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Algebrai
 types and pattern mat
hing in thelogi
al language of the Why veri�
ation platformAndrei Paskevi
h∗Thème : Programmation, véri�
ation et preuvesÉquipe-Projet ProvalRapport de re
her
he n° 7128 � Novembre 2009 � 12 pages
Abstra
t: We introdu
e an extension of the logi
al language of a softwareveri�
ation tool Why with algebrai
 types and pattern mat
hing expressions.We des
ribe the 
orresponding additions to the syntax of Why and give thesemanti
s of the new 
onstru
tions in terms of �rst-order logi
 with polymorphi
types as it is adopted in Why and the Alt-Ergo prover.Key-words: formal language, �rst-order logi
, algebrai
 types, pattern mat
h-ing
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Les types algébriques et le �ltrage par motif dansle langage logique de la plateforme de véri�
ationWhyRésumé : On introduit une extension du langage logique de l'outil de véri�
a-tion des logi
iels Why ave
 des types algébriques et des expressions de �ltragepar motif. On dé
rit les modi�
ations 
orrespondantes de la syntaxe deWhy eton donne la sémantique des nouvelles 
onstru
tions dans la logique du premierordre ave
 des type polymorphes telle qu'elle est adoptée dans Why et dans ledémonstrateur automatique Alt-Ergo.Mots-
lés : langage formel, logique du premier ordre, types algébriques,�ltrage par motif



Algebrai
 types and pattern mat
hing in Why 31 MotivationThis work was inspired by the re
ent experiments [1℄ with veri�
ation of �oating-point 
omputations in Why [2℄. A

ording to the IEEE Standard 754, whi
hspe
i�es the representation and operation for the �oating-point numbers, at anypoint a programmer 
an 
hoose: one of �ve di�erent en
odings (binary numbersof single, double, and quadruple pre
ision and de
imal numbers of double andquadruple pre
ision); one of �ve rounding algorithms; a 
omputation mode withor without over�ows. Correspondingly, the logi
al annotations in a �oating-point program must take into a

ount the en
oding of a parti
ular variable or
onstant, as well as the 
urrent rounding algorithm and 
omputation mode.This 
an be done, of 
ourse, with a number of appropriately 
hosen predi
atesand series of �if-then-else� expressions. However, a more elegant solution wouldbe to use three enumerated types, namely:FPen
oding = {BinSingle, BinDouble, BinQuad, De
Double, De
Quad}FProunding = {NearestTieEven, NearestTieInf, ToZero, ToPInf, ToNInf}FPoverflow = {OFallowed, OFex
eption}and to use bran
hing 
onstru
tions in logi
al formulas and terms. And sin
e thelogi
 of Why supports polymorphism, it is just natural to treat enumerationsas a spe
ial 
ase of polymorphi
 algebrai
 types à la Haskell or ML.The prin
ipal obje
tives of this work are as follows:1. Propose a syntax for algebrai
 types de
laration and for pattern mat
hingexpressions whi
h is 
onsistent with the overall syntax of Why.2. Devise an appropriate semanti
s for algebrai
 types and pattern mat
hingexpressions in terms of �rst-order logi
 with polymorphism, whi
h is han-dled by the Alt-Ergo prover [3℄ and (via en
oding) by other automatedSMT provers supported by Why.3. Based on this semanti
s, implement a translation pro
edure optimized foran e�
ient proof sear
h in an SMT prover.2 SyntaxWe use BNF notation to present grammar rules. Non-terminals are written initali
 (e.g. typedefn) and terminals in typewriter font (e.g. mat
h). Grammarprodu
tions have the form:nonterm → alt1 | alt2 | . . . | altnand the following 
onventions are adopted:pat
1
| pat

2

hoi
e ( pattern ) grouping

[ pattern ] optional { pattern } zero or more repetitions
RR n° 7128



4 Andrei Paskevi
h2.1 Type de
larationIn the original language of Why, the de
laration of an abstra
t logi
al type hasthe following syntax:typeDe
l → type typeHeadtypeHead → ident
| typeVar ident
| ( typeVar , typeVar { , typeVar } ) identtypeVar → ' identident → (_|a| . . . |z|A| . . . |Z) {_|a| . . . |z|A| . . . |Z|0| . . . |9|'}The three variants of the typeHead non-terminal des
ribe, respe
tively, the in-trodu
tion of nullary, unary, and n-ary type 
onstru
tors (for n > 1). In thethird variant, all the type variables must be distin
t. Built-in types and abstra
ttypes are the pure types of Why:pureType → ident
| pureType ident
| ( pureType , pureType { , pureType } ) ident
| int | bool | real | unit
| typeVarEvery ident o

urring in a pure type must be a previously de
lared type 
on-stru
tor of the 
orresponding arity.To introdu
e algebrai
 types, we augment the above syntax as follows:typeDe
l → type typeHead [ = typeDefn { typeDe
lCont } ]typeDe
lCont → and typeHead = typeDefntypeDefn → [ | ] 
onstru
tor { | 
onstru
tor }
onstru
tor → ident [ ( pureType { , pureType } ) ]An example of algebrai
 type de
laration is given in Figure 1. It representspartially interpreted �rst-order formulas and terms with Hilbert's epsilon oper-ator. The 
onstru
tors Forall and Epsilon bind a variable in the underlyingformula; bound variables are en
oded as de Bruijn's indexes. The type of signa-ture symbols and the 
arrier type are passed as the arguments ('sym and 'val,respe
tively) to the type 
onstru
tors formula and term.An algebrai
 type de
laration must have at least one 
onstru
tor, sin
e everytype is inhabited in the logi
 of Why. Just as with abstra
t types, all typevariables in an o

urren
e of typeHead must be distin
t. In mutually re
ursivetype de
larations, the type 
onstru
tors do not need to be given the same list ofarguments (though they are in this example). Every type variable o

urring in a
onstru
tor de
laration must appear among the arguments of the 
orrespondingtype 
onstru
tor in typeHead; for instan
e, heterogeneous lists are not supported.

INRIA



Algebrai
 types and pattern mat
hing in Why 5type 'a list = Nil | Cons ('a, 'a list)type ('sym,'val) formula =| False| Implies (('sym,'val) formula, ('sym,'val) formula)| Forall (('sym,'val) formula)| Atom ('sym, ('sym,'val) term list)and ('sym,'val) term =| Value ('val)| Variable (int)| Epsilon (('sym,'val) formula)| Term ('sym, ('sym,'val) term list)Figure 1: Algebrai
 type de
laration2.2 Mat
h expressionsWe extend the logi
Expr non-terminal (whi
h des
ribes both terms and formulasin the logi
al language) with the following produ
tions:logi
Expr → . . .

| mat
h logi
Expr with mat
hCases endmat
hCases → [ | ] mat
hCase { | mat
hCase }mat
hCase → pattern -> logi
Exprpattern → ident [ ( ident { , ident } ) ]Mat
h expressions 
an o

ur both as formulas and as terms. Mat
hing must beexhaustive and all patterns must be linear (i.e. all the variables in a pattern aredistin
t). Currently, we do not support nested patterns in mat
h expressions;any mat
h expression must have exa
tly one bran
h per 
onstru
tor. Note that
onstru
tors and pattern variables are represented by the same lexeme, ident.This does not pose a problem as long as all patterns are �at: the upper ident isne
essarily a 
onstru
tor and the rest are variables. For nested patterns, somedis
rimination rules will have to be established.In the 
urrent syntax of Why, the unders
ore 
hara
ter _ is a valid variablename. Thus, we 
annot use it as an anonymous wild
ard in patterns; in parti
-ular, several unders
ores in a pattern would violate linearity. While making asingle unders
ore a reserved lexeme is a reasonable de
ision, this would 
reatea non-
onservative 
hange of syntax and has to be taken with greater 
are.Examples of mat
h expressions are given in Figure 2. We do not 
onsiderre
ursive fun
tions here, as Why does not 
urrently support su
h de�nitions.
RR n° 7128



6 Andrei Paskevi
hpredi
ate isEmpty (l : 'a list) =mat
h l with| Nil -> true| Cons (a,b) -> falseendtype floattype FPen
oding = BinSingle | BinDouble | BinQuad| De
Double | De
Quadlogi
 floatEn
 : float -> FPen
odingfun
tion expMax (r : float) : int =mat
h (floatEn
 (r)) with| BinSingle -> 127| BinDouble -> 1023| BinQuad -> 16383| De
Double -> 384| De
Quad -> 6144end Figure 2: Mat
h expressions3 Translation3.1 Type de
larationLet us 
onsider a generi
 algebrai
 type de
laration:type (α1, . . . , αm) D = C1 (T1,1, . . .,T1,e1
)...| Cn (Tn,1, . . .,Tn,en
)We denote the type 
onstru
tor by D, type variables by αi, 
onstru
tors by Ck,and pure types by Tk,l. This de
laration 
orresponds to the following suite ofde
larations in the base logi
 of Why.First of all, the type 
onstru
tor is de
lared as an abstra
t type:type (α1, . . ., αm) DThen ea
h 
onstru
tor is de
lared as an abstra
t fun
tion to this type:logi
 C1 : T1,1, . . . ,T1,e1

-> (α1, . . . ,αm) D...logi
 Cn : Tn,1, . . . ,Tn,en
-> (α1, . . . ,αm) D

INRIA



Algebrai
 types and pattern mat
hing in Why 7In order to ensure uniqueness of mat
hing, we de�ne a dis
rimination fun
tion
D_mat
h of arity n + 1 (below, β is a fresh type variable):logi
 D_mat
h : (α1, . . .,αm) D, β, . . . , β -> βaxiom D_mat
h_C1 :forall y1, . . .,yn :β. forall x1 :T1,1. . . . forall xe1

:T1,e1
.

D_mat
h( C1(x1, . . .,xe1
), y1, . . . , yn ) = y1...axiom D_mat
h_Cn :forall y1, . . .,yn :β. forall x1 :Tn,1. . . . forall xen

:Tn,en
.

D_mat
h( Cn(x1, . . .,xen
), y1, . . . , yn ) = ynTo ensure that the 
onstru
tors are inje
tive, ea
h argument position in ea
h
onstru
tor is provided with an a

ess fun
tion:logi
 C1_proj_1 : (α1, . . . ,αm) D -> T1,1axiom C1_proj_1_def : forall x1 :T1,1. . . . forall xe1

:T1,e1
.

C1_proj_1( C1(x1, . . . ,xe1
) ) = x1...logi
 C1_proj_e1 : (α1, . . . ,αm) D -> T1,e1axiom C1_proj_e1_def : forall x1 :T1,1. . . . forall xe1

:T1,e1
.

C1_proj_e1( C1(x1, . . . ,xe1
) ) = xe1...logi
 Cn_proj_1 : (α1, . . . ,αm) D -> Tn,1axiom Cn_proj_1_def : forall x1 :Tn,1. . . . forall xen

:Tn,en
.

Cn_proj_1( Cn(x1, . . . ,xen
) ) = x1...logi
 Cn_proj_en : (α1, . . . ,αm) D -> Tn,enaxiom Cn_proj_en_def : forall x1 :Tn,1. . . . forall xen

:Tn,en
.

Cn_proj_en( Cn(x1, . . . ,xen
) ) = xenFinally, we provide the inversion axiom postulating that every element of thetype is the result of a 
onstru
tor appli
ation:axiom D_inversion : forall x :(α1, . . .,αm) D.

x = C1( proj_C1_1(x), . . ., proj_C1_e1(x) ) or . . .. . . or x = Cn( proj_Cn_1(x), . . . , proj_Cn_en(x) )The minimality of the type 
arrier (i.e. that every element of the type isexpressible as a �nite superposition of 
onstru
tors) is not dire
tly expressiblein a �rst-order language, and so we omit it.The 
ase of a 
hained algebrai
 type de
laration is handled in the same way,ex
ept that the abstra
t type de
larations are put out �rst, before all the logi
and axiom de
larations.RR n° 7128



8 Andrei Paskevi
hThe axioms given above are su�
ient to prove, for instan
e, that two dif-ferent 
onstru
tors never produ
e the same value. However, su
h an inferen
eis unlikely to be reprodu
ed in an SMT prover su
h as Alt-Ergo. Therefore,it may be advantageous to introdu
e in translation a spe
ial instan
e of the
D_mat
h fun
tion:logi
 D_to_int : (α1, . . . ,αm) D -> intaxiom D_to_int_C1 : forall x1 :T1,1. . . . forall xe1

:T1,e1
.

D_to_int( C1(x1, . . .,xe1
) ) = 1...axiom D_to_int_Cn : forall x1 :Tn,1. . . . forall xen

:Tn,en
.

D_to_int( Cn(x1, . . . ,xen
) ) = nIn Figure 3, we show the automati
ally generated translation of the list typede
laration (see Figure 1) in the syntax of Alt-Ergo. The terms in squarebra
kets are so-
alled �triggers� whi
h are used to guide instantiation in SMTprovers: basi
ally, a universally quanti�ed formula is instantiated whenever itstrigger mat
hes a ground subterm in some other formula, initial or inferred.Note that we hint the subordinate SMT prover to instantiate de�nitions ofproje
tion and dis
rimination fun
tions (Ci_proj_j and D_to_int) for everyground o

urren
e of a 
onstru
tor.3.2 Mat
h expressionTranslation of mat
h expressions depends on whether they o

ur as terms or asformulas. Let us 
onsider a generi
 mat
h expression:mat
h t with| C1 (x1,1, . . .,x1,e1

) -> E1...| Cn (xn,1, . . .,xn,en
) -> EnendHere, t is a term of some algebrai
 type (T1, . . . ,Tm) D; C1, . . . , Cn are the
onstru
tors of this type; xi,j are the pattern variables bound in Ei; and Ei areeither formulas or terms of the same type. Re
all that xi,1, . . . , xi,ei

must bedistin
t variables.If this mat
h expression o

urs as a term, it is translated to an appli
ationof the D_mat
h fun
tion as follows:
D_mat
h( t , E1[ x1,1/C1_proj_1(t), . . . , x1,e1

/C1_proj_e1(t) ] ,...
En[ xn,1/Cn_proj_1(t), . . . , xn,en

/Cn_proj_en(t) ] )The pattern variables are simultaneously repla
ed with the 
orresponding pro-je
tions in the arguments of D_mat
h.When the mat
h expression is a formula, the expressions E1, . . . , En are for-mulas, too, and so we 
annot pass them as the arguments to D_mat
h. Instead,INRIA



Algebrai
 types and pattern mat
hing in Why 9type 'a3 listlogi
 Nil : 'a1 listlogi
 Cons : 'a1, 'a1 list -> 'a1 listlogi
 list_mat
h : 'a1 list, 'a2, 'a2 -> 'a2axiom list_mat
h_Nil :(forall x_1 : 'a2. (forall x_2 : 'a2[list_mat
h(Nil, x_1, x_2)℄.(list_mat
h(Nil, x_1, x_2) = x_1)))axiom list_mat
h_Cons :(forall x_1 : 'a2. (forall x_2 : 'a2.(forall x_3 : 'a1. (forall x_4 : 'a1 list[list_mat
h(Cons(x_3, x_4), x_1, x_2)℄.(list_mat
h(Cons(x_3, x_4), x_1, x_2) = x_2)))))logi
 Cons_proj_1 : 'a1 list -> 'a1axiom Cons_proj_1_def :(forall x_6 : 'a1. (forall x_7 : 'a1 list[Cons(x_6, x_7)℄.(Cons_proj_1(Cons(x_6, x_7)) = x_6)))logi
 Cons_proj_2 : 'a1 list -> 'a1 listaxiom Cons_proj_2_def :(forall x_6 : 'a1. (forall x_7 : 'a1 list[Cons(x_6, x_7)℄.(Cons_proj_2(Cons(x_6, x_7)) = x_7)))axiom list_inversion :(forall x_5 : 'a1 list.((x_5 = Nil) or(x_5 = Cons(Cons_proj_1(x_5), Cons_proj_2(x_5)))))logi
 list_to_int : 'a1 list -> intaxiom list_to_int_Nil :(list_to_int(Nil) = 1)axiom list_to_int_Cons :(forall x_1 : 'a1. (forall x_2 : 'a1 list[Cons(x_1, x_2)℄.(list_to_int(Cons(x_1, x_2)) = 1)))Figure 3: Algebrai
 type de
laration (translation)RR n° 7128



10 Andrei Paskevi
hwe 
hoose one of the two possible translations:( t = C1(proj_C1_1(t), . . . , proj_C1_e1(t)) ->
E1[ x1,1/C1_proj_1(t), . . . , x1,e1

/C1_proj_e1(t) ] ) and . . .

. . . and ( t = Cn(proj_Cn_1(t), . . . , proj_Cn_en(t)) ->
En[ xn,1/Cn_proj_1(t), . . . , xn,en

/Cn_proj_en(t) ] )or( t = C1(proj_C1_1(t), . . . , proj_C1_e1(t)) and
E1[ x1,1/C1_proj_1(t), . . . , x1,e1

/C1_proj_e1(t) ] ) or . . .

. . . or ( t = Cn(proj_Cn_1(t), . . . , proj_Cn_en(t)) and
En[ xn,1/Cn_proj_1(t), . . . , xn,en

/Cn_proj_en(t) ] )The two formulas are equivalent in presen
e of the inversion axiom and the
D_mat
h fun
tion. The 
urrent implementation always 
hooses the se
ond one.In future, the 
hoi
e will be driven by the polarity of the mat
h expression'so

urren
e.Thus, the de�nition of the isEmpty predi
ate from Figure 2 is translatedinto the syntax of Alt-Ergo as follows:predi
ate isEmpty(l : 'a1 list) =(((l = Nil) and true) or((l = Cons(Cons_proj_1(l), Cons_proj_2(l))) and false))And here is the translation of the de�nition of the expMax fun
tion from Figure 2:fun
tion expMax(r : float) : int =FPen
oding_mat
h(floatEn
(r), 127, 1023, 16383, 384, 6144)Finally, the rev2_def axiom shown at the s
reen-shot in Figure 4 is renderedby the following de
laration:axiom rev2_def :(forall l1: 'a1 list. (forall l2: 'a1 list [rev2(l1, l2)℄.(rev2(l1, l2) = list_mat
h(l1, l2,rev2(Cons_proj_2(l1), Cons(Cons_proj_1(l1), l2))))))4 ExperimentsWe made tests on several examples; see examples/linked_lists/reverse.whyand lib/why/floats_
ommon.why in the standard distribution of Why [4℄.In the �rst example, we introdu
e the algebrai
 type of lists (as in Figure 1)and de�ne re
ursive fun
tions app (
on
atenation of lists) and rev2 (
on
ate-nation with reversal). Sin
e re
ursive fun
tion de�nitions are not allowed inWhy, we de
lare app and rev2 as abstra
t logi
al symbols and provide suitableaxioms. See Figure 4 for the de�nition of rev2. Then we formulate several sim-ple lemmas whi
h do not require indu
tion (�User goals� se
tion in Figure 4).With the help of provided triggers, the SMT provers Alt-Ergo and SimplifyINRIA



Algebrai
 types and pattern mat
hing in Why 11

Figure 4: Simple lemmas about lists (GWhy interfa
e)[5℄ prove all these lemmas. Also, the CVC3 [6℄ prover, whi
h does not rely onuser-de�ned triggers, proves 9 of 11 lemmas.The se
ond example introdu
es enumerated types representing �oating num-ber formats and rounding modes as des
ribed in the introdu
tion. Then several
onstants (e.g. the maximal and minimal representable value) are de�ned asfun
tions of the number format using a mat
h expression. A number of simplestatements invoking these fun
tions are then automati
ally proved.5 Future workWe 
on
lude by brie�y enumerating the planned enhan
ements to this work inthe up
oming versions of Why.Extended mat
hing. The syntax of mat
h expressions is to be generalizedto support tuple mat
hing and nested patterns with wild
ards:logi
Expr → . . .

| mat
h logi
Expr { , logi
Expr } with mat
hCases endmat
hCases → [ | ] mat
hCase { | mat
hCase }mat
hCase → pattern { , pattern } -> logi
Exprpattern → ident [ ( pattern { , pattern } ) ]

| _Internally, these expressions will be 
ompiled into superpositions of simple mat
hexpressions as it is done, e.g. in ML-like languages [7℄. The exhaustiveness ofmat
hing would still be required.RR n° 7128



12 Andrei Paskevi
hRe
ursive fun
tions and predi
ates. The potential of algebrai
 data typesis quite limited without re
ursive fun
tions and predi
ates. Currently, re
ursivede�nitions are not supported inWhy. Instead, they are simulated with abstra
tlogi
 de
larations and appropriate axioms. We plan to extend the de�nitionsyntax of Why so as to allow o

urren
e of a de�ned symbol in the right-hand part of a de�nition. Simple forms of stru
tural re
ursion over algebrai
types would be re
ognized and translated, e.g. for the Coq proof assistant, intoFixpoint de
larations. Otherwise, if the well-foundness of a de�nition 
annotbe established automati
ally, the de�nition will be translated into an axiom.Proofs by indu
tion. When dealing with �rst-order automated provers thatdo not support reasoning by indu
tion, Why 
an be instru
ted to apply someindu
tion rule before sending the problem to a prover. Spe
i�
ally, a parti
ulargoal in the input �le for Why 
an be annotated with an indu
tion term havingan algebrai
 type. In the simplest 
ase, this indu
tion term would be some uni-versally quanti�ed variable in the goal. Then Why 
an automati
ally generatethe appropriate sub-goals for the base and step 
ases. When nested indu
tionis needed, the inner statements must be separated into standalone lemmas.Referen
es[1℄ A. Ayad and C. Mar
hé. Behavioral properties of �oating-point programs.Hisseo publi
ations, 2009. http://hisseo.sa
lay.inria.fr/ayad09.pdf[2℄ J.-C. Filliâtre. Why: a multi-language multi-prover veri�
ation tool. Re-sear
h Report 1366, LRI, Université Paris-Sud 11, Mar
h 2003.[3℄ F. Bobot, S. Con
hon, É. Contejean, and S. Les
uyer. Implementing Poly-morphism in SMT solvers. In Barrett and de Moura, editors, SMT 2008:6th International Workshop on Satis�ability Modulo, 2008.[4℄ Why: a software veri�
ation platform. http://why.lri.fr[5℄ D. Detlefs, G. Nelson, and J.B. Saxe. Simplify: a theorem prover for pro-gram 
he
king. Journal of the ACM, 2005[6℄ C. Barrett and C. Tinelli. CVC3. In W. Damm and H. Hermanns, editors,CAV '07: 19th International Conferen
e on Computer Aided Veri�
ation,volume 4590 of Le
ture Notes in Computer S
ien
e, 2007.[7℄ Ph. Wadler. E�
ient Compilation of Pattern Mat
hing. In Peyton Jones,editor, The Implementation of Fun
tional Programming Languages, 
hapter6. Prenti
e-Hall, 1987.
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