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Jeux de Formation des Réseaux ave une omposanteSoialeRésumé : Dans plusieurs sénarios le déploiement d'un réseau n'est pas imposé parune autorité entrale, mais résulte des interations entre plusieurs agents égoïstes. C'estle as, par exemple, de l'Internet, où la onnetivité est due aux déisions des systèmesautonomes, mais aussi des réseaux overlay, où haque utilisateur peut déider l'ensemble desonnexions à établir. Des travaux réents ont utilisé la théorie des jeux, et en partiulier leonept de l'équilibre de Nash, pour aratériser des réseaux stables qui sont réés par unensemble d'agents égoïstes. La majorité de es travaux supposent que les utilisateurs sontomplètement non oopératifs, menant, dans la plupart des as, à des équilibres ine�aes.Pour améliorer l'e�aité, dans et artile nous proposons deux jeux originaux partiellementsoiaux pour la plani�ation des réseaux. Dans le premier jeu, nous avons inorporé uneomposante soiale (qui tient ompte du out soial ou global du réseau) dans les fontionsd'utilité des utilisateurs, alors que dans le deuxième jeu nous avons utilisé en plus uneapprohe Stakelberg (leader-follower), où le leader (par exemple, l'administrateur de réseau)arhitete le réseau désiré en ahetant un sous-ensemble approprié des liens de réseau, menantomme ça les utilisateurs à des équilibres de Nash e�aes. Nous fournissons des limites pourle Prie of Anarhy et d'autres mesures d'e�aité, et étudions les performanes des jeuxproposés dans plusieurs sénarios, y ompris des topologies réelles où les joueurs onstruisentun réseau overlay sur de vrais réseaux de fournisseurs d'Internet. Les résultats numériquesmontrent que (1) l'introdution des initations pour rendre les utilisateurs plus soiaux estune solution e�ae pour obtenir des réseaux stables et e�aes d'une manière distribuée,et (2) l'approhe Stakelberg peut produire une amélioration importante des performanes,en réant presque toujours des réseaux optimaux d'un point de vue global.Mots-lés : Plani�ation des Réseaux, Soialité, Théorie des Jeux, Equilibres de Nash,Jeux de Stakelberg



Soially-Aware Network Design Games 31 IntrodutionNetwork design with sel�sh users has been the fous of several reent works [1, 2, 3, 4, 5, 6℄,whih have modeled how independent sel�sh agents an build or maintain a large networkby paying for possible edges. Eah user's goal is to onnet a given set of terminals with theminimum possible ost. Game theory is the natural framework to address the interation ofsuh self-interested users (or players). A Nash Equilibrium (NE) is a set of users hoies, suhthat none of them has an inentive to deviate unilaterally. For this reason the orrespondingnetworks are said to be stable.However, Nash equilibria in network design games an be muh more expensive than theoptimal, entralized solution. This is mainly due to the lak of ooperation among networkusers, whih leads to design ostly networks.Atually, the majority of existing works assume that users are ompletely non-ooperative.However, this assumption ould be not entirely realisti, for example when network designinvolves long-term deisions (e.g., in the ase of Autonomous Systems peering relations)1.Moreover, inentives ould be introdued by some external authority (e.g., the overlay ad-ministrator) in order to inrease the users' ooperation level.In this work we overome this limitation by �rst proposing a novel network design game,the Soially-Aware Network Design (SAND) game, where users are haraterized by anobjetive funtion that ombines both individual and soial onerns in a uni�ed and �exiblemanner. More spei�ally, the ost funtion of eah user is a ombination of its own path ost(the sel�sh omponent) and the overall network ost, whih represents the soial omponent.A parameter (α) weights the relative importane of the network ost with respet to theuser path ost. Changing the value of α permits to take into aount di�erent levels of soialawareness or user ooperation.We investigate systematially the impat of ooperation among network agents on thesystem performane, through the determination of bounds on the Prie of Anarhy (PoA),the Prie of Stability (PoS) and the Reahable Prie of Anarhy (RPoA) of the proposedgame. They all quantify the loss of e�ieny as the ratio between the ost of a spei� stablenetwork and the ost of the optimal network, whih ould be designed by a entral authority.In partiular the PoA, �rst introdued in [7℄, onsiders the worst stable network (that withthe highest ost), while the PoS [1℄ onsiders the best stable network (that with the lowestost); �nally, the RPoA onsiders only Nash equilibria reahable via best response dynamisfrom the empty solution [6℄. Hene, PoA and RPoA indiate the maximum degradationdue to distributed users deisions (anarhy), while the PoS indiates the minimum ost topay to have a solution robust to unilateral deviations. Our analytial results show that as αinreases, i.e., when users are more sensitive to the soial ost, the PoS onverges to 1, i.e.,the best stable network is more e�ient, as expeted. Surprisingly, an opposite result holdsfor the worst ase. Indeed, for large α values (highly soially-aware users) the worst stablenetwork an be muh more expensive than the networks designed by purely sel�sh users.1 This observation motivates in [4℄ the study of strong NE, onsidering oalitions that ould take deisionsbene�ial to all the members of the group.
RR n° 7141



4 Elias & Martignon & Avrahenkov & NegliaFor this reason, we further propose a Stakelberg approah, the Network Administrator-Driven SAND game (NAD-SAND), whih enables very e�ient Nash equilibria, avoidingworst-ase senarios: a leader (e.g., the network administrator) buys an appropriate subsetof the network links (i.e., those belonging to the minimum ost generalized Steiner treeovering all soure/destination pairs), induing the followers (the network users) to reahan e�ient Nash equilibrium.We measured the performane of the proposed games in several network topologies, in-luding realisti senarios where players build an overlay on top of real Internet ServieProvider networks, and we observed that soially-aware users always generate better net-works. Furthermore, we observed that the proposed Stakelberg approah ahieves dramatiperformane improvements in all the onsidered senarios, even for small α values, sine itleads most of the times to the optimal (least ost) network. Hene, introduing some inen-tives to make users more soially-aware ould be an e�etive solution to ahieve stable ande�ient networks in a distributed way.In summary, the main ontributions of this paper are the following:� the proposition of the Soially-Aware Network Design game, whih ombines bothindividual and soial onerns in a uni�ed and �exible manner.� The determination of bounds on the Prie of Anarhy, the Prie of Stability and theReahable Prie of Anarhy of the proposed game.� The proposition of a Stakelberg game where the network administrator leads the usersto a system-wide e�ient equilibrium by buying an appropriate subset of the networklinks.� A thorough numerial evaluation of the proposed games in several realisti networksenarios, inluding real ISP topologies.The paper is organized as follows: Setion 2 disusses related work. Setion 3 introduesthe proposed Soially-Aware Network Design game. Setion 4 proposes a greedy algorithmthat implements best response dynamis, whih permits to reah a Nash equilibrium inthe proposed game. Setion 5 provides preise bounds on the Prie of Anarhy, the Prieof Stability and the Reahable Prie of Anarhy for the SAND game. Setion 6 desribesthe proposed Stakelberg game (the Network Administrator-Driven SAND game), whihenables very e�ient Nash equilibria. Setion 7 presents numerial results that demonstratethe e�etiveness of the SAND and NAD-SAND games in several realisti network senarios.Finally, Setion 8 onludes this paper.2 Related WorkSeveral reent works foused on network design with sel�sh users [1, 2, 3, 4, 5, 6℄.The so-alled Shapley network design game is proposed in [1℄. In this game, eah playerhooses a path from its soure to its destination, and the overall network ost is sharedINRIA



Soially-Aware Network Design Games 5among the players in the following way: eah player pays for eah edge a proportional shareof the edge ost, i.e., the edge ost divided by the number of players that pass through suhedge.Of all the ways to share the soial ost among the players, this proportional sharingmethod enjoys several desirable properties. First, it is budget balaned, in that it partitionsthe soial ost among the players. Seond, it an be derived from the Shapley value, and asa onsequene is the unique ost-sharing method satisfying ertain fairness axioms. Third, itadmits pure strategy NEs. Spei�ally, Anshelevih et al. showed in [1℄ that a pure-strategyNash equilibrium always exists, that PoA = k and PoS = Hk =
∑k

i=1 1/i = O(ln(k)).The network design model presented in [2℄ by Anshelevih et al. is general and does notadmit pure Nash equilibria, even for very simple network instanes. Brie�y, in suh modeleah player i has a set of terminal nodes that he must onnet. A strategy of a player is apayment funtion pi, where pi(e) is how muh player i is o�ering to ontribute to the ostof edge e. Any edge e suh that ∑
i pi(e) ≥ c(e) is onsidered bought (c(e) being the linkost). Eah player i tries to minimize its total payments, ∑

e∈E pi(e).The authors in [3℄ have extended the network design model in [1℄, inluding weightedplayers. But while easy to de�ne, this weighted network design game is hallenging toanalyze. In partiular, it is shown in [3℄ that: (1) pure-strategy Nash equilibria exist inall weighted Shapley network design games with two players, and (2) there are no largerlasses of weighted Shapley network design games that always possess pure-strategy Nashequilibria.The works in [4, 5℄ study the existene of strong Nash equilibria (i.e., equilibria whereno oalition an improve the ost of eah of its members) in network design games underdi�erent ost sharing mehanisms. Strong Nash equilibria ensure stability against deviationsby every oneivable oalition of agents. More spei�ally, the authors in [4℄ show that thereare graphs that do not admit strong Nash equilibria, and then give su�ient onditions onthe existene of approximate strong Nash equilibria.Furthermore, the problem of designing a protool that optimizes the equilibrium be-havior of the indued network game is investigated in [6℄. The authors study the designof optimal ost-sharing protools for undireted and direted graphs, single-sink and mul-tiommodity networks, di�erent lasses of ost-sharing methods, and di�erent measures ofthe ine�ieny of equilibria. Moreover, they provide upper and lower bounds on the bestpossible performane of non-uniform ost-sharing protools.Few works have onsidered individual and soial onerns of user agents while dealingwith di�erent types of networking problems [8, 9℄.A proposition that takes into aount individual and soial bene�ts has been onsideredin [8℄ in the general ontext of multi-agent systems, where individual and soial onerns anon�it, leading to ine�ient system performane. To address suh problem, the authorshave proposed a formal deision making framework, based on soial welfare funtions, thatombines both soial and individual perspetives.An experimental investigation of the impat of ooperation in the ontext of routinggames is onduted in [9℄. The game is studied onsidering partiular network topologies
RR n° 7141



6 Elias & Martignon & Avrahenkov & Neglia(i.e., parallel links and load balaning networks), shared by several users. Eah user seeksto optimize either its own performane or some ombination between its own performaneand that of other users, by ontrolling the routing of its given �ow demand.However, unlike our work, none of the above papers applies these onepts to the net-work design game, nor provides a theoretial analysis of the e�ieny of the ahieved Nashequilibria.3 The Soially-Aware Network Design GameIn this Setion we illustrate the proposed Soially-Aware Network Design (SAND) game,motivating the reason to introdue suh model.The SAND game ours in a direted graph G = (V, E), where eah edge e has anonnegative ost ce, and eah player i ∈ I = {1, 2, . . . k} is identi�ed with a soure-sink pair
(si, ti). Every player i piks a path Si from its soure to its destination, thereby reatingthe network (V,∪iSi) with total ost equal to ∑

e∈∪iSi
ce, whih will be referred to as soialost. We will refer to the path Si also as the strategy hosen by player i.This soial ost is assumed to be shared among the players in the following way: let xedenote the number of overlay paths that go through overlay link e; if edge e lies in xe of thehosen paths, then eah player hoosing suh an edge pays a proportional share πe = ce

xe
ofthe ost.The objetive funtion J i that user i wants to minimize is therefore given by:

J i =
∑

e∈Si

πe + α
∑

e∈∪jSj

ce (1)The �rst term takes into aount the sel�sh nature of eah player, sine it is the ost foruser i to buy the edges belonging to the hosen path, Si; on the other hand, the seond termrepresents the total network ost (i.e., the soial ost), α being a parameter that permits togive more weight to one omponent with respet to the other.An alternative interpretation of objetive funtion (1) is also possible: we an think thatusers are ompletely sel�sh, but the soial-aware term in ost funtion (1), α
∑

e∈∪jSj
ce, isimposed by the network operator. The advantage of suh approah is that the operator doesnot need to solve a large-sale Integer Linear Programming problem in order to optimize therouting hoies for every hange in the network (either in the topology, links ost, playersloation et . . . ), but an let the users solve the problem in a distributed way, onvergingto a good and stable solution.Note that for α = 0 objetive funtion (1) orresponds to that of the Shapley NetworkDesign Game proposed in [1℄, whih represents a partiular ase of our proposed game.Furthermore, in our game, users need only a limited amount of information, whih is exatlyequal to that of the Shapley network design game.We observe that the SAND game is a potential game without being at the same time aongestion game on the given graph G [10℄. In fat, the ost inurred by player i, J i, is not
INRIA



Soially-Aware Network Design Games 7simply the sum of the osts inurred by suh player from eah link in the hosen path Si,but it inludes a further term, the total network ost (multiplied by the parameter α.)It is easy to verify that the SAND game is haraterized by the following potentialfuntion:
Φ(S) =

∑

e∈E

xe∑

x=1

ce

x
+ α

∑

e∈∪jSj

ce (2)
S = (S1, S2 . . . Sk) being the vetor of players' strategies.As a onsequene, suh game has at least one pure Nash equilibrium, namely the strategy
S that minimizes Φ(S) [11℄. Furthermore, in suh a game, best response dynamis alwaysonverge to a Nash equilibrium.Sine we have introdued a term proportional to the network ost in the objetive fun-tion of eah player, we expet that players should design better networks, even though Se-tion 5 shows that this is not neessarily the ase. Before addressing this issue, we present inthe following Setion a possible asynhronous users operation that implements best responsedynamis and hene onverges to a Nash equilibrium.4 Best Response AlgorithmWe now desribe a simple algorithm that implements best response dynamis, allowing eahuser to improve its ost funtion in the proposed SAND game. Suh algorithm, detailedin the following, is the best response strategy for a user minimizing objetive funtion (1),assuming other users are not hanging their strategies.We still onsider a direted graph G = (V, E), where eah edge e has a nonnegative ost
ce. Let us onsider a vetor of players' strategies S = (S1, S2 . . . Sk), where Si ⊂ E is a setof edges that onnet the soure-sink pair (si, ti). Let us denote by S−i = ∪j 6=iSj the setof edges used by all players exept player i; as a onsequene, the set E − S−i ontains alllinks that are not used by the set of all players exept i. Finally, let ke denote the numberof times that edge e lies in the paths hosen by suh players (i.e., all players exept player
i). Algorithm 1 allows user i to determine the best response to all other users' strategies.The rationale behind suh algorithm is very simple: the link weights are set equal to the ostinurred by user i to hoose them, aording to objetive funtion (1). Then, the shortestpath orresponds to the hoie that minimizes the user's ost, and it represents thereforeits best response. Note that, if multiple shortest paths exist with the same ost, the playerhooses one of them randomly.
RR n° 7141



8 Elias & Martignon & Avrahenkov & NegliaAlgorithm 1 Pseudo-ode spei�ation for the best response dynamis for the SAND game1: if e ∈ S−i then2: Set Cost(e) = ce

ke+13: else4: Set Cost(e) = ce · (1 + α)5: end if6: Compute the least-ost path (using for example the Dijkstra algorithm) with link osts
Cost(e)7: Set Si equal to the set of links ontained in the least-ost path5 Bounds on the Prie of Anarhy, Prie of Stability andReahable Prie of Anarhy for the SAND gameIn this Setion, we derive bounds on the Prie of Anarhy (PoA), the Prie of Stability (PoS)and the so-alled Reahable Prie of Anarhy (RPoA) for the Soially-Aware Network Designgame, and ompare them with the results presented in [1℄ for the Shapley Network Designgame. This allows us to determine the worst and best ase performane of our proposedgame.5.1 Bound on the Prie of AnarhyWe now establish a lower bound on the Prie of Anarhy for the SAND game, whih isde�ned as the ratio between the ost of the worst stable network (that with the highestost), and the ost of the optimal network.Proposition 1 In the SAND game, a lower bound on the Prie of Anarhy (PoA) is givenby the following expression:

PoA ≥ k(1 + α). (3)Proof: Let us onsider the simple network senario of Figure 1 with two parallel links,one of ost equal to 1, the other with an arbitrarily high ost equal to C. Eah of the kplayers must onnet the ommon soure node s to the ommon destination node t. In theoptimal outome, eah player i hooses the lower link, with ost 1, and the ost of the formednetwork is obviously 1.However, this is not the only Nash equilibrium for the SAND game. Let us suppose thatthe initial network on�guration sees all k users routed over the upper link, with ost C. Itis easy to show that if α ≥ C
k
−1, no user has a gain to deviate and hoose the link with ostequal to 1. Then, the ost of the network is C. Now if C = k(1 + α), the above inequalityis satis�ed, and we obtain that the Prie of Anarhy is at least C

1 = k(1 + α).
2

INRIA



Soially-Aware Network Design Games 9
ts

1

C

Figure 1: Two-link network topology: k players must onnet the ommon soure node s todestination node t.5.2 Bound on the Prie of StabilityIn the following we ompute an upper bound on the Prie of Stability for the SAND game,whih is de�ned as the ratio between the ost of the best stable network (that with thelowest ost), and the ost of the optimal network.Proposition 2 In the SAND game, the Prie of Stability (PoS) is upper bounded by thefollowing expression:
PoS ≤

Hk + α

1 + α
. (4)Proof: It is shown in [1, 11℄ that the funtion Ψ(S) =

∑
e∈E

∑xe

x=1
ce

x
is an exatpotential funtion for the Shapley network design game revised in Setion II. Furthermore,it is shown in [11℄ that suh funtion satis�es the following inequalities:ost(S) ≤ Ψ(S) ≤ Hkost(S) (5)where ost(S) =

∑
e∈∪jSj

ce and Hk =
∑k

i=1 1/i is the kth harmoni number.The potential funtion of the SAND game, Φ(S), is diretly related to that of the Shapleynetwork design game, Ψ(S). In fat, from expression (2) it an be easily seen that Φ(S) =
Ψ(S) + α · ost(S). Hene, if we replae Ψ(S) = Φ(S) − α · cost(S) in expression (5), itfollows that:

(1 + α)ost(S) ≤ Φ(S) ≤ (Hk + α)ost(S). (6)Finally, Theorem 19.13 in [11℄ states that if a potential game with potential funtion
Φ(S) satis�es the following inequality:ost(S)

A
≤ Φ(S) ≤ Bost(S) (7)with A and B positive onstants, then the Prie of Stability (PoS) is at most AB.Therefore, in our problem, we obtain that the Prie of Stability is at most Hk+α

1+α
.

2RR n° 7141



10 Elias & Martignon & Avrahenkov & Neglia5.3 Bound on the Reahable Prie of AnarhyWe now derive a bound on the so-alled Reahable Prie of Anarhy (RPoA), a quantityde�ned in [6℄. The denominator of this ratio is the ost of the soially optimal network,whih we denote by Copt; the numerator is the largest ost of an equilibrium reahable viathe following proess: the k players enter the game one-by-one in an arbitrary order, andeah piks a path of minimum ost (aording to objetive funtion (1)), given the hoies ofprevious players. After all players have entered, the game proeeds exatly as for the SANDgame, with eah player re-optimizing its path, given the urrent strategies of all other players(using for example the best response algorithm illustrated in the previous Setion). Whenthe proess reahes a Nash equilibrium (as it must, sine it is a potential game), it stops.Proposition 3 In the SAND game, the Reahable Prie of Anarhy (RPoA) is upperbounded by the following expression:
RPoA < k

α + 1

α + 1
k

. (8)Proof: Let Sopt
i de�ne the path from soure node si to destination node ti for player i inthe optimal outome (the least ost network), and let Si denote the path hosen by player iin its �rst move in the game. Let C(Sopt

i ) =
∑

e∈S
opt

i
ce and C(Si) =

∑
e∈Si

ce denote theosts of suh two paths.For the �rst player that enters the network, the following inequality holds:
∑

e∈S1

πe + α
∑

e∈S1

ce = (1 + α)C(S1) < (1 + α)C(Sopt
1 ).For the seond player, the following inequality holds:

∑

e∈S2

πe + αC(S1 ∪ S2) <
∑

e∈S
opt

2

πe + αC(S1 ∪ Sopt
2 )whih an also be expressed as follows, observing that C(S1 ∪Sopt

2 ) < C(S1)+ C(Sopt
2 ), andthat ∑

e∈S
opt

2

πe ≤ C(Sopt
2 )

∑

e∈S2

πe + αC(S1 ∪ S2) < (1 + α)C(Sopt
2 ) + αC(Sopt

1 ).It an be further observed that: ∑

e∈Si

πe ≥
1

k
C(Si),sine in the best outome, eah of the links belonging to the path hosen by player i is sharedby all k players.If we proeed iteratively, we �nally obtain the following inequality: INRIA



Soially-Aware Network Design Games 11
(α +

1

k
)C(

k⋃

i=1

Si) < (1 + α)
k∑

i=1

C(Sopt
i )whih an be rewritten as follows, observing that ∑k

i=1 C(Sopt
i ) ≤ kCopt :

(α +
1

k
)C(

k⋃

i=1

Si) < (1 + α)kCopt.This allows us to obtain the following result:
C(

⋃k

i=1 Si)

Copt
< k

α + 1

α + 1
k

. (9)Hene, the ost of the network reahed after the �rst move of eah of the k players,
C(

⋃k

i=1 Si), is no more than k α+1
α+ 1

k

times the optimal ost, Copt. Sine subsequent bestresponse moves performed by players derease the potential funtion value Φ(S) given byexpression (2) (simulating a loal searh on it), the players will onverge to a Nash equilib-rium whose ost is still within k α+1
α+ 1

k

times the optimum.Therefore, we an onlude that the Reahable Prie of Anarhy is at most k α+1
α+ 1

k

.
25.4 CommentsFor α = 0 the SAND game is equivalent to the original Shapley network design game.Indeed, expressions (3) and (4) on�rm the results already demonstrated in [1℄ : PoA = kand PoS = Hk. In the SAND game, for inreasing α values, the upper bound on the PoSdereases, and tends to 1 for α → ∞ (then also PoS → 1). This an be easily explainedsine for α → ∞ the soial omponent of objetive funtion (1) is predominant. In thislimiting behavior, all users share the same utility funtion, whih is the seond term ofexpression (1); in suh a situation, the soial network optimum (i.e., the network with theminimum total ost) is obviously also a Nash equilibrium, sine the objetive funtion ofeah single player oinides with the soial network ost (multiplied by α).On the other hand, our lower bound on the PoA inreases when α inreases. Thisorresponds to the (quite ounter-intuitive) fat that, in some ases, more soially-awareusers an design less e�ient networks. This happens for example in the simple instane ofFig. 1. Suh ine�ieny is due to the myopi deision riterion: eah player only onsidersthe e�et of its own hoie (i.e., hanging the seleted path), without onsidering eventualfuture deisions from the other players.However, it an be observed from expression (8) that the RPoA of the SAND gamestritly dereases for inreasing α values. For large α values (notably, for α → ∞), the

RPoA is less than k. Therefore, if the SAND game is played starting from an emptynetwork, worst-ase senarios like that illustrated in Figure 1 are eliminated.RR n° 7141



12 Elias & Martignon & Avrahenkov & NegliaFinally, our simulations show that the Nash equilibria reahed in the SAND game are,in average, onsistently better than those ahieved by the Shapley game, as we will show inSetion 7.6 The Network Administrator-Driven Soially-Aware Net-work Design gameWe now illustrate a variation of the SAND game, named the Network Administrator-DrivenSAND (NAD-SAND) game, where a network administrator plays before the users, and hisaim is to drive them to the best Nash equilibrium possible.Sine omputing the optimal Stakelberg strategy is NP-hard, we present in this papera simple strategy that ahieves onsistent performane improvements. Suh approah isimplemented via the following heuristi:1. Given the network topology, the network administrator solves a generalized SteinerTree problem [12℄, determining the minimum-ost subnetwork suh that the soure /destination nodes of eah player are onneted by a path. Let Eopt be the set of edgesbelonging to suh optimal subnetwork.2. The network administrator hooses all links belonging to Eopt, thus o�ering to shareeventually their ost with the other players. Therefore, using the notation introduedin Setion III, after this step we have xe = 1, ∀e ∈ Eopt (that is, the network adminis-trator has already hosen all links that are optimal from a soial point of view).3. At this point, all the k users play the SAND game, eah trying to optimize its ownobjetive funtion, whih is the same of expression (1).The rationale behind the proposed NAD-SAND game is the following: the networkadministrator tries to motivate all players to use the links that belong to the soially optimalsolution by sharing their ost with network users. We will show in the next Setion thatsuh heuristi is very e�etive, and permits to obtain dramati performane improvementswith respet to the SAND game.We observe that the �rst step of the NAD-SAND game involves solving an NP-Completeproblem. However, several e�ient heuristis and approximation algorithms have been pro-posed to solve suh problem in a reasonable omputation time [12, 13, 14℄. In the numerialresults presented in the next Setion we were able to ompute exatly the minimum ostgeneralized Steiner tree using a simple ILP formulation, and solving it with the CPLEX 11solver [15℄.Finally, we observe that as α → ∞, the NAD-SAND game always reahes the minimumost network sine for eah player the ost of hoosing any link that does not belong to theminimum-ost subnetwork (i.e., to Eopt) has an exeedingly large ost. As a onsequene,
PoA → 1 as α → ∞.We now derive a lower bound on the Prie of Anarhy for the NAD-SAND game. INRIA



Soially-Aware Network Design Games 13Proposition 4 In the NAD-SAND game, a lower bound on the Prie of Anarhy (PoA) isgiven by the following expression:
PoA ≥

k

2(1 + α)
(10)for α ≤ k

2 − 1.Proof: Let us onsider the network senario illustrated in Figure 2, where eah of the kplayers must onnet the soure node si to the ommon destination node t. Link ν → t hasa ost equal to C, with 2 ≤ C ≤ k.The minimum ost generalized Steiner Tree is in this ase formed by all links si → ν(with ost zero) and by link ν → t, so that its ost is equal to C. Hene, the networkadministrator will hoose all these links, whih onstitute the Eopt set.In the optimal outome, eah player i hooses the si → ν → t path, and the ost of theformed network is C.
1 111 1

s1 s2 s3 sksk−1

0 0 0 0 0

. . . .

. . . .

. . . .

Cv

t

Figure 2: Parallel link topology: bound on the Prie of Anarhy for the NAD-SAND game.The NAD-SAND game, however, admits another Nash equilibrium. Let us suppose thatinitially all k users are routed over the diret path, si → t, with total ost k. It an be easilyseen that if α ≤ C
2 − 1, no user has a gain to deviate and hoose the si → ν → t path, withost equal to C.Then, the ost of the network is k. Now if C = 2(1+α), the above inequality is satis�ed,and we obtain that the Prie of Anarhy is at least k

C
= k

2(1+α) .
2
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14 Elias & Martignon & Avrahenkov & Neglia7 Numerial ResultsIn this Setion, we report the results obtained by the proposed Soially-Aware NetworkDesign (SAND) and Network Administrator-Driven SAND (NAD-SAND) games in randomnetwork topologies as well as in real ISP topologies, omparing them both to the Shapleynetwork design game [1℄ and to the soial optimum. To this end, we onsider both randomlygenerated network instanes and real ISP topologies mapped by the Roketfuel tool [16, 17℄.Random networks are obtained using a ustom generator as well as a degree-based generator(BRITE [18, 19℄) to reate topologies with a power law distribution of node degrees.In all ases, we start from the empty network and we apply iteratively the best responsealgorithm illustrated in Setion 4, until a Nash equilibrium is reahed.For eah senario we report the total network ost obtained by the proposed gamesfor di�erent α values, as well as the optimal network ost (the ILP olumn), obtainedformulating the generalized Steiner Tree problem [12℄ with an Integer Linear Program (ILP),using AMPL [20℄, and solving it with the CPLEX solver [15℄. Solving suh problem providesthe least-ost network topology that onnets all soure/destination pairs, thus representinga term of omparison for the e�ieny of the equilibria reahed by our proposed games.Finally, we evaluated numerially the Prie of Anarhy and the Prie of Stability in all oursimulation settings, and we found that they are, respetively, always less than 1.78 and 1.56,hene onsistently lower than the bounds provided in Setion V.Full-Mesh TopologiesWe �rst onsider full-mesh network topologies with 50 nodes randomly distributed on a 1000
× 1000 square area and 20 players (soure/destination pairs). The ost of eah link is equalto its length, and the numerial results, averaged over 20 random extrations, are reportedin Table I.The SAND game permits to obtain network equilibria with a ost signi�antly lower(approximately 13%) than that obtained with the Shapley network design game (i.e., theSAND row with α = 0), even though there is still room for improvements, as demonstratedby the gap existing between the SAND game and the optimal ost (the ILP olumn).This gap is �lled by the NAD-SAND game, whih ahieves onsistently heaper Nashequilibria for all α values (up to more than 30%), inluding the α = 0 ase, thus representinga very e�etive approah also when applied to the original Shapley network design game.Furthermore, when α is su�iently large (≥ 10), the NAD-SAND game reahes exatly theoptimum (i.e., the generalized Steiner Tree ost).Random TopologiesTo generate random network instanes, we have implemented a topology generator whihonsiders a square area with edge equal to 1000, and randomly extrats the position of Nnodes, uniformly distributed on the square area.
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Soially-Aware Network Design Games 15Table 1: Full-Mesh topology with 50 nodes randomly distributed on a 1000 × 1000 area and20 players: average network osts for the SAND and the NAD-SAND games. The optimalnetwork ost is also reported. The ost of eah link is set equal to its length.Game α = 0 α = 1 α = 10 α = 50 α = 100 α = 1000 ILPSAND 6956.17 6124.62 6037.53 6043.82 6050.94 6046.66 4214.63NAD-SAND 5718.86 4707.48 4214.63 4214.63 4214.63 4214.63As for the network links, whih an be bought by players to onnet their endpoints, weonsider two alternative hoies:� Random geometri graphs: links exist between any two nodes loated within a range
R. The link ost is set equal to its length.� Random network model �Uniform�: a given number of links, L, is generated betweenrandomly extrated ouples of nodes. The ost of eah link is uniformly distributed inthe 0 to C range (C being the maximum link ost).Given a random network, 20 random seletions of k = 20 soure/destination ouples areonsidered.Figure 3 shows the networks resulting at the Nash equilibria with the SAND game ina random geometri graph senario with 50 nodes, range R = 500, 20 soure/destinationpairs, and two di�erent α values (viz., α = 0 and α = 50).We observe that for α = 50 the topology is muh loser to a tree-like topology than thatobtained by the Shapley network design game (α = 0). This is re�eted in the total networkost, whih is equal to 7046.3 for α = 0 and to 5336.2 for α = 50, thus resulting in a gain ofmore than 24%.Table II illustrates the results obtained in the same random network senario of Figure3, with 50 nodes, range R = 500 and 20 soure/destination pairs (players). The resultsare averaged on 20 soure/destination random seletions, and also on 5 random topologies.The Table reports the total ost of the network planned by the SAND and NAD-SANDgames, as well as the optimal network ost. Also in this senario, the SAND game ahievesimproved equilibria with respet to the Shapley network design game (up to 13.2%). TheNAD-SAND game outperforms the SAND game, further dereasing the planned networkost, and reahes, for α ≥ 10, the soial optimum.Table III shows the numerial results obtained using Random network model �Uni-form� in networks with 100 nodes, L = 2000 links, maximum link ost C = 100 and 20soure/destination pairs. The total network osts are illustrated in the Table for both theSAND and NAD-SAND games, while the ILP olumn reports the optimal network ost.Although there is still room for improvement, in this senario the SAND game approahesthe ILP bound, and onsistently improves the quality of network equilibria with respet tothe α = 0 ase.RR n° 7141



16 Elias & Martignon & Avrahenkov & NegliaTable 2: Random geometri graphs; random networks with 50 nodes, R = 500 and 20players: average network osts for the SAND and the NAD-SAND games. The optimalnetwork ost is also reported.Game α = 0 α = 1 α = 10 α = 50 α = 100 α = 1000 ILPSAND 6567.73 6074.57 5708.95 5724.18 5736.17 5706.09 4213.82NAD-SAND 5645.44 4675.13 4213.82 4213.82 4213.82 4213.82Also in this ase, the NAD-SAND game performs better than the SAND game, loweringthe overall network ost of more than 11%, reahing the soially optimal outome for α ≥ 50.Table 3: Random network model �Uniform�; random networks with 100 nodes, 2000 links,maximum link ost C = 100, 20 players: average network osts for the SAND and theNAD-SAND games. The optimal network ost is also reported.Game α = 0 α = 1 α = 10 α = 50 α = 100 α = 1000 ILPSAND 314.69 294.18 296.38 295.09 295.57 296.48 263.25NAD-SAND 295.85 274.38 263.70 263.25 263.25 263.25Power Law topologiesWe further onsidered BRITE, a degree-based topology generator [18, 19℄, whih was used togenerate power law topologies; the Barabási − Albert model [21℄ was adopted with defaultparameters provided by BRITE.We generated two di�erent power-law network senarios: one with 100 nodes and averagenode degree equal to 3, whih ontained about 300 links; the other with 300 nodes andaverage node degree equal to 5, whih ontained about 1500 links. The ost of eah link wasset equal to its length.Table IV reports the orresponding numerial results, inluding the optimal network ostobtained solving the ILP model.In this ase, the Nash equilibria reahed by the Shapley network design game are alreadylose to the optimum. This is mainly due to the fat that power law topologies, whih resultin short harateristi path lengths and heavy lustering, are the result of soial onernsthat eventually bring e�ieny to the network design (even though not expliitly expressedin the underlying routing protools design).The SAND and NAD-SAND games, however, permit to improve the e�ieny of suhequilibria, �nally obtaining the minimum ost network provided by the ILP model.
INRIA



Soially-Aware Network Design Games 17Table 4: Power law topologies generated using BRITE: average network osts for the SANDand the NAD-SAND games. The optimal network ost is also reported.100 nodesGame α = 0 α = 1 α = 10 α = 50 α = 100 α = 1000 ILPSAND 15980.20 15684.28 15596.31 15593.69 15593.43 15602.21 15314.14NAD-SAND 15479.98 15314.14 15314.14 15314.14 15314.14 15314.14300 nodesGame α = 0 α = 1 α = 10 α = 50 α = 100 α = 1000 ILPSAND 22580.82 22312.27 22224.65 22210.97 22210.55 22210.55 21927.41NAD-SAND 22052.06 21987.68 21927.41 21927.41 21927.41 21927.41Real ISP topologiesFinally, we onsider three real ISP topologies mapped using Roketfuel [16, 17℄, listed inTable V, with an inreasing number of nodes and links. Table VI shows the results obtainedin suh topologies, that is, the total network osts as well as the optimal network ostsobtained solving the ILP model. The link osts are those provided by Roketfuel, and weperformed 20 random seletions of 20 soure/destination pairs.Table 5: Roketfuel-inferred ISP topologies: number of network nodes and links.Network Loation Nodes LinksTelstra AU 108 306Sprintlink US 141 748Abovenet US 315 1944In the small-size Telstra topology, the equilibria found by the SAND game (as well asthose of the Shapley network formation game) are very lose to the optimum, whih isreahed by the NAD-SAND game for α ≥ 50. As for the other ISP topologies, the SANDgame diminishes the total network osts, and approahes the optimal ILP solution, while theNAD-SAND game always plans heaper networks, ahieving the optimal outome alreadyfor relatively small α values.A �nal interesting point that we would like to mention is the resiliene of the proposednetwork design game solutions to link failures. In partiular, for the three ISP senariosdesribed above we individuated the most ongested link (i.e., the one used by the largestnumber of players), dropped it and reomputed new equilibria. It turns out that the newnetwork osts in all the ases are at most 2% higher than the osts of the original networks.
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18 Elias & Martignon & Avrahenkov & NegliaTable 6: Roketfuel topologies, 20 soure/destination pairs: average network osts for theSAND and the NAD-SAND games. The optimal network ost is also reported.Network Game α = 0 α = 1 α = 10 α = 50 α = 100 α = 1000 ILPTelstra SAND 165.55 164.55 163.15 163.10 163.10 163.10 157.95NAD-SAND 163.25 160.70 158.55 157.95 157.95 157.95Sprintlink SAND 286.25 282.60 280.90 280.30 280.30 280.30 255.60NAD-SAND 270.30 263.35 256.85 255.65 255.60 255.60Abovenet SAND 301.30 292.65 287.45 287.45 287.05 287.05 261.55NAD-SAND 282.95 272.50 262.10 261.55 261.55 261.558 ConlusionIn this paper we proposed the Soially-Aware Network Design game, a novel network forma-tion game where users are haraterized by an objetive funtion that ombines both soialand individual onerns in a uni�ed and �exible manner.We studied the e�ieny of the Nash equilibria ahieved by the proposed game, providingbounds on the Prie of Anarhy, the Prie of Stability and the Reahable Prie of Anarhy.Our analytial results show that when users are more sensitive to the soial ost, the beststable network is more e�ient. However, an opposite result holds for the worst ase, sinehighly soially-aware users an design stable networks that are muh more expensive thanthe networks designed by purely sel�sh users.For this reason, we further proposed the Network Administrator-Driven SAND game,where the network administrator implements a link building strategy that drives users tothe �best� Nash equilibrium in terms of system performane, thus arhiteting the desirednetwork.We measured the performane of our proposed games in several network senarios, in-luding real ISP topologies, and we showed how they outperform lassial network formationgames (like the Shapley network design game), often obtaining the soially optimal outome.Suh results demonstrate that introduing inentives to make users more soially-awarean be a very e�etive solution to ahieve stable and e�ient networks in a distributed way.Furthermore, if inentives are deployed, the intervention of a network administrator anlead to dramati performane improvements, as demonstrated by our proposed Stakelberggame.Referenes[1℄ E. Anshelevih, A. Dasgupta, J. Kleinberg, E. Tardos, T. Wexler, and T. Roughgarden.The prie of stability for network design with fair ost alloation. In Pro. of the
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Soially-Aware Network Design Games 1945th Annual Symposium on Foundations of Computer Siene (FOCS), pages 295�304,Rome, Italy, Otober 17-19, 2004.[2℄ E. Anshelevih, A. Dasgupta, E. Tardos, and T. Wexler. Near-optimal network de-sign with sel�sh agents. In Pro. of the 35th Annual ACM Symposium on Theory ofComputing (STOC), pages 511�520, San Diego, CA, USA, 2003.[3℄ Ho-Lin Chen and T. Roughgarden. Network design with weighted players. In Pro. ofthe 18th ACM Symposium on Parallelism in Algorithms and Arhitetures (SPAA'06),Cambridge, MA, USA, July 30-August 2, 2006.[4℄ S. Albers. On the value of oordination in network design. In Pro. of the 19th annualACM-SIAM symposium on Disrete algorithms (SODA), pages 294�303, San Franiso,CA, USA, 2008.[5℄ A. Epstein, M. Feldman, and Y. Mansour. Strong equilibrium in ost sharing onnetiongames. In Pro. of the 8th ACM onferene on Eletroni ommere, pages 84�92, SanDiego, CA, USA, June 2007.[6℄ H. L. Chen, T. Roughgarden, and G. Valiant. Designing networks with good equilibria.In Pro. of the 19th annual ACM-SIAM symposium on Disrete algorithms, pages 854�863, 2008.[7℄ E. Koutsoupias and C. Papadimitriou. Worst-ase equilibria. In Pro. of the 16thAnnual Symposium on Theoretial Aspets of Computer Siene, pages 404�413, Trier,Germany, 4-6 Marh 1999.[8℄ L. Hogg and N.R. Jenning. Variable soiability in agent-based deision making. LetureNotes in Computer Siene, pages 305�318, vol. 1757/2000, 2000.[9℄ A.P. Azad, E. Altman, and R. El-Azouzi. From altruism to non-ooperation in routinggames. INRIA Tehnial Report, 18 Otober 2008.[10℄ R. W. Rosenthal. A lass of games possessing pure-strategy Nash equilibria. Interna-tional Journal of Game Theory, pages 65�67, vol. 2, no. 1, 1973.[11℄ N. Nisan, T. Roughgarden, E. Tardos, and V. V. Vazirani. Algorithmi game theory.Chapter 19, Network Formation Games, pages 487�516, Cambridge University Press,2007.[12℄ B. Awerbuh, Y. Azar, and Y. Bartal. On-line generalized Steiner problem. TheoretialComputer Siene, pages 313�324, vol. 324, no. 2�3, September 2004.[13℄ A. Agrawal, P. Klein, and R. Ravi. When Trees Collide: An Approximation Algorithmfor the Generalized Steiner Problem on Networks. SIAM Journal on Computing, pages440�456, vol. 24, no. 3, June 1995.
RR n° 7141



20 Elias & Martignon & Avrahenkov & Neglia[14℄ M. X. Goemans and D. P. Williamson. A general approximation tehnique for on-strained forest problems. Pro. of the 3rd Annual ACM-SIAM Symposium on Disretealgorithms, pages 307�316, 1992.[15℄ ILOG Optimization Produts. ILOG CPLEX. http://www.ilog.om/produts/plex/.[16℄ N. Spring, R. Mahajan, and D. Wetherall. Measuring ISP topologies with Roketfuel.In Pro. of ACM SIGCOMM 2002, Pittsburgh, PA, USA, August 2002.[17℄ R. Mahajan, N. Spring, D. Wetherall, and T. Anderson. Inferring link weights using end-to-end measurements. In Pro. of the 2nd Internet Measurement Workshop, Marseille,Frane, November 2002.[18℄ A. Medina, A. Lakhina, I. Matta, and J. Byers. BRITE: an approah to universaltopology generation. In Pro. of MASCOTS 2001, Cininnati, OH, USA, August 2001.[19℄ A. Medina, I. Matta, and J. Byers. On the origin of power-laws in Internet topologies.ACM Communiations Review, pages 18�28, vol. 30, no. 2, April 2000.[20℄ AMPL: a modeling language for mathematial programming. Available athttp://www.ampl.om.[21℄ A. L. Barabási and R. Albert. Emergene of saling in random networks. Siene, pages509�512, vol. 286, no. 5439, 1999.

INRIA



Soially-Aware Network Design Games 21

0 100 200 300 400 500 600 700 800 900 1000
0

100

200

300

400

500

600

700

800

900

1000

(a) α = 0

0 100 200 300 400 500 600 700 800 900 1000
0

100

200

300

400

500

600

700

800

900

1000

(b) α = 50Figure 3: Nash equilibria obtained by the SAND game in a random geometri network with50 nodes, R = 500, 20 soure/destination pairs, and di�erent α values (α = 0 and α = 50).
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