elim H5.
wrr H6. rwi H6 H4.
assert (x = singleton TPb). set_extens.
cp (H3 _ H7). rwi two_points_pr H8. nin H8. elim H5. wrr H8. rw H8. fprops.
rww (singleton_eq H7). exists TPb.
red. aw. split. am. ir. aw. rwi H7 H8. rww (singleton_eq H8). rww H1.
Qed.

Let § be a set of subsets of A, ordered by inclusion, and such that for every totally ordered
subset & of § the union of the sets of & belongs to §. Then § is inductive with respect to the
relation c.

Lemma inductive_examplel: forall A F, sub A (powerset F) ->

(forall 8, (forall x y, inc x S => inc y S -> sub x y \/ sub y x) ->
inc (union S) A) ->

inductive_set (inclusion_suborder A).

Proof. ir. red. ir. exists (union X). red.
assert (inc (union X) A). app HO. ir. red in H2.
ee. awi H5. cp (H5 _ _ H3 H4). awi H6. nin H6. ee. left. am. red in H6.
awi H6. ee; right. am. am. am. am. am. fprops. am. split. aw. ir. aw.
awi H1. ee. app H1. am. app union_sub.

Qed.

The set ®(E,F) of mappings of subsets of E into subsets of F is inductive, with respect
to the order “v extends u” between u and v (i.e., the opposite of the extension ordering),
because there is a common prolongation on a totally ordered subset.

Lemma inductive_graphs: forall a b,
inductive_set (opposite_order (extension_order a b)).

Proof. ir. cp (extension_is_order a b). red. ir. red in H1l. ee. awi H2;try am.
awi HO.
assert (Ha:forall i, inc i X -> is_function (inv_corr_value i)).
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ir. cp (HO _ H3). rwi set_of_sub_functions_prl H4. ee; am.
assert (Hb:forall i, inc i X -> target (inv_corr_value i)
ir. cp (HO _ H3). rwi set_of_sub_functions_prl H4. ee; am.
set (f:= fun z => P (Q 2)).
assert (Hc:forall i, inc i X -> source (inv_corr_value i) = f i).
ir. cp (HO _ H3). rwi set_of_sub_functions_prl H4. ee. uf f.
set (k:= inv_corr_value i). fold k in H7. wr H7. uf corr_value. aw.
assert (Hd: forall i j, inc i X -> inc j X ->
agrees_on (intersection2 (f i) (£ j)) (inv_corr_value i) (inv_corr_value j)).
ir. cp (HO _ H3). cp (HO _ H4).
rwi set_of_sub_functions_prl H5. rwi set_of_sub_functions_prl HE. ee.
cp (H2 _ _ H3 H4). ufi gge H13. red. rw Hc. rw Hc. ee.
app intersection2sub_first. app intersection2sub_second.
awi H13. ufi extends_in H13. nin H13. ee. ir. app W_extends. rw Hc.
app (intersection2_first H16). am. ee. ir. sy. app W_extends. rw Hc.
app (intersection2_second H16). am. am. am. am. am. am. am. am. am.
cp (prolongation_covering _ _ Ha Hb Hc Hd). nin H3. clear H4. nin H3. ee.
assert (inc (corr_value x) (set_of_sub_functions a b)).
rw set_of_sub_functions_pr. exists x. ee. am. rw H4. red. ir.
nin (unionf_exists H7). nin H8. cp (HO _ H8). wri Hc H9.
rwi set_of_sub_functions_prl H10. ee. app H11l. am. am. tv.
exists (corr_value x). red. ee. aw. ir. aw. red. ee. app HO. am.
cp (HO _ H8). rwi set_of_sub_functions_prl H9. ee. rww inv_corr_value_pr.
red. rw H11l. rw H5. ee. am. am. cp (H6 _ H8). red in H13. ee. red. ir.
cp (in_graph_W H9 H16). rwi H17 H16. cp (inc_prigraph_source H9 H16).
rwi Hc H18. wri (H15 _ H18) H17. rw H17. app defined_lem. app H13. am.
fprops. app extension_is_order. app opposite_is_order.
Qed.

b).

8.1 Sectionl

1. Let E be an ordered set in which there exists at least one pair of distinct comparable
elements. Show that if R} x, y} denotes the relation “x € E and y € E and x < y’, then R satisfies
the first two conditions of no. 1 but not the third.

Lemma Exercisel_1: forall r, let E:= substrate r in
let s := fun x y => (inc x E & inc y E & glt r x y) in
order r -> (exists x, exists y, x <> y & related r x y)
-> (transitive_r s & antisymmetric_r s & ~(reflexive_rr s)).
Proof. ir. split. red. uf s. uf glt. ir. ee. am. am. red in H; ee.
nin H10. app (H12 _ _ _ H7 H4). red. ir. wri H9 H4.
rwi (order_antisymmetry H H7 H4) H8. elim H8. tv.
split. red. uf s. uf glt. ir. ee. app (order_antisymmetry H H7 H4).
red. ir. red in H1. nin HO. nin HO. nin HO.
assert (s x x0). uf s. split. ap (inc_argl_substrate H2).
split. ap (inc_arg2_substrate H2). red. intuition.
cp (H1 _ _ H3). nin H4. ufi s H4. ufi glt H4. intuition.
Qed.

2. (a) LetE be a preordered set and let Six, yi be an equivalence relation on E. Let RiX, Y}
denote the relation “X € E/S andY € E/S and for each each x € X there exists y € Y such that
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x < y”. Show that R is a preorder relation on E/S, called the quotient by S of the relation
x <= y. The quotientE/S, endowed with this preorder relation, is called (by abuse of language;
cf Chapter 1V, § 2, no. 6) the quotient by S of the preordered setE.

In what follows, we shall denote by <g the given preorder, and by x <g y the associated
preorder relation; in the same way, <q is the quotient preorder and x <q y its associated
relation. In other words, x <q y is the relation Rix, y{ defined in the text and <q is the graph
of this relation on E/S.

Definition quotient_order_r r s X Y :=
inc X (quotient s) & inc Y (quotient s) &
forall x, inc x X -> exists y, inc y Y & gle r x y.
Definition quotient_order r s := graph_on (quotient_order_r r s) (quotient s).

First part: we show that x <q y is a preorder relation.

Lemma Exercisel 2a: forall r s,
is_equivalence s -> preorder r -> substrate s = substrate r ->
preorder_r (quotient_order_r r s).

Proof. ir. red. split. uf quotient_order_r . red. ir. ee. am. am.
ir. cp (H7 _ H8). destruct H9 as [ a [ H9 H10]]. cp (H5 _ H9). nin Hi11.
nin H11l. exists x1. split. am. red in HO; ee. nin H14.
app (H15 _ _ _ H10 H12). red. uf quotient_order_r. red in HO. ee.
nin H2. ir. ee. am. am. ir. exists x0. split. am. app H4. wr H1.
app (inc_in_quotient_substrate H H8 H5). am. am.
ir. exists x0. split. am. app H4. wr H1.
app (inc_in_quotient_substrate H H8 H6).

Qed.

We now show that <, is a preorder on E/S, associated to the relation x <q y.

Lemma quotient_order_pr: forall r s x vy,
related (quotient_order r s) x y = quotient_order_r r s x y.

Proof. ir. uf quotient_order. uf graph_on. uf related. ap iff_eq. ir. Ztac.
awi H1. am. ir. Ztac. red in H. ee. fprops. aw.

Qed.

Lemma quotient_is_preorder: forall r s,
is_equivalence s -> preorder r -> substrate s = substrate r ->
preorder (quotient_order r s).
Proof. ir. uf quotient_order. app preorder_from_rel. app Exercise2_2a.
Qed.

Lemma substrate_quotient_order: forall r s,
is_equivalence s -> preorder r -> substrate s = substrate r ->
substrate (quotient_order r s) = quotient s.

Proof. ir. cp (quotient_is_preorder H HO H1). set_extens.
rwi preorder_reflexivity H3. rwi quotient_order_pr H3. red in H3. nin H3. am.
am. rw preorder_reflexivity. rw quotient_order_pr. red. split. am. split. am.
ir. exists x0. split. am. wr preorder_reflexivity. wr H1.
app (inc_in_quotient_substrate H H4 H3). am. am.

Qed.

(b) Let ¢ be the canonical mapping of E onto E/S. Show that if g is a mapping of the
preordered quotient set E/S into a preordered set F such that g o ¢ is an increasing mapping,
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then g is an increasing mapping. The mapping ¢ is increasing if and only if S satisfies the
following condition

(C) the relations x < y and x = x' (mod S) in E imply that there exists y' € E
such that y=y' (mod S) and x' < y'.

Every equivalence relation S which is compatible (in x) with the preorder relation x < y
(Chapter 11, § 6, no. 3) is a fortiori weakly compatible (in x and y) with this relation.

We consider now a function g such that go ¢ is an increasing mapping, and show that g
is increasing. Assume X <q Y, and that we want to show g(X) <r g(Y). Since X is a class, there
is x € X hence there is y € Y such that x <g y. Thus g($p(x)) <p g(Pp(y)). It remains to show
that X = ¢(x) and Y = G(y).

Definition increasing pre f r r’:=
is_function f & preorder r & preorder r’ & substrate r = source f
& substrate r’ = target f &
increasing_map (fun w => W w f) (source f) r r’.

Lemma Exercisel_2bl: forall r s g r’,
is_equivalence s -> preorder r -> substrate s = substrate r ->
is_function g -> preorder r’ -> quotient s = source g ->
increasing_pre (compose g (canon_proj s)) r r’ ->
increasing pre g (quotient_order r s) r’.

Proof. ir. red. ee. am. app quotient_is_preorder. am.
rww substrate_quotient_order. red in H5. ee. am.
assert (composable g (canon_proj s)). red. ir. ee. am.
app function_canon_proj. sy; tv. red. ir.
rwi quotient_order_pr H9. red in H5. ee. red in H14. simpl in Hi14.
red in H9. ee. cp H12. simpl in H12. wri H12 H14.
cp (inc_rep_itself H H9). nin (H16 _ H18). nin H19.
assert (inc (rep x) (substrate r)). app (inc_argl_substrate H20).
assert (inc x0 (substrate r)). app (inc_arg2_substrate H20).
cp (H14 _ _ H21 H22 H20). rwi H17 H21; rwi H17 H22.
rwii W_compose H23. rwii W_compose H23. awi H23; try am.
assert (class s (rep x) = x). app class_rep. rwii H24 H23.
assert (y = class s x0). assert (class s (rep y) = y). app class_rep.
wr H25. cp (related_rep_in_class H H15 H19). rwi related_rw H26. ee. am.
am. rww H25.

Qed.
The converse is true if ¢ is increasing, this is equivalent to the following condition.

Definition weak_order_compatibility r s:=
preorder r & is_equivalence s & substrate s = substrate r &
forall x y x’, gle r x y -> related s x x’ -> exists y’,
(related s y y° & gle r x’ y’).

We show that strong compatibility implies weak compatibility (assume x < y and x = x’
(mod S) in E, we can take y' = yin y =y’ (mod S) and x’ < y’ since y is in the substrate of S).

Lemma strong_order_compatibility: forall r s,
preorder r -> is_equivalence s -> substrate s = substrate r —>
(forall x x> y, gler xy -> related s x x> -> gle r x’ y) —>
weak_order_compatibility r s.
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Proof. ir. red. ee. am. am. am. ir. exists y. split. app reflexivity_e.
rw H1. app (inc_arg2_substrate H3). ap (H2 _ _ _ H3 H4).
Qed.

Let’s show that the canonical projection is increasing.

Lemma compatibility_proj_increasing: forall r s,
is_equivalence s -> preorder r -> substrate s = substrate r ->
weak_order_compatibility r s =
increasing_pre (canon_proj s) r (quotient_order r s)
Proof. ir. cp (quotient_is_preorder H HO H1). uf increasing_pre.
rw source_canon_proj. wr Hl. uf increasing_map. rw substrate_quotient_order.
rw target_canon_proj. assert (Ha: is_graph s). nin H; am.
ap iff_eq. ir. ee; try am. app function_canon_proj. tv.
tv. ir. rw quotient_order_pr. rww W_canon_proj. rww W_canon_proj.
uf quotient_order_r. ee. app inc_class_quotient. app inc_class_quotient.
ir. red in H3. ee. rwi inc_class H7.
nin (H10 _ _ _ H6 H7). exists x1. rw inc_class. am. am. am.
ir. ee. red. ee. am. am. am. ir.
assert (inc x (substrate s)). rw Hl. app (inc_argl_substrate H9).
assert (inc y (substrate s)). rw H1. app (inc_arg2_substrate H9).
cp (H8 _ _ H11 H12 H9). rwi quotient_order_pr H13. awi H11l.
ufi quotient_order_r H13.
ee. wri inc_class H10. nin (H15 _ H10). nin H16.
exists x0. split. wr inc_class. am. am. am. am. am. am. am. am. am. am. am.
Qed.

(c) LetE; and E; be two preordered sets. Show that ifS; is the equivalence relation pr,z =
pr,z’ on E; x By, then S; is weakly compatible in z and t with the product preorder relation
z < t onE; xE, (butis not usually compatible with this relation in z or t separately); moreover
if ¢, is the canonical mapping ofE; x E; onto (E1 xE»)/S1, and if pr; = fi o, is the canonical
decomposition of pry with respect to the equivalence relation Sy, then fi is an isomorphism
of (E; xE»)/S; into E;.

We show here weak compatibility of the product of two preorder relations on E; and E,
and the equivalence S; in E; x E, defined by pr,z =pr, z’.

Lemma exercisel 2cl: forall rl r2,
preorder rl -> preorder r2 ->
weak_order_compatibility (product2_order rl r2)
(first_proj_equivalence (substrate rl) (substrate r2)).
Proof. ir. red. ee. app preorder_product2_order.
ap equivalence_first_proj. rw substrate_first_proj_equivalence.
rww substrate_preorder_product2_order. ir.
rwi product2_order_pr H1l. red in H1l. rwi first_proj_equivalence_related H2.
ee. exists (J (P y) (Q x°)).
rw product2_order_pr. rw first_proj_equivalence_related. uf product2_order_r.
aw. awi H5. awi H3. ee; fprops; try am. wrr H4. wrr preorder_reflexivity.
Qed.

If S; is compatible with <, then if x < x and if x and y are related by S;, we have x < y or
¥ < x (depending on whether S; is compatible with the first or second argument). Consider
the case of the product order and the first projection. If we take x = (a, b) and y = (a, ¢), then
x<yory<ux henceb < corc<b. This means that all elements in E, are related. Note that
if E; is empty, the product is empty and the condition is vacuous.
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Lemma exercisel_2c2: forall rl r2,
let compatibility r s :=
(forall x x’ y, gler xy -> related s x x> -> gle r x’ y) in
preorder rl -> preorder r2 -> nonempty (substrate rl) ->
compatibility (product2_order rl r2)
(first_proj_equivalence (substrate rl) (substrate r2)) ->
r2 = coarse (substrate r2).
Proof. ir. assert (preorder (product2_order ril r2)).
app preorder_product2_order. set_extens. uf coarse.
assert (is_pair x). red in HO. ee. app HO. app product_inc.
app inc_prl_substrate. app inc_pr2_substrate. ufi coarse H4.
rwi inc_product H4. ee. nin H1.
set (x1:=Jy (Q x)). set (x2:=J y (P x)).
assert (inc x1 (product (substrate rl) (substrate r2))). uf xl1. fprops.
assert (inc x2 (product (substrate rl) (substrate r2))). uf x2. fprops.
assert (gle (product2_order rl r2) x1 x1). wrr preorder_reflexivity.
rww substrate_preorder_product2_order.
set (s:=first_proj_equivalence (substrate rl) (substrate r2)).
assert (related s x1 x2). uf s. rw first_proj_equivalence_related.
split. am. split. am. uf x1. uf x2. aw.
fold s in H2. cp (H2 _ _ _ H9 H10).
rwi product2_order_pr H1l. red in H11l. ee. ufi x1 H14; ufi x2 H14. awi H14.
red in H14. assert (J (P x) (Q x) = x). app pair_recov. wrr H15.
Qed.

Same proof, with definitions of x; and x, exchanged.

Lemma exercisel_2c3: forall rl r2,
let compatibility r s :=
(forall x y y’, gler xy -> related s y y> -> gle r x y’) in
preorder rl -> preorder r2 -> nonempty (substrate rl) ->
compatibility (product2_order rl r2)
(first_proj_equivalence (substrate rl) (substrate r2)) ->
r2 = coarse (substrate r2).
Proof. ... Qed.

We show that pr; = fi o ¢; implies that f; is an isomorphism; we first introduce the def-
inition of a pre-order isomorphism. If E, is empty, then pr, is in general not surjective, thus
f1 is not surjective; this explains why we add the condition E, # @. If fi(x) = f1(y), where x
and y are the classes of x" and y’, then pr;x’ = pr;y/, hence x’ = y' and x = y, so that fj is
injective. With the same notations, fi(x) < f(y) if and only if pr; x’ < pr; y'.

Definition preorder_isomorphism f r r’ :=
(order r) & (order r’) &
(bijective f) & (substrate r = source f) & (substrate r’ = target f) &
(forall x y, inc x (source f) -> inc y (source f) ->
glerxy=gler’ (Wxf) (Wy £)).

Lemma exercisel_2c4: forall rl r2 £,
let s := (first_proj_equivalence (substrate rl) (substrate r2)) in
let r:= product2_order rl r2 in
is_function f -> source f = quotient s -> target f = (substrate rl) ->
preorder rl -> preorder r2 -> nonempty (substrate r2) ->
compose f (canon_proj s)=(first_proj (product (substrate rl) (substrate r2)))
-> preorder_isomorphism f (quotient_order r s) ri.
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Proof. ir. set (El:= substrate rl) in *. set (E2:= substrate r2) in *.
assert (Ha:substrate r = product E1 E2). uf r.
rww substrate_preorder_product2_order.
assert(Hb:substrate s = product E1 E2). uf s.
rww substrate_first_proj_equivalence.
assert (Hc:is_equivalence s). uf s; app equivalence_first_proj.
assert (composable f (canon_proj s)). red. ee. am. app function_canon_proj.
tv.
assert (Hd:preorder r). uf r. app preorder_product2_order.
assert (source (canon_proj s)= product E1 E2). tv.
red. ee. app quotient_is_preorder. rww Ha. am. red. ee. red. ee. am. ir.
assert (inc x (quotient s)). wrr HO. cp (canon_proj_show_surjective Hc H11).
assert (inc y (quotient s)). wrr HO. cp (canon_proj_show_surjective Hc H13).
wr (related_rep_rep Hc H11 H13). uf s.
rw first_proj_equivalence_related. ee. wr Hb. app inc_rep_substrate.
wr Hb. app inc_rep_substrate.
wri H12 H10. wri H14 H10. assert (inc (rep x) (source (canon_proj s))).
rww H7. wr Hb. app inc_rep_substrate. wri (W_compose H6 H15) H10.
assert (inc (rep y) (source (canon_proj s))). rww H7. wr Hb.
app inc_rep_substrate. wri (W_compose H6 H16) H10. rwi H5 H10.
rwii W_first_proj H10. rwii W_first_proj H10. fprops. wrr H7. fprops. wrr H7.
app surjective_pr6. rw Hi. ir. nin H4. exists (W (J y yO) (canon_proj s)).
assert (inc (J y y0O) (source (canon_proj s))). rw H7. fprops.
ee. assert (source f = target (canon_proj s)). tv.
rw H10. app inc_W_target. app function_canon_proj. wr (W_compose H6 H9).
rw H5. rw W_first_proj. aw. fprops. fprops. sy; rww substrate_quotient_order.
rww Ha. sy. am. ir. set (u:= W x f). set (v:i= Wy £).
assert (inc x (quotient s)). wrr HO. cp (canon_proj_show_surjective Hc H10).
assert (inc y (quotient s)). wrr HO. cp (canon_proj_show_surjective Hc H12).
assert (u =W x f). tv. wri H11 H14. assert (v = Wy f). tv. wri H13 H15.
assert (inc (rep x) (source (canon_proj s))).
rww H7. wr Hb. app inc_rep_substrate. wri (W_compose H6 H16) H14.
assert (inc (rep y) (source (canon_proj s))). rww H7. wr Hb.
app inc_rep_substrate. wri (W_compose H6 H17) H15. rwi H5 H14. rwi H5 H15.
rwi W_first_proj H14. rwi W_first_proj H15. rw H14; rw H15.
rw quotient_order_pr. uf quotient_order_r. app iff_eq. ir. ee.
assert (inc (rep x) x). app (inc_rep_itself Hc H10). nin (H20 _ H21).
nin H22. ufi r H23. rwi product2_order_pr H23. ufi product2_order_r H23. ee.
cp (is_class_pr Hc H22 H19). assert (inc x0 (substrate s)).
app (inc_in_quotient_substrate Hc H22 H19). cp (related_rep_class Hc H28).
wri H27 H29. ufi s H29. rwi first_proj_equivalence_related H29. ee. wrr H31.
ir. ee. am. am. ir.
assert(inc (J v (Q x0)) (product (substrate rl) (substrate r2))). aw. ee.
fprops. rwi H7 H17. awi H17. ee. rww H15.
cp (inc_in_quotient_substrate Hc H19 H10). rwi Hb H20; awi H20. ee; am.
assert (inc x0 (product (substrate rl) (substrate r2))).
cp (inc_in_quotient_substrate Hc H19 H10). rwi Hb H21. am.
exists (J v (Q x0)). ee. wr (class_rep Hc H12). rw inc_class. uf s.
rw first_proj_equivalence_related. ee. wr H7. am. am. sy. aw. nin Hc; am.
uf r. rw product2_order_pr. red. ee. am. am. aw. rw H15.
assert (inc (rep x) x). app (inc_rep_itself Hc H10).
cp (is_class_pr Hc H19 H10). assert (inc x0 (substrate s)).
app (inc_in_quotient_substrate Hc H19 H10). cp (related_rep_class Hc H24).
wri H23 H25. ufi s H25. rwi first_proj_equivalence_related H25. ee. rww H27.
aw. red in H3. ee. red in H22. ee. app H24. awi H21; ee; am. fprops. wrr H7.
fprops. wrr H7.
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Qed.

(d) With the hypothesis of (a), suppose that E is an ordered set and that the following
condition is satisfied:

(C’) Therelationsx < y<zandx=z (mod S) inE imply x =y (mod S).
Show that Rix, y} is then an order relation betweenX andY in E/S.

Definition quotient_order_axiom r s:=
forall x y z, gler xy -> gler y z -> related s x z -> related s x y.

Lemma Exercisel_2d: forall r s,
is_equivalence s -> order r -> substrate s = substrate r ->
quotient_order_axiom r s ->
order (quotient_order r s).

Proof. ir. assert (preorder r). red in HO. red. intuition.
cp (quotient_is_preorder H H3 H1). red in H4. ee. red. ee. am. am. am.
red. ee. am. ir. rwi quotient_order_pr H7. rwi quotient_order_pr HS.
red in H7. red in H8. ee. set_extens. nin (H12 _ H13). ee.
nin (H10 _ H14). ee. assert (related s x0 x2). rw in_class_related.
exists x. ee. wrr inc_quotient. am. am. am. red in H2.
cp (H2 _ _ _ H15 H17 H18). cp (is_class_pr H H14 H11). rw H20.
rw inc_class. app symmetricity. nin H; am.
nin (H10 _ H13). ee. nin (H12 _ H14). ee. assert (related s x0 x2).
rw in_class_related. exists y. ee. wrr inc_quotient. am. am. am. red in H2.

cp (H2 _ _ _ H15 H17 H18). cp (is_class_pr H H14 H7). rw H20.
rw inc_class. app symmetricity. nin H; am.
Qed.

(e) Give an example of a totally ordered set E with four elements and an equivalence
relation S and E such that neither of the conditions (C) and (C’) is satisfied, but such that E/S
is an ordered set.

Assume that E is a totally ordered finite set, and consider two classes X and Y; they have
a greatest element x and y. The condition x < y is equivalent to X <Y, so that the quotient is
totally ordered. Assume a < b < ¢, S is such that a and c are related by S, but no other pair of
distinct pairs are related. Then (C') is false. In (C), take a, b and ¢ for x, y and y'. Since y = y/
implies y = y/, condition (C) is false. This gives an example with three elements. But one can
add a fourth one.

(f) Let E be an ordered set, let f be an increasing mapping of E into an ordered setF, and
let Six, yi be the equivalence relation f(x) = f(y) on E. Then the condition (C’) is satisfied.
Moreover the condition (C) is satisfied if and only if the relations x < y and f (x) = f(x) imply
that there exists y' € E such that x' < y' and f(y) = f(y)). Let f = go be the canonical
decomposition of f. Then g is an isomorphism of E/S onto f(E) if and only if this condition
is satisfied and, in addition, the relation f(x) < f(y) implies that there exists x, y' such that

f@=fN, f =, andx <y

Lemma Exercisel_2f1: forall r r’ f, increasing fun f r r’ ->
quotient_order_axiom r (eq_rel_associated f).
Proof. ir. red. ir. red in H. ee. cp (inc_argl_substrate H1). rwi H5 H8.

rw related_ea. rwi related_ea H2. ee. am. am. cp (H7 _ _ H2 H8 HO).
cp (H7 _ _ H8 H9 H1). simpl in H11. simpl in H12. wri H10 H12.
app (order_antisymmetry H4 H11l H12). am. am.

Qed.
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Lemma Exercisel_2f2: forall r r’ f, increasing fun f r r’ ->
weak_order_compatibility r (eq_rel_associated f) =
(forall x y x’, gle r x y -> inc x’ (source f) > Wx f =Wx’> £ ->
exists y’, inc y’ (source f) & gler x> y> & Wy f =Wy’ £).
Proof. ir. uf weak_order_compatibility. red in H. ee. ap iff_eq. ir. ee.
assert (related (eq_rel_associated f) x x’). rw related_ea. ee.
wr H2. app (inc_argl_substrate H6). am. am. am. nin (H11 _ _ _ H6 H12).
rwi related_ea H13. ee. exists x0. intuition. am. ir. ee.
red in HO; red; ee;am. app equivalence_graph_ea. rww substrate_graph_ea.
sy; am. ir. rwi related_ea H7. ee. nin (H5 _ _ _ H6 H8 H9). exists x0.
rw related_ea. intuition. wr H2. app (inc_arg2_substrate H6). am. am.
Qed.

The next point is straightforward, but a bit longish. The idea is the following. If X is in the
quotient, and if x stands for rep X, then g(X) = f(x). The equivalence relation is defined by
a€Xifand onlyif f(x) = f(a).

Lemma Exercisel_2f3: forall r r’ f g,
let CC:= forall x y x’, gle r x y -> inc x’ (source f) > Wx f =W x> £ ->
exists y’, inc y’ (source f) & gler x> y> & Wy f =Wy’ f in
let DD:= forall x y, inc x (source f) -> inc y (source f) ->
gle r’ (Wx £f) (Wy £f) -> exists x’, exists y’,
Wxf=Wxf&Wyf=Wy f&glerx’y’ in
increasing fun f r r’ ->
composable g (canon_proj (eq_rel_associated f)) ->
f = compose g (canon_proj (eq_rel_associated f)) ->
order_morphism g (quotient_order r (eq_rel_associated f)) r’ = (CC & DD).
Proof. ir. cp (Exercisel_2f1 H). rename H2 into Hc.
red in H. ee. set (s:= eq_rel_associated f) in *.
assert (Ha:is_equivalence s). uf s. app equivalence_graph_ea.
assert (Hb: substrate s = substrate r). uf s. sy; rww substrate_graph_ea.
assert (Hd:preorder r). red in H2; red; intuition.
assert (He: forall x, inc x (quotient s) ->( inc (rep x) (source f) &
W (rep x) £ = W x g)). ir. cp (inc_rep_substrate Ha H7). split. wr H4.
wrr Hb. cp (W_canon_proj Ha H8). rwii class_rep H9.
assert (W (W (rep x) (canon_proj s)) g =W x g). rww H9. wri W_compose H10.
wri H1 H10. am. am. am.
assert (Hf:forall x a, inc x (quotient s) ->
inc a x = (inc (rep x) (source f) &inc a(source f) & W (rep x) £ =W a f)).
ir. ap iff_eq. ir. cp (related_rep_in_class Ha H7 H8). ufi s H9.
rwi related_ea H9. am. am. ir. wr (class_rep Ha H7). rw inc_class.
uf s. rw related_ea. am. am. red in Ha; ee; am.

Assume that g(a) < g(b) implies a < b. We have: if x and y in E, X and Y are their equiv-
alence classes, then f(x) < f(y) implies X < Y. Expanding the last relation, we get: if x’ is in
the class of x, there exists y’ such that f(y) = f(y) and x' < .

app iff_eq. ir.
assert (forall x y x’, inc x (source f) -> inc y (source f) ->
gler’ (Wx £f) (Wy £f) -> inc x’ (class s x) ->
exists y’, inc y’ (source f) & gler x’ y’ & Wy f =Wy’ £).
ir. assert(inc x (substrate s)). rww Hb. rww H4.
assert (inc x (class s x)). app inc_itself_class.
assert (inc (class s x) (quotient s)). app inc_class_quotient.
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rwi (Hf _ x H14) H13. cp (He _ H14). ee. wri H18 H10. rwi H16 H10.
assert(inc y (substrate s)). rww Hb. rww H4.

assert (inc y (class s y)). app inc_itself_class.

assert (inc (class s y) (quotient s)). app inc_class_quotient.

rwi (Hf _ y H21) H20. cp (He _ H21). ee. wri H25 H10. rwi H23 H10.

red in H7. ee. wri H30 H10. rwi quotient_order_pr H10. red in H10. ee.
nin (H32 _ H11). exists x0. nin H33. rwi (Hf _ x0 H21) H33. ee. am. am.
assert (inc y (class s y)). app inc_itself_class. rwi (Hf _ y H21) H37.
ee. wrr H39. red in H7. ee. wr H28. rww substrate_quotient_order.

red in H7. ee. wr H28. rww substrate_quotient_order.

It is now easy to show that if g is a morphism, then the two conditions are true.

ee. red. ir.
assert (inc x (source f)). wr H4. app (inc_argl_substrate H9).
assert (inc y (source f)). wr H4. app (inc_arg2_substrate H9).

cp (H6 _ _ H12 H13 H9). simpl in H14. rwi H11 H14.

assert (inc x’ (class s x’)). app inc_itself_class. rww Hb. rww H4.

nin (H8 _ _ _ H10 H13 H14 H15). exists x0. am.

red. ir. assert (inc x (class s x)). app inc_itself_class. rww Hb. rww H4.
cp (H8 _ _ _ H9 H10 H11 H12). nin H13. exists x. exists x0. ee. tv. am. am.

We now show the converse.

red. ir. assert (order (quotient_order r s)). app Exercisel_2d.
ufi CC H7; ufi DD H7. nin H7.
assert(substrate (quotient_order r s) = source g). red in HO. ee. rw Hi1l.
rww substrate_quotient_order.
assert (is_function g). red in HO; ee; am.
assert (forall x y, inc x (source g) -> inc y (source g) ->

gle (quotient_order r s) xy = gler’ (Wxg) (Wy g)). ir.
wri H10 H12. wri H10 H13. rwii substrate_quotient_order H12.
rwii substrate_quotient_order H13. nin (He _ H12). nin (He _ H13).
wr H15. wr H17. ap iff_eq. ir. rwi quotient_order_pr H18. red in H18. ee.
nin (H20 _ (inc_rep_itself Ha H18)). nin H21. rwi (Hf y xO0 H13) H21. ee.
rw H24. app H6. ir. rw quotient_order_pr. red. ee. am. am.

cp (H9 _ _ H14 H16 H18). nin H19; nin H19. ee. ir.
rwi (Hf x x2 H12) H22. nin H22. nin H23. rwi H19 H24.
nin (H7 _ _ _ H21 H23 H24). exists x3. ee. rw Hf. ee. am. am. rww H20.

am. am. ee. am. am. red. ee. am. ir.
assert (gle r’ (W=xg) (Wy g)). rw H156. wr order_reflexivity. rw H5.
rw Hl. rw target_compose. app inc_W_target. am.
assert (gle r’ (Wy g) (Wx g)). rw H15. rwi H15 H16. am.
wri H12 H16. wri H12 H17. app (order_antisymmetry H8 H16 H17). am. am. am.
am. am. rw H5. rw Hl. rw target_compose. tv. am.
Qed.

3. LetlI be an ordered set and let (E,),c1 be a family of non-empty ordered sets indexed by 1.

(a) Let F be the sum (Chapter II, § 4, no. 8) of the family (E,)c1; for each x € F, let A(x) be
the index\ such that x € E,; and let G be the graph consisting of all the pairs (x, y) € F xF such
that either A(x) < A(y) or else A(x) = A(y) and x < y in E)(y). Show that G is the graph of an
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ordering on F. The set F endowed with this ordering is called the ordinal sum of the family

(E\)e1 (relative to the ordering on1) and is denoted Z E,. Show that the equivalence relation
1€l
corresponding to the partition (E,)e; of F satisfies conditions (C) and (C’) of Exercise 2, and

that the quotient ordered set (Exercise 2) is canonically isomorphic to 1.

We have defined the ordinal sum in section and shown that is an ordered set. We
show here the claim of the last sentence.

Let’s consider three variables, r, f and g. We define some quantities associated to them,
prefixed by E13. Assumption H1 says that f is a family of sets (the family E,), r is an ordering
on the index set, g is a family of orderings on E,. We shall denote the ordinal sum by F and
its support (the disjoint union) by sF or F. The quantity lam will be the function A, i.e., the
surjective function on F defined by A(x) = pr,x. Finally S the equivalence associated to A.
Assumption H2 says that the sets E, are non-empty.

Section Exercisel_3a.
Variables r £ g: Bset.
Definition E13_lam := second_proj (disjoint_union f).
Definition E13_S:= eq_rel_associated (second_proj (disjoint_union f)).
Definition E13_F:= ordinal_sum r f g.
Definition E13_sF:= disjoint_union f.
Definition E13_H1l:= ordinal_sum_axioms r f g.
Definition E13_H2:= is_graph f &
(forall i, inc i (domain f) -> nonempty (V i £)).

We show, successively, that F is a graph, that pr, can be considered as a surjective function
on F, that its target is I if H2 is true, and that it is an increasing function.

Lemma Exercisel_3al: is_graph E13_sF.

Proof. ir. uf disjoint_union. uf disjoint_union_fam. red. ir. rwi unionb_rw H.
nin H. nin H. bwi HO. awi HO. nin HO; am. bwi H. am.

Qed.

Lemma Exercisel_3a0: is_function E13_lam.
Proof. ir. uf E13_lam. app function_second_proj. ap Exercisel_3al.
Qed.

Lemma Exercisel_3a2: surjective E13_lam.

Proof. ap surjective_pr6. ap Exercisel_3a0. cp Exercisel_3al. uf E13_lam.
rw source_second_proj. rw target_second_proj.
uf disjoint_union. uf disjoint_union_fam. ir. awi HO. nin HO.
exists (J x y). split. am. rw W_second_proj. aw. am. am. am.

Qed.

Lemma Exercisel_3a3: E13_H2 -> domain f = target E13_lam.

Proof. ir. nin H. uf E13_lam. rw target_second_proj.
set_extens. nin (HO _ H1). aw. exists y. uf disjoint_union.
uf disjoint_union_fam.
rw unionb_rw. exists x. bw. split. am. fprops. ap Exercisel_3al.
awi H1. nin H1. ufi disjoint_union H1. ufi disjoint_union_fam H1.
rwi unionb_rw H1. nin H1. bwi H1. nin H1. awi H2. nin H2. nin H3.
rww (singleton_eq H4). nin H1. am. ap Exercisel_3al.

Qed.

Lemma Exercisel_3a4: E13_H1 -> E13_H2 -> increasing_fun E13_lam E13_F r.
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Proof. ir. red in H. cp H; red in H. red. ee. ap Exercisel_3a0.
uf E13_F. fprops. am. uf E13_F; uf E13_lam.
rw source_second_proj. rww substrate_ordinal_sum. rw H2. app Exercisel_3a3.
red. uf E13_lam. rw source_second_proj. ir. cp Exercisel_3al.
rww W_second_proj. rww W_second_proj. ufi E13_F H10. awi H10. ee. nin H13.
nin H13; am. nin H13. rw H13. wrr order_reflexivity. rw H2.
cp (du_index_pr H9); ee; am. am.

Qed.

Consider now the “equivalence relation corresponding to the partition (E,)e; of F”. The
set F is the union of f’, the graph of 1 — E, x {1}, where f is the graph of 1 — E,. Consider now
a function f” whose graph is f’. This function defines a partition. By abuse of notations, F
is identified with F, E, x {t} with E, and f” with f’. Let S’ be the equivalence associated to f".
We show here that x and y are related by S’ (resp. S) if and only if x and y are in the disjoint
union and pr, x = pr, y. This shows S’ =S.

Definition disjoint_union_function f :=
corresp (domain f) (range (disjoint_union_fam f))(disjoint_union_fam f).

Lemma disjoint_union_function_pr:

is_function (disjoint_union_function f) &

graph (disjoint_union_function f) = (disjoint_union_fam f).
Proof. ir. uf disjoint_union_function. uf is_function. uf is_correspondence.

uf corr_axiom. simpl. assert (fgraph (disjoint_union_fam f)).

uf disjoint_union_fam. gprops. wri is_functional H. ee. am.

uf disjoint_union_fam. bw. fprops. fprops. am. uf disjoint_union_fam. bw. tv.
Qed.

Lemma Exercisel_3ab5: forall x y, fgraph f —>
related (partition_relation (disjoint_union_function f) (disjoint_union f))
x y = (inc x E13_sF & inc y E13_.sF & Q x = Q y).

Proof. ir. uf E13_sF. rename H into Ha. cp disjoint_union_function_pr. ee.
rw partition_relation_pr. uf in_same_coset. uf W. uf disjoint_union.
uf disjoint_union_function. simpl. uf disjoint_union_fam. ap iff_eq.
ir. nin H1. ee. rw unionb_rw. exists x0. split. bw. am. rw unionb_rw.
exists x0. split. bw. am. bwi H2. bwi H3. awi H2; awi H3. ee.
rw (singleton_eq H7); rw (singleton_eq H5); tv. am. am.
ir. ee. rwi unionb_rw H1. rwi unionb_rw H2. nin Hl;nin H2. ee. bwi H1l. bwi H2.
exists x0. split. am. split. am. assert (x0 = x1). bwi H5; bwi H4.
awi H5; awi H4. ee. rwi (singleton_eq H9) H3. rwi (singleton_eq H7) H3. am.
am. am. am. rww H6. am. rw HO. app partion_union_disjoint.

Qed.

Lemma Exercisel_3a6: forall x y,
related E13_S x y = (inc x E13_sF & inc y E13_sF & Q x = Q y).
Proof. ir. cp Exercisel_3al. assert (is_function E13_lam). ap Exercisel_3a0.
uf E13_S. rw related_ea. rw source_second_proj.
app iff_eq. ir. nin H1; nin H2. rwii W_second_proj H3.
rwii W_second_proj H3. intuition. ir. ee; try am.
rww W_second_proj. rww W_second_proj. am.
Qed.

We show that the classes of S are the sets E, x {1}. If ¢ is the canonical projection of F on
F/S, there exists a function g defined by A = g o ¢ (canonical decomposition) because of the

surjectivity of A, it is unique. It is the function induced by A by passing on the quotient. We
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can restate it as: an element X of the quotient is of the form 1 — E, x {1}, and g(X) = 1. We show
that g is a function, that g o ¢ exists and that g is bijective.

Lemma Exercisel_3a7: is_equivalence E13_S.
Proof. uf E13_S. app equivalence_graph_ea. ap Exercisel_3a0. Qed.

Lemma Exercisel_3a8: forall a, E13_H2 ->
inc a (quotient E13_S) = exists i,
inc i (domain f) & a = product (V i f) (singleton i).
Proof. ir. cp Exercisel_3a7. rww inc_quotient. rww is_class_rw.
assert (substrate E13_S = disjoint_union f). uf E13_S. rw substrate_graph_ea.
rw source_second_proj. tv. app function_second_proj. ap Exercisel_3al.
ap iff_eq. ir. ee. nin H2. assert (inc y (disjoint_union f)). wr H1. app H3.
cp (du_index_pr H5). ee. exists (Q y). ee. am. set_extens.
rwi (H4 y x H2) H9. ufi E13_S H9. rwi Exercisel_3a6 H9. ee.
cp (du_index_pr H10). ee. app product_inc. rww H11l. rw H11l. fprops.
rw (H4 _ x H2). uf E13_S. awi H9. ee. cp (singleton_eq H11). rw Exercisel_3a6.
ee. am. uf E13_sF. uf disjoint_union. rw unionb_rw. exists (Q y).
uf disjoint_union_fam. split. bw. bw. aw. ee. am. am. fprops. sy; am.
ir. nin H2. nin H2. assert (sub a (disjoint_union f)). red. ir.
uf disjoint_union. rw unionb_rw. exists x. ee. uf disjoint_union_fam. bw.
uf disjoint_union_fam. bw. wrr H3.
ee. nin H. ee. cp (H5 _ H2). nin H6. exists (J y x). rw H3. fprops. rww H1.
ir. uf E13_S. rw Exercisel_3a6. ap iff_eq. ir. ee. app H4. app H4.
rwi H3 H5. awi H5. rwi H3 H6. awi H6. ee. rw (singleton_eq H10).
rw (singleton_eq H8). tv. ir. ee. rw H3. cp (du_index_pr H7).
rwi H3 H5. awi H5. nin H5. nin H10. rwi (singleton_eq H11) H8.
aw. ee. am. rww H8. rw H8. fprops.
Qed.

Lemma Exercisel_3a9: is_function(fun_on_quotient E13_S E13_lam).

Proof. ir. cp Exercisel_3a0. app function_foqc. ap Exercisel_3aT7.
uf E13_S. rww substrate_graph_ea.

Qed.

Lemma Exercisel_3al0:
composable (fun_on_quotient E13_S E13_lam) (canon_proj E13_S).

Proof. red. ee. ap Exercisel_3a9. ap function_canon_proj. ap Exercisel_3a7.
rw source_foqc. tv.

Qed.

Lemma Exercisel_3all:

E13_lam = compose (fun_on_quotient E13_S E13_lam) (canon_proj E13_S).
Proof. ap (canonical_decomposition_surj2 Exercisel_3a2).
Qed.

Lemma Exercisel_3al2: forall x, E13_H2 ->
inc x (quotient E13_S) -> exists i,
inc i (domain f) & x = product (V i f) (singleton i) &
W x (fun_on_quotient E13_S E13_lam) = i.
Proof. ir. cp Exercisel_3a0. cp Exercisel_3aT.
assert (source E13_lam = substrate E13_S).
uf E13_S. sy; app substrate_graph_ea.
assert (Q (rep x) = W (rep x) E13_lam). uf E13_lam. rww W_second_proj.
ap Exercisel_3al. ufi E13_lam H3. rwi source_second_proj H3. rw H3.
app inc_rep_substrate. rww W_foqc. wr H4.
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rwi (Exercisel_3a8 x H) HO. nin HO. nin HO. exists x0. ee. am. am.
assert (inc (rep x) x). app nonempty_rep. nin H. ee. nin (H6 _ HO).
exists (J y x0). rw H5. aw. ee. fprops. am. fprops. set (t:=rep x) in *.
rwi H5 H6. awi H6. ee. ap (singleton_eq HS8).

Qed.

Lemma Exercisel_3al3: E13_H2 -> bijective (fun_on_quotient E13_S E13_lam).
Proof. ir. cp Exercisel_3a9. red. split. red. split. am. rw source_foqc.
ir. nin (Exercisel_3al12 H H1). nin (Exercisel_3al2 H H2). ee.
rw H8; rw H6; wr H9; rw H3;rw H7. tv.
app surjective_pr6. rw source_foqc. rw target_foqc. wrr Exercisel_3a3.
ir. set (a:=product (V y f) (singleton y)).
assert (inc a (quotient E13_S)). rw Exercisel_3a8. exists y. ee. am. tv. am.
exists a. split. am. cp (Exercisel_3al2 H H2). nin H3. ee. rw H5.
cp Exercisel_3a7. cp (inc_rep_itself H6 H2). set (t:= rep a) in HT.
cp H7. ufi a H7. awi H7. rwi H4 H8. awi H8. ee. wr (singleton_eq H12).
wr (singleton_eq H10). tv.
Qed.

We apply Exercise 2f; the two conditions are easily satisfied. We deduced that g is an
isomorphism on its image. Since we know that g is bijective, it is an order isomorphism
between F/S and I.

Lemma Exercisel_3al4: E13_H1 -> quotient_order_axiom E13_F E13_S.

Proof. ir. red. uf E13_F. uf E13_S. ir. assert (order (ordinal_sum r f g)).
red in H; fprops. rw Exercisel_3a6. rwi Exercisel_3a6 H2. awi HO. awi H1.
ee. am. am. nin H. nin H9. nin H7. cp (1t_lt_trans H H9 H7). nin H11.
elim H12. am. nin H7. red in H9. ee. elim H12. rww H7. nin H9. am. am. am.

Qed.

Lemma Exercisel_3alb: E13_H1 -> E13_H2 ->
order_isomorphism (fun_on_quotient E13_S E13_lam)
(quotient_order E13_F E13_S) r.
Proof. ir. cp Exercisel_3al. assert (order (ordinal_sum r f g)). fprops.
assert (order_morphism (fun_on_quotient E13_S E13_lam)
(quotient_order E13_F (eq_rel_associated E13_lam)) r). rw Exercisel_2f3.
assert (source E13_lam = disjoint_union f). uf E13_lam.
rww source_second_proj. rw H3. uf E13_F. split. ir. awi H4. ee.
assert (W x E13_lam = Q x). uf E13_lam. rww W_second_proj.
assert (W x’ E13_lam = Q x’). uf E13_lam. rww W_second_proj.
assert (W y E13_lam = Q y). uf E13_lam. rww W_second_proj.
nin H8. exists y. ee. am. aw. ee. am. am. left. wr H10. wr H6. rww H9. tv.
exists x’. ee. am. wr order_reflexivity. rww substrate_ordinal_sum. am.
wr H6. rw H11. rw H9. sy. am. am.
ir. awi H6. ee. exists x. nin (equal_or_not (W x E13_lam) (W y E13_lam)).
exists x. split. tv. split. sy. am. wr order_reflexivity.
rww substrate_ordinal_sum. am. exists y. ee. tv. tv. aw. ee. am. am. left.
assert (W x E13_lam = Q x). uf E13_lam. rww W_second_proj.
assert (W y E13_lam = Q y). uf E13_lam. rww W_second_proj.
wr H8; wr H9; red; split;am.
app Exercisel_3a4. app Exercisel_3al0. app Exercisel_3all.
cp Exercisel_3al3. red in H3. red. intuition.
Qed.
End Exercisel_3a.
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(b) If the set1 is the ordinal sum of a family (J))eL of ordered sets, where L is an ordered

set, show that the ordered setZEl is canonically isomorphic to the ordinal sum Z F) where
el A€L
F) = Z E, (“associativity of the ordinal sum”). If1 is the linearly ordered set {1,2}, we write
el
E, + E, for the ordinal sum of E; and E,. Show that E; + E; and E| + E; are not necessarily

isomorphic.

The associativity formula has been shown in the main text. Consider two ordered sets E;
and E, that we identify as subsets of the sum E; +E,. Let x be the greatest element of the sum
E; + Ey. Assume E, not empty; thus y € E,. Since y < x, we deduce x € E,. Obviously, for all
z € E; we have z < x. Thus, we have shown: if the sum E; + E, has a greatest element, then E,
has a greatest element. This shows that E; + E; is not always isomorphic to E, +E;.

Lemma ordinal_sum2_order_greatest: forall r r’ x, order r -> order r’ ->
nonempty (substrate r’) ->
greatest_element (ordinal_sum2 r r’) x -> greatest_element r’ (P x).
Proof. ir. nin H1. red in H2. nin H2.
assert (inc (J y (singleton emptyset)) (substrate (ordinal_sum2 r r’))).
rw substrate_ordinal_sum2. rw canonical_du2_pr. split. fprops. right.
aw. split. am. tv. am. am. cp (H3 _ H4).
rwi substrate_ordinal_sum2 H2. rwi canonical_du2_pr H2. nin H2. nin H6.
nin H6. cp (related_ordinal_sum2_order_spec H HO H6 H1).
assert (x = J (P x) emptyset). app pair_extensionality. fprops. aw. aw.
wri H9 H8. elim (not_le_gt (order_ordinal_sum2 H HO) H5 H8).
ee. red. ee. am. ir.
assert (inc (J x0 (singleton emptyset)) (substrate (ordinal_sum2 r r’))).
rw substrate_ordinal_sum2. rw canonical_du2_pr. split. fprops. right.
aw. split. am. tv. am. am. cp (H3 _ H9). rwi related_ordinal_sum2_order H10.
ee. nin H12. nin H12. awi H12. elim one_not_zero. am. nin H12. nin H12.
nin H13. awi H14. am. nin H12. awi H12. elim one_not_zero. am. am. am.
am. am.
Qed.

(c) An ordinal sum ZE. is right directed if and only if1 is right directed and E, is right
1€l
directed for each w of1.

(d) An ordinal sum ZEl is totally ordered if and only if1 and each E, is totally ordered.

el

(e) An ordinal sum Z E, is a lattice if and only if the following conditions are satisfied:
el

(I) The set1 is a lattice, and for each pair (A, u) of non-comparable indices in I,
Esup\,p (resp. Einga ) has a least (resp. greatest) element.

(II) For each « € 1 and each pair (x, y) of elements of Ey such that the set {x, y}
is bounded above (resp. bounded below) in Eq, the set {x, y} has a least upper
bound (resp. greatest lower bound) in E.

(III) For each a € 1 such that E contains a set of two elements which has no upper
bound (resp. no lower bound) in Eg, the set of indices A € 1 such that A > « (resp.
A < ) has a least element (resp. a greatest element) 3, and Eg has a least element
(resp. greatest element).

The French edition corrects point (c) as: “il faut et il suffit que I soit filtrant a droite et
que, pour tout élément maximal w de E, E,, soit filtrant a droite.” This can be translated as:

INRIA



Bourbaki: Theory of sets in Coq, II 161

An ordinal sum ), E, is right directed if and only if I is right directed and E,, is right directed
for each maximal element w of I.

The proof is as follows. We identify E; with a subset of the disjoint union. Assume the
sum directed. For every pair of indices i and j, thereis x € E; and y € Ej, and if z € E¢ is an
upper bound for x and y, then k is an upper bound for i and j. Let k be a maximal index, x
and y in E¢. Every upper bound of x and y in the sum must be in Ex. Conversely, let x € E;
and y € E; be in the disjoint union; assume I right directed, so that there is k € I with i < k
and j < k. If k is one of i and j, but not both, then x < yor y < x. If i < k and j < k, there
is z € Ex with x < z and y < z. If k is not maximal, there is k' with k < k/, and the same
conclusion holds. Finally, if i = j = k and k is maximal, we have an upper bound since Ey. is
right directed.

Lemma directed_ordinal_sum_order: forall r f g,
ordinal_sum_axiomsl r £ g ->
right_directed (ordinal_sum r f g) = (right_directed r &
forall i, maximal_element r i -> right_directed (V i g)).
Proof. ir. red in H. ee. cp H. red in H1l. ee.
ap iff_eq. ir. rwi right_directed_pr H8. awi H8. ee. rw right_directed_pr.
ee. am. ir. rwi H2 H10; rwi H2 H11. nin (HO _ H10). nin (HO _ H11).
cp (inc_disjoint_union H10 H12). cp (inc_disjoint_union H11 H13).
nin (H9 _ _ H14 H15). ee. exists (Q x0). cp (du_index_pr H16). ee.
rw H2. am.
cp (related_ordinal_sum_order_id H H17). awi H22. am.
cp (related_ordinal_sum_order_id H H18). awi H22. am. ee.
ir. rw right_directed_pr. red in H10. ee. app H6. wrr H2. ir. rwi H2 H10.
rwi (H7 _ H10) H12. cp (inc_disjoint_union H10 H12).
rwi (H7 _ H10) H13. cp (inc_disjoint_union H10 H13).
nin (H9 _ _ H14 H15). ee. cp (related_ordinal_sum_order_id H H17). awi H19.
cp (du_index_pr H16). ee. rwi H2 H1l1l. cp (H11 _ H20 H19).
awi H17; awi H18. ee. exists (P x0). ee. rww H7. wrr H23. nin H27.
nin H27. elim H28. sy; am. ee; am. nin H25. nin H25. elim H28. sy;am. ee;am.
am. am. am. am.
ir. ee. rwi right_directed_pr H8. ee. 1w right_directed_pr. ee. fprops.
aw. ir. cp (du_index_pr H11). cp (du_index_pr H12). ee. rwi H2 H10.
nin (H10 _ _ H13 H14). ee.
nin (equal_or_not (Q x) x0). nin (equal_or_not (Q y) x0).
nin (p_or_not_p (maximal_element r x0)). cp (H9 _ H24).
rwi right_directed_pr H25. ee. rwi H7 H26. rwi H22 H17; rwi H23 H15.
nin (H26 _ _ H17 H15). ee. exists (J x1 x0). ee. app inc_disjoint_union.
aw. ee. am. app inc_disjoint_union. right. ee. am. rww H22.
aw. ee. am. app inc_disjoint_union. right. ee. am. rww H23. am.
ufi maximal_element H24.
assert (exists x1, inc x1 (substrate r) & glt r x0 x1). app exists_proof.
red. ir. elim H24. ee. rww H2. ir. nin (equal_or_not x0 x1). sy; am.
elim (H25 x1). ee. am. red; ee; am. nin H25. ee. rwi H2 H25. nin (HO _ H25).
cp (inc_disjoint_union H25 H27). exists (J yO x1). ee. am. aw. ee. am. am.
left. app (leq_lt_trans H8 H20 H26). aw. ee. am. am.
left. app (leq_lt_trans H8 H21 H26). exists x. ee. am. wrr order_reflexivity.
aw. fprops. aw. ee. am. am. left. rw H22. red. ee. am. am.
nin (equal_or_not (Q y) x0). exists y. ee. am. aw. fprops. aw. ee. am. am.
left. rw H23. red. ee. am. am. wrr order_reflexivity. aw. fprops.
nin (HO _ H19). cp (inc_disjoint_union H19 H24). exists (J yO x0).
ee. am. aw. ee. am. am. left. red; ee; am. aw. ee. am. am. left. red. ee; am.
Qed.
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We show that if an ordinal sum is a lattice, so is the index set I. The idea is the following.
Consider two indices a and b. If they are comparable, there is a supremum. Otherwise, let
x€E, yeEpand z=sup(x, y). We have z € E;, and c is an upper bound of a and b. Let d be
another upper bound. Since a and b are incomparable, we have a < d and b < d. For every

teEzwehave x < tand y < t hence z < t hence c < d.

Lemma ordinal_sum_prl: forall r f g,
ordinal _sum_axiomsl r £ g —>
forall i, inc i (domain f) -> exists y, inc y (Vi f) &
inc (J y i) (substrate (ordinal_sum r f g)).
Proof. ir. red in H. ee. nin (H1 _ HO). exists y. ee. am.
cp (inc_disjoint_union HO H2). aw.
Qed.

Lemma ordinal_sum_latticel: forall r f g,
ordinal _sum_axiomsl r f g —>
lattice (ordinal_sum r f g) -> (lattice r).
Proof. ir. set (F:= ordinal_sum r f g) in HO.
assert (Ha:forall i, inc i (domain f) -> exists y, inc y (V i f) &
inc (J y i) (substrate F)). ir. uf F. app ordinal_sum_prl. nin H.
assert (order F). uf F. fprops. cp H; red in H;ee.
assert (Hb: substrate F = disjoint_union f). uf F. aw.

red. ee. am. ir. rwi H4 H10; rwi H4 H11. nin (Ha _ H10). nin (Ha _

ee. cp (lattice_sup_pr HO H15 H14). fold F in H16. ee. red.

apply by_cases with (gle r x y). exists y. app sup_comparable. ir.
apply by_cases with (gle r y x). exists x. rw doubleton_sym.

app sup_comparable. ir.

set (z:= (sup F (J x0 x) (J x1 y))) in *. cp (inc_arg2_substrate H16).

rwi Hb H21. cp (du_index_pr H21). ee. exists (Q z).

app least_upper_bound_doubleton. ufi F H16.

cp (related_ordinal_sum_order_id H3 H16). awi H25. am.

ufi F H1. cp (related_ordinal_sum_order_id H3 H17). awi H25. am.

ir. cp (inc_arg2_substrate H25). rwi H4 H27. nin (Ha _ H27). nin H28.
assert (gle F (J x0 x) (J x2 t)). uf F. aw. ee. wrr Hb. wrr Hb. left.

red. ee. am. vred. ir. wri H30 H26. elim H20. am.

assert (gle F (J x1 y) (J x2 t)). uf F. aw. ee. wrr Hb. wrr Hb. left.
red. ee. am. red. ir. wri H31 H25. elim H19. am. cp (H18 _ H30 H31).

ufi F H32. cp (related_ordinal_sum_order_id H3 H32). awi H33. am.
cp (lattice_inf_pr HO H15 H14). fold F in H16. ee. red.

apply by_cases with (gle r x y). exists x. app inf_comparable. ir.
apply by_cases with (gle r y x). exists y. rw doubleton_sym.

app inf_comparable. ir.

set (z:= (inf F (J x0 x) (J x1 y))) in *. cp (inc_arg2_substrate H16).

rwi Hb H21. cp (du_index_pr H21). ee. exists (Q z).

app greatest_lower_bound_doubleton. ufi F H16.

cp (related_ordinal_sum_order_id H3 H16). awi H25. am.

ufi F H1. cp (related_ordinal_sum_order_id H3 H17). awi H25. am.

ir. cp (inc_argl_substrate H25). rwi H4 H27. nin (Ha _ H27). nin H28.
assert (gle F (J x2 t) (J x0 x)). uf F. aw. ee. wrr Hb. wrr Hb. left.

red. ee. am. red. ir. rwi H30 H26. elim H19. am.

assert (gle F (J x2 t) (J x1 y)). uf F. aw. ee. wrr Hb. wrr Hb. left.
red. ee. am. red. ir. rwi H31 H25. elim H20. am. cp (H18 _ H30 H31).

ufi F H32. cp (related_ordinal_sum_order_id H3 H32). awi H33. am.
Qed.
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With the same notations as before, assume that a and b cannot be compared, let x € A,
y€Epand z € E; = sup(x, y). Then ¢ = sup(a, b). Every z' in E. is an upper bound of x and y.
Hence sup(x, y) is the smallest element of E.

Lemma ordinal_sum_lattice2: forall r f g,
ordinal_sum_axiomsl r £ g ->
lattice (ordinal_sum r f g) ->
(forall i j, inc i (domain f) -> inc j (domain f) ->
(gler i j\/ gler ji\/ (exists u, exists v,
least_element (V (sup r i j) g) u &
greatest_element (V (inf r i j) g) v))).
Proof. ir. cp (ordinal_sum_latticel H HO). set (F:= ordinal_sum r f g) in HO.
assert (Ha:forall i, inc i (domain f) -> exists y, inc y (Vi f) &
inc (J y i) (substrate F)). ir. uf F. app ordinal_sum_pril. nin H.
assert (order F). uf F. fprops. cp H; red in H;ee.
assert (Hb: substrate F = disjoint_union f). uf F. aw.
apply by_cases with (gle r i j). ir. left. am. ir.
apply by_cases with (gle r j i). ir. right. left. am. ir. right. right.
nin (Ha _ H1). nin (Ha _ H2). ee.
cp (lattice_sup_pr HO H18 H17). cp (lattice_inf_pr HO H18 H17).
set (A:= inf F (J x 1) (J x0 j)) in H20. set (a:= inf r i j).
set (B:= sup F (J x i) (J x0 j)) in H19. set (b:= sup r i j). ee.
wri H7 H1. wri H7 H2. cp (lattice_inf_pr H3 H1 H2). fold a in H25. ee.
cp (lattice_sup_pr H3 H1 H2). fold b in H28. ee.
assert (Hc:Q A = a).
assert (gle r (Q A) a). ufi F H20. cp (related_ordinal_sum_order_id H6 H20).
ufi F H21. cp (related_ordinal_sum_order_id H6 H21). awi H31. awi H32.
app H27. cp (inc_argl_substrate H25). rwi H7 H32. nin (Ha _ H32). ee.
assert (gle F (J x1 a) (J x i)). uf F. aw. ee. wrr Hb. wrr Hb. left.
red. ee. am. red. ir. rwi H35 H26. elim H13. am.
assert (gle F (J x1 a) (J x0 j)). uf F. aw. ee. wrr Hb. wrr Hb. left.
red. ee. am. red. ir. rwi H36 H25. elim H14. am.
cp (H22 _ H35 H36). uf F. cp (related_ordinal_sum_order_id H6 H37).
awi H38. ap (order_antisymmetry H H31 H38).
assert (Hd:Q B = b).
assert (gle r b (Q B)). ufi F H19. cp (related_ordinal_sum_order_id H6 H19).
ufi F H23. cp (related_ordinal_sum_order_id H6 H23). awi H31. awi H32.
app H30. cp (inc_arg2_substrate H28). rwi H7 H32. nin (Ha _ H32). ee.
assert (gle F (J x i) (J x1 b)). uf F. aw. ee. wrr Hb. wrr Hb. left.
red. ee. am. red. ir. wri H35 H29. elim H14. am.
assert (gle F (J x0 j) (J x1 b)). uf F. aw. ee. wrr Hb. wrr Hb. left.
red. ee. am. red. ir. wri H36 H28. elim H13. am.
cp (H24 _ H35 H36). uf F. cp (related_ordinal_sum_order_id H6 H37).
awi H38. ap (order_antisymmetry H H38 H31).
cp (inc_arg2_substrate H23). rwi Hb H31. cp (du_index_pr H31). ee.
wri (H12 _ H32) H33. rwi Hd H33.
cp (inc_argl_substrate H21). rwi Hb H35. cp (du_index_pr H35). ee.
wri (H12 _ H36) H37. rwi Hc H36. exists (P B). exists (P A). ee.
red. ee. am. ir. rwii H12 H39.
assert (inc (J x1 b) (disjoint_union f)). app inc_disjoint_union. wrr Hd.
assert (gle F (J x i) (J x1 b)). uf F. aw. ee. wrr Hb. am. left.
red. ee. am. red. ir. wri H41 H29. elim H14. am.
assert (gle F (J x0 j) (J x1 b)). uf F. aw. ee. wrr Hb. am. left.
red. ee. am. red. ir. wri H42 H28. elim H13. am.
cp (H24 _ H41 H42). ufi F H43. awi H43. ee. nin H45. red in H45. ee.
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elim H46. am. ee. wrr H45. am. wrr Hd.
red. ee. wrr Hc. ir. rwii H12 H39.
assert (inc (J x1 a) (disjoint_union f)). app inc_disjoint_union.
assert (gle F (J x1 a) (Jx1i) ). uf F. aw. ee. am. wrr Hb. left.
red. ee. am. red. ir. rwi H41 H26. elim H13. am.
assert (gle F (J x1 a) (J x0 j)). uf F. aw. ee. am. wrr Hb. left.
red. ee. am. red. ir. rwi H42 H25. elim H14. am.
cp (H22 _ H41 H42). ufi F H43. awi H43. ee. nin H45. red in H45. ee.
elim H46. sy. am. ee. am. am.
Qed.

Assume a = b and t is an upper bound for x and y in E,. Then z < ¢, thus ¢ < a, hence
a = c. This means z € E4, so that x and y have a least upper bound in E,.

Lemma ordinal_sum_lattice3: forall r f g i xy t,
ordinal_sum_axiomsl r £ g —> lattice (ordinal_sum r f g) ->
inc i (domain f) -> gle (Vig) xt ->gle (Vig) yt >
has_supremum (V i g) (doubleton x y).
Proof. ir. set (F:= ordinal_sum r f g) in HO.
assert (Ha:forall i, inc i (domain f) -> exists y, inc y (V i £f) &
inc (J y i) (substrate F)). ir. uf F. app ordinal_sum_pril. nin H.
assert (order F). uf F. fprops. cp H; red in H;ee.
assert (Hb: substrate F = disjoint_union f). uf F. aw.
cp (inc_argl_substrate H2). cp (inc_arg2_substrate H2).
cp (inc_argl_substrate H3).
assert (inc (J x i) (substrate F)). uf F. aw. app inc_disjoint_union. wrr H12.
assert (inc (J y i) (substrate F)). uf F. aw. app inc_disjoint_union. wrr H12.
assert (inc (J t i) (substrate F)). uf F. aw. app inc_disjoint_union. wrr H12.
cp (lattice_sup_pr HO H17 H16). ee.
assert (gle F (Jy i) (Jt i)). uf F. aw. ee. wrr Hb. wrr Hb. right. ee. tv.
am. assert (gle F (J x 1) (J t 1)). uf F. aw. ee. wrr Hb. wrr Hb. right.
ee. tv. am. cp (H21 _ H22 H23). set (z:=sup F (J y i) (J x 1)) in *.
cp (related_ordinal_sum_order_id H6 H19). awi H25.
cp (related_ordinal_sum_order_id H6 H24). awi H26.
cp (order_antisymmetry H H25 H26).
exists (P z). ap least_upper_bound_doubleton. app H11.
ufi F H20. awi H20. ee. nin H29. red in H29. nin H29. elim H30. am. ee;am.
am. ufi F H19. awi H19. ee. nin H29. red in H29. nin H29. elim H30. am.
ee;am. am. ir.
assert (inc (J tO i) (substrate F)). uf F. aw. app inc_disjoint_union.
wrr H12. cp (inc_arg2_substrate H28). am.
assert (gle F (J y i) (J t0 i)). uf F. aw. ee. wrr Hb. wrr Hb. right. ee. tv.
am. assert (gle F (J x i) (J t0 i)). uf F. aw. ee. wrr Hb. wrr Hb. right.
ee. tv. am. cp (H21 _ H31 H32). wufi F H33. awi H33. ee. nin H35.
red in H35. ee. elim H36. sy; am. ee. rwi H35 H36. am. am.
Qed.

Lemma ordinal_sum_lattice4: forall r £ g i xy t,
ordinal_sum_axiomsl r £ g -> lattice (ordinal_sum r f g) ->
inc i (domain f) -> gle (Vig) tx->gle (Vig)ty >
has_infimum (V i g) (doubleton x y).
Proof. ir. set (F:= ordinal_sum r f g) in HO.
assert (Ha:forall i, inc i (domain f) -> exists y, inc y (V i f) &
inc (J y i) (substrate F)). ir. uf F. app ordinal_sum_prl. nin H.
assert (order F). uf F. fprops. cp H; red in H;ee.
assert (Hb: substrate F = disjoint_union f). uf F. aw.
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cp (inc_arg2_substrate H2). cp (inc_argl_substrate H2).
cp (inc_arg2_substrate H3).
assert (inc (J x i) (substrate F)). uf F. aw. app inc_disjoint_union. wrr H12.
assert (inc (J y i) (substrate F)). uf F. aw. app inc_disjoint_union. wrr H12.
assert (inc (J t i) (substrate F)). uf F. aw. app inc_disjoint_union. wrr H12.
cp (lattice_inf_pr HO H17 H16). ee.
assert (gle F (J t i) (Jy i)). uf F. aw. ee. wrr Hb. wrr Hb. right. ee. tv.
am. assert (gle F (J t i) (J x 1)). uf F. aw. ee. wrr Hb. wrr Hb. right.
ee. tv. am. cp (H21 _ H22 H23). set (z:= inf F (J y i) (J x 1)) in *.
cp (related_ordinal_sum_order_id H6 H19). awi H25.
cp (related_ordinal_sum_order_id H6 H24). awi H26.
cp (order_antisymmetry H H25 H26).
exists (P z). ap greatest_lower_bound_doubleton. app Hil.
ufi F H20. awi H20. ee. nin H29. red in H29. nin H29. elim H30. am. wr H27.
ee;am. am. ufi F H19. awi H19. ee. nin H29. red in H29. nin H29. elim H3O0.
am. wr H27. eej;am. am. ir.
assert (inc (J tO i) (substrate F)). uf F. aw. app inc_disjoint_union.
wrr H12. cp (inc_argl_substrate H28). am.
assert (gle F (J t0 i) (J y 1)). uf F. aw. ee. wrr Hb. wrr Hb. right. ee. tv.
am. assert (gle F (J t0 i) (J x i)). uf F. aw. ee. wrr Hb. wrr Hb. right.
ee. tv. am. cp (H21 _ H31 H32). wufi F H33. awi H33. ee. nin H35.
red in H35. ee. elim H36. sy; am. ee. rwi H35 H36. wrr H27. am.

Qed.

Assume again a = b, but now, suppose no upper bound for x and y exists in E,. Then the
interval ] a, c[ is empty and z is the least element of E.. The first condition can be restated as:
c is the least element of |a, —[.

Lemma ordinal_sum_latticeb: forall r £ g i x vy,
ordinal _sum_axiomsl r f g —> lattice (ordinal_sum r f g) ->
inc i (domain f) -> inc x (Vi f) -> incy (Vif) ->
(forall t, inc t (Vi f) > ~ (gle (Vig) xt&gle (Vig)yt)) >
exists j, inc j (domain f) &
least_element (induced_order r (Zo (domain f) (fun k=> glt r i k))) j &
exists z, least_element (V j g) z.
Proof. ir. set (F:= ordinal_sum r f g) in HO.
assert (Ha:forall i, inc i (domain f) -> exists y, inc y (V i f) &
inc (J y i) (substrate F)). ir. uf F. app ordinal_sum_prl. nin H.
assert (order F). uf F. fprops. cp H; red in H;ee.
assert (Hb: substrate F = disjoint_union f). uf F. aw.
assert (inc (J x i) (substrate F)). uf F. aw. app inc_disjoint_union.
assert (inc (J y i) (substrate F)). uf F. aw. app inc_disjoint_union.
cp (lattice_sup_pr HO H14 H15). ee. set (Z:=sup F (J x i) (J y 1)) in x*.
ufi F H16. ufi F H17. awi H16; awi H17. ee.
assert (inc (Q Z) (domain f)). cp (du_index_pr H21). ee. am.
assert (glt r i (Q Z2)). nin H22. am. nin H20. am. ee.
cp (du_index_pr H21). ee. wri H20 H27. elim (H4 _ H27). ee; am.
assert (sub (Zo (domain f) (fun k => glt r i k)) (substrate r)).
red. ir. Ztac. red in H27. ee. app (inc_arg2_substrate H27).
exists (Q Z). ee. am. red. ee. aw. Ztac. ir. awi H26. Ztac.
clear H26. aw. nin (Ha _ H27). ee.
assert (gle F (J x 1) (J x1 x0)). uf F. aw. ee. am. wrr Hb. left. am.
assert (gle F (Jy i) (J x1 x0)). uf F. aw. ee. am. wrr Hb. left. am.
cp (H18 _ H30 H31). cp (related_ordinal_sum_order_id H7 H32). awi H33. am.
Ztac. Ztac. am. am. exists (P Z). red. ee. rww H13.
cp (du_index_pr H19). ee. am. ir. rwi H13 H26.
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assert (inc (J x0 (Q Z)) (disjoint_union f)). app inc_disjoint_union.
assert (gle F (J x i) (J x0 (Q Z))). uf F. aw. ee. am. am. left. am.
assert (gle F (J y i) (J x0 (Q 2))). uf F. aw. ee. am. am. left. am.
cp (H18 _ H28 H29). ufi F H30. awi H30. ee. nin H32. red in H32. ee.
elim H33. tv. ee. am. am. am. am. am. am.

Qed.

Lemma ordinal_sum_lattice6: forall r f g i x y,
ordinal_sum_axiomsl r £ g -> lattice (ordinal_sum r f g) ->
inc i (domain f) -> inc x (Vi f) -> incy (Vi f) ->
(forall t, inc t (Vi f) > ~ (gle (Vig tx&gle (Vig ty)) >
exists j, inc j (domain f) &
greatest_element (induced_order r (Zo (domain f) (fun k=> glt r k i))) j &
exists z, greatest_element (V j g) z.
Proof. ir. set (F:= ordinal_sum r f g) in HO.
assert (Ha:forall i, inc i (domain f) -> exists y, inc y (V i f) &
inc (J y i) (substrate F)). ir. uf F. app ordinal_sum_prl. nin H.
assert (order F). uf F. fprops. cp H; red in H;ee.
assert (Hb: substrate F = disjoint_union f). uf F. aw.
assert (inc (J x i) (substrate F)). uf F. aw. app inc_disjoint_union.
assert (inc (J y i) (substrate F)). uf F. aw. app inc_disjoint_union.
cp (lattice_inf_pr HO H14 H15). ee. set (Z:=inf F (J x i) (J y 1)) in x*.
ufi F H16. ufi F H17. awi H16; awi H17. ee.
assert (inc (Q Z) (domain f)). cp (du_index_pr H16). ee. am.
assert (glt r (Q Z) i). nin H22. am. nin H20. am. ee.
cp (du_index_pr H16). ee. rwi H20 H27. elim (H4 _ H27). wr H22. ee; am.
assert (sub (Zo (domain f) (fun k => glt r k i)) (substrate r)).
red. ir. Ztac. red in H27. ee. app (inc_argl_substrate H27).
exists (Q Z). ee. am. red. ee. aw. Ztac. ir. awi H26. Ztac.
clear H26. aw. nin (Ha _ H27). ee.
assert (gle F (J x1 x0) (J x i)). uf F. aw. ee. wrr Hb. am. left. am.
assert (gle F (J x1 x0) (Jy i)). uf F. aw. ee. wrr Hb. am. left. am.
cp (H18 _ H30 H31). cp (related_ordinal_sum_order_id H7 H32). awi H33. am.
Ztac. Ztac. am. am. exists (P Z). red. ee. rww H13.
cp (du_index_pr H17). ee. am. ir. rwi H13 H26.
assert (inc (J x0 (Q Z)) (disjoint_union f)). app inc_disjoint_union.
assert (gle F (J x0 (Q 2))(J x 1)). uf F. aw. ee. am. am. left. am.
assert (gle F (J x0 (Q 2)) (Jy i)). uf F. aw. ee. am. am. left. am.
cp (H18 _ H28 H29). ufi F H30. awi H30. ee. nin H32. red in H32. ee.
elim H33. tv. ee. am. am. am. am. am. am.
Qed.

We are now ready for the main result.

Lemma ordinal_sum_lattice: forall r f g,
ordinal_sum_axioms r £ g ->
lattice (ordinal_sum r f g) =
((lattice 1) &
(forall i j, inc i (domain f) -> inc j (domain f) ->
(gler i j \/ gler j i \/ (exists u, exists v,
least_element (V (supr i j) g) u &
greatest_element (V (inf r i j) g) v))) &
(forall i x y t, inc i (domain f) -> gle (Vi g) xt >gle (Vig) yt—>
has_supremum (V i g) (doubleton x y)) &
(forall i x y t, inc i (domain f) -> gle (Vig) tx ->gle (Vig ty—>
has_infimum (V i g) (doubleton x y)) &
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(forall i x vy,
inc i (domain f) -> inc x (Vi f) -> dincy (Vif) ->
(forall t, inc t (Vi f) -> ~ (gle (Vig) xt&gle (Vigyt)) —>
exists j, inc j (domain f) &
least_element (induced_order r (Zo (domain f) (fun k=> glt r i k))) j &
exists z, least_element (V j g) 2) &

(forall i x y, inc i (domain f) -> inc x (Vi f) -> incy (Vi £f) ->
(forall t, inc t (Vi f) > ~ (gle (Vig) tx&gle (Vig)ty) >
exists j, inc j (domain f) &

greatest_element (induced_order r (Zo (domain f) (fun k=> glt r k 1i)))
j&
exists z, greatest_element (V j g) z)).

We start with some preliminary assertions. One half of the proof is obvious; it suffices to
collect the previous results.

Proof. ir. assert (Ht:=H). nin H. set (F:= ordinal_sum r f g).

assert (order F). uf F. fprops. cp H; red in H;ee.

assert (Hb: substrate F = disjoint_union f). uf F. aw.

assert (Ha:forall i, inc i (domain f) -> exists y, inc y (V i f) &
inc (J y i) (substrate F)). ir. nin (HO _ H9).

exists y. ee. am. cp (inc_disjoint_union H9 H10). rww Hb.

app iff_eq. ir. cp (ordinal_sum_latticel Ht H9). ee. am.

ir. app (ordinal_sum_lattice2 Ht).

ir. app (ordinal_sum_lattice3 Ht H9 H11 H12 H13).

ir. app (ordinal_sum_lattice4 Ht H9 H11 H12 H13).

ir. app (ordinal_sum_lattice5 Ht H9 H11 H12 H13 H14).

ir. app (ordinal_sum_lattice6 Ht H9 H11 H12 H13 H14).

Let’s show the existence of a supremum.

ir. ee. red. ee. ir. am. ir. ee. red. rwi Hb H15. rwi Hb H16.
cp (du_index_pr H15). cp (du_index_pr H16). ee. wri H3 H17. wri H3 H18.
cp (lattice_sup_pr H9 H17 H18). ee. set (a:= sup r (Q x) (Q y)) in *.
assert (forall z, gle F xz ->gle Fyz ->glera (Q 2)).
ir. ufi F H26. cp (related_ordinal_sum_order_id H2 H26).
ufi F H26. cp (related_ordinal_sum_order_id H2 H27). cp (H25 _ H28 H29). am.
rwi H3 H17. rwi H3 H18.
nin (equal_or_not (Q x) (Q y)). wri H27 H19.
nin (p_or_not_p (exists t, gle (V (Q x) g) (P x) t &gle (V (Q x) g (P y) t)).
nin H28. nin H28. «c¢p (H11 _ _ _ _ H17 H28 H29).
wri H8 H21;wri H8 H19. cp (sup_pr (H7 _ H17) H21 H19 H30).
ee. set (z:=sup (V (Q x) g (P x) (Py)) in *.
assert (inc (J z (Q x)) (substrate F)). rw Hb. app inc_disjoint_union. wr H8.
app (inc_arg2_substrate H31). am. exists (J z (Q x)).
ap least_upper_bound_doubleton. am. uf F. aw. ee. am. wrr Hb. right.
ee. tv. am. uf F. aw. ee. am. wrr Hb. right. ee. sy; am. wr H27. am. ir.
ufi F H35; ufi F H36; awi H35; awi H36. ee. uf F. aw. ee. wrr Hb. am.
nin H40. 1left. am. nin H38. left. rww H27. right. ee. am. app H33. rww H27.
am. am. am. am. am. am.
assert (forall t, inc t (V (Q x) £f) -> ~ (gle (V (Q x) g) (P x) t &
gle (V (Q x) g) (Py) t)). ir. red. ir. elim H28. exists t. am.
nin (H13 _ _ _ H17 H21 H19 H29). ee. nin H32. nin H32. ee.
assert (inc (J x1 x0) (disjoint_union f)). app inc_disjoint_union. wrr H8.
assert(Hc:sub (Zo (domain f) (fun k => glt r (Q x) k)) (substrate r)).
rw H3. app Z_sub. red in H31. ee. awi H35. awi H31. Ztac. clear H31.
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exists (J x1 x0). ap least_upper_bound_doubleton. am. uf F. aw. ee. am. am.
left. am. uf F. aw. ee. am. am. left. wrr H27. ir.

ufi F H31; ufi F H38; awi H31; awi H38. ee. uf F. aw. ee. am. am.

nin (equal_or_not x0 (Q t)). right. ee. am. app H33. cp (du_index_pr H39).
ee. rw H43. rww H8. left. apply by_cases with (glt r (Q x) (Q t)). ir.
assert (inc (Q t) (Zo (domain f) (fun k => glt r (Q x) k))). Ztac.

wr H3. app (inc_1t2_substrate H44). cp (H35 _ H45). awi H46.

red. ee. am. am. cp (inc_argl_substrate H46). awi H47. am. am. am. am.

ir. nin H42. elim H44. am. nin H40. elim H44. rww H27. ee.

cp (du_index_pr H41). ee. wri H42 H48. elim (H29 _ H48). ee. am. rww H27.
am. am. am. am. am. am. am.

cp (H10 _ _ H17 H18). nin (equal_or_not (Q y) a).

assert (gle F x y). uf F. aw. ee. am. am. left. red. ee. rww H29. am.
exists y. app sup_comparable. nin (equal_or_not (Q x) a).

assert (gle F y x). uf F. aw. ee. am. am. left. red. ee. rww H30. intuition.
exists x. rw doubleton_sym. app sup_comparable.

nin H28. assert (gle r (Q y) (Q y)). wr order_reflexivity. rww H3. am.

cp (order_antisymmetry H H24 (H25 _ H28 H31)). elim H29; am.

nin H28. assert (gle r (Q x) (Q x)). wr order_reflexivity. rww H3. am.

cp (order_antisymmetry H H23 (H25 _ H31 H28)). elim H30. am.

nin H28; nin H28; nin H28. fold a in H28. red in H28. ee.

assert (inc (J x0 a) (disjoint_union f)). app inc_disjoint_union. wr H3.
app (inc_arg2_substrate H23). wrr H8. wr H3. app (inc_arg2_substrate H23).
exists (J x0 a). ap least_upper_bound_doubleton. am. uf F. aw. ee. am. am.
left. red. ee. am. am. uf F. aw. ee. am. am. left. red. ee. am. am.

ir. cp (H26 _ H34 H35).

ufi F H34. awi H34. ufi F H35. awi H35. uf F. aw. ee. am. am.

nin (equal_or_not a (Q t)). right. ee. am. app H32. rw H8. rw H41.

cp (du_index_pr H37). ee; am. wr H3. app (inc_arg2_substrate H23).

left. red. ee. am. am. am. am.

Let’s show the existence of an infimum.

ee. red. rwi Hb H15. rwi Hb H16.
cp (du_index_pr H15). cp (du_index_pr H16). ee. wri H3 H17. wri H3 H18.
cp (lattice_inf_pr H9 H17 H18). ee. set (a:= inf r (Q x) (Q y)) in *.
assert (forall z, gle F z x> gleFzy->gler (Q z) a).
ir. ufi F H26. cp (related_ordinal_sum_order_id H2 H26).
ufi F H26. cp (related_ordinal_sum_order_id H2 H27). cp (H25 _ H28 H29). am.
rwi H3 H17. rwi H3 H18.
nin (equal_or_not (Q x) (Q y)). wri H27 H19.
nin (p_or_not_p (exists t, gle (V (Q x) g) t(P x) &gle (V (Q x) g) t (P y))).
nin H28. nin H28. c¢p (H12 _ _ _ _ H17 H28 H29).
wri H8 H21;wri H8 H19. cp (inf_pr (H7 _ H17) H21 H19 H30).
ee. set (z:=inf (V (Q x) g (P x) (P y)) in *.
assert (inc (J z (Q x)) (substrate F)). rw Hb. app inc_disjoint_union. wr H8.
app (inc_argl_substrate H31). am. exists (J z (Q x)).
ap greatest_lower_bound_doubleton. am. uf F. aw. ee. wrr Hb. am. right.
ee. tv. am. uf F. aw. ee. wrr Hb. am. right. ee. am. am. ir.
ufi F H35; ufi F H36; awi H35; awi H36. ee. uf F. aw. ee. am. wrr Hb.
nin H40. 1left. am. nin H38. left. rww H27. right. ee. am. rw H40. app H33.
rww H27. wr H38. am. wr H40. am. am. am. am. am. am. am.
assert (forall t, inc t (V (Q x) f) > ~ (gle (V (@ x) g) t (P x) &

gle (V (Q x) g t (P y))). ir. red. ir. elim H28. exists t. am.
nin (H14 _ _ _ H17 H21 H19 H29). ee. nin H32. nin H32. ee.
assert (inc (J x1 x0) (disjoint_union f)). app inc_disjoint_union. wrr H8.
assert(Hc:sub (Zo (domain f) (fun k => glt r k (Q x))) (substrate r)).
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rw H3. app Z_sub. red in H31. ee. awi H35. awi H31. Ztac. clear H31.
exists (J x1 x0). ap greatest_lower_bound_doubleton. am. uf F. aw. ee. am.
am. left. am. uf F. aw. ee. am. am. left. wrr H27. ir.
ufi F H31; ufi F H38; awi H31; awi H38. ee. uf F. aw. ee. am. am.
nin (equal_or_not x0 (Q t)). right. ee. sy;am. wr H43. app H33.
cp (du_index_pr H38). ee. rw H43. rww H8. left.
apply by_cases with (glt r (Q t) (Q x)). ir.
assert (inc (Q t) (Zo (domain f) (fun k => glt r k (Q x)))). Ztac.
wr H3. app (inc_1tl_substrate H44). cp (H35 _ H45). awi H46.
red. ee. am. intuition. am. cp (inc_arg2_substrate H46). awi H47. am. am.
am. ir. nin H42. elim H44. am. nin H40. elim H44. rww H27. ee.
cp (du_index_pr H31). ee. rwi H42 H48. elim (H29 _ H48). ee. wrr H42.
wrr H42. am. am. am. am. am. am. am.
cp (H10 _ _ H17 H18). nin (equal_or_not (Q y) a).
assert (gle F y x). uf F. aw. ee. am. am. left. red. ee. rww H29. intuition.
exists y. rw doubleton_sym. app inf_comparable. nin (equal_or_not (Q x) a).
assert (gle F x y). uf F. aw. ee. am. am. left. red. ee. rww H30. am.
exists x. app inf_comparable.
nin H28. assert (gle r (Q x) (Q x)). wr order_reflexivity. rww H3. am.
cp (order_antisymmetry H H23 (H25 _ H31 H28)). elim H30; sy;am.
nin H28. assert (gle r (Q y) (Q y)). wr order_reflexivity. rww H3. am.
cp (order_antisymmetry H H24 (H25 _ H28 H31)). elim H29. sy;am.
nin H28; nin H28; nin H28. fold a in H31. red in H31l. ee.
assert (inc (J x1 a) (disjoint_union f)). app inc_disjoint_union. wr H3.
app (inc_argl_substrate H23). wrr H8. wr H3. app (inc_argl_substrate H23).
exists (J x1 a). ap greatest_lower_bound_doubleton. am. uf F. aw. ee. am. am.
left. red. ee. am. intuition. uf F. aw. ee. am. am. left. red. ee. am.
intuition. ir. cp (H26 _ H34 H35).
ufi F H34. awi H34. ufi F H35. awi H35. uf F. aw. ee. am. am.
nin (equal_or_not a (Q t)). right. ee. sy;am. wr H41. app H32. rw H8. rw H41l.
cp (du_index_pr H35). ee; am. wr H3. app (inc_argl_substrate H23).
left. red. ee. am. intuition. am. am.
Qed.

4. * LetE be an ordered set, and let (E,)c1 be the partition of E formed by the connected
components of E (Chapter II, § 6, Exercise 10) with respect to the reflexive and symmetric
relation “either x = y or x and y are not comparable”.

(a) Show that if\ # x and if x € E, and y € Ey, then x, y are comparable; and that if, for
example, x <y, y' € By, andify' # y, then also x < y' (use the fact that there exists no partition
of E into two sets A and B such that every element of A is comparable with every element of
B).

(b) Deduce from (a) that the equivalence relation S corresponding to the partition (E,) of
E is compatible (in x and y) with the order relation x < y on E, and that the quotient ordered
set E/S (Exercise 2) is totally ordered.

(c) What are the connected components of an ordered set E = F x G which is the product
of two totally ordered sets? .

We first recall some facts about connected components. We shall denote by R the relation
“either x = y or x and y are not comparable”, and by S the equivalence relation associated;
the sets E, are the equivalence classes of S.
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Definition not_comp_rel r := fun x y =>
inc x (substrate r) & inc y (substrate r) &
x=y\ ~ ((glerxy) \/ (gleryx)).

Definition ncr_equiv r :=

Exercicel.Sgraph (not_comp_rel r) (substrate r).
Definition ncr_component r :=

Exercicel.connected_comp (not_comp_rel r) (substrate r).

Lemma ncr_properties: forall r, order r ->
(is_equivalence (ncr_equiv r) &
substrate (ncr_equiv r) = substrate r &
(forall x, inc x (substrate r) -> class (ncr_equiv r) x = ncr_component r x)&
(forall x y, not_comp_rel r x y -> related (ncr_equiv r) x y)).
Proof. ir. uf ncr_equiv. uf ncr_component.
assert (reflexive_r (not_comp_rel r) (substrate r)).
red. ir. uf not_comp_rel. app iff_eq. ir. ee. am. am. left. tv.
ir. ee. am.
assert (symmetric_r (not_comp_rel r)). red. uf not_comp_rel. ir. ee.
am. am. nin H3. left. sy; am. right. red. ir. elim H3. intuition.
uf not_comp_rel.
assert (forall x y, not_comp_rel r x y -> inc x (substrate r)).
ir. red in H2. ee; am.
ee. app Exercicel.equivalence_Sgraph. app Exercicel.substrate_Sgraph.
ir. app Exercicel.connected_comp_class.
ir. red. uf Exercicel.Sgraph. uf graph_on. ee. Ztac. fprops. red.
aw. exists (Exercicel.chain_pair x y). ee. simpl. intuition. simpl. tv.
simpl. tv.
Qed.

We restate “t # k and if x € E, and y € E, then x, y are comparable” as: either the classes
(mod S) of x and y are equal, or x, y are comparable. This can also be restated as Rix, y}
implies Six, yi.

Lemma Exercicel_4al: forall r x y, order r ->
inc x (substrate r) -> inc y (substrate r) ->
gler x y \/ gleryx \/ class (ncr_equiv r) x = class (ncr_equiv r) y.
Proof. ir. nin (p_or_not_p ((gle r x y) \/ (gle r y x))). nin H2. left. am.
right. left. am. right. right. assert (not_comp_rel r x y). red. ee. am.
am. right. am. cp (ncr_properties H). ee. wrr related_class_eq. app HT7.
app reflexivity_e. rww H5.
Qed.

Consider the hint of the second claim. Consider a class C modulo S that is the union of
two sets A and B such that each element of A is comparable with each element of B. Assume
neither set empty, let a € A and b € B. Then a and b are related by S. This means that there
is a chain (x;);, relating a and b, thus a chain (x;); with head in A and tail in B; by induction,
there exist elements a’ € A and b’ € Brelated by R (if a chain is non-trivial, its head a' is related
to another chain with head b’; these elements are in the same equivalence class (namely C)
because they are related by R; if b’ € A, the result follows by induction, otherwise b’ € B and
we have a solution). Since a’ and b’ are comparable, and related by R, they are equal. Thus
the intersection of A and B is nonempty.

Lemma Exercicel_4a2: forall r y, order r -> inc y (substrate r) ->
forall a b, union2 a b = class (ncr_equiv r) y ->
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(forall u v, incua ->incvb ->gleruv\/ gler vu ->
a = emptyset \/ b = emptyset \/ nonempty (intersection2 a b).
Proof. ir. nin (emptyset_dichot a). left. am. right. nin (emptyset_dichot b).
left. am. right. nin H3. nin H4. cp (ncr_properties H). ee.
assert (Ha:is_class (ncr_equiv r) (union2 a b)). rw Hi.
app is_class_class. rww H6.
assert (related (ncr_equiv r) yO y1). rw in_class_related.
exists (union2 a b). ee. am. app union2_first. app union2_second. am.
red in H9. ufi ncr_equiv H9. ufi Exercicel.Sgraph H9. ufi graph_on H9. Ztac.
awi H11. red in H11. nin H11. ee.
assert (inc (Exercicel.chain_head x) a). rw H12. am. clear H12.
assert (inc (Exercicel.chain_tail x) b). rw H13. am. clear H13.

assert (exists u, exists v, inc u a & inc v b & (not_comp_rel r) u v).

nin x. simpl in H11l. simpl in H12. simpl in H14. exists bO. exists bl.

intuition. simpl in H11. simpl in H14. simpl in H12. ee.

apply by_cases with (inc (Exercicel.chain_head x) a). ir. app IHx.

ir. set (v:= (Exercicel.chain_head x)) in *.

cp (H8 _ _ H11). rwi is_class_rw Ha. ee. wri H19 H16. assert (inc v b).

nin (union2_or H16). elim H15. ee. am. am. exists b0. exists v.

intuition. app union2_first. am. nin H13. nin H13. ee. red in H16.

ee. nin H18. exists x0. app intersection2_inc. rww H18. elim H18. app H2.
Qed.

Let Cbeaclass for S, x € E-C, A the set of all y € C such that x < y, B the set of y’ € C such
that y’ < x. We have shown C = AUB. Obviously, if ye Aand y' € Bthen y' < y, and y # )/
(this would imply y = x hence x € C). As a consequence one of A and B is empty.

Lemma Exercicel_4a3: forall r x y y’, order r —>
inc x (substrate r) -> related (ncr_equiv r) y y’ -> gler x y —>
related (ncr_equivr) xy \/ gler x y’.

Proof. ir. cp (ncr_properties H). ee. set (C:= class (ncr_equiv r) y).
set (A:=Zo C (fun z => gle r x z)). set (B:=Zo C (fun z => gle r z x)).
assert (forall u v, inc u A -> inc vB > gler uv \/ gle r v u).
ir. ufi A H7. Ztac. clear H7. ufi B H8. Ztac. right.
app (order_transitivity H H11 H10).
nin (p_or_not_p (related (ncr_equiv r) x y)). left. am. right.
assert(inc y (substrate r)). app (inc_arg2_substrate H2).
assert (union2 A B = class (ncr_equiv r) y). set_extens. nin (union2_or H10).
ufi A H11l. Ztac. am. ufi B H11l. Ztac. am.
assert (inc x0 (substrate r)). wr H4. app (sub_class_substrate H3 H10).
nin (Exercicel_4al H HO H11). app union2_first. uf A. Ztac.
nin H12. app union2_second. uf B. Ztac. elim HS8.
apply transitivity. am. exists x0. ee. rww related_class_eq.
app reflexivity_e. rww H4. app symmetricity. wr inc_class. am.
red in H3; ee; am. cp (Exercicel_4a2 H H9 H10 H7). nin H11.
assert (inc y emptyset). wr H11l. uf A. Ztac. uf C. rw inc_class.
app reflexivity_e. rww H4. red in H3; ee; am. elim (emptyset_pr H12).
nin H11. assert (inc y’ C). uf C. rw inc_class. am. red in H3; ee; am.
ufi C H12. wri H10 H12. nin (union2_or H12). ufi A H13. Ztac. am.
rwi H11 H13. elim (emptyset_pr H13). nin H11.
cp (intersection2_first H11). ufi A H12. Ztac. clear H12.
cp (intersection2_second H11). ufi B H12. Ztac. elim HS.
rw (order_antisymmetry H H14 H16). app symmetricity. wr inc_class. am.
red in H3; ee; am.

Qed.
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Let’s show the compatibility of the equivalence and the order. We must show that if x and
x' are in the same class, if y and y' are in the same class, then x < y is the same as x’ < y'.
The assumption is that the classes are distinct. We know that x’ < y/, y' < x’ or R(x, ). The
first possibility is the desired result, the last one says that the classes are the same. We have
shown that y’ < x’ implies y’ < x and x < y implies x < y'. Thus, the second possibility says
x =y, absurd.

Lemma Exercicel_4bl: forall r x y x’ y’, order r —>
related (ncr_equiv r) x x’ -> related (ncr_equiv r) y y’ ->
class (ncr_equiv r) x <> class (ncr_equiv r) y —>
gler xy ->gler x’ y’.

Proof. ir. cp (ncr_properties H). ee.
assert (inc x’ (substrate r)). wr H5. app (inc_arg2_substrate HO).
assert (inc y’ (substrate r)). wr H5. app (inc_arg2_substrate H1).
assert (inc x (substrate r)). wr H5. app (inc_argl_substrate HO).
assert (inc y (substrate r)). wr H5. app (inc_argl_substrate H1).
nin (Exercicel_4al H H8 H9). am. nin H12.
assert (Ha:related (ncr_equiv r) x x). app reflexivity_e. rww H5.
nin (Exercicel_4a3 H H10 H1 H3). elim H2. wrr related_class_eq.
assert (related (ncr_equiv r) x’ x). app symmetricity.
nin (Exercicel_4a3 H H9 H14 H12). elim H2.
wrr related_class_eq. app transitivity. exists x’. ee. am.
app symmetricity. app transitivity. exists y’. ee. am. am.
wri (order_antisymmetry H H13 H15) H1. elim H2. wrr related_class_eq.
app symmetricity. elim H2. wrr related_class_eq.
app transitivity. exists x’. ee. am. app transitivity. exists y’. ee.
rww related_class_eq. app reflexivity_e. rww HS5. app symmetricity.
app reflexivity_e. rww H5.

Qed.

The quotient order is an order, according to condition C’. To show it, assume x < y < z,
x and z in the same class. If x and y are not in the same class, then x < y implies z < y.
This says y = z, absurd. The quotient order is total, since, given two distinct classes, the
representatives are comparable. Now, if x € X and y € Y, the compatibility condition says
X <Y in the quotient if and only if x < y in the substrate.

Lemma Exercicel_4b: forall r, order r ->
total_order(quotient_order r (ncr_equiv r)).
Proof. ir. cp (ncr_properties H). ee.
assert (order (quotient_order r (ncr_equiv r))).
app Exercisel_2d. red. ir. nin (p_or_not_p (related (ncr_equiv r) x y)).
am. assert (related (ncr_equiv r) y y). app reflexivity_e. rww HI1.
app (inc_argl_substrate H5).
assert (class (ncr_equiv r) x <> class (ncr_equiv r) y). red. ir.
elim H7. app symmetricity. rww related_class_eq. sy; am.
cp (Exercicel_4bl H H6 H8 H9 H4). cp (order_antisymmetry H H5 H10).
rww H1l. red. ee. am. rw substrate_quotient_order. ir. uf gge.
nin (equal_or_not x y). left. rw H7. wr order_reflexivity.
rw substrate_quotient_order. am. am. red; red in H; ee; am. am. am.
ir. uf gge. rw quotient_order_pr. rw quotient_order_pr. uf quotient_order_r.
cp (inc_rep_itself HO H5). «cp (inc_rep_itself HO H6).
assert (inc (rep x) (substrate r)). wr H1. app inc_rep_substrate.
assert (inc (rep y) (substrate r)). wr H1. app inc_rep_substrate.
assert (Ha:class (ncr_equiv r) (rep x) <> class (ncr_equiv r) (rep y)).
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red. ir. rwi (inc_quotient x HO) H5. 1rwi (inc_quotient y HO) H6. elim H7.
red in H5; red in H6. ee. rw H16; rw H14. am.
cp (Exercicel_4al H H10 H11). nin H12. left. ee. am. am. ir.
exists (rep y). ee. am.
assert (related (ncr_equiv r) (rep x) x0).
app related_rep_in_class. assert (related (ncr_equiv r) (rep y)(rep y)).
app related_rep_in_class. ap (Exercicel_4bl H H14 H15 Ha H12).
nin H12. right. ee. am. am. ir. exists (rep x). ee. am.
assert (related (ncr_equiv r) (rep y) x0).
app related_rep_in_class. assert (related (ncr_equiv r) (rep x) (rep x)).
app related_rep_in_class.
assert (class (ncr_equiv r) (rep y) <> class (ncr_equiv r) (rep x)).
intuition. ap (Exercicel_4bl H H14 H15 H16 H12). elim Ha. am.
am. red in H;red; ee;am. am.
Qed.

Consider a product of two totally ordered sets E = F x G. Let’s determine the set of compo-
nents. We have x < y if and only if pr, x < pr,y and pr,x < pr,y. We exclude the case where
the sets are empty. If G is a singleton, then pr,x < pr,y is always true, and the product is
totally ordered. The set of components is then isomorphic to E. If a and a’ are the least ele-
ments of F and G, [ = (a,a’), then [ is the least element of E, and {I} is a component. In the
same fashion, if g is the greatest element of E then {g} is a component.

We assume now that E has at least two elements b and c, F has at least two elements b’
and ¢’. We pretend that the class C of (b, ¢’), contains all elements of E, with the possible
exception of [ and g. It contains obviously (¢, b’). 2 or 3 components. Let y = (b, b’), and
assume that y # [. Then y € C. In fact, if a < b, then Ri(a, ¢'), (b, ")} and Ri(a, ), (c,b")}, so
that (b, b') and (c, b') are in the same class. On the other hand, if @’ < b/, then Ri(c, @), (b, b')}
and Ri(c, a’), (b, )}, so that (b, b') and (b,c’) are in the same class. In the same way, (c, ¢’)
is the class if it is not the greatest element. Assume ¢ < d. Then (c,b’) and (d, b') are re-
lated to (b,c’), Then (c,b’) and (d, b') are related to (b, ¢'), and (b,c’) and (c, c’) are related
to (d,b'). This shows that the six elements of the product {b, c,d} x {b’, ¢'}, minus the great-
est and least elements are in the same class. By symmetry, if d’ € F, the six elements of the
product {b,c,d} x {b', ', d'}, minus the greatest and least elements are in the same class.

It follows (the Coq code is still missing), that x € E and y € E are related if neither of them
is the last of greatest element of E.

5. LetE be an ordered set. A subset X of E is said to be free if no two distinct elements of
X are comparable. LetJ be the set of free subsets of E. Show that, on J, the relation “given
any x € X, there exists y € Y such that x < y” is an order relation between X and Y, written
X =Y. The mapping x — {x} is an isomorphism of E onto a subset of the ordered set J. If
XcY whereXeJ andY €7, show thatX <Y. The ordered setJ is totally ordered if and only
if E is totally ordered, and then J is canonically isomorphic to E.

We restate the definition as: if xe Xand ye X and x < y then x = y.

Definition free_subset r X := forall x y, inc x X => inc y X —>
glerxy ->x=y.
Definition set_of_free_subsets r:=
Zo (powerset (substrate r)) (fun X=> free_subset r X).
Definition free_subset_compare r X Y:=
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inc X (set_of_free_subsets r) & inc Y (set_of_free_subsets r) &
forall x, inc x X -> exists y, inc y Y & gler x y.

Definition free_subset_order r:=
graph_on (free_subset_compare r) (set_of_free_subsets r).

The relation Vx € X,3y €Y, x < y is clearly a preorder relation. Antisymmetry follow from
the fact thatif x e X,y € Y,x < y and x’ € X, y < x’ w have x < x’ by transitivity, then x = x’
when X is free, and x = y by antisymmetry.

Lemma Exercisel_ba: forall r, order r ->
order_r (free_subset_compare r).
Proof. ir. red. uf free_subset_compare. split. red. ir. ee. am. am.
ir. nin (H5 _ H6). nin H7. nin (H3 _ H7). nin HY9. exists x2. split. am.
ap (order_transitivity H H8 H10). split. red. ir. ee.
set_extens. nin (H5 _ H6). nin H7. nin (H3 _ H7). nin H9.
cp (order_transitivity H H8 H10). wufi set_of_free_subsets HO. Ztac.
red in H13. wri (H13 _ _ H6 H9 H11) H10. rww (order_antisymmetry H H8 H10).
nin (H3 _ H6). nin H7. nin (H5 _ H7). nin H9.
cp (order_transitivity H H8 H10). wufi set_of_free_subsets H4. Ztac.
red in H13. wri (H13 _ _ H6 H9 H11) H10. rww (order_antisymmetry H H8 H10).
red. ir. ee. am. am. ir. exists x0. split. am. wrr order_reflexivity.
ufi set_of_free_subsets HO. Ztac. rwi powerset_inc_rw H4. app H4. am. am.
ir. exists x0. split. am. wrr order_reflexivity.
ufi set_of_free_subsets Hl. Ztac. rwi powerset_inc_rw H4. app H4.
Qed.

Lemma fs_order_pr: forall r x y,
related (free_subset_order r) x y = free_subset_compare r x y.

Proof. ir. uf free_subset_order. uf graph_on. uf related. ap iff_eq. ir. Ztac.
awi H1. am. ir. Ztac. red in H. ee. app product_pair_inc. aw.

Qed.

Lemma fs_is_order: forall r,

order r —-> order (free_subset_order r).
Proof. ir. uf free_subset_order. app order_from_rel. app Exercisel_ba.
Qed.

Lemma substrate_fs_order: forall r,
order r —-> substrate (free_subset_order r) = set_of_free_subsets r.
Proof. ir. cp (fs_is_order H). set_extens. rwi order_reflexivity H1.
rwi fs_order_pr Hl. red in H1. nin H1l. am.
am. rw order_reflexivity. rw fs_order_pr. red. split. am. split. am.
ir. exists x0. split. am. wr order_reflexivity. ufi set_of_free_subsets H1.
Ztac. rwi powerset_inc_rw H3. app H3. am. am.
Qed.

A singleton is free; the mapping x — {x} is an isomorphism onto its range. If E is a totally
ordered set, then the only nonempty-free subsets are the singletons, so that the range is J —

{2}

Lemma Exercisel_b5b: forall r x, order r ->
inc x (substrate r) -> inc (singleton x) (set_of_free_subsets r).
Proof. ir. uf set_of_free_subsets. Ztac. app powerset_inc. red. ir.
rw (singleton_eq H1). am. red. ir. rw (singleton_eq H1).
rww (singleton_eq H2).
Qed.

INRIA



Bourbaki: Theory of sets in Coq, II 175

Lemma Exercisel_bc: forall r x y, order r —->
inc x (substrate r) ->inc y (substrate r) ->
gle r x y = gle (free_subset_order r) (singleton x) (singleton y).
Proof. ir. rw fs_order_pr. app iff_eq. ir. red. ee. app Exercisel_5b.
app Exercisel_bb. ir. rw (singleton_eq H3). exists y. split. fprops. am.
ir. red in H2. ee. assert (inc x (singleton x)). fprops. cp (H4 _ H5). nin H6.
nin H6. wrr (singleton_eq H6).
Qed.
Lemma Exercisel_b5d: forall r, order r ->
order_morphism (BL singleton (substrate r) (set_of_free_subsets r))
r (free_subset_order r).
Proof. ir.
assert (transf_axioms singleton (substrate r) (set_of_free_subsets r)).
red. ir. app Exercisel_b5b.
assert (is_function (BL singleton (substrate r) (set_of_free_subsets r))).
app af_function. red. rw af_source. rw af_target. ee. am. app fs_is_order.
app injective_af_function. ir. app singleton_inj. tv. rww substrate_fs_order.
ir. rww W_af_function. rww W_af_function. app Exercisel_bc.
Qed.

Lemma Exercisel_be: forall r X, total_order r ->
inc X (set_of_free_subsets r)-> small_set X.
Proof. ir. red. ir. red in H. ee. ufi set_of_free_subsets HO. Ztac.

rwi powerset_inc_rw H4. red in H5. nin (H3 _ _ (H4 _ H1) (H4 _ H2)).
app H5. red in H6. sy. app HS5.
Qed.

IfX cYthen X <Y (this is trivial). If E is totally ordered so is J. In fact, the empty set is the
least element of J; two non-empty sets are singletons, and singletons are compared accord-
ing to there elements. The converse is trivial. Bourbaki says that J is canonically isomorphic
to E in this case. This is obviously wrong: as noted above x — {x} is an isomorphism between
Eand J - {®}.

Lemma Exercisel_5f: forall r X Y, order r —>
inc X (set_of_free_subsets r) -> inc Y (set_of_free_subsets r) ->
sub X Y -> gle (free_subset_order r) X Y.
Proof. ir. rw fs_order_pr. red. ee. am. am. ir. exists x. split. app H2.
wr order_reflexivity. ufi set_of_free_subsets HO. Ztac.
rwi powerset_inc_rw H4. app H4. am.
Qed.

Lemma Exercisel_bg: forall r, total_order r ->
total_order (free_subset_order r).

Proof. ir. cp H. nin H. red. split. app fs_is_order. rww substrate_fs_order.
assert (inc emptyset (set_of_free_subsets r)). uf set_of_free_subsets.
Ztac. app powerset_inc. app sub_emptyset_any. red. ir. elim (emptyset_pr H2).
ir. cp (Exercisel_5e HO H3). cp (Exercisel_be HO H4).
nin (emptyset_dichot x). rw H7. left. app Exercisel_5f. app sub_emptyset_any.
nin (emptyset_dichot y). rw H8. right. red. app Exercisel_ 5f.
app sub_emptyset_any. nin H7. nin HS8.
ufi set_of_free_subsets H3; Ztac. clear H3. rwi powerset_inc_rw H9.
ufi set_of_free_subsets H4; Ztac. rwi powerset_inc_rw H3.
cp (H9 _ H7). cp (H3 _ H8).
assert (x = singleton y0). set_extens. red in H5. rw (H5 _ _ H7 H14). fprops.
rw (singleton_eq H14). am.
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assert (y = singleton yl). set_extens. red in H6. rw (H6 _ _ H8 H15). fprops.

rw (singleton_eq H15). am. rw H14; rw H15.

nin (H1 _ _ H12 H13). left. wrr Exercisel_bc. right. red. wrr Exercisel_bc.
Qed.

Lemma Exercisel_bh: forall r, order r ->
total_order (free_subset_order r) -> total_order r.

Proof. ir. red. split. am. nin HO. ir. rwi substrate_fs_order H1.
nin (H1 _ _ (Exercisel_5b H H2) (Exercisel_5b H H3)). left.
rww Exercisel_bc. right. red. red in H4. rww Exercisel_b5c. am.

Qed.

6. LetE andF be two ordered sets and let <f (E,F) be the subset of the product ordered set
FE consisting of the increasing mappings of E into F.

We change the definition of «/(E,F): it will be a subset of % (E;F), the set of mappings
from E to F, that is canonically isomorphic to FE. It will be ordered by the ordering on func-
tions.

Definition set_of_increasing _mappings r r’ :=
Zo (set_of_functions (substrate r) (substrate r’))
(fun z=> increasing_fun (inv_corr_value z) r r’).
Definition increasing mappings_order r r’ :=
induced_order (function_order (substrate r) (substrate r’) r’)
(set_of_increasing mappings r r’).

We give here some trivial lemmas expliciting the definitions.

Lemma set_of_increasing _mappings_pr: forall r r’ f, order r -> order r’ ->
inc f (set_of_increasing_mappings r r’) = exists g,
is_function g & source g = (substrate r) & target g = substrate r’
& increasing fun g r r’ & corr_value g = f.
Proof. ir. uf set_of_increasing _mappings. app iff_eq. ir. Ztac.
nin (set_of_functions_inc H2). ee. exists x. intuition. wri H7 H3.
rwi inv_corr_value_pr H3. am. ir. nin Hl1. ee. Ztac. wr H2; wr H3; wr H5.
app inc_set_of_functions. wr H5. rww inv_corr_value_pr.
Qed.

Lemma imo_order: forall r r’, order r -> order r’ ->
order (increasing_mappings_order r r’).
Proof. ir. uf increasing_mappings_order. app order_induced_order.
rw substrate_function_order. uf set_of_increasing mappings. app Z_sub. am.
tv. app order_function_order.
Qed.
Lemma imo_substrate: forall r r’, order r -> order r’ ->
substrate (increasing_mappings_order r r’) = set_of_increasing_mappings r r’.
Proof. ir. uf increasing mappings_order. rw substrate_induced_order. tv.
app order_function_order. uf set_of_increasing_mappings.
rw substrate_function_order. app Z_sub. am. tv.
Qed.
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Lemma imo_pr: forall r r’ f g, order r -> order r’ —>
gle (increasing _mappings_order r r’) f g =
(inc f (set_of_increasing_mappings r r’) &
inc g (set_of_increasing mappings r r’) &
function_order_r (substrate r) (substrate r’) r’ (inv_corr_value f)
(inv_corr_value g)).
Proof. ir. app iff_eq. ir. cp (imo_order H HO).
cp (inc_argl_substrate H1). cp (inc_arg2_substrate H1). rwi imo_substrate H3.
rwi imo_substrate H4. ufi increasing mappings_order H1. awi H1.
ufi function_order H1. ufi graph_on Hl. ee. am. am. red in H1l. Ztac. clear HI1.
awi H5. ee. nin (set_of_functions_inc H5). ee.
nin (set_of_functions_inc H7). ee. ufi sof_value H6.
wr H15. wr H11l. rw inv_corr_value_pr. rw inv_corr_value_pr. awi H6.
wri H11 H6. wri H15 H6. ufi corr_value H6. awi H6.
wr (corr_propc x). wr (corr_propc x0). rw H9; rw H10; rw H13; rw H14; am.
am. am. am. am. am. am.
ir. ee. uf increasing_mappings_order. aw.
ufi set_of_increasing_mappings H1. Ztac. clear H1.
ufi set_of_increasing mappings H2. Ztac. clear H2.
uf function_order. red. uf graph_on. Ztac. aw. ee. fprops. am. am.
cp (sof_value_pr H4). cp (sof_value_pr H1). ee. wri H13 H3. wri H10 H3.
rwi inv_corr_value_pr H3. rwi inv_corr_value_pr H3. aw.
Qed.

(a) Show that ifE, F, G are three ordered sets, then the ordered set &/ (E,F x G) is isomor-
phic to the product ordered set <f (E,F) x o (E,G).
Given a function f: E — F x G, we can consider the two projections f1 :E—Fand f,:E —

G. We first show that f — (f1, f>) is a bijection & (E; F x G) onto % (E; F) x & (E; G).

BL (fun z=> P (W z f)) a b.
BL (fun z=> Q (W z f)) a c.

Definition first_projection f a b:
Definition secnd_projection f a c:

Definition two_projections a b c :=
BL (fun z => (J (corr_value (first_projection (inv_corr_value z) a b))
(corr_value (secnd_projection (inv_corr_value z) a c))))
(set_of_functions a (product b c))
(product (set_of_functions a b) (set_of_functions a c)).

Lemma Exercicel 6a: forall f a b ¢, is_function f -> source f =a ->
target £ = product b ¢ >
(transf_axioms (fun z=> P (W z f)) ab &
transf_axioms (fun z=> Q (W z f)) a c &
is_function (first_projection f a b) &
is_function (secnd_projection f a c) &
(forall x, inc x a -> W x (first_projection f a b) =P (W x £)) &
(forall x, inc x a -> W x (secnd_projection f a c) Q (W=x £))).
Proof. ir. assert (transf_axioms (fun z=> P (W z f)) a b). red. ir. wri HO H2.
cp (inc_W_target H H2). rwi H1 H3. awi H3; ee;am.
assert (transf_axioms (fun z=> Q (W z f)) a c). red. ir. wri HO H3.
cp (inc_W_target H H3). rwi H1 H4. awi H4; ee;am. uf first_projection.
uf secnd_projection. ee. am. am. app af_function. app af_function.
ir. aw. ir. aw.
Qed.

Lemma Exercicel 6b: forall a b c,
(transf_axioms
(fun z => (J (corr_value (first_projection (inv_corr_value z) a b))
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(corr_value (secnd_projection (inv_corr_value z) a c))))
(set_of_functions a (product b c))
(product (set_of_functions a b) (set_of_functions a c))).
Proof. ir. red. ir. nin (set_of_functions_inc H). ee.
cp (Exercicel_6a HO H1 H2). ee. aw. wr H3. rw inv_corr_value_pr. ee. fprops.

set (g := first_projection x a b). assert (a = source g). uf g. tv. rw H10.
assert (b = target g). uf g. tv. rw H1l. app inc_set_of_functions.
set (g := secnd_projection x a c). assert (a = source g). uf g. tv. rw H10.

assert (c = target g). uf g. tv. rw Hil. app inc_set_of_functions.
Qed.

Lemma Exercicel_6c: forall a b c, bijective (two_projections a b c).
Proof. ir. cp (Exercicel_6b (a:=a) (b:=b)(c:=c)).
assert (is_function (two_projections a b c)). uf two_projections.
app af_function. uf two_projections. red. split.
(* injectivity *) app injective_af_function.
ir. nin (set_of_functions_inc H1). nin (set_of_functions_inc H2). ee.
wr H11; wr H8; wri H11 H3; wri H8 H3; repeat rwi inv_corr_value_pr H3.
cp (pair_extensionality_first H3). cp (pair_extensionality_second H3).
rewrite correspondence_extensionalityl in H12, H13 |- x*.
app funct_extensionality. rww H6. rww H7. rw H9. ir.
cp (Exercicel_6a H4 H9 H10). cp (Exercicel_6a H5 H6 H7). ee.
app pair_extensionality. assert (inc (W x1 x) (product b c)). wr H10.
app inc_W_target. rww H9. awi H27; ee; am.
assert (inc (W x1 x0) (product b c)). wr H7. app inc_W_target. rww H6.
awi H27; ee; am. wr H25. wr H20. rww H12. am. am.
wr H26. wr H21. rww H13. am. am.
(* surjectivity *) app surjective_af_function. ir. awi Hl. ee.
nin (set_of_functions_inc H2). nin (set_of_functions_inc H3). ee.
set (f:= BL (fun z=> J (W z x) (W z x0)) a (product b c)).
assert (transf_axioms (fun z=> J (W z x) (W z x0)) a (product b c)).
red. ir. aw. ee. fprops. wr H10. app inc_W_target. rww H9.
wr H7. app inc_W_target. rww H6.
assert (is_function f). uf f. app af_function.
assert (source f = a). uf f; tv. assert (target f = product b c). uf f; tv.
assert (inc (corr_value f) (set_of_functions a (product b c))).
wr H14; wr H15. app inc_set_of_functions.
cp (Exercicel_6a H13 H14 H15). ee.
exists (corr_value f). split. am. rw inv_corr_value_pr.
app pair_extensionality. fprops. wr H11l. aw.
rewrite correspondence_extensionalityl. app funct_extensionality. ir.
rw H21. uf f. aw. wrr H9. wrr H9. aw. wr HS8.
rewrite correspondence_extensionalityl. app funct_extensionality. ir.
rw H22. uf f. aw. wrr H6. wrr H6.
Qed.

Now we show that this operation is compatible with the order: if f is increasing, both
projections are increasing; the converse is equally true. This means that f — (fi, f2) induces a
bijection &/ (E, F x G) onto &/ (E, F) x o/ (E, G). Finally, we show that it is an order isomorphism.

Hint Rewrite substrate_order_product2_order: bw.

Lemma Exercicel_6d: forall f r r’ r’’, order r -> order r’ -> order r’’ ->
increasing fun f r (product2_order r’ r’’) ->
(increasing_fun (first_projection f (substrate r) (substrate r’)) r r’ &
increasing_fun (secnd_projection f (substrate r) (substrate r’’)) r r’’).
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Proof. ir. red in H2. nin H2; nin H3; nin H4; nin H5; nin H6.
symmetry in H5; symmetry in H6. bwi H6.
cp (Exercicel_6a H2 H5 H6). ee. red. ee. am. am. am. tv. tv. red. simpl.
ir. rw H12. rw H12. red in H7. ee. rwi H5 H7. cp (H7 _ _ H14 H15 H16).
rwi product2_order_pr H17. red in H17. ee. am. am. am.
red. ee. am. am. am. tv. tv. red. simpl.
ir. rw H13. rw H13. red in H7. ee. rwi H5 H7. cp (H7 _ _ H14 H15 H16).
rwi product2_order_pr H17. red in H17. ee. am. am. am. am. am.
Qed.

Definition two_projections_increasing r r’ r’’ :=
restriction2 (two_projections (substrate r) (substrate r’) (substrate r’’))
(set_of_increasing_mappings r (product2_order r’ r’’))
(product (set_of_increasing_mappings r r’)
(set_of_increasing mappings r r’’)).

Lemma Exercicel_6e: forall r r’ r’’, order r -> order r’ -> order r’’ ->
(restriction2_axioms
(two_projections (substrate r) (substrate r’) (substrate r’’))
(set_of_increasing mappings r (product2_order r’ r’’))
(product (set_of_increasing mappings r r’)
(set_of_increasing_mappings r r’’))).
Proof. ir.
cp (Exercicel_6¢c (substrate r) (substrate r’) (substrate r’’)).
cp (Exercicel_6b (a:=substrate r) (b:=substrate r’) (c:=substrate r’’)).
red. ee. app bij_is_function. simpl. uf set_of_increasing_mappings.
bw. app Z_sub. simpl.
app product_monotone. uf set_of_increasing_mappings. app Z_sub.
uf set_of_increasing mappings. app Z_sub.
uf image_by_fun. red. ir. cp (bij_is_function H2). awi H4. nin H4. nin H4.
red in H6. rw (W_pr H5 H6). uf two_projections. rww W_af_function.
rwi set_of_increasing_mappings_pr H4. nin H4. ee.
cp (Exercicel_6d H HO H1 H9). ee. bwi H8.
cp (Exercicel_6a H4 H7 H8). ee. wr H10. rw inv_corr_value_pr. aw. ee. fprops.
rw set_of_increasing mappings_pr.
exists (first_projection x1 (substrate r) (substrate r’)).
ee. am. tv. tv. am. tv. am. am. rw set_of_increasing mappings_pr.
exists (secnd_projection x1 (substrate r) (substrate r’’)).
ee. am. tv. tv. am. tv. am. am. am. am. am. app order_product2_order.
ufi set_of_increasing mappings H4. Ztac. bwi H7. am. am. am. fprops.
Qed.

Lemma Exercicel 6f: forall r r’ r’’, order r -> order r’ -> order r’’ ->
bijective (two_projections_increasing r r’ r’’).

Proof. ir. cp (Exercicel_6e H HO H1).
cp (Exercicel_6c (substrate r) (substrate r’) (substrate r’’)). nin H3.
assert (is_function (two_projections_increasing r r’ r’’)).
uf two_projections_increasing. app function_restriction2.
red. split. uf two_projections_increasing. app injective_restriction2.
uf two_projections_increasing. app surjective_pr6. rw source_restriction2.
rw target_restriction2. ir.
assert (inc y (target (two_projections (substrate r) (substrate r’)

(substrate r’’)))). simpl. awi H6. ee. ufi set_of_increasing mappings H7.

ufi set_of_increasing mappings H8. aw. fprops. ee. am. clear H8. Ztac. am.
Ztac. am. nin (surjective_pr2 H4 H7). nin HS8.
assert (inc x (set_of_increasing_mappings r (product2_order r’ r’’))).
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ufi two_projections H9. rwii W_af_function H9.

ufi two_projections H8. rwi af_source HS8.

rw set_of_increasing_mappings_pr. nin (set_of_functions_inc H8). ee.

cp (Exercicel_6a H10 H11 H12). wri H13 H9; rwi inv_corr_value_pr H9.
exists x0. ee. am. am. bw. am. am. am.

red. ee. am. am. app order_product2_order. sy;am. sy; bw. red. ir.

set (fl:= first_projection x0 (substrate r) (substrate r’)) in *.

set (f2:= secnd_projection x0 (substrate r) (substrate r’’)) in *.

rw product2_order_pr. red. split. wr H12. app inc_W_target. split.

wr H12. app inc_W_target. rwi H11 H20; rwi H11 H21. wr H18. wr H19.

wr H18. wr H19. rwi H9 H6. awi H6. ee.

rwi set_of_increasing_mappings_pr H23. nin H23. ee.

rwi correspondence_extensionalityl H28. wr H28. red in H27. ee. app H33.
wrr H31. wrr H31. am. am.

rwi set_of_increasing mappings_pr H24. nin H24. ee.

rwi correspondence_extensionalityl H28. wr H28. red in H27. ee. app H33.
wrr H31. wrr H31. am. am. am. am. am. am. am. am. app order_product2_order.
app Exercicel_6b. exists x. ee. am. rww W_restriction2.

Qed.

Lemma Exercicel_6g: forall r r’ r’’, order r -> order r’ -> order r’’ ->

order_isomorphism (two_projections_increasing r r’ r’’)

(increasing_mappings_order r (product2_order r’ r’’))

(product2_order (increasing_mappings_order r r’)
(increasing mappings_order r r’’)).

Proof. ir. assert (order (product2_order r’ r’’)). app order_product2_order.

red. ee. app imo_order. app order_product2_order. app imo_order.

app imo_order. app Exercicel_6f. simpl. rw imo_substrate. tv.

am. app order_product2_order. bw.

uf two_projections_increasing. simpl. rww imo_substrate. rww imo_substrate.

app imo_order. app imo_order. uf two_projections_increasing. simpl. ir.

uf two_projections_increasing.

cp (Exercicel_6b (a:=substrate r) (b:=substrate r’) (c:=substrate r’’)).

cp (Exercicel_6e H HO H1). rww W_restriction2. rww W_restriction2. clear H6.

assert (Ha:= H3). assert (Hb:= H4).

rwii set_of_increasing mappings_pr H3. rwii set_of_increasing mappings_pr H4.

nin H3; nin H4. ee. assert (Hc:= H11). assert (Hd:= H7).

bwi H11. cp (Exercicel_6a H3 H10 H11).

bwi H7. cp (Exercicel_6a H4 H6 H7). ee.

uf two_projections. rww W_af_function. rww W_af_function.

clear H5. wr H9; wr H13; rw inv_corr_value_pr; rw inv_corr_value_pr.

rw product2_order_pr. uf product2_order_r. aw. rw imo_pr. rw imo_pr.

rw imo_pr. repeat rw imo_substrate. repeat rw inv_corr_value_pr.

cp (Exercicel_6d H HO H1 H12). cp (Exercicel_6d H HO H1 H8). ee. app iff_eq.

(* direct *) ir.

assert (inc (corr_value (first_projection x0 (substrate r) (substrate r’)))
(set_of_increasing mappings r r’)). rw set_of_increasing mappings_pr.

exists (first_projection x0 (substrate r) (substrate r’)). ee. am.

tv. tv. am. tv. am. am.

assert (inc (corr_value (secnd_projection x0 (substrate r) (substrate r’’)))
(set_of_increasing mappings r r’’)). rw set_of_increasing mappings_pr.

exists (secnd_projection x0O (substrate r) (substrate r’’)). ee. am.

tv. tv. am. tv. am. am.

assert (inc (corr_value (first_projection x1 (substrate r) (substrate r’)))
(set_of_increasing_mappings r r’)). rw set_of_increasing_mappings_pr.
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exists (first_projection xl1 (substrate r) (substrate r’)). ee. am.
tv. tv. am. tv. am. am.
assert (inc (corr_value (secnd_projection x1 (substrate r) (substrate r’’)))
(set_of_increasing mappings r r’’)). rw set_of_increasing mappings_pr.
exists (secnd_projection x1 (substrate r) (substrate r’’)). ee. am.
tv. tv. am. tv. am. am.
ee. fprops. am. am. fprops. am. am. am. am. red. ee. am. am. tv. tv. tv.
tv. ir. rw H24. rw H19. red in H35. ee. cp (H42 _ H36).
rwi product2_order_pr H43. red in H43. ee; am. am. am. am. am. red. ee.
am. am. tv. tv. tv. tv. dir. rw H25. rw H20. red in H35. ee. cp (H42 _ H36).
rwi product2_order_pr H43. red in H43. ee; am. am. am.
(* converse *) ir. ee. rww H13. rww H9. red. ee. am. am. am. am. am. am.
ir. red in H34. ee. cp (H47 _ H41). rwi H25 H48. rwi H20 H48.
red in H36. ee. cp (H54 _ H41). rwi H24 H55. rwi H19 H55.
rw product2_order_pr. red. ee. wr Hll. app inc_W_target. rww H10.
wr H7. app inc_W_target. rww H6. am. am. am. am. am. am. am. am. am. am.
am. am. am. am. am. am. ufi set_of_increasing_mappings Hb. Ztac.
bwi H26. am. am. am. ufi set_of_increasing_mappings Ha. Ztac.
bwi H26. am. am. am. am. am. am. am.
Qed.

(b) Show that ifE, F, G are three ordered sets, then the ordered set </ (E x F G) is isomor-
phic to the ordered set o/ (E, o/ (E G)).

Let’s show that S = of (E xE G) is isomorphic to the ordered set T = «f (E, &/ (E, G)). We shall
assume E and F non-empty. For otherwise, the product E x F is empty, case where there is
a single element in S. If F is empty, «(EG) has a single element (the empty function) and
</ (E, of (F G)) has a single element (that maps everything to the empty function). Assume E
empty. Then o/ (E, &/ (E G)) contains only the empty function. Whatever the orderings on the
sets S and T, since the sets are singletons, the orders are trivial and any function between S
and T is an isomorphism.

In all our lemmas we consider orderings r, r’ and r”, with substrate E, F and G. An in-
creasing function f : r x r’ — r” if a function with source E x F and target G; the first lemma
says, that if r and r’ are orders, the substrate of r x r’ is indeed the product of the substrates,
namely E x F, and if these two sets are non-empty, one can recover the sets from the product.
The second lemma says that f is increasing for all x € E. The third lemma says that the range
of x — f is a subset of the set of increasing functions.

Lemma Exercicel_6h: forall f r r’ r’’, order r -> order r’ ->
nonempty (substrate r) -> nonempty (substrate r’) ->
increasing_fun f (product2_order r r’) r’’ ->
( (domain (source f)) = substrate r & (range (source f)) = substrate r’).

Proof. ir. red in H3. ee. wr H6. bw. rw domain_product. tv. am.
wr H6. bw. rw range_product. tv. am.

Qed.

Lemma Exercicel 6i: forall f x r ¥’ r’’, order r -> order r’ ->
nonempty (substrate r) -> nonempty (substrate r’) ->
increasing_fun f (product2_order r r’) r’’ ->

inc x (substrate r) -> increasing_fun (second_partial_fun f x) r’ r’’.
Proof. ir. nin (Exercicel_6h H HO H1 H2 H3).

red in H3. ee. assert (partial_fun_axioms f). red. ee. am.

wr H9. bw. exists (substrate r). exists (substrate r’). tv.

wri H5 H4. cp (function_spf H12 H4). red. ee. am. am. am. rw source_spf.

sy; am. rw target_spf. am. red. rw source_spf. ir. rww W_spf. rww W_spf.

RR n° 7150



182 José Grimm

assert (inc (J x x0) (source f)). wr H9. bw. aw. ee. fprops. wrr H5. wrr H6.
assert (inc (J x y) (source f)). wr H9. bw. aw. ee. fprops. wrr H5. wrr H6.
app H1l. rw product2_order_pr. red. bwi H9. rw H9. ee. am. am. aw.

wrr order_reflexivity. wrr H5. aw. am. am.

Qed.

Lemma Exercicel_6j: forall f r r’ r’’, order r -> order r’ ->
nonempty (substrate r) -> nonempty (substrate r’) ->
increasing fun f (product2_order r r’) r’’ ->

(restriction2_axioms (second_partial_function f) (substrate r)
(set_of_increasing_mappings r’ r’’)).
Proof. ir. nin (Exercicel_6h H HO H1 H2 H3). red in H3. ee.
assert (partial_fun_axioms f). red. split. am. wr H8. bw.
exists (substrate r). exists (substrate r’). tv.
cp (function_spfa H11). red. ee. am. rw source_spfa. rw H4. fprops.
rw target_spfa. rw H5. uf set_of_increasing_mappings. wr H9. app Z_sub.
red. ir. ufi image_by_fun H13. awi H13. nin H13. ee. red in H14.
cp (W_pr H12 H14). rwi W_spfa H15. rw H15. rw set_of_increasing_mappings_pr.
exists (second_partial_fun f x0). ee. app function_spf. rww H4.
rw source_spf. rww H5. rw target_spf. sy; am.
app (Exercicel_6i (r:=r) (f:=f) (x:=x0)). red; intuition. tv. am. am. am.
rww H4. fprops.
Qed.

We consider now ® =second_partial_map (this is the bijection from & (E x F;G) onto
Z (E, % (F;Q)). For each a € E, ®(f)(a) is in & (F;Q)); if f is increasing this is in «/ (F G). Thus
we can restrict ®(f) as a function W from E into </ (E G)). The mapping f — W will be
our isomorphism. It is clearly injective; proving surjectivity is a bit longer.

If f, and a — f, are increasing, then a < @’ and b < b’ implies f,(b) < f,(b") < fz(b') so
that f is increasing. Conversely, if f is increasing, then f, is increasing since if b < b’ then
fa(b) < fa(b'), using a < a; and a — f, is increasing since if a < a’ then f,(b) < f(b), using
b < b. These are the only properties of the order that are used here.

Definition second_partial_map2 r r’ r’’:=
BL (fun f=> corr_value(restriction2
(second_partial_function (sof_value (product (substrate r)(substrate r’))
(substrate r’’) f))
(substrate r) (set_of_increasing_mappings r’ r’’)))
(set_of_increasing_mappings (product2_order r r’) r’’)
(set_of_increasing_mappings r (increasing_mappings_order r’ r’’)).

Lemma Exercicel 6k: forall r r’ r’’, order r -> order r’ -> order r’’ ->
nonempty (substrate r) -> nonempty (substrate r’) ->
transf_axioms (fun f=> corr_value(restriction2
(second_partial_function (sof_value (product (substrate r)(substrate r’))
(substrate r’’) f))

(substrate r) (set_of_increasing_mappings r’ r’’)))
(set_of_increasing_mappings (product2_order r r’) r’’)
(set_of_increasing_mappings r (increasing_mappings_order r’ r’’)).

Proof. ir. red. ir. rwi set_of_increasing_mappings_pr H4. nin H4. ee.
set (f:= sof_value (product (substrate r) (substrate r’)) (substrate r’’) c).
assert (f=x). uf f. bwi H5. wr H5. wr H6. wr H8. uf sof_value.
uf corr_value. aw. app corr_propc. am. am. rw H9. clear H9. clear f.
cp (Exercicel_6j H HO H2 H3 HT7).
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nin (Exercicel_6h H HO H2 H3 H7).
assert (Ha: partial_fun_axioms x). red. split. am.
rw H5. exists (substrate r). exists (substrate r’). tv. bw.
set (g:= restriction2 (second_partial_function x) (substrate r)
(set_of_increasing_mappings r’ r’’)).
assert (is_function g). uf g. app function_restriction2.
rw set_of_increasing_mappings_pr. exists g. ee. am. uf g.
rww source_restriction2. uf g. rw target_restriction2. rww imo_substrate.
red. ee. am. am. app imo_order. uf g. rww source_restriction2.
rw imo_substrate. uf g. rww target_restriction2. am. am. red. uf g.
rw source_restriction2. ir. rw W_restriction2. rw W_restriction2.
rw W_spfa. rw W_spfa. rw imo_pr. rw inv_corr_value_pr. rw inv_corr_value_pr.
uf function_order_r.
cp (Exercicel_6i H HO H2 H3 H7 H13). cp (Exercicel_6i H HO H2 H3 H7 H14).
cp H16. red in H16. cp H17. red in H17. ee.
rw set_of_increasing_mappings_pr. exists (second_partial_fun x x0).
ee. am. sy; am. sy; am. am. tv. am. am.
rw set_of_increasing_mappings_pr. exists (second_partial_fun x y).
ee. am. sy; am. Sy; am. am. tv. am. am. am. am. Sy; am. Sy; am. Sy; am.
sy; am. ir. rw W_spf. rw W_spf. assert (inc (J x0 i) (source x)).
rw H5. bw. aw. ee. fprops. am. am. assert (inc (J y i) (source x)).
rw H5. bw. aw. ee. fprops. am. am. red in H7. ee. app H37.
rw product2_order_pr. red. ee. aw. ee. fprops. am. am. aw. ee. fprops.
am. am. aw. aw. wrr order_reflexivity. am. rww H10. rww H11l. am.
rww H10. rww H11. am. am. am. rww H10. am. rww H10. am. am. am. am. tv.
am. app imo_order. app order_product2_order. am.
Qed.

Lemma Exercicel_61: forall r r’ r’’, order r -> order r’ -> order r’’ ->
nonempty (substrate r) -> nonempty (substrate r’) ->
let f:= second_partial map2 r r’ r’’ in
(is_function f &
source f = (set_of_increasing_mappings (product2_order r r’) r’’) &
target f (set_of_increasing_mappings r
(increasing mappings_order r’ r’’)) &
bijective f).
Proof. ir. uf f. uf second_partial_map2. rw af_source. rw af_target. ee.
app af_function. app Exercicel_6k. tv. tv. red. split.
(* injectivity *) app injective_af_function. app Exercicel_6k. ir.
rwi correspondence_extensionalityl H6.
rwi set_of_increasing_mappings_pr H4. nin H4. ee. wri H10 H6. wr H10.
rwi set_of_increasing mappings_pr H5. nin H5. ee. wri H14 H6. wr H14.
rw correspondence_extensionalityl.
set (f1:= sof_value (product (substrate r) (substrate r’)) (substrate r’’)
(corr_value x)).
assert (fi1=x). uf f1. bwi H7. wr H7. wr H8. uf sof_value.
uf corr_value. aw. app corr_propc. am. am. fold f1 in H6. rwi H15 H6.
clear H15. clear f1.
set (f1:= sof_value (product (substrate r) (substrate r’)) (substrate r’’)
(corr_value x0)).
assert (f1=x0). uf f1. bwi H11l. wr H11. wr H12. uf sof_value.
uf corr_value. aw. app corr_propc. am. am. fold f1 in H6. rwi H15 H6.
clear H15. clear f1.
assert (Ha: partial_fun_axioms x). red. split. am.
rw H7. exists (substrate r). exists (substrate r’). tv. bw.

RR n° 7150



184 José Grimm

assert (Hb: partial_fun_axioms x0). red. split. am.

rw H11l. exists (substrate r). exists (substrate r’). tv. bw.

cp (Exercicel_6h H HO H2 H3 H9). cp (Exercicel_6h H HO H2 H3 H13). ee.

assert (second_partial_function x = second_partial_function x0).

app funct_extensionality. app function_spfa. app function_spfa.

rw source_spfa. rw source_spfa. rw H7; rw H1l; tv.

rvw target_spfa. rw target_spfa. rw H8; rw H12;rw H7; rw H11l; tv.

rw source_spfa. ir. rwi H15 H19.

transitivity (W x1 (restriction2 (second_partial_function x) (substrate r)
(set_of_increasing_mappings r’ r’’))).

rww W_restriction2. app Exercicel_6j. rw H6. rww W_restriction2.

app Exercicel_6j. clear H6.

app funct_extensionality. rww H1l. rww H12. rw H7. ir. bwi H6. awi H6. ee.

assert (inc (P x1) (domain (source x))). rww H15. cp (W_spfa Ha H22).

assert (inc (P x1) (domain (source x0))). rww H16. cp (W_spfa Hb H24).

rwi H19 H23. rwi H25 H23. rwi correspondence_extensionalityl H23. clear H25.

assert (x1 =J (P x1) (Q x1)). sy. app pair_recov. rw H25.

assert (inc (Q x1) (range (source x))). rww H18. wr (W_spf Ha H22 H26).

assert (inc (Q x1) (range (source x0))). rww H17. wr (W_spf Hb H24 H27).

rww H23. am. am. app order_product2_order. am. app order_product2_order. am.

(* surjectivity *) app surjective_af_function. app Exercicel_6k. ir.
rwi set_of_increasing _mappings_pr H4. nin H4. ee.
assert (substrate (product2_order r r’) =
product (substrate r) (substrate r’)). bw.
assert (transf_axioms (fun z => W (Q z) (sof_value (substrate r’)
(substrate r’’) (W (P z) x)))
(product (substrate r) (substrate r’)) (substrate r’’)).
red. ir. set (f1:= sof_value (substrate r’) (substrate r’’) (W (P ¢c) x)).
awi H10. ee. wri H5 H11. cp (inc_W_target H4 H11). rwi H6 H13.
rwi imo_substrate H13. rwi set_of_increasing_mappings_pr H13. nin H13.
ee. assert (f1= x0). uf f1. uf sof_value. wr H14. wr H15.
wr H17. uf corr_value. aw. app corr_propc. rw H18. wr H15. app inc_W_target.
rww H14. am. am. am. am.
set (g:= BL (fun z => W (Q z) (sof_value (substrate r’)
(substrate r’’) (W (P z) x)))
(product (substrate r) (substrate r’)) (substrate r’’)).
assert (is_function g). uf g. app af_function.
assert (increasing_fun g (product2_order r r’) r’’).
red. ee. am. app order_product2_order. am. bw. tv. red. ir. simpl in H12.
simpl in H13. uf g. rww W_af_function. rww W_af_function.
set (f1:= sof_value (substrate r’) (substrate r’’) (W (P x0) x)).
set (£2:= sof_value (substrate r’) (substrate r’’) (W (P y0) x)).
awi H12; awi H13; ee. wri H5 H17. wri H5 H15. cp (inc_W_target H4 H17).
cp (inc_W_target H4 H15). rwi H6 H19. rwi H6 H20.
rwi imo_substrate H19. rwi set_of_increasing_mappings_pr H19. nin H19.
rwi imo_substrate H20. rwi set_of_increasing_mappings_pr H20. nin H20.
ee. assert (f1= x1). uf f1. uf sof_value. wr H25. wr H26.
wr H28. uf corr_value. aw. app corr_propc. rw H29.
assert (f2= x2). uf f2. uf sof_value. wr H21. wr H22.
wr H24. uf corr_value. aw. app corr_propc. rw H30.
red in H7. ee. red in H35. rwi product2_order_pr H14. red in H14. ee.
cp (H35 _ _ H17 H15 H37). rwi imo_pr H39. ee. wri H28 H41; wri H24 H41.
rwi inv_corr_value_pr H41l. rwi inv_corr_value_pr H41l. red in H41l. ee.
assert (gle r’’ (W (Q x0) x1) (W (Q x0) x2)). app H47.
assert (gle r’’ (W (Q x0) x2) (W (Q y0) x2)). red in H23. ee.
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app H53. rw H45. am. rww H45.
app (order_transitivity H1 H48 H49). am. am. am. am. am. am. am. am. am. am.
assert (partial_fun_axioms g). red. split. am. simpl.
exists (substrate r). exists (substrate r’). tv.
exists (corr_value g). split. rw set_of_increasing mappings_pr. exists g.
ee. am. sy; tv. tv. am. tv. app order_product2_order. am.
assert (sof_value (product (substrate r) (substrate r’))
(substrate r’’) (corr_value g) = g). uf corr_value. aw.
uf sof_value. aw. rw H14.
wr H8. rw correspondence_extensionalityl. app funct_extensionality.
app function_restriction2. app Exercicel_6j. rw target_restriction2.
rwi imo_substrate H6. am. am. am. ir. rw W_restriction2.
assert (Ha: inc x0 (domain (source g))). simpl. rww domain_product. wrr H5.
rw W_spfa. cp (inc_W_target H4 H15). rwi H6 H16. rwi imo_substrate H16.
rwi set_of_increasing_mappings_pr H16. nin H16. ee. wr H20.
rw correspondence_extensionalityl. app funct_extensionality.
app function_spf. simpl. rw range_product. am.
am. ir. rw W_spf. uf g. rw W_af_function. aw.
assert (sof_value (substrate r’) (substrate r’’) (W x0 x) = x1).
wr H20. uf corr_value. wr H17. wr H18. uf sof_value. aw. nin x1. tv.
rww H22. am. wr H17. wr HS5. fprops. am. am. simpl. rww range_product.
wrr H17. am. am. am. am. am. am. app Exercicel_6j. wrr H5. am.
app imo_order.
Qed.

Lemma Exercicel_6m: forall r r’ r’’, order r -> order r’ -> order r’’ ->
nonempty (substrate r) -> nonempty (substrate r’) ->
order_isomorphism (second_partial_map2 r r’ r’’)
(increasing_mappings_order (product2_order r r’) r’’)
(increasing_mappings_order r (increasing_mappings_order r’ r’’)).
Proof. ir. cp (Exercicel_61 H HO H1 H2 H3). cbv zeta in H4. ee.
assert (Ha:order (product2_order r r’)). app order_product2_order.
red. ee. app imo_order. app imo_order. app imo_order. am. rw imo_substrate.
sy, am. am. am. rw imo_substrate. sy; am. am. app imo_order. rw H5. ir.
rww imo_pr. rww imo_pr. wr H6.
set (ul:= inc (W x (second_partial _map2 r r’ r’’))
(target (second_partial_map2 r r’ r’’))). assert ul. uf ul.
app inc_W_target. set (u2:= inc (W y (second_partial _map2 r r’ r’’))
(target (second_partial_map2 r r’ r’’))). assert u2. uf u2.
app inc_W_target.
app iff_eq. ir. ee. am. am. ufi ul H10; ufi u2 H1i1l.
cp (Exercicel_6k H HO H1 H2 H3). unfold second_partial_map2 in H10, H11 |-*.
rww W_af_function. rww W_af_ function. rwii W_af_function H10.
rwii W_af_function H11l. clear H15.
rwil set_of_increasing_mappings_pr H8. rwii set_of_increasing_mappings_pr H9.
nin H8. nin H9. ee. simpl in H10. simpl in H11.
assert (sof_value (product (substrate r) (substrate r’)) (substrate r’’)
x = x0). uf sof_value. wr H20. wr H22. uf corr_value. aw. bwi H19.
wr H19. nin x0. tv. am. am. rw H23; rwi H23 H10; clear H23.
assert (sof_value (product (substrate r) (substrate r’)) (substrate r’’)
y = x1). uf sof_value. wr H18. uf corr_value. aw. wr H16. bwi H15.
wr H15. nin x1. tv. am. am. rw H23; rwi H23 H11; clear H23.
rw inv_corr_value_pr. rw inv_corr_value_pr. rw imo_substrate.
red. rw source_restriction2. rw target_restriction2. rw source_restriction2.
rw target_restriction2.
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cp (Exercicel_6j H HO H2 H3 H21). cp (Exercicel_6j H HO H2 H3 H17).

ee. app function_restriction2. app function_restriction2. tv. tv. tv. tv.
ir. rww W_restriction2. rww W_restriction2.

assert (Hu:partial fun_axioms x1). red. split. am. rw H15. bw.

exists (substrate r). exists (substrate r’). tv.

assert (Hv:partial_fun_axioms x0). red. split. am. rw H19. bw.

exists (substrate r). exists (substrate r’). tv.

assert (inc i (domain (source x0))). rw H19. bw. rww domain_product.

assert (inc i (domain (source x1))). rw H15. bw. rww domain_product.

assert (range (source x0) = substrate r’). rw H19. bw. rww range_product.
assert (range (source xl1) = substrate r’). rw H15. bw. rww range_product.
rww W_spfa. rww W_spfa.

rw imo_pr. rw inv_corr_value_pr. rw inv_corr_value_pr.

rw set_of_increasing_mappings_pr. ee. exists (second_partial_fun x0 i).

ee. app function_spf. rww source_spf. rww target_spf.

app (Exercicel_6i H HO H2 H3 H21 H25). tv.

rw set_of_increasing_mappings_pr. ee. exists (second_partial_fun x1 i).

ee. app function_spf. rww source_spf. rww target_spf.

app (Exercicel_6i H HO H2 H3 H17 H25). tv. am. am.

red. ee. app function_spf. app function_spf. rww source_spf. rww target_spf.
rww source_spf. rww target_spf. ir. rw W_spf. rw W_spf.

nin H14. ee. wri H22 H36; wri H18 H36. rwi inv_corr_value_pr H36.

rwi inv_corr_value_pr H36. app H36. bw. fprops. am. am. rww H29. am. am.
rww H28. am. am. am. am. am. am.

(* converse *) ir. ee. am. am. red in H14.

set (f1:= W x (second_partial _map2 r r’ r’’)) in *.

set (£f2:= W y (second_partial_map2 r r’ r’’)) in *.

ee. cp (Exercicel_6k H HO H1 H2 H3).

assert (f1= W x (second_partial_map2 r r’ r’’)). tv.

assert (f2= W y (second_partial _map2 r r’ r’’)). tv.

ufi second_partial_map2 H22. rwii W_af_function H22.

ufi second_partial_map2 H23. rwii W_af_function H23.

rwi set_of_increasing mappings_pr H8; rwi set_of_increasing mappings_pr H9.
nin H8; nin H9. ee. wr H31l. wr H27. rw inv_corr_value_pr.

rw inv_corr_value_pr. red. ee. am. am. am. am. am. am. ir.

assert (sof_value (product (substrate r)(substrate r’)) (substrate r’’)x=x0).
bwi H28. wr H28. wr H29. wr H31l. uf corr_value. uf sof_value. aw. nin x0. tv.
am. am. rwi H33 H22. clear H33.

assert (sof_value (product (substrate r)(substrate r’)) (substrate r’’)y=xl).
bwi H24. wr H24. wr H25. wr H27. uf corr_value. uf sof_value. aw. nin x1. tv.
am. am. rwi H33 H23. clear H33.

bwi H32. awi H32. ee.

assert (Hu:partial_fun_axioms x1). red. split. am. rw H24. bw.

exists (substrate r). exists (substrate r’). tv.

assert (Hv:partial_fun_axioms x0). red. split. am. rw H28. bw.

exists (substrate r). exists (substrate r’). tv.

assert(inc (P i) (domain (source x1))). rw H24. bw. rww domain_product.
assert(inc (P i) (domain (source x0))). rw H28. wrr H24.

assert(inc (Q i) (range (source x1))). rw H24. bw. rww range_product.
assert(inc (Q i) (range (source x0))). rw H28. wrr H24.

assert (i = J (P i) (Q i)). sy; app pair_recov. rw H39. cp (H20 _ H33).

rwi H22 H40. rwi H23 H40. rwi inv_corr_value_pr H4O0.

rwi inv_corr_value_pr H40. clear H22; clear H23; clear H21.

cp (Exercicel_6j H HO H2 H3 H30). cp (Exercicel_6j H HO H2 H3 H26).

rwii W_restriction2 H40. rwii W_restriction2 H40. clear H21; clear H22.

rwi W_spfa H40. rwi W_spfa H40. rwi imo_pr H40. ee.

INRIA



Bourbaki: Theory of sets in Coq, II 187

rwi inv_corr_value_pr H23. rwi inv_corr_value_pr H23. red in H23. ee.
cp (H45 _ H34). rwii W_spf H46. rwii W_spf H46. am. am. am. am. am. am.
am. am. am. am. am. am. am. am. am. am. app imo_order.

Qed.

(c) IfE # @, then </ (E, F) is a lattice if and only ifF is a lattice.

Assume that F is a lattice; given two functions f and g we can consider x — sup(f(x), g(x))
and x — inf(f(x), g(x)). Since F is a lattice, if f and g are functions with target F, these are
functions with target F.

Lemma Exercicel_6n: forall r r’, order r -> order r’-> nonempty (substrate r) ->

lattice r’ = lattice (increasing mappings_order r r’).
Proof. ir. app iff_eq. clear H1. ir. uf lattice. split. app imo_order.
rw imo_substrate. ir. assert (Hx:=H2). assert (Hy:=H3).

rwi set_of_increasing mappings_pr H2.

rwi set_of_increasing_mappings_pr H3. nin H2; nin H3.

set (E:=substrate r) in *; set (E’:=substrate r’) in *.

assert (transf_axioms (fun i=> sup r’ (W i x0) (W i x1)) E E’). red. ir.
ee. assert (inc (W ¢ x0) E’). wr H10. app inc_W_target. rww H9.

assert (inc (W ¢ x1) E’). wr H6. app inc_W_target. rww H5.

cp (lattice_sup_pr H1 H13 H14). nin H15. app (inc_arg2_substrate H15).
assert (transf_axioms (fun i=> inf r’ (W i x0) (W i x1)) E E’). red. ir.
ee. assert (inc (W ¢ x0) E’). wr H1l. app inc_W_target. rww H10.

assert (inc (W ¢ x1) E’). wr H7. app inc_W_target. rww H6.

cp (lattice_inf_pr H1 H14 H15). nin H16. app (inc_argl_substrate H16).
set (f1:= BL (fun i=> sup r’ (W i x0) (W i x1)) E E’).

set (f2:= BL (fun i=> inf r’ (W i x0) (W i x1)) E E’).

assert (is_function f1). uf f1. app af_function.

assert (is_function f2). uf f2. app af_function.

The mappings x — sup(f(x), g(x)) and x — inf(f(x), g(x)) are increasing, hence in </ (E, F).

assert (Ha:increasing fun f1 r r’). red. ee; try am. tv. tv. red. uf f1.
simpl. ir. aw. set (a:= W x2 x0). set (b:= W x2 x1).

assert (inc a E’). wr H13. uf a. app inc_W_target. rww H12.

assert (inc b E’). wr H9. uf b. app inc_W_target. rww HS.

set (a’:= W yO x0). set (b’:= W y0 x1).

assert (inc a’ E’). wr H13. uf a’. app inc_W_target. rww H12.

assert (inc b’ E’). wr H9. uf b’. app inc_W_target. rww HS8.

cp (lattice_sup_pr H1 H19 H20). cp (lattice_sup_pr H1 H21 H22). ee.
ap H28. assert (gle r’ a a’). uf a; uf a’. red in H14. ee. app H33.
rww H12. ruw H12. app (order_transitivity HO H29 H24).

assert (gle r’ b b’). wuf b; uf b’. red in H10. ee. app H33.

rww H8. rww H8. app (order_transitivity HO H29 H25).

assert (Hb:increasing_fun f2 r r’). red. ee; try am. tv. tv. red. uf f2.
simpl. ir. aw. set (a:= W x2 x0). set (b:= W x2 x1).

assert (inc a E’). wr H13. uf a. app inc_W_target. rww H12.

assert (inc b E’). wr H9. uf b. app inc_W_target. rww HS8.

set (a’:= W y0 x0). set (b’:= W y0 x1).

assert (inc a’ E’). wr H13. uf a’. app inc_W_target. rww H12.

assert (inc b’ E’). wr H9. uf b’. app inc_W_target. rww HS8.

cp (lattice_inf_pr H1 H19 H20). cp (lattice_inf_pr H1 H21 H22). ee.
ap H26. assert (gle r’ a a’). wuf a; uf a’. red in H14. ee. app H33.
rww H12. rww H12. app (order_transitivity HO H23 H29).

assert (gle r’ b b’). uf b; uf b’. red in H10. ee. app H33.
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rww H8. rww H8. app (order_transitivity HO H27 H29).

assert (inc (corr_value f1) (set_of_increasing_mappings r r’)).
rw set_of_increasing mappings_pr. exists fl. ee. am. tv.

tv. am. tv. am. am.

assert (inc (corr_value f2) (set_of_increasing mappings r r’)).
rw set_of_increasing _mappings_pr. exists f2. ee. am. tv.

tv. am. tv. am. am.

The mapping x — sup(f(x), g(x)) is the supremum.

ee. exists (corr_value f1). rw least_upper_bound_pr. split. red. split.
rww imo_substrate. ir. nin (doubleton_or H18); rw H19; rw imo_pr. ee. am.
am. red. ee. wr H17. aw. aw. wr H17. aw.

wr H17. aw. aw. aw. wr H17. ir. aw. uf f1. aw.

assert (inc (W i x0) E’). wr H15. app inc_W_target. rww H14.

assert (inc (W i x1) E’). wr H1l. app inc_W_target. rww H10.

cp (lattice_sup_pr H1 H21 H22). nin H23. am. am. am.

ee. am. am. red. ee. wr H13. aw. aw. wr H13.

aw. wr H13. aw. aw. aw. wr H13. ir. aw. uf f1. aw.

assert (inc (W i x0) E’). wr H15. app inc_W_target. rww H14.

assert (inc (W i x1) E’). wr H1l. app inc_W_target. rww H10.

cp (lattice_sup_pr H1 H21 H22). ee. am. am. am.

ir. red in H18. nin H18. assert (inc x (doubleton x y)). fprops.

cp (H19 _ H20). assert (inc y (doubleton x y)). fprops. cp (H19 _ H22).
rv imo_pr. rwi imo_pr H21; rwi imo_pr H23. ee. am. am. aw. red. ee. am.
red in H25; ee; am. tv. tv. red in H25; ee; am. red in H25; ee; am. ir.
red in H27; red in H25; ee. cp (H40 _ H28). cp (H34 _ H28). uf f1l. aw.
wri H17 H41; wri H13 H42. awi H41. awi H42.

assert (inc (W i x0) E’). wr H15. app inc_W_target. rww H14.

assert (inc (W i x1) E’). wr Hil. app inc_W_target. rww H10.

cp (lattice_sup_pr H1 H43 H44). ee. app H47. am. am. am. am. am. am. am.
am. am. am. app imo_order. rw imo_substrate. red. ir.

nin (doubleton_or H18); rw H19; am. am. am.

The mapping x — inf(f(x), g(x)) is the infimum.

exists (corr_value f2). rw greatest_lower_bound_pr. split. red. split.

rww imo_substrate. ir. nin (doubleton_or H18); rw H19; rw imo_pr. ee. am.
am. red. ee. aw. wr H17. aw. aw. aw. wr H17. aw.

wr H17. aw. ir. aw. uf f2. aw.

assert (inc (W i x0) E’). wr H15. app inc_W_target. rww H14.

assert (inc (W i x1) E’). wr H1l. app inc_W_target. rww H10.

cp (lattice_inf_pr H1 H21 H22). wr H17. ee. aw. am. am. ee. am. am.

red. ee. aw. wr H13. aw. aw. aw. wr H13. aw. wr H13. aw. ir. aw.

wr H13. uf f2. aw.

assert (inc (W i x0) E’). wr H15. app inc_W_target. rww H14.

assert (inc (W i x1) E’). wr H1l. app inc_W_target. rww H10.

cp (lattice_inf_pr H1 H21 H22). ee. am. am. am.

ir. red in H18. nin H18. assert (inc x (doubleton x y)). fprops.

cp (H19 _ H20). assert (inc y (doubleton x y)). fprops. cp (H19 _ H22).
rw imo_pr. rwi imo_pr H21; rwi imo_pr H23. ee. am. am. aw. red. ee.

red in H25; ee; am. am. red in H25; ee; am. red in H25; ee; am. tv. tv. ir.
red in H27; red in H25; ee. cp (H40 _ H28). cp (H34 _ H28). uf f2. aw.

wri H17 H41; wri H13 H42. awi H41. awi H42.

assert (inc (W i x0) E’). wr H15. app inc_W_target. rww H14.
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assert (inc (W i x1) E’). wr H1l. app inc_W_target. rww H10.

cp (lattice_inf_pr H1 H43 H44). ee. app H47. am. am. am. am. am. am. am.
am. am. am. app imo_order. rw imo_substrate. red. ir.

nin (doubleton_or H18); rw H19; am. am. am. am. am. am. am. am. am.

Conversely. Given two values a and b in F, we can consider the two constant functions
x— a and x — b. They are increasing.

ir. red. split. am.

set (E:=substrate r) in *; set (E’:=substrate r’) in *. nin H1. ir.

set (f1:= constant_function E E’ x H3).

set (f2:= constant_function E E’ yO H4).

assert (inc (corr_value f1) (set_of_increasing_mappings r r’)).

rw set_of_increasing _mappings_pr. exists fl1. ee. uf f1.

app function_constant_fun. tv. tv. red. ee. uf f1.

app function_constant_fun. am. am. tv. tv. red. simpl. ir. uf f1.

rw W_constant. rw W_constant. wrr order_reflexivity. am. am. tv. am. am.
assert (inc (corr_value f2) (set_of_increasing_mappings r r’)).

rw set_of_increasing_mappings_pr. exists f2. ee. uf £2.

app function_constant_fun. tv. tv. red. ee. uf £f2.

app function_constant_fun. am. am. tv. tv. red. simpl. ir. uf £f2.

rw W_constant. rw W_constant. wrr order_reflexivity. am. am. tv. am. am.
assert (inc (corr_value f1) (substrate (increasing_mappings_order r r’))).
rw imo_substrate. am. am. am.

assert (inc (corr_value f2) (substrate (increasing mappings_order r r’))).
rw imo_substrate. am. am. am.

Constant functions are in the same order as their value on a fixed point in E. The value ¢
of the supremum of the two functions at the point is an upper bound for a and b. Given an
upper bound ¢, we construct the constant function x — ¢’, and compare it, and get ¢ < ¢’.

split. cp (lattice_sup_pr H2 H7 H8).
set (£3:= (sup (increasing mappings_order r r’) (corr_value f1)
(corr_value £2))) in x*.
ee. assert (inc f3 (substrate (increasing mappings_order r r’))).
app (inc_arg2_substrate H9). rwi imo_substrate H12.
rwi set_of_increasing mappings_pr H12. nin H12. ee.
set (x3 := Wy x0). assert (inc x3 E’). uf x3. uf E’. wr H14.
app inc_W_target. rww H13. exists x3. rw least_upper_bound_pr. split.
red. ee. am. ir. nin (doubleton_or H18); rw H19.
rwi imo_pr H9. nin H9. nin H20. awi H21. red in H21. ee. cp (H27 _ H1).
wri H16 H28. awi H28. ufi f1 H28. rwi W_constant H28. am. am. am. am.
rwi imo_pr H10. nin H10. nin H20. awi H21. red in H21. ee. cp (H27 _ H1).
wri H16 H28. awi H28. ufi f2 H28. rwi W_constant H28. am. am. am. am.
ir. nin H18. set (f4:= constant_function E E’ z H18).
assert (inc (corr_value f4) (set_of_increasing_mappings r r’)).
rw set_of_increasing mappings_pr. exists f4. ee. uf f4.
app function_constant_fun. tv. tv. red. ee. uf f4.
app function_constant_fun. am. am. tv. tv. red. simpl. ir. uf £f4.
rw W_constant. rw W_constant. wrr order_reflexivity. am. am. tv. am. am.
assert (gle (increasing_mappings_order r r’) (corr_value f1) (corr_value f4)).
red. rw imo_pr. split. am. split. am. aw. red. ee. uf f1.
app function_constant_fun. uf f4. app function_constant_fun. tv. tv. tv.
tv. uf f1. uf f4. ir. rw W_constant. rw W_constant. app H19. fprops. am. am.
am. am.
assert (gle (increasing_mappings_order r r’) (corr_value f2) (corr_value f4)).
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red. rw imo_pr. split. am. split. am. aw. red. ee. uf f2.

app function_constant_fun. uf f4. app function_constant_fun. tv. tv. tv.
tv. uf £2. uf f4. ir. rw W_constant. rw W_constant. app H19. fprops. am. am.
am. am. cp (H11 _ H21 H22). rwi imo_pr H23. ee. red in H25. ee.

cp (H31 _ H1). wri H16 H32. awi H32. ufi f4 H32. rwi W_constant H32. am.
am. am. am. am. red. ir. nin (doubleton_or H18); rw H19; am. am. am. am. am.

Idem for the infimum.

cp (lattice_inf_pr H2 H7 H8).
set (£3:= (inf (increasing_mappings_order r r’) (corr_value f1)

(corr_value £2))) in *.
ee. assert (inc f3 (substrate (increasing mappings_order r r’))).
app (inc_argl_substrate H9). rwi imo_substrate H12.
rwi set_of_increasing_mappings_pr H12. nin H12. ee.
set (x3 := Wy x0). assert (inc x3 E’). uf x3. uf E’. wr Hi4.
app inc_W_target. rww H13. exists x3. rw greatest_lower_bound_pr. split.
red. ee. am. ir. nin (doubleton_or H18); rw H19.
rwi imo_pr H9. nin H9. nin H20. awi H21. red in H21. ee. cp (H27 _ H1).
wri H16 H28. awi H28. ufi f1 H28. rwi W_constant H28. am. am. am. am.
rwi imo_pr H10. nin H10. nin H20. awi H21. red in H21. ee. cp (H27 _ H1).
wri H16 H28. awi H28. ufi f£f2 H28. rwi W_constant H28. am. am. am. am.
ir. nin H18. set (f4:= constant_function E E’ z H18).
assert (inc (corr_value f4) (set_of_increasing_mappings r r’)).
rw set_of_increasing_mappings_pr. exists f4. ee. uf f4.
app function_constant_fun. tv. tv. red. ee. uf f4.
app function_constant_fun. am. am. tv. tv. red. simpl. ir. uf f4.
rw W_constant. rw W_constant. wrr order_reflexivity. am. am. tv. am. am.
assert (gle (increasing_mappings_order r r’) (corr_value f4) (corr_value f1)).
red. rw imo_pr. split. am. split. am. aw. red. ee. uf f4.
app function_constant_fun. uf fl1. app function_constant_fun. tv. tv. tv.
tv. uf f1. uf f4. ir. rw W_constant. rw W_constant. app H19. fprops. am. am.
am. am.
assert (gle (increasing_mappings_order r r’) (corr_value f4) (corr_value £2)).
red. rw imo_pr. split. am. split. am. aw. red. ee. uf f4.
app function_constant_fun. uf f2. app function_constant_fun. tv. tv. tv.
tv. uf £2. uf f4. ir. rw W_constant. rw W_constant. app H19. fprops. am. am.
am. am. cp (H11 _ H21 H22). rwi imo_pr H23. ee. red in H25. ee.
cp (H31 _ H1). wri H16 H32. awi H32. wufi f4 H32. rwi W_constant H32. am.
am. am. am. am. red. ir. nin (doubleton_or H18); rw H19; am. am. am. am. am.

(d) Suppose that E and F are both non-empty. Then <f (E, F) is totally ordered if and only
if one of the following conditions is satisfied:
(a) F consists in a single element;
(B) E consists in a single element and F is totally ordered;
(v) E andF are both totally ordered and F has two elements.

We first show that if «f (E, F) is totally ordered and E non-empty, then F is totally ordered,
using constant functions as above.

Lemma Exercicel_60: forall r r’, order r -> order r’-> nonempty (substrate r)->
total_order (increasing_mappings_order r r’) ->
total_order r’.
Proof. ir. nin H2. red. ee. am. ir.
set (E:=substrate r) in *; set (E’:=substrate r’) in *. nin H1.
set (fl1:= constant_function E E’ x H4).
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set (f2:= constant_function E E’ y H5).

assert (inc (corr_value f1) (set_of_increasing_mappings r r’)).

rw set_of_increasing mappings_pr. exists fl. ee. uf f1.

app function_constant_fun. tv. tv. red. ee. uf f1.

app function_constant_fun. am. am. tv. tv. red. simpl. ir. uf f1.

rw W_constant. rw W_constant. wrr order_reflexivity. am. am. tv. am. am.

assert (inc (corr_value f2) (set_of_increasing_mappings r r’)).

rw set_of_increasing mappings_pr. exists f2. ee. uf f2.

app function_constant_fun. tv. tv. red. ee. uf £f2.

app function_constant_fun. am. am. tv. tv. red. simpl. ir. uf £f2.

rw W_constant. rw W_constant. wrr order_reflexivity. am. am. tv. am. am.

rwi imo_substrate H3. ufi gge H3. nin (H3 _ _ H6 H7); rwi imo_pr H8; ee.

awi H10. red in H10. ee. cp (H16 _ H1). ufi f1 H17; ufi f2 H17.

rwi W_constant H17. rwi W_constant H17. left. am. am. am. am. am.

awi H10. red in H10. ee. cp (H16 _ H1). ufi f1 H17; ufi f2 H17.

rwi W_constant H17. rwi W_constant H17. right. am. am. am. am. am. am. am.
Qed.

If F is a singleton, then </ (E,F) has a single element, hence is totally ordered. IfE is a
singleton, all functions are constant and < (E, F) is isomorphic to F.

Lemma Exercicel_6p: forall r r’, order r -> order r’->
is_singleton (substrate r’) ->
total_order (increasing_mappings_order r r’).
Proof. ir. red. ee. app imo_order. rww imo_substrate. ir. left.
rvw imo_pr. ee. am. am. red. rwi set_of_increasing_mappings_pr H2.
rwi set_of_increasing mappings_pr H3. nin H2. nin H3. ee.
wr H11. aw. wr H7. aw. wr H11l. aw. wr H1l1l. aw. wr H7; aw. wr H7. aw.
wr H7. wr H1l. ir. aw. assert (inc (W i x0) (substrate r’)). wr H9.
app inc_W_target. rww H8. assert (inc (W i x1) (substrate r’)). wr H5.
app inc_W_target. rww H4. nin H1. rwi H1 H13; rwi H1 H14.

rw (singleton_eq H13). rw (singleton_eq H14). wrr order_reflexivity.
rw Hl. fprops. am. am. am. am. am. am.
Qed.

Lemma Exercicel_6q: forall r r’, order r -> order r’->
is_singleton (substrate r) -> total_order r’ ->
total_order (increasing_mappings_order r r’).
Proof. ir. red. ee. app imo_order. rww imo_substrate. nin H1.
ir. uf gge. rw imo_pr. rw imo_pr. cp H3; cp H4.
rwi set_of_increasing _mappings_pr H3. nin H3.
rwi set_of_increasing_mappings_pr H4. nin H4. ee.
set (a:= W x x1). set (b:=W x x2).
assert (inc a (substrate r’)). wr H12. uf a. app inc_W_target. rww H11l.
rw H1. fprops.
assert (inc b (substrate r’)). wr H8. uf b. app inc_W_target. rww HT7.
rw H1. fprops.
assert (forall u, inc u (substrate r) -> W u x1 = a). ir.
rwi H1 H17. rw (singleton_eq H17). tv.
assert (forall u, inc u (substrate r) -> W u x2
rwi H1 H18. rw (singleton_eq H18). tv.
nin H2. nin (H19 _ _ H15 H16). left. ee. am. am. red. ee. wr H14. aw.
wr H10. aw. wr H14. aw. wr H14. aw. wr H10. aw. wr H10. aw.
wr H14; wr H10. ir. aw. rw H17. rw H18. am. am. am.
right. ee. am. am. red. ee. wr H10. aw. wr H14. aw. wr H10. aw. wr H10.
aw. wr H14. aw. wr H14. aw. wr H14; wr H10. ir. aw. rw H17. rw H18. am. am.
am. am. am. am. am. am. am. am. am.

b). ir.
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Qed.

Assume that E and F are two totally ordered sets, and F has two elements. We may assume
that these elements are distinct and satisfy a < b. Assume f(u) < g(u). Then f(u) = a and
g(u) = b. If no such u exists, then f = g. Otherwise, consider v; if f(v) > g(v) we get f(v) =
b and g(v) = a. Since u and v can be compared, this implies that one of f and g is non-
increasing.

Lemma Exercicel_6r: forall r r’, order r -> order r’->
total_order r -> total_order r’ ->
(exists a, exists b, substrate r’ = doubleton a b) ->
total_order (increasing_mappings_order r r’).

Proof. ir. nin H3; nin H3. nin (equal_or_not x x0).
app Exercicel_6p. rw H3. rw H4. rw doubleton_singleton. exists x0. tv.
assert (exists u, exists v, substrate r’ = doubleton u v & glt r’ u v).
red in H2. ee. assert (inc x (substrate r’)). rw H3. fprops.
assert (inc x0 (substrate r’)). rw H3. fprops.
nin (H5 _ _ H6 H7). exists x. exists x0. split. am. red. ee. am. am.
exists x0. exists x. split. rw doubleton_symm. am. red. ee. am. intuition.
clear H3. clear H4. nin H5. nin H3. nin H3.
red. ee. app imo_order. rww imo_substrate. ir. cp H5; cp H6.
rwi set_of_increasing_mappings_pr H5. nin HS5.
rwi set_of_increasing_mappings_pr H6. nin H6. ee.
assert (forall u, inc u (substrate r) -> glt r’ (W u x4) (W u x5) ->

(Wuzx4=x14&Wu xb=x2)). ir.

cp (inc_ltl_substrate H18). cp (inc_l1t2_substrate H18). rwi H3 H19.
rwi H3 H20.
nin (doubleton_or H19); nin (doubleton_or H20);rwi H21 H18; rwi H22 H18.
nin H18. elim H23. tv. split;am. nin H18. nin H4.
cp (order_antisymmetry HO H4 H18). elim H23. sy; am. nin H18. elim H23. tv.
apply by_cases with (exists u, inc u (substrate r)& glt r’ (W u x4) (W u x5)).
ir. nin H18. ee. left. rw imo_pr. ee. am. am. red. ee. wr H16. aw. wr H12.
aw. wr H16. aw. wr H16. aw. wr H12. aw. wr H12. aw. ir. wr H16. wr H12.
aw. assert (inc (W i x4) (substrate r’)). wr H14. app inc_W_target.
rww H13. assert (inc (W i x5) (substrate r’)). wr H10. app inc_W_target.
rww H9. nin H2. rwi H3 H21. rwi H3 H22. nin (doubleton_or H21).
rw H24. nin (doubleton_or H22); rw H25. wrr order_reflexivity.
rw H3. fprops. nin H4. am. rw H24. nin (doubleton_or H22); rw H25.
cp (H17 _ H18 H19). nin H1. assert (inc x6 (source x5)). rww H9.
assert (inc i (source x5)). rww H9. nin (H27 _ _ H18 H20).
red in H11. ee. cp (H36 _ _ H28 H29 H30). simpl in H37.
rwi H31 H37. rwi H25 H37. am. red in H30. red in H15. ee.
rwi H9 H28; rwi H9 H29; wri H13 H28; wri H13 H29.
cp (H36 _ _ H29 H28 H30). simpl in H37.
rwi H24 H37. rwi H26 H37. am. wrr order_reflexivity. rw H3. fprops.
am. am. ir. right. red. rw imo_pr. ee. am. am. red. ee. wr H12. aw. wr H16.
aw. wr H12. aw. wr H12. aw. wr H16. aw. wr H16. aw. ir. wr H16. wr H12.
aw. assert (inc (W i x4) (substrate r’)). wr H14. app inc_W_target.
rww H13. assert (inc (W i x5) (substrate r’)). wr H10. app inc_W_target.
rww H9. nin H2. nin (H22 _ _ H20 H21).
nin (equal_or_not (W i x5) (W i x4)). rw H24. wrr order_reflexivity.
elim H18. exists i. split. am. red. split. am. intuition. am. am. am. am.
am. am. am.

Qed.
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Converse. Assume «f (E, F) totally ordered, both sets E and F non-empty. We may assume
that F is totally ordered and that both sets have at least two elements. We may assume that
b<b' inPF.

Lemma Exercicel_6s: forall r r’, order r -> order r’->
nonempty (substrate r) -> nonempty (substrate r’) ->
total_order (increasing mappings_order r r’) ->
(is_singleton (substrate r’) \/
(is_singleton (substrate r) & total_order r’) \/
(total_order r’ & total_order r
& exists u , exists v, substrate r’ = doubleton u v)).
Proof. ir. cp (Exercicel_6o H HO H1 H3). nin H2.
apply by_cases with (substrate r’ = singleton y). ir. left.
exists y. tv. ir. right. nin H1.
apply by_cases with (substrate r = singleton y0). ir. left. split.
exists yO0. tv. am. ir. right. split. am.
assert (exists yl1, inc yl1 (substrate r’) & yl <> y). app exists_proof. red.
ir. elim H5. set_extens. nin (equal_or_not x y). rw H9. fprops.
elim (H7 x). intuition. rw (singleton_eq H8). am. nin H7.
assert (exists u, exists v, inc u (substrate r’) & inc v (substrate r’)
& glt r’> u v). ee. nin H4. nin (H9 _ _ H2 H7). exists y; exists x. ee.
am. am. red. ee. am. intuition. exists x; exists y. ee. am. am. red. ee.
am. am. clear H2. clear H5. clear H7. nin H8. nin H2.
assert (exists yl, inc yl1 (substrate r) & yl <> yO). app exists_proof. red.
ir. elim H6. set_extens. nin (equal_or_not x2 y0). rw H8. fprops.
elim (H5 x2). intuition. rw (singleton_eq H7). am. nin H5.
rename yO into a; rename x2 into a’; rename x0 into b; rename x1 into b’.

Consider the mapping f, that associates b if x < u and b’ otherwise. Assume x < x’; the
relation f(x) < f(x') is true if one of the values is f(x') is b’. Otherwise we have x’" < u, thus
x < uand f(x) = b. Thus f, is increasing. Consider similarly f,. Since </ (E,F) is totally
ordered, we may compare the functions. If f;, < f, we have f,(v) < f,(v) = b. We cannot
have f,(v) = b', hence v < u. Similarly if f, < f,, we have u < v.

assert (total_order r). red. ee. am. ir.

set (f1:= fun u=> Yo (gle r u x0) b b’).

assert (transf_axioms f1 (substrate r) (substrate r’)).

red. ir. uf f1. apply by_cases with (gle r c x0). ir.

ruww Y_if rw. ir. rww Y_if not_rw.

assert (inc (corr_value (BL f1 (substrate r) (substrate r’)))
(set_of_increasing mappings r r’)). rw set_of_increasing mappings_pr.

exists (BL f1 (substrate r) (substrate r’)). ee. app af_function. tv. tv.

red. ee. app af_function. am. am. tv. tv. red. ir. simpl in H14.

simpl in H15. rww W_af_function. rww W_af_function. uf f1.

apply by_cases with (gle r x1 x0). ir. rww Y_if_rw.

apply by_cases with (gle r yl1 x0). ir. rww Y_if_rw.

wrr order_reflexivity. ir. rww Y_if not_rw. nin H9. am. ir.

rww Y_if_not_rw. apply by_cases with (gle r yl x0). ir.

rww Y_if_rw. elim H16. app (order_transitivity H H15 H17). ir.

rww Y_if _not_rw. wrr order_reflexivity. tv. am. am.

set (£2:= fun u=> Yo (gle r u y0) b b’).

assert (transf_axioms f2 (substrate r) (substrate r’)).

red. ir. uf f2. apply by_cases with (gle r c yO). ir.

rww Y_if rw. ir. rww Y_if_not_rw.

assert (inc (corr_value (BL f2 (substrate r) (substrate r’)))
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(set_of_increasing_mappings r r’)). rw set_of_increasing_mappings_pr.
exists (BL f2 (substrate r) (substrate r’)). ee. app af_function. tv. tv.
red. ee. app af_function. am. am. tv. tv. red. ir. simpl in H15.
simpl in H15. rww W_af_function. rww W_af_function. uf f2.
apply by_cases with (gle r x1 y0). ir. rww Y_if_rw.
apply by_cases with (gle r y1 y0). ir. rww Y_if_rw.
wrr order_reflexivity. ir. rww Y_if not_rw. nin H9. am. ir.
rww Y_if _not_rw. apply by_cases with (gle r yl y0). ir.
rww Y_if _rw. elim H18. app (order_tramsitivity H H17 H19). ir.
rww Y_if _not_rw. wrr order_reflexivity. tv. am. am.
nin H3. rwi imo_substrate H16. nin (H16 _ _ H13 H15).
rwi imo_pr H17. ee. red in H19. ee. awi H25. ufi f1 H25; ufi f2 H25.
cp (H25 _ H11). awi H26. apply by_cases with (gle r yO x0). ir.
right. red. am. ir. rwi Y_if not_rw H26. rwi Y_if_rw H26. nin H9. elim H28.
app (order_antisymmetry HO H9 H26). wr order_reflexivity. am. am. am. am.
am. am. am. am. am.
red in H17. rwi imo_pr H17. ee. red in H19. ee. awi H25.
ufi f1 H25; ufi f2 H25. cp (H25 _ H10). awi H26.
apply by_cases with (gle r x0 y0). ir. left. am. ir. rwi Y_if not_rw H26.
rwi Y_if rw H26. nin H9. elim H28.
app (order_antisymmetry HO H9 H26). wr order_reflexivity. am. am. am. am.
am. am. am. am. am. am. am.

We pretend now that F has at most two elements. We use contradiction. We are reduced
to analyze the case where F has three elements satisfying xo < x; < x».

split. am. apply by_cases with (substrate r’= doubleton b b’). ir.
exists b. exists b’. rw H8. tv. ir.
assert (exists b’’, inc b’’ (substrate r’) & b’’ <> b & b’’ <> b’).
app exists_proof. red. ir. elim H8. set_extens. nin (equal_or_not x0 b).
rw H1l. fprops. nin (equal_or_not x0 b’). rw H12. fprops. elim (H9 x0).
intuition. ee. nin (doubleton_or H10); rw H14; am.
assert (exists u, exists v, exists w,

inc u (substrate r’) & inc v (substrate r’) & inc w (substrate r’) &

glt v’ uv & glt v’ v w). nin H9. ee. red in H4. ee. nin (H15 _ _ H9 H2).
exists x0; exists b; exists b’. ee. am. am. am. red. split. am. am. am.
nin (H15 _ _ H9 H13). exists b; exists x0; exists b’. ee. am. am. am.

red. red in H16. ee. am. intuition. red. ee. am. am.
exists b; exists b’; exists x0. ee. am. am. am. am. red. ee. red in H17.
am. intuition. clear H2. clear H9. clear H8. nin H10. nin H2. nin H2. ee.

The set E has two elements ¢ < ¢’; we could use the same argument as above, but we use
here inf(a, a’) < sup(a, a’). We consider two functions. First the constant function f: x — x1;
then the function g that associates xp if x < ¢ and x2 otherwise. The same arguments as
above show that they are increasing. Since «/ (E, F) is totally ordered, we may compare them.
We have f(v) < g(v) and f(u) > g(uw).

set (f:=corr_value(constant_function (substrate r) (substrate r’) x1 H8)).
assert (inc f (set_of_increasing_mappings r r’)). uf f.

rw set_of_increasing mappings_pr.

exists (constant_function (substrate r) (substrate r’) x1 H8). simpl. ee.
app function_constant_fun. tv. tv. red. ee. app function_constant_fun.
am. am. tv. tv. red. simpl. ir. rw W_constant. rw W_constant.

wrr order_reflexivity. am. am. tv. am. am.

cp (total_order_lattice H7). cp (lattice_sup_pr H14 H1 H5).
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cp (lattice_inf_pr H14 H1 H5). set (u:=inf r a a’).
assert (inc u (substrate r)). nin H16. app (inc_argl_substrate H16).
set (v:=sup r a a’).
assert (inc v (substrate r)). nin H15. app (inc_arg2_substrate H15).
assert (glt r u v). red. ee. ap (order_transitivity H H16 H15). red. ir.
ufi u H23; ufi v H23. rwi H23 H16. rwi H23 H19.
cp (order_transitivity H H15 H19). cp (order_transitivity H H21 H16).
elim H12. app (order_antisymmetry H H25 H24).
set (g:= fun x=> Yo (gle r x u) x0 x2).
assert (transf_axioms g (substrate r) (substrate r’)).
red. ir. uf g. apply by_cases with (gle r c u). ir.
rww Y_if rw. ir. rww Y_if_not_rw.
assert (inc (corr_value (BL g (substrate r) (substrate r’)))
(set_of_increasing_mappings r r’)). rw set_of_increasing_mappings_pr.
exists (BL g (substrate r) (substrate r’)). ee. app af_function. tv. tv.
red. ee. app af_function. am. am. tv. tv. red. ir. simpl in H25.
simpl in H26. rww W_af_function. rww W_af_function. uf g.
apply by_cases with (gle r x3 u). ir. rww Y_if_rw.
apply by_cases with (gle r yO w). ir. rww Y_if rw.
wrr order_reflexivity. ir. rww Y_if not_rw. nin H10. nin H11.
app (order_transitivity HO H10 H11). ir.
rww Y_if_not_rw. apply by_cases with (gle r yO u). ir.
rww Y_if_rw. elim H28. app (order_transitivity H H27 H29). ir.
rww Y_if _not_rw. wrr order_reflexivity. tv. am. am.
nin H3. rwi imo_substrate H22. nin (H22 _ _ H13 H21).
rwi imo_pr H23. ee. red in H25. ee. awi H35. ufi f H35. awi H35.
cp (H35 _ H17). awi H36. rwi W_constant H36. ufi g H36. rwi Y_if_rw H36.
nin H10. elim H37. app (order_antisymmetry HO H10 H36). wrr order_reflexivity.
am. am. am. am. am. red in H23. rwi imo_pr H23. ee. red in H25. ee. awi H35.
ufi f H35. awi H35. cp (H35 _ H18). awi H36. rwi W_constant H36. ufi g H36.
rwi Y_if _not_rw H36. nin H11l. elim H37. app (order_antisymmetry HO H11 H36).
red. ir. nin H19. elim H38. app (order_antisymmetry H H19 H37).
am. am. am. am. am. am. am.
Qed.

7. In order that every mapping of an ordered set E into an ordered set F with at least two
elements, which is both an increasing and a decreasing mapping, should be constant on E,
it is necessary and sufficient that E should be connected with respect to the reflexive and
symmetric relation “x and y are comparable” (Chapter II, § 6, Exercise 10). This condition is
satisfied if E is either left or right directed.

If F is empty or has a single element, the all functions with values in F are constant. This
explains why F is assume to have at least two elements. Denote the relation by x ~ y. We
start, as in Exercise 4, with some properties of the connected components of this relation.

Definition comp_rel r:= fun x y => (gler x y \/ gler y x).

Definition cr_equiv r :=

Exercicel.Sgraph (comp_rel r) (substrate r).
Definition cr_component r :=

Exercicel.connected_comp (comp_rel r) (substrate r).
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Lemma cr_properties: forall r, order r ->
(is_equivalence (cr_equiv r) &
(forall x y, comp_rel r x y -> (inc x (substrate r)& inc y (substrate r))) &
substrate (cr_equiv r) = substrate r &
(forall x, inc x (substrate r) -> class (cr_equiv r) x = cr_component r x) &
(forall x y, comp_rel r x y -> related (cr_equiv r) x y)).
Proof. ir. uf cr_equiv. uf cr_component.
assert (forall x y : Bset,
comp_rel r x y -> (inc x (substrate r) & inc y (substrate r))). ir. nin HO.
split. app (inc_argl_substrate HO). app (inc_arg2_substrate HO).
split. app (inc_arg2_substrate HO). app (inc_argl_substrate HO).
assert (reflexive_r (comp_rel r) (substrate r)).
red. ir. app iff_eq. uf comp_rel. ir. ee. wrr order_reflexivity. left. am.
ir. nin (HO _ _ H1). am.
assert (symmetric_r (comp_rel r)). red. uf comp_rel. ir. intuition.
assert (forall x y, comp_rel r x y -> inc x (substrate r)).
ir. nin (HO _ _ H3). am.
ee. app Exercicel.equivalence_Sgraph. am. app Exercicel.substrate_Sgraph.
ir. app Exercicel.connected_comp_class.
ir. red. uf Exercicel.Sgraph. uf graph_on. ee. Ztac. nin (HO _ _ H4).
fprops. red. aw. exists (Exercicel.chain_pair x y). ee. simpl. am.
tv. tv.
Qed.

Given two elements of E, if they have an upper bound or lower bound, this bound is
related to both elements. Thus E is directed, it has a single component.

Lemma Exercicel_7a: forall r x, right_directed r —>
inc x (substrate r) -> cr_component r x = substrate r.

Proof. ir. rwi right_directed_pr H. nin H. cp (cr_properties H). ee. wr H5.
app extensionality. wr H4. app sub_class_substrate. red. ir. rw inc_class.
nin (H1 _ _ HO H7). nin H8. nin H9. assert (related (cr_equiv r) x x1).
app H6. red. left. am. assert (related (cr_equiv r) x1 x0).
app H6. red. right. am. app (transitivity H2 (u:=x)(w:= x0)).
exists x1. split; am. nin H2. am. am.

Qed.

Lemma Exercicel _7b: forall r x, left_directed r ->
inc x (substrate r) -> cr_component r x = substrate r.

Proof. ir. rwi left_directed_pr H. nin H. cp (cr_properties H). ee. wr H5.
app extensionality. wr H4. app sub_class_substrate. red. ir. rw inc_class.
nin (H1 _ _ HO H7). nin H8. nin H9. assert (related (cr_equiv r) x x1).
app H6. red. right. am. assert (related (cr_equiv r) x1 x0).
app H6. red. left. am. app (transitivity H2 (u:=x)(w:= x0)).
exists x1. split; am. nin H2. am. am.

Qed.

If f is increasing and decreasing, x and y are related, then f(x) = f(y).

Lemma Exercicel_7c: forall r r’ f x y, increasing fun f r r’ >
decreasing_fun f r r’ -> comp_rel r x y ->
Wx f=Wyf.

Proof. ir. assert (order r). nin H; ee; am.
assert (inc x (substrate r)& inc y (substrate r)).
destruct (cr_properties H2) as [_ [H3 _]]. app H3. nin H3. nin H. ee.
nin HO. ee. red in H9. red in H14. wri H12 H14. wri H12 H9.
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nin H1. cp (H9 _ _ H3 H4 H1). cp (H14 _ _ H3 H4 H1). red in H16.
ap (order_antisymmetry H11 H15 H16). cp (H9 _ _ H4 H3 H1).
cp (H14 _ _ H4 H3 H1). red in H16.
ap (order_antisymmetry H11 H16 H15).
Qed.

If f is increasing and decreasing, then f is constant on chains. If E is the class of x, every
element u € E is chained to x, f(u) = f(x) hence f is constant.

Lemma Exercicel_7d: forall r r’ f, increasing fun f r r’ ->
decreasing_fun f r r’ ->
(exists x, inc x (substrate r) & cr_component r x = substrate r)
-> (is_constant_function f).
Proof. ir. assert (order r). nin H; ee; am. cp (cr_properties H2). ee.
nin H1l. ee.
assert (forall x y, comp_rel r xy -> Wx f =Wy f). ir.
app (Exercicel_7c H HO H9). assert (is_function f). nin H; ee; am.
red. ee. am. ir. assert (source f= substrate r). sy; red in H; ee; am.
assert (forall u, inc u (source f) -> Wu f =W x f). ir. rwi H13 H14.
wri H8 H14. wri (H6 _ H1) H14. rwi inc_class H14.
assert (related (cr_equiv r) u x). apply symmetricity. am. am.
ufi cr_equiv H15. ufi Exercicel.Sgraph H15. ufi graph_on H15. red in H15.
Ztac. nin H17. awi H17. ee.
assert (forall x1, Exercicel.chained_r (comp_rel r) x1 ->
Exercicel.chain_tail x1 = x ->
W (Exercicel.chain_head x1) f = W x f). ir. nin x2. simpl. simpl in H21.
simpl in H20. wr H21. app H9. simpl. simpl in H20. ee. cp (IHx2 H22 H21).

simpl in H20. rww (H9 _ _ H20). wr (H20 _ H17 H19). rww H18. nin H3; ee; am.
rw (H14 _ H11). rw (H14 _ H12). tv.
Qed.

Converse. We assume that F is a set with at least two elements a and b, and that E con-
tains ¢ such that the component C of ¢ is not E (if ¢’ is another element of E, the components
of ¢ and ¢’ are equal of disjoint, so that the component of ¢’ cannot be E.). We consider the
function g that maps x to a if x € C, and to be otherwise. This is a non-constant function
since since is a nonempty strict subset of C.

Lemma Exercicel _7e: forall r r’, order r -> order r’ ->
(exists u, exists v, inc u (substrate r’) & inc v (substrate r’) & u <>v)
-> (exists x, inc x (substrate r) & cr_component r x <> substrate r)
-> exists f, increasing_fun f r r’ & decreasing fun f r r’ &
~(is_constant_function f).
Proof. ir. nin H1. nin H1. nin H2. ee. cp (cr_properties H). ee.
set (f:= (fun u => Yo (inc u (cr_component r x1)) x x0)).
assert (transf_axioms f (substrate r) (substrate r’)). red. ir.
uf f. apply by_cases with (inc ¢ (cr_component r x1)). ir. rww Y_if_rw.
ir. rww Y_if not_rw.
set (g:= BL £ (substrate r) (substrate r’)).
assert (is_function g). uf g. app af_function.
assert (~ is_constant_function g). red. ir. red in H13. ee.
assert (inc x1 (source g)). uf g. am. elim H3. app extensionality.
wr H9. wr H8. app sub_class_substrate. am. red. ir.
assert (inc x2 (source g)). uf g. am. cp (H14 _ _ H15 H17).
ufi g H18. awi H18. ufi f H18. rwi Y_if_rw H18.
apply by_cases with (inc x2 (cr_component r x1)). tv. ir.
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rwi Y_if not_rw H18. elim H5. am. am. wrr H9. rw inc_class.
app reflexivity_e. rww H8. nin H6; am. am. am. am. am.

We pretend that if x < y then either both or none of x and y are in C. This is equivalent
to say that if x ~ y then either both or none of x and y is related to ¢, and is a consequence of
the transitivity of ~. It follows g(x) = g(), thus g(x) < g(y), and g(x) = g(y). This means that
g is increasing and decreasing.

assert (forall a b, inc a (substrate r) -> inc b (substrate r) —>
gle r a b -> (inc a (cr_component r x1) = inc b (cr_component r x1))).

ir. wrr H9. rww inc_class. rww inc_class. assert (comp_rel r a b). red. left.

am. cp (H10 _ _ H17). app iff_eq. ir.

app (transitivity H6 (u:=x1)(w:= b)). exists a. split;am. ir.

app (transitivity H6 (u:=x1)(w:= a)). exists b. split. am.

app symmetricity. nin H6; am. nin H6; am.

assert (forall a b, inc a (substrate r) -> inc b (substrate r) —>
glerab-> Wag=WDbg). ir. uf g. aw. uf f.

apply by_cases with (inc a (cr_component r x1)). ir. rww Y_if_rw. rww Y_if_rw.

wrr (H14 _ _ H15 H16 H17). ir. rww Y_if _not_rw. rww Y_if_not_rw.

wrr (H14 _ _ H15 H16 H17).

exists g. ee. red. ee. am. am. am. tv. tv. red. ir. ufi g H16; ufi g H17.
rww (H15 _ _ H16 H17 H18). wrr order_reflexivity.

change (inc (W y g) (target g)). app inc_W_target.
red. ee. am. am. am. tv. tv. red. ir. ufi g H16; ufi g H17.

rww (H15 _ _ H16 H17 H18). tv. red. wrr order_reflexivity.
change (inc (W y g) (target g)). app inc_W_target. am.
Qed.

8. LetE andF be two ordered sets, let f be an increasing mapping of E into F, and g an
increasing mapping of F into E. Let A (resp. B) be the set of all x € E (resp. y € F) such
that g(f (x)) = x (resp. f(g(y)) = y). Show that the two ordered sets A and B are canonically
isomorphic.

The restriction of the function f is a bijection from A onto B. it is clearly increasing.

Lemma Exercicel_8: forall r r’ f g,
let A := Zo (substrate r) (fun z => W (W z f) g = z) in
let B := Zo (substrate r’) (fun z => W (Wz g) £ = z) in
increasing fun f r r’ -> increasing fun g r’ r >
exists h, order_isomorphism h (induced_order r A) (induced_order r’ B).
Proof. ir. assert (forall x, inc x A -> inc (W x f) B). ir. ufi A H1. Ztac.
clear H1. uf B. Ztac. red in H. ee. rw H6. app inc_W_target. wrr H5.
rww H3. assert (forall x, inc x B -> inc (W x g) A). ir. ufi B H2. Ztac.
clear H2. uf A. Ztac. red in HO. ee. rw H7. app inc_W_target. wrr H6. rww H4.
set (h:=restriction2 f A B). assert (restriction2_axioms f A B).
red. red in H. ee. am. uf A. wr HS5. app Z_sub. wr H6. uf B. app Z_sub.
red. ir. ufi image_by_fun H8. awi H8. nin H8. nin H8. red in HO.
rw (W_pr H H9). app H1l. fprops.
assert (is_function h). uf h. app function_restriction2.
assert (injective h). red. split. am. uf h. simpl.
intros x y Hx Hy. rww W_restriction2. rww W_restriction2. ir.
ufi A Hx; ufi A Hy. Ztac. wr H7. clear Hy. Ztac. wr H5. sy; am.
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assert (surjective h). app surjective_pr6. uf h. simpl.
ir. exists (W y g). split. app H2.
rww W_restriction2. ufi B H6. sy. Ztac. am. app H2. exists h.
red in H. ee. assert (sub A (substrate r)). uf A. app Z_sub.
assert (sub B (substrate r’)). uf B. app Z_sub.
red. ee. fprops. fprops. red; split;am. aw. aw. uf h. simpl. ir.
rww W_restriction2. rww W_restriction2. app iff_eq. ir. awi H16. aw. app H11l.
wr H9. app H12. wr HY9. app H12. app H1. app H1. am. am. ir.
cp (H1 _ H14). cp (H1 _ H15). awi H16. aw.
ufi A H14. Ztac. clear H14. ufi A H15. Ztac.
wr H20. wr H21. red in HO; ee. app H26. wr H24; app H13. wr H24; app H13.
am. am.
Qed.

9. *IfE is a lattice, prove that

sup(infx; ;) < inf(sup x; )
i ! Lo

for every finite “double” family (x;;). *

In a lattice, if a set has a supremum or an infimum, the same is true if we add an element.

Lemma lattice_finite_supl: forall r X x a, lattice r ->
sub X (substrate r) -> least_upper_bound r X x -> inc a (substrate r) ->
least_upper_bound r (tack_on X a) (sup r x a).

Proof. ir. assert (order r). red in H;ee;am.
assert (sub (tack_on X a) (substrate r)). app tack_on_sub.
rwi (least_upper_bound_pr x H3 HO) H1. ee.
assert (inc x (substrate r)). red in H1. ee. am.
cp (lattice_sup_pr H H6 H2). ee.
rw (least_upper_bound_pr (sup r x a) H3 H4). ee. red. ee.
app (inc_arg2_substrate H7). ir. rwi tack_on_inc H10. nin H10. red in H1.
ee. cp (H11 _ H10). apply order_transitivity with x. am. am. am. rww H10.
ir. red in H10. app H9. ee. app H5. red. ee. am. ir. app H1ll. fprops. ee.
app H11l. fprops.

Qed.

Lemma lattice_finite_infl: forall r X x a, lattice r —>
sub X (substrate r) -> greatest_lower_bound r X x -> inc a (substrate r) ->
greatest_lower_bound r (tack_on X a) (inf r x a).

Proof. ir. assert (order r). red in H;ee;am.
assert (sub (tack_on X a) (substrate r)). app tack_on_sub.
rwi (greatest_lower_bound_pr x H3 HO) H1. ee.
assert (inc x (substrate r)). red in H1. ee. am.
cp (lattice_inf_pr H H6 H2). ee.
rw (greatest_lower_bound_pr (inf r x a) H3 H4). ee. red. ee.
app (inc_argl_substrate H7). ir. rwi tack_on_inc H10. nin H10. red in H1.
ee. cp (H11 _ H10). apply order_transitivity with x. am. am. am. rww H10.
ir. red in H10. app H9. ee. app H5. red. ee. am. ir. app H1ll. fprops. ee.
app H11l. fprops.

Qed.

A proof by induction shows that a finite set has a supremum and an infimum.
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Lemma lattice_finite_sup2: forall r x, lattice r —>
is_finite_set x -> nonempty x -> sub x (substrate r) ->
has_supremum r x.
Proof. ir. app (finite_set_induction2 (fun x => (sub x (substrate r)))
(fun x => has_supremum r x)). ir.
assert (inc a (substrate r)). app H3. fprops. wr (doubleton_singleton a).
red in H. ee. nin (H5 _ _ H4 H4). am. ir.
assert (inc b (substrate r)). app H5. fprops.
assert (sub a (substrate r)). apply sub_trans with (tack_on a b). fprops.
am. cp (H3 H7 H4). red in H8. nin H8. exists (sup r x0 b).
ap (lattice_finite_supl H H7 H8 H6).
Qed.
Lemma lattice_finite_inf2: forall r x, lattice r ->
is_finite_set x -> nonempty x -> sub x (substrate r) ->
has_infimum r x.
Proof. ir. app (finite_set_induction2 (fun x => (sub x (substrate r)))
(fun x => has_infimum r x)). ir.
assert (inc a (substrate r)). app H3. fprops. wr (doubleton_singleton a).
red in H. ee. nin (H5 _ _ H4 H4). am. ir.
assert (inc b (substrate r)). app H5. fprops.
assert (sub a (substrate r)). apply sub_trans with (tack_on a b). fprops.
am. cp (H3 H7 H4). red in H8. nin H8. exists (inf r x0 b).
ap (lattice_finite_infl H H7 H8 H6).
Qed.

If F is a finite subset of E, then x < infF if and only if x < y forall y e F.

Lemma lattice_finite_sup3d: forall r x y, lattice r —>
is_finite_set x -> nonempty x -> sub x (substrate r) ->
gle r (supremum r x) y = (forall z, inc z x -> gle r z y).
Proof. ir. cp (lattice_finite_sup2 H HO H1 H2).
assert (order r). red in H; ee; am.
cp (supremum_pr H4 H2 H3). ee. app iff_eq. ir. red in H5. ee.
cp (H9 _ H8). apply order_transitivity with (supremum r x). am. am. am.
ir. app H6. red. ee. nin H1. cp (H7 _ H1). app (inc_arg2_substrate H8). am.
Qed.
Lemma lattice_finite_inf3: forall r x y, lattice r —>
is_finite_set x -> nonempty x -> sub x (substrate r) ->
gle r y (infimum r x) = (forall z, inc z x -> gle r y z).
Proof. ir. cp (lattice_finite_inf2 H HO H1 H2).
assert (order r). red in H; ee; am.
cp (infimum_pr H4 H2 H3). ee. app iff_eq. ir. red in H5. ee.
cp (H9 _ H8). apply order_transitivity with (infimum r x). am. am. am.
ir. app H6. red. ee. nin H1. cp (H7 _ H1). app (inc_argl_substrate H8). am.
Qed.

If f is a family, with source I and target E, if I is finite, then x < infj¢; f(7) if and only if
x< f(i)forallieE.

Lemma lattice_finite_sup4: forall r £ y, lattice r ->

fgraph f -> is_finite_set (domain f) -> nonempty (domain f) ->

sub (range f) (substrate r) ->

gle r (sup_graph r f) y = (forall z, inc z (domain f) -> gle r (V z £) y).
Proof. ir. uf sup_graph. rw lattice_finite_sup3.

app iff_eq. ir. app H4. app inc_V_range. ir. rwi frange_inc_rw H5.

nin H5. ee. rw H6. app H4. am. am. app finite_range. nin H2.
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exists (V yO f). app inc_V_range. am.
Qed.

Lemma lattice_finite_inf4: forall r £ y, lattice r ->
fgraph f -> is_finite_set (domain f) -> nonempty (domain f) ->
sub (range f) (substrate r) ->
gle r y (inf_graph r f) = (forall z, inc z (domain f) -> gle r y (V z £)).
Proof. ir. uf inf_graph. rw lattice_finite_inf3.
app iff_eq. ir. app H4. app inc_V_range. ir. rwi frange_inc_rw H5.
nin H5. ee. rw H6. app H4. am. am. app finite_range. nin H2.
exists (V yO f). app inc_V_range. am.
Qed.
Lemma lattice_finite_sup5: forall r f, lattice r ->
fgraph f -> is_finite_set (domain f) -> nonempty (domain f) ->
sub (range f) (substrate r) ->
inc (sup_graph r f) (substrate r).
Proof. ir. assert (has_sup_graph r f). uf has_sup_graph.
app lattice_finite_sup2. app finite_range. nin H2. exists (Vy f).
app inc_V_range. red in H. ee. cp (is_sup_graph_prl H H3 H4).
rwi least_upper_bound_pr H6. ee. red in H6. ee. am. am. am.
Qed.
Lemma lattice_finite_infb: forall r f, lattice r ->
fgraph f -> is_finite_set (domain f) -> nonempty (domain f) ->
sub (range f) (substrate r) ->
inc (inf_graph r f) (substrate r).
Proof. ir. assert (has_inf_graph r f). uf has_inf_graph.
app lattice_finite_inf2. app finite_range. nin H2. exists (Vy f).
app inc_V_range. red in H. ee. cp (is_inf_graph prl H H3 H4).
rwi greatest_lower_bound_pr H6. ee. red in H6. ee. am. am. am.
Qed.

Applying the previous lemmas in one direction gives inf; x;; < x;; < sup; x;; apply it in
the other direction gives the result.

Lemma Exercicel_9: forall Il I2 r £,

lattice r -> fgraph f -> domain f = product Il I2 ->

is_finite_set I1 -> is_finite_set I2 -> nonempty I1 -> nonempty I2 ->

sub (range f) (substrate r) ->

gle r

(sup_graph r (L I2 (fun j => inf_graph r (L I1 (fun i =>V (J i j) £)))))

(inf_graph r (L I1 (fun i => sup_graph r(L I2 (fun j =>V (J i j) £))))).
Proof. ir. assert (Ha: order r). red in H; ee; am.

assert (Hb: forall i j, inc i I1 -> inc j I2 ->

inc (V (J i j) f) (substrate r)). ir. app H6. app inc_V_range. rw H1.

fprops.

rw lattice_finite_sup4. ir. bwi H7. rw lattice_finite_inf4. ir.

bwi H8. bw.

apply order_transitivity with (V (J z0 z) £f). am.

set (fa:= (L I1 (fun i : Bset => V (J i z) £))).

assert (fgraph fa). uf fa. gprops. assert (is_finite_set (domain fa)).

uf fa. bw. assert (nonempty (domain fa)). uf fa. bw.

assert(sub (range fa) (substrate r)). uf fa. red. ir. rwi frange_inc_rw H12.

nin H12. ee. bwi H12. bwi H13. rw H13. app Hb. am. gprops.

cp (lattice_finite_inf4 (inf_graph r fa) H H9 H10 H11 H12).
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assert (gle r (inf_graph r fa) (inf_graph r fa)). wr order_reflexivity.
app lattice_finite_inf5. am. rwi H13 H14.
assert (V (J z0 z) £ =V z0 fa). uf fa. bw. tv. rw H15. app H14. uf fa. bw.
set (fb:= L I2 (fun j : Bset => V (J z0 j) £)).
assert (fgraph fb). uf fb. gprops. assert (is_finite_set (domain fb)).
uf fb. bw. assert (nonempty (domain fb)). uf fb. bw.
assert(sub (range fb) (substrate r)). uf fb. red. ir. rwi frange_inc_rw H12.
nin H12. ee. bwi H12. bwi H13. rw H13. app Hb. am. gprops.
cp (lattice_finite_sup4 (sup_graph r fb) H H9 H10 H11 H12).
assert (gle r (sup_graph r fb) (sup_graph r fb)). wr order_reflexivity.
app lattice_finite_supb5. am. rwi H13 Hi14.
assert (V (J z0 z) £ =V z fb). uf fb. bw. tv. rw H15. app H14. uf fb. bw.
am. gprops. bw. bw. red. ir. rwi frange_inc_rw H8. nin H8. bwi H8. ee.
rw H9. app lattice_finite_supb5. gprops. bw. bw.
red. ir. rwi frange_inc_rw H10. nin H10. nin H10. bwi H10. bwi H11.
rww H11l. app Hb. am. gprops. ee;am. gprops. am. gprops. bw. bw.
red. ir. rwi frange_inc_rw H7. nin H7. nin H7. bwi H7. bwi H8. rw HS.
app lattice_finite_inf5. gprops. bw. bw. red. ir.
rwi frange_inc_rw H9. nin H9. nin H9. bwi H9. bwi H10. rw H10. app Hb.
am. gprops. ee;am. gprops.
Qed.

10. LetE andF be two lattices. Then a mapping f of E into F is increasing if and only if

fnf(x, y)) =inf(f(x), f()

forallxeE and y € E.

* Give an example of an increasing mapping f of the product ordered set N x N into the
orders set N such that the relation

fnf(x, y)) =inf(f(x), f ()

is false for at least one pair (x, y) € N x N.,,

If a, b, ¢, and d are integers we have (a,b) < (c,d) if and only if a < c and b < d. The
infimum of these two quantities is (inf(a, ¢),inf(b, d)). The function f: (x,y) — x+ y is in-
creasing. If we take x = (1,0) and y = (0,1), then f(x) = f(y) =1, the infimum is (0,0) and the
value is 0; this is the counter example. The main result is straightforward.

Lemma exercisel 10: forall r r’ f,
lattice r -> 1lattice r’ -> is_function f -> substrate r = source f ->
substrate r’ = target f —>
(increasing_fun f r r’) =
(forall x y, inc x (substrate r) -> inc y (substrate r) ->

gler’ (W (inf r x y) £f) (nf r’ (Wx £) Wy £))).

Proof. ir. ap iff_eq. ir. red in H4; ee.
destruct (lattice_inf_pr H H5 H6) as [Ha [Hb _ 1].
assert (inc (inf r x y) (source f)). wr H2. app (inc_argl_substrate Ha).
rwi H2 H5; rwi H2 H6. cp (H11 _ _ H12 H5 Ha). cp (H11 _ _ H12 H6 Hb).
simpl in H13; simpl in H14. cp (inc_W_target H4 H5). cp (inc_W_target H4 H6).
wri H10 H15; wri H10 H16. cp (lattice_inf_pr HO H15 H16). ee. app H19.
ir. cp H; nin H. red. ee; try am. nin HOj;am. red. ir.
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rwi H2 H4. cp (H4 _ _ H7 H8). rwi (inf_comparablel H H9) H1O0.

cp (inc_W_target H1 H7). cp (inc_W_target H1 H8). wri H3 H11; wri H3 H12.
destruct (lattice_inf_pr HO H11 H12) as [_ [Hb _ 1].

nin HO. ap (order_transitivity HO H10 Hb).

11. A lattice E is said to be complete if every subset of E has a least upper bound and a
greatest lower bound in E; this means in particular that E has a greatest and a least element.

(a) Show that if an ordered set E is such that every subset of E has a least upper bound in
E, then E is a complete lattice.

(b) Aproduct of ordered sets is a complete lattice if only if each of the factors is a complete
lattice.

(c) An ordinal sun (Exercise 3) Y, E, is a complete lattice if and only if the following
conditions are satisfied:
(D) Tis a complete lattice
(I) If J is a subset of I which has no greatest element, and if o = sup], then E; has a least
element.
(II) For each ( € I every subset of E, which has an upper bound in E, has a least upper bound
inE,.
(IV) For each 1 € I such that E, has no greatest element, the set of all k > ( has a least element
o and Ey has a lest element.

(d) The ordered set <f (E, F) of increasing maps of an ordered set E into an ordered set F
(Exercise 6) is a complete lattice if and only if F is a complete lattice.

The first claim is obvious: it suffices to take the supremum of infimum of the emptyset.
The second claim is easy: Let X be a set and X’ be the set of lower bounds. If X’ has a supre-
mum, this is the infimum of X.

Definition complete_lattice r := order r &
forall X, sub X (substrate r) -> (has_supremum r X & has_infimum r X).

Lemma exercisel_1la: forall r, complete_lattice r ->
((exists a, greatest_element r a) & (exists b, least_element r b)).
Proof. ir. nin H. assert (sub emptyset (substrate r)). ap sub_emptyset_any.
nin (HO _ H1). nin H2. nin H3. rwi (least_upper_bound_emptyset x H) H2.
rwi (greatest_lower_bound_emptyset x0O H) H3.
split. exists x0; am. exists x;am.
Qed.

Lemma exercisel_11b: forall r, order r ->
(forall X, sub X (substrate r) -> has_supremum r X) ->
complete_lattice r.

Proof. ir. red. split. am. ir. split. nin ( HO _ H1). exists x. am. red.
set (Z := (Zo (substrate r) (fun z => lower_bound r X z))).
assert (sub Z (substrate r)). uf Z; app Z_sub. nin (HO _ H2).
exists x. rwi (least_upper_bound_pr x H H2) H3. nin H3.
rw (greatest_lower_bound_pr x H H1). split. red. split.
nin H3. am. ir. app H4. red. split. app H1l. ir. ufi Z H6. Ztac.
nin H8. app H9. ir. nin H3. app H6. uf Z. Ztac. nin H5. am.

Qed.

The second claim is easy. Let X be a subset of []E; and X; = pr;X. If each E; is a complete
lattice, then supX; is the supremum of the set X;, and i — supX; is the supremum of X. Con-
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versely, if the product is a complete lattice, it is non-empty since it has a smallest element. If
X; cE; we can find a set X with X; = pr;X. If x is the supremum of X then x; is the supremum
of Xi.

Lemma exercisel_11c: forall f g, axioms_product_order f g ->
(forall i, inc i (domain f) -> complete_lattice (V i g)) ->
complete_lattice (product_order f g).

Proof. ir. app exercisel_11b. fprops.
assert (Ha:substrate (product_order f g) = productb f).
app substrate_product_order. assert (Hb:=H). red in H; ee. ir.
set (Xi := fun i=> (image_by_fun (pr_i f i) X)).
assert (forall i, inc i(domain f) -> sub (Xi i) (substrate (V i g))).
ir. rw H4. uf Xi. wr target_pri. uf image_by_fun.
assert (is_function (pr_i f i)). app function_pri.
apply sub_trans with (range (graph (pr_i f i))). app sub_image_by_graph.
fprops. app range_correspondence. nin H7; am. am.
set (v:= L (domain f) (fun i => supremum (V i g) (Xi i))).
assert (forall i, inc i(domain f) -> least_upper_bound (V i g) (Xi i)(V i v)).
ir. nin (HO _ H7). cp (H6 _ H7). nin (H9 _ H10). uf v. bw. app supremum_pri.
assert (inc v (substrate (product_order f g))). rw Ha.
rw productb_pr. ee. uf v. gprops. uf v. bw. ir. ufi v H8. bwi HS.
nin (H7 _ H8). awi H9. Ztac. wrr H4. app H3. app Z_sub. am.
exists v. rw least_upper_bound_pr. split. red. split. am.
ir. rww related_product_order. rwi Ha H5; rwi Ha H8. ee. app H5. am.
ir. cp (H7 _ H10). rwi least_upper_bound_pr H1l. nin H11. red in H11. nin H11.
app H13. uf Xi. uf image_by_fun. assert (is_function (pr_i f i)).
app function_pri. aw. exists y. split. am. red.
assert (inc y (productb f)). app H5. wr (W_pri H H10 H15). app defined_lem.
fprops. app H3. app H6. ir. nin H9. rww related_product_order. ee.
wrr Ha. wrr Ha. ir. cp (H7 _ H11). rwi least_upper_bound_pr H12. nin H12.
app H13. red. split. rw H4. rwi Ha H9. rwi productb_pr H9. ee. app H15.
rww H14. am. am. ir. ufi Xi H14. awi H14. ufi image_by_fun H14. awi H14.
nin H14. ee. cp (H10 _ H14). rwi related_product_order H16. ee.
assert (y = V i x). awi H15. red in H15. wr (W_pri (f:=f)). app W_pr.
app function_pri. am. am. am. rw H19. app H18. am.
assert (is_function (pr_i f i)). app function_pri. fprops. app H3. app H6.
app order_product_order. am.

Qed.

Lemma exercisel_11d: forall f g, axioms_product_order f g ->
complete_lattice (product_order f g) ->
(forall i, inc i (domain f) -> complete_lattice (V i g)).

Proof. ir. cp (exercisel_11a HO). nin H2. clear H3. nin H2. nin H2. clear H3.
awi H2; try am. assert (Ha:=H). nin H. ee. app exercisel_11b. app H5. ir.
rwi productb_pr H2. ee.
set (Y:= L(domain f) (fun j=> Yo(j=i) X (singleton (V j x)))).
assert (sub (productb Y) (substrate (product_order f g))). aw.
app productb_monotonel. uf Y. gprops. uf Y. bw. ir. uf Y. ufi Y H10. bwi H10.
bw. nin (equal_or_not i0 i). rw Y_if_rw. wrr H6. rww H11l. am.
rw Y_if_not_rw. red. ir. rw (singleton_eq H12). app H9. rww H8. am.
nin HO. cp (H11 _ H10). nin H12. nin H12.
rwi least_upper_bound_pr H12. ee. red in H12. ee. awi H12.
assert (W x0 (pr_i £ i) = V i x0). rww W_pri.
ee. exists (W x0 (pr_i f i)). rw least_upper_bound_pr. split. red. ee.
rww H6. rw H16. rwi productb_pr H12. ee. app H18. rww H17. am.
ir. assert (inc (L(domain f)(fun j=> (Yo (j = i) y (V j x)))) (productb Y)).
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rw productb_pr. bw. ee. gprops. uf Y. bw. ir. bw.
nin (equal_or_not i0 i). rw H19. rw Y_if _rw. uf Y. bw. rw Y_if_rw. am. tv.
tv. uf Y. bw. rw Y_if not_rw. rw Y_if not_rw. fprops. am. am. uf Y. gprops.
cp (H15 _ H18). rwi related_product_order H19. ee. cp (H21 _ H1).
bwi H22. rwi Y_if rw H22. +tv. rw H16. am. tv. am. am.
ir. set (w:= (L(domain f)(fun j=> (Yo (j =1i) z (V j x))))).
assert (inc w (productb f)). uf w. rw productb_pr. bw. ee. gprops. tv. ir.
bw. nin (equal_or_not i0 i). rw H19. rw Y_if_rw. red in H17. nin H17. wrr H6.
tv. rw Y_if _not_rw. app H9. rww H8. am. am.
assert (upper_bound (product_order f g) (productb Y) w). red. split.
aw. ir. rw related_product_order. ee. awi H10. app H10. am. am. ir.
uf w. bw. rwi productb_pr H19. ee. rwi H21 H22. ufi Y H22. bwi H22.
cp (H22 _ H20). bwi H23. nin (equal_or_not i0 i). rw Y_if_rw.
rwi Y_if_rw H23. red in H17. ee. rw H24. app H25. wrr H24. am. am.
rw Y_if not_rw. rwi Y_if_not_rw H23. rw (singleton_eq H23).
wr order_reflexivity. rww H6. app H9. rww H8. app H5. am. am. am.
uf Y; gprops. am. cp (H14 _ H19). rwi related_product_order H20. ee.
rw H16. cp (H22 _ H1). ufi w H23. bwi H23. rwi Y_if_rw H23. am. tv. am.
am. app H5. am. am. am. am. am.
Qed.

12. Let ® be a mapping of a set A into itself. Let § be the subset of J3(A) consisting of all
X c A such that f(X) c X for each f € ®. Show that § is a complete lattice with respect to the
relation of inclusion.

13. LetE be an ordered set. A mapping f of E into itself is said to be a closure if it satisfies
the following conditions: (1) f is increasing, (2) for each x € E, f(x) = x, (3) for each x € E,
f(f(x)) = f(x). Let F be the set of elements of E which are invariant under f.

(a) Show that for each x € E the set F of elements y € F such that x < y is not empty and
has a least element, namely f(x). Conversely, if G is a subset of E such that, for each x € E,
the set of all y € G such that x < y has aleast element g(x), then g is a closure and G is the set
of elements of E that are invariant under g.

(b) Suppose that E is a complete lattice. Show that the greatest lower bound in E of any
non-empty subset of F belongs to F.

(c) Show that if E is a lattice, then f(sup(x, y)) = f(sup(f(x), y)) for each pair of elements
x, y of E.

14. Let A and B be two sets, and let R be any subset of A x B. For each subset X of A (resp.
each subset Y of B) let p(X) (resp. o(Y)) denote the set of all y € B (resp. x € A) such that
(x,y) € Rforall x € A (resp. (x,y) € Rforall y € B). Show that p and ¢ are decreasing mappings
and that the mapping X — o(p(X)) and Y — p(c(Y)) are closures (Exercise 13) in J3(A) and
B(B) respectively (ordered by inclusion).

15. (a) Let E be an ordered set, and for each subset X of E let p(X) (resp. o(X)) denote the
set of upper (resp. lower) bounds of X in E. Show that, in 3(E), the set E of subsets X such
that X = o(p(X)) is a complete lattice, and that the mapping i : x — o({x}) is an isomorphism
(called canonical) of E onto an ordered subset E’ of E such that, if a family (x,) of elements
of E has a least upper bound (resp. greatest lower bound) in E, the image of this least upper
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bound (resp. greatest lower bound) is the least upper bound (resp. greatest lower bound) in
E of the family of images of the x,. E is called the completion of the ordered set E.

(b) Show that, for every subset X of E, o (p(X)) is the least upper bound in E of the subset
i(X) of E. If f is any increasing mapping of E into a complete lattice F, there exists a unique
increasing mapping f of E into F such that f = foi and f(supZ) = sup(f(Z)) for every subset
Z of E.

(c) If E is totally ordered, show that Eis totally ordered.

416. Alattice E is said to be distributive if it satisfies the following two conditions

D) sup(x,inf(y, z)) = inf(sup(x, y), sup(x, z))
(D" inf(x, sup(y, 2)) = sup(inf(x, y),inf(x, z))

for all x, y, zin E. A totally ordered set is a distributive lattice.

(a) Show that each of the conditions (D), (D’) separately implies the condition
(D) sup(inf(x, y),inf(y, z), inf(z, x)) = inf(sup(x, ¥), sup(y, z),sup(z, x))

forall x, y, zin E.

(b) Show that the condition (D) implies the condition
(M) If x = z, then sup(z,inf(x, y)) = inf(x, sup(y, z))).

Deduce that (D) implies each of (D’) and (D”), and hence that the three axioms (D), (D’) and
(D”) are equivalent (to show, for example, that D implies D’, take the least upper bound of x
and each side of (D) and use (M)).

(c) Show that each of the two conditions

M inf(z,sup(x, y)) < sup(x,inf(y, 2)),
(™ inf(sup(x, y),sup(z,inf(x, y))) = sup(inf(x, y), inf(y, z),inf(z, x)),

forall x, y, zin E is necessary and sufficient for E to be distributive. (To show that (T’) implies
(D”), consider the element
inf(z, sup(x,inf(y, z))).)

417. Alattice E which has a least element « is said to be relatively complemented if, for each
pair of elements x, y of E such that x < y, there exists an element x’ such that sup(x,x’) = y
and inf(x, x,’) = a. Such an element x’ is called a relative complement of x with respect to y.

*(a) Show that the set E of vector subspaces of a vector space of dimension = 2, ordered
by inclusion, is a relatively complemented lattice, but that if x, y are two elements of E such
that x < y, there exists in general several distinct complements of x with respect to y.*

(b) If E is distributive and relatively complemented, show that if x < y in E, there exists
a unique relative complement of x with respect to y. E is said to be a Boolean lattice if it is
distributive and relatively complemented and if, moreover, it has a greatest element w. For
each x € E, let x* be the complement of x with respect to w. The the mapping x — x* is an
isomorphism of E onto the ordered set obtained by endowing E with the opposite ordering,
and we have (x*)* = x. If Ais any set, then the set 3(A) of all subsets A, ordered by inclusion,
is a Boolean lattice.
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(c) If E is a complete Boolean lattice (Exercise 11), show that for each family (x)) of ele-
ments of E and each y € E we have

inf(y, sup(x))) = sup(inf(y, x))).
A A

(Reduce to the case y = «, and use the fact that if inf(z, x)) = a for every index A, then x* = x)
for every A).

q18. *Let A be a set with at least three elements, let & be the set of all partitions of A, or-
dered by the relation “® is finer than ®'” between ® and ®' (no 1, Example 4). Show that &
is a complete lattice (Exercise 11), is not distributive (Exercise 17), but is relatively comple-
mented (To prove the last assertion, well-order the sets belonging to a partition.)*

19. An ordered set E is said to be without gaps if it contains two distinct comparable ele-
ments and if, for each pair of elements x, y such that x < y, the open interval ]x, y[ is not
empty. Show that the ordinal sum } 1 E, (Exercise 3) is without gaps if and only if the follow-
ing conditions are satisfied:

(D) Either I contains two distinct comparable elements, or else there exists 1 € I such that
E, contains two distinct comparable elements.

(IT) Each E; which contains at least two distinct comparable elements is without gaps.

(IID) If a, P are two elements of I such that a < and if the interval Ja, B[ in I is empty, then
either Eq has no maximal element or else Eg has no minimal element.

In particular, every ordinal sum Y ¢ E, of sets without gaps is itself without gaps, provided
that no E, has a maximal element (or provided that no E, has a minimal element). If I is
without gaps, and if each E, is either without gaps or contains no two distinct comparable
elements, then )1 E, is without gaps.

420. Anordered setE is said to be scattered of no ordered subset of E is without gaps (Exer-
cise 19). Every subset of a scattered set is scattered. *Every well-ordered set of more than one
element is scattered.*

(a) Suppose that E is scattered. Then if x, y are two elements of E such that x < y, there
exists two elements x’, y of E such that x < x’ < y < y, and such that the interval ]x’, y'[ is
empty. *Give an example of a totally ordered set which satisfies this condition and is not
scatted (consider Cantor’s triadic set).*

(b) An ordinal sum } ¢ E, (where neither I nor any E, is empty) is scattered if and only if I
and each E, is scattered. (Note that E contains a subset isomorphic to I and that every subset
F of E is the ordinal sum of those sets F N E, which are non-empty: finally use Exercise 19.)

21. LetE be a non-empty totally ordered set, and let Six, yi be the relation “the closed in-
terval with endpoints x, y is scattered” (Exercise 20). Show that S is an equivalence relation
which is weakly compatible (Exercise 2) in x and y with the order relation on E, that the
equivalence classes with respect to S are scattered sets, and that the quotient ordered set E/S
is either without gaps or else consists of a single element. Deduce that E is isomorphic to an
ordinal sum of scattered sets whose index set is either without gaps or else consists of a single
element.
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22, (a) Let E be an ordered set; A subset U of E is said to be open if for each x € U, U
contains the interval [x,— [. An open set U is said to be regular if there exists no open set
V o U, distinct from U such that U is cofinal in V. Show that every open set U is cofinal in
exactly one regular open set U. The mapping U — U is increasing. If U, V are two open sets
such thatUnV =@, thenalso UNV = g.

(b) Show that the set R(E) of regular open sets of E, ordered by inclusion, is a complete
Boolean lattice (Exercise 17). For R(E) to consist of two elements, it is necessary and sufficient
that E should be non-empty and right directed.

(c) If F is a cofinal subset of E, show that the mapping U — U NnF is an isomorphism of
R(E) onto R(F).

(d) If E;, E, are two ordered sets, then every open set in E; x Ey is of the form U; x Uy,
where U; is openin E; (i = 1,2). The set R(E; x E) is isomorphic to R(E1) x R(Ey).

¢ 23. LetE be an ordered set and let Ry(E) = R(E) — @ (Exercise 22). For each x € E, let r(x)
denote the unique regular open set in which the interval [x,— [ (which is an open set) is
cofinal. The mapping r so defined is called the canonical mapping of E into Ry (E). Endow
Ry (E) with the order relation opposite to the relation of inclusion.

(a) Show that the mapping r is increasing and that r(E) is cofinal in Ry (E).

(b) An ordered set E is said to be antidirected if the canonical mapping r : E — Ry(E) is
injective. For this to be so it is necessary and sufficient that the following two conditions
should be satisfied.

(D If x and y are two elements of E such that x < y, there exists z € E such that x < z and
such that the intervals [y, — [ and [z, — [ do not intersect.

(I) If x and y are two non-comparable elements of E then either there exists x' > x such
that the intervals [x’, — [ and [y,— [ do not intersect, or else there exists ' > y such that the
intervals [x,— [ and [y’,— [ do not intersect.

(c) Show that, for every ordered set E, Ry(E) is antidirected and that the canonical map-
ping of Ry (E) into Ry (Ro(E)) is bijective (use Exercise 22(a)).

24. *(a) Anordered set E is said to be branched (on the right) if for each x € E there exist y, z
in Esuch that x < y, x < z and the intervals [y, — [ and [z, — [ do not intersect. An antidirected
set with no maximal element (Exercise 23) is branched.

(b) Let E be the set of intervals in & of the form [k.27", (k+1).27"] (0 < k < n), ordered by
the relation . Show that E is antidirected and has no maximal elements.

(c) Give an example of a branched set in which there exists no antidirected cofinal sub-
set (Take the product of the set E defined in (b) with a well-ordered set which contains no
countable cofinal subset, and use Exercise 22.)

(d) Give an example of an ordered set E which is not antidirected, but which has an antidi-
rected cofinal subset (Note that an ordinal sum } g F¢ contains a cofinal subset isomorphic
to E).*
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8.2 Section 2

1. Show that, in the set of orderings on a set E, the minimal elements (with respect to the
ordered relation “T is coarser than I"” between I and I"’) are the total orderings on E and that
if T is any ordering on E, the graph of T is the intersection of the graphs of the total orderings
on E which are coarser than I" (apply Theorem 2 of no. 4). Deduce that every ordered set is
isomorphic to a subset of a product of totally ordered sets.

2. Let E be an ordered set and let ‘B be the set of subsets of E which are well-ordered by
the inducing ordering. Show that the relation “X is a segment of Y” on ‘B is an order relation
between X and Y and that ®8 is inductive with respect to this order relation. Deduce that there
exist well-ordered subsets of E which have no strict upper bound in E.

3. LetE be an ordered set. Show that there exist two subsets A, B, of E such that AUB =E
and AN B = ¢ and such that A is well-ordered and B has no least element (for example, take
B to be the union of those subsets of E which have no least element). *Give an example in
which there are several partitions of E into two subsets having these properties.*

Y 4. An ordered set F is said to be partially well-ordered if every totally ordered subset of F
is well-ordered. Show that in every ordered set E there exists a partially well-ordered subset
which is cofinal in E (Consider the set § of partially well-ordered subsets of E, and the order
relation “X c Y and no element of Y — X is bounded above by any element of X” between X
and Y of §. Show that § is inductive with respect to this order relation).

5. Let E be an ordered set and let J be the set of free subsets of E, ordered by the relation
defined in § 1, Exercise 5. Show that, if E is inductive, then J has a greatest element.

4 6. LetE bean ordered set and let f be a mapping from E into E such that f(x) = x for all
x=E.

(a) Let & be the set of subsets M of E with the following properties: (1) the relation x e M
implies f(x) € M; (2) if a non-empty subset of M has a least upper bound in E, then this least
upper bound belongs top M. For each a € E, show that the intersection C, of the sets of &
which contain a also belongs to G; that C, is well-ordered; and that if C, has an upper bound
binE,then be C,and f(b) = b. C, is said to be the chain of a (with respect to the function f).
(Consider the set 2t whose elements are the empty set and the subsets X of E which contain
a and have a least upper bound m in E such that m ¢ X or f(m) > m, and apply Lemma 3 of
no. 3 to the set 91.)

(b) Deduce from (a) that if E is inductive, then there exists b € E such that f(b) = b.

7. LetE bean ordered set and let F be the set of all closures (§ 1, Exercise 13) in E. Order F
by putting u < v whenever u(x) < v(x) for all x € E. Then F has a least element ¢, the identity
mapping of E onto itself. For each u € F, let I(«) denote the set of elements of E which are
invariant under u.

(@) Show that u < v in F if and only if I(v) < I(u).
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(b) Show that if every pair of elements of E has a greatest lower bound in E, then every
pair of elements of F has a greatest lower bound in F. If E is a complete lattice, then so is F
(§ 1, Exercise 11).

(c) Show that if E is inductive (with respect to the relation <), then every pair u, v of
elements of F have a least upper bound in F (Show that if f(x) = v(u(x)) and if w(x) denotes
the greatest element of the chain of x, relative to f (Exercise 6), then w is a closure in E and
is the least upper bound of © and v.)

4 8. An ordered set E is said to be ramified (on the right) if, for each pair of elements x, y
of E such that x < y, there exists z > x such that y and z are not comparable. E is said to
be completely ramified (on the right) if it is ramified and has no maximal elements. Every
antidirected set (§ 1, Exercise 22) is ramified.

(a) Let E be an ordered set and let a be an element of E. Let R, denote the set of rami-
fied subsets of E which have a as least element. Show that R,, ordered by inclusion, has a
maximal element.

(b) If E is branched (§ 1, Exercise 24), show that every maximal element of R, is com-
pletely ramified.

(c) Given an example of a branched set which is not ramified. The branched set defined
in § 1, Exercise 24 (c) is completely ramified.

(d) Let E be a set in which each interval |, x] is totally ordered. Show that E has an
antidirected cofinal subset (§ 1, Exercise 22) (use (b)).

9. Anordinal sum Y E, (§ 1, Exercise 3) is well-ordered if and only if [ and each E, is well-
ordered.

10. Let I be an ordered set and let (E,)e1 be a family of ordered sets, all equal to the same
ordered set E. Show that the ordinal sum Y (E, (§ 1, Exercise 3) is isomorphic to the lexi-
cographic product of the sequence (F))xeq), Where the set {a, B} of two distinct elements is
well-ordered by the relation whose graph is {(a, o), («, B), (B, )}, and where Fy =1 and Fg =E.
This product is called the lexicographic product of E by I and is written E.I.

q11. *LetIbe a well-ordered set and let (E )1 be a family of ordered sets, each of which
contains at least two distinct comparable elements. Then the lexicographic product of the
E, is well-ordered if and only if each of the E, is well-ordered and I is finite (if I is infinite,
construct a strictly decreasing infinite sequence in the lexicographic product if the E,). *

q12. Letlbe atotally ordered set and let (E,),¢; be a family of ordered sets indexed by I. Let
Rix, yi denote the following relation on E = [, E,: “the set of indices 1 € I such that pr,x #
pr,y is well-ordered, and if k is the least element of this subset of I, we have pr, x < pr.y”.
Show that Rix, yi is an order relation between x and y on E. If the E, are totally ordered, show
that the connected components of E with respect to the relation “x and y are comparable”
(Chapter II, § 6, Exercise 10) are totally ordered sets. Suppose that each E, has at least two
elements. Then E is totally ordered if and only if I is well-ordered and each E, is totally ordered
(use Exercise 3); and E is then the lexicographic product of the E,.
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13. (a) Let Is(T',I") be the relation “T is an ordering (on E) and I’ is an ordering (on E'), and
there exists an isomorphism of E, ordered by T', onto E/, ordered by I'"”. Show that Is(I',T") is
an equivalence relation on every set whose elements are orderings. The term ta(Is(T',A)) is
an ordering called the order-type of I and denoted by Ord(I'), or Ord(E) by abuse of notations.
Two ordered sets are isomorphic if and only if their order-types are equal.

(b) Let RiA, ui be the relation: “A is an order-type, and p is an order-type and there exists
an isomorphism of the set ordered by A onto a subset of the set ordered by pu”. Show that
RiA, ui is a preorder relation between A and p. It will be denoted by A < .

(c) LetI be an ordered set and let (A,),c1 be a family of order-types indexed by I. The order-
type of the ordinal sum (§ 1, Exercise 3) of the family of sets ordered by the A, (1 €1) is called
the ordinal sum of the order-types A, (t € I) and is denoted by Z)\l. If (E))er is a family of

el
ordered sets, the order type of ) E, is )_Ord(E,). If I is the ordinal sum of a family (Ji)xex,

el el

2 (LA =2 A

keK €]y el

show that

(d) Let I be a well-ordered set and (A,)e; be a family of order-types indexed by I. The
order-type of the lexicographic product of the family of sets indexed by by the A, (t € I) is
called the ordinal product of the order-types A, (t € I) and is denoted by PI)\" If (E)er is

LE

a family of ordered sets, the order type of the lexicographic product of the family (E,)e; is
PIOrd(El). If I is the ordinal sum of a family of well-ordered sets (Jx)xex indexed by a well-
LE

ordered set K, show that

P(PA)=Pa.

keK “1ejy el

(e) We denote by A +  (resp. pA) the ordinal sum (resp. ordinal product) of the family
(€).e7 where ] = {a, B} is a set with two distinct elements, ordered by the relation whose graph
is {(a, a), (o, ), (B, P)}, and where £, = A and éﬁ = p. Show that if Iis a well-ordered set of order-
type A and if ()¢ is a family of order-types such that y, = p for each 1 € I then Z M = A, We

el

have A+ )+ v=A+(+Vv), AW v=Auv),and A(u+v) = Ap+Av (butin general A+ # p+A,
Ap#pAand A+ v #AV+pv).

(f) Let (A)er and (p).e1 be two families of order-types indexed by the same ordered set
I. Show thatif A, < y, for each 1 €1, then Z)\l < Z w, and (if I is well-ordered) PI)\l < Plpl. If
LE LE

1€l el
J is a subset of I, show that Z)\l < Z)\l and (if I is well-ordered and the A, are non-empty)
€] el
Px<Pa.
€] 1el

(g) Let A* denote the order-type of the set ordered by the opposite of the ordering A. Then
we have

AH*=A  and (I A) =) A

el Lel*

where I* denotes the set I endowed with the opposite of the ordering given in I.

Y 14. An ordinalis the order-type of a well-ordered set (Exercise 13).

(@) Show that, if (A)c1 is a family of ordinals indexed by a well-ordered set I, then the

ordinal sum Z)\l is an ordinal; *and that, if moreover, I is finite, then the ordinal product
el

PI)\l is an ordinal (Exercise 11).. The order-type of the empty set is denoted by 0, and that of
LE
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a set with one element by 1 (by abuse of language, cf § 3). Show that
a+0=0+a=« and al=la=a

for every ordinal a.

(b) Show that the relation “A is an ordinal and p is an ordinal and A < " is a well-ordering
relation, denoted by A < 1 (Note that, if A are u are ordinals, the relation A < p is equivalent
to “A is equal to the order-type of a segment of u” (no. 5, Theorem 3, Corollary 3): given a
family (A,),e1 of ordinals, consider a well-ordering in I and take the ordinal sum of the family
of sets ordered by the A,; finally use Proposition 2 of no 1.).

(c) Let a be an ordinal. Show that the relation “¢ is an ordinal and ¢ < «” is collectivizing
in &, and that the set O, of ordinals < a is a well-ordered set such that Ord(O4) = a. We shall
often identify O with a.

(d) Show that for every family (£,),¢1 there exists a unique ordinal « such that the relation
“Aisanordinal and ¢, < A forall1 € Iis equivalent to a < A By abuse of language, « is called the
least upper bound of the family of ordinals (§,),c1, and we write a = sup,¢; €, (it is the greatest
element of the union of {a} and the set of the ¢,). The least upper bound of the set of ordinals
& < a is either a or an ordinal p such that o = p + 1. In the latter case p is said to be the
predecessor of a.

15. (a) Let a and P be two ordinals. Show that the inequality a < p is equivalent to a + 1 <,
and that it implies the inequalities E + a < {+p, a+ & < p + &, af < B¢ for all ordinals & and
Ea<EPif & > 0.

(b) Deduce from (a) that there exists no set to which every ordinal belongs (use Exercise

14 (d)).

(c) Let a, B, 1 be three ordinals. Show that each of the relations p+a < pu+p, a+ u<f+p
implies a < p; and that each of the relations pa < pp, ap < pp implies « <  provided that
p>0.

(d) Show that the relation p+ o = p+f, implies a = B, and that pa = pf, implies a = p
provided that p > 0.

(e) Two ordinals a and P are such that a < f if and only if there exists and ordinal £ such
that p = a + €. This ordinal is then unique and is such that ¢ < f; it is written (—a) +f.

(f) Let o, P, C be three ordinals such that { < af3. Show that there exists two ordinals &, 1
such that { = an+ ¢ and < a, n < f (cf. No. 5, Theorem 3, Corollary 3). Moreover, ¢ and n are
uniquely determined by these conditions.

4 16. An ordinal p > 0 is said to be indecomposable if there exists no pair of ordinals &, n
such that <p,n<pand&+n=p.

(a) An ordinal p is indecomposable if and only if { + p = p for every ordinal ¢ such that
& <p.

(b) If p > 1 is an indecomposable ordinal and if « is any ordinal > 0, then ap is indecom-
posable, and conversely (use Exercise 15(f)).

(c) If p is indecomposable and if 0 < a < p, then p = ag, where & is an indecomposable
ordinal (use Exercise 15(f)).
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(d) Let a be an ordinal > 0. Show that there exists a greatest indecomposable ordinal
among the indecomposable ordinals < « (consider the decomposition o = p + &, where p is
indecomposable).

(e) IfE is a set of indecomposable ordinals, deduced from (d) that the least upper bound
of E (Exercise 14(d)) is an indecomposable ordinal.

417. Given an ordinal ay, aterm f(£) is said to be an ordinal functional symbol (with respect
to &) defined for & = u if the relation “¢ is an ordinal and € = «” implies the relation “ f(€) is
an ordinal”; f(£) is said to be normal if the relation oy < § < nimplies f(§) < f(1) and if for
each family (§,)e1 of ordinals = ap we have sup f (&) = f(sup¢,) (cf. Exercise 14(d)).

el el
(a) Show that for each ordinal a > 0, a + ¢ and «ag are ordinal functional symbols defined
for £ = 0 (use Exercise 15(f)).

(b) Let w(&) be an ordinal functional symbols defined for & = o such that w(€) = § and
such that op = § < 1 implies w(E) < w(n). Also let g(€,n) be a term such that the relation “¢
and n are ordinals such that g(&,n) > ¢”. Define a term f (&, 1) with the following properties:
(1) for each ordinal € = oy, f(§,1) = w(&); for each ordinal & = ap and each ordinal n > 1,
f@&mn) = sup g(f(&,0),&) (use Criterion C60 of no. 2). Show that if fj(,n) is another term

0<(<
with these i)r?)perties then f(&,n) = fi(&,n) for all £ = oy and all n = 1. Prove that, for each
ordinal £ = ag, f(&,1) is a normal functional symbol with respect to n (defined for n = 1).
Show that f(§,n) =& foralln=1and ¢ = ap and that f(§,n) = nforall £ = sup(ap,1) and n=1.
Furthermore, for each pair (o, ) of ordinals such that a > 0, a = oy and p = w(«) there exists
aunique ordinal  such that

fla,&) =p<flag+1),
and we have ¢ < f5.

(c) If we take ag = 0, w(€) =&+1, g(&,n) =&+ 1 then f(E,n) =&+1n. If we take ap =1,
w(©) =&, g =&+nthen f(En) =&n.

(d) Show that if the relations ap < £ < &, ap < 1 < 1/ imply g, n) < gE&, 1), then the
relations aqp <& <&, 1 <n<nimply f(n) < f(E,1). If the relations ap < £ <&, ap < n <1/
imply g(&n) < g 1) and g, n) < g, n), then the relations o < & < & and n = 0 imply
fEn+1<fE,n+1).

(e) Suppose that w(€) = £ and that the relations ag < £ < &, ap = n < n' imply g(,n) <
g n) and g(€,n) < g(&,n). Suppose moreover, that for each & = g, g(§,n) is a normal func-
tional symbol with respect to n (defined for n = o), and that, whenever § = ag, n = ap, and
{ = ap, we have the associativity relation

g(gE,m),0 =g gnq0).

Show that, if £ = ap, N =1, and { = 1, we have then

g(f(ﬁ»rl),f(ﬁy‘:)) =f(§,‘1+0

(“distributivity” of g with respect to f) and

(“associativity” of f).
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4 18. In the definition procedure defined in Exercise 17 (b), take ag = 1+ 1 (denoted by 2 by
abuse of language),

W(E,) = &! g(a) T]) = Eq

Denote f(&,1) by £" and define a® to be 1 for all ordinals a. Also define 0P to be 0 and 1P to be
1 for all ordinals § = 1.

(a) Show that if a > 1 and p < p/, we have a® < o', and that, for each ordinal a > 1, a% is a
normal functional symbol with respect to & Moreover, if 0 < a < o/, we have of < of.

(b) Show that o®.a" = a®*M and (a%)" = o&".
(c) Show thatifa =2 and p = 1, af = af.

(d) For each pair of ordinals p = 1 and a = 2, there exists three ordinals &, y, & such that
B =aly+ 8 where 0 < ya and 8 < af, and these ordinals are uniquely by these conditions.

19. * Letaandp be two ordinals and let E and F be two well-ordered sets such that Ord(E) =
a and Ord(F) = f. In the set EF of mappings of F into E consider the subset G of mappings g
such that g(y) is equal to the least element of E for all be a finite number of elements y € F.
if F* is the ordered set obtained by endowing F with the opposite order, show that G is a
connected component with respect to the relation “x and y are comparable” (Chapter 1], § 6,
Exercise 10) in the product EF” endowed with the ordering defined in Exercise 12, and show
that G is well-ordered. Furthermore, prove that Ord(G) = of (use the uniqueness property of
Exercisel7 (b)). .

120. AsetXissaid to be transitive if the relation x € X implies x c X.

(a) If Y is a transitive set, then so is YU{Y}. If (Y)),e1 is a family of transitive sets, then ¢ Y,
and (N,¢r Y, are transitive.

(b) A set X is a pseudo-ordinal if every transitive set Y such that Y c X and Y # X is an
element of X. A set S is said to be decent if the relation x € S implies x ¢ x. Show that every
pseudo-ordinal is transitive and decent (consider the union of decent transitive subsets of X
and use (a)). If X is a pseudo-ordinal, so is X U {X}.

(c) Let X be a transitive set and suppose that each x € X is a pseudo-ordinal. Then X is a
pseudo-ordinal (note that, for each x € X, x U {x} is a pseudo-ordinal contained in X).

(d) Show that @ is a pseudo-ordinal and that every element of a pseudo-ordinal X is a
pseudo-ordinal (Consider the union of the transitive subsets of X whose elements are pseudo-
ordinals).

(e) If (X)) .e1 is a family of pseudo-ordinals then N ¢ X, is the least element of this family
(with respect to the relation of inclusion). (Use (b).) Deduced that, if E is a pseudo-ordinal,
the relation x c y between elements x, y of E is a well-ordering relation.

(f) Show that for each ordinal a there exists a unique pseudo-ordinal E, such that Ord(Ey) =
o (use (e) and Criterion C60). In particular the pseudo-ordinals whose order-type are 0, 1,
2=1+1,and 3 =2+1 are respectively

2, {2}, {2,i2}, {(2,{2},{0, {211}

Note. The French version of the exercise has one more item. It says: if X and Y are two
pseudo-ordinals, then either X € Y or Y € X or X =Y. The hint for item (c) is: note thatif Y #X
is transitive, then Y c x.
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8.3 Section 3

q1. LetE andF be two sets, let f be an injection of E into F and let g be mapping of F into
E. Show that there exist two subsets A, B of E such that B = E — A and two subsets A’, B’ of F
such that B’ = F' — A’ for which A’ = f(A) and B = g(B’). (Let R=E—-g(F)) and put h = go f;
take A to be the intersection of the subsets M of E such that M > RuU h(M).)

2. IfE andF are two distinct sets, show that E¥ # FE. Deduce that ifE and F are the cardinals
2 and 4 (= 2 +2), then at least one of the sets EF, FE is not a cardinal.

Assume EF = FE. If E is non-empty and x € E, then the graph of the constant function
with source F and value x is in EF. The domain of this graph is F; from EF = FE we deduce
that it is E, hence E = F. The same conclusion holds, by symmetry, if F is non-empty. The
remaining caseisE =@ =F.

Denote by pow(E E) the cardinal of & (E;F), the set of functions from F into E. We have
shown (lemma power_2_4) that pow(2,4) = pow(4,2). Thus, if a is a cardinal equipotent to
Z(2;4) and b a cardinal equipotent to & (4;2), we have a = b. The sets 42 and 2* are equipo-
tent; if they were cardinals we would deduce 2 = 4. From 4 =2 + 2 we get 0 = 2, which is
absurd.

it is (according to bijective_graph_function) the cardinal of F¥; it is F¥ if F¥ is a cardinal.

q3. Let(a) and (b)) be two families of cardinals such that b, =2 for each 1 € 1.

(a) Show that, if a, < b, for each 1 € I, then

Zalsglbl.

el
(b) Show that, if a, < b, for each 1 €1, then

Y a,<Pu.

el el

(Note that a product [] ¢ E, cannot be the union of a family (A )1 such that Card(A,) <
Card(E)) for all1 € I, by observing that Card(pr, (A,)) < Card(E,).).

4. Let E be a set and let f be a mapping of *3(E) — @ into E such that for each non-empty
subset X of E we have f(X) € X (“Choice function”).

-1
(a) Let b be cardinal and let A be the set of all x € E such that Card( f (x)) < b. Show that if
a = Card(A), then 2% <1+ ab (note thatif Yc Aand Y # @ then f(Y) € A).

-1
(b) Let B be the set of all x € E such that, for each non-empty subset X of f (x), Card(X) <
b. Show that Card(B) < b.

5. Let (A) 1 be a family of order-types (§2, Exercise 13), indexed by an ordered set I. Show
that
Card ()_A;) =) Card(\;)

el el
and that, if I is well-ordered,
Card(PI)\i) = PICard()\i)
LE LE
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6. Show that for every set E there exists X  E such that X ¢ E (use Theorem 2 of no. 6).

8.4 Section4

1. (a) LetEbeasetand let §(E) be the set of finite subsets of E. Show that §(E) is the smallest
subset & of B (E) satisfying the following conditions: (i) @ € &; (ii) the relation X € & and x € E
imply Xu {x} € G.

(b) Deduce from (a) that the union of two finite subsets A and B is finite (consider the set
of subsets X of E such that XU A is finite; cf § 5; no 1 Proposition 1, Corollary 1).

(c) Deduce from (a) and (b) that for every finite set E the set 3(E) is finite (consider the
set of subsets X of E such that 3(X) is finite; cf § 5; no 1 Proposition 1, Corollary 4).

2. Show that a set E is finite if and only every non-empty subset of 3(E) has a maximal
element (with respect to inclusion). (To show that the condition is sufficient, apply it to the
set §(E) of finite subsets of E).

3. Show thatif a well-ordered set E is such that the ordered set obtained by endowing E with
the opposite ordering is also well-ordered, then E is finite (consider the greatest element x of
E such that the segment S is finite.

4. LetE be a finite set with n = 2 elements, and let C be a subset of E x E such that, for each
pair x, y of distinct elements of E, exactly one of the two elements (x, y), (¥, x) of E x E belongs
to C. Show that there is a mapping f of the interval [1, ] onto E such that (f(i), f(i+1)) e C
for1<i<n-1 (useinduction on n).

4 5. LetE be an ordered set for which there exists an integer k such that k is the greatest
number of elements in a free subset X of E (§ 1, Exercise 5). Show that E can be partitioned
into k totally ordered subsets (with respect to the induced ordering)ﬂ The proof is in two
steps:

(a) If E is finite and has n elements, use induction on 7; let a be a minimal element of E
and let E’ = E — {a}. If there exists a partition of E’ into k totally ordered sets C; (1 <i < k), let
U; be the set of all x € C; which are = a. Show that there is at least one index i for which a free
subset B’ — U; has at most k — 1 elements. The proof of this is by reduction ad absurdum. For
each i, letS; be a free subset of E' — U; which has k elements, let S be the union of the sets S;,
and let s; be the least element of SN C; for each index j < k; show that the k + 1 elements q,
S1,..., Sk form a free subset of E.

(b) If E is arbitrary, the proof is by induction on k, as follows. A subset C of E is said to
be strongly related in E if for each finite subset F of E there exists a partition of F into at most
k totally ordered sets such that CNF is contained in one of them. Show that there exists a
maximal strongly related subset Cy, and that every free subset of E — Cy has at most k-1
elements (Argue by contradiction, and suppose that there is a free subset {a,,...,ax} of k
elements in E — Cy; Consider each set Cy U {a;} (1 =i < k), and express the fact that it is not
strongly related, thus introducing a finite subset F; of E for each index i. Then consider the
union F of then sets F; and use the fact that Cy is strongly related to obtain a contradiction).

1This is called Dilworth’s theorem in the French edition
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96. (a)LetAbeasetandlet (X;)i1<i<m, (Yj)m+1<j<m+n b€ two finite families of subsets of A.
Let & be the least integer such that, for each integer r < m — h and each subset {iy,..., 7,45} of
r+h elements of [1, m], there exists asubset {j1,..., jr} of r elements of [m+1, m+n] for which
the union of the sets X;, (1 < a < r + h) meets each of the sets Y I (1 =p = r) (which implies
that m < n+ h). Show that there exists a finite subset B of A with at most n + h elements
such that every X; (1 <i<m)and everyY; (m+1 < j < m+ n) meets B. (Consider the order
relation on the interval [1, m+ n] whose graph is the union of the diagonal and the set of pairs
(i,j)suchthatl=i<mand m+1<j<m+nandX;NY; # @, and apply Exercise 5 to this
ordered set.)

(b) Let E and F be two finite sets and let x — A(x) be a mapping of E into 3(F). Then there
exists an injection f of E into F such that f(x) € A(x) for each x € E if and only if for each
subset H of E, we have Card ( | J A(x)) = Card(H) (the method of proof is analogous to that of
(a), with h =0). e

(c) With the hypotheses of (b), let G be subset of F. Then there exists an injection f of E
into F such that f(x) € A(x) for each x € E and such that f(E) o G if and only if f satisfies the
condition of (b) and for each subset L of G the cardinal of the set of all x € E such that A(x) n
L # @ is = Card(L). (Let (a;)1<i<p be the sequence of distinct elements of G, arranged in some
order; let (bj) p+1<j<p+m be the sequence of distinct elements of F, arranged in some order;
and let (k) p+m+1<k<p+M+n b€ the sequence of distinct elements of E, arranged in some order.
Consider the order relation on the set [1, p + m + n] whose graph is the union of the diagonal
and the set of pairs (i, j) such that either

l<i<spandp+1<j<p+manda;=Dbj

orl<i<pandp+m+1=<j<p+m+nanda;€A(c)
orp+tl<i<p+mandp+m+1<j<p+m+nandb;€A(c));

then apply Exercise 5.)

7. Anelement a of alattice E is said to irreducible if the relation sup(x, y) = a implies either
X=aory=a.

(a) Show that in a finite lattice E every element a can be written as sup(ey, ..., ex) where
the e; (1 < i < n) are irreducible.

(b) Let E be a finite lattice and let ] be the set of its irreducible elements. For each x € E let
S(x) be the set of all y €] which are < x. Show that the mapping x — S(x) is an isomorphism
of E onto a subset of 3(J), ordered by inclusion, and that S (inf(x, y)) = S(x) nS(y).

8. (a) LetE be a distributive lattice (§ 1, Exercise 16). If a is irreducible in E (Exercise 7),
show that the relation a < sup(x, y) impliesa< xora<y.

(b) Let E be a finite distributive lattice and let ] be the set of its irreducible elements,
ordered by the induced ordering. Show that the isomorphism x — S(x) of E onto a subset of
B() defined in Exercise 7 (b) is such that S(sup(x, y)) = S(x) US(y) Deduced that if J* is the
ordered set obtained by endowing J with the opposite ordering, then E is isomorphic to the
set &/ (J*,1) of increasing mappings of J* into I = {0, 1} (§ 1, Exercise 6).

(c) With the hypothesis of (b), let P be the set of elements of ] other than the least element
of E. For each x € E, let y,..., y¢ be the distinct minimal elements of the interval | x, —[in E;
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for each index i, let g; be an element of P such that q; € S(x) and g € S(y;). Show that no two
elements q,..., g are comparable.

(d) Conversely, let qi,..., g be k elements of P, no two of which are comparable. Let
u=sup(qi,..., qx) and let
vi= sup (q;) 1=<si<k).
1<js<k,j#i

Show that v; < ufor1<i<k. Let x =inf(vy,..., v;) and let

;= inf (v))
Yi 1<j<k,j#i 7
Show that x < y; for each index i, and deduce that the interval ]x, —[ has at least k distinct
minimal elements.

19. AsubsetA of alattice E is said to be a sublattice if for each pair (x, y) of elements of A,
supg (%, ¥) and infg (x, y) belong to A.

n
(a) Let (Cj)1<i<n be a finite family of totally ordered sets and let E = ]_[ C; be their prod-
i=1
uct. Let A be a sublattice of E. Show that A cannot have more than 7z irreducible elements
(Exercise 7) no two of which are comparable (The proofis by reductio ad absurdum. Suppose
that there exist r > n irreducible elements a,,..., a, in A, no two of which are comparable.
Consider the elements u = sup(a, ..., a,) and
vi= inf (a;j
Y lsjsr,j;éi( /)

of A. By projecting onto the factors, show that u = v; for some index i, and hence that two of
the a; are comparable).

(b) Conversely, let F be a finite distributive lattice, let P be the set of irreducible elements
of F other than the least element of F, and suppose that 7 is the greatest number of elements
in a free subset of P (§ 1, Exercise 5). Show that F is isomorphic to a sublattice of a product of
n totally ordered sets (Apply Exercise 5, which shows that P is the union of 7 totally ordered
sets P; with no elements in common. Let C; be the totally ordered set obtained by adjoining
aleast element to P; (1 < i < n). With each x € F associate the family (x;)1<;<, where x; is the
least upper bound in C; of the sets of elements of P; which are < x.)

410. (a) An ordered set E is isomorphic to a subset of a product of n totally ordered sets if
and only if the graph of the ordering on E is the intersection of the graphs on 7 total orderings
n

on E. (To show that the condition is necessary, show that if F = [ | F; is a product of n totally
i=1

ordered sets, the the graph of the product ordering on F is the intersection of n graphs of

lexicographic orderings on F.)

(b) An ordered set E is isomorphic to a subset of the product of two totally ordered sets
if and only if the ordering I' on E is such that there exists another ordering I'' on E with the
property that any two distinct elements of E are comparable with respect to exactly one of
the orderings I and I".

(c) Let A be a finite set of n elements. Let E be the subset of *J3(A) consisting of all subsets
{x} and A—{x} as x runs through A. Show that 7 is the smallest integer m such that E, ordered
by inclusion, is isomorphic to a subset of a product of m totally ordered sets (use (a)).
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¢ 11. LetAbe asetand let $R be a subset of the set §(A) of finite subsets of A. fR is set to be
mobile if it satisfies the following condition:

(MO) IfX, Y are two distinct elements of R and if z € XNY, then there exists Z < XNY belonging
to R such that z¢ Z.

A subset P of A is then said to be pureif it contains no set belonging to ‘R.

(a) Show that every pure subset of A is contained in a maximal pure subset of A.

(b) Let M be a maximal pure subset of A. Show that for each x € CM there exists a unique
finite subset Ept(x) of M such that Ey(x) U{x} € R. Moreover, if y € Ep(x), the set Mu{x})—{y}
is a maximal pure subset of A.

(c) Let M, N be two maximal pure subsets of A, such that NN CM is finite. Show that
Card(M) = Card(N). (Proof by induction on the cardinal of N nCM, using (b).)

(d) Let M, N be two maximal pure subsets of A, and put N’ = NnCM, M’ = M nCN. Show
that M' € Nyen' EMm(x). * Deduce that Card(M) = Card(N) (by virtue of (c), we are reduced to
the case where N’ and M’ are infinite; show then that Card(M') < Card(N")). .

8.5 Section5

1. Prove the formula
""i"“ n-k \[k-1 n
virn \p—a-1\ a | \p/

where p < n and g < p (generalize the argument of no. 8, Corollary to Proposition 14).
2. If n=1, prove the relation

(Z)_ (’11) +(Z)‘---+(—1>"(Z) ~0

(Define a one-to-one correspondence between the set of subsets of [1, n] which have an even
number of elements, and the set of subsets of [1, n] which have an odd number of elements.
Distinguish between the cases n even and n odd.)

3. Prove the relations

o et g )
1 e e R W

(Consider the subsets of p elements of [1, n] which contain a given subset of k elements (0 <
k < p), and use Exercise 2 for the second formula.)

0.

4. Prove Proposition 15 of no. 8 by defining a bijection of the set of mappings u of [1, k] into
[0, n] such that

h
Z ux)<n
i=1

onto the set of strictly increasing mappings of [1, /] into [1, n + h].
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5. * (a) Let E be a distributive lattice and let f be a mapping of E into a commutative semi-
group M (written additively) such that

f)+ f(y) = f(sup(x, y)) + f(inf(x, y))

for all x, y in E. Show that for each finite subset I of E, we have

fupM+ > (Y flaof®E))= ) > f(nf(H)))

2n<Card(I) Hcl,Card(H)=2n 2n+1<Card(I) Hcl,Card(H)=2n+1

(By induction on Card(l)).) «

(b) In particular let A be a set, let (B;);c1 be a finite family of finite subsets of A and let B
be the union of the B;. For each subset H of I, put By = ﬂ B;. Show that

ieH
CardB)+ Y () CadBw)= Y ().  CardBp).
2n<Card(I) Card(H)=2n 2n+1<Card(I) Card(H)=2n+1

6. Prove the formula

8 et G N G i )

(If F denotes the set of mappings u of [1, h] into [0, n] such that Zﬁzl u(x) < n, consider for
each subset H of [1, h] the set of all u € F such that u(x) = 1 for each x € H, and use Exercise
5.)

7. (a) LetS,,; denote the number of mappings of [1, n] onto [1, p]. Prove that
p p -1 P
Sup=p"-— -D"+ 2" =+, +(=DP .
np=Pp (1)(17 ) (2)(17 ) (-1 (p—l)
(Note that p" =S, = (7)Snp-1+ (5)Snp2+... + (p’jl) and use Exercise 3.)
(b) Prove that S, , = p(S;-1,p + Sn-1,p-1) (method of no. 8, Proposition 13).
(c) Prove that

n n@Bn+1)
Sn+1,n=§(ﬂ+1)! and Sn+2'n:T(n+2)!

(consider the elements r of [1, n] whose inverse image consists of more than one element).

(d) If Py, is the number of partitions into p parts of a set of n elements, show that S, ,, =
pP'Pup-

8. Let p, be the number of permutations of a set E with n elements such that u(x) # x for
all x € E. Show that

o= n!—(’;)(n—l)H(:)(n—Z)!—~--+(—l)”

* and hence that p,, ~ n!/e as n — oo . (same method as in Exercise 7 (a)).
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9. (a) Let E be asetwith gn elements. Show that the number of partitions of E into n subsets
each of g elements is equal to
(gm)!/ (ni(gh™).

(b) Suppose that E = [1, gn]. Show that the number of partitions of E into 7 subsets each
of g elements, no one of which is an interval is equal to

(gn)! B (gn—q+1)! N (gn—-2q+2)! B
nl(gh” 1(n-Dlgh" 1 2i(n-2)(gh"2

e (=D

(same method as in Exercises 7 and 8).

10. Let g, be the number of strictly increasing mappings u of [1, k] into [1, n] such that
for each even (resp. odd) x, u(x) is even (resp. odd). Show that g, x = Gn—1,k-1 + Gn-2,k and

deduce that
[
Ank = ( Izc )

4 11. LetE be a set with n elements and let S be a set of signs such that S is the disjoint
union of E and a set consisting of a single element f. Suppose that f has weight 2 and that
each element of E has weight 0 (Chapter I, Appendix Exercise 3).

(a) Let M be the set of significant words in L (S) which contain each element of E exactly
once. Show that if u, is the number of elements in M, then u;,,1 = (4n—2)u,, and deduce
that

U,=2.6...(4n-06) (n=2)

(This is the number of products of n different terms with respect to a non-associative law of
composition).

(b) let x; be the ith of the elements of E which appear in a word of M. Show that the
number v, of words of M, for which the sequence x; is given, is equal to (2:__12) /n and satisfies
the relation

Vp+1 =1 VUp+V2Vp-1+:+Vy_1U2+0Uyq.

q12. (a)let p and g be two integers = 1, let n = 2p + g, let E be a set with n elements and
let N = (Z) = (pfr’q). Let (X;)1<i<N (resp (Y;)1<i<n) be the sequence of all subsets of E which
have p (resp p + q) elements arranged in a certain order. Show that there exists a bijection ¢
of [1, n] onto itself such that X;) < Y; for all i. (The method is analogous to that of Exercise
6 of § 4: observe that for each r < N the number of sets Y; which contain at least one of Xj,

L Xpis=r).

(b) Let h, k be two integers = 1, let n be an integer such that 2h + k < n, let E be a set with
n elements and let (X;),<;<, be a sequence of distinct subsets of E, each having % elements.
Show that there exists a sequence (Y;)1<j<r+1 0f distinct subsets of E, each having h + k ele-
ments, such that each Y; contains at least one X; and each X; is contained in at least one Y; (
by induction on 7, using (a)).

4 13. Let E be set with 2m elements, let g be an integer < m, and let & be the set of all
subsets G of 3(E) with the following property: if X and Y are two distinct elements of G such
that X c Y, then Y — X has at most 2¢q elements.
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(a) Let 9 = (A;)1<i<p be an element of & such that p = Card(9N) is as large as possible.
Show that m — g < Card(A;) <= m+ q for 1 =i < p (Argue by contradiction. Suppose, for
example, that there exists indices i such that Card(A;) < m — g and consider those of the A;
for which Card(A;) has the least possible value m—qg—s (where s = 1). Let Ay, ..., A, say, these
sets. Let & be the set of subsets of E each of which is the union of some A; (1 <i<r)anda
subset of 2g +1 elements contained in E—A;. Show that & contains at least r +1 elements (cf.
Exercise 12), and that if By, ..., B,;; are r + 1 distinct elements of &, the set whose elements
areBj (I1=j<r+1landA; (r+1<i< p) belongs to %, contrary to the hypothesis.)

(b) Deduce from (a) that the number of elements p of each G € & satisfies the inequality

p< Z(m q+k)

(c) Establish results analogous to those of (a) and (b) when 2m or 24 is replaced by an
uneven number.

9 14. LetE be a finite set with n elements, let (a;)1<;<n be the sequence of elements of E
arranged in some order, and let (A;)1<;<m, be a sequence of subsets of E.

(a) For each index j, let k; be the number of indices i such that a j €A and let S; =
Card(A;). Show that

(b) Suppose that for each subset {x, y} of two elements of E, there exists exactly one index
i such that x and y are contained in A;. Show that, if a; ¢ A;, then S; < k;.

(c) With the hypotheses of (b), show that m = n (Let k;, be the least of the numbers k;.
Show that we may suppose that, whenever i < ky, j < ky, and i # j, we have a; ¢ A; and
ap ¢ Ajforall j=ky,.)

(d) With the hypotheses of (b), show that m = n if and only if one of the following two
alternativesis true: (i) A} = {a1, az,...,an-1}, Aj ={ai_1,aztfori=2,...,n; () n=k(k—-1)+1;
each A; has k elements, and each element of E belongs to exactly k set A;.

4 15. LetE be afinite set, let £ and € be two disjoint non-empty subsets of ‘B(E), and let A,
h, k, I be four integers = 1 with the following properties: (i) for each A € £ and each B € €,
Card(ANB) = A; (ii) for each A € £, card(A) = h; (iii) for each B € &, card(B) < k; (iv) for each
x € E the number of elements of £ U € which contain x is exactly /. Show that Card(E) < hk/A.
(Let (a;j)1<i<n be the sequence of distinct elements of E arranged in some order, and for each
i let r; be the number of elements of £ to which a; belongs. Show that, if Card(£) = s and
Card(€) = t, then we have

n n n
Z r; < sh, Z(l— r;) < tk, Z ri(l—r;) = Ast.)
i=1 i=1 i=1

For Card(E) to be equal to hk/A it is necessary and sufficient that for each A € £ and each
B € ¢ we have card(A) = h, card(B) = k, Card(ANB) = A and that there exists an r < [ such that
for each x € E the number of elements of £ to which x belongs is equal to r.
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16. Let E be a finite set with n elements, let © be a non-empty subset of B(E), and let A,
k, I be three integers = 1 with the following properties: (i) if A and B are distinct elements of
®, then Card(AnB) = A; (ii) for each A € ©, card(A) < k; (iii) for each x € E the number of
elements of ® to which x belongs is equal to [. Show that

nA-1)<k(k-1)

and that if n(A —1) = k(k—1) then A = k and Card(®) = n. (Given a € E, let £ be the set of
all A—{a} where A€® and a € A, and let € be the set of all A € © such that a ¢ A. Apply the
results of Exercise 15 to £ and €.

§17. Leti, h, k be three integers such that i = 1, h = i, k = i. Show that there exists an inte-
ger m; (h, k) with the following properties: for each finite set E with atleast m; (h, k) elements,
and each partition (X, %)) of the set §;(E) of subsets of i elements of E, it is impossible that
every subset of h elements of E contains a subset X € X and that every subset of k elements
of E contains a subset Y € 9); in other words, if every subset of i elements of E contains some
X € X there exists a subset A of k elements of E such that every subset of i elements of A be-
longs to X (Proof by induction. Show that we may take m; (h,k) =h+ k-1, m;(i,k) = k and
m;(h, i) = h and finally m; (h, k) = m;_1(m;(h—1, k), m;(h, k—1)) + 1. IfE is a set with m; (h, k)
elements if a € E and E’ = E — {a}, show that if the proposition were false, then every subset of
m;(h -1, k) elements of E' would contain a subset X’ of i — 1 elements such that X' U {a} € X,
and that every subset of m; (h, k—1) elements of E' would contain a subset Y’ of i — 1 elements
such thatY' u{a} €2).

18. (a) Let E be a finite ordered set with p elements. If m, n are two integers such that
mn < p, show that E has either a totally ordered subset of m elements or else a free subset
(§ 1, Exercise 5) of n elements (use § 4, Exercise 5).

(b) Let k, k be two integers = 1 and let r(h, k) = (h—1)(k—1) + 1. Let I be a totally ordered
set with at least r (h, k) elements. Show that, for each finite sequence (x;);e; of elements of a
totally ordered set E, there exists either a subset H of i elements of I such that the sequence
(x7)ieqy is increasing, or else a subset K of k elements of I such that the sequence (x;);ep is
decreasing. (Use (a) applied toI xE.)

8.6 Section 6.

1. AsetE is infinite if and only if each mapping f of E into E there exists a non-empty set S
of E such thatS #E and f(S) cS.

Assume E non-empty, and let f : E — E. Fix x € E, and define by induction g(n+1) =
f(g(n)), with g(0) = x. Let G be the range (or target) of g and S = f(G). Then G and S are
non-empty and stable by f. If x ¢ S, then S # E. Otherwise, x = f(g(m)) = g(m+1). Let
n=m+ 1. Then x = g(n) and by induction on i, g(i) = g(i + n). By induction on k, we have
g(i) = g(i + kn). By Euclidean division, every element of S has the form g(i) for i < n. This
show that S is finite. If E is infinite, we deduce S #E.

Lemma Exercise_6_1: forall E, infinite_set E =
(forall f, is_function f -> source f = E -> target f = E —>
exists F, sub F E & nonempty F & F <> E & sub (image_by_fun f F)F).
Proof. ir. app iff_eq. ir.
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nin (emptyset_dichot E). rwi H3 H. red in H. red in H. ee. elim H4.

app is_finite0. nin H3.

cp (integer_induction_stable H3 HO H1 H2).

cp (induction_defined_pr (fun n : Bset => Wn f) y).

set (g:=induction_defined (fun n : Bset => Wn f) y) in *. simpl in H5. ee.
set (F:= target g). nin H6.

assert (inc y F). uf F. wr H7. app inc_W_target. rw H5. fprops.

assert (sub (image_by_fun f F) F). uf F. red. ir. ufi image_by_fun H11l.
awi H11. nin H11. ee. wri H9 H11l. ufi image_of_fun H11l. awi H11. nin H11l. ee.
red in H13. cp (W_pr H6 H13). red in H12. cp (W_pr HO H12). rwi H14 H15.
rwi H5 H11l. rw H15. wr H8. app inc_W_target. rw H5. fprops. am. fprops.
fprops.

set (G:=image_by_fun f F).

exists G. ee. apply sub_trans with F. app H11. app H4. uf G.

exists (Wy f). uf image by_fun. aw. exists y. split. am. red.

app defined_lem. rww H1. fprops. red. ee. ir. wri H12 H3. ufi G H3.

ufi image_by_fun H3. awi H3. nin H3. nin H3. red in H13.

ufi F H3. wri H9 H3. ufi image_of_fun H3. awi H3. nin H3. ee. red in H14.
cp (W_pr H6 H14). cp (W_pr HO H13). rwi H15 H16. wri H8 H16. wri H7 H16.
set (k:= succ x0) in *. assert (inc k Bnat). uf k. rwi H5 H3. fprops.
assert (forall i, inc i Bnat -> W i g = W (card_plus i k) g).

app cardinal_c_induction_v. rww zero_unit_sum2. fprops. ir. rw H8. rw H19.
assert (card_plus (succ n) k = succ (card_plus n k)). uf succ.

rw (card_plus_commutative n card_one).

wr card_plus_associative. app card_plus_commutative. rw H20. rww H8. fprops.
am. assert (forall i, inc i Bnat -> forall j, inc j Bmat ->

Wig=W (card_plus i (card_mult j k)) g). intros i H19.

ap cardinal_c_induction_v. rw card_mult_commutative. rw zero_prod_absorbing.
rww zero_unit_suml. fprops. ir. rw card_mult_commutative.

rw mult_via_plus. rw card_plus_associative. wr H18. rww card_mult_commutative.
fprops. fprops.

assert (forall z, inc z E -> exists m, cardinal 1t mk & z = Wm g). ir.
wri H12 H20. ufi G H20. ufi image_by_fun H20. awi H20. nin H20. nin H20.
red in H21. rw (W_pr HO H21). ufi F H20. wri H9 H20. ufi image_of_fun H20.
awi H20. nin H20. nin H20. red in H22. rw (W_pr H6 H22). wr HS8.

assert (inc (succ x2) Bnat). rwi H5 H20. fprops. assert (inc k Bnat).

uf k. rwi H5 H3. fprops. assert (k <> card_zero). uf k.

cp (succ_positive x0). red in H25. ee. intuition.

cp (division_exists H23 H24 H25). nin H26. nin H26. ee. red in H28. ee.

rw H28. rw card_plus_commutative. exists x4. split. am.

rww card_mult_commutative. wr H19. tv. am. am. wrr H5. fprops. fprops.
assert (sub E (image_by_fun g (interval_co_Oa k))). red. ir.

assert (inc k Bnat). uf k. rwi H5 H3. fprops. nin (H20 _ H21). ee.

assert (inc x2 Bnat). red in H23. ee. rw inc_Bnat. rwi inc_Bnat H22.

app (le_int_is_int H22 H23). uf image_by_fun. aw.

exists x2. ee. rw interval_co_Oa_pr2. split; am. am.

red. rw H24. app defined_lem. rww H5. fprops.

cp (cardinal_le8 H21). rwi cardinal_le3 H22.

assert (is_finite_set (interval_co_Oa k)). uf interval_co_Oa.

app finite_set_interval_co.

assert (sub (interval_co_Oa k) (source g)). rw H5. uf interval_co_0a.

uf interval_co. rw substrate_Bnat_order. ap Z_sub.

cp (finite_image_by H6 H24 H23). red in H25.

set (w:= cardinal (image_by_fun g (interval_co_0Oa k))) in *.

cp (le_int_is_int H25 H22). red in H. red in H. ee. elim H27. am. wrr H5.
fprops. fprops. uf image_by_fun. red. ir. awi H12. nin H12. nin H12.
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ufi G H12. ufi image_by_fun H12. awi H12. nin H12. nin H12.
uf G. uf image_by_fun. aw. exists x0. split. app H1l. uf image_by_fun.
aw. exists x1. split; am. fprops. am. fprops. fprops. fprops.

Converse. We assume that for every function f : E — E there is a non-trivial subset of E
invariant by f. This implies E non-empty. Assume E finite. There is a bijection T : [0, n[— E,
where n # 0. Let f be the function i — i + 1 (modulo n). This induces a function g on E, so
that there is a set S such that g(S) c S. Since this set is not empty, it contains an element T (7).
By induction it contains all T(i + j (mod n)), thus all elements of E.

ir. red. split. fprops. red. ir. set (n:= cardinal E).

assert (inc n Bnat). rww inc_Bnat.

assert (equipotent E (interval_co_0Oa n)). wr cardinal_equipotent.

rw cardinal_interval_co_Oal. tv. am. red in H2. nin H2. ee.

set (y:=inverse_fun x).

assert (nonempty E). set (f:=identity_fun E).

assert (is_function f). uf f. app function_identity. assert (source f = E).
uf f. tv. assert (target f = E). uf f. tv. nin (H _ H5 H6 H7). ee.

nin H9. exists yO. app H8. assert (n <> card_zero). red. ee. ir. ufi n H6.
rwi zero_is_emptyset H6. rwi cardinal_emptyset H6. rwi H6 H5. nin H5.

elim (emptyset_pr H5). set (f:= fun i=> card_rem (succ i) n).

assert (Ha: forall i, inc i Bnat -> inc (card_rem i n) (interval_co_Oa n)).
ir. rw interval_co_Oa_pr2. cp (Bnat_division H7 H1 H6).

ee. am. red in H10; ee; am. am.

assert (Hb:sub (interval_co_Oa n) Bnat). uf interval_co_Oa.

uf interval_co. rw substrate_Bnat_order. app Z_sub.

assert (forall i, inc i (interval_co_Oa n) -> inc (f i) (interval_co_Oa n)).
ir. uf f. app Ha. cp (Hb _ H7). fprops.

cp (inverse_bij_is_bij_alt H2). cp (bij_is_function H2).

cp (bij_is_function HS8).

set (g:= funu=>W (f (Wux)y.

assert (transf_axioms g E E). red. ir. uf g. uf y.

assert (E = target (inverse_fun x)). rw target_inverse. sy; am. rw H12.

app inc_W_target. rw source_inverse. rw H4. app H7. wr H4. app inc_W_target.
rww H3.

set (gl:= BL g E E). assert (is_function gl). uf gl. app af_function.
assert (source gl = E). tv. assert (target gl = E). tv.

nin (H _ H12 H13 H14). nin H15. nin H16. nin H17. nin H16.

set (i:=W yO x). assert (inc i Bnat). assert (inc i (target x)).

uf i. app inc_W_target. rww H3. app H15. app Hb. wrr H4.

assert (inc (W i y) x0). uf i. uf y.

set (xi:= W yO x). assert (inc yO (source x)). rw H3. app H15.

assert (xi = W y0 x). tv. cp (W_inverse2 H2 H20 H21). wrr H22.

assert (forall j, inc j Bmat -> inc (W (card_rem (card_plus i jdn) y) x0).
app cardinal_c_induction_v. rw =zero_unit_suml.

assert (card_rem i n = i). cp (Bnat_division H19 H1 H6). ee.

assert (division_prop i n card_zero i). red. split. rw zero_prod_absorbing.
rw zero_unit_sum2. tv. fprops. assert (inc i (target x)).

uf i. app inc_W_target. rww H3. app H15. rwi H4 H24.

rwi interval_co_Oa_pr2 H24. ee; am. am.

nin (division_unique H19 H1 H22 H21 (incO_Bnat) H19 H6 H23 H24). am.

rw H21. am. fprops. ir.

set (u:= card_rem (card_plus i n0) n) in *.

assert (inc (W (W u y) gl) x0). app H18. uf image_by_fun. aw.

exists (W u y). split. am. red. app defined_lem. rw H13.

assert (E = target y). uf y. rw target_inverse. sy;am. rw H23.
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app inc_W_target. uf y. rw source_inverse. rw H4. uf u. app Ha. fprops.
fprops. ufi gl H23. rwi W_af_function H23. ufi g H23.
assert (W (Wu y) x = u). sy. app W_inverse. rw H4. uf u. app Ha. fprops.
rwi H24 H23. ufi f H23.
assert (card_rem (succ u) n = card_rem (card_plus i (succ nO)) n).
uf u. assert (inc (card_plus i nO) Bnat). fprops.
cp (Bnat_division H25 H1 H6). ee. nin H28.
set (q0:= card_quo (card_plus i nO) n) in H28.
set (r0:= card_rem (card_plus i nO) n) in *. uf succ.
rw card_plus_associative. rw H28. wr card_plus_associative.
set (rl:= card_plus rO card_one). set (r2:= card_plus (card_mult n q0) rl).
assert (inc rl Bmat). uf rl. fprops. assert (inc r2 Bnat). uf r2. fprops.
cp (Bnat_division H30 H1 H6). cp (Bnat_division H31 H1 H6). ee.
nin H37.
assert (r2= card_plus (card_mult n qO0) rl). tv. rwi H37 H39.
rwi card_plus_associative H39. wri cardinal_distrib_prod_sum3 H39.
set (q2:= (card_plus q0 (card_quo rl n))).
assert (division_prop r2 n q2 (card_rem rl n)). red. split. am. am.
assert (inc g2 Bnat). uf q2. fprops.
nin (division_unique H31 H1 H41 H32 H34 H33 H6 H40 H35). am. wr H25. am.
am. app H15.
elim H17. app extensionality. red. ir. assert (E = target y). uf y.
rvw target_inverse. sy; am. rwi H23 H22. red in H8. ee. fold y in H24.
cp (surjective_pr2 H24 H22). nin H25. ee. rw H26. ufi y H25.
rwi source_inverse H25. rwi H4 H25.
assert (inc i (target x)). uf i. app inc_W_target. rww H3. app H15.
rwi H4 H27. rwi interval_co_Oa_pr2 H27. ee. red in H28.
set (j:= card_sub n i). ee. cp (card_sub_pr H1 H27 H28). fold j in H30.
assert (inc j Bmnat). uf j. fprops.
set (k:= card_plus j x2). assert (inc k Bnat). uf k. fprops.
cp (H21 _ H32). assert (card_rem (card_plus i k) n = x2).
assert (division_prop (card_plus i k) n card_one x2). red.
rw one_unit_prodl. split. uf k. rw card_plus_associative. rww H30.
rwi interval_co_Oa_pr2 H25. ee; am. am. fprops.
assert (inc (card_plus i k) Bnat). fprops.
cp (Bnat_division H35 H1 H6). ee.
cp (division_unique H35 H1 (incl_Bnat) (Hb _ H25) H37 H36 H6 H34 H38).
ee. sy; am. rwi H34 H33. am. am.
Qed.

2. Showthat, ifa, b, c and 0 are four cardinals such thata < c¢and b <0 thena+b <c¢+0 and
ab < ¢0. (cf. Exercise 21 (c)).

We first assume ¢ < 0. If 0 is finite, all quantities are finite and the result is obvious.

Lemma exercice6_2: forall a b ¢ d, cardinal_1t a c ->
cardinal_1t b d ->
(cardinal_1t (card_plus a b) (card_plus c d) &
cardinal_1t (card_mult a b) (card_mult c d)).
Proof. assert (forall a b ¢ d, cardinal_le ¢ d -> cardinal_1lt a ¢ ->
cardinal_1t b d ->
(cardinal_1t (card_plus a b) (card_plus c d) &
cardinal_1t (card_mult a b) (card_mult c d4))).
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ir. assert (Ha:c <> card_zero). red. ir. rwi H2 HO.

app (zero_smallestl HO).

apply by_cases with (is_finite_c d). ir.

cp (le_int_is_int H2 H).

assert (is_finite_c a). nin HO. app (le_int_is_int H3 HO).

assert (is_finite_c b). nin H1. app (le_int_is_int H2 H1).

split. app finite_sum2_lt. rww inc_Bnat. rww inc_Bnat. rww inc_Bnat.

rww inc_Bnat. mnin HO. am. app finite_prod2_lt. rww inc_Bnat. rww inc_Bnat.
rww inc_Bnat. rww inc_Bnat. nin HO. am.

We have now ¢+ 0 = ¢0 = 0. Such a formula holds if one of a or b is infinite (the result is
trivial is none is infinite). Note that if one of the cardinals is zero, so is the product, thus is
<0.

ir. assert (is_infinite_c d). red. ee. nin H. nin H3. am. am.

rw (card_mult_commutative ¢ d). rww (product2_infinite H H3 Ha).

rw (card_plus_commutative ¢ d). rw (sum2_infinite H H3).

apply by_cases with (is_finite_c a). ir.

apply by_cases with (is_finite_c b). ir.

wri inc_Bnat H4; wri inc_Bnat H5.

assert (is_finite_c (card_plus a b)). fprops. wr inc_Bmnat. fprops.
assert (is_finite_c (card_mult a b)). fprops. wr inc_Bnat. fprops.
split. app finite_lt_infinite. app finite_lt_infinite.

ir. assert (is_infinite_c b). red. ee. red in Hl1. ee. red in H1; ee; am. am.
cp (finite_le_infinite H4 H6).

split. rw card_plus_commutative. rw (sum2_infinite H7 H6). am.

nin (equal_or_not a card_zero). rw HS8.

rw card_mult_commutative. rw zero_prod_absorbing. app finite_lt_infinite.
wr inc_Bnat. fprops. rw card_mult_commutative.

rww (product2_infinite H7 H6 H8). ir. assert (is_infinite_c a). red. ee.
red in HO. ee. red in HO; ee; am. am.

apply by_cases with (is_finite_c b). ir.

cp (finite_le_infinite H6 H5). split. rw (sum2_infinite H7 H5).

app (cardinal_1t_le_trans HO H).

nin (equal_or_not b card_zero). rw H8. rw zero_prod_absorbing.

app finite_lt_infinite. wr inc_Bmnat. fprops.

rww (product2_infinite H7 H5 H8). app (cardinal_lt_le_trans HO H).

Here all cardinals are infinite. In particular, they are non-zero. We have a+b = ab = a
where a’ <0 is the greatest of the two cardinals.

ir. assert (is_infinite_c b). red. ee. red in H1. ee. red in H1; ee; am. am.
assert (cardinal_le a b \/ cardinal_le b a).

nin HO. nin HO.nin H1; nin H1. nin (cardinal_le_total_orderl HO H1).

left. rw H12. fprops. nin H12. nin H12. left. am. nin H12. right. am.

nin H8. split. rw card_plus_commutative. rw (sum2_infinite H8 H7). am.
nin (equal_or_not a card_zero). rw H9.

rw card_mult_commutative. rw zero_prod_absorbing. app finite_lt_infinite.
wr inc_Bnat. fprops. rw card_mult_commutative.

rww (product2_infinite H8 H7 H9). rw (sum2_infinite H8 H5). split.

app (cardinal_1t_le_trans HO H). nin (equal_or_not b card_zero). rw H9.

rw zero_prod_absorbing. app finite_lt_infinite. wr inc_Bnat. fprops.

rww (product2_infinite H8 H5 H9). app (cardinal_lt_le_trans HO H).

The result is now clear. If ¢ = 0, we use commutativity.
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ir. assert (cardinal_le c d \/ cardinal_le d c).

red in HO. red in H1. ee. red in HO; red in H1l; ee.

nin (cardinal_le_total_orderl H6 H4).

left. rw H8. fprops. nin H8. nin H8. left. am. nin H8. right. am.

nin H2. app H.

rw (card_plus_commutative ¢ d). rw (card_mult_commutative c d).

rw (card_plus_commutative a b). rw (card_mult_commutative a b). app H.
Qed.

3. IfE is an infinite set, the subsets of E which are equipotent to E is equipotent to *3(E)
(use Proposition 3 of no. 4).

We know that E is equipotent to E; U E,, where the union is disjoint and both sets are
equipotent to E (this is not the hint given by Bourbaki). Let f be a bijection E; UE; — E. Xe
may assume E1 = E x {a}. For each subset X of E, let X be X as a subset of E; (i.e., X =X x {a}),
and gX)=f (XUE,). This a subset of E, and its cardinal is at least the cardinal of f(E»), which
is the cardinal of E, so that g(X) is equipotent to E.

Lemma Exercise6_3: forall E, infinite_set E ->
equipotent (powerset E) (Zo (powerset E) (fun z => equipotent z E)).
Proof. ir. set (Qo:= Zo (powerset E) (fun z : Bset => equipotent z E)).
assert (sub Qo (powerset E)). uf Qo. app Z_sub.
cp (cardinal_1le8 HO). rwi cardinal_le3 H1.
set (n:= cardinal E). assert (card_plus n n = n).
assert (cardinal_le n n). uf n. fprops. red in H. fold n in H.
ap (sum2_infinite H2 H).
set (El:= product E (singleton TPa)). set (E2:= product E (singleton TPb)).
assert (equipotent E1 n). eqtrans E. eqgsym. uf E1. fprops. uf n. fprops.
assert (equipotent E2 n). eqtrans E. eqgsym. uf E2. fprops. uf n. fprops.
assert (disjoint E1 E2). uf El; uf E2. app disjoint_union2_pr. fprops.
cp (card_plus_prl H5 H3 H4). rwi H2 H6. ufi n H6. awi H6. nin H6. ee.
set (f:= fun X => image_by_fun x (union2 (product X (singleton TPa)) E2)).
assert (forall X, sub X E -> sub (f X) E). red. ir. ufi f H10.
assert (is_function x). app bij_is_function.
ufi image_by_fun H10. awi H10. nin H10. ee. red in H12. wr HS.
app (inc_pr2graph_target H11 H12). fprops.
assert (forall X, sub X E -> equipotent (f X) E). ir.
cp (H9 _ H10). cp (cardinal_le8 H11). rwi cardinal_le3 H12.
set (b:= image_by_fun x E2). assert (sub E2 (source x)). rw H7.
red. ir. app union2_second. cp (equipotent_restriction H13 H6).
assert (sub (image_by_fun x E2) (f X)). uf f. uf image_by_fun.
app image_by_increasing. cp (bij_is_function H6). fprops. red. ir.
app union2_second. cp (cardinal_le8 H15). rwi cardinal_le3 H16.
wri cardinal_equipotent H14. wri H14 H16.
assert (cardinal E2 = cardinal E). aw. eqtrans n. am. uf n. fprops.
rwi H17 H16. wr cardinal_equipotent. app cardinal_antisymmetryl.
assert (transf_axioms f (powerset E) Qo). red. ir.
rwi powerset_inc_rw H1l. uf Qo. Ztac. app powerset_inc. app H9.
set (F:= BL f (powerset E) Qo).
assert (injective F). uf F. app injective_af_function. uf f. ir.
cp (bij_is_function H6).
set (T:= image_by_fun x (union2 (product u (singleton TPa)) E2)).
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Let Q be the set of subsets of E equipotent to E. The mapping g(X) = f(XUE;) is injective
SB(E) — Q because f is injective and the sets X and E, are disjoint. Since Q < *3(E), these two
sets have the same cardinal.

set_extens. set (y := W (J x0 TPa) x).
assert (inc (J x0 TPa) (source x)). rw H7. app union2_first. uf El. aw. ee.
fprops. rwi powerset_inc_rw H12. app H12. fprops.
assert (inc y T). uf T. uf image_by_fun. aw. exists (J x0 TPa). split.
app union2_first. aw. ee. fprops. am. fprops. red. uf y. app defined_lem.
fprops. ufi T H18. rwi H14 H18. ufi image_by_fun H18.
awi H18. nin H18. ee. red in H19. cp (W_pr H15 H19). unfold y in H20.
assert (inc x1 (source x)). rw H7. nin (union2_or H18). app union2_first.
uf E1. awi H21. ee. aw. ee. am. rwi powerset_inc_rw H13. app H13. am.
app union2_second. nin H6. nin H6. cp (H23 _ _ H17 H21 H20).
nin (union2_or H18). awi H25. ee. wri H24 H26. awi H26. am. ufi E2 H25.
awi H25. ee. wri H24 H27. awi H27. cp (singleton_eq H27).
elim two_points_distinct. am. fprops.
set (y := W (J x0 TPa) x).
assert (inc (J x0 TPa) (source x)). rw H7. app union2_first. uf El. aw. ee.
fprops. rwi powerset_inc_rw H13. app H13. fprops.
assert (inc y T). uf T. rw H14. uf image_by_fun. aw. exists (J xO TPa).
split. app union2_first. aw. ee. fprops. am. fprops. red. uf y.
app defined_lem. fprops. ufi T H18. ufi image_by_fun H18.
awi H18. nin H18. ee. red in H19. cp (W_pr H15 H19). unfold y in H20.
assert (inc x1 (source x)). rw H7. nin (union2_or H18). app union2_first.
uf El1. awi H21. ee. aw. ee. am. rwi powerset_inc_rw H12. app H12. am.
app union2_second. nin H6. nin H6. cp (H23 _ _ H17 H21 H20).
nin (union2_or H18). awi H25. ee. wri H24 H26. awi H26. am. ufi E2 H25.
awi H25. ee. wri H24 H27. awi H27. cp (singleton_eq H27).
elim two_points_distinct. am. fprops.
assert (cardinal_le (cardinal (powerset E)) (cardinal Qo)). red. ee.
fprops. fprops. wr cardinal_le2. rw cardinal_lel. exists F. ee. am. uf F.
tv. uf F. tv. wr cardinal_equipotent.
app cardinal_antisymmetryl.

Qed.

4. IfE is an infinite set, the set of all partitions of E is equipotent to*J3(E) (associate a subset
of E x E with each partition of E).

Let ® be a partition, and ® be the union of all A x A with A € ®. We know that ® > ®' is an
order (see chapter one), so that the function ® — @ is injective. Let Q be the set of partitions;
this shows Card(Q) < Card(B(E x E)), hence Card(Q) < Card(B(E).

Lemma Exercise6_4: forall E, infinite_set E ->
equipotent (set_of_partition_set E) (powerset E).
Proof. ir. set (q:=set_of_partition_set E).
set (f:= BL (fun y=> partition_relation_set y E) q (powerset (coarse E))).
assert (injective f). uf f. app injective_af_function. red. ir.
app powerset_inc. app sub_partition_relation_set_coarse. ufi g HO.
ufi set_of_partition_set HO. Ztac. am. uf q. uf set_of_partition_set. ir.
Ztac. clear H1. Ztac. sy.
app (partition_relation_set_order_antisymmetric H4 H5).
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assert (equipotent_to_subset q (powerset (coarse E))). rw cardinal_lel.
exists f. ee. am. tv. tv. rwi cardinal_le2 H1.

assert (cardinal_le (cardinal q) (cardinal (powerset (coarse E)))).

uf cardinal_le. ee. fprops. fprops. fprops.

assert (cardinal (powerset (coarse E)) = cardinal (powerset E)).

rw card_powerset. rw card_powerset. uf coarse. app card_pow_pr. fprops.
wr cardinal_equipotent. wr card_mult_prl.

transitivity (card_mult (cardinal E)(cardinal E)). app card_mult_pr2.
sy. fprops. sy. fprops. wr power_x_2. app equipotent_inf2_inf. fprops.

Conversely, consider the mapping I — {I, E—I}. This mappingis not injective for I c E, but
itis injective for I c F, where F is strict subset of E. Since there is at least one element y in E,
we may consider F=E —singletony.

rwi H3 H2. nin (emptyset_dichot E). rwi H4 H. nin H. elim H5.

wr inc_Bnat. app incO_Bmnat. nin H4.

set (F:= complement E (singleton y)).

set (g:= fun u => doubleton u (complement E u)).

assert (foralluv , subuF ->subvF ->gu=gv->u=v). uf g. ir.
nin (doubleton_inj H7). nin H8. am. nin H8.

assert (inc y F). app H5. rw H8. rw inc_complement. split. am. red. ir.
cp (H6 _ H10). ufi F H11. rwi inc_complement H11l. ee. elim H12. fprops.
ufi F H10. rwi inc_complement H10. ee. elim H11l. fprops.

IfIis a non-empty subset of F then I — {I,E — I} is a partition of E.

assert (forall u, sub u F -> nonempty u -> inc (g u) q). ir.

assert (sub u E). assert (sub F E). uf F. app sub_complement.

app (sub_trans H6 HS8).

uf g. uf q. rw set_of_partition_pr. red. ee. set_extens.

nin (union_exists H9). nin H10. nin (doubleton_or H11). app H8. wrr H12.
rwi H12 H10. rwi inc_complement H10. nin H10; am.

apply by_cases with (inc x uw). ir.

assert (inc u (doubleton u (complement E u))). fprops. ap (union_inc H10 H11).
ir. assert (inc (complement E u) (doubleton u (complement E u))). fprops.
assert (inc x (complement E u)). rw inc_complement. intuition.

ap (union_inc H12 H11). ir. nin (doubleton_or H9). rww H10. rw H10.

exists y. rw inc_complement. split. am. red. ir. cp (H6 _ H11).

ufi F H12. rwi inc_complement H12. ee. elim H13. fprops.

ir. nin (doubleton_or H9); nin (doubleton_or H10); rw H11l; rw H12.

left. tv. right. app disjoint_complement. right.

app disjoint_symmetric. app disjoint_complement. left. tv.

All that remains to do is to show that Card(CB (E — {y}) — {®}) = Card (B (E)).

set (T:= complement (powerset F) (singleton emptyset)).

assert (cardinal_le(cardinal T) (cardinal q)).

wr cardinal_le3. rw cardinal_lel. exists (BL g T q). ee.

app injective_af_function. red. ir. ufi T H7. rwi inc_complement H7. ee.

app H6. app powerset_sub. nin (emptyset_dichot c). elim H8. rw H9. fprops.
am. ir. ufi T H7. rwi inc_complement H7. ufi T H8. rwi inc_complement HS.
ee. app H5. app powerset_sub. app powerset_sub. tv. tv.

cp (cardinal_comp_singl_inf y H). fold F in HS8.

assert (infinite_set (powerset F)). red. red. split. fprops. red.
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rw card_powerset. ir.
assert (card_pow card_two F = card_pow card_two (cardinal F)).
app card_pow_pr. fprops. fprops. rwi H10 H9.
assert (is_cardinal (cardinal F)). fprops. cp (cantor H11). nin H12.
cp (le_int_is_int H9 H12). wri H8 H14. nin H. ee. elim H15. am.
cp (cardinal_comp_singl_inf emptyset H9). fold T in H10. wri H10 H7.
assert (cardinal (powerset F) = cardinal (powerset E)).
rw card_powerset. rw card_powerset. app card_pow_pr. fprops.
symmetry in H8. awi H8. am. rwi H11 H7. cp (cardinal_antisymmetryl H2 H7).
awi H12. am.

Qed.

5. IfE is an infinite set, the set of all permutations of E is equipotent to B(E). (Use Propo-
sition 3 of No. 4 to shat that, for each subset A of E whose complementary does not consist
of a single element; there exists a permutation f of E such that A is the set of elements of E
which are invariant under f.)

6. LetE, F be two infinite sets such that Card(E) < Card(F). Show that (i) the set of all map-
pings of E onto F, (ii) the set of all mappings of E into F, and (iii) the set of all mappings of
subsets of E into F are all equipotent to P (F).

7. LetE, F be two infinite sets such that Card(E) < Card(F). Show that the set of all subsets
of F which are equipotent to E and the set of all injections of E into F are both equipotent to
then set FE of all mappings of E into F (for each mapping f of E into F, consider the injection
x— (x, f(x)) of Einto E x F).

8. Show that the set of well-orderings on an infinite set E (and a fortiori the set of orderings
on E) is equipotent to B (E) (Use Exercise 5).

9. Let E be a non-empty well-ordered set in which every element x other then the least
element of E has a predecessor (the greatest element of ] —, x[). Show that E is isomorphic to
either N or an interval [0, 7 of N (remark that every segment # E is finite by using Proposition
6 of No. 5; then use Theorem 3 of § 2, no. 5).

110. Letw or wgdenote the ordinal Ord(N) (§ 2, Exercise 14). The set of all integers is then a
well-ordered set isomorphic to the set of all ordinals < w: For each integer n we denote again
by n (by abuse of language) the ordinal Ord([0, n).

(a) Show that for each cardinal a the relation “€ is an ordinal and Card(£) < a is collectiviz-
ing (use Zermelo’s theorem). Let W(a) denote the set of all ordinals & such that Card(§) < a.

(b) For each ordinal o > 0 define a function f, on the well-ordered set O’(«) or ordinals
< « by transfinite induction as follows: f4(0) = wo = w, and for each ordinal & such that
0 <& <a, fu) is the least upper bound (§ 2, Exercise 14 (d)) of the set of ordinals { such
that Card({) < Card(fy(n)) for at least one ordinal n < . Show that if 0 = n < & < «, then
Card(fy(m)) < Card(f«(&)) and that, if £ < a <, then f4(&) = ff, (€). Put wy = fo(a); g is said
to be the initial ordinal of index o. Put X = Card(wq); Ry is said to be the aleph of index a. In
particular, X = Card(N).
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(c) Show that for each infinite cardinal a, the least upper bound A of the set of ordinals
W(«) is an initial ordinal wy, and that a = X, (consider the least ordinal p such that w, =
A); in other words wy is the least ordinal € such that Card() = Xy. For each ordinal o the
mapping ¢ — R, defined on O'(«), is an isomorphism of the well-ordered set O’ (a) onto the
well-ordered set of cardinals < Ry; in particular X4 is the least cardinal > Xy. Show that if o
has no predecessor, then for every strictly increasing mapping ¢ — o¢ of an ordinal f§ into «
such that a = supgg 0¢, we have

Y R, =R
E<p

(d) Deduce from (c) that wg is a normal ordinal functional symbol (§ 2, Exercise 17).

q11. (a) Show that the ordinal w, is the least ordinal > 0 which has no predecessor, that w
isindecomposable (§ 2, Exercise 16), and that for each ordinal « > 0, aw is the least indecom-
posable ordinal which is > a (note that nw = w for each integer n). Deduced that

(a+1)w = aw for each o > 0.

(b) Deduce from (a) that an ordinal is indecomposable if an only if it is of the form P
(use Exercise 18 (d) of § 2).

4 12. (a) Show that for each ordinal a and each ordinal y > 1, there exists two finite se-
quences of ordinals (A;) and (y;) (1 =i < k) such that

a= YNy Y

where 0 < yu; < yforeach i, and A; > A;;+; for 1 < i < k—1 (use Exercise 18 (d) of § 2 and Exer-
cise 3 of § 4). Moreover the sequences (A;), (1;) are uniquely determined by these conditions.
In particular there exists a unique finite deceasing sequence (f;)1<j<m such that

a=wp;+wP2++ 0Py

Let ¢(a) denote the greatest ordinal wf; in this sequence.

(b) For each integer n let f(n) < n! be the greatest number of elements in the set of ordi-
nals of the form o) +0g @)+ +0gn), Where (a;)1<;<p, is an arbitrary sequence of n ordinals
and o runs through the set of permutations of the interval [1, n]. Show that

o)) fm)= sup (k25 '+1)f(n-k).

1<sksn-1
(consider first the case where all the ¢(a;) are equal and show that the largest possible num-
ber of distinct ordinals of the desired form is equal to n, by using Exercise 16 (a) of § 2.
Then use induction on the number of ordinals a; for which ¢(a;) takes the least possible
value among the set of ordinals ¢(a;) (1 < j < n).) Deduce from (1) that for n = 20 we have

f(n)=81f(n-5).

(c) Show that the n! ordinals (w + o(1))(w + 0 (2))...(w + o(n)) where o runs through the
set of permutations of the interval [1, n], are all distinct.
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413. (a) Let w(€) be a, ordinal functional symbol (§2, Exercise 17), defined for ¢ = ap and
such that the relation ag < & < & implies w() < w(’). Show that, if £ = ay, then w(E+n) =
&(E) +n for every ordinal n (argue by contradiction). Deduce that there exists a such that
w(&) = & for all £ = a (take a to be the least indecomposable ordinal = «y; cf Exercise 11 (a)).

(b) Let f(&,1) be the ordinal functional symbol defined in § 2, Exercise 17(b). Suppose
that the relations ap < £ < &' and ap < n < n/ imply g, n) < g, 1) so that the relations
ap<&<&and 1 <n<n imply f&n) < fE,n) (§ 2, Exercise 17(d)). Show that for each
ordinal § there exist at most a finite number of ordinals 1 for which the equation f(&,n) =
has at least one solution (Note that if ¢; is the least solution of f(€,1;) = p and if &, is the least
solution of f(&,12) = p then the relation n; <1y implies &; > &,.)

(c) A critical ordinal with respect to f is any infinite ordinal y > g such that f(€,y) = y for
all € such that oy < § < y. Show that a critical ordinal (with respect to f) has no predecessor.
If there exists a set A or ordinals such that f(,y) = y for all € € A, and if y is the least upper
bound of A, show that y is a critical ordinal.

(d) let h(€) = f(&,&) (defined for & = ap); Defined inductively a; = o9 + 2 ay+1 = h(ay) for
n = 1. Show that that the least upper bound of the sequence («;) is a critical ordinal with
respect to f.

(e) Show that the least upper bound of every set of critical ordinals with respect to f is
again a critical ordinal, and that every critical ordinal is indecomposable (note that f(§,n+
DzwE+n=f+nforall = ag.

q14. (a)Showthatifa =2 and ifp hasno predecessor, then o is an indecomposable ordinal
(cf § 2, Exercisel6 (a)); if a is finite and if p = wy, then of = oY; if a is infinite and if 7 is the
greatest indecomposable ordinal < a, then of = P (use Exercise 11).

(b) An ordinal § is critical with respect to the functional symbol f(€,n) = &n if and only if,
for each a such that 1 < a < §, the equation 8 = o® has a solution; the unique solution £ if this
equation is then indecomposable (Use Exercise 13 (e), together with Exercise 18 (d) of § 2).
Conversely, for each o > 1 and each indecomposable ordinal 7, a™ is a critical ordinal with
respect to &n (use Exercise 13 (c)). Deduced that & is a critical ordinal with respect to &n if and
only if & is of the form o®" (cf. Exercise 11 (b)).

(c) For an ordinal € to be critical with respect to the functional symbol f(E,n) = &", i.e.
such that y¢ = € for each vy satisfying 2 < y < ¢, it is sufficient that 2 = €. Show that the least
critical ordinal €y with respect to £" is countable (cf. Exercise 13 (d)).

4 15. Letybean ordinal > 1, and for each ordinal a let L(a) denote the set of exponents A;
in the expression for a given in Exercise 12 (a).

(a) Show that A; < afor each A; € L(a) and that A; = o for one of these ordinal only if « = 0
or if a is a critical ordinal with respect to £" (Exercise 14 (c)).

(b) Define L, (a) by induction on 7 as follows: L; (o) = L(a) and L, (a) is the union of the
sets L(P) as P runs through L;_; (o). Show that there exists an integer ny such that /,;; (o) =
L, (a) whenever n = ng, and that the elements of L,,(«) are then either 0 or critical ordinals
with respect to " (Argue by contradiction: for each n, consider the set M, («) of elements
B € L,(a) such that p ¢ L(f), and assume that L, (a) if not empty for any »n; use (a) to obtain a
contradiction.)
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16. Every totally ordered set has a well-ordered cofinal subset (§ 2, Exercise 2). The least of
the ordinals Ord(M) of the well-ordered cofinal subsets M of E is said the final character of E.

(a) An ordinal € is said to be regular if it is equal to its final character, and singular oth-
erwise. Show that every infinite regular ordinal is an an initial ordinal wy (Exercise 10). Con-
versely, every initial ordinal wy, whose index « is either 0 or has a predecessor, is a regular
ordinal. An initial ordinal wy whose index a has no predecessor is singular if 0 < a < wg; in
particular, w,, is the least infinite singular initial ordinal.

(b) An initial ordinal wy is said to be inaccessible if it is regular and its index a has no
predecessor. Show that if a = 0, then wy = «; in other words, a is a critical ordinal with respect
to the normal functional symbol w;, (Exercise 10 (d) and 13 (c)). Let x be the least critical
ordinal with respect to this functional symbol. Show that wy is singular, with final character w
(cf Exercise 13(d)). In other words, there exists no inaccessible ordinal w, such that 0 < o <«
(At present, it is not known whether or not there exist inaccessible ordinals other than w).

(c) Show that there exists only one regular ordinal which is cofinal in a given totally or-
dered set E; this ordinal is equal to the final character of E, and if E is not empty and has no
greatest element, it is an initial ordinal. If wg is the final character of wy, then & < o; and wy
isregular if and only if a = &.

(d) Let wy be aregular ordinal and let I be a well-ordered set such that Ord(I) < wy. Show
that, for each family (§,),¢1 of ordinals such that §, < wq forall 1 €1, we have }_ 1§, < wg-

17. A cardinal X, is said to be regular (resp. singular) if the initial ordinal wy is regular
(resp. singular). For Xy to be regular if is necessary and sufficient that for every family (a,).¢1
of cardinals such that Card(I) < Xy and a, < Xy for all 1 € I, we have

Y <R

el

R, is the least singular cardinal.

¢ 18. (a)For each ordinal a and each cardinal m # 0 we have N&‘H =RY - Rg+1 (reduce to the
case where m < Ry and consider the mappings of the cardinal m into the ordinal wq+1).

Card(y)

(b) Deduce from (a) that, for each ordinal y such that Card(y) = m we have Rg, | = Rg' - Ry

a+y
(by transfinite induction on y).

(c) Deduce from (b) that, for each ordinal a such that Card(a) < m, we have XY = 2™ Ngard(“).

419. (a) Let a and P be two ordinals such that o has no predecessor, and let { — o be a

strictly increasing mapping of the ordinal wg into the ordinal a such that sup o; = a. Show
{<u)ﬁ
that

Re' = ] Ro-

E<wp

(With each mapping f of the ordinal wg into the ordinal wy associate an injective mapping f
of wg into the set of all wg, (§ < wg) such that f(C) < f(Q) for all { < wg. Calculate the cardinal
of the set of mappings f associated with then same f and observe that

m= l_[ Nog > zcard(wﬁ)
E,<(Dﬁ

and m = Ry (cf. § 3, Exercise 3).)
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(b) Let & be the ordinal such that wg is the final character of w,. Show that that Nﬁ“ > Ry
and that if there exists n such that X, = n® then y < & (use (a) and Exercise 3 of § 3).

(c) Show that if A < & then N
Ry = ) R

E<a

(argue as in Exercise 18 (a)).

4 20. (a) For a cardinal a to be regular (Exercise 17) it is necessary that for every cardinal
b # 0 we should have
a®=a ) m°
m<a
(Use Exercise 19 and consider separately the cases (i) b is finite, (ii) Xg < b < qa, (iii) b = a;
also use Exercise 3 of § 3.) The generalized continuum hypothesis implies that the above
condition is also sufficient.

(b) Show that if a cardinal a is such that a™ = a for every cardinal m such that0 <m < q,
then a is regular ( use Exercise 3 of § 3).

(c) Show that the proposition “for every regular cardinal a and every cardinal m such that
0 <m < a, we have a = a™ is equivalent to the generalized continuum hypothesis (use (a)).

¢ 21. An infinite cardinal a is said to be dominant if for each pair of cardinals m<a,n<a
we have m" < a.

(a) For a to be dominant it is sufficient that 2™ < a for every cardinal m < a.

(b) Define inductively a sequence (a,) of cardinals as follows: ag = Rg, a,+1 = 2% Show
that the sum b of the sequence a;, is a dominant cardinal. Xy and b are the two smallest
dominant cardinals.

(c) Show that b0 = Ng = 2% (Note that 2° < ™). Deduce that b™ = (29)°, although b < 2b
and Xy < b.

q 22, A cardinal Ry is said to be inaccessible if the ordinal w is inaccessible (Exercise 16
(b)). We have then wy = o if wy # wg. A cardinal a is said to be strongly inaccessible if it is
inaccessible and dominant.

(a) The generalized continuum hypothesis implies that every inaccessible cardinal is strongly
inaccessible.

(b) For a cardinal a = 3 to be strongly inaccessible it is necessary and sufficient that, for
each family (a,),¢1 of cardinals such that

Card()<aanda <a

for all t € I, we should have [],¢1a, < a.

(c) For an infinite cardinal a to be strongly inaccessible it is necessary and sufficient that
it should be dominant (Exercise 21) and that it should satisfy one of the following two condi-
tions: (i) a® = a for every cardinal b such that 0 < b < g; (i) a® = a.2° for every cardinal b > 0
(Use Exercises 20 and 21).
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423. Letabeanordinal >0. Amapping f of the ordinal a into itself is said to be divergent if
for each ordinal Ag < a there exists an ordinal py < o such that the relation pg < & < o implies
Ao < f(€) < a. (this condition may be written as limg_.q <o f(§) = )

(a) Let ¢ be a strictly increasing mapping of an ordinal §§ into « such that

G(sup ) =supd(Q) forall y < B,
i<y <y
and such that

supd(Q) = a.
{<p

(if we extend ¢ be defining ¢(p) = a, the conditions above signify that ¢ is continuous) Then
there exists a divergent mapping f of a into itself, such that f(£) < & for all § satisfying 0 < & <
«, if and only if there exists a divergent mapping of § into itself of the same type.

(b) Deduce from (a) that there exists a divergent mapping of wy into itself, such that f () <
& for all € satisfying 0 < € < «a if and only if the final character of wq is wg. (If wy is a regular
ordinal > wg, defined inductively a strictly increasing sequence (1) as follows: 1n; = 1, and
Nn+1 is the least ordinal { such that f(§) >n, forall = (.)

(c) Let wg be the final character of w, (Exercise 16). Show that, if @ > 0 and if f is a
mapping of wq into itself such that f(€) < ¢ for all § such that 0 < § < wg, then there exists an
ordinal Ay such that the set of solutions to the equation f(§) = A¢ has a cardinal = Rg.

124, LetJ beasetofsubsetsofasetE such thatforevery A € § we have Card(A) = Card(F) =
a = Rg. Show that E has a subset P such that Card(P) = a and such that no set of § is contained
in P (If a = Ry, define by transfinite induction two injective mappings & — f (&), & — g(&) of
wq into E such that the sets P = f(wy) and Q = g(wy) do not intersect and such that each of
them meets every subset A € §.)

(b) Suppose, moreover, that for each subset & of § such that Card(®) < a, the comple-
ment in E of the union of the sets A € & has cardinal = a. Show that E then has a subset P
such that Card(P) = a and such that, for each A € &, card(P n A) < a (similar method).

4 25. (a) Let § be a covering of an infinite set E. The degree of disjointness of § is the least
cardinal ¢ such that ¢ is strictly greater than the cardinals Card(X NnY) for each pair of distinct
sets X, Y € §. If Card(E) = a and Card(§) = b, show that b < a‘ (note that a subset of E of
cardinal ¢ is contained in at most one set of §).

(b) Let wq be an initial ordinal and let F be set such that 2 < p = Card(F) < R. Let E be the
set of mappings of segments of w4, other then wq itself, into F. The we have Card(E) < pe.
For each mapping f of wy into F, let K¢ be the subset of E consisting of the restrictions of f
to the segments of wy (other than wq itself). Show that the set § of subsets of K is a covering
of E such that Card(F) = p™« and that its degree of disjointness is equal to wy.

(c) Let E be an infinite set of cardinal a and let ¢, p be two cardinal > 1 such that p < ¢,
p"<aforallm<cand a=Y,.p" Deduce from (b) that there exists a covering § of E
consisting of sets of cardinal ¢, with degree of disjunction equal to ¢ and such that Card(§) =
p¢. In particular, if E is countably infinite, there exists a covering § of E by infinite sets such
that card(g) = 2% and such that the intersection of any two sets of § is finite.

4 26. LetE be an infinite set and let § be a set of subsets of E such that for A € § we have

card(A) = card(g) = card(E) = a = NXy.
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Show that there exists a partition (B,),¢; of E such that
card(I) =card(B)) = a

for all 1 € I and such that AnB, # ¢ for all A€ § and all 1 € I. (With the notation of Exercise
24 (a), consider first a surjective mapping f of wy into § such that for each A € § the set of
all € € wq such that f(€) = A has cardinal equal to a. Then, by transfinite induction, define a
bijection g of wy onto E such that g(§) € f(§) for every & € wgy.)

q27. LetL be an infinite set and let (E)))c1, be a family of sets indexed by L. Suppose that
for each integer n > 0 the set of A € L such that card(E,) > n is equipotent to L. Show that
there exists a subset F of the product E = [T\ Ex, such that Card(F) = 26a®)  and such that
F has the following property: for each finite sequence (fi)1<x<, of distinct elements of F
there exists A € L such that the elements fi.(A) € E) (1 < k < n) are all distinct. (Show first
that there exists a partition (L;) jen of L such that Card(L;) = Card(L) for all j, and such that
Card(E)) = 2/ foreach A € L j- Hence reduce to the case where L is the sum of the countable
family of sets X/ (j = 1), where X is an infinite set, and Ej = 2/ for each A € X/. With each
mapping g € 2X of X into 2, associate the element f € E such that f(A) = (g(x1),...,8(x;))
whenever A = (x)1<k<;j € XJ; show that the set F of elements f € E so defined has the required

property.)

428. LetEbeaninfinite setand let (X;);<;i<m be a finite partition of the set §,(E) of subsets
of E having n elements. Show that there exists an index i and an infinite subset F of E such
that every subset of F with n elements belongs to X;. (Proof by induction on n. Foreach a € E
show that there exists an index j(a) and an infinite subset M(a) of E — {a} such that, for every
subset A of M(a) with n—1 elements, {a} UA belongs to X ;4. Then define a sequence (a;) of
elements of E as follows: a; is an arbitrary element of E, ay is an arbitrary element of M(a;),
as is defined in terms of M(a;) and a, in the same way as a, was defined in terms of E and
ay, and so on. Show that the set F of elements of a suitable subsequence of the sequence (a;)
satisfies the required conditions).

29. In an ordered set E, every finite union of Noetherian subsets (with respect to the in-
duced ordering) is Noetherian.

(b) An ordered set E is Noetherian if and only if for each a € E, the interval ]a,— [ is
Noetherian.

(c) Let E be an ordered set such that the ordered set obtained by endowing E with the op-
posite ordering is Noetherian. Let u be a letter and let T u$ be a term. Show that there exists
a set U and a mapping f of E onto U such that for each x € E we have f(x) = T§f¥$, where
f ) denotes the mapping of ]—, x[ onto ]—, f(x)[ which coincides with f on this interval.
Furthermore U and f are determined uniquely by this condition.

(d) Let E be a Noetherian ordered set such that every finite subset of E has a least upper
bound in E. Show that, if E has a least element, then E is a complete lattice (§ 1, Exercise 11);
and that if E has no least element, the set E’ obtained by adjoining a least element to E (§ 1,
no. 7, Proposition 3) is a complete lattice.

30. Let E be a lattice such that the set obtained by endowing E with the opposite order-
ing is Noetherian. Show that every element a € E can be written as sup(ey, e, ..., e;) where
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e1,..., e, are irreducible (§ 4, Exercise 7; show first that there exists an irreducible element
e such that a = sup(e, b) if a is not irreducible). Generalize Exercise 7 (b) of § 4 to E; also
generalize Exercises 8(b) and 9(b) of § 4.

4 31. LetAbean infinite set and let E be the set of all infinite subsets of A, ordered by inclu-
sion. Show that E is completely ramified (§ 2, Exercise 8) but not antidirected (§ 1, Exercise
23) and that E has an antidirected cofinal subset F. (Consider first the set © (A) of countable
infinite subsets of A (which is cofinal in E) and let Z = Ry (® (A)) (§ 1, Exercise 23). Write Z in
the form (z)))¢1, where L is a well-ordered set, and take F to be a set of countable subsets
XA, where A runs through a suitable subset of L, n € N, XA, 5 XA whenever m < n, X} —Xi‘l +1
is infinite for all n = 0 and U neNXﬁ = @; the X),‘l, are to be defined by transfinite induction in
such a way that the images of the sets Xi‘l, under the canonical mapping r: ®(A) — Z (§ 1,

Exercise 23) are mutually disjoint and form a cofinal subset of Z.)

132. *Let (M), (P,) be two sequences of mutually disjoint finite sets (not all empty), in-
dexed by the set Z of rational integers. Let a,, = Card(M,,), B, = card(P,). Suppose that there
exists an integer k > 0 such that for each n € Z and each integer [ = 1 we have

Oy + Q1+ Q) S Pk +PBroerr + + Prsiri

Brn+Pn+1-+Pnsi Sk + Qg1+ F Xy ke

Let M be the union of the family (M,) and let P be the union of the family (P,). Show that
there exists a bijection ¢ of M onto P such that

n+k+1 -1 n+k+1
GbMy) U P;and ¢ (Pp) < U M;
i=n—-k-1 i=n—-k-1

for each n € Z (consider a total ordering on each M,, (resp. P,) and take M (resp. P) to be the
ordinal sum (§ 1, Exercise 3) of the family (M},) yez (resp. (Pn)nez)- If ng is an index such that
M,;,, # @ consider the isomorphisms of M onto P which transform the least element of M,
into one of the elements of U'.l:;lk_ Pj and show that one of these isomorphisms satisfies the

required conditions. Let 8 be the least of the numbers
Br—k +Pn-k+1+ - +Pnsirk — (@ + Qpar - + Q)

Qe+ 0p_fr1+ -+ Oy ok — Br +Prsr - +Prsd)

foralneZandalll=1. If n€Z and [ = 1 are such that, for example ,_r +Pn—gx+1 + -+
Brii+k =0+0,+0ap1 -+ 0y we may take ¢ to be such that the least element of P,,_ is the
image under ¢ of the least element of M,,. .

4 33. Soient a, b deux cardinaux tels aue a = 2, b = 1, 'un au moins des deux étant infini.
Soient E un ensemble, § une partie de B(E), telle que card(F) > a® et card(X) < b pour tout
X € §. On se propose de montrer qu'il exists une partie & c § telle que card(®) > a® et que
deux quelconques des ensembles appartenant a & aient le méme intersection. On pourra
procéder de la facon suivante.

a) soit ¢ le plus petit des cardinaux > a® et soit Q le plus petit ordinal de cardinal ¢. On
consideére une application injective v — X(v) de Q) dans § et on pose M = U, X(V); on peut
supposer que card(M) = ¢, et il y a donc une bijection v — x, de Q sur M, ordonnat M.
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b) Pour tout v € Q soit py 'ordinal type d’ordre du sous-ensemble X(v) de M (on a Card(py) =

b) et soit yu — yS’) I'unique application bijective croissante de py sur X(v). On note M,

I’ensemble des yflw lorsque v parcourt Q. Montrer qu'il existe au moins un ordinal p tel que
Card(M,) = ¢. On désigne par a le plus petit de ces ordinaux; la réunion de My pour y <« a
un cardinal < a® <.

c) Montrer qu’il existe un partie Ny < Q telle que Card(Ng) = c et que I'application v — y&v)
de No dans M soit injective. Montrer, par récurrence ur f3, qu’il existe une partie Ng < Ng
de cardinal ¢ telle que I'élément y)(\v) = z) soit indépendant de v pour v € N et pour tout
A < P. Montrer que l'intersection N des Ng pout f < « a pour cardinal ¢ (considérer son
complémentaire). Soit Q I'ensemble des z) pour A < a.

d) Pour tout v € N, on définit par récurrence un ordinal A par la condition suivante :
c’est le plus petit ordinal dans N tel que yg‘V) soit un majorant strict, dans M, de la réunion
des X(Ay) pour p <V, u€N. Montrer que pour p<vdansNona (A,)N(Ay) =Q.
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Chapter 9

Theorems, Notations, Definitions

List of all theorems of Bourbaki, with ther Coq equivalent.

Theorems of Chapter 1

Proposition 1 (order_cor_pr) «A correspondence I' between E and E is an ordering on
E if and only if ...», [10].

Proposition 2 (decreasing_composition) says that u(v(x)) = x and v(u(x)) = x and
decreasing imply uovou=uand vouov=v, [20].

Proposition 3 (adjoin_greatest) says that we can add a greatest element to an ordered
set, [23].

Proposition 4 (compare_inf supl and compare_inf sup2) characterizes the supre-
mum and infimum of a subset, [28§].

Proposition 5 (sup_increasing and inf _decreasing) says that sup, and infs are in-
creasing functions of the set A, [29].

Proposition 6 (sup_increasing2 and inf_decreasing2) says that sup f and inf f are in-
creasing functions of the function f, [29].

Proposition 7 (sup_distributivel and inf distributive2) asserts associativity of sup,
[29].

Proposition 8 (sup_in_product and inf_in_product) characterizes supremum and in-
fimum in a product, [31].

Proposition 9 (sup_induced?2 and 3 variants) characterizes supremum of a subset of
a subset, [31].

Proposition 10 (right_directed_maximal and left_directed_minimal) says that «in a
right directed ordered set E, a maximal element a is the greatest element of E»,

[32].

Proposition 11 (fotal_order_monotone_injective and total_order_increasing morphism)

characterizes increasing functions and morphism on totally ordered sets, [34].

Proposition 12 (sup_in_total_order and inf _in_total_order) characterizes supremum
and infimum in a totally ordered set, [34].

Proposition 13 (intersection_interval) says that in a lattice, the intersection of two
intervals is an interval, [36].

Theorems of Chapter 2
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Proposition 1 (well_ordered_segment) says that «in a well-ordered set E, every seg-
ment of E other than E itself is an interval | —, a[, where a € E, [41].

Proposition 2 (isomorphism_set_of _segments_iso and set_of segments_worder) stud-
ies x — ]—, x[ [42].

Proposition 3 (worder_merge) studies the supremum of compatible well-orderings,
[43].

Lemma 1 (order_mergel and order_merge?2) is a helper for Proposition 3.

Lemma 2 (transfinite_principlel and transfinite_principle2) is a helper for C59.

Criterion C59 (transfinite_principle) is the principle of transfinite induction, .

Criterion C60 (transfinite_definition and transfinite_definition_stable) (Definition of
a mapping by transfinite induction), )

Lemma 3 (Zermelo_aux) is a helper for Theorem 1.

Theorem 1 (Zermelo) says that «every set E can be well-ordered», [48].

Proposition 4 (Zorn_aux) is a generalization of Zorn’s lemma [49].

Theorem 2 (Zorn_lemma) says «every inductive ordered set has a maximal element»,
[49].

Corollary 1 (inductive_max_greater).

Corollary 2 (maximal_in_powerset and minimal_in_powerset).

Theorem 3 (isomorphism_worder) studies existence and uniqueness of an isomor-
phism between two well-ordered sets, [50].

Lemma 4 (increasing function_segments), .
Corollary 1 (unique_isomorphism_onto_segment), .
Corollary 2 (bij_pair_isomorphism_onto_segment), [51].
Corollary 3 (isomorphic_subset_segment) [51].

Theorems of Chapter 3

Proposition 1 cardinal_equipotent «two sets X and Y are equipotent if and only if their
cardinals are equal», [60].

Theorem 1 (wordering cardinal_le) says that the ordering between cardinals is a well-

ordering, [62].
Corollary 1 (cardinal_le_total_order).

Corollary 2 (cardinal_antisymmetry?2).
Proposition 2 (cardinal_supremum) says that a family of cardinals has a supremum,

[63].
Proposition 3 (surjective_cardinal_le) says «if there exists a surjection f of X onto Y,
then Card(Y) < Card(X), [63].

Proposition 4 (cardinal_prod_pr and cardinal_sum_pr) says that the cardinal sum or
cardinal product of the family Card(E,) is the cardinal of the sum or the product
of the sets E;; [63].

Corollary (cardinal_sum_prl).

Proposition 5 (cardinal_sum_assoc, cardinal_prod_assoc, cardinal_sum_commutative,
cardinal_prod_commutative and cardinal_distrib_prod_sum) asserts commuta-
tivity, associativity and distributivity of sum and products, [64].

Corollary. Application to the case of 2 or 3 arguments.

Proposition 6 (zero_unit_sum and one_unit_prod) says that one can remove 0 in a
sum and 1 in a product, [66].
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Corollary 1 (zero_unit_sumr, zero_unit_suml, one_unit_prodr, one_unit_prodl).
Corollary 2 (sum_of _ones and sum_of_same).

Proposition 7 (zero_cardinal_product) says that a cardinal product is non-zero if and
only if each factor is non-zero, [67].

Proposition 8 (succ_injective) asserts injectivity of the successor function, [67].

Proposition 9 (cardinal_pow_prl) says that a’ remains unchanged if letters are re-
placed by equipotent sets, [68].

Proposition 10 cardinal_pow_pr3 says that a” is a product where all factors are the
same [68].

Corollary 1 (power_of _sum).

Corollary 2 (power_of_prod).

Corollary 3 (power_of_prod2).

Proposition 11 (power_x_0 and variants), states a=1,al=a,1°=1,and 0° =0, .

Proposition 12 (cardinal_powerset) says Card (B (X)) = 2%, .

Proposition 13 (cardinal_le_when_complement) states that «a = b if and only if there
exists a cardinal ¢ such that a = b+ ¢», [69].

Proposition 14 (sum_increasing and product_increasing) says the sum and product
are increasing functions, [70].

Corollary 1 (sum_increasingl, product_increasingl).
Corollary 2 (power_increasingl).

Theorem 2 (cantor) says X < 2%, [70].

Corollary (cantor_bis).

Theorems of Chapter 4

Proposition 1 (is_finite_succ) says that «a cardinal a is finite if and only if a + 1 is
finite», [72].

Proposition 2 (le_int_is_int, exists_prec) says that (if n is an integer), if a < n then a is
an integer, if n > 0 there is a unique m with m+1 = n and a < m + 1 is equivalent
toa<n, [73].

Corollary 1 (sub_finite_set).

Corollary 2 (strict_sub_smaller).

Corollary 3 (finite_image).

Corollary 4 (bijective_if same_finite_c_inj, bijective_if same_finite_c_suryj).

Criterion C61 (cardinal_c_induction and variants) (principle of induction),

Proposition 3 (finite_subset_directed_bounded, finite_subset_lattice_inf, finite_sub-
set_lattice_sup, finite_subset_torder_greatest, finite_subset_torder_least) gives some
properties of a finite subset of an ordered set [78].

Corollary 1 (finite_set_torder_greatest, finite_set_torder_worder)
Corollary 2 (finite_set_maximal).

Theorem 1 (maximal_inclusion) says that every nonempty set which is of finite char-
acter has a maximal element, [107].

Theorems of Chapter 5

Proposition 1 (finite_sum_finite and finite_product._finite) says that a finite sum or
product of integers is an integer, [88].
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Corollary 1 (finite_union_finite).

Corollary 2 (finite_product_finite_set).

Corollary 3 (Bnat_stable_pow).

Corollary 4 (finite_powerset).

Proposition 2 (cardinal_lt_pr) says that a < b if and only if there is ¢ such that 0 < ¢
and b = ¢ + a; [90].

Proposition 3 (finite_sum_It and finite_product_lIt) says that ) a; <) b; and [[a; <
[1b; if a; < b; for each i and a; < b; for some j, .

Corollary 1 (finite_power _It1).

Corollary 2 (finite_power _It2).

Corollary 3 (plus_simplifiable_left and variants).

Corollary 4 (card_sub_pr and others).

Proposition 4 (restr_plus_interval_isomorphism) says that x — x+ a is a bijection (or-
der isomorphism) [0, b] — [a,a+ b}, [97].

Proposition 5 (cardinal_interval) gives the cardinal of [a, b], [97].

Proposition 6 (finite_ordered_interval) asserts that every finite totally ordered set is
isomorphic to a unique interval [1, r], [98].

Proposition 7 (char_fun_union and others) states properties of the characteristic func-
tion of a set, [106].

Theorem 1 (division_unique, division_exists) asserts existence and uniqueness of Eu-
clidean division, [107].

Proposition 8 is expansion to base b [L10].

Proposition 9 (shepherd_principle) says that if f is a function from a set with cardinal
a onto a set with cardinal b, and if all set f ~1({x}) have the same cardinal ¢, then
a=be, [113].

Proposition 10 (number_of _injections_prop) gives the number of injections from a
finite set into another one, [114].

Corollary (number_of_permutations).

Proposition 11 (number_of_partitions) gives the number of partitions with p; ele-
ments, [115].

Corollary 1 (binomial7).

Corollary 2 (cardinal_set_of increasing_functions).

Proposition 12 (sum_of binomial) ¥, (Z) =2" .

Proposition 13 is the binomial formula (is a definition in Coq) [I19].

Proposition 14 (cardinal_pairs_It and cardinal_pairs_le) counts the number of pairs
(i,j))suchl<i<jsnorl=<i<js<n,[123].

Corollary (sum_of i).

Proposition 15 counts the number of monomials, [124].

Theorems of Chapter 6
Theorem 1 «The relation ‘x is an integer’ is collectivizing » (see inc_Bnat), .
Criterion C62 (restatement on C61, not shown in Coq).
Criterion C63 (integer_induction), [130].

Lemma 1 (infinite_greater_countable) «Every infinite set, E contains a set equipotent
to N».
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Lemma 2 (equipotent_N2_N) «The set N x N is equipotent to N».

Theorem 2 (equipotent_inf2_inf) «for every infinite cardinal a, we have a = a®»

Corollary 1 (power_of _infinite).

Corollary 2 (finite_family_product).

Corollary 3 (notbig family_suml).

Corollary 4 (sum2_infinite, product2_infinite).

Proposition 1 (countable_subset, countable_product countable_union) states proper-
ties of countable sets [135].

Proposition 2 (countable_finite_or_N) «Every countable infinite set E is equipotent to
N», [135].

Proposition 3 (infinite_partition) says that every infinite set E has a partition X; where
X; is equipotent to E and the index set to N, [135].

Proposition 4 (countable_inv_image) says that if f is a function from E onto F, such
that F is infinite and f~!({x}) is countable for any x € F, then F is equipotent to
E, [135].

Proposition 5 (infinite_finite_subsets) says that the set of finite subsets of an infinite
set E is equipotent to E, [I35].

Proposition 6 (increasing_stationary) characterizes stationary sequences, [136].
Corollary 1 (decreasing_stationary).

Corollary 2 (finite_increasing_stationary).

Proposition 7 (noetherian_induction) (Principle of Noetherian induction), .

Symbols
x Ay is often replaced by “and”. The Coq equivalent is /\.
x Vv yis often replaced by “or”. The Coq equivalent is \/.
—1x is often replaced by “not”. The Coq equivalent is ~.
(alb)c is a Bourbaki notation, meaning the relation obtained by replacing b by a in c.

Rix{ is a Bourbaki notation, meaning that R is a relation that may depend on x. If R
is arelation that depends on y, it is also (x| y)R.

Tx(R) is a Bourbaki notation, it is the generic element satisfying R x}.

x = yisrepresented in Coq byx -> y.

x — yis a Coq notation meaning the type of functions from type a to type b.

x = y is equality. We use it as synonym to <= .

x : yis a Coq notation meaning that x is of type y.

f(x) is the value of the function f at point x, parentheses are sometimes omitted.

f(x) is the value of f on the set x, see fun_image, image_by_graph, image_by_fun.
-1
f (x), see inverse_image.

(Vx)P and forall x, p are similar constructions.
(3x)P and exists x, p are similar constructions.
(3'x)P means sometimes exists_unique.

x €y, x>y (is element of): see incand elt.

x C y (is subset of): see sub.

@ (empty set): see emptyset.

{x,R} (set of x such that R): see Zo.
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{x}, {x, y}: see singleton or doubleton.
a—-Db, a\b,Ca: see complement.
(x,y) (ordered pair): see J.

UX, UX., see union.

el
aub, anb, see union?2, intersection2.

A xB, ux v, RxR/, see product, ext_to_prod, prod_of _relation.
f o g, see fcompose, gcompose, compose_graph, compose, composeC.

Aa, see diagonal.
-1
G see inverse_graph , inverse_fun or inverseC.

Xx+— y or x — y is the function that maps x to y, for instance x — sinx (source and
target are implicit).

x— T (xe A T e C), is the function with source A, target C that maps x to T.

(fx)xea is a shorthand for x — f(x) (x € A); see above, the piece T € C is implicit.

f, see extension_to_parts.

FE, set of graphs of functions from E to F, see set_of _gfunctions.

& (E; F), set of functions from E to F, see see set_of _functions.

®(E,F), set of functions from a subset of E to F, see set_of _sub_functions.

fx» fy sometimes denotes the mappings y — f((x, y)) or x — f((x,y)), implemented
as first_partial_fun, second_partial_fun.

f, sometimes denotes the mappings x — f; or y — fy- Implemented as first_partial_function,
second_partial_function.

f — f, implemented as first_partial_map, second_partial_map, is a bijection from
F (B x C;A) into & (B; % (C; A) or # (C; % (B;A)).

HXU product of a family of sets, see productt.

el
(x).e1 denotes an element of a product indexed by I.

x~ yis sometimes used instead of r(x, y), especially when r is the graph of an equiv-
alence relation.

ge(~), the graph of ~ on E, see graph_on.

~ ¢ may denote eq_rel_associated f.

X, may denote the equivalence class of x, see class.

X may denote a representative of the equivalence class x.

E/ ~, E/R (quotient set of E) see quotient.

R/S (quotient of two equivalence relations) see quotient_of relations.

Xf sometimes means f 1 X)), see inverse_direct_value.

Ra see induced_relation.

x>, ¥, ¥ <r X, notations used when x and y are related by a preorder relation, [5].

X <, ¥,y =, x, notations used when x and y are related by an order relation.

X<y, y=x x<py x>y notations used when x and y are related by an order
relation, see gle, gge, glt, ggt.

f— Gy see graph_of_function.

® — @ see graph_of _partition.

sup(x,y), supg X, supX, sup f(x) see supremum, sup, sup_graph.
X€EA

inf(x, ), infg X, infX, in£ f (x) see infimum, inf, sup_graph.
X€

INRIA



Bourbaki: Theory of sets in Coq, II

247

la, b], [a,bl, 1a,b], la,bl, la,— [,1a,— [,] —, b],] —, b],] —,— [, see interval.
t <card 1, Order on cardinals, see cardinal_le.

g“‘) is the restriction of g to ]—, x[ see restriction_to_segment

Card(x) is the cardinal of x, see cardinal.

0, 1, 2, 3, 4: see card_zero or card_three.

Z a,, P a.: cardinal sum or cardinal product of a family of cardinals, see cardinal_sum
el L&
and cardinal_prod.

a+b, a.b, ab, is the cardinal sum or cardinal product of two cardinals, see card_plus
card_mult

E; + E, denotes also the ordinal sum, see ordinal_sum.

Xxy(a, b) is the family x — a and y — b, see page

X(a, b) is Xq,p(a, b), for some fixed o and f.

ay U by is the disjoint union of Xy (a, b), i.e., a x {x} U b x {y}.

a® is the cardinal power of two cardinals, see card_pow.

a? is the power of two integers, see pow.

N, N, set of integers, see Bnat.

a— b is the difference in N, see card_sub: can also means minus, the difference in N.
[a, b] is an interval on N,

i t; is Z t.

i=a i€la,b]

a:bis cons a b, it is the list obtained by putting the element a in front of the list b.

({4 is the characteristic function on E.
al b is the quotient of a and b.

n! is the factorial of n.

(), see binom.

Letters
28 see Bo.
6c(a,b), 6r(p,q), €(p): see by_cases a b, chooseT and choose.

Cxya stands for constant_function x y a, it is the constant function from x to y with
value a.

Crx may denote the equivalence class of x for R, see class.
CollxR says that R is collectivizing in x.
&, see Bset.

&x(R) appears in the English version where {x,R} is used in the French version; see
Zo.

1A, see identity.

Iy see inclusionC, canonical_injection.

4 (E,T, f) says that f is defined by transfinite induction, see transfinite_def.
xf, Lf, Lasf (creating functions): see L, acreate, BL.

M, M [ (inverse of £) see bcereatel and bcreate.

N, N, set of integers, see Bnat.

A, is the bijection from N onto N, see nat_to_B.

B(x), see powerset.
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pryz, pr,z, pr, f, pr; f (projections), see B, Q, pr_i, pr_j.
Z x see Ro.

Rapf (restriction) see restriction2.

Vix, f), Vix (value of a function): see V.

Wy x (value of a function): see W.

X (f,y), see Xo.

% (B x, y) see Yo.

Z(x,P) see Zo.

¢ is not defined. We use it as a paragraph separator.

Words
acreate f, £ f, is the correspondence associated to the Coq function f.

agrees_on x ff’, agreeC x ff’is the property that forall a € x, f(a) and f’(a) are defined
and equal.

antisymmetric_r r says that the relation r is antisymmetric, [5].

axioms_product_order f g is the condition under which product_order f g is an order,
[16].

back_to_nat fnreturns the value of f (defined on a subset of N) as is if f were defined
on N, [I0T].

bcreate fA B, #4ps f, is a kind of inverse of Z£.

bcreatel f, 4 f, is a kind of inverse of Z.

bijective f, bijectiveC f, means that f is a bijection.

binom n p, (},), is the binomial coefficient, .

BLfab, £agf, fun_function fa b, is function from A to B whose graph is Za f.

Bnat or N is the set of all integers, [75].

Bnat_divides b a says that a = bg for some g, [107].

Bnat_order, Bnat_le x y, Bnat_It x y is the ordering on N, and the relations x < y or
x<yonN, [75].

Bset or & is the type of sets.

Bo, 9, is an inverse of Z.

bounded_above r X, bounded_below r X, bounded_both r X, mean that X is bounded
for r (from above, below or both), [24].

by_cases a b, €c(a, b), defines an object by applying a if P is true, and b if P is false.
canonical_injection x y, Iy, is the inclusion map on x < y.

canon_proj r, is the mapping x — X from E onto E/R, where E/R is the quotient set of
r.

card_mult a b, a.b or ab, is the cardinal product of a family of two elements, [64].

card_plus a b, a+ b, is the cardinal sum of a family of two elements, .

card_quo a b and card_rem a b are the quotient and remainder in the division of a by
b [107].

card_pow a b, ab , is the cardinal is the set of functions (or graphs of functions) from
y into x. [68].

card_sub a b, a— b is the difference of the two cardinals. [93].

card_three, card_four, or 3 and 4, are the cardinals 2+1 and 3 +1,
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card_zero, card_one,card_two, or 0, 1, 2, are the cardinals of the empty set, a single-
ton, or a doubleton with two distinct elements [60].

cardinal x, Card(x) is some set equipotent to x, .

cardinal_lexy, X <card ), says that x and y are two cardinals such that x is equipotent
to a subset of y, [61].

cardinal _ltxyis X <carq y and x # y.

cardinal_prod x, EI a,, is the cardinal of the product of the family of sets, || .

cardinal_nat x maps every set equipotent to the n-th ordinal to the natural number
n, [84).
cardinal_sumx, Y _ a, is the cardinal of the disjoint of the family of sets, || .

el
class r x is the class of x for the equivalence relation r.

char_fun A Bis the characteristic function of A, as a mapping from B into {0, 1}, [106].
choose p, € (p), is some x such that p(x) is true, the empty set if no x satisfies p.

choosef pis some function f such that p(f) is true, the identity on the empty set if no
f satisfies p.

choosenat p, €n(p), is some integer i such that p(i) is true, zero if no i satisfies p,
[83].

chooseT p g, 61 (p, q), is our basic axiom of choice.

coarse x is x x x.

coarser x is the order associated to coarser_c, [9].

coarser_c f g coarser_covering I f] g two definitions that say for all j €] thereisi el
such that g; < f; orfor all g; € g there s f; € f such that g; < f;.

coarser_preorder is the order induced by c on preorders, [15].

cofinal_set r A says that x in the substrate of r there is an y € A such that x <, y, [23].

coinitial_set r A says that x in the substrate of r there is an y € A such that x =, y, [23].

common_prolongation_order_axiom g are the conditions on g for which an order can
be put on the union, [43].

common_prolongation_order g h says that h is an order that on the union of the sub-
strate of the g; that coincides with the restriction, [43].

common_worder_axiom g are the conditions on g for which an well-ordering can be
put on the union of the family [44].

compatible_with_equiv_p p r means that p(x) and x ~ y implies p(y).
compatible_with_equiv fr means that x ~ y is equivalent to f(x) = f().
compatible_with_equivs fr r’ means that x ~ y is equivalent to f(x) z f.
complementab, a— b, a\ b, Cb, is the set of element of a not in b.

composableC f g composable f g is the condition on correspondences (resp. func-
tions) f and g for f o g to be a correspondence (resp. function).

compose_graph fg, f o g, composition of two graphs.

compose f g, composeC fg, f o g, is the composition of two functions.

constant_graph s x is the graph of the constant function with domain s and value x.

contraction AB L fv: assume f: A x B — Bis afunction, v an object of type B. If Lis a
list of type A C(L) is defined by C(a :: b) = f(a,C(b)) and C(nil) = v,.

correspondenceC is a data type with three slots, source, target and graph.

corr_value f associates to a correspondence f its triple (G, A, B).
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covering f x, covering fI fx, covering s f x, three variants of a family of sets (defined
by f and I) whose union contains x.

cut x pis the set of all x that satisfy p.

cutrxis r{x).

decent_set x says that no element y of x satisfies y € y, [80].

decreasing map f s r v, decreasing fun fr r’is a function such that x <, y implies
fx) = f(y), [18).

decreasing_sequence fr says that f is a decreasing function with source N and target
r, [136].

diagonal A, Ay, is the set of all (x, x) such that x € A.

diagonal_application Ais the diagonal mapping x — (x, x) of A into Aa.

diagonal_graphp I E is the set of graphs of constant functions from I to E.

disjointxymeans xNy = @.

disjoint_union f, disjoint_union_fam f are two variants of the disjoint union of the
family of sets f.

domain f is the set of x for which there is an y with (x, y) € f, itis pr; {f).

doubleton x y, {x, y}, is a set with elements x and y.

double_list_prop A L Q says that all elements x and y of the list L of type A satisfy the
predicate Q(x, y), whenever x comes before y, [101].

EEE is a shorthand for the type Bset — Bset — Bset.

EEP is a shorthand for the type Bset — Bset — Prop.

eltxy, x> y,isthe sameas y € x.

empty_function, empty_functionC is the identity on @.

emptyset, @, is a set without elements.

eq_rel_associated f is the graph of the equivalence relation f(x) = f(y).

equipotent x y means that there is a bijection from x into y.

equipotent_to_subset x y means that x is equipotent to s subset of x, .

equivalence_associated f is the equivalence relation f(x) = f(y).

equivalence_associated_o r is the equivalence relation x <, y and y <, x, [11]

equivalence_r 1, equivalence_rer x, says that the relation r is an equivalence relation
(in x).

equivalence_corr r says that the correspondence r is associated ton an equivalence.

exists_unique p,(3!x)p, (this notation is not in Bourbaki) means that there exists a
unique x such that p(x).

expansion_value f b assume that f is a functional graph, defined for i < k and such
that f; < b; the value is Y f;b' [111].

extends g f, extendsC g f says g(x) = f(x) whenever f(x) is defined.

extends_in E F is the relation extends in ®(E, F), [8].

extension_order E F is the order associated to extends_in E'F, [8].

ext_map_prod I X Y g is the function (x),e1 — (g (x))e1 from [[; X, into []; Y,.

ext_to_prod u vis the function (x, y) — (u(x), v(y)), sometimes denoted u x v.

extension_to_parts f, denotes the function x — f(x), from B3 (A) into B (B).

factorial n, n!, is the factorial function, .

fet_to_list A fnis the list of type A containing f (i) for i < n,
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fet_sum fn, fct_prod fn, is the sum or product of the values f (k) for k < n, computed
via fct_to_list, [104].

finer_equivalence s r, comparison of equivalences, x 2 y implies x ~ y.

finite_int_fam f says that f is a functional graph, with a finite domain and whose
range is a subset of the set of integers, [38].

first_proj g is the function x — pr;x (x € g).

first_proj_equiv xy, first_proj_equivalencex y, is the equivalence associated to first_proj
on the set x x y.

fcompose fg, f o g, composition of two graphs, without assumption.

fcomposable f g says that graphs g and f o g have the same domain.

fegraph f says that f is a functional graph.

functional_graph f says that f is a functional graph.

function_order EF G, function_order_r EF G, is the order defined on & (E; F) by Vx, f(x)<g
g(x), [16].

function_prop f's t, function_prop_sub f's t. This is the property that f is a function
from s into ¢, or into a subset of ¢.

fun_image x f, f(x), is the value of f on the set x.

fun_on_quotientrf, function_on_quotientr fb, function_on_quotients, fun_on_quotients
rr’ f, the function obtained from f on passing to the quotient of r (or r and r’).

fun_set_to_prod E X is the canonical bijection between ([TX))E and [TXE.

gcompose f' g, f o g, composition of two graphs, assumes that range g is a subset of
domain f.

ggerxy, x=y,saysthat y < x, [12]

ggtrxy, x>y, saysthat x= yand x # y,

glerxy, x <y, says that x and y are related by r,

gltrxy,x<y,saysx<yand x#y,

graph f is a part of a correspondence.

graph_of function X Y is the function f — Gy defined on ®(E,F), where Gy is the
graph of f, [14].

graph_of _partition, is the function ® — ®, see partition_relation_set,

graph_on r X is the graph of the relation r restricted to X.

graph_order E F G, graph_order_r EF Gis the order defined on FE by Vx, f(x) <g g(x),
[16].

greatest_element r a is the property that a is the greatest (unique maximal) element
of the substrate of the order r, [21].

greatest_lower_bound r X a is the property that a is the greatest element of the set of
lower bounds of X, [25].

has_infimum r X says that X has a infimum, [25].

has_inf_graph r f says that the image of the graph f has an infimum, [28].
has_supremum r X says that X has an supremum, .

has_sup_graph r f says that the image of the graph f has a supremum, [28].
identity A, 1, is is the graph of the identity function on the set A.
identity_fun A, 1, is the identity function on the set A.

IM stands for the image of a function. Its axioms implement the Scheme of Selection
and Union.
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image_by_funfA, f(A),is{t,Ax €A, t= f(x)}.

image_by_graph fx, f(A),is{t,Ax €A, (x,1) € f}.

image_of _fun f, is the image of f.

incxy or x € y means that x is an element of y.

inclusionC x y, Iy, it is the inclusion map on x < y as a Coq function.

inclusion_order A, is the order induced by < on P3(A) [7].

inclusion_suborder A, is the order induced by c on A [7].

increasing map f s r r, increasing fun frr’is a function such that x <, y implies
fx) =y f), ~

increasing_pre fr 1’ says that f is an increasing function for preorders r and r/, .

increasing sequence fr says that f is an increasing function with source N and target
r, [136].

induced_relation R A, Ry, is the equivalence induced by R on A.

induced_order R A, Ry, is the order induced by R on A .

induction_defined s a is the function f defined by f(0) = a and f(n+1) = s(f(n)),
[I31].

induction_definedl E h ais the function f defined by f(0) = aand f(n+1) = h(n, f(n)),
1131].

induction_defined2 E h a p is the function f defined for n < p by f(0) = aand f(n+
1) = h(n, f(n)), [131].

inductive_set r means that r is an order whose substrate is inductive, [49].

infrxy, inf(x, y), is the greatest lower bound of pair {x, y} (if it exists), .

infimum r X, infg X, is the greatest lower bound of X (if it exists), .

infinite_set x means that x is a not a finite set, [75].

inf graph r f, chrellt; f(x), is the greatest lower bound of the image of the graph f (if it
exists), [28].

injective f, injectiveC f, means that f is an injection.

in_same_coset f is the relation “there exists i such that x € f(i) and y € f(i)” between
x and y.

intersection X, (X, is the intersection of a set of sets.

intersectiont I f, intersectionf x f, intersectiont g, [ | X, is the set of elements a such that
el
forall 1 € I we have a € X,.

intersection2 X Y, XNY, is the intersection of two sets.
intersection_covering, intersection of coverings, .

interval_oorab, interval_ocra b, interval_ou r a, interval_corab, interval_ccrab,
interval_cu r a interval_uo r bn, interval_uc r b interval_uu r; Intervals, [35].
interval_Bnat a b, interval_co_0a cis the interval [a, b] or [0, c[ as a subset of N.[95]
interval_Bnato a b, interval_Bnatco ais the interval [a, b] or [0, c[ as an ordered set.
inverse_direct_value f X, Xy, is F X,
-1
inverse_graph G, G, inverse graph of the graph G.
-1
inverse_fun f or inverseCab fH, |, inverse of the function f.

-1
inverse_image x f, f (x), is the inverse value of f on the set x.

inv_image_relation f'r, is the inverse image of the relation r under the function f.
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inv_image_by_graph f x, inv_image_by_fun r x, fl(x>, direct image of a set by the
inverse function

inv_corr_value t associates to a t = (G, A, B) its correspondence f.

inv_graph_canon G is the bijection (x, y) — (, x) from G to G~ 1.

is_antisymmetric r says that the graph r is antisymmetric, [5].

is_bounded_interval r x, see interval.

is_cardinal x says that x is of the form Card(x), [61].

is_class r x says that x is an equivalence class for r.

is_closed_interval r x, see interval.

is_countable_set x says that x is equipotent to N, .

is_correspondence f says that f is associated to a triple (G, A, B).

is_equivalence r says that the graph r is an equivalence.

is_expansion f b k say that f is a functional graph, defined for i < k and such that
fi <b, [117].

is_finite_c x, is_finite_set y: a cardinal x is finite if x # x + 1, a set is finite if its cardinal
is finite, [72].

is_function f says that f is a function in the sense of Bourbaki.

is_graph f says that f is a set of pairs.

is_graph_of g ris true if g is the graph of the relation r.

is_infinite_c x means that x is a cardinal that is not finite, .

is_inf fun r fx, is_inf_graph r f x, says that x is the supremum of the image of the
function of graph f for the order r, [27].

is_interval r x, see interval.

is_left_inverse r f means that r is a retraction or left-inverse of f, and ro f is the
identity.

is_left_unbounded_interval r x, see interval.

is_open_interval r x, see interval.

is_reflexive r says that the graph r is reflexive.

is_restriction f g says that f is the restriction of g to some set.

is_right_inverse s f means that s is a section or right-inverse of f, and f o s is the
identity.

is_right_unbounded_interval r x, see interval.

is_segmentr s, says that s is the interval | —, x[ or the whole substrate of a well ordered
relation r, [40].

is_semi_open_interval r x, see interval.

is_singleton x means that x is a singleton.

is_sup_fun r fx, is_sup_graph r f x, says that x is the supremum of the image of the
function or graph f for the order r, [27].

is_symmetric r says that the graph r is symmetric.
is_unbounded_interval r x, see interval.

is_transitive r says that the graph r is transitive.

Jxy, or (x,y),is an ordered pair, formed of two items x and y.

nil is the empty list.

LXf, fcreate X f; £« f is the graph formed of all (x, f(x)) with x € X.
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largest_partition x is the set of all singletons of x.
lattice r, is a relation for which sup(x, y) and inf(x, y) exist, [33].

least_element r aids the property that a is the least (unique minimal) element of the
substrate of the order r, [21].

least_upper_bound r X a is the property that a is the least element of the set of upper
bounds of X, [25].

left_directed r means that each doubleton is bounded below, [32].

left_inverseC, left inverse of a Coq function.

lexicographic_order r f g, lexicographic_order_rr fg, lexicographic_order_axiomsr fg:
assume that f is a family of sets with index I, g is a family of orders with index I
such that the substrate of g, is fi, and r is a well-ordering on I; these conditions

are the axioms; they allow to define an ordering and an order relation on the
product of the family f, [52].

LHS is the left hand side of an equality.

list_range L is the smallest set containing all elements of the list,

list_subset L E says that all elements of the list L belong to the set E,

list_sum L, list_prod L, is the sum or product of the element of the list L .

list_to_fct L, list_to_fL, list_to_fctB L, list_to_fB L E, converts the list L into a mapping
N — N, or a function with source [0, n[ and target N or E.[99], [100].

lower_bound r X x says that for all y € X, we have x <, y, [24].

Lvariant a b x y, variant a x y, Lvariantc x y, these are functions whose range is the
doubleton {x, y}.

maximal_element r a says that x <, a implies x = a, .

merge_int n mis a bijection N x N — N, [I33].

minimal_element r a says that x =, a implies x = a, [20].

monotone_fun frr’is a, increasing or decreasing function, [18].

mutually disjoint f says that for all distinct i and j, f(i) and f(j) are disjoint.

nat, N is the type of natural integers in Coq.

nat_to_B, ./ is the canonical bijection from nat to the set of finite cardinals, [85].

natR nis maps a natural number onto a pseudo-ordinal,

neqxy, x # y, is inequality.

Nquo aband Nrem a b are the quotient and remainder in the division of a by b, [108].

number_of _injections b ais a!/(a—b)!, [114].

of finite_character x says that x is of finite character, [79)].

one_point is the basic singleton.

opposite_relation r is the relation r(y, x) between x and y, [5].

opposite_order r is inverse graph of r, [5].

order r says that the graph r is an order, [6].

order_associated r is the order associated to a preorder by passing on the quotient of
“x<yand y<x”,

order_axioms r s is the condition on which r is an order on s [12].

order_c f says that the graph of the function r is an order, [6].

order_isomorphism frr’ says that f is an injective increasing function from the sup-
port of the order r into the support of the order r’, [13].
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order_morphism frr’says that f is an injective increasing function from the support
of the order r into the support of the order r/, [13].

order_r r says that the relation r is an order, .

order_re r x says that the relation r is an order on x, [6].

order_with_greatest r a is the order obtained from r by adjoining a greatest element
a,

ordinal_sumrfg Y X, is the ordinal sum of the family of sets f (i), where each set
is ordered by g(i) and the index set by r. [53].

ordinal_sum2rr’, E1 + E,, is ordinal sum of two sets. [54].

Pz, pr, z denotes x if z is the pair (x, ).

partial_funl fy, partial_funl fx, partial functions.

partition y x, partition_s y x,partition_fam f x, thee variants that say that y or f is a
partition of x.

partition_fun_of set Y X is the canonical injection from Y int 3(X), (if Y is a partition
of X then Y € PR X)) [@].

partition_relation f x is the equivalence relation associated to the partition f of x.

partition_relation_set y x, ®, is the graph of the equivalence associated to the parti-
tion y = ® of x, [9].

partition_with_complement X A, is the partition of X formed of A and its complemen-
tary set.

partition_with_pi_elements p E f says that the sets f(i) are of cardinal p;, mutually
disjoint and form a covering of E, [116].

pow xy, xY, is the power function on the type nat, [85].
powerset x, P3(x), is the set of subsets of x.

pr, z, pr,z stand for prl zand pr2 z. These are also denoted by P and Q. If z is the pair
(x,y), these functions return x and y respectively.

pr_ifi, pr_it fi, pr; f, denotes a component of an element of a product.

pr_j fJ, pr; f, is the function (x)ie1 — (x)1ej

prec x is the finite cardinal y whose successor is y. It exists if x is a non-zero finite
cardinal, [73].

preorder r is a reflexive and transitive graph, [10].

preorder_r is a reflexive and transitive relation, .

prod_assoc_map is the function whose bijectivity is the “theorem of associativity of
products”.

prod_of_function u v, is the function x — (u(x), v(x)).

prod_of _products_canon F F’, is the bijection between [[F, x ]'[F{ and [[(F, x F{).

prod_of _relation R R, R x R/, is the product of two equivalences.

product A B, A x B, is the set of all pairs (a, b) with a€ Aand b e B

productt I X, product b g or productfIf, HXl is the product of a family of sets.

el
productl x ais the product of the family defined on the singleton {a} via value x.

productl_canon x ais the canonical application from x into productl x a.

product2 x y is the product of the family defined on the doubleton {a, b} via value x
and y.

product2_canon x y is the canonical application from x x y into product2 x y.

product_compose, auxiliary function used for change of variables in a product.
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product_order f g, product_order_r f g, is the order on the product [[X; induced by I';
(where f defines the family X; and g defined the family I';), [16].

pseudo_ordinal x says that x is a pseudo-ordinal, .

Q z, pr,z denotes y if z is the pair (x, y).

quotient R, E/R, is the set of equivalence classes of R
quotient_of relations r s, R/S, is the quotient of two equivalences

quotient_order_r r s is the preorder relation induced in the quotient E/S by the pre-
order >g, where E is the common substrate of R and S, [148].

range f is the set of y for which there is an x with (x, y) € f, itis pr,(f).
reflexive_r r x says that the relation r is reflexive in x.

reflexive_rr r says that the relation r is reflexive, [5].

related r x y is a short-hand for (x,y) e r.

relation_on_quotient p r is the relation induced by p(x) on passing to the quotient
(with respect to x) with respect to R.

rep x is an element y such that y € x, whenever x is not empty.

representative_system s f x means that, for all i, snX; is a singleton, where X; is a
partition of x associated to the function f.

representative_system_function g f x, means that g is an injection whose image is a
system of representatives (see definition above).

restr x G is the restriction to x of the graph G.

rest_plus_interval a b, rest_minus_interval a b are the function x — x+band x — x—b
as bijections between [0, a] and [b, a + b],

restricted_eq E is the relation “xe Eand ye Eand x = y”.

restriction_function fx is like restr, but f and the restrictions are functions.

restriction2_axioms f x y is the condition: f is a function whose source contains x,
whose target contains y, moreover a € x implies f(a) € y.

restriction2 fx y, restriction2C f x y, restriction of f as a function x — y.

restrictionC f H is the restriction to x of the function f : a — b, where H proves x c a
implicitly.

restriction_product fj is the product of the restrictions of [ f to J.

restriction_to_image f is the restriction of the function f to its range.

restriction_to_segment r x g, g%, is the restriction of g to the segment S defined by
the order r,

restriction_to_segment_axiom r x g is the property for restriction_to_segment to be
well-behaved,

retraction: see is_left_inverse.

RHS is the right hand side of an equality.

right_directed r means that each doubleton is bounded above, [32].

right_inverseC, right inverse of a Coq function.

Ro x or Zx converts its argument x of type u to a set, which is an element of u.

saturated r x means: for every y € x, the class of x for the relation r is a subset of x.

saturation_of r x is the saturation of x for r.

second_proj g is the function x — pr,x (x € g).

section: see is_right_inverse.

section_canon_proj R is the function from E/R into E induced by rep.
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segment r x, Sy, is the interval | —, x[, [40].

set_for_equipotent_inf2_inf E psiis a set used when proving that E is gequipoptent to
E x E when E is infinite, [133].

set_of _correspondences A B means the set of triples

set_of cardinals_le x is the set of all cardinals < x, [63].

set_of _endomorphisms E, is the set of triples (G, E,E) associated to functions from E
into E.

set_of finite_subsets x is the set of finite subset sof x, [78].

set_of functions E F, denoted & (E; F), is the set of triples (G, E, F) associated to func-
tions from E into F.

set_of functions_sum_le E n, set_of _functions_sum_eq E n is the set of functions f :
E — [0,n] such thatthe sum )_ f(i)is<nor=n, .

set_of gfunctions E F, denoted FE, is the set of graphs of functions from E to F

set_of injections E F is the set of injective functions from E into F, [114].

set_of majorantsl is used in an example.

set_of partition p E is the set of all partitions X; of E, where each X; has p; elements,
[116].

set_of partition_set X is the set of all partitions of X, .

set_of _permutations E F, is the set of injective functions from E onto itself, .

set_of _segments r, set_of_segments_strict r, is the set of all segments of an ordered set
(with possible exclusion of the whole set), [42].

set_of _sub_functions E F, denoted ®(E;F) is the set of triples (G, A,F) associated to
functions from Ac E into F.

set_of graphs E F, is the set of functional graphs from E to F, [14].
set_of_preorders E, is the set of preorders on E, [15].
singleton x, {x}, is a set with one element.

single_list_prop A L Qsays that all elements of the list L of type A satisfy the predicate
Q, [101].

sof_value x y z converts three elements into a correspondence,.
small_set x means that x hast at most one element.
smallest_partition x is the singleton {x}.

source f contains (resp. is equal to) the domain of the graph of a correspondence f
(resp. function f).

stationary_sequence f says that the restriction of f to some interval [n,— [ is con-
stant, [136].

strict_decreasing map fsrr’, strict_decreasing fun frr’is a function such that x <, y
implies f(x) >, f(y), [18].

strict_increasing_map f's r r’, strict_increasing_fun frr’is a function such that x <, y
implies f(x) <, f(y), [18].

strict_monotone_fun frr’is a strictly increasing or strictly decreasing function, [18].

strict_subxy, x C y, means x € yand x # y.

sub x y, x C y, means that x is a subset of y.

substrate r is the union of the domain and range.

subsets_with_p_elements p E, is the set of subsets of E having p elements, [119].

succxis x+1, [72].
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sup rxy, sup(x, ), is the least upper bound of the pair {x, y} (if it exists), [25].

supremum r X, supgX, is the least upper bound of X (if it exists), [25].

sup_graph r f, sup f(x), is the least upper bound of the image of the graph f (if it
€A

exists), x
surjective f, surjectiveC f, means that f is a surjection.
symmetric_r r says that the relation r is symmetric.
target f contains the range of the graph of a correspondence f.

transf_axioms f A B says that for all x € A we have f(x) € B, case where Zxgf is a
function.

transfinite_def r p f, Z(E, p, f), says that f is defined by transfinite induction on the
set E, well-ordered by r, via the property p, [45].

transfinite_defined r p is the function defined by the property p by transfinite induc-
tion on the well-ordered set r, [45].

transitive_r r says that the relation r is transitive.
transitive_set x says thatif a€ b and b € x then a € x, [80].
total_order r means that r is a total order, [33].
fwo_points is the basic doubleton.

union X, | JX, is the union of a set of sets.

uniont I f, unionf x f, uniont g, |_JX, is the set elements a with a € X, for some 1€ L.
el

union2 a b, aU b, is the union of two sets.

upper_bound r X x says that for all y € X, we have y <, x, [24].

Vxf,V(x, f)or V¥x, is the value at the point x of the graph f.

variant, see Lvariant.

Wx f, #rx, is the value at the point x of the function f.

well-ordered set, well-ordering relation, well-ordering: see worder.

worder r says that r is a well-ordering,

worder_r r says that r is a relation, that induces a well-ordering on each set where it
is reflexive, [60].

Xo fy, X (f,y), thisis f(x)if y = Zx.

Yo Pxy, % (P x, ), is a function that associates to z the value x is P is true, and y if P
is false.

Zox R, Z(x,R), &x(R) or {x,R}: it is the set of all x that satisfy R.
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