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Geometric Tomography With Topological Guarantees

❉❡✜♥✐t✐♦♥ ✻ ✭▼❡❞✐❛• ❆①✐s ♦❢ ∂O C ✱ ■♥t❡r♥❛• & ❊①t❡r♥❛• |❡tr❛❝ts ✐♥ C✮ ■♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐♥ ❛ ❝❡•• C✱ ✇❡ ✇✐•• ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ♠❡❞✐❛• ❛①✐s ♦❢ O C ✱ ❞❡♥♦t❡❞ ❜② ▼❆(∂O C )✱ ❞❡✜♥❡❞ ❛s t❤❡ s❡t ♦❢ ♣♦✐♥ts ✐♥ C ✇✐t❤ ❛t •❡❛st t✇♦ ❝•♦s❡st ♣♦✐♥ts ✐♥ ∂O C ✳ ❇② ▼❆ i (∂O C ) ✭r❡s♣✳ ▼❆ e (∂O C )✮ ✇❡ ❞❡♥♦t❡ t❤❡ ♣❛rt ♦❢ ▼❆(∂O C ) t❤❛t •✐❡s ✐♥s✐❞❡ ✭r❡s♣✳ ♦✉ts✐❞❡✮ O C ✳ ◆♦t❡ t❤❛t t❤❡ t✇♦ s❡ts ▼❆(∂O C ) ❛♥❞ ▼❆(∂O) ∩ C ♠❛② ❜❡ ❞✐✛❡r❡♥t✳ ❲❡ ❛•s♦ ❝♦♥s✐❞❡r t❤❡ ✐♥t❡r♥❛• r❡tr❛❝t m i,C : ∂O C → ▼❆ i (∂O C ) ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ ❢♦r ❛ ♣♦✐♥t x ∈ ∂O C ✱ m i,C ( 
♥❞ •✐❡ ♦♥ t❤❡ •✐♥❡ ❞❡✜♥❡❞ ❜② t❤❡ ♥♦r♠❛• t♦ ∂O ❛t x✳ ▲❡♠♠❛ ✶ ✭❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ |❡str✐❝t❡❞ t♦ C✮ ■❢ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥✲ ❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞ t❤❡♥ ▼❆ i (∂O C ) ⊂ R C ❛♥❞ R C ⊆ C \ ▼❆ e (∂O C )✳ Pr♦♦❢ ❲❡ ♣r♦✈❡ t❤❡ ✜rst ♣❛rt✱ ▼❆ i (∂O C ) ⊂ R C ✳ ❆ s✐♠✐•❛r ♣r♦♦❢ ❣✐✈❡s t❤❡ s❡❝♦♥❞ ♣❛rt✳ ▲❡t m ❜❡ ❛ ♣♦✐♥t ✐♥ ▼❆ i (∂O C )✱ ❛♥❞ B(m) ❜❡ t❤❡ ♦♣❡♥ ♠❡❞✐❛• ❜❛•• ❝❡♥t❡r❡❞ ❛t m✳ ❚✇♦ ❝❛s❡s ❝❛♥ ❤❛♣♣❡♥✿ • ❊✐t❤❡r✱ t❤❡ ❝•♦s❡st ♣♦✐♥ts t♦ m ✐♥ ∂O C ❛r❡ ✐♥ ∂O✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ m ✐s ❛ ♣♦✐♥t ✐♥ ▼❆ i (∂O)✳ ❚❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ st❛t❡s t❤❛t ▼❆ i (∂O) ⊂ R✱ ❛♥❞ s♦ m ∈ R C = R ∩ C✳ • ❖t❤❡r✇✐s❡✱ ♦♥❡ ♦❢ t❤❡ ❝•♦s❡st ♣♦✐♥ts t♦ m ✐♥ ∂O C ✐s ❛ ♣♦✐♥t a ✐♥ s♦♠❡ s❡❝t✐♦♥ A ∈ S C ✳ ■❢ a ✐s ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ A✱ t❤❡♥ s✐♥❝❡ ❛•♦♥❣ t❤❡ s❡❝t✐♦♥✲❝♦♥t♦✉rs ∂O C ✐s ♥♦♥✲s♠♦♦t❤✱ a •✐❡s ✐♥ ▼❆ i (∂O C ) ❛♥❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ m✱ ❛♥❞ m = a ✐s tr✐✈✐❛••② ✐♥ R C ✳ ❍❡♥❝❡✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t a •✐❡s ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ A✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❜❛•• B(m) ✐s t❛♥❣❡♥t t♦ A ❛t a✱ ❛♥❞ t❤❡ •✐♥❡ s❡❣♠❡♥t [a, m] ✐s ♦rt❤♦❣♦♥❛• t♦ A✳ ❙✐♥❝❡ B(m) ∩ ∂C = ∅✱ m ❛♥❞ a ❛r❡ ✐♥ t❤❡ s❛♠❡ ❱♦r♦♥♦✐ ❝❡•• ♦❢ t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❢❛❝❡s ♦❢ C✳ ❚❤✉s✱ a ∈ S C ✐s t❤❡ ♥❡❛r❡st ♣♦✐♥t ✐♥ ∂C t♦ m✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R C ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t m ∈ R C ✳ ■◆|■❆ •❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦•♦❣✐❝❛• •✉❛r❛♥t❡❡s ✾ ❆ss✉♠❡ t❤❛t t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞✳ ❚❤❡ ✜rst ✐❞❡❛ ✇❤✐❝❤ ❝♦♠❡s ✐♥t♦ ♠✐♥❞ ✐s t♦ r❡tr❛❝t ♣♦✐♥ts ♦❢ ∂O t♦ ∂R ❜② ❢♦••♦✇✐♥❣ t❤❡ ♥♦r♠❛•✲❞✐r❡❝t✐♦♥s✳ ❆ ♣♦✐♥t x ∈ ∂O ✇❤✐❝❤ •✐❡s ♦✉ts✐❞❡ R✱ ❝❛♥ ♠♦✈❡ t♦✇❛r❞s m i (x) ∈ R ❛♥❞ st♦♣ ✇❤❡♥ ∂R ✐s r❡❛❝❤❡❞✳ ❆ ♣♦✐♥t x ∈ ∂O ✇❤✐❝❤ •✐❡s ✐♥s✐❞❡ R✱ ❝❛♥ ♠♦✈❡ t♦✇❛r❞ m e (x) ❛♥❞ st♦♣ ✇❤❡♥ ∂R ✐s r❡❛❝❤❡❞✳ ❙✐♥❝❡ ∂O ✐s ❛ss✉♠❡❞ t♦ ❜❡ s♠♦♦t❤✱ t❤❡ ♥♦r♠❛•s ❢♦r♠ ❛ ❝♦♥t✐♥✉♦✉s ✈❡❝t♦r ✜❡•❞✳ ❍❡♥❝❡✱ t❤✐s ❞❡❢♦r♠❛t✐♦♥ ✇✐•• ❜❡ ❛ ❝♦♥t✐♥✉♦✉s r❡tr❛❝t✐♦♥ ✐❢ ❡❛❝❤ ♥♦r♠❛• ✐♥t❡rs❡❝ts ∂R ❛t ❛ s✐♥❣•❡ ♣♦✐♥t✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ∂O ❝❛♥ ❜❡ ❞❡❢♦r♠❡❞ t♦ ∂R ❤♦♠❡♦♠♦r♣❤✐❝❛••②✳ ❇✉t ❛ ♠❛•♦r ♣r♦❜•❡♠ ✐s t❤❛t R ♠❛② ❤❛✈❡ ❛ ❝♦♠♣•❡① s❤❛♣❡ ✭✇✐t❤ ❝❛✈✐t✐❡s✮✱ s♦ t❤❛t ❛ ♥♦r♠❛• t♦ ∂O ✐♥t❡rs❡❝ts ∂R ✐♥ s❡✈❡r❛• ♣♦✐♥ts✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ s✉❝❤ ❛ r❡tr❛❝t✐♦♥ ✐s ♥♦t ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ O ♦♥t♦ R✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐•• ❜❡ ❡ss❡♥t✐❛••② ❢♦••♦✇✐♥❣ t❤✐s ✐♥t✉✐t✐✈❡ ✐❞❡❛ ❜② •♦♦❦✐♥❣ ❢♦r ❛ s✐♠✐•❛r ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ O ♦♥t♦ ❛ s✉❜s❤❛♣❡ ♦❢ R ✭t❤❡ s♦✲❝❛••❡❞ ♠❡❞✐❛• s❤❛♣❡✮✳ ■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ ❛♥❞ ❙❡❝t✐♦♥ ✺ ✭♦♥ t❤❡ ♠❡❞✐❛• s❤❛♣❡✮✱ ✇❡ ✇✐•• ♦❜t❛✐♥ ❛ s❡t ♦❢ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ t❤❛t ✇❡ ✇✐•• ♥❡❡❞ ❢♦r t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✳ ✹✳✶ •✉❛r❛♥t❡❡s ♦♥ t❤❡ ❈♦♥♥❡❝t✐♦♥s ❇❡t✇❡❡♥ t❤❡ ❙❡❝t✐♦♥s ❲❡ ♥♦✇ s❤♦✇ t❤❛t ✐❢ t❤❡ s❛♠♣•❡ ♦❢ ❝✉tt✐♥❣ ♣•❛♥❡s ✈❡r✐✜❡s t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐✲ t✐♦♥✱ t❤❡♥ ✐♥ ❡❛❝❤ ❝❡•• C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✱ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡❝t✐♦♥s ✐s t❤❡ s❛♠❡ ✐♥ O C ❛♥❞ R C ✳ ❚❤❡♦r❡♠ ✶ ■❢ t❤❡ s❛♠♣•❡ ♦❢ ❝✉tt✐♥❣ ♣•❛♥❡s ✈❡r✐✜❡s t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ R C ❛♥❞ O C ✐♥❞✉❝❡ t❤❡ s❛♠❡ ❝♦♥♥❡❝t✐✈✐t② ❝♦♠♣♦♥❡♥ts ♦♥ t❤❡ s❡❝t✐♦♥s ♦❢ C✳ Pr♦♦❢ ❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ t✇♦ ♣❛rts✿ ✭■✮ ■❢ t✇♦ s❡❝t✐♦♥s ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ R C ✱ t❤❡♥ t❤❡② ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ O C ✳ ▲❡t A ❛♥❞ A ′ ❜❡ t✇♦ s❡❝t✐♦♥s ❝♦♥♥❡❝t❡❞ ✐♥ R C ✳ ▲❡t γ ❜❡ ❛ ♣❛t❤ ✐♥ R C t❤❛t ❝♦♥♥❡❝ts ❛ ♣♦✐♥t a ∈ A t♦ ❛ ♣♦✐♥t a ′ ∈ A ′ ✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❛ ❝♦♥tr❛✲ ❞✐❝t✐♦♥✱ s✉♣♣♦s❡ t❤❛t a ❛♥❞ a ′ ❛r❡ ♥♦t ✐♥ t❤❡ s❛♠❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ O C ✳ ■♥ t❤✐s ❝❛s❡✱ ❛s γ •♦✐♥s t✇♦ ♣♦✐♥ts ✐♥ t✇♦ ❞✐✛❡r❡♥t ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦✲ ♥❡♥ts ♦❢ O C ✱ ✐t ✐♥t❡rs❡❝ts ▼❆ e (∂O C )✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t γ ⊂ R C ✱ s✐♥❝❡ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶ ✇❡ ❤❛✈❡ ▼❆ e (∂O C ) ∩ R C = ∅✳ ✭■■✮ ■❢ t✇♦ s❡❝t✐♦♥s ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ O C ✱ t❤❡♥ t❤❡② ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ R C ✳ ▲❡t A ❛♥❞ A ′ ❜❡ t✇♦ s❡❝t✐♦♥s ✐♥ ❛ s❛♠❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t K ♦❢ O C ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♥♦♥✲s♠♦♦t❤♥❡ss ♦❢ ∂O C ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥s✱ ∂A ❛♥❞ ∂A ′ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ▼❆ i (∂O C )✳ ❚❤✉s✱ t❤❡r❡ ✐s ❛ ♣❛t❤ γ ✐♥ ▼❆ i (∂O C ) ∩ K t❤❛t ❝♦♥♥❡❝ts ❛ ♣♦✐♥t a ∈ ∂A t♦ ❛ ♣♦✐♥t a ′ ∈ ∂A ′ ✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✱ ▼❆ i (∂O C ) ⊂ R C ✳ ❚❤✉s✱ γ ✐s ❛ ♣❛t❤ ✐♥ R C t❤❛t ❝♦♥♥❡❝ts A t♦ A ′ ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠✱ t♦ ♣r♦✈❡ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ❜❡t✇❡❡♥ R C ❛♥❞ O C ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ ✇❡ ♠❛② r❡str✐❝t t♦ ❡❛❝❤ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ || ♥➦ ✼✶✹✼ ✶✵ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐ ■♥ t❤❡ s❡q✉❡•✱ t♦ s✐♠♣•✐❢② t❤❡ ♥♦t❛t✐♦♥s ❛♥❞ t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ s✉♣♣♦s❡ t❤❛t O C ❛♥❞ t❤✉s R C ❛r❡ ❝♦♥♥❡❝t❡❞✱ ❛♥❞ ✇❡ s❤♦✇ t❤❛t O C ❛♥❞ R C ❤❛✈❡ t❤❡ s❛♠❡ ❤♦♠♦t♦♣② t②♣❡✳ ■t ✐s ❝•❡❛r t❤❛t t❤❡ s❛♠❡ ♣r♦♦❢s ❝❛♥ ❜❡ ❛♣♣•✐❡❞ t♦ ❡❛❝❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ O C ❛♥❞ R C t♦ ✐♠♣•② t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ✐♥ t❤❡ ❣❡♥❡r❛• ❝❛s❡ ♦❢ ♠✉•t✐♣•❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ✺ ▼❡❞✐❛• ❙❤❛♣❡ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ s❤❛♣❡ ✐♥ ❡❛❝❤ ❝❡•• C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t ❝❛••❡❞ t❤❡ ♠❡❞✐❛• s❤❛♣❡✳ ❚❤❡ ♠❡❞✐❛• s❤❛♣❡ ❡♥•♦②s ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s✱ ❞✐s❝✉ss❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ♣•❛②✐♥❣ ❛♥ ✐♠♣♦rt❛♥t r♦•❡ ✐♥ ♦❜t❛✐♥✐♥❣ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ♦❢ t❤❡ ♥❡①t s❡❝t✐♦♥s✳ ❉❡✜♥✐t✐♦♥ ✼ ✭▼❡❞✐❛• ❙❤❛♣❡ M C ✮ ▲❡t x ❜❡ ❛ ♣♦✐♥t ✐♥ S C ⊂ ∂O C ✳ ▲❡t w(x) = [x, m i,C (x)] ❜❡ t❤❡ s❡❣♠❡♥t ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛• t♦ ∂O C ❛t x ✇❤✐❝❤ ❝♦♥♥❡❝ts x t♦ t❤❡ ♣♦✐♥t m i,C (x) ∈ ▼❆ i (∂O C )✳ ❲❡ ❛❞❞ t♦ ▼❆ i (∂O C ) ❛•• t❤❡ s❡❣♠❡♥t w(x) ❢♦r ❛•• t❤❡ ♣♦✐♥ts x ∈ S C ✳ ❲❡ ❝❛•• t❤❡ r❡s✉•t✐♥❣ s❤❛♣❡ M C ✱ s❡❡ ❋✐❣✉r❡ ✷✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ M C := ▼❆ i (∂O C ) ∪ ( x∈S C w(x))✳ ❋✐❣✉r❡ ✷✿ ❆♥ ✐••✉str❛t✐♦♥ ♦❢ t❤❡ ♠❡❞✐❛• s❤❛♣❡ ✐♥ ❣r❡❡♥✳ Pr♦♣♦s✐t✐♦♥ ✶ ❚❤❡ ♠❡❞✐❛• s❤❛♣❡ ✈❡r✐✜❡s t❤❡ ❢♦••♦✇✐♥❣ s❡t ♦❢ ♣r♦♣❡rt✐❡s✿ (i) ❚❤❡ ♠❡❞✐❛• s❤❛♣❡ ❝♦♥t❛✐♥s t❤❡ s❡❝t✐♦♥s ♦❢ C✱ ✐✳❡✳✱ S C ⊆ M C ✳ (ii) ❚❤❡r❡ ✐s ❛ ✭str♦♥❣✮ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t r ❢r♦♠ O C t♦ M C ✳ ■♥ ♣❛rt✐❝✉✲ •❛r✱ t❤✐s ♠❛♣ ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ❜❡t✇❡❡♥ O C ❛♥❞ M C ✳ ❆♥❞ ✐ts r❡str✐❝t✐♦♥ t♦ S C ✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣✳ (iii) ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ M C ⊆ R C ✳ Pr♦♦❢ (i) ❚❤✐s ♣r♦♣❡rt② ✐s tr✉❡ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠❡❞✐❛• s❤❛♣❡✳ (ii) ❚❤✐s ✐s ❡❛s✐•② ♦❜t❛✐♥❡❞ ❜② ❞❡❢♦r♠✐♥❣ O C t♦ M C ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛•s t♦ t❤❡ ❜♦✉♥❞❛r② ∂O C ✳ ◆♦t❡ t❤❛t t❤❡ ❜♦✉♥❞❛r② ∂O C ✐s s♠♦♦t❤ ❡①❝❡♣t ♦♥ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ s❡❝t✐♦♥s ✐♥ S C ✱ ❛♥❞ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ s❡❝t✐♦♥s ✐♥ S C ❛r❡ ❛•r❡❛❞② ✐♥ M C ✱ t❤✉s t❤❡ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ✐s ✇❡•• ❞❡✜♥❡❞ ❛♥❞ ❡❛s✐•② s❡❡♥ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s✳ ■◆|■❆ •❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦•♦❣✐❝❛• •✉❛r❛♥t❡❡s ✶✶ (iii) ❙✐♥❝❡ M C = ▼❆ i (∂O C ) ∪ x∈S C w(x) ❛♥❞ ▼❆ i (∂O C ) ⊂ R C ✱ ✐t ✇✐•• ❜❡ s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t ❢♦r ❛♥② x ✐♥ ❛ s❡❝t✐♦♥ A ∈ S C ✱ w(x) ⊂ R C ✳ ✭|❡❝❛•• t❤❛t w(x) ✐s t❤❡ ♦rt❤♦❣♦♥❛• s❡❣♠❡♥t t♦ ∂O C ❛t x t❤❛t •♦✐♥s x t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡❞✐❛• ♣♦✐♥t m i,C (x) ✐♥ ▼❆ i (∂O C )✳✮ ❲❡ ✇✐•• s❤♦✇ t❤❛t w(x) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❡❣♠❡♥t [x, lift(x)]✳ ❚❤❡ ♣♦✐♥t x ✐s t❤❡ ❝•♦s❡st ♣♦✐♥t ✐♥ ∂O C t♦ m i,C (x)✳ ❚❤✉s✱ t❤❡ ❜❛•• ❝❡♥t❡r❡❞ ❛t m i,C (a) ❛♥❞ ♣❛ss✐♥❣ t❤r♦✉❣❤ x ✐s ❡♥t✐r❡•② ❝♦♥t❛✐♥❡❞ ✐♥ O ❛♥❞ ✐ts ✐♥t❡r✐♦r ✐s ❡♠♣t② ♦❢ ♣♦✐♥ts ♦❢ ∂C✳ ❚❤✉s✱ ✐♥ t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❢❛❝❡s ♦❢ C✱ m i,C (a) ✐s ✐♥ t❤❡ s❛♠❡ ❱♦r♦♥♦✐ ❝❡•• ❛s x✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ x ✐s t❤❡ ❝•♦s❡st ♣♦✐♥t ✐♥ S C ⊂ ∂O C t♦ lift(x)✳ ■t ❡❛s✐•② ❢♦••♦✇s t❤❛t d(x, lift(x)) ≥ d(x, m i,C (x))✳ ■t ❢♦••♦✇s t❤❛t t❤❡ s❡❣♠❡♥t [x, m i,C (x)] = w(x) ✐s ❛ s✉❜s❡❣♠❡♥t ♦❢ [x, lift(x)]✳ ❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R C ✱ w(x) ⊂ R C ✳ ❲❡ ❡♥❞ t❤✐s s❡❝t✐♦♥ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ✐♠♣♦rt❛♥t r❡♠❛r❦ ❛♥❞ ♣r♦♣♦s✐t✐♦♥ ✇❤✐❝❤ ✇✐•• ❜❡ ✉s❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❇② r❡♣•❛❝✐♥❣ t❤❡ s❤❛♣❡ O C ✇✐t❤ ✐ts ❝♦♠♣•❡♠❡♥t❛r② s❡t ✇❡ ♠❛② ❞❡✜♥❡ ❛♥ ❡①t❡r✐♦r ♠❡❞✐❛• s❤❛♣❡ M C ✳ ❚❤✐s ✐s ♠♦r❡ ♣r❡❝✐s❡•② ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✳ ▲❡t O ❜❡ t❤❡ ❝•♦s✉r❡ ♦❢ t❤❡ ❝♦♠♣•❡♠❡♥t❛r② ♦❢ O ✐♥ R 3 ✳ ❆♥❞ •❡t O C ❜❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ O ✇✐t❤ t❤❡ ❝❡•• C✳ ❚❤❡ ♠❡❞✐❛• s❤❛♣❡ ♦❢ O C ✱ ❞❡♥♦t❡❞ ❜② M C ✱ ✐s t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ♠❡❞✐❛• s❤❛♣❡s ♦❢ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ O C ✳ ❙✐♠✐•❛r•②✱ ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❤♦•❞s✳ Pr♦♣♦s✐t✐♦♥ ✷ ▲❡t O C ❜❡ t❤❡ ❝•♦s✉r❡ ♦❢ t❤❡ ❝♦♠♣•❡♠❡♥t❛r② ♦❢ O C ✐♥ C ❛♥❞ M C ❜❡ t❤❡ ♠❡❞✐❛• s❤❛♣❡ ♦❢ O C ✳ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✿ (i) ❚❤❡r❡ ✐s ❛ str♦♥❣ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ❢r♦♠ C \ M C t♦ O C ✱ ❛♥❞ (ii) ❲❡ ❤❛✈❡ R C ⊂ C \ M C . Pr♦♦❢ ❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣❡rt② (i) ✐s s✐♠✐•❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ❜② ❞❡❢♦r♠✐♥❣ ❛•♦♥❣ t❤❡ ♥♦r♠❛• ✈❡❝t♦rs t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ O C ✳ ❚❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② (ii) ✐s ❡q✉✐✈❛•❡♥t t♦ M C ⊂ C \ R C ✳ ✻ ❚♦♣♦•♦❣✐❝❛• •✉❛r❛♥t❡❡s ■♠♣•✐❡❞ ❜② t❤❡ ❙❡♣❛✲ r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ❤♦•❞s✳ ❇② t❤❡ ❞✐s❝✉ss✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✹✳✶✱ ❛♥❞ ✇✐t❤♦✉t •♦ss ♦❢ ❣❡♥❡r❛•✐t②✱ ✇❡ ♠❛② s✉♣♣♦s❡ t❤❛t O C ❛♥❞ ❤❡♥❝❡ R C ❛r❡ ❝♦♥♥❡❝t❡❞✳ ❚❤✉s✱ O C ❛♥❞ R C ❛r❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣❛❝t t♦♣♦•♦❣✐❝❛• ✸✲♠❛♥✐❢♦•❞s ❡♠❜❡❞❞❡❞ ✐♥ R 3 ✳ ■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ❞❡✜♥❡❞ t❤❡ ♠❡❞✐❛• s❤❛♣❡ M C ❛♥❞ s❤♦✇❡❞ t❤❛t M C ✐s ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥t t♦ O C ✱ ❜② ❣✐✈✐♥❣ ❛ ✭str♦♥❣✮ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ❢r♦♠ O C ♦♥t♦ M C ✳ ❲❡ ❤❛✈❡ ❛•s♦ s❤♦✇♥ t❤❛t ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ M C ⊂ R C ✳ ❯s✐♥❣ t❤❡s❡ ♣r♦♣❡rt✐❡s✱ t❤❡ ❣♦❛• ✇✐•• ❜❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ✐♥❝•✉s✐♦♥ i : M C ֒→ R C ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡✳ ❆s t❤❡ ♦❜•❡❝ts ✇❡ ❛r❡ ♠❛♥✐♣✉•❛t✐♥❣ ❛r❡ ❛•• ❈❲✲ ❝♦♠♣•❡①❡s✱ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ✐s ❡q✉✐✈❛•❡♥t t♦ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ❛❝❝♦r❞✐♥❣ t♦ ❲❤✐t❡❤❡❛❞✬s t❤❡♦r❡♠✱ s❡❡ ❆♣♣❡♥❞✐① ❆✳ ❍❡♥❝❡✱ ✐t ✇✐•• ❜❡ ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t i : M C ֒→ R C ✐♥❞✉❝❡s ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤♦♠♦t♦♣② ❣r♦✉♣s✳ || ♥➦ ✼✶✹✼ ✶✷ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐ ✻✳✶ ■♥•❡❝t✐✈✐t② ♦♥ t❤❡ ▲❡✈❡• ♦❢ ❍♦♠♦t♦♣② •r♦✉♣s ❲❡ ✇✐•• ♠❛❦❡ ✉s❡ ♦❢ t❤❡ •✐❢t ❢✉♥❝t✐♦♥ ✐♥ C✱ ❝✳❢✳ ❙❡❝t✐♦♥ ✷✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ •✐❢t ❢✉♥❝t✐♦♥ t♦ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜•❡❝t R C ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R C ✱ R C ✐s t❤❡ ✉♥✐♦♥ ♦❢ ❛•• t❤❡ s❡❣♠❡♥ts [a, lift(a)]✱ ❢♦r a ∈ S C ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ •✐❢t ❢✉♥❝t✐♦♥ r❡tr❛❝ts ❡❛❝❤ s❡❣♠❡♥t [a, lift(a)] t♦ lift(a) ❝♦♥t✐♥✉♦✉s•②✳ ❲❡ ✐♥❢❡r t❤❡ ❢♦••♦✇✐♥❣ s✐♠♣•❡ ♦❜s❡r✈❛t✐♦♥✳ Pr♦♣♦s✐t✐♦♥ ✸ ❚❤❡ •✐❢t ❢✉♥❝t✐♦♥ L : R C → lift(S C ) ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ❢♦••♦✇✐♥❣ ❞✐❛❣r❛♠✱ t♦ s❤♦✇ t❤❛t i : M C ֒→ R C ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡✱ ✉s✐♥❣ ❲❤✐t❡❤❡❛❞✬s t❤❡♦r❡♠ ✐t ✇✐•• ❜❡ s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ •✐❢t ❢✉♥❝t✐♦♥ t♦ M C ✐s ❛ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡✳ M C R C
•✐❢t(S C ) / / i ? ? ? ? ? ? ? ? ? ? 

L L ▼♦r❡ ♣r❡❝✐s❡•②✱ ✐❢ L : M C → lift(S C ) ✐s ❛ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡✱ s✐♥❝❡ L : R C → lift(S C ) ✐s ❛•s♦ ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ❛♥❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♠♠✉t❛t✐✈✐t② ♦❢ t❤❡ ❛❜♦✈❡ ❞✐❛❣r❛♠✱ t❤❡ ✐♥❝•✉s✐♦♥ i : M C ֒→ R C ✐♥❞✉❝❡s ✐s♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡ ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ M C ❛♥❞ R C ✳ ❚❤✉s✱ ❲❤✐t❡❤❡❛❞✬s t❤❡♦r❡♠ ✐♠♣•✐❡s t❤❛t i ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡✳ ❲❡ ✜rst s❤♦✇ t❤❛t ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡ r❡str✐❝t❡❞ •✐❢t ❢✉♥❝t✐♦♥ L |M C ✐♥❞✉❝❡s ✐♥•❡❝t✐♦♥s ♦♥ t❤❡ •❡✈❡• ♦❢ ❤♦♠♦t♦♣② ❣r♦✉♣s✳ ❚❤❡♦r❡♠ ✷ ✭■♥•❡❝t✐✈✐t②✮ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡ ❤♦♠♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡ ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ M C ❛♥❞ lift(S C )✱ ✐♥❞✉❝❡❞ ❜② t❤❡ •✐❢t ❢✉♥❝t✐♦♥ L✱ ❛r❡ ✐♥•❡❝t✐✈❡✳ Pr♦♦❢ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ M C ⊂ R C ✳ ▲❡t M C ❜❡ t❤❡ ♠❡❞✐❛• s❤❛♣❡ ♦❢ t❤❡ ❝•♦s✉r❡ ♦❢ t❤❡ ❝♦♠♣•❡♠❡♥t❛r② ♦❢ O C ✐♥ C✳ ❲❡ r❡❢❡r t♦ t❤❡ ❞✐s❝✉ss✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❢♦r ♠♦r❡ ❞❡t❛✐•s✳ |❡❝❛•• t❤❛t ❜② Pr♦♣♦s✐t✐♦♥ ✷✱ ✇❡ ❤❛✈❡ R C ⊂ C \ M C ✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ❢r♦♠ C \ M C t♦ O C ✭✐♥ ♣❛rt✐❝✉•❛r O C ❛♥❞ C \ M C ❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥t✮✳ ❲❡ ❤❛✈❡ ♥♦✇ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ✐♥ ✇❤✐❝❤ ❡✈❡r② ♠❛♣ ✭❡①❝❡♣t t❤❡ •✐❢t ❢✉♥❝t✐♦♥ L✮ ✐s ❛♥ ✐♥•❡❝t✐♦♥ ✭♦r ❛♥ ✐s♦♠♦r♣❤✐s♠✮ ♦♥ t❤❡ •❡✈❡• ♦❢ ❤♦♠♦t♦♣② ❣r♦✉♣s✳ O C M C R C C \ M C •✐❢t(S C ) w w o o o o o o o o o o o o o o ≃ / / i ' ' O O O O O O O O O O O O L / / ≃ g g O O O O O O O O O O O O ≃ ❯s✐♥❣ t❤✐s ❞✐❛❣r❛♠✱ t❤❡ ✐♥•❡❝t✐✈✐t② ♦♥ t❤❡ •❡✈❡• ♦❢ ❤♦♠♦t♦♣② ❣r♦✉♣s ✐s ❝•❡❛r✿ ❋♦r ❛♥② ✐♥t❡❣❡r j ≥ 1✱ ❝♦♥s✐❞❡r t❤❡ ✐♥❞✉❝❡❞ ❤♦♠♦♠♦r♣❤✐s♠ L * : π j (M C ) → ■◆|■❆ •❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦•♦❣✐❝❛• •✉❛r❛♥t❡❡s ✶✸ π j (lift(S C ))✳ ▲❡t x ∈ π j (M C ) ❜❡ s♦ t❤❛t L * (x) ✐s t❤❡ ③❡r♦ ❡•❡♠❡♥t ♦❢ π j (lift(S C ))✳ ■t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t x ✐s t❤❡ ③❡r♦ ❡•❡♠❡♥t ♦❢ π j (M C )✳ ❋♦••♦✇✐♥❣ t❤❡ ♠❛♣s ♦❢ t❤❡ ❞✐❛❣r❛♠✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ❜❡t✇❡❡♥ lift(S C ) ❛♥❞ R C ✱ ✇❡ ❤❛✈❡ t❤❛t i * (x) ✐s ♠❛♣♣❡❞ t♦ t❤❡ ③❡r♦ ❡•❡♠❡♥t ♦❢ π j (R C )✳ ❚❤❡♥✱ ❜② t❤❡ ✐♥❝•✉s✐♦♥ R C ֒→ C \ M C ✱ ✐t ❣♦❡s t♦ t❤❡ ③❡r♦ ❡•❡♠❡♥t ♦❢ C \ M C ✱ ❛♥❞ ❜② t❤❡ t✇♦ r❡tr❛❝t✐♦♥s✱ ✐t ✇✐•• ❜❡ ♠❛♣♣❡❞ t♦ t❤❡ ③❡r♦ ❡•❡♠❡♥t ♦❢ M C ✳ ❆s t❤✐s ❞✐❛❣r❛♠ ✐s ❝♦♠♠✉t❛t✐✈❡✱ ✇❡ ✐♥❢❡r t❤❛t x ✐s t❤❡ ③❡r♦ ❡•❡♠❡♥t ♦❢ M C ✳ ❚❤✉s✱ L * : π j (M C ) → π j (lift(S C )) ✐s ✐♥•❡❝t✐✈❡ ❢♦r ❛•• j ≥ 1✳ ❚❤❡ ✐♥•❡❝t✐✈✐t② ❢♦r j = 0 ✐s ❛•r❡❛❞② ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡ •✐❢t ❢✉♥❝t✐♦♥ L : M C → lift(S C ) ✐♥❞✉❝❡s ✐♥•❡❝t✐✈❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡ ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ M C ❛♥❞ lift(S C )✳ ■❢ t❤❡s❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠s ✇❡r❡ s✉r•❡❝t✐✈❡✱ t❤❡♥ L ✇♦✉•❞ ❜❡ ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ✭❜② ❲❤✐t❡❤❡❛❞✬s t❤❡♦r❡♠✮✳ ❲❡ ✇✐•• s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✻✳✷ t❤❛t t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐♠♣•✐❡s t❤❡ s✉r•❡❝t✐✈✐t② ❢♦r ❛•• t❤❡ ❤♦♠♦t♦♣② ❣r♦✉♣s ❡①❝❡♣t ❢♦r ❞✐♠❡♥s✐♦♥ ♦♥❡ ✭❢✉♥❞❛♠❡♥t❛• ❣r♦✉♣s✮✳ ■♥❞❡❡❞✱ ✇❡ ✇✐•• s❤♦✇ t❤❛t ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ ❛•• t❤❡ i✲❞✐♠❡♥s✐♦♥❛• ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ M C ❛♥❞ lift(S C ) ❢♦r i ≥ 2 ❛r❡ tr✐✈✐❛•✳ ❖♥❝❡ t❤✐s ✐s ♣r♦✈❡❞✱ ✐t ✇✐•• ❜❡ s✉✣❝✐❡♥t t♦ st✉❞② t❤❡ s✉r•❡❝t✐✈✐t② ♦❢ L * : π 1 (M C ) → π 1 (lift(S C ))✳ ◆♦t❡ t❤❛t t❤❡ ✐♥•❡❝t✐✈✐t② ✐♥ t❤❡ ❣❡♥❡r❛• ❢♦r♠ ❛❜♦✈❡ r❡♠❛✐♥s ✈❛•✐❞ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❜•❡♠s ✐♥ ❞✐♠❡♥s✐♦♥s ❣r❡❛t❡r t❤❛♥ t❤r❡❡✳ ❍♦✇❡✈❡r✱ t❤❡ ✈❛♥✐s❤✐♥❣ r❡s✉•ts ♦♥ ❤✐❣❤❡r ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ O C ❛♥❞ R C ❛r❡ ♦♥•② ✈❛•✐❞ ✐♥ ❞✐♠❡♥s✐♦♥s t✇♦ ❛♥❞ t❤r❡❡✳ ✻✳✷ ❚❤❡ t♦♣♦•♦❣✐❝❛• str✉❝t✉r❡s ♦❢ R C ❛♥❞ O C ❛r❡ ❞❡t❡r✲ ♠✐♥❡❞ ❜② t❤❡✐r ❢✉♥❞❛♠❡♥t❛• ❣r♦✉♣s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t ✐❢ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞✱ t❤❡♥ t❤❡ t♦♣♦•♦❣✐❝❛• str✉❝t✉r❡ ♦❢ t❤❡ ♣♦rt✐♦♥ ♦❢ O ✐♥ ❛ ❝❡•• C ✭✐✳❡✳✱ O C ✮ ✐s s✐♠♣•❡ ❡♥♦✉❣❤✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❢♦r ❛•• i ≥ 2✱ t❤❡ i✲❞✐♠❡♥s✐♦♥❛• ❤♦♠♦t♦♣② ❣r♦✉♣ ♦❢ O C ✐s tr✐✈✐❛•✳ ❲❡ ❝❛♥ ❡❛s✐•② s❤♦✇ t❤❛t R C ❤❛s t❤❡ s❛♠❡ ♣r♦♣❡rt②✳ ✶ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ t♦♣♦•♦❣✐❝❛• str✉❝t✉r❡s ♦❢ O C ❛♥❞ R C ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡✐r ❢✉♥❞❛♠❡♥t❛• ❣r♦✉♣✱ π 1 (O C ) ❛♥❞ π 1 (R C )✳ ❲❡ ✜rst st❛t❡ t❤❡ ❢♦••♦✇✐♥❣ ❣❡♥❡r❛• t❤❡♦r❡♠ ❢♦r ❛♥ ❛r❜✐tr❛r② ❡♠❜❡❞❞❡❞ 3✲ ♠❛♥✐❢♦•❞ ✇✐t❤ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❛r②✳ ❚❤❡♦r❡♠ ✸ ▲❡t K ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ✸✲♠❛♥✐❢♦•❞ ✐♥ R 3 ✇✐t❤ ❛ ✭♥♦♥✲❡♠♣t②✮ ❝♦♥✲ ♥❡❝t❡❞ ❜♦✉♥❞❛r②✳ ❚❤❡♥ ❢♦r ❛•• i ≥ 2✱ π i (K) = {0}✳ ❲❡ ♣r♦✈✐❞❡ ❛ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ✐♥ ❆♣♣❡♥❞✐① ❇✳ ❚❤✐s t❤❡♦r❡♠ ❝❛♥ ❜❡ ❛•s♦ ♦❜t❛✐♥❡❞ ❢r♦♠ ❈♦r♦••❛r② ✸✳✾ ♦❢ ❬❍❛t✵✷(✳ ❋r♦♠ t❤✐s t❤❡♦r❡♠✱ ✇❡ ✐♥❢❡r t❤❡ t✇♦ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠s✳ ❚❤❡♦r❡♠ ✹ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ π i (O C ) = {0}✱ ❢♦r ❛•• i ≥ 2✳ Pr♦♦❢ ❲❡ ♦♥•② ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ ❛♥② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ ∂O ✐s ❝✉t ❜② ❛t •❡❛st ♦♥❡ ❝✉tt✐♥❣ ♣•❛♥❡✳ ■♥ t❤✐s ❝❛s❡✱ ❡✈❡r② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ O C ✐s ❛ ✸✲♠❛♥✐❢♦•❞ ✇✐t❤ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❛r②✳ ❚❤❡ t❤❡♦r❡♠ ❢♦••♦✇s ❛s ❛ ❝♦r♦••❛r② ♦❢ ❚❤❡♦r❡♠ ✸✳ ✶ |❡❝❛•• t❤❛t ❢♦r s✐♠♣•✐❢②✐♥❣ t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t O C ❛♥❞ s♦ R C ❛r❡ ❝♦♥♥❡❝t❡❞✳ ❚❤❡ s❛♠❡ ♣r♦♦❢ s❤♦✇s t❤❛t ✐♥ t❤❡ ❣❡♥❡r❛• ❝❛s❡✱ t❤❡ s❛♠❡ ♣r♦♣❡rt② ❤♦•❞s ❢♦r ❡❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ O C ♦r R C ✳ || ♥➦ ✼✶✹✼ ✶✹ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐ ❚❤❡♦r❡♠ ✺ π i (R C ) = {0}✱ ❢♦r ❛•• i ≥ 2✳ Pr♦♦❢ ❯s✐♥❣ ❚❤❡♦r❡♠ ✸✱ ✐t ✇✐•• ❜❡ s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛♥② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ R C ✐s ❝♦♥♥❡❝t❡❞✳ ▲❡t x ❛♥❞ y ❜❡ t✇♦ ♣♦✐♥ts ♦♥ t❤✐s ❜♦✉♥❞❛r②✱ ❛♥❞ •❡t S ❛♥❞ S ′ ❜❡ t✇♦ s❡❝t✐♦♥s s♦ t❤❛t x ∈ [a, lift(a)] ❢♦r s♦♠❡ a ∈ S ❛♥❞ y ∈ [b, lift(b)] ❢♦r s♦♠❡ b ∈ S ′ ✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R C ✱ x ✐s ❝♦♥♥❡❝t❡❞ t♦ S ✐♥ ∂R C ✱ ❛♥❞ y ✐s ❝♦♥♥❡❝t❡❞ t♦ S ′ ✐♥ ∂R C ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ S ❛♥❞ S ′ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ❡❛❝❤ ♦t❤❡r ✐♥ ∂R C ✳ ❚❤✉s✱ x ✐s ❝♦♥♥❡❝t❡❞ t♦ y ✐♥ ∂R C ✳ ✼ ❙❡❝♦♥❞ ❈♦♥❞✐t✐♦♥✿ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥ ■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ s❛✇ t❤❛t ✉♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡ t♦♣♦✲ •♦❣✐❝❛• str✉❝t✉r❡s ♦❢ O C ❛♥❞ R C ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡✐r ❢✉♥❞❛♠❡♥t❛• ❣r♦✉♣ π 1 (O C ) ❛♥❞ π 1 (R C )✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ ❣♦❛• ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ✜♥❞ ❛ ✇❛② t♦ ❡♥✲ s✉r❡ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❞❛♠❡♥t❛• ❣r♦✉♣s ♦❢ R C ❛♥❞ O C ✳ ❲❡ r❡❝❛•• t❤❛t ❛s O C ❛♥❞ M C ❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥t✱ π 1 (O C ) ✐s ✐s♦♠♦r♣❤✐❝ t♦ π 1 (M C )✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ R C ❛♥❞ lift(S C ) ❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥t✱ ❛♥❞ π 1 (R C ) ✐s ✐s♦✲ ♠♦r♣❤✐❝ t♦ π 1 (lift(S C )) ✭❝✳❢✳ •❛st ❞✐❛❣r❛♠✮✳ ❚❤✉s✱ ✐t ✇✐•• ❜❡ s✉✣❝✐❡♥t t♦ ❝♦♠♣❛r❡ π 1 (M C ) ❛♥❞ π 1 (lift(S C ))✳ ❲❡ ❝♦♥s✐❞❡r L * : π 1 (M C ) → π 1 (lift(S C ))✱ t❤❡ ♠❛♣ ✐♥❞✉❝❡❞ ❜② t❤❡ •✐❢t ❢✉♥❝t✐♦♥ ❢r♦♠ M C t♦ lift(S C ) ♦♥ ❢✉♥❞❛♠❡♥t❛• ❣r♦✉♣s ✳ ❲❡ s❤♦✇❡❞ t❤❛t L * ✐s ✐♥•❡❝t✐✈❡✳ ❍♦✇❡✈❡r✱ t❤❡ ♠❛♣ ❢❛✐•s t♦ ❜❡ s✉r•❡❝t✐✈❡ ✐♥ ❣❡♥❡r❛•✳ ❋✐❣✉r❡ ✸ s❤♦✇s t✇♦ s❤❛♣❡s ✇✐t❤ ❞✐✛❡r❡♥t t♦♣♦•♦❣✐❡s✱ ❛ t♦r✉s ❛♥❞ ❛ ✭t✇✐st❡❞✮ ❝②•✐♥❞❡r✱ t❤❛t ❤❛✈❡ s❛♠❡ ✭✐♥✲ t❡r✮s❡❝t✐♦♥s ✇✐t❤ ❛ s❡t ♦❢ ✭t✇♦✮ ❝✉tt✐♥❣ ♣•❛♥❡s✳ ❋✐❣✉r❡ ✸✿ ❆♥ ❡①❛♠♣•❡ ♦❢ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ •✐❢t ❢✉♥❝t✐♦♥ ❢r♦♠ M C t♦ lift(S C ) ❢❛✐•s t♦ ❜❡ s✉r•❡❝t✐✈❡✿ x 1 ❛♥❞ x 2 ❛r❡ t✇♦ ♣♦✐♥ts ✇✐t❤ t❤❡ s❛♠❡ •✐❢t ✐♥ lift(S C )✳ ❚❤❡ •✐❢t ♦❢ ❛♥② ❝✉r✈❡ γ ❝♦♥♥❡❝t✐♥❣ x 1 ❛♥❞ x 2 ✐♥ M C ♣r♦✈✐❞❡s ❛ ♥♦♥✲③❡r♦ ❡•❡♠❡♥t ♦❢ π 1 (lift(S C ), x)✳ ❚❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜•❡❝t ✭❛t •❡❢t✮ ✐s ❛ t♦r✉s ❛♥❞ ✐s ♥♦t ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥t t♦ t❤❡ ♦r✐❣✐♥❛• s❤❛♣❡ ✭❛t r✐❣❤t✮ ✇❤✐❝❤ ✐s ❛ t✇✐st❡❞ ❝②•✐♥❞❡r✳ ❍❡♥❝❡✱ ✇❤❛t❡✈❡r ✐s t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜•❡❝t ❢r♦♠ t❤❡s❡ s❡❝t✐♦♥s✱ ✐t ✇♦✉•❞ ♥♦t ❜❡ t♦♣♦•♦❣✐❝❛••② ❝♦♥s✐st❡♥t ❢♦r ❛t •❡❛st ♦♥❡ ♦❢ t❤❡s❡ ♦❜•❡❝ts✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡ ♣r♦♣♦s❡❞ r❡❝♦♥str✉❝t❡❞ ♦❜•❡❝t ✭R✮ ✐s ❛ t♦r✉s ✇❤✐❝❤ ✐s ♥♦t ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥t t♦ t❤❡ ✭t✇✐st❡❞✮ ❝②•✐♥❞❡r ✭O✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ♠❛② ❜❡ ✈❡r✐✜❡❞ ❢♦r s✉❝❤ ❛ s✐t✉❛t✐♦♥✳ ■♥❞❡❡❞✱ s✉❝❤ ❛ s✐t✉❛t✐♦♥ ✐s ❡①❛❝t•② t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ✐♥•❡❝t✐✈❡ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❞❛♠❡♥t❛• ❣r♦✉♣s ♦❢ O ❛♥❞ R ✐s ♥♦t s✉r•❡❝t✐✈❡✳ ❚❤✐s s✐t✉❛t✐♦♥ ❝❛♥ ❜❡ ❡①♣•❛✐♥❡❞ ❛s ❢♦••♦✇s✿ •❡t x 1 ❛♥❞ x 2 ❜❡ t✇♦ ♣♦✐♥ts ✐♥ t❤❡ s❡❝t✐♦♥s S 1 ❛♥❞ S 2 ✇✐t❤ t❤❡ s❛♠❡ •✐❢t x ✐♥ lift(S C )✳ ❚❤❡ •✐❢t ■◆|■❆ •❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦•♦❣✐❝❛• •✉❛r❛♥t❡❡s ✶✺ ♦❢ ❛♥② ❝✉r✈❡ γ ❝♦♥♥❡❝t✐♥❣ x 1 ❛♥❞ x 2 ✐♥ M C ♣r♦✈✐❞❡s ❛ ♥♦♥✲③❡r♦ ❡•❡♠❡♥t ♦❢ π 1 (lift(S C ), x) ✇❤✐❝❤ ✐s ♥♦t ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ L * ✳ ❲❡ ♠❛② ❛✈♦✐❞ t❤✐s s✐t✉❛t✐♦♥ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✳ ❉❡✜♥✐t✐♦♥ ✽ ✭■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✮ ❲❡ s❛② t❤❛t t❤❡ s❡t ♦❢ ❝✉tt✐♥❣ ♣•❛♥❡s ✈❡r✐✜❡s t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐❢ ❢♦r ❛♥② ♣❛✐r ♦❢ s❡❝t✐♦♥s S i ❛♥❞ S j ✐♥ S C ✱ ❛♥❞ ❢♦r ❛♥② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t X ♦❢ lift(S i ) ∩ lift(S j )✱ t❤❡ ❢♦••♦✇✐♥❣ ❤♦•❞s✿ t❤❡r❡ ✐s ❛ ♣❛t❤ γ ⊂ M C ❢r♦♠ ❛ ♣♦✐♥t a ∈ S i t♦ ❛ ♣♦✐♥t b ∈ S j ✇✐t❤ lift(a) = lift(b) = x ∈ X s♦ t❤❛t L * (γ) ✐s t❤❡ ③❡r♦ ❡•❡♠❡♥t ♦❢ π 1 (lift(S C ), x)✱ ✐✳❡✳✱ ✐s ❝♦♥tr❛❝t✐❜•❡ ✐♥ lift(S C ) ✇✐t❤ ❛ ❤♦♠♦t♦♣② r❡s♣❡❝t✐♥❣ t❤❡ ❜❛s❡ ♣♦✐♥t x✳ ■♥ ❙❡❝t✐♦♥ ✽✱ ✇❡ ✇✐•• s❤♦✇ t❤❛t t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞ ✐❢ t❤❡ s❡t ♦❢ ❝✉tt✐♥❣ ♣•❛♥❡s ✐s s✉✣❝✐❡♥t•② ❞❡♥s❡✳ ▲❡t ✉s ✜rst ♣r♦✈❡ t❤❡ s✉r•❡❝t✐✈✐t② ♦❢ t❤❡ ♠❛♣ L * ✉♥❞❡r t❤✐s ❈♦♥❞✐t✐♦♥✳ ❚❤❡♦r❡♠ ✻ ❯♥❞❡r t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ L * : π 1 (M C ) → π 1 (lift(S C )) ✐s s✉r•❡❝t✐✈❡✳ Pr♦♦❢ ▲❡t y 0 ❜❡ ❛ ✜①❡❞ ♣♦✐♥t ❢♦r M C ❛♥❞ x 0 = L(y 0 )✳ ❲❡ s❤♦✇ t❤❛t L * : π 1 M C , y 0 → π 1 lift(S C ), x 0 ✐s s✉r•❡❝t✐✈❡✳ ▲❡t α ❜❡ ❛ ❝•♦s❡❞ ❝✉r✈❡ ✐♥ lift(S C ) ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛♥ ❡•❡♠❡♥t ♦❢ π 1 lift(S C ), x 0 ✳ ❲❡ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡•❡♠❡♥t β ∈ π 1 M C , y 0 s✉❝❤ t❤❛t L * (β) = [α]✱ ✇❤❡r❡ [α] ❞❡♥♦t❡s t❤❡ ❤♦♠♦t♦♣② ❝•❛ss ♦❢ α ✐♥ π 1 lift(S C ), x 0 ✳ ❲❡ ❝❛♥ ❞✐✈✐❞❡ α ✐♥t♦ s✉❜❝✉r✈❡s α 1 , . . . , α m s✉❝❤ t❤❛t α j •♦✐♥s t✇♦ ♣♦✐♥ts x j-1 ❛♥❞ x j ✱ ❛♥❞ ✐s ❡♥t✐r❡•② ✐♥ t❤❡ •✐❢t ♦❢ ♦♥❡ ♦❢ t❤❡ s❡❝t✐♦♥s S j ✱ ❢♦r j = 1, . . . , m✳ ❲❡ ♠❛② ❛ss✉♠❡ y 0 ∈ S 1 = S m ✳ ❋♦r ❡❛❝❤ j = 1, . . . , m✱ •❡t β j ❜❡ t❤❡ ❝✉r✈❡ ✐♥ S j ✱ •♦✐♥✐♥❣ t✇♦ ♣♦✐♥ts z j t♦ w j ✱ ✇❤✐❝❤ ✐s ♠❛♣♣❡❞ t♦ α j ✉♥❞❡r L✳ ◆♦t❡ t❤❛t w j ❛♥❞ z j+1 ✭♣♦ss✐❜•②✮ •✐✈❡ ✐♥ t✇♦ ❞✐✛❡r❡♥t s❡❝t✐♦♥s✱ ❜✉t ❤❛✈❡ t❤❡ s❛♠❡ ✐♠❛❣❡ ✭x j ✮ ✉♥❞❡r t❤❡ •✐❢t ♠❛♣ L✳ ▲❡t X j ❜❡ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ lift(S j ) ∩ lift(S j+1 ) ✇❤✐❝❤ ❝♦♥t❛✐♥s x j ✱ s❡❡ ❋✐❣✉r❡ ✹✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✱ t❤❡r❡ ✐s ❛ ♣❛t❤ γ j ⊂ M C ❝♦♥♥❡❝t✐♥❣ ❛ ♣♦✐♥t a j ∈ S j t♦ ❛ ♣♦✐♥t b j+1 ∈ S j+1 s✉❝❤ t❤❛t lift(a j ) = lift(b j+1 ) = x ′ j ∈ X j ❛♥❞ t❤❡ ✐♠❛❣❡ ♦❢ γ j ✉♥❞❡r L ✐s t❤❡ ③❡r♦ ❡•❡♠❡♥t ♦❢ π 1 (lift(S C ), x ′ j ) ✭✐✳❡✳✱ ✐s ❝♦♥tr❛❝t✐❜•❡ ✇✐t❤ ❛ ❤♦♠♦t♦♣② r❡s♣❡❝t✐♥❣ t❤❡ ❜❛s❡ ♣♦✐♥t x ′ j ✮✳ ❙✐♥❝❡ X j ✐s ❝♦♥♥❡❝t❡❞✱ t❤❡r❡ ✐s ❛ ♣❛t❤ ❢r♦♠ x j t♦ x ′ j ✐♥ X j ✱ s♦ •✐❢t✐♥❣ ❜❛❝❦ t❤✐s ♣❛t❤ t♦ t✇♦ ♣❛t❤s ❢r♦♠ w j t♦ a j ✐♥ S j ❛♥❞ ❢r♦♠ b j+1 t♦ z j+1 ❛♥❞ t❛❦✐♥❣ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡s❡ t✇♦ ♣❛t❤s ✇✐t❤ γ j ✱ ✇❡ ✐♥❢❡r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣❛t❤ γ ′ j ⊂ M C ❝♦♥♥❡❝t✐♥❣ w j t♦ z j+1 ✱ s✉❝❤ t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ γ ′ j ✉♥❞❡r L ✐s ❝♦♥tr❛❝t✐❜•❡ ✐♥ lift(S C ) ✇✐t❤ ❛ ❤♦♠♦t♦♣② r❡s♣❡❝t✐♥❣ t❤❡ ❜❛s❡ ♣♦✐♥t x j ✳ ▲❡t β ❜❡ t❤❡ ♣❛t❤ ❢r♦♠ x 0 t♦ x 0 ♦❜t❛✐♥❡❞ ❜② ❝♦♥❝❛t❡♥❛t✐♥❣ β j ❛♥❞ γ ′ j ❛•✲ t❡r♥❛t✐✈❡•②✱ ✐✳❡✳✱ β = β 1 γ ′ 1 β 2 γ ′ 2 . . . β m-1 γ ′ m β m γ ′ m ✳ ❲❡ ❝•❛✐♠ t❤❛t L * ([β]) = [α]✳ ❚❤✐s ✐s ♥♦✇ ❡❛s② t♦ s❤♦✇✿ ✇❡ ❤❛✈❡ L * (β) = α 1 L * (γ ′ 1 )α 2 . . . L * (γ ′ m )α m ✱ ❛♥❞ ❛•• t❤❡ ♣❛t❤s L * (γ ′ j ) ❛r❡ ❝♦♥tr❛❝t✐❜•❡ t♦ t❤❡ ❝♦♥st❛♥t ♣❛t❤ [x j ] ❜② ❛ ❤♦♠♦✲ t♦♣② ✜①✐♥❣ x j ❛•• t❤❡ t✐♠❡✳ ❲❡ ❞❡❞✉❝❡ t❤❛t ✉♥❞❡r ❛ ❤♦♠♦t♦♣② ✜①✐♥❣ x 0 ✱ α 1 L * (γ ′ 1 ) . . . L * (γ ′ m )α m ✐s ❤♦♠♦t♦♣✐❝ t♦ α 1 α 2 . . . α m = α, ❛♥❞ t❤✐s ✐s ❡①❛❝t•② s❛②✐♥❣ t❤❛t L * ([β]) = [α]✳ ❆♥❞ t❤❡ s✉r•❡❝t✐✈✐t② ❢♦••♦✇s✳ P✉tt✐♥❣ t♦❣❡t❤❡r ❛•• t❤❡ ♠❛t❡r✐❛•s ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞✱ ✇❡ ✐♥❢❡r t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤✐s s❡❝t✐♦♥✳ ❚❤❡♦r❡♠ ✼ ✭▼❛✐♥ ❚❤❡♦r❡♠✲P❛rt ✵✮ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ t❤❡ ■♥t❡r✲ s❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥s✱ R C ✐s ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥t t♦ O C ✳ || ♥➦ ✼✶✹✼ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐ ❋✐❣✉r❡ ✹✿ ❋♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳ ✼✳✶ •❡♥❡r❛•✐③❡❞ ◆❡r✈❡ ❚❤❡♦r❡♠ ❛♥❞ ❍♦♠♦t♦♣② ❊q✉✐✈❛✲ •❡♥❝❡ ♦❢ R ❛♥❞ O ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①t❡♥❞ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ❜❡t✇❡❡♥ R C ❛♥❞ O C ✱ ✐♥ ❡❛❝❤ ❝❡•• C✱ t♦ ❛ ❣•♦❜❛• ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ❜❡t✇❡❡♥ R ❛♥❞ O✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ ❛ ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ t❤❡ ♥❡r✈❡ t❤❡♦r❡♠✳ ❚❤✐s ✐s ❛ ❢♦•❦•♦r❡ t❤❡♦r❡♠ ❛♥❞ ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ❛♥❞ ✉s❡❞ ❜② ❞✐✛❡r❡♥t ❛✉t❤♦rs✳ ❋♦r ❛ ♠♦❞❡r♥ ♣r♦♦❢ ♦❢ ❛ st✐•• ♠♦r❡ ❣❡♥❡r❛• r❡s✉•t✱ ✇❡ r❡❢❡r t♦ ❙❡❣❛•✬s ♣❛♣❡r ❬❙❡❣✻✽(✳ ✭❙❡❡ ❛•s♦ ❬▼❛②✵✸(✱ ❢♦r ❛ s✉r✈❡② ♦❢ s✐♠✐•❛r r❡s✉•ts✳✮ ❚❤❡♦r❡♠ ✽ ✭•❡♥❡r❛•✐③❡❞ ◆❡r✈❡ ❚❤❡♦r❡♠✮ ▲❡t H : X → Y ❜❡ ❛ ❝♦♥t✐♥✉✲ ♦✉s ♠❛♣✳ ❙✉♣♣♦s❡ t❤❛t Y ❤❛s ❛♥ ♦♣❡♥ ❝♦✈❡r K ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ t✇♦ ♣r♦♣❡rt✐❡s✿ ❼ ❋✐♥✐t❡ ✐♥t❡rs❡❝t✐♦♥s ♦❢ s❡ts ✐♥ K ❛r❡ ✐♥ K✳ ❼ ❋♦r ❡❛❝❤ U ∈ K✱ t❤❡ r❡str✐❝t✐♦♥ H : H -1 (U ) → U ✐s ❛ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡✳ ❚❤❡♥ H ✐s ❛ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡✳ ▲❡t F C : O C → R C ❜❡ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ❜❡t✇❡❡♥ O C ❛♥❞ R C ✳ ✭❙♦ F C ✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡tr❛❝t✐♦♥ O C → M C ❛♥❞ t❤❡ ✐♥❝•✉s✐♦♥ M C ֒→ R C ✳✮ ▲❡t H : O → R ❜❡ t❤❡ ♠❛♣ ❞❡✜♥❡❞ ❜② H(x) = H C (x) ✐❢ x ∈ O C ❢♦r ❛ ❝❡•• C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡s✳ ◆♦t❡ t❤❛t H ✐s ✇❡••✲❞❡✜♥❡❞ s✐♥❝❡ H C | S C = id S C ✱ ❢♦r ❛•• C✳ ■♥ ❛❞❞✐t✐♦♥✱ s✐♥❝❡ ❢♦r ❛•• ❝❡•• C✱ H C ✐s ❝♦♥t✐♥✉♦✉s✱ H ✐s ❝♦♥t✐♥✉♦✉s ❛s ✇❡••✳ ❲❡ ❝❛♥ ♥♦✇ ❛♣♣•② t❤❡ ❣❡♥❡r❛•✐③❡❞ ♥❡r✈❡ t❤❡♦r❡♠ ❜② t❤❡ ❢♦••♦✇✐♥❣ s✐♠♣•❡ tr✐❝❦✳ ▲❡t ǫ ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛• ♣♦s✐t✐✈❡ ✈❛•✉❡✳ ❋♦r ❛♥② ❝❡•• C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡s✱ ✇❡ ❞❡✜♥❡ O ǫ C = {x ∈ R 3 , d(x, O C ) < ǫ }✳ ▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ♦♣❡♥ ❝♦✈❡r✐♥❣ K ♦❢ O ❜② t❤❡s❡ ♦♣❡♥ s❡ts ❛♥❞ ❛•• t❤❡✐r ✜♥✐t❡ ✐♥t❡rs❡❝t✐♦♥s✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t ❢♦r ǫ s♠❛•• ❡♥♦✉❣❤✱ t❤❡ r❡str✐❝t✐♦♥ ♦❢ H t♦ ❡❛❝❤ ❡•❡♠❡♥t ♦❢ K ✐s ❛ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡✳ ❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❣❡♥❡r❛•✐③❡❞ ♥❡r✈❡ t❤❡♦r❡♠✱ H ✐s ❛ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ❜❡t✇❡❡♥ R ❛♥❞ O✳ ❆♥❞ ❜② ❲❤✐t❡❤❡❛❞✬s t❤❡♦r❡♠✱ H ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ❜❡t✇❡❡♥ R ❛♥❞ O✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞✿ ❚❤❡♦r❡♠ ✾ ✭▼❛✐♥ ❚❤❡♦r❡♠✲P❛rt ■✮ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ t❤❡ ■♥t❡r✲ s❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥s✱ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜•❡❝t R ✐s ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥t t♦ t❤❡ ✉♥❦♥♦✇♥ ♦r✐❣✐♥❛• s❤❛♣❡ O✳ ■◆|■❆ •❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦•♦❣✐❝❛• •✉❛r❛♥t❡❡s ✶✼ ✽ ❍♦✇ t♦ ❊♥s✉r❡ t❤❡ ❙❛♠♣•✐♥❣ ❈♦♥❞✐t✐♦♥s❄ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈✐❞❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❡♥s✉r✐♥❣ t❤❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥s✱ ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ❋♦r t❤✐s✱ ✇❡ ♥❡❡❞ ✜rst s♦♠❡ ❞❡✜♥✐t✐♦♥s✳ ❉❡✜♥✐t✐♦♥ ✾ ✭|❡❛❝❤✮ ▲❡t O ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣❛❝t 3✲♠❛♥✐❢♦•❞ ✇✐t❤ s♠♦♦t❤ ❜♦✉♥❞❛r② ∂O ✐♥ R 3 ✳ ❋♦r a ∈ ∂O✱ ✇❡ ❞❡✜♥❡ r❡❛❝❤(a) = min d(a, m i (a)), d(a, m e (a)) ✳ ❚❤❡ q✉❛♥t✐t② r❡❛❝❤(O) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ ♦❢ ∂O ❢r♦♠ t❤❡ ♠❡✲ ❞✐❛• ❛①✐s ♦❢ ∂O✿ r❡❛❝❤(O) := min m∈▼❆(∂O) d(m, ∂O) = min a∈∂O r❡❛❝❤(a). ◆♦t❡ t❤❛t ❛s O ✐s ❝♦♠♣❛❝t ❛♥❞ ∂O ✐s ♦❢ ❝•❛ss C 1 ✱ r❡❛❝❤(O) ✐s str✐❝t•② ♣♦s✐t✐✈❡✳ ❉❡✜♥✐t✐♦♥ ✶✵ ✭|❡❛❝❤ r❡str✐❝t❡❞ t♦ ❛ ❝❡•• ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✮ •✐✈❡♥ ❛ ❝❡•• C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✱ ✇❡ ❞❡✜♥❡ r❡❛❝❤ C (O) = min d(a, m(a))✱ ✇❤❡r❡ ❡✐t❤❡r a ∈ ∂O ∩ C ♦r m(a) ∈ ▼❆(∂O) ∩ C✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ r❡❛❝❤(O) = min C (r❡❛❝❤ C (O))✳ ❉❡✜♥✐t✐♦♥ ✶✶ ✭❍❡✐❣❤t ♦❢ ❛ ❈❡••✮ ▲❡t C ❜❡ ❛ ❝❡•• ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡s ❛♥❞ f ❜❡ ❛ ❢❛❝❡ ♦❢ C✳ ❚❤❡ ❤❡✐❣❤t ♦❢ f ✐♥ C✱ ❞❡♥♦t❡❞ ❜② h f ✱ ✐s ❞❡✜♥❡❞ ❛s h f := max x∈Vor C (f ) d(x, f ). ❲❡ ❛•s♦ ❞❡✜♥❡ t❤❡ ❤❡✐❣❤t ♦❢ C ❛s h C := max f ∈F C h f . ❆s ✇❡ ✇✐•• s❡❡✱ ❜② ✉♣♣❡r✲❜♦✉♥❞✐♥❣ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❝❡••s ❜② ❛ ❢❛❝t♦r r❡•❛t❡❞ t♦ t❤❡ r❡❛❝❤ ♦❢ t❤❡ ♦❜•❡❝t✱ ✇❡ ❝❛♥ ❡♥s✉r❡ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✳ ❚❤❡r❡✲ ❢♦r❡✱ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ❡♥s✉r❡❞ ✇✐t❤ ❛ s✉✣❝✐❡♥t•② ❞❡♥s❡ s❛♠♣•❡ ♦❢ ❝✉tt✐♥❣ ♣•❛♥❡s✳ ■♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✱ ✇❡ ♥❡❡❞ ❛ str♦♥❣❡r ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❝❡••s✳ ❆s ✇❡ ✇✐•• s❡❡✱ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛ tr❛♥s✈❡rs❛•✐t② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡s t❤❛t ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ❜② t❤❡ ❛♥❣•❡ ❜❡t✇❡❡♥ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡s ❛♥❞ t❤❡ ♥♦r♠❛• t♦ ∂O ❛t ❝♦♥t♦✉r✲♣♦✐♥ts✳ ❉❡✜♥✐t✐♦♥ ✶✷ ✭❆♥❣•❡ α a ✮ ▲❡t a ❜❡ ❛ ♣♦✐♥t ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ s❡❝t✐♦♥ A ∈ S C ♦♥ t❤❡ ♣•❛♥❡ P A ✳ ❲❡ ❞❡✜♥❡ α a ❛s t❤❡ ❛♥❣•❡ ❜❡t✇❡❡♥ P A ❛♥❞ t❤❡ ♥♦r♠❛• t♦ ∂O ❛t a✿ α a := angle(P A , [a, m i (a)]). ❙✉✣❝✐❡♥t ❈♦♥❞✐t✐♦♥s ❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ s❛♠♣•✐♥❣ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ s❡t ♦❢ ❝✉tt✐♥❣ ♣•❛♥❡s✳ ✭❈✶✮ ❋♦r ❛♥② ❝❡•• C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✱ h C < r❡❛❝❤ C (O). ✭❈✷✮ ❋♦r ❛♥② ❝❡•• C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✱ h C < 1 2 1 -sin(α a ) r❡❛❝❤(a), ∀a ∈ ∂S C . ❈♦♥❞✐t✐♦♥ ✭❈✶✮ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ s❡❝t✐♦♥s ❛♥❞ ❛s ✇❡ ✇✐•• s❡❡✱ ✐t ✐♠♣•✐❡s t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥✱ t❤❡② ✐♠♣•② t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✳ ❈♦♥❞✐t✐♦♥ ✭❈✷✮ ✐s ❞❡✜♥❡❞ ✐♥ ❛ ✇❛② t❤❛t t❤❡ tr❛♥s✈❡rs❛•✐t② t♦ ∂O ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ s❡❝t✐♦♥s ❛r❡ ❝♦♥tr♦••❡❞ s✐♠✉•✲ t❛♥❡♦✉s•②✳ ✭■♥❞❡❡❞✱ sin(α a ) ✐s t♦ ❝♦♥tr♦• t❤❡ tr❛♥s✈❡rs❛•✐t②✱ ❛♥❞ ✉♣♣❡r❜♦✉♥❞✐♥❣ h C ❛••♦✇s ✉s t♦ ❝♦♥tr♦• t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ s❡❝t✐♦♥s✳✮ ❚❤❡r❡❢♦r❡✱ ❜② ✐♥✲ ❝r❡❛s✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ s❡❝t✐♦♥s ♦❢ O ✭✇✐t❤ ♣r❡❢❡r❛❜•② tr❛♥s✈❡rs❛• ❝✉tt✐♥❣ || ♥➦ ✼✶✹✼ ✶✽ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐ ♣•❛♥❡s✮ ✇❡ ❝❛♥ ❡♥s✉r❡ t❤❡ r❡q✉✐r❡❞ s❛♠♣•✐♥❣ ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♣r♦✈✐❞❡ ❛ t♦♣♦•♦❣✐❝❛••② ❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦❢ O✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ r❡s✉•ts ♦❢ t❤✐s ♣❛♣❡r✿ ❚❤❡♦r❡♠ ✶✵ ✭▼❛✐♥ ❚❤❡♦r❡♠✲P❛rt ■■✮ ■❢ t❤❡ s❛♠♣•❡ ♦❢ ❝✉tt✐♥❣ ♣•❛♥❡s ✈❡r✲ ✐✜❡s ❈♦♥❞✐t✐♦♥s ✭❈✶✮ ❛♥❞ ✭❈✷✮✱ t❤❡♥ t❤❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥✲ ❞✐t✐♦♥s ❛r❡ ✈❡r✐✜❡❞✳ ❈♦♥s❡q✉❡♥t•②✱ t❤❡ ♣r♦♣♦s❡❞ r❡❝♦♥str✉❝t❡❞ ♦❜•❡❝t R ✐s ❤♦✲ ♠♦t♦♣② ❡q✉✐✈❛•❡♥t t♦ t❤❡ ✉♥❦♥♦✇♥ ♦r✐❣✐♥❛• s❤❛♣❡ O✳ ❚❤❡ t✇♦ ❢♦••♦✇✐♥❣ s❡❝t✐♦♥s ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠✳ ✽✳✶ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✿ ❆ ❙✉✣❝✐❡♥t ❈♦♥❞✐t✐♦♥ ❇❛s❡❞ ♦♥ t❤❡ ❉❡♥s✐t② ♦❢ P•❛♥❡s✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t ❈♦♥❞✐t✐♦♥ ✭❈✶✮ ✐♠♣•✐❡s t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✳ ▲❡♠♠❛ ✷ ✭❈♦♥❞✐t✐♦♥ ✭❈✶✮ ✐♠♣•✐❡s t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥✳✮ ■❢ ❢♦r ❛♥② ❝❡•• C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✱ h C < r❡❛❝❤ C (O) t❤❡♥ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s ✈❡r✲ ✐✜❡❞✳ Pr♦♦❢ ❚❤❡ ♣r♦♦❢ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ▲❡t m ❜❡ ❛ ♣♦✐♥t ✐♥ ▼❆(∂O) ✐♥ ❛ ❝❡•• C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✳ ❚❤❡ ♣♦✐♥t m ❜❡•♦♥❣s t♦ t❤❡ ❱♦r♦♥♦✐ ❝❡•• ♦❢ s♦♠❡ ❢❛❝❡ f ∈ F C ✳ ❲❡ ❤❛✈❡ d(m, np(m)) ≤ h f ≤ h C < r❡❛❝❤ C (O) ≤ d(m, ∂O)✳ ❚❤❡r❡❢♦r❡ t❤❡ ❙❡♣❛r❛t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t s✉❝❤ ❛ ❝♦♥❞✐t✐♦♥ ❛••♦✇s t♦ ❝♦♥tr♦• t❤❡ ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ O ❛♥❞ ✐ts ❛♣♣r♦①✐♠❛t✐♦♥ R✳ ❚❤❡♦r❡♠ ✶✶ ✭❆♣♣r♦①✐♠❛t✐♦♥ •✉❛r❛♥t❡❡s✮ ▲❡t ǫ ❜❡ ❛ ❣✐✈❡♥ ♣♦s✐t✐✈❡ ❝♦♥✲ st❛♥t s✉❝❤ t❤❛t ❢♦r ❛♥② ❝❡•• C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✱ h C < ǫ r❡❛❝❤ C (O)✳ ❚❤❡♥ ✇❡ ❤❛✈❡ d H (O, R) < ǫ max C r❡❛❝❤ C (O). Pr♦♦❢ ❲❡ ❝•❛✐♠ t❤❛t ❢♦r ❛♥② ❝❡•• C ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t d H (O C , R C ) ≤ h C ✳ ❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ t✇♦ ♣❛rts✿ ✶✳ ▲❡t x ❜❡ ❛ ♣♦✐♥t ✐♥ R C ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ R C ✱ t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t a ∈ S C s✉❝❤ t❤❛t x ❜❡•♦♥❣s t♦ t❤❡ s❡❣♠❡♥t [a, lift(a)]✳ ❙✐♥❝❡ a ∈ S C ⊂ O C ✱ ✇❡ ❤❛✈❡ d(x, O C ) ≤ d(x, a) ≤ d(a, lift(a)) ≤ h C ✳ ✷✳ ▲❡t x ❜❡ ❛ ♣♦✐♥t ✐♥ O C ✳ ■❢ x ∈ R C ✱ d(x, R C ) = 0 ❛♥❞ t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ ♣r♦✈❡✳ ❚❤✉s✱ ✇❡ ❝❛♥ s✉♣♣♦s❡ t❤❛t x ✐s ♥♦t ✐♥ R C ✳ ▲❡t x ′ ∈ ∂O C ❜❡ s✉❝❤ t❤❛t x ❜❡•♦♥❣s t♦ t❤❡ s❡❣♠❡♥t [x ′ , m i,C (x ′ )]✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶ ✇❡ ❤❛✈❡ m i,C (x ′ ) ∈ R C ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ x / ∈ R C ✳ ❚❤✉s t❤❡ s❡❣♠❡♥t •♦✐♥✐♥❣ x t♦ m i,C (x ′ ) ✐♥t❡rs❡❝ts ∂R C ✳ ▲❡t y ❜❡ ❛ ♣♦✐♥t ✐♥ [x, m i,C (x ′ )]∩∂R C ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ R C ✱ t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t a ∈ ∂S C s✉❝❤ t❤❛t y ❜❡•♦♥❣s t♦ t❤❡ s❡❣♠❡♥t [a, lift(a)]✱ ❛♥❞ s♦ d(y, a) ≤ h C ✳ ❲❡ ❝•❛✐♠ t❤❛t d(y, x ′ ) ≤ d(y, a)✳ ■❢ d(y, x ′ ) > d(y, a) t❤❡♥ d(x ′ , m i,C (x ′ )) = d(y, x ′ ) + d(y, m i,C (x ′ )) > d(y, a) + d(y, m i,C (x ′ )) ≥ d(a, m i,C (x ′ ))✳ ❇✉t d(x ′ , m i,C (x ′ )) > d(a, m i,C (x ′ )) ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t x ′ ✐s t❤❡ ♥❡❛r❡st ♣♦✐♥t ♦❢ ∂O C t♦ m i (x)✳ ❚❤✉s✱ d(y, x ′ ) ≤ d(y, a)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ y ∈ [x, m i,C (x ′ )] ⊆ [x ′ , m i,C (x ′ )]✱ d(x, y) ≤ d(x ′ , y) ❛♥❞ ✇❡ ❤❛✈❡✿ d(x, R C ) ≤ d(x, y) ≤ d(x ′ , y) ≤ d(y, a) ≤ h C . ■◆|■❆ •❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦•♦❣✐❝❛• •✉❛r❛♥t❡❡s ✶✾ ❚❤❡r❡❢♦r❡✱ d H (O C , R) ≤ h C < ǫ r❡❛❝❤ C (O) ❢♦r ❛•• C ❛♥❞ t❤❡ t❤❡♦r❡♠ ✐s ♣r♦✈❡❞ ❜② t❛❦✐♥❣ t❤❡ ♠❛①✐♠✉♠ ♦✈❡r ❛•• t❤❡ ❝❡••s ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t✳ ✽✳✷ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥✿ ❆ ❙✉✣❝✐❡♥t ❈♦♥❞✐t✐♦♥ ❇❛s❡❞ ♦♥ t❤❡ ❚r❛♥s✈❡rs❛•✐t②✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t ✉♥❞❡r ❈♦♥❞✐t✐♦♥s ✭❈✶✮ ❛♥❞ ✭❈✷✮✱ t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞✳ ❲❡ ♥❡❡❞ t❤❡ ❢♦••♦✇✐♥❣ ♥♦t❛t✐♦♥s✳ ◆♦t❛t✐♦♥ K i (S C ) ❛♥❞ K e (S C ) ✿ |❡❝❛•• t❤❛t VorDiag(F C ) ✐s t❤❡ •♦❝✉s ♦❢ t❤❡ ♣♦✐♥ts ✇✐t❤ ♠♦r❡ t❤❛♥ ♦♥❡ ♥❡❛r❡st ♣♦✐♥t ✐♥ ∂C✳ ❲❡ ✇r✐t❡ K i (S C ) ❢♦r t❤❡ s❡t ♦❢ ♣♦✐♥ts x ∈ VorDiag(F C ) s✉❝❤ t❤❛t ❛•• t❤❡ ♥❡❛r❡st ♣♦✐♥ts ♦❢ x ✐♥ ∂C •✐❡ ✐♥s✐❞❡ t❤❡ s❡❝t✐♦♥s✳ ❆ ♣♦✐♥t x ∈ VorDiag(F C ) ✐s ❝❛••❡❞ t♦ ❜❡ ✐♥ K e (S C ) ✐❢ ❛•• t❤❡ ♥❡❛r❡st ♣♦✐♥ts ♦❢ x ✐♥ ∂C •✐❡ ♦✉ts✐❞❡ t❤❡ s❡❝t✐♦♥s✳ ◆♦t❛t✐♦♥ mi (a) ❛♥❞ me (a) ✿ ▲❡t a ❜❡ ❛ ♣♦✐♥t ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ s❡❝t✐♦♥ A ∈ S C ♦♥ t❤❡ ♣•❛♥❡ P A ✳ ❲❡ ✇r✐t❡ mi (a) ✭r❡s♣✳ me (a)✮ ❢♦r t❤❡ ♦rt❤♦❣♦✲ ♥❛• ♣r♦•❡❝t✐♦♥ ♦❢ m i (a) ✭r❡s♣✳ m e (a)✮ ♦♥t♦ P A ✳ ❲❡ ❤❛✈❡ d(m i (a), mi (a)) = sin(α a ) d(a, m i (a)) ❛♥❞ d(m e (a), me (a)) = sin(α a ) d(a, m e (a))✳ ▲❡♠♠❛ ✸ ■❢ ❈♦♥❞✐t✐♦♥ ✭❈✷✮ ✐s ✈❡r✐✜❡❞✱ ❢♦r ❛♥② a ∈ ∂S C ✱ ✇❡ ❤❛✈❡ lift( mi (a)) ∈ K i (S C ) ❛♥❞ lift( me (a)) ∈ K e (S C ). ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ t✇♦ s❡❣♠❡♥ts t❤❛t •♦✐♥ lift( mi (a)) t♦ ✐ts ♥❡❛r❡st ♣♦✐♥ts ✐♥ ∂C •✐❡ ❜♦t❤ ❡♥t✐r❡•② ✐♥ M C ✳ Pr♦♦❢ ❲❡ s❤♦✇ t❤❛t lift( mi (a)) ∈ K i (S C )✳ ❚❤❡ s②♠♠❡tr✐❝ ♣r♦♣❡rt② ❢♦r lift( me (a)) ❝❛♥ ❜❡ ♣r♦✈❡❞ s✐♠✐•❛r•②✳ ▲❡t ✉s s✐♠♣•✐❢② t❤❡ ♥♦t❛t✐♦♥ ❜② ✇r✐t✐♥❣ x ❢♦r mi (a) ✐♥ t❤✐s ♣r♦♦❢✳ ▲❡t ✉s ❛•s♦ ✇r✐t❡ B(m i (a)) ❢♦r t❤❡ ❜❛•• ❝❡♥t❡r❡❞ ❛t m i (a) ♦❢ r❛❞✐✉s d(m i (a), a)✳ ❲❡ ❤❛✈❡ d(m i (a), x) ≤ d(m i (a), a)✳ ❚❤✉s✱ x •✐❡s ✐♥ B(m i (a))✳ ❆s t❤✐s ❜❛•• ✐s ❝♦♥t❛✐♥❡❞ ✐♥ O✱ x ✐s ✐♥ O✳ ❈♦♥s✐❞❡r ♥♦✇ lift(x) ♦♥ t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ VorDiag(S C )✱ ❛♥❞ ❝❛•• y t❤❡ ♣♦✐♥t ❞✐st✐♥❝t ❢r♦♠ x s✉❝❤ t❤❛t lift(x) = lift(y)✳ ❚♦ ❤❛✈❡ lift(m i (a)) ∈ K i (S C )✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t y ✐s ✐♥ O✳ ❲❡ ❤❛✈❡ d(m i (a), y) < d(m i (a), x) + d(x, lift(x)) + d(lift(y), y) ≤ sin(α a )d(a, m i (a)) + 2 h C ≤ d(a, m i (a)). ❚❤✉s✱ y ❜❡•♦♥❣s t♦ B(m i (a))✱ ❛♥❞ ✇❡ ❤❛✈❡ y ∈ O ❛♥❞ lift(x) ∈ K i (S C )✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❜❛•• ❝❡♥t❡r❡❞ ❛t lift(x) ✇❤✐❝❤ ♣❛ss❡s t❤r♦✉❣❤ x ❛♥❞ y ✐s ❡♥t✐r❡•② ❝♦♥t❛✐♥❡❞ ✐♥ B(m i (a)) ⊂ O✳ ❚❤✉s✱ ✐ts ✐♥t❡r✐♦r ✐s ❡♠♣t② ♦❢ ♣♦✐♥ts ✐♥ ∂O C ❛♥❞ ✐t ✐s ❛ ♠❡❞✐❛• ❜❛•• ♦❢ O C ✱ ❛♥❞ ✐ts ❝❡♥t❡r lift(x) ❜❡•♦♥❣s t♦ ▼❆ i (∂O C )✳ ❙✐♥❝❡ x ❛♥❞ y ❛r❡ ✐♥ S C ✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ M C ✱ t❤❡ •✐♥❡✲s❡❣♠❡♥ts [lift(x), x] ❛♥❞ [lift(x), y] •✐❡ ❡♥t✐r❡•② ✐♥ M C ✳ ▲❡♠♠❛ ✹ ❯♥❞❡r ❈♦♥❞✐t✐♦♥s ✭❈✶✮ ❛♥❞ ✭❈✷✮✱ t❤❡ ■♥t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥ ✐s ✈❡r✲ ✐✜❡❞✳ Pr♦♦❢ ▲❡t S i ❛♥❞ S j ❜❡ t✇♦ s❡❝t✐♦♥s ✐♥ S C s✉❝❤ t❤❛t lift(S i ) ∩ lift(S j ) ✐s ♥♦♥✲❡♠♣t②✳ ❲❡ ✇✐•• s❤♦✇ t❤❛t ❢♦r ❛♥② t✇♦ ♣♦✐♥ts a ∈ ∂S i , b ∈ ∂S j s✉❝❤ t❤❛t lift(a) = lift(b)✱ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ γ ⊂ M C ❜❡t✇❡❡♥ a ❛♥❞ b s♦ t❤❛t L * (γ) ✐s ❝♦♥tr❛❝t✐❜•❡ ✐♥ L * (π 1 (M C ))✳ ▲❡t P i ❜❡ t❤❡ ❝✉tt✐♥❣✲♣•❛♥❡ ♦❢ S i ✳ ❖♥❡ ♦❢ t❤❡ t✇♦ ❢♦••♦✇✐♥❣ ❝❛s❡s ❤❛♣♣❡♥✿ || ♥➦ ✼✶✹✼ • ■❢ t❤❡ ♣r♦•❡❝t✐♦♥ ♦❢ t❤❡ s❡❣♠❡♥t [a, m i (a)] ♦♥t♦ P i ✐s ♥♦t ❝✉t ❜② ❛♥② ♦t❤❡r ❝✉tt✐♥❣ ♣•❛♥❡✱ t❤❡♥ ✇❡ ❝•❛✐♠ t❤❛t lift(a) ✐s ❝♦♥♥❡❝t❡❞ t♦ lift( mi (a)) ✐♥ L 2 ✳ ▲❡t a ∈ ∂S i ❜❡ s✉❝❤ t❤❛t lift(a) ✐s ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ lift(S i )∩lift(S j )✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✸✱ lift( mi (a)) •✐❡s ✐♥ lift(S i )∩lift(S j )✳ ❲❡ ❝•❛✐♠ t❤❛t lift( mi (a)) ✐s ✐♥ t❤❡ s❛♠❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ lift(S i ) ∩ lift(S j ) ❛s lift(a)✳ ❖t❤❡r✇✐s❡✱ t❤❡ •✐❢t ♦❢ t❤❡ ♠❡❞✐❛• ❜❛•• ❝❡♥t❡r❡❞ ❛t m i (a) ❛♥❞ ♣❛ss✐♥❣ t❤r♦✉❣❤ a ✭❞❡♥♦t❡❞ ❜② lift(B)✮ ✐♥t❡rs❡❝ts t✇♦ ❞✐✛❡r❡♥t ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ lift(S i ) ∩ lift(S j )✱ s❡❡ ❋✐❣✉r❡ ✻✳ ❚❤❡♥✱ ❝♦♥s✐❞❡r t❤❡ ♠❛①✐♠❛• ♦♣❡♥ ❜❛•• B ′ ❝♦♥t❛✐♥❡❞ ✐♥ lift(B) ✇❤✐❝❤ ✐s ❡♠♣t② ♦❢ ♣♦✐♥ts ♦❢ lift(S j )✳ B ′ ✐s t❛♥❣❡♥t t♦ lift(∂S j ) ❛t t✇♦ ♣♦✐♥ts lift(x) ❛♥❞ lift(x ′ )✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t lift( mi (x)) ✭❛♥❞ ❛•s♦ lift( mi (x ′ ))✮ •✐❡s ✐♥ B ′ ✱ ✇❤✐❝❤ ✐s ✐ts❡•❢ ❝♦♥t❛✐♥❡❞ ✐♥ lift(B)✳ ❙✐♥❝❡ lift(B) ✐s ❡♥t✐r❡•② ❝♦♥t❛✐♥❡❞ ✐♥ lift(S i )✱ ❛♥❞ lift( mi (x)) ∈ B ′ ⊆ lift(B)✱ ❛t •❡❛st ♦♥❡ ♦❢ t❤❡ ♥❡❛r❡st ♣♦✐♥ts ♦❢ lift( mi (x)) ✐♥ ∂C ✐s ♥♦t ✐♥ S C ✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ ▲❡♠♠❛ ✸✳ ❋✐❣✉r❡ ✺✿ ■♥ ▲❡♠♠❛ ✹✿ t♦ ♣r♦✈❡ t❤❛t t❤❡ •✐❢t ♦❢ t❤❡ s❡❣♠❡♥t [a, mi (a)] •✐❡s ✐♥ lift(S i ) ∩ lift(S j )✳ ❚❤❡r❡❢♦r❡✱ lift(a) ✐s ❝♦♥♥❡❝t❡❞ t♦ lift( mi (a)) ✐♥ L 2 ✳ ▲❡t ✉s ❝❛•• a ′ ❛♥❞ b ′ t❤❡ ♥❡❛r✲ ❡st ♣♦✐♥ts ♦❢ lift( mi (a)) ✐♥ S i ❛♥❞ S j r❡s♣❡❝t✐✈❡•②✱ s❡❡ ❋✐❣✉r❡ ✻✲•❡❢t✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✸✱ t❤❡ •✐♥❡✲s❡❣♠❡♥ts [a ′ , lift( mi (a))] ❛♥❞ [b ′ , lift( mi (a))] •✐❡ ✐♥s✐❞❡ M C ✳ ❲❡ ♥♦✇ ❞❡✜♥❡ ❛ ♣❛t❤ γ ❛s t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ❢♦✉r •✐♥❡✲s❡❣♠❡♥ts✿ [a, a ′ ] ⊂ S i ✱ [a ′ , lift( mi (a))]✱ [b ′ , lift( mi (a))] ❛♥❞ [b ′ , b] ⊂ S j ✳ ❲❡ ❦♥♦✇ t❤❛t [a ′ , lift( mi (a))] ❛♥❞ [b ′ , lift( mi (a))] ❛r❡ ♠❛♣♣❡❞ t♦ lift( mi (a)) ❜② t❤❡ •✐❢t ❢✉♥❝t✐♦♥✳ ❚❤✉s✱ t❤❡ ✐♠❛❣❡ ♦❢ γ ✉♥❞❡r t❤❡ •✐❢t ❢✉♥❝t✐♦♥ ✐s t❤❡ •✐♥❡✲s❡❣♠❡♥t [lift(a), lift( mi (a))]✱ ✇❤✐❝❤ ✐s tr✐✈✐❛••② ❝♦♥tr❛❝t✐❜•❡ ✐♥ L * (π 1 (M C ))✳ ❋✐❣✉r❡ ✻✿ ❚✇♦ ❝❛s❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✿ ✐♥ r❡❞ ❛ ♣❛t❤ ❜❡t✇❡❡♥ a ❛♥❞ b ✐♥ M C ✳ ■◆|■❆ •❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦•♦❣✐❝❛• •✉❛r❛♥t❡❡s ✷✶ • ■❢ t❤❡ ♣r♦•❡❝t✐♦♥ ♦❢ t❤❡ s❡❣♠❡♥t [a, m i (a)] ♦♥t♦ P i ✱ ❞❡♥♦t❡❞ ❜② [a, m i (a)]✱ ✐s ❝✉t ❜② ❛ ❝✉tt✐♥❣ ♣•❛♥❡ P ✱ t❤❡♥ ✇❡ ❝•❛✐♠ t❤❛t a ✐s ❝♦♥♥❡❝t❡❞ t♦ b ✐♥ S C ✳ ▲❡t ✉s ❝❛•• l t❤❡ •✐❢t ♦❢ [a, m i (a)]✳ ❋♦r ❛♥② ♣♦✐♥t x ∈ l✱ ✇❡ ✇r✐t❡ B(x) ❢♦r t❤❡ ♦♣❡♥ ❜❛•• ❝❡♥t❡r❡❞ ❛t x ❛♥❞ t❛♥❣❡♥t t♦ t❤❡ ♣•❛♥❡s ♦❢ s❡❝t✐♦♥s S i ❛♥❞ S j ✳ ❙✐♥❝❡ lift(a) ∈ lift(S i ) ∩ lift(S j )✱ B(lift(a)) ✐s ❡♠♣t② ♦❢ ♣♦✐♥ts ✐♥ ∂C✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✐t ❞♦❡s ♥♦t ✐♥t❡rs❡❝t P ✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t x 0 ∈ l✱ s✉❝❤ t❤❛t P ✐s t❛♥❣❡♥t t♦ B(x 0 )✳ ❙❡❡ ❋✐❣✉r❡ ✻✲r✐❣❤t✳ ❲❡ ♦❜s❡r✈❡ ❛•s♦ t❤❛t P ✐♥t❡rs❡❝ts t❤❡ s❡❣♠❡♥ts [a, m i (a)] ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡❣♠❡♥t ✐♥ S j ✇❤✐❝❤ ✐s ❛•s♦ ♠❛♣♣❡❞ t♦ l ❜② t❤❡ •✐❢t ❢✉♥❝t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ✐s ❛ ♣❛t❤ ✐♥ S C ✭❛♥❞ s♦ ✐♥ M C ✮ ❜❡t✇❡❡♥ a ❛♥❞ b s♦ t❤❛t ✐ts ✐♠❛❣❡ ❜② t❤❡ •✐❢t ❢✉♥❝t✐♦♥ ✐s t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ [lift(a), x 0 ] ✇✐t❤ ❛ ❝♦♥tr❛❝t✐❜•❡ ♣❛t❤ ❢r♦♠ x 0 t♦ x 0 ✳ ✾ ❉❡❢♦r♠✐♥❣ t❤❡ ❍♦♠♦t♦♣② ❊q✉✐✈❛•❡♥❝❡ t♦ ❛ ❍♦♠❡✲ ♦♠♦r♣❤✐s♠ ❯s✐♥❣ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ❜❡t✇❡❡♥ R ❛♥❞ O✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡② ❛r❡ ✐♥❞❡❡❞ ❤♦♠❡♦♠♦r♣❤✐❝✳ ❚❤❡♦r❡♠ ✶✷ ✭▼❛✐♥ ❚❤❡♦r❡♠✲P❛rt ■■■✮ ❯♥❞❡r t❤❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ t❤❡ ■♥✲ t❡rs❡❝t✐♦♥ ❈♦♥❞✐t✐♦♥s✱ t❤❡ t✇♦ t♦♣♦•♦❣✐❝❛• ♠❛♥✐❢♦•❞s R ❛♥❞ O ❛r❡ ❤♦♠❡♦♠♦r♣❤✐❝ ✭✐♥ ❛❞❞✐t✐♦♥✱ t❤❡② ❛r❡ ✐s♦t♦♣✐❝✮✳ ❆•t❤♦✉❣❤✱ t❤✐s r❡s✉•t ✐s str♦♥❣❡r t❤❛♥ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡✱ t❤❡ ✇❛② ♦✉r ♣r♦♦❢ ✇♦r❦s ♠❛❦❡s ❡ss❡♥t✐❛••② ✉s❡ ♦❢ t❤❡ t♦♣♦•♦❣✐❝❛• st✉❞② ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ❆♥❞ s♦ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ Pr♦♦❢ ❆❣❛✐♥✱ ✇❡ ❞♦ ✜rst ❛ r❡❛s♦♥✐♥❣ ✐♥ ❡❛❝❤ ❝❡•• ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t ❛♥❞ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ O C ❛♥❞ R C ✐♥❞✉❝✐♥❣ ✐❞❡♥t✐t② ♦♥ ❡❛❝❤ s❡❝t✐♦♥ ♦❢ S C ✳ ••✉✐♥❣ t❤❡s❡ ❤♦♠❡♦♠♦r♣❤✐s♠s t♦❣❡t❤❡r✱ ♦♥❡ ♦❜t❛✐♥s ❛ ❣•♦❜❛• ❤♦♠❡♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ R ❛♥❞ O✳ ▲❡t C ❜❡ ❛ ❝❡•• ♦❢ t❤❡ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ❝✉tt✐♥❣ ♣•❛♥❡s✳ ❆ s✐♠✐•❛r ♠❡t❤♦❞ ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ❜❡t✇❡❡♥ R C ❛♥❞ O C s❤♦✇s t❤❛t ∂R ∩ C ❛♥❞ ∂O ∩ C ❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥t ❛♥❞ ❛r❡ ✐♥❞❡❡❞ ❤♦♠❡♦♠♦r♣❤✐❝✱ ❛♥❞ ✐♥ ❛❞❞✐t✐♦♥ t❤❡r❡ ❡①✐sts ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ β C : ∂O ∩ C → ∂R ∩ C ✇❤✐❝❤ ✐♥❞✉❝❡s ✐❞❡♥t✐t② ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ s❡❝t✐♦♥s ✐♥ S C ✳ ❲❡ s❤♦✇❡❞ t❤❛t t❤❡ t♦♣♦•♦❣② ♦❢ R C ❛♥❞ O C ✐s ❝♦♠♣•❡t❡•② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡✐r ❢✉♥❞❛♠❡♥t❛• ❣r♦✉♣s✱ ✐✳❡✳✱ ❛•• t❤❡ ❤✐❣❤❡r ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ R C ❛♥❞ O C ❛r❡ tr✐✈✐❛•✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ π 1 (O C ) ❛♥❞ π 1 (R C )✱ ❛♥❞ t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ (β C ) * : π 1 (∂O ∩ C) → π 1 (∂R ∩ C) ♦♥ ✜rst ❤♦♠♦t♦♣② ❣r♦✉♣s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤✐s ✐s♦♠♦r♣❤✐s♠ ✭✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ ✜rst ❤♦♠♦t♦♣② ❣r♦✉♣s✮✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡r❡ ✐s ♥♦ ♦❜str✉❝t✐♦♥ ✐♥ ❡①t❡♥❞✐♥❣ β C t♦ ❛ ♠❛♣ α C : O C → R C ✱ ✐♥❞✉❝✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ π 1 (O C ) ❛♥❞ π 1 (R C )✱ ❛♥❞ s✉❝❤ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦❢ α C t♦ S C r❡♠❛✐♥s ✐❞❡♥t✐t②✳ ❙✐♥❝❡ ❛•• t❤❡ ❤✐❣❤❡r ❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ O C ❛♥❞ R C ❛r❡ tr✐✈✐❛•✱ ✐t ❢♦••♦✇s t❤❛t α C ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡✳ ❲❡ ❛r❡ ♥♦✇ ✐♥ ♦r❞❡r t♦ ❛♣♣•② t❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ ❞✉❡ t♦ ❲❛•❞❤❛✉s❡♥✱ ✇❤✐❝❤ s❤♦✇s t❤❛t α ❝❛♥ ❜❡ ❞❡❢♦r♠❡❞ t♦ ❤♦♠❡♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ O C ❛♥❞ R C ✱ ❜② ❛ ❞❡❢♦r♠❛t✐♦♥ ✇❤✐❝❤ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❤♦♠❡♦♠♦r♣❤✐s♠ α C ❜❡t✇❡❡♥ t❤❡ ❜♦✉♥❞❛r✐❡s✳ ❆ ❝♦♠♣❛❝t ✸✲♠❛♥✐❢♦•❞ M ✐s ❝❛••❡❞ ✐rr❡❞✉❝✐❜•❡ ✐❢ π 2 (M ) ✐s tr✐✈✐❛•✳ |❡♠❛r❦ t❤❛t O C ❛♥❞ R C ❛r❡ ✐rr❡❞✉❝✐❜•❡✳ || ♥➦ ✼✶✹✼ ✷✷ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐ ❚❤❡♦r❡♠ ✶✸ ✭❲❛•❞❤❛✉s❡♥✮ ▲❡t f : M → M ′ ❜❡ ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ❜❡t✇❡❡♥ ♦r✐❡♥t❛❜•❡ ✐rr❡❞✉❝✐❜•❡ ✸✲♠❛♥✐❢♦•❞s ✇✐t❤ ❜♦✉♥❞❛r✐❡s s✉❝❤ t❤❛t f t❛❦❡s t❤❡ ❜♦✉♥❞❛r② ♦❢ M ♦♥t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ M ′ ❤♦♠❡♦♠♦r♣❤✐❝❛••②✳ ❚❤❡♥ f ❝❛♥ ❜❡ ❞❡❢♦r♠❡❞ t♦ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ M → M ′ ❜② ❛ ❤♦♠♦t♦♣② ✇❤✐❝❤ ✐s ✜①❡❞ ❛•• t❤❡ t✐♠❡ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ M ✳ ✭❙❡❡ ❬▼❛t✵✸(✱ ♣❛❣❡ ✷✷✵✱ ❢♦r ❛ ♣r♦♦❢✳✮ ❆♣♣•②✐♥❣ ❲❛•❞❤❛✉s❡♥✬s t❤❡♦r❡♠✱ ♦♥❡ ♦❜t❛✐♥s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ αC ❢r♦♠ O C t♦ R C ✇❤✐❝❤ ✐s ✐❞❡♥t✐t② ♦♥ t❤❡ s❡❝t✐♦♥s ✐♥ S C ✳ ••✉✐♥❣ αC ✱ ♦♥❡ ♦❜t❛✐♥ ❛ ❣•♦❜❛• ❤♦♠❡♦♠♦r♣❤✐s♠ ❢♦r♠ O t♦ R✳ ▼♦r❡♦✈❡r✱ ❛❝❝♦r❞✐♥❣ t♦ ❈❤❛③❛• ❛♥❞ ❈♦❤❡♥✲ ❙t❡✐♥❡r✬s ✇♦r❦ ❬❈❈❙✵✺( ✭❈♦r♦••❛r② ✸✳✶✮✱ s✐♥❝❡ R ❛♥❞ O ❛r❡ ❤♦♠❡♦♠♦r♣❤✐❝ ❛♥❞ R ❝♦♥t❛✐♥s t❤❡ ♠❡❞✐❛• ❛①✐s ♦❢ O✱ R ✐s ✐s♦t♦♣✐❝ t♦ O✳ ❈♦♥❝•✉s✐♦♥ ❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ♦♥❡ ♦❢ t❤❡ ✜rst t♦♣♦•♦❣✐❝❛• st✉❞✐❡s ✐♥ s❤❛♣❡ r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ ❝r♦ss✲s❡❝t✐♦♥❛• ❞❛t❛✳ ❲❡ s❤♦✇❡❞ t❤❛t t❤❡ ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ t❤❡ ❝•❛ss✐❝❛• ♦✈❡r•❛♣♣✐♥❣ ❝r✐t❡r✐♦♥ t♦ s♦•✈❡ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♣r♦❜•❡♠ ❜❡t✇❡❡♥ ✉♥♦r❣❛♥✐③❡❞ ❝r♦ss✲s❡❝t✐♦♥s✱ ♣r♦♣♦s❡❞ ❜② ▲✐✉ ❡t ❛•✳ ✐♥ ❬▲❇❉ + ✵✽(✱ ♣r❡s❡r✈❡s t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢ t❤❡ s❤❛♣❡ ✉♥❞❡r s♦♠❡ ❛♣♣r♦♣r✐❛t❡ s❛♠♣•✐♥❣ ❝♦♥❞✐t✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ♣r♦✈❡❞ t❤❛t ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ r❡❝♦♥str✉❝t❡❞ ♦❜•❡❝t ❛♥❞ t❤❡ ♦r✐❣✐♥❛• s❤❛♣❡ ❝❛♥ ❜❡ ❞❡❢♦r♠❡❞ t♦ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠✳ ❊✈❡♥✱ ♠♦r❡ str♦♥❣•②✱ t❤❡ t✇♦ ♦❜•❡❝ts ❛r❡ ✐s♦t♦♣✐❝✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❡❛s✐•② ❡①t❡♥❞ t❤❡ s❛♠❡ t♦♣♦•♦❣✐❝❛• ❣✉❛r❛♥t❡❡s t♦ ❛ r❡•❛t❡❞ ❛•❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❝r♦ss✲s❡❝t✐♦♥s ✭✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❞✉❛• ♦❢ t❤❡ ❉❡•❛✉♥❛②✲ ❜❛s❡❞ ❛•❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ✐♥ ❬❇▼✵✼(✮✳ |❡❢❡r❡♥❝❡s ❬❇❛t✼✶( ❏✳▲✳ ❇❛t✉❞❡✳ ❙✐♥❣✉•❛r✐té ❣é♥ér✐q✉❡ ❞❡s ❛♣♣•✐❝❛t✐♦♥s ❞✐✛ér❡♥t✐❛❜•❡s ❞❡ •❛ ✷✲s♣❤èr❡ ❞❛♥s ✉♥❡ ✸✲✈❛r✐été ❞✐✛ér❡♥t✐❛❜•❡✳ ■♥ ❆♥♥❛•❡s ❞❡ •✬✐♥st✐t✉t ❋♦✉r✐❡r✱ ✈♦•✉♠❡ ✷✶✱ ♣❛❣❡s ✶✺✺✕✶✼✷✱ ✶✾✼✶✳ ❬❇•✾✸( ❏✳❉✳ ❇♦✐ss♦♥♥❛t ❛♥❞ ❇✳ •❡✐❣❡r✳ ❚❤r❡❡ ❞✐♠❡♥s✐♦♥❛• r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❝♦♠♣•❡① s❤❛♣❡s ❜❛s❡❞ ♦♥ t❤❡ ❞❡•❛✉♥❛② tr✐❛♥❣✉•❛t✐♦♥✳ ❇✐♦♠❡❞✐❝❛• ■♠❛❣❡ Pr♦❝❡ss✐♥❣ ❛♥❞ ❱✐s✉❛•✐③❛t✐♦♥✱ ♣❛❣❡ ✾✻✹✱ ✶✾✾✸✳ ❬❇▼✵✼( ❏✳❉✳ ❇♦✐ss♦♥♥❛t ❛♥❞ P✳ ▼❡♠❛r✐✳ ❙❤❛♣❡ r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ ✉♥♦r✲ ❣❛♥✐③❡❞ ❝r♦ss s❡❝t✐♦♥s✳ ❙②♠♣♦s✐✉♠ ♦♥ •❡♦♠❡tr② Pr♦❝❡ss✐♥❣✱ ♣❛❣❡s ✽✾✕✾✽✱ ✷✵✵✼✳ ❬❇❱✵✾( •✳ ❇❛r❡q✉❡t ❛♥❞ ❆✳ ❱❛①♠❛♥✳ |❡❝♦♥str✉❝t✐♦♥ ♦❢ ♠✉•t✐✲•❛❜❡• ❞♦♠❛✐♥s ❢r♦♠ ♣❛rt✐❛• ♣•❛♥❛r ❝r♦ss✲s❡❝t✐♦♥s✳ ❙②♠♣♦s✐✉♠ ♦♥ •❡♦♠❡tr② Pr♦❝❡ss✲ ✐♥❣✱ ✷✵✵✾✳ ❬❈❈❙✵✺( ❋✳ ❈❤❛③❛• ❛♥❞ ❉✳ ❈♦❤❡♥✲❙t❡✐♥❡r✳ ❆ ❝♦♥❞✐t✐♦♥ ❢♦r ✐s♦t♦♣✐❝ ❛♣♣r♦①✐✲ ♠❛t✐♦♥✳ •r❛♣❤✐❝❛• ▼♦❞❡•s✱ ✻✼✭✺✮✿✸✾✵✕✹✵✹✱ ✷✵✵✺✳ ❬❉P✾✼( ❈✳|✳ ❉❛♥❝❡ ❛♥❞ |✳❲✳ Pr❛❣❡r✳ ❉❡•❛✉♥❛② |❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ ▼✉•✲ t✐❛①✐❛• P•❛♥❛r ❈r♦ss✲❙❡❝t✐♦♥s✳ ✶✾✾✼✳ ❬❍❛t✵✷( ❆✳ ❍❛t❝❤❡r✳ ❆•❣❡❜r❛✐❝ t♦♣♦•♦❣②✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✷✳ ■◆|■❆ •❡♦♠❡tr✐❝ ❚♦♠♦❣r❛♣❤② ❲✐t❤ ❚♦♣♦•♦❣✐❝❛• •✉❛r❛♥t❡❡s ✷✸ ❬❏❲❈ + ✵✺( ❚✳ ❏✉✱ ❏✳ ❲❛rr❡♥✱ ❏✳ ❈❛rs♦♥✱ •✳ ❊✐❝❤❡•❡✱ ❈✳ ❚❤❛••❡r✱ ❲✳ ❈❤✐✉✱ ▼✳ ❇❡••♦✱ ❛♥❞ ■✳
♠❛♣s f : X → Y ❛♥❞ g : Y → X s✉❝❤ t❤❛t g • f ✐s ❤♦♠♦t♦♣✐❝ t♦ t❤❡ ✐❞❡♥t✐t② ♠❛♣ id X ❛♥❞ f • g ✐s ❤♦♠♦t♦♣✐❝ t♦ id Y ✳ ❉❡✜♥✐t✐♦♥ ✶✺ ✭❍♦♠♦t♦♣② •r♦✉♣s✱ ❋✉♥❞❛♠❡♥t❛• •r♦✉♣✮ ▲❡t X ❜❡ ❛ s♣❛❝❡ ✇✐t❤ ❛ ❜❛s❡ ♣♦✐♥t x 0 ∈ X✳ ▲❡t S i ❞❡♥♦t❡ t❤❡ i✲s♣❤❡r❡ ❢♦r ❛ ❣✐✈❡♥ i ≥ 1✱ ✐♥ ✇❤✐❝❤ ✇❡ ✜①❡❞ ❛ ❜❛s❡ ♣♦✐♥t b✳ ❚❤❡ i✲❞✐♠❡♥s✐♦♥❛• ❤♦♠♦t♦♣② ❣r♦✉♣ ♦❢ X ❛t t❤❡ ❜❛s❡ ♣♦✐♥t x 0 ✱ ❞❡♥♦t❡❞ ❜② π i (X, x 0 )✱ ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ s❡t ♦❢ ❤♦♠♦t♦♣② ❝•❛ss❡s ♦❢ ♠❛♣s f : S i → X t❤❛t ♠❛♣ t❤❡ ❜❛s❡ ♣♦✐♥t b t♦ t❤❡ ❜❛s❡ ♣♦✐♥t x 0 ✳
❚❤✉s ✐❢ X ✐s ♣❛t❤✲❝♦♥♥❡❝t❡❞✱ t❤❡ ❣r♦✉♣ π i (X, x 0 ) ✐s✱ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ ❜❛s❡ ♣♦✐♥t x 0 ✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ♥♦t❛t✐♦♥ π i (X, x 0 ) ✐s ♦❢t❡♥ ❛❜❜r❡✈✐❛t❡❞ t♦ π i (X)✳ 

  x) ✐s t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♠❛①✐♠✉♠ ❜❛•• ❡♥t✐r❡•② ✐♥❝•✉❞❡❞ ✐♥ O C ✇❤✐❝❤ ♣❛ss❡s t❤r♦✉❣❤ x✳ ❙②♠♠❡tr✐❝❛••②✱ t❤❡ ❡①t❡r♥❛• r❡tr❛❝t m e,C : ∂O C → ▼❆ e (∂O C ) ✐s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ ❢♦r ❛ ♣♦✐♥t x ∈ ∂O C ✱ m e,C (x) ✐s t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♠❛①✐♠✉♠ ❜❛•• ❡♥t✐r❡•② ✐♥❝•✉❞❡❞ ✐♥ C \ O C ✇❤✐❝❤ ♣❛ss❡s t❤r♦✉❣❤ x✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❢♦r ❛♥② x ∈ ∂O ∩ C✱ t❤❡ s❡❣♠❡♥ts [x, m i,C (x)] ❛♥❞ [x, m e,C (x)] ❛r❡ s✉❜s❡❣♠❡♥ts ♦❢ [x, m i (x)] ❛♥❞ [x, m e (x)] r❡s♣❡❝t✐✈❡•②✱ ❛

  ❑❛❦❛❞✐❛r✐s✳ ❇✉✐•❞✐♥❣ ✸❉ s✉r❢❛❝❡ ♥❡t✇♦r❦s ❢r♦♠ ✷❉ ❝✉r✈❡ ♥❡t✇♦r❦s ✇✐t❤ ❛♣♣•✐❝❛t✐♦♥ t♦ ❛♥❛t♦♠✐❝❛• ♠♦❞❡•✐♥❣✳ ❚❤❡ ❱✐s✉❛• ❈♦♠♣✉t❡r✱ ✷✶✭✽✮✿✼✻✹✕✼✼✸✱ ✷✵✵✺✳ ❬▲❇❉ + ✵✽( ▲✳ ▲✐✉✱ ❈✳▲✳ ❇❛•❛•✱ ❏✳❖✳ ❉❡❛s②✱ ❉✳❆✳ ▲♦✇✱ ❛♥❞ ❚✳ ❏✉✳ ❙✉r❢❛❝❡ r❡✲ ❝♦♥str✉❝t✐♦♥ ❢r♦♠ ♥♦♥✲♣❛r❛••❡• ❝✉r✈❡ ♥❡t✇♦r❦s✳ ❈♦♠♣✉t❡r •r❛♣❤✐❝s ❋♦r✉♠✱ ✷✼✿✶✺✺✕✶✻✸✱ ✷✵✵✽✳ ❬▼❛t✵✸( ❙✳❱✳ ▼❛t✈❡❡✈✳ ❆•❣♦r✐t❤♠✐❝ t♦♣♦•♦❣② ❛♥❞ ❝•❛ss✐✜❝❛t✐♦♥ ♦❢ ✸✲♠❛♥✐❢♦•❞s✳ ❙♣r✐♥❣❡r✱ ✷✵✵✸✳ ❬▼❛②✵✸( ❏P ▼❛②✳ ❋✐♥✐t❡ s♣❛❝❡s ❛♥❞ s✐♠♣•✐❝✐❛• ❝♦♠♣•❡①❡s✳ ◆♦t❡s ❢♦r |❊❯✱ ✷✵✵✸✳ ❬▼❇✵✽( P✳ ▼❡♠❛r✐ ❛♥❞ ❏✳❉✳ ❇♦✐ss♦♥♥❛t✳ Pr♦✈❛❜•② ❣♦♦❞ ✷❞ s❤❛♣❡ r❡❝♦♥str✉❝✲ t✐♦♥ ❢r♦♠ ✉♥♦r❣❛♥✐③❡❞ ❝r♦ss s❡❝t✐♦♥s✳ ❈♦♠♣✉t❡r •r❛♣❤✐❝s ❋♦r✉♠✱ ✷✼✭✺✮✿✶✹✵✸✕✶✹✶✵✱ ✷✵✵✽✳ ❬P❚✾✹( ❇✳❆✳ P❛②♥❡ ❛♥❞ ❆✳❲✳ ❚♦❣❛✳ ❙✉r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ❜② ♠✉•t✐❛①✐❛• tr✐❛♥❣✉•❛t✐♦♥✳ ■❊❊❊ ❈♦♠♣✉t❡r •r❛♣❤✐❝s ❛♥❞ ❆♣♣•✐❝❛t✐♦♥s✱ ✶✹✭✻✮✿✷✽✕ ✸✺✱ ✶✾✾✹✳ ❬❙❇•✵✻( ❆✳ ❙✐❞•❡s❦②✱ •✳ ❇❛r❡q✉❡t✱ ❛♥❞ ❈✳ •♦ts♠❛♥✳ P♦•②❣♦♥ r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ •✐♥❡ ❝r♦ss✲s❡❝t✐♦♥s✳ ❈❛♥❛❞✐❛♥ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❛t✐♦♥❛• •❡♦♠❡tr②✱ ✷✵✵✻✳ ❬❙❡❣✻✽( •✳ ❙❡❣❛•✳ ❈•❛ss✐❢②✐♥❣ s♣❛❝❡s ❛♥❞ s♣❡❝tr❛• s❡q✉❡♥❝❡s✳ P✉❜•✐❝❛t✐♦♥s ▼❛t❤é♠❛t✐q✉❡s ❞❡ •✬■❍➱❙✱ ✸✹✭✶✮✿✶✵✺✕✶✶✷✱ ✶✾✻✽✳ || ♥➦ ✼✶✹✼ ✷✹ ❖✳ ❆♠✐♥✐ ✫ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t ✫ P✳ ▼❡♠❛r✐ ❆ ❍♦♠♦t♦♣② Pr❡•✐♠✐♥❛r✐❡s ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❜r✐❡✢② r❡❝❛•• s♦♠❡ ❝♦♥❝❡♣ts ❛♥❞ ♥♦t❛t✐♦♥s t❤❛t ❛r❡ ✉s❡❞ ✐♥ t❤❡ ♣❛♣❡r✳ ◆♦t❛t✐♦♥ ❋♦r ❛♥② s❡t X ⊂ R n ✱ t❤❡ ❜♦✉♥❞❛r② ♦❢ X ✐s ❞❡♥♦t❡❞ ❜❡ ∂X✳ ❉❡✜♥✐t✐♦♥ ✶✸ ✭❍♦♠♦t♦♣②✮ ❆ ❤♦♠♦t♦♣② ❜❡t✇❡❡♥ t✇♦ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s f ❛♥❞ g ❢r♦♠ ❛ t♦♣♦•♦❣✐❝❛• s♣❛❝❡ X t♦ ❛ t♦♣♦•♦❣✐❝❛• s♣❛❝❡ Y ✐s ❞❡✜♥❡❞ t♦ ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ H : X × [0, 1] → Y s✉❝❤ t❤❛t ❢♦r ❛•• ♣♦✐♥ts x ∈ X✱ H(x, 0) = f (x) ❛♥❞ H(x, 1) = g(x)✳ f ✐s s❛✐❞ t♦ ❜❡ ❤♦♠♦t♦♣✐❝ t♦ g ✐❢ t❤❡r❡ ❡①✐sts ❛ ❤♦♠♦t♦♣② ❜❡t✇❡❡♥ f ❛♥❞ g✳ ❉❡✜♥✐t✐♦♥ ✶✹ ✭❍♦♠♦t♦♣② ❊q✉✐✈❛•❡♥❝❡✮ ❚✇♦ t♦♣♦•♦❣✐❝❛• s♣❛❝❡s X ❛♥❞ Y ❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥t ♦r ♦❢ t❤❡ s❛♠❡ ❤♦♠♦t♦♣② t②♣❡ ✐❢ t❤❡r❡ ❡①✐st ❝♦♥t✐♥✉♦✉s

  ▲❡t X ❜❡ ❛ ♣❛t❤✲❝♦♥♥❡❝t❡❞ s♣❛❝❡✳ ❚❤❡ ✜rst ❤♦♠♦t♦♣② ❣r♦✉♣ ♦❢ X✱ π 1 (X)✱ ✐s ❝❛••❡❞ t❤❡ ❢✉♥❞❛♠❡♥t❛• ❣r♦✉♣ ♦❢ X✳ ❉❡✜♥✐t✐♦♥ ✶✻ ✭❙✐♠♣•②✲❈♦♥♥❡❝t❡❞ ❙♣❛❝❡s✮ ❚❤❡ ♣❛t❤✲❝♦♥♥❡❝t❡❞ s♣❛❝❡ X ✐s ❝❛••❡❞ s✐♠♣•②✲❝♦♥♥❡❝t❡❞ ✐❢ ✐t ❤❛s tr✐✈✐❛• ❢✉♥❞❛♠❡♥t❛• ❣r♦✉♣✳ ❉❡✜♥✐t✐♦♥ ✶✼ ✭❲❡❛❦ ❍♦♠♦t♦♣② ❊q✉✐✈❛•❡♥❝❡✮ ❆ ♠❛♣ f : X → Y ✐s ❝❛••❡❞ ❛ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ✐❢ t❤❡ ✐♥❞✉❝❡❞ ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠s ❜② f ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤♦♠♦t♦♣② ❣r♦✉♣s✱ f * : π i (X) → π i (Y )✱ ❢♦r i ≥ 0✱ ❛r❡ ❛•• ✐s♦♠♦r✲ ♣❤✐s♠✳ ✭■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❛♥② ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡ ✐s ❛ ✇❡❛❦ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡✱ ❜✉t t❤❡ ✐♥✈❡rs❡ ✐s ♥♦t ♥❡❝❡ss❛r✐•② tr✉❡✳ ❍♦✇❡✈❡r✱ ❲❤✐t❡❤❡❛❞✬s ❚❤❡✲ ♦r❡♠ st❛t❡s t❤❛t t❤❡ ✐♥✈❡rs❡ ✐s tr✉❡ ❢♦r ♠❛♣s ❜❡t✇❡❡♥ ❈❲✲❝♦♠♣•❡①❡s✳✮ ❚❤❡♦r❡♠ ✶✹ ✭❲❤✐t❡❤❡❛❞✬s ❚❤❡♦r❡♠✮ ■❢ ❛ ♠❛♣ f : X → Y ❜❡t✇❡❡♥ ❝♦♥✲ ♥❡❝t❡❞ ❈❲✲❝♦♠♣•❡①❡s ✐♥❞✉❝❡s ✐s♦♠♦r♣❤✐s♠s f * : π i (X) → π i (Y ) ❢♦r ❛•• i ≥ 0✱ t❤❡♥ f ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛•❡♥❝❡✳ ❉❡✜♥✐t✐♦♥ ✶✽ ✭✭❙tr♦♥❣✮ ❉❡❢♦r♠❛t✐♦♥ |❡tr❛❝t✮ ▲❡t X ❜❡ ❛ s✉❜s♣❛❝❡ ♦❢ Y ✳ ❆ ❤♦♠♦t♦♣② H : Y × [0, 1] → Y ✐s s❛✐❞ t♦ ❜❡ ❛ ✭str♦♥❣✮ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ Y t♦ X ✐❢✿ ❼ ❋♦r ❛•• y ∈ Y, H(y, 0) = y ❛♥❞ H(y, 1) ∈ X✳ ❼ ❋♦r ❛•• x ∈ X, H(x, 1) = x✳ ❼ ✭❛♥❞ ❢♦r ❛•• x ∈ X, H(x, t) = x✳✮ ■◆|■❆