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❆❜str❛❝t✿ ❆ss✉♠❡ t❤❛t Y ✐s ❛ ♥♦✐s② ✈❡rs✐♦♥ ♦❢ ❛ ♣♦✐♥t s❡t X ✐♥ ❝♦♥✈❡① ♣♦s✐t✐♦♥✳
❍♦✇ ♠❛♥② ✈❡rt✐❝❡s ❞♦❡s t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ Y ❤❛✈❡✱ t❤❛t ✐s✱ ✇❤❛t ✐s t❤❡ ♥✉♠❜❡r
♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ Y ❄

❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ X ✐s ❛♥ (ǫ, κ)✲s❛♠♣❧❡ ♦❢ ❛ s♣❤❡r❡ ✐♥ Rd ❛♥❞ t❤❡
♥♦✐s❡ ✐s r❛♥❞♦♠ ❛♥❞ ✉♥✐❢♦r♠✿ Y ✐s ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ♣♦✐♥t x ∈ X ❜②
❛ ♣♦✐♥t ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠ ✐♥ s♦♠❡ r❡❣✐♦♥ P(x) ♦❢ s✐③❡ δ ❛r♦✉♥❞ x✳
❲❡ ❣✐✈❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ✐♥
Y ✇❤❡♥ P(x) ✐s ❛ ❜❛❧❧ ✭✐♥ ❛r❜✐tr❛r② ❞✐♠❡♥s✐♦♥✮ ♦r ❛♥ ❛①✐s✲♣❛r❛❧❧❡❧ sq✉❛r❡ ✭✐♥
t❤❡ ♣❧❛♥❡✮✳ ❖✉r ❜♦✉♥❞s ❞❡♣❡♥❞ ♦♥ t❤❡ s✐③❡ n ♦❢ X ❛♥❞ δ✱ ❛♥❞ ❛r❡ t✐❣❤t ✉♣ t♦
❛ ♣♦❧②❧♦❣❛r✐t❤♠✐❝ ❢❛❝t♦r✳ ❚❤❡s❡ r❡s✉❧ts ♥❛t✉r❛❧❧② ❡①t❡♥❞ ✐♥ ✈❛r✐♦✉s ❞✐r❡❝t✐♦♥s
✭♠♦r❡ ❣❡♥❡r❛❧ ♣♦✐♥t s❡ts✱ ♦t❤❡r r❡❣✐♦♥s P(x)✳ ✳ ✳ ✮✳

❲❡ ❛❧s♦ ♣r❡s❡♥t ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✱ s❤♦✇✐♥❣ t❤❛t ♦✉r ❜♦✉♥❞s ❢♦r r❛♥❞♦♠
♥♦✐s❡ ♣r♦✈✐❞❡ ❣♦♦❞ ❡st✐♠❛t♦rs ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ s♥❛♣✲r♦✉♥❞✐♥❣✱ t❤❛t ✐s ✇❤❡♥ Y
✐s ♦❜t❛✐♥❡❞ ❜② r♦✉♥❞✐♥❣ ❡❛❝❤ ♣♦✐♥t ♦❢ X t♦ t❤❡ ♥❡❛r❡st ♣♦✐♥t ♦♥ ❛ ❣r✐❞ ♦❢ st❡♣
δ✳

❑❡②✲✇♦r❞s✿ ❈♦♠♣❧❡①✐t②✱ ❈♦♥✈❡① ❤✉❧❧✱ ◆♦✐s② ❞❛t❛

❚❤✐s ✇♦r❦ ✐s ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② ❆◆❘ Pr♦❥❡❝t ❚r✐❛♥❣❧❡s ❆◆❘✲✵✼✲❇▲❆◆✲✵✸✶✾ ❛♥❞ ❜②
❆◆❘ Pr♦❥❡❝t ●■●❆ ❆◆❘✲✵✾✲❇▲❆◆✲✵✸✸✶✲✵✶✳

∗ ●✐♣s❛✲❧❛❜✱ ❈◆❘❙ ❯▼❘ ✺✷✶✻✱ ●r❡♥♦❜❧❡✱ ❋r❛♥❝❡✳ ❉♦♠✐♥✐q✉❡✳❆tt❛❧✐❅❣✐♣s❛✲❧❛❜✳✐♥♣❣✳❢r



■♥✢✉❡♥❝❡ ❞✉ ❜r✉✐t s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts

❡①trê♠❡s

❘és✉♠é ✿ ❙✐ Y ❡st ✉♥❡ ✈❡rs✐♦♥ ❜r✉✐té❡ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣♦✐♥ts X ❡♥ ♣♦s✐t✐♦♥
❝♦♥✈❡①❡✱ q✉❡❧❧❡ ❡st ❧❛ t❛✐❧❧❡ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡①❡ ❞❡ Y ✱ ❝✬❡st à ❞✐r❡ q✉❡❧ ❡st ❧❡
♥♦♠❜r❡ ❞❡ ♣♦✐♥ts ❡①trê♠❡s ❞❡ Y ❄

◆♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ❝❛s ♦ù X ❡st ✉♥ (ǫ, κ)✲é❝❤❛♥t✐❧❧♦♥ ❞❡ ❧❛ s♣❤èr❡ ❞❡ Rd

❡t ♦ù ❧❡ ❜r✉✐t ❡st ❛❧é❛t♦✐r❡ ❡t ✉♥✐❢♦r♠❡ ✿ Y ❡st ♦❜t❡♥✉ ❡♥ r❡♠♣❧❛ç❛♥t ❝❤❛q✉❡
♣♦✐♥t x ∈ X ♣❛r ✉♥ ♣♦✐♥t ❝❤♦✐s✐ ❛❧é❛t♦✐r❡♠❡♥t ❞❛♥s ✉♥❡ ré❣✐♦♥ P(x) ❞❡ t❛✐❧❧❡
δ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ x✳ ◆♦✉s ❞♦♥♥♦♥s ❞❡s ❜♦r♥❡s ✐♥❢ér✐❡✉r❡s ❡t s✉♣ér✐❡✉r❡s s✉r
❧✬❡s♣ér❛♥❝❡ ❞✉ ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts ❡①trê♠❡s ❞❡ Y ❧♦rsq✉❡ P(x) ❡st ✉♥❡ ❜♦✉❧❡ ✭❡♥
t♦✉t❡ ❞✐♠❡♥s✐♦♥✮ ♦✉ ✉♥ ❝❛rré ✭❞❛♥s ❧❡ ♣❧❛♥✮✳ ◆♦s ❜♦r♥❡s ❞é♣❡♥❞❡♥t ❞❡ n ❧❛
t❛✐❧❧❡ ❞❡ X ❡t ❞❡ δ✳ ▲✬é❝❛rt ❡♥tr❡ ❧❡s ❜♦r♥❡s s✉♣ér✐❡✉rs ❡t ✐♥❢ér✐❡✉r❡s ❡st ré❞✉✐t
à ✉♥ ❢❛❝t❡✉r ♣♦❧②❧♦❣❛r✐t❤♠✐q✉❡✳ ❈❡s rés✉❧t❛ts ♣❡✉✈❡♥t s✬ét❡♥❞r❡ ❞❛♥s ❞✐✈❡rs❡s
❞✐r❡❝t✐♦♥s ✭❡♥s❡♠❜❧❡ ❞❡ ♣♦✐♥ts ♣❧✉s ❣é♥ér❛✉①✱ ❛✉tr❡ ❢♦r♠❡s ♣♦✉r P(x)✳ ✳ ✳ ✮✳

◆♦✉s ♣rés❡♥t♦♥s é❣❛❧❡♠❡♥t ❞❡s rés✉❧t❛ts ❡①♣ér✐♠❡♥t❛✉① ♠♦♥tr❛♥t q✉❡ ♥♦s
❜♦r♥❡s ♣♦✉r ✉♥ ❜r✉✐t ❛❧é❛t♦✐r❡ ❞♦♥♥❡♥t ✉♥❡ ❜♦♥♥❡ ❡st✐♠❛t✐♦♥ ❞✉ ❝♦♠♣♦rt❡♠❡♥t
❞❡ ❧✬❛rr♦♥❞✐ ❞❡ ♣♦✐♥ts s✉r ✉♥❡ ❣r✐❧❧❡✳ ❉❛♥s ❝❡ ❝❛s Y ❡st ♦❜t❡♥✉ ❡♥ ❛rr♦♥❞✐ss❛♥t
❝❤❛q✉❡ ♣♦✐♥t ❞❡ X ❛✉ ♣❧✉s ♣r♦❝❤❡ s♦♠♠❡t ❞✬✉♥❡ ❣r✐❧❧❡ ❞❡ ♣❛s δ✳

no noise small noise more noise

▼♦ts✲❝❧és ✿ ❈♦♠♣❧❡①✐té✱ ❊♥✈❡❧♦♣♣❡ ❝♦♥✈❡①❡✱ ❉♦♥♥é❡s ❜r✉✐té❡s



❚❤❡ ❊✛❡❝t ♦❢ ◆♦✐s❡ ♦♥ t❤❡ ◆✉♠❜❡r ♦❢ ❊①tr❡♠❡ P♦✐♥ts ✸

✶ ■♥tr♦❞✉❝t✐♦♥

❯♥❞❡rst❛♥❞✐♥❣ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❛ ❞❛t❛ str✉❝t✉r❡ ♦r ❛♥ ❛❧❣♦r✐t❤♠ ✐s ❛ ❝❡♥tr❛❧
♣r♦❜❧❡♠ ✐♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✳ ❚r❛❞✐t✐♦♥❛❧❧②✱ t❤✐s ❝♦♠♣❧❡①✐t② ✐s ♠❡❛s✉r❡❞ ❜②
t❤❡ ✇♦rst✲❝❛s❡ s❝❡♥❛r✐♦✱ ✇❤✐❝❤ ❣✐✈❡s ❛ ❜♦✉♥❞ ♦♥ ❤♦✇ ❜❛❞ t❤✐♥❣s ❝❛♥ ❣❡t✳ ■♥
❝♦♠♣✉t❛t✐♦♥❛❧ ❣❡♦♠❡tr②✱ t❤❡ ✐♥♣✉t ✐s ✉s✉❛❧❧② ❣✐✈❡♥ ❛s ❛ s❡q✉❡♥❝❡ ♦❢ n r❡❛❧s
✭❡✳❣✳ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ❛ s❡t ♦❢ ♣♦✐♥ts✮ ❛♥❞ t❤❡ ✇♦rst✲❝❛s❡ ❝♦♠♣❧❡①✐t② ♦❢ ❛
str✉❝t✉r❡ ✐s ❛♥❛❧②③❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n✳ ■♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✱ ❤♦✇❡✈❡r✱ t❤❡
❞❛t❛ ✐s ❣✐✈❡♥ ♦♥❧② ❛t s♦♠❡ ✜①❡❞ ♣r❡❝✐s✐♦♥ ❛♥❞ ✐s s✉❜❥❡❝t t♦ ♠❡❛s✉r❡♠❡♥t ♥♦✐s❡✳
❚❤✐s ♠❛② ❞r❛st✐❝❛❧❧② ❧✐♠✐t t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ ❧♦✇❡r ❜♦✉♥❞s ❛❝❤✐❡✈❡❞ ❜② ✉♥st❛❜❧❡
❝♦♥str✉❝t✐♦♥s ♦✈❡r t❤❡ r❡❛❧s✱ ❛s ❡✈❡♥ ♠✐❧❞ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
✐♥♣✉t r❡♣r❡s❡♥t❛t✐♦♥ ❝❛♥ ❢♦r❜✐❞ ❝❡rt❛✐♥ ❝♦♥✜❣✉r❛t✐♦♥s ❢r♦♠ ❛r✐s✐♥❣✳ ❋♦r ✐♥st❛♥❝❡✱
t❤❡r❡ ❛r❡ ♦r❞❡r t②♣❡s ♦♥ n ♣♦✐♥ts t❤❛t ❝❛♥ ♦♥❧② ❜❡ r❡❛❧✐③❡❞ ❜② ❝♦♦r❞✐♥❛t❡s ✇✐t❤
❡①♣♦♥❡♥t✐❛❧ ❜✐t✲❝♦♠♣❧❡①✐t② ❬✶✹❪✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ✇♦rst✲❝❛s❡ ❝♦♥✜❣✉r❛t✐♦♥s ♠❛②
s❡❧❞♦♠ ♦r ♥❡✈❡r ♦❝❝✉r✱ ❛♥❞ t❤❡ ✇♦rst✲❝❛s❡ ❝♦♠♣❧❡①✐t② ♠❛② ❜❡ t♦♦ ❣❡♥❡r❛❧ t♦
r❡✢❡❝t t❤❡ ♣r❛❝t✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ str✉❝t✉r❡ ♦r ❛❧❣♦r✐t❤♠✳

❲❤❡♥ t❤❡ ✇♦rst✲❝❛s❡ ❝♦♠♣❧❡①✐t② ❛♣♣❡❛rs t♦♦ ♣❡ss✐♠✐st✐❝✱ ❛ st❛♥❞❛r❞ ❛♣✲
♣r♦❛❝❤ ✐s t♦ r❡str✐❝t t❤❡ ✐♥♣✉t ♠♦❞❡❧ t♦ ♠❛❦❡ ✐t ♠♦r❡ r❡❛❧✐st✐❝ ❬✼❪✳ ❋♦r ✐♥✲
st❛♥❝❡✱ t❤❡ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ t❤❡ ✇♦rst✲❝❛s❡ q✉❛❞r❛t✐❝ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
❉❡❧❛✉♥❛② tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ ♣♦✐♥ts ✐♥ R3 ❛♥❞ t❤❡ ♥❡❛r✲❧✐♥❡❛r ❜❡❤❛✈✐♦r ♦❜s❡r✈❡❞
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠❡s❤ ❣❡♥❡r❛t✐♦♥ ❬✷❪ ♦r s✉r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ❬✸❪ ❝❛♥ ❜❡ ❛❝✲
❝♦✉♥t❡❞ ❢♦r ❜② r❡str✐❝t✐♥❣ t❤❡ ✐♥♣✉t t♦ ✏r❡❛s♦♥❛❜❧❡✑ s❛♠♣❧❡s ♦❢ ✏r❡❛s♦♥❛❜❧❡✑
s✉r❢❛❝❡s ❬✶✱ ✽✱ ✾✱ ✶✵✱ ✶✷✱ ✶✸❪✳ ❚❤❡r❡ ❛r❡✱ ❤♦✇❡✈❡r✱ ❝♦♥t❡①ts ✐♥ ✇❤✐❝❤ r❡❛❧✐st✐❝
✐♥♣✉t ♠♦❞❡❧s r❡♠❛✐♥ ❡❧✉s✐✈❡❀ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ s♣✐t❡ ♦❢ ♠✉❝❤ ❡✛♦rts t❤❡r❡ ✐s st✐❧❧
♥♦ s❛t✐s❢②✐♥❣ ♠♦❞❡❧ ♦❢ ✏♣❧❛✉s✐❜❧❡✑ ❝♦♠♣✉t❡r ❣r❛♣❤✐❝s s❝❡♥❡s✳

❆♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✲s♣❡❝✐✜❝ ❛♣♣r♦❛❝❤ ♦❢ r❡❛❧✐st✐❝ ✐♥♣✉t ♠♦❞❡❧s
✐s t♦ r❡✜♥❡ t❤❡ ❝♦♠♣❧❡①✐t② ❛♥❛❧②s✐s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♠♦r❡ t❤❛♥ ❥✉st t❤❡
♠❛①✐♠✉♠ ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ❢✉♥❝t✐♦♥✳ ❚❤❡ s♠♦♦t❤❡❞ ❝♦♠♣❧❡①✐t② ♠♦❞❡❧ ♦❢ ❚❡♥❣
❛♥❞ ❙♣✐❡❧♠❛♥ ❬✶✾❪ ✐s ❛ st❡♣ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✳ ❚❤❡ s♠♦♦t❤❡❞ ❝♦♠♣❧❡①✐t② ✐s ❞❡✜♥❡❞✱
✐♥❢♦r♠❛❧❧②✱ ❛s t❤❡ ♠❛①✐♠✉♠ ♦✈❡r t❤❡ ✐♥♣✉ts ♦❢ t❤❡ ❡①♣❡❝t❡❞ ❝♦♠♣❧❡①✐t② ♦✈❡r
s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❛t ✐♥♣✉t✳ ■♥t✉✐t✐✈❡❧②✱ t❤✐s ✏❧♦❝❛❧ ❛✈❡r❛❣✐♥❣✑ ♠❡❝❤❛♥✐s♠
❞✐s♣♦s❡s ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s t❤❛t ✈❛♥✐s❤ ✉♥❞❡r s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥✱ ❛♥❞ ♠❛② t❤✉s
♠♦❞❡❧ ♠♦r❡ ❛❝❝✉r❛t❡❧② ❜❡❤❛✈✐♦rs ♦♥ ♥♦✐s② ❞❛t❛✳ ❚❡♥❣ ❛♥❞ ❙♣✐❡❧♠❛♥ ♣r♦✈❡❞
t❤❛t t❤❡ s✐♠♣❧❡① ❛❧❣♦r✐t❤♠ ❤❛s ♣♦❧②♥♦♠✐❛❧ s♠♦♦t❤❡❞ ❝♦♠♣❧❡①✐t②✱ ❡①♣❧❛✐♥✐♥❣ t❤❡
❛♣♣❛r❡♥t ❞✐✣❝✉❧t② t♦ ❝♦♥str✉❝t ❡①♣♦♥❡♥t✐❛❧ ❧♦✇❡r ❜♦✉♥❞s ❛♥❞ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢
t❤✐s ❛❧❣♦r✐t❤♠ ♦♥ ♣r❛❝t✐❝❛❧ ✐♥♣✉t✳ ❙✐♥❝❡ t❤✐s s❡♠✐♥❛❧ ♣❛♣❡r✱ s♠♦♦t❤❡❞ ❛♥❛❧②s✐s
❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ❛ ✈❛r✐❡t② ♦❢ ♣r♦❜❧❡♠s ❬✷✵❪✱ ✐♥❝❧✉❞✐♥❣✱ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧
❣❡♦♠❡tr②✱ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ✈✐s✐❜✐❧✐t② ♠❛♣s ✐♥ ❛ t❡rr❛✐♥ ❬✻❪ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢
❡①tr❡♠❡ ♣♦✐♥ts ✭✐✳❡✳ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ❝♦♥✈❡① ❤✉❧❧✮ ❬✺❪✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ r❡✈✐s✐t
t❤❡ s♠♦♦t❤❡❞ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts✳

Pr♦❜❧❡♠ st❛t❡♠❡♥t ❛♥❞ ♣r❡✈✐♦✉s ✇♦r❦✳ ▲❡t X ❜❡ ❛ s❡t ♦❢ n ♣♦✐♥ts ✐♥
Rd✳ ❆ ♣❡rt✉r❜❛t✐♦♥ ♦❢ X ✐s ❛ ♣♦✐♥t s❡t Y ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ♣♦✐♥t x ✐♥
X ❜② s♦♠❡ ♣♦✐♥t ❝❤♦s❡♥ r❛♥❞♦♠❧② ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥
P(x) ❝❡♥t❡r❡❞ ✐♥ x❀ ✇❤❡♥ P(x) ✐s t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ Lp ❜❛❧❧ ♦❢
r❛❞✐✉s δ ❝❡♥t❡r❡❞ ✐♥ x✱ ✇❡ ❝❛❧❧ t❤❡ ♣❡rt✉r❜❛t✐♦♥ t❤❡ ✉♥✐❢♦r♠ Lp ♣❡rt✉r❜❛t✐♦♥
♦❢ ❛♠♣❧✐t✉❞❡ δ✳ ❉❛♠❡r♦✇ ❛♥❞ ❙♦❤❧❡r ❬✺❪ s❤♦✇❡❞ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r
♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ✐♥ ❛ ✉♥✐❢♦r♠ L∞ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ❛♠♣❧✐t✉❞❡ δ ♦❢ ❛ s❡t ♦❢

n ♣♦✐♥ts ✐s O

((
n logn
δ

) d
d+1

)
✳ ❚❤❡✐r ❛♣♣r♦❛❝❤ ✐s t♦ ❝♦✉♥t t❤❡ ♣♦✐♥ts t❤❛t ❛r❡

❘❘ ♥➦ ✼✶✸✹



✹ ❉✳ ❆tt❛❧✐✱ ❖✳ ❉❡✈✐❧❧❡rs✱ ✫ ❳✳ ●♦❛♦❝

♥♦t ♥❡❝❡ss❛r✐❧② ❡①tr❡♠❡✱ ❜✉t ♠❛①✐♠❛❧ ✭✐✳❡✳ ❛r❡ t❤❡ ❝♦r♥❡r ♦❢ s♦♠❡ ❡♠♣t② ❛①✐s✲
♣❛r❛❧❧❡❧ ♦❝t❛♥t✮✳ ◆♦t❡ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ♠❛①✐♠❛ ♠❛② ❜❡ ♠✉❝❤
❧❛r❣❡r t❤❛♥ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts✱ ❡✳❣✳ ❢♦r r❛♥❞♦♠ s❛♠♣❧❡s ♦❢
❛ ❞✐s❦ ❬✶✶✱ ✶✽❪✱ s♦ t❤✐s ❜♦✉♥❞ ♠❛② ♥♦t ❜❡ s❤❛r♣✳ ❚❤❡✐r ♣r♦♦❢ t❡❝❤♥✐q✉❡ ❤❛♥❞❧❡s
●❛✉ss✐❛♥ ♥♦✐s❡ s✐♠✐❧❛r❧②✱ ❜✉t r❡q✉✐r❡s t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣❡rt✉r❜❡❞ ♣♦✐♥ts t♦
❜❡ ✐♥❞❡♣❡♥❞❡♥t❧② ❞✐str✐❜✉t❡❞ ✭❛♥❞ t❤✉s ❞♦❡s ♥♦t ❡①t❡♥❞ t♦ ✉♥✐❢♦r♠ L2 ♥♦✐s❡✮✳
❚❤❡ ❝❛s❡ ✇❤❡r❡ X ❝♦♥s✐sts ♦❢ n ❝♦♣✐❡s ♦❢ t❤❡ s❛♠❡ ♣♦✐♥t ❝♦rr❡s♣♦♥❞s t♦ t❤❡
❝❧❛ss✐❝❛❧ q✉❡st✐♦♥✱ ✐♥ ✐♥t❡❣r❛❧ ❣❡♦♠❡tr②✱ ♦❢ ❝♦✉♥t✐♥❣ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢
❡①tr❡♠❡ ♣♦✐♥ts ✐♥ ❛ r❛♥❞♦♠ s❛♠♣❧❡ ♦❢ ❛ ❞♦♠❛✐♥ D✳ ❚❤✐s ♥✉♠❜❡r ✐s Θ(k log n)

✐❢ D ✐s ❛ ❝♦♥✈❡① k✲❣♦♥ ✐♥ t❤❡ ♣❧❛♥❡ ❛♥❞ Θ
(
n

d−1

d+1

)
✐❢ ✐t ✐s ❛ ❜❛❧❧ ✐♥ Rd ❬✶✻✱ ✶✼✱ ✶✽❪

✭s❡❡ ❛❧s♦ ❬✶✺❪ ❢♦r ❛ s✐♠♣❧❡ ♣r♦♦❢✮✳

❈♦♥tr✐❜✉t✐♦♥s✳ ❲❡ ♣r❡s❡♥t ♥❡❛r✲t✐❣❤t ❜♦✉♥❞s ♦♥ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢
❡①tr❡♠❡ ♣♦✐♥ts ✐♥ ❛ L1✱ L2 ❛♥❞ L∞ ♣❡rt✉r❜❛t✐♦♥ ♦❢ n ♣♦✐♥ts ✐♥ ❝♦♥✈❡① ♣♦s✐t✐♦♥
t❤❛t s❛t✐s❢② ❛ ❝❡rt❛✐♥ ✏✉♥✐❢♦r♠ ❞❡♥s✐t②✑ ❝♦♥❞✐t✐♦♥✳ ▲❡t X ❜❡ ❛ s❡t ♦❢ n ♣♦✐♥ts
♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ Γ ✭♦r ❛♥② ❝♦♠♣❛❝t ❝♦♥✈❡① s✉r❢❛❝❡✮ ✐♥ Rd s✉❝❤ t❤❛t t❤❡r❡

❡①✐st ǫ = Θ
(
n

1
1−d

)
❛♥❞ κ = O(1) s✉❝❤ t❤❛t ❛♥② ❜❛❧❧ ♦❢ r❛❞✐✉s ǫ ❝❡♥t❡r❡❞ ♦♥ Γ

❝♦♥t❛✐♥s ❜❡t✇❡❡♥ 1 ❛♥❞ κ ♣♦✐♥ts ♦❢ X✳ ▲❡t Y ❜❡ ❛ ✉♥✐❢♦r♠ Lp ♣❡rt✉r❜❛t✐♦♥ ♦❢
X ♦❢ ❛♠♣❧✐t✉❞❡ δ✱ ❧❡t ex(Y ) ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ Y ❛♥❞ ❧❡t
E[V ] ❞❡♥♦t❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ V ✳ ❲❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❜♦✉♥❞s✶✿

❼ ❋♦r p = 2✱ δ ∈
[
Ω̃
(
n

2
1−d

)
, 1
]
❛♥❞ d ≥ 2✱ E[ex(Y )] ✐s Θ̃

(
(
√
n)1−

1
d

(
1
4
√
δ

)d− 1
d

)

✭❚❤❡♦r❡♠ ✷✮✳

❼ ❋♦r p = 1 ♦r ∞✱ δ ∈
[
Θ̃
(

1
n2

)
,Θ(1)

]
❛♥❞ d = 2✱ E[ex(Y )] ✐s Θ̃

(
n

1
5

(
1
δ

) 2
5

)

✭❚❤❡♦r❡♠ ✼✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ r❡✜♥❡ t❤❡ ❜♦✉♥❞ ♦❢ ❉❛♠❡r♦✇ ❛♥❞ ❙♦❤❧❡r ❬✺❪ ❢♦r ✉♥✐❢♦r♠ L∞

♣❡rt✉r❜❛t✐♦♥ ♦❢ ❝♦♥✈❡① ♣♦✐♥t s❡ts ✐♥ t❤❡ ♣❧❛♥❡ ✇✐t❤ ✏✉♥✐❢♦r♠ ❞❡♥s✐t②✑✳ ❖✉r
❜♦✉♥❞s ❛❧s♦ s❤♦✇ t❤❛t ❛❧r❡❛❞② ✐♥ t❤❡ ♣❧❛♥❡✱ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡
♣♦✐♥ts ❞✐✛❡rs s✐❣♥✐✜❝❛♥t❧② ❜❡t✇❡❡♥ ✉♥✐❢♦r♠ L2 ❛♥❞ L∞ ♣❡rt✉r❜❛t✐♦♥s✳ ◆♦t❡
t❤❛t t❤❡ ❝❛s❡ p = 1 ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝❛s❡ p = ∞ ❜② r♦t❛t✐♥❣ t❤❡ ❝♦♦r❞✐♥❛t❡
s②st❡♠ ❜② π

4 ✳
❖✉r ♣r♦♦❢s ❛r❡ ❜❛s❡❞ ♦♥ ❛ s✐♠♣❧❡ t❡❝❤♥✐q✉❡ t❤❛t ✇❡ ❤♦♣❡ ✐s ❛♣♣❧✐❝❛❜❧❡ t♦

❛ ✇✐❞❡r r❛♥❣❡ ♦❢ ♣r♦❜❧❡♠s✳ ❲❡ ❝♦✈❡r t❤❡ s♣❛❝❡ ♦❢ ❞✐r❡❝t✐♦♥s Sd−1 ❜② m ❞✐s❦s
D1, . . . , Dm✳ ❋♦r ❡❛❝❤ ❞✐s❦ Di ✇❡ ❞❡✜♥❡ ❛ ♣❛✐r ♦❢ ❤❛❧❢s♣❛❝❡s t❤❛t ❡st✐♠❛t❡ t❤❡
♥✉♠❜❡r ♦❢ ♣❡rt✉r❜❡❞ ♣♦✐♥ts t❤❛t ❛r❡ ❡①tr❡♠❡ ✐♥ s♦♠❡ ❞✐r❡❝t✐♦♥ ✐♥ t❤❛t ❞✐s❦✳ ■♥
❡❛❝❤ ♣❛✐r✱ ♦♥❡ ❤❛❧❢s♣❛❝❡✱ t❤❡ ❝♦❧❧❡❝t♦r✱ ❝♦♥t❛✐♥s t❤❡ ♦t❤❡r ❤❛❧❢s♣❛❝❡✱ t❤❡ ✇✐t♥❡ss✱
❛♥❞ t❤❡✐r r❡s♣❡❝t✐✈❡ ♣♦s✐t✐♦♥ ❡♥s✉r❡s t❤❛t ✐❢ t❤❡ ✇✐t♥❡ss ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡
♣❡rt✉r❜❡❞ ♣♦✐♥t t❤❡♥ t❤❡ ❝♦❧❧❡❝t♦r ❝♦♥t❛✐♥s ❛❧❧ ♣❡rt✉r❜❡❞ ♣♦✐♥ts ❡①tr❡♠❡ ✐♥ ❛
❞✐r❡❝t✐♦♥ ♦❢ Di✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ t❤❡
♣❡rt✉r❜❡❞ s❡t ✐s Θ̃(m) ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿ ✭✐✮ ❛♥② r❡❣✐♦♥
P(x) ✐♥t❡rs❡❝ts O(1) ❞✐st✐♥❝t ✇✐t♥❡ss❡s✱ ✭✐✐✮ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥
❛♥② ✇✐t♥❡ss ✐s ❛t ❧❡❛st log n✱ ❛♥❞ ✭✐✐✐✮ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ ❛♥②

✶❲❡ ❤✐❞❡ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❢❛❝t♦rs ❜② ✇r✐t✐♥❣ g(n) = Õ(f(n)) ✐❢ g(n) = O(f(n) logβ n) ❢♦r
s♦♠❡ ✜①❡❞ β ✭❛♥❞ s✐♠✐❧❛r❧② ❢♦r Θ̃() ❛♥❞ Ω̃()✮✳

■◆❘■❆



❚❤❡ ❊✛❡❝t ♦❢ ◆♦✐s❡ ♦♥ t❤❡ ◆✉♠❜❡r ♦❢ ❊①tr❡♠❡ P♦✐♥ts ✺

❝♦❧❧❡❝t♦r ✐s O(logn)✳ ❲❡ t❤❡♥ s❤♦✇ t❤❛t ❛❧❧ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ♠❡t ❢♦r t❤❡
t✇♦ t②♣❡s ♦❢ ♣❡rt✉r❜❛t✐♦♥s ✇❡ ❝♦♥s✐❞❡r✳

■♥ ❞✐♠❡♥s✐♦♥ d ≤ 3✱ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ✐s ❞♦♠✐♥❛t❡❞ ❜②
t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts✱ s♦ ❚❤❡♦r❡♠s ✷ ❛♥❞ ✼ ❛❧s♦ ❜♦✉♥❞ t❤❡ s♠♦♦t❤❡❞
❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ❢♦r ✉♥✐❢♦r♠ L2 ❛♥❞ L∞ ♣❡rt✉r❜❛t✐♦♥s✳ ■♥ ❤✐❣❤❡r
❞✐♠❡♥s✐♦♥✱ t❤❡ ❡①♣❡❝t❡❞ s✐③❡ ♦❢ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ❝♦rr❡s♣♦♥❞s t♦ ❤✐❣❤❡r ♠♦♠❡♥ts
♦❢ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts✱ ❛♥❞ r❡q✉✐r❡ ❛ ✜♥❡r ❛♥❛❧②s✐s✳

❲❡ ❛❧s♦ ❝♦♠♣❛r❡ t❤❡ ❜♦✉♥❞s ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠s ✷ ❛♥❞ ✼ t♦ t✇♦ s❡ts ♦❢
❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳ ❖✉r ✜rst ❞❛t❛s❡t ❝♦♠❡s ❢r♦♠ s✐♠✉❧❛t✐♦♥s ♦❢ r❛♥❞♦♠ ✉♥✐❢♦r♠
L2 ❛♥❞ L∞ ♣❡rt✉r❜❛t✐♦♥s✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r n r❛♥❣✐♥❣ ❢r♦♠ 103 ✉♣ t♦ 107✱ t❤❡
❝♦♥st❛♥ts ❤✐❞❞❡♥ ✐♥ t❤❡ Θ̃ s❡❡♠ ✈❡r② s♠❛❧❧ ✭❜❡t✇❡❡♥ 3 ❛♥❞ 5✮ ❛♥❞ t❤❡ t❤❡♦r❡t✐❝❛❧
❜♦✉♥❞s ❛r❡ ❣♦♦❞ ❡st✐♠❛t❡s ♦❢ t❤❡ ♠❡❛s✉r❡❞ ✈❛❧✉❡s ✭❧❡ss t❤❛♥ 5% ❡rr♦r✮✳ ❖✉r
s❡❝♦♥❞ ❞❛t❛s❡t ❝♦♠❡s ❢r♦♠ s♥❛♣✲r♦✉♥❞✐♥❣ ❛ r❡❣✉❧❛r n✲❣♦♥ ♦♥ ❛ r❡❣✉❧❛r ❣r✐❞ ♦❢

st❡♣ δ✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r n r❛♥❣✐♥❣ ❢r♦♠ 103 ✉♣ t♦ 107 ❛♥❞ δ ∈
[

1000
n2 ,

√
n

100

]
✱

t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ✐s ♣r❡❞✐❝t❡❞ ✭❛❣❛✐♥✱ ✇✐t❤ ❧❡ss t❤❛♥ 5% ❡rr♦r✮
❜② 4δ−

2
5n

1
5 ✱ t❤❛t ✐s ♦✉r ❜♦✉♥❞ ❢♦r ✉♥✐❢♦r♠ L∞ ♥♦✐s❡✳ ❚❤✐s ♣r♦✈✐❞❡s ❡♠♣✐r✐❝❛❧

❡✈✐❞❡♥❝❡ t❤❛t t❤❡ s♠♦♦t❤❡❞ ❛♥❛❧②s✐s ♠♦❞❡❧ ❝❛♥ ❤❡❧♣ ♣r❡❞✐❝t t❤❡ ❝♦♠♣❧❡①✐t② ❢♦r
❞❛t❛ r❡♣r❡s❡♥t❡❞ ✇✐t❤ ✜♥✐t❡ ♣r❡❝✐s✐♦♥✳

✷ ❖✉t❧✐♥❡ ♦❢ t❤❡ ♠❡t❤♦❞

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ♦✉r ♣❡rt✉r❜❛t✐♦♥ ♠♦❞❡❧s ❛♥❞ ❞❡s❝r✐❜❡ ♦✉r ❛♣♣r♦❛❝❤
t♦ ♣r♦✈✐♥❣ ❜♦✉♥❞s ♦♥ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ❛❢t❡r ♣❡rt✉r❜❛t✐♦♥✳

P❡rt✉r❜❛t✐♦♥s✳ ❆ ♣❡rt✉r❜❛t✐♦♥ ♠❡t❤♦❞ ✐♥ Rd ✐s ❛ ♠❛♣ P : Rd → D(Rd)✱
✇❤❡r❡ D(Rd) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ♦✈❡r Rd✳ ❘❡❝❛❧❧ t❤❛t
t❤❡ s✉♣♣♦rt ♦❢ ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s t❤❡ s♠❛❧❧❡st ❝❧♦s❡❞ s✉❜s❡t U ⊂ Rd

s✉❝❤ t❤❛t µ(U) = 1✳ ❆ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ❛ ♣♦✐♥t s❡t X = {x1, . . . , xn} ❜② ✭t❤❡
♣❡rt✉r❜❛t✐♦♥ ♠❡t❤♦❞✮ P ✐s ❛ s❡t ♦❢ n r❛♥❞♦♠ ♣♦✐♥ts P(X) = {y1, . . . , yn} ✇❤❡r❡
yi ✐s ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ P(xi)✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❝♦♥s✐❞❡r ♣❡rt✉r❜❛t✐♦♥ ♠❡t❤♦❞s ✇❤❡r❡ P(x) ✐s ❛ ✉♥✐❢♦r♠
♣r♦❜❛❜✐❧✐t② ♦♥ ❛ ❝♦♠♣❛❝t ✭❝♦♥✈❡①✮ r❡❣✐♦♥ ❛r♦✉♥❞ x ✇❤♦s❡ s✐③❡ ✐s ❣♦✈❡r♥❡❞ ❜②
s♦♠❡ ♣❛r❛♠❡t❡r δ✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✸ ✇❡ ❧❡t P(x) ❜❡ t❤❡ ✉♥✐❢♦r♠ ❞✐str✐✲
❜✉t✐♦♥ ✐♥ ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s δ ❝❡♥t❡r❡❞ ❛t x✱ ❛♥❞ ✐♥ ❙❡❝t✐♦♥ ✹ ✇❡ ❧❡t P(x) ❜❡ t❤❡
✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ✐♥ ❛♥ ❛①✐s✲♣❛r❛❧❧❡❧ sq✉❛r❡ ♦❢ s✐❞❡ δ ❝❡♥t❡r❡❞ ❛t x✳ ❲❤❡♥
❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✱ ✇❡ ✐❞❡♥t✐❢② P(x) ✇✐t❤ ✐ts s✉♣♣♦rt ❛♥❞ s❛② t❤❛t P(x)
✐s ❡✐t❤❡r ❛ ❜❛❧❧ ♦r ❛ sq✉❛r❡✳ ■♥ ❡❛❝❤ ❝❛s❡✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
q✉❡st✐♦♥✿ ❣✐✈❡♥ ❛ s❡t X ♦❢ n ♣♦✐♥ts ✐♥ ❝♦♥✈❡① ♣♦s✐t✐♦♥✱ ❤♦✇ ❞♦❡s t❤❡ ❡①♣❡❝t❡❞
♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ P(X) ❞❡♣❡♥❞ ♦♥ n ❛♥❞ δ❄

❚❤❡ ❣❡♥❡r❛❧ ❜♦✉♥❞✳ ❲❡ s❛② t❤❛t ❛ ♣❛✐r (C,W ) ♦❢ ❤❛❧❢s♣❛❝❡s ✐♥ Rd ❛r❡
♥❡st❡❞ ✐❢ t❤❡ ✜rst ❝♦♥t❛✐♥s t❤❡ s❡❝♦♥❞✿ W ⊂ C❀ ✇❡ ❝❛❧❧ C t❤❡ ❝♦❧❧❡❝t♦r ❛♥❞ W
t❤❡ ✇✐t♥❡ss✳ ❆ ♥❡st❡❞ ♣❛✐r (C,W ) ❝♦♥tr♦❧s ❛ ❞✐r❡❝t✐♦♥ −→u ∈ Sd−1 ❢♦r ❛ s❡t X ❛♥❞
❛ ♣❡rt✉r❜❛t✐♦♥ ♠❡t❤♦❞ P ✐❢ ✇❤❡♥❡✈❡r W ∩ P(X) 6= ∅ t❤❡ ♣♦✐♥t ❡①tr❡♠✉♠ ✐♥
❞✐r❡❝t✐♦♥ −→u ❜❡❧♦♥❣s t♦ C✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ t❤❡ ✇✐t♥❡ssW ❝♦♥t❛✐♥s ❛ ♣❡rt✉r❜❡❞
♣♦✐♥t✱ t❤❡ ❝♦❧❧❡❝t♦r C ❝♦❧❧❡❝ts ❛❧❧ ♣♦✐♥ts ❡①tr❡♠❡ ✐♥ ❛❧❧ ❞✐r❡❝t✐♦♥s ❝♦♥tr♦❧❧❡❞ ❜②
(C,W )✳ ❲❡ s❛② t❤❛t ❛ ❢❛♠✐❧② ♦❢ ♥❡st❡❞ ♣❛✐rs ❝♦♥tr♦❧s ❛ ❞✐r❡❝t✐♦♥ ✐❢ s♦♠❡ ♣❛✐r ✐♥

❘❘ ♥➦ ✼✶✸✹



✻ ❉✳ ❆tt❛❧✐✱ ❖✳ ❉❡✈✐❧❧❡rs✱ ✫ ❳✳ ●♦❛♦❝

t❤❡ ❢❛♠✐❧② ❞♦❡s✳ ●✐✈❡♥ ❛ r❡❣✐♦♥ R ⊂ Rd✱ ✇❡ ❞❡♥♦t❡ ❜② |R∩P(X)| t❤❡ ❡①♣❡❝t❡❞
♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦❢ ❛ ♣❡rt✉r❜❛t✐♦♥ P(X) ♦❢ X t❤❛t ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ R✳

▲❡♠♠❛ ✶✳ ▲❡t X ❜❡ ❛ s❡t ♦❢ n ♣♦✐♥ts ✐♥ Rd✱ P ❛ ♣❡rt✉r❜❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞
N = {(Ci,Wi)}1≤i≤m ❛ ❢❛♠✐❧② ♦❢ ♥❡st❡❞ ♣❛✐rs ♦❢ ❤❛❧❢s♣❛❝❡s t❤❛t ✭❛✮ ❝♦♥tr♦❧s ❛❧❧
❞✐r❡❝t✐♦♥s ✐♥ Sd−1 ❛♥❞ ✭❜✮ ❤❛s ♦♥❧② O(1) ✇✐t♥❡ss❡s t❤❛t ♠❡❡t ❛♥② ❣✐✈❡♥ s✉♣♣♦rt
P(x) ✇✐t❤ x ∈ X✳ ❚❤❡♥✱ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r E[ex(P(X))] ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ✐♥
❛ ♣❡rt✉r❜❛t✐♦♥ ♦❢ X ✐s✿

Ω


m−

∑

1≤i≤m
e−|Wi∩P(X)|


 ≤ E[ex(P(X))]

≤ n
∑

1≤k≤m
e−|Wi∩P(X)| +

∑

1≤k≤m
|Ci ∩ P(X)|.

Pr♦♦❢✳ ❚♦ s❛✈❡ ❜r❡❛t❤✱ ✇❡ ❞❡♥♦t❡ t❤❡ ♣❡rt✉r❜❡❞ ♣♦✐♥t s❡t ❜② Y = P(X)✳ ❋♦r
❛ ✇✐t♥❡ss ♦r ❛ ❝♦❧❧❡❝t♦r H✱ ✇❡ ❧❡t α(H) = |H ∩ Y | ❛♥❞ ❞❡♥♦t❡ ❜② β(H) t❤❡
♣r♦❜❛❜✐❧✐t② t❤❛t H ∩ Y ✐s ❡♠♣t②✳ ■❢ ✇❡ ✇r✐t❡ tk t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ kth

♣♦✐♥t ♦❢ Y ✐s ✐♥ H✱ ✇❡ ❤❛✈❡

α(H) =
∑

1≤k≤n
tk ❛♥❞ β(H) =

∏

1≤k≤n
(1 − tk),

❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ✐♥❡q✉❛❧✐t② 1 − t ≤ e−t ②✐❡❧❞s β(H) ≤ e−α(H)✳
■❢ ❛ ✇✐t♥❡ss ❤❛❧❢s♣❛❝❡ Wi ✐s ♥♦♥✲❡♠♣t②✱ ✐t ❝♦♥t❛✐♥s t❤❡ ♣♦✐♥t ♦❢ P(X) t❤❛t

✐s ❡①tr❡♠❛❧ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✐ts ✐♥♥❡r t❛♥❣❡♥t✳ ❈♦♥❞✐t✐♦♥ ✭❜✮ ❡♥s✉r❡s t❤❛t
❛♥② ❡①tr❡♠❛❧ ♣♦✐♥t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ O(1) ✇✐t♥❡ss ❤❛❧❢s♣❛❝❡s✳ ❚❤✉s✱ t❤❡ ♥✉♠❜❡r
♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ Y ✐s ❛t ❧❡❛st ❛ ❝♦♥st❛♥t t✐♠❡s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲❡♠♣t②
✇✐t♥❡ss ❤❛❧❢s♣❛❝❡s✱ ❛♥❞ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦❧❧♦✇s✳ ◆♦✇✱ ❧❡t exk(Y ) ❞❡♥♦t❡ t❤❡
♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ Y t❤❛t ❛r❡ ❡①tr❡♠❡ ✐♥ ❛ ❞✐r❡❝t✐♦♥ ❝♦♥tr♦❧❧❡❞ ❜② (Ck,Wk)✳
■❢ Y ∩Wk ✐s ♥♦♥✲❡♠♣t② t❤❡♥ ❛❧❧ ♣♦✐♥ts ❡①tr❡♠❡ ✐♥ s✉❝❤ ❞✐r❡❝t✐♦♥s ❛r❡ ✐♥ Ck✱
❛♥❞ exk(Y ) ≤ α(Ck)❀ ♦t❤❡r✇✐s❡✱ exk(Y ) ✐s ❛t ♠♦st n✳ ❆❧t♦❣❡t❤❡r✱ ✇❡ ❣❡t

E[exk(Y )] ≤ nβ(Wk) + (1 − β(Wk))α(Ck) ≤ e−α(Wk)n+ α(Ck),

❛♥❞ ❈♦♥❞✐t✐♦♥ ✭❛✮ ✐♠♣❧✐❡s t❤❛t ex(Y ) ≤ ∑
1≤k≤m exk(Y )✳ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞

❢♦❧❧♦✇s✳

❆♣♣❧✐❝❛t✐♦♥s✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✶ ❡ss❡♥t✐❛❧❧② ❜♦✐❧s ❞♦✇♥ t♦ ♠❛❦✐♥❣ s✉r❡ t❤❛t
♠♦st ✇✐t♥❡ss❡s ❛r❡ ♥♦♥✲❡♠♣t② ✭✇❤✐❝❤ r❡q✉✐r❡s ❧❛r❣❡ |Wi ∩ P(X)|✮ ✇❤✐❧❡ ♠♦st
❝♦❧❧❡❝t♦rs ❝♦❧❧❡❝t ❢❡✇ ♣♦✐♥ts ✭✇❤✐❝❤ r❡q✉✐r❡s s♠❛❧❧ |Ci ∩ P(X)|✮✳ ❲❡ ✇✐❧❧ ✜♥❞
tr❛❞❡✲♦✛s ✇❤❡r❡ |Wi ∩ P(X)| ✐s ❣r❡❛t❡r t❤❛♥ log n ✇❤✐❧❡ |Ci ∩ P(X)| r❡♠❛✐♥s
Θ(log n)✳ P❧✉❣❣❡❞ ✐♥t♦ ▲❡♠♠❛ ✶✱ t❤❡s❡ ❜♦✉♥❞s ✇✐❧❧ ❡♥s✉r❡ t❤❛t E[ex(P(X))] =
Θ̃(m)✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ✉♥❢♦❧❞ t❤✐s ♠❡t❤♦❞ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ X ✐s
❛ ✏♥✐❝❡✑ s❛♠♣❧❡ ♦❢ t❤❡ ✉♥✐t s♣❤❡r❡ Γ✳ ●✐✈❡♥ ❛ ❤❛❧❢s♣❛❝❡ H ✭✇✐t♥❡ss ♦r ❝♦❧❧❡❝t♦r✮✱
✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❡st✐♠❛t❡ |H∩P(X)|✳ ▲❡tt✐♥❣ hx r❡♣r❡s❡♥ts t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥
∂H ❛♥❞ t❤❡ ♣♦✐♥t ✐♥ H ∩P(x) ❢✉rt❤❡st ❛✇❛② ❢r♦♠ ∂H ❛♥❞ ✇r✐t✐♥❣ area(hx) ❢♦r
t❤❡ ✈♦❧✉♠❡ ♦❢ H ∩ P(x)✱ ✇❡ ❤❛✈❡ |H ∩ P(X)| =

∑
x∈X area(hx)✳ ❲❡ ✇✐❧❧ t❤❡♥

❡①♣r❡ss area(hx) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❡♣t❤ h ♦❢ H ❞❡✜♥❡❞ ❜② h = maxx∈Γ hx✳ ■t
t❤❡♥ r❡♠❛✐♥s t♦ ❡st✐♠❛t❡ t❤❡ ❞❡♣t❤s ci ❛♥❞ hi ♦❢ t❤❡ ♥❡st❡❞ ❤❛❧❢♣❧❛♥❡s Ci ❛♥❞
Wi ♥❡❡❞❡❞ t♦ s❛t✐s❢② ❝♦♥❞✐t✐♦♥s ✭❛✮ ❛♥❞ ✭❜✮ ✐♥ ▲❡♠♠❛ ✶✳

■◆❘■❆



❚❤❡ ❊✛❡❝t ♦❢ ◆♦✐s❡ ♦♥ t❤❡ ◆✉♠❜❡r ♦❢ ❊①tr❡♠❡ P♦✐♥ts ✼

Wi

Ci

w

c
δ

xφ(i) −→ui
Γ

❋✐❣✉r❡ ✶✿ ◆♦t❛t✐♦♥s ❢♦r ✇✐t♥❡ss❡s ❛♥❞ ❝♦❧❧❡❝t♦rs✳

✸ P❡rt✉r❜❛t✐♦♥s ✇❤❡♥ t❤❡ s✉♣♣♦rt ✐s ❛ ❜❛❧❧

❘❡❝❛❧❧ t❤❛t ❛♥ (ǫ, κ)✲s❛♠♣❧❡ ♦❢ ❛ s❡t Γ ✐s ❛ ♣♦✐♥t s❡t X ⊂ Γ s✉❝❤ t❤❛t ❛♥② ❜❛❧❧
♦❢ r❛❞✐✉s ǫ ❝❡♥t❡r❡❞ ♦♥ Γ ❝♦♥t❛✐♥s ❜❡t✇❡❡♥ 1 ❛♥❞ κ ♣♦✐♥ts ❢r♦♠ t❤❡ s❛♠♣❧❡ X✳
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦r❡♠ ✷✳ ▲❡t δ ∈
[
Ω̃
(
n

2
1−d

)
, 1
]
✳ ▲❡t X ❜❡ ❛

(
Θ
(
n

1
1−d

)
,Θ(1)

)
✲s❛♠♣❧❡ ♦❢

s✐③❡ n ♦❢ t❤❡ ✉♥✐t s♣❤❡r❡ ✐♥ Rd ❛♥❞ ❧❡t P(x) ❜❡ t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡
❜❛❧❧ ✇✐t❤ ❝❡♥t❡r x ❛♥❞ r❛❞✐✉s δ✳ ❚❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ P(X)

✐s Θ̃

(
(
√
n)1−

1
d

(
1
4
√
δ

)d− 1
d

)
✳

❲❡ ✜rst ♣r♦✈❡ ❚❤❡♦r❡♠ ✷ ✐♥ t❤❡ ♣❧❛♥❡✱ ❛♥❞ t❤❡♥ ❡①t❡♥❞ t❤❡ t❡❝❤♥✐q✉❡ t♦ ❛r❜✐✲
tr❛r② ❞✐♠❡♥s✐♦♥✳

✸✳✶ ❚❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡

▲❡t δ > 0 ❛♥❞ ❧❡t P(x) ❜❡ t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ❞✐s❦ ✇✐t❤ ❝❡♥t❡r x
❛♥❞ r❛❞✐✉s δ✳ ❲❡ ❞❡♥♦t❡ ❜② Γ t❤❡ ✉♥✐t ❝✐r❝❧❡ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥ O ✐♥ R2 ❛♥❞
❧❡t X = {x1, . . . , xn} ❜❡ ❛

(
Θ
(

1
n

)
,Θ(1)

)
✲s❛♠♣❧❡ ♦❢ Γ✳

❲✐t♥❡ss❡s ❛♥❞ ❝♦❧❧❡❝t♦rs✳ ❲❡ ✜rst ❞❡✜♥❡ ♦✉r ❢❛♠✐❧② ♦❢ ♥❡st❡❞ ♣❛✐rs ✉s✐♥❣
t❤r❡❡ ♣❛r❛♠❡t❡rs✿ m ❝♦✉♥ts t❤❡ ♥✉♠❜❡r ♦❢ ♣❛✐rs✱ c ❝♦♥tr♦❧s t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ❝♦❧✲
❧❡❝t♦rs ❛♥❞ w t❤❛t ♦❢ t❤❡ ✇✐t♥❡ss❡s✳ ❲❡ t❤❡♥ ❣✐✈❡ ❝♦♥❞✐t✐♦♥s ♦♥ m✱ c ❛♥❞ w t❤❛t
❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ❢❛♠✐❧② {(Ci,Wi)}1≤i≤m ♠❡❡ts t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✶✳

❲❡ ♣✐❝❦ m ♣♦✐♥ts xφ(1), . . . , xφ(m) ✐♥ X ✇✐t❤ ✐♥❞✐❝❡s ❛s ❡q✉❛❧❧② s♣❛❝❡❞ ❛s

♣♦ss✐❜❧❡ ❛♥❞ ❧❡t −→ui =
−−−−→
Oxφ(i)✳ ❲❡ t❤❡♥ ❞❡✜♥❡Wi ✭r❡s♣✳ Ci✮ ❛s t❤❡ ❤❛❧❢♣❧❛♥❡ ✇✐t❤

✐♥♥❡r ♥♦r♠❛❧ −→ui ❛♥❞ ✇❤♦s❡ ❜♦✉♥❞❛r② ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ♣♦✐♥t O+(1+δ−w)−→ui
✭r❡s♣✳ O + (1 + δ − c)−→ui✮✳ ❲❡ ❞❡♥♦t❡ t❤❡ r❡s✉❧t✐♥❣ ❢❛♠✐❧② ♦❢ ♥❡st❡❞ ❤❛❧❢♣❧❛♥❡s
❜② N(m,w, c) ✭s❡❡ ❋✐❣✉r❡ ✶✮✳

▲❡♠♠❛ ✸✳ ❋♦r ❛♥② δ ∈ [0, 1]✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r w0 = Θ
(

1
m2

)

s✉❝❤ t❤❛t ❢♦r ❛♥② w s❛t✐s❢②✐♥❣ w0 ≤ w = O
(

1
m2

)
❛♥❞ ❢♦r ❛♥② c ≥ 9w t❤❡ ❢❛♠✐❧②

N(m,w, c) ❝♦♥tr♦❧s ❛❧❧ ❞✐r❡❝t✐♦♥s ✐♥ S1 ❛♥❞ ❤❛s ♦♥❧② O(1) ✇✐t♥❡ss❡s ♠❡❡t✐♥❣ ❛♥②
❣✐✈❡♥ s✉♣♣♦rt P(x) ✇✐t❤ x ∈ X✳

❘❘ ♥➦ ✼✶✸✹
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Pr♦♦❢✳ ▲❡t (C,W ) ❜❡ ❛ ♥❡st❡❞ ♣❛✐r ✐♥ N(m,w, c)✳ ▲❡t Λ ❞❡♥♦t❡ t❤❡ ❝✐r❝❧❡ ♦❢
r❛❞✐✉s 1 + δ ❝❡♥t❡r❡❞ ✐♥ O✳ ❲❡ ❞❡✜♥❡ η(W ) ❛s t❤❡ ❞✐r❡❝t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ ❛r❝ Λ ∩W ✿

η(W ) =

{ −→
OA

‖−→OA‖
| A ∈ Λ ∩W

}
,

▲❡t w1 ❛♥❞ w2 ❞❡♥♦t❡ t❤❡ t✇♦ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ♦❢ ∂W ✇✐t❤ Λ✳ ❚❤❡ ❧✐♥❡
t❤r♦✉❣❤ w1 ✇✐t❤ ♥♦r♠❛❧ Ow2 ♠❡❡ts t❤❡ ❝✐r❝❧❡ Λ ✐♥ ❛♥♦t❤❡r ♣♦✐♥t t1 6= w1✳
❉❡✜♥❡ t2 s✐♠✐❧❛r❧②✳

w1 w2

t2 t1

p

W

Λ

❋✐❣✉r❡ ✷✿ ❚❤❡ ♣♦✐♥ts wi ❛♥❞ ti✳

❙✐♥❝❡ t❤❡ ❝❤♦r❞ w1t1 ✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ r❛❞✐❛❧ ❧✐♥❡ Ow2✱ t❤❡✐r ✐♥✲
t❡rs❡❝t✐♦♥ ♣♦✐♥t ✐s t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ s❡❣♠❡♥t w1t1✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❛♥✲
❣❧❡s ŵ1Ow2 ❛♥❞ ŵ2Ot1 ❛r❡ ❡q✉❛❧✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡ ŵ1Ow2 = t̂2Ow1✳ ❋♦r
w ≤ (1 + δ)(1 −

√
3

2 )✱ ✇❡ ❤❛✈❡ ŵ1Ow2 ≤ π
3 ❛♥❞ t❤❡ ❧✐♥❡ t1t2 ✐♥t❡rs❡❝ts t❤❡ s❡❣✲

♠❡♥t ❝♦♥♥❡❝t✐♥❣ O t♦ t❤❡ ♠✐❞♣♦✐♥t ♦❢ w1w2✳ ❲❡ ❧❡t O + (1 + δ − τ)uk ❜❡ t❤✐s
✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t✳ ❆♥② ♣♦✐♥t ✐♥ W ❧✐❡s ✐♥ t❤❡ s❤❛❞❡❞ r❡❣✐♦♥ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡
✷✱ ❛♥❞ t❤✉s ❞♦♠✐♥❛t❡s ❛♥② ♣♦✐♥t ✐♥s✐❞❡ Λ ❛♥❞ ❜❡❧♦✇ (t1t2)✱ ❢♦r ❛❧❧ ❞✐r❡❝t✐♦♥s ✐♥
η(W )✳ ❙✐♥❝❡ P(X) ❧✐❡s ✐♥s✐❞❡ Λ✱ ✇❡ ❣❡t t❤❛t ✐❢ c ≥ τ t❤❡ ♣❛✐r (C,W ) ❝♦♥tr♦❧s

❛♥② ❞✐r❡❝t✐♦♥ ✐♥ η(W )✳ ❙❡tt✐♥❣ θ = ŵ1Ow2

2 ✱ ✇❡ ❤❛✈❡ ❜② ❝♦♥str✉❝t✐♦♥ 3θ = t̂1Ot2
2 ✳

■t ❢♦❧❧♦✇s t❤❛t

1 + δ − τ = (1 + δ) cos 3θ ❛♥❞ 1 + δ − w = (1 + δ) cos θ,

❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ τe = 1−cos 3θ
1−cos θ ≤ 9✳ ❍❡♥❝❡✱ ✐❢ c ≥ 9w t❤❡ ♣❛✐r (C,W ) ❝♦♥tr♦❧s

❛♥② ❞✐r❡❝t✐♦♥ ✐♥ η(W )✳

❚❤❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥ ♦♥ X ❡♥s✉r❡s t❤❛t ❡✈❡r② ❛♥❣❧❡ ̂xφ(l)Oxφ(l+1) ✐s

Θ
(

1
m

)
✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♦♣❡♥✐♥❣ ❛♥❣❧❡ ♦❢ t❤❡ ❛r❝ η(W ) ✐s 2 arccos

(
1 − w

1+δ

)
✱

✇❤✐❝❤ ✐s Θ(
√
w) s✐♥❝❡ δ ≤ 1✳ ❇② ❝❤♦♦s✐♥❣ w ❧❛r❣❡r t❤❛♥ ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r

w0 = Ω
(

1
m2

)
✱ ✇❡ ❢♦r❝❡ t❤❡ s❡ts η(W1), . . . , η(Wm) t♦ ❝♦✈❡r S1✳ ❆❧s♦✱ t❤❡ ♥✉♠❜❡r

♦❢ s❡❝t♦rs xφ(l)xφ(l+1) t❤❛t ❝❛♥ ♠❡❡t ❛ ❣✐✈❡♥ ❛r❝ Λ ∩W ✐s O(m
√
w)✳ ■t ❢♦❧❧♦✇s

t❤❛t ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ w t❤❛t ✐s O
(

1
m2

)
✱ t❤❡ ♥✉♠❜❡r ♦❢ ✇✐t♥❡ss❡s ✐♥t❡rs❡❝t❡❞ ❜②

❛♥② ❣✐✈❡♥ P(x) ✐s O(1)✳

❊①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ ❛ ❤❛❧❢s♣❛❝❡✳ ❲❡ ♥♦✇ ❡st✐♠❛t❡ t❤❡ ❡①♣❡❝t❡❞
♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ H∩P(X) ✇❤❡r❡ H ❞❡s✐❣♥❛t❡s ❡✐t❤❡r ❛ ✇✐t♥❡ss ♦r ❛ ❝♦❧❧❡❝t♦r
❤❛❧❢♣❧❛♥❡✳ ❙✐♥❝❡ ❜♦t❤ t②♣❡s ♦❢ ❤❛❧❢♣❧❛♥❡s ❛r❡ ❞❡✜♥❡❞ s✐♠✐❧❛r❧②✱ t❤✐s ❝❛♥ ❜❡ ❞♦♥❡
✐♥ ❛ s✐♥❣❧❡ str♦❦❡ ❛s ❢♦❧❧♦✇s✳

▲❡♠♠❛ ✹✳ ▲❡t x ∈ X✱ 0 ≤ h ≤ δ ❛♥❞ ❧❡t H ❜❡ t❤❡ ❤❛❧❢♣❧❛♥❡ ✇✐t❤ ♥♦r♠❛❧
−→u =

−→
Ox ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♣♦✐♥t O + (1 + δ − h)−→u ✳ ❚❤❡ ❡①♣❡❝t❡❞ s✐③❡ ♦❢

H ∩ P(X) ✐s Θ
(
nh2δ−

3
2

)
✳

■◆❘■❆



❚❤❡ ❊✛❡❝t ♦❢ ◆♦✐s❡ ♦♥ t❤❡ ◆✉♠❜❡r ♦❢ ❊①tr❡♠❡ P♦✐♥ts ✾

Pr♦♦❢✳ ▲❡t zj ❞❡♥♦t❡ ❛ ✈❡rt❡① ♦❢ X t❤❛t ✐s j st❡♣s ❛✇❛② ❢r♦♠ x = z0✳ ■❢ ✇❡

❞❡♥♦t❡ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ ∂H t♦ zj ❜② δ − hj ✇❡ ❤❛✈❡ hj = h − (1 − cos x̂Ozj)
✭s❡❡ ❋✐❣✉r❡ ✸✲❧❡❢t✮✳

t

2
√

2δt− t2
zj

Θ
(
j
n

)

h

H

x

hj

❋✐❣✉r❡ ✸✿ ✭▲❡❢t✮✿ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ℓ ❛♥❞ xj ✳ ✭❘✐❣❤t✮✿ ❡st✐♠❛t✐♦♥ ♦❢ area(t)✳

❚❤❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥ ♦♥ X ②✐❡❧❞s t❤❛t x̂Ozj = Θ
(
j
n

)
❛♥❞ s✐♥❝❡ ∀θ ∈

[0, π2 ] θ2

3 ≤ 1 − cos θ ≤ θ2

2 ✇❡ ❤❛✈❡ hj = h − Θ
(
j2

n2

)
✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t

P(zj) ∈ H t❤❡♥ ✇r✐t❡s ❛s area(hj)
πδ2 ✱ ✇❤❡r❡ area(t) ❞❡♥♦t❡s t❤❡ s♠❛❧❧❡st ♣♦rt✐♦♥ ♦❢

❛ ❞✐s❦ ♦❢ r❛❞✐✉s δ ❝✉t ❜② ❛ ❧✐♥❡ ℓ t❤❛t ♣❛ss❡s ❛t ❞✐st❛♥❝❡ δ− t ❢r♦♠ ✐ts ❝❡♥t❡r✳ ❚♦
❡st✐♠❛t❡ area(t)✱ ✇❡ r❡❢❡r t♦ ❋✐❣✉r❡ ✸✲r✐❣❤t✳ ▲❡t s ❞❡♥♦t❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝❤♦r❞
✐♥t❡r❝❡♣t❡❞ ❜② ℓ✳ ❋r♦♠ s = 2

√
δ2 − (δ − t)2 = 2

√
2δt− t2 ❛♥❞ 0 < t < δ✱ ✇❡ ❣❡t

t❤❛t 2
√
δt < s < 2

√
2δt✳ ❙✐♥❝❡ t❤❡ s♠❛❧❧ ♣♦rt✐♦♥ ♦❢ t❤❡ ❞✐s❦ ❝♦♥t❛✐♥s ❛ tr✐❛♥❣❧❡

✇✐t❤ ❜❛s❡ s ❛♥❞ ❤❡✐❣❤t t ❛♥❞ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ r❡❝t❛♥❣❧❡ ✇✐t❤ t❤❡ s❛♠❡ s✐❞❡
❧❡♥❣t❤✳ ❲❡ ❤❛✈❡ t❤❛t

√
δt3/2 < area(t) <

√
δ(2t)3/2✱ ❛♥❞ area(t) = Θ(

√
δt3/2)✳

❙✉♠♠✐♥❣ ♦✈❡r ❛❧❧ ♣♦✐♥ts zj s✉❝❤ t❤❛t P(zj) ✐♥t❡rs❡❝ts H✱ ✇❡ ❣❡t✷

|H ∩ P(X)| =
∑

hj≥0

area(hj)

πδ2

=
area(h)

πδ2
+ 2

Θ(n
√
h)∑

j=1

area(hj)

πδ2
= Θ

(√
δh3/2

πδ2

)
+

Θ(n
√
h)∑

j=1

Θ

(√
δh

3/2
j

πδ2

)

= δ−
3
2 Θ


h 3

2 +

Θ(n
√
h)∑

j=1

h
3
2

j




= δ−
3
2 Θ


h 3

2 +

Θ(n
√
h)∑

j=1

(
h− Θ

(
j2

n2

))3/2



= Θ
(
nh2δ−

3
2

)
,

✇❤✐❝❤ ♣r♦✈❡s t❤❡ st❛t❡♠❡♥t✳

❲r❛♣♣✐♥❣ ✉♣✳ ❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷ ❢♦r d = 2✳ ❲❡ ❝❤♦♦s❡ m =

Θ
(
δ−3/8n1/4 log−1/4 n

)
✱ w = Θ

(
δ3/4n−1/2 log1/2 n

)
❛♥❞ c = 9w✱ ❛♥❞ ❝♦♥✲

✷❋♦r t❤❡ ❧❛st ❡q✉❛❧✐t②✱ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t ❢♦r ∀a > 1, ∀b ≥ 0✱ ✇❡ ❤❛✈❡
Pp

j=1(1 − (j/p)a)b =

Θ(p)✳

❘❘ ♥➦ ✼✶✸✹



✶✵ ❉✳ ❆tt❛❧✐✱ ❖✳ ❉❡✈✐❧❧❡rs✱ ✫ ❳✳ ●♦❛♦❝

s✐❞❡r t❤❡ ❢❛♠✐❧② N(m, c, w) = {(Ci,Wi)}1≤i≤m ♦❢ ♥❡st❡❞ ♣❛✐rs ❞❡✜♥❡❞ ❛❜♦✈❡✳
▲❡♠♠❛ ✹ ②✐❡❧❞s t❤❛t

|Wi ∩ P(X)| = Θ
(
nw2δ−

3
2

)
= Θ

(
n
(
δ3/4n−1/2 log1/2 n

)2

δ−
3
2

)
= Θ(logn) ,

❛♥❞✱ s✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡ |Ci ∩ P(X)| = Θ(log n)✳ ❲❡ ❝❤♦♦s❡ t❤❡ ❝♦♥st❛♥t ✐♥ t❤❡
Θ(·) t❤❛t ❞❡✜♥❡s w s♦ t❤❛t ∀i, |Wi ∩ P(X)| ≥ log n❀ |Ci ∩ P(X)| t❤❡♥ r❡♠❛✐♥s
Θ(log n)✳ ◆♦✇✱ ▲❡♠♠❛ ✸ ❡♥s✉r❡s t❤❛t t❤❡ ❣❡♥❡r❛❧ ❜♦✉♥❞ ♦❢ ▲❡♠♠❛ ✶ ❛♣♣❧✐❡s
❢♦r N(m, c, w)✱ ❛♥❞ ✇❡ ❤❛✈❡✿

Ω


m−

∑

1≤i≤m
e−|Wi∩P(X)|


 ≤ E[ex(P(X))] ≤ n

∑

1≤k≤m
e−|Wi∩P(X)|+

∑

1≤k≤m
|Ci∩P(X)|.

❚❤✐s ❜❡❝♦♠❡s

Ω

(
m

(
1 − 1

n

))
≤ E[ex(P(X))] ≤ O(m(1 + logn)) ,

✇❤✐❝❤ r❡✇r✐t❡s ❛s E[ex(P(X))] = Θ̃(m)✳ ❚❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

✸✳✷ ❆r❜✐tr❛r② ❞✐♠❡♥s✐♦♥

▲❡t ✉s ♥♦✇ ❣❡♥❡r❛❧✐③❡ t❤❡ ♣r❡✈✐♦✉s ❛r❣✉♠❡♥ts t♦ ❛r❜✐tr❛r② ❞✐♠❡♥s✐♦♥✳ ▲❡t Γ

❜❡ t❤❡ ✉♥✐t s♣❤❡r❡ ✐♥ Rd ❛♥❞ X ❛
(
Θ
(
n

1
1−d

)
,Θ(1)

)
✲s❛♠♣❧❡ ♦❢ Γ✳ ▲❡t m ≤ n

❜❡ ❛♥ ✐♥t❡❣❡r ❛♥❞ ❧❡t w ❛♥❞ c ❜❡ t✇♦ ♣♦s✐t✐✈❡ r❡❛❧s✳ ❲❡ ♣✐❝❦ ❛ s✉❜s❡t Xφ

♦❢ X ♦❢ s✐③❡ m t❤❛t ❢♦r♠s ❛
(
Θ
(
m

1
1−d

)
,Θ(1)

)
✲s❛♠♣❧❡ ♦❢ Γ ❛♥❞ ❛ss♦❝✐❛t❡ ❛

♥❡st❡❞ ♣❛✐r (Cx,Wx) t♦ ❡❛❝❤ ♣♦✐♥t x ∈ Xφ✳ ❙♣❡❝✐✜❝❛❧❧②✱ Wx ✐s t❤❡ ❤❛❧❢s♣❛❝❡

✇✐t❤ ✐♥♥❡r ♥♦r♠❛❧
−→
Ox ✇❤♦s❡ ❜♦✉♥❞❛r② ❤②♣❡r♣❧❛♥❡ ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ♣♦✐♥t

O+ (1 + δ−w)
−→
Ox❀ Cx ✐s ❞❡✜♥❡❞ s✐♠✐❧❛r❧②✱ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡r w r❡♣❧❛❝❡❞ ❜② c✳

▲❡♠♠❛ ✸ ❡❛s✐❧② ❣❡♥❡r❛❧✐③❡s ❛s ❢♦❧❧♦✇s✿

▲❡♠♠❛ ✺✳ ❋♦r ❛♥② δ ∈ [0, 1]✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r w0 = Θ
(
m

2
1−d

)

s✉❝❤ t❤❛t ❢♦r ❛♥② w s❛t✐s❢②✐♥❣ w0 ≤ w = O
(
m

2
1−d

)
❛♥❞ ❢♦r ❛♥② c ≥ 9w t❤❡ ❢❛♠✲

✐❧② {(Cx,Wx)}x∈Xφ
❝♦♥tr♦❧s ❛❧❧ ❞✐r❡❝t✐♦♥s ✐♥ Sd−1 ❛♥❞ ❤❛s ♦♥❧② O(1) ✇✐t♥❡ss❡s

♠❡❡t✐♥❣ ❛♥② ❣✐✈❡♥ s✉♣♣♦rt P(x) ✇✐t❤ x ∈ X✳

Pr♦♦❢✳ ▲❡t Λ ❞❡♥♦t❡ t❤❡ s♣❤❡r❡ ♦❢ r❛❞✐✉s 1 + δ ❝❡♥t❡r❡❞ ✐♥ O✳ ▲❡t η(H) ❞❡♥♦t❡
t❤❡ s❡t ♦❢ ❞✐r❡❝t✐♦♥s

−→
OA ✇❤❡r❡ A ∈ H ∩Λ✳ ▲❡t x ∈ Xφ✳ ❚❤❡ ❢❛❝t t❤❛t ✐❢ c ≥ 9w

t❤❡♥ ❛ ♥♦♥✲❡♠♣t② Wx ∩P(X) ❣✉❛r❛♥t❡❡s t❤❛t ❛♥② ♣♦✐♥t ♦❢ P(X) ❡①tr❡♠❡ ✐♥ ❛
❞✐r❡❝t✐♦♥ −→u ∈ η(Wx) ♠✉st ❜❡❧♦♥❣ t♦ Cx ✐s ❝❧❡❛r ✐❢ −→u //−→Ox ❛♥❞ ❢♦❧❧♦✇s✱ ✐♥ t❤❡
♦t❤❡r ❝❛s❡s✱ ❢r♦♠ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ ♣❧❛♥❡ s♣❛♥♥❡❞ ❜② O✱ x ❛♥❞−→u ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ❢r♦♠ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ❚❤❡ ♣♦rt✐♦♥ ♦❢
Λ ❝✉t ♦✉t ❜② Wx ❤❛s ❞✐❛♠❡t❡r Θ(

√
w) ❛s ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ❙✐♥❝❡ ✐ts

(d−1)✲✈♦❧✉♠❡ ✐s Θ
(

1
m

)
✱ t❤❡ ❝❛♣s {η(Wx)}x∈Xφ

❝♦✈❡r Sd−1 ❢♦r
√
w
d−1

= Θ
(

1
m

)
✳

■t r❡♠❛✐♥s t♦ ❞✐s❝✉ss ❈♦♥❞✐t✐♦♥ ✭❜✮ ♦❢ ▲❡♠♠❛ ✶✳ ●✐✈❡♥ x ∈ Xφ✱ ❛♥❞ y ∈ X✱
❧❡t x′ = Ox ∩ Λ ❛♥❞ y′ = Oy ∩ Λ✳ y ♠❡❡t Wx ✐❢ t❤❡r❡ ✐s ❛ ♣♦✐♥t z ∈ Wx ∩
P(x)✳ ❙✐♥❝❡ t❤❡ ♣♦rt✐♦♥ ♦❢ Λ ❝✉t ♦✉t ❜② Wx ❤❛s ❞✐❛♠❡t❡r Θ(

√
w)✱ ✇❡ ❤❛✈❡

■◆❘■❆



❚❤❡ ❊✛❡❝t ♦❢ ◆♦✐s❡ ♦♥ t❤❡ ◆✉♠❜❡r ♦❢ ❊①tr❡♠❡ P♦✐♥ts ✶✶

|x′z| ≤ Θ(
√
w)✱ s✐♠✐❧❛r❧② t❤❡ ♣♦rt✐♦♥ ♦❢ Λ ❝✉t ♦✉t ❜② t❤❡ ♣❧❛♥❡ ♦rt❤♦❣♦♥❛❧

t♦ Oy t❤r♦✉❣❤ z ❤❛s ❞✐❛♠❡t❡r O(
√
w)✱ ❛♥❞ t❤✉s |y′z| ≤ Θ(

√
w)✳ ❋✐♥❛❧❧② ✇❡

❣❡t xy ≤ x′y′ ≤ Θ(
√
w)✱ t❤❡♥ t❤❡ ❢❛❝t t❤❛t Xφ ✐s ❛

(
Θ
(
m

1
1−d

)
,Θ(1)

)
✲s❛♠♣❧❡

❡♥s✉r❡s ❝♦♥❞✐t✐♦♥ ✭❜✮✳

❊st✐♠❛t✐♦♥✳ ▲❡♠♠❛ ✹ ❣❡♥❡r❛❧✐③❡s ❛s ❢♦❧❧♦✇s✳

▲❡♠♠❛ ✻✳ ▲❡t x ∈ X✱ 0 ≤ h ≤ δ ❛♥❞ ❧❡t H ❜❡ t❤❡ ❤❛❧❢♣❧❛♥❡ ✇✐t❤ ♥♦r♠❛❧
−→u =

−→
Ox ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♣♦✐♥t O + (1 + δ − h)−→u ✳ ❚❤❡ ❡①♣❡❝t❡❞ s✐③❡ ♦❢

H ∩ P(X) ✐s Θ
(
nhdδ−

d+1

2

)
✳

Pr♦♦❢✳ ▲❡t z ∈ X ❜❡ ❛ ♣♦✐♥t s✉❝❤ t❤❛t P(z) ✐♥t❡rs❡❝ts H✳ ❲❡ ❧❡t θz = x̂Oz
❛♥❞ ❞❡♥♦t❡ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ ∂H t♦ z ❜② δ − hz✳ ❖❜s❡r✈❡ t❤❛t t❤❡ r❡❧❛t✐♦♥
hz = h − Θ

(
θ2z
)
❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹ r❡♠❛✐♥s ✈❛❧✐❞✳ ❲❡ t❤❡♥

♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✱ s✉♠♠✐♥❣ ✉♣ t❤❡ ✈♦❧✉♠❡s ♦❢ H ∩P(z)✱ ✇✐t❤
t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❤❛♥❣❡s✳ ❋✐rst✱ ✇❡ ❤❛✈❡ t♦ r❡♣❧❛❝❡ t❤❡ ❛r❡❛ ❢✉♥❝t✐♦♥ area(t)
❜② ❛ ✈♦❧✉♠❡ ❢✉♥❝t✐♦♥ volume(t)✳ ❲❡ ❝❛♥✱ ❛s ✐♥ ✷❉✱ s❛♥❞✇✐❝❤ H ∩P(z) ❜❡t✇❡❡♥
❛ ❝✐r❝✉❧❛r ♣②r❛♠✐❞ ✭✐♥s✐❞❡✮ ❛♥❞ ❛ ❜♦① ✭♦✉ts✐❞❡✮✱ ❜♦t❤ ♦❢ ❤❡✐❣❤t t ❛♥❞ ❜❛s✐s ♦❢

✈♦❧✉♠❡ Θ
(
(
√
δt)d−1

)
✳ ❲❡ t❤✉s ❤❛✈❡ volume(t) = Θ

(
δ

d−1

2 t
d+1

2

)
✳ ❙❡❝♦♥❞✱ ✇❡ ♥♦✇

❤❛✈❡ t♦ s✉♠ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ❛❧❧ t❤❡ ♣♦✐♥ts ♦❢X ❧②✐♥❣ ✐♥ ❛ (d−1)✲❞✐♠❡♥s✐♦♥❛❧
❝✐r❝✉❧❛r ❝❛♣✳ ▲❡t ΓH ❞❡♥♦t❡ t❤❡ ❝❛♣ ♦❢ Γ ❝♦♥s✐st✐♥❣ ♦❢ ♣♦✐♥ts p ❢♦r ✇❤✐❝❤ P(p)
♠❡❡ts H✳ ❖❜s❡r✈❡ t❤❛t ΓH ✐s ❝❡♥t❡r❡❞ ✐♥ x ❛♥❞ ❧❡t θ(m) ❞❡♥♦t❡ ✐ts ♦♣❡♥✐♥❣

❛♥❣❧❡✳ ❲❡ s✉❜❞✐✈✐❞❡ t❤❡ ✐♥t❡r✈❛❧ [0, θ(m)] ✐♥t♦ Θ
(
n

1
d−1

√
h
)

s✉❜✲✐♥t❡r✈❛❧s ♦❢

✇✐❞t❤ n
1

1−d ✳ ❙✐♥❝❡ X ✐s ❛
(
Θ
(
n

1
1−d

)
,Θ(1)

)
✲s❛♠♣❧❡ ♦❢ Γ✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts

z ∈ X ✇✐t❤ θz ∈ [θ, θ + n
1

1−d ] ✐s Θ
(
θd−2n

d−2

d−1

)
✳ ❚❤❡ s✉♠ t❤❡♥ ❜❡❝♦♠❡s

|H ∩ P(X)| =
∑

hz≥0

volume(hz)

Θ(δd)

= Θ(1)

Θ(n
1

d−1
√
h)∑

i=0

∑

z;θz∈[i·n1−d,(i+1)n1−d]

volume(hz)

δd

= Θ(1)

n
1

d−1
√
h∑

i=0

(
i · n 1

1−d

)d−2

(
n

1
1−d

)d−2

δ
d−1

2

(
h− i2n

2
1−d

) d+1

2

δd

= Θ(1)

(
δ

d−1

2

δd
h

d+1

2

)
n

1
d−1

√
h∑

i=0

id−2

= Θ(1)δ−
d+1

2 h
d+1

2

(
n

1
d−1

√
h
)d−1

|H ∩ P(X)| = Θ
(
n · hd · δ− d+1

2

)
,

✇❤✐❝❤ ♣r♦✈❡s t❤❡ st❛t❡♠❡♥t✳

❘❘ ♥➦ ✼✶✸✹



✶✷ ❉✳ ❆tt❛❧✐✱ ❖✳ ❉❡✈✐❧❧❡rs✱ ✫ ❳✳ ●♦❛♦❝

ψi

ψi

O

radius 1

HO′

Γ

Λ

xφ(i)

O′′

❋✐❣✉r❡ ✹✿ ❙✉♣♣♦rt ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s ❛♥ ❛①✐s ♣❛r❛❧❧❡❧ sq✉❛r❡

❲r❛♣♣✐♥❣✲✉♣✳ ❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷ ✐♥ ❛❧❧ ❞✐♠❡♥s✐♦♥s✳ ❲❡ ❝❤♦♦s❡

m = Θ
(
δ

1−d2

4d n
d−1

2d log
1−d
2d n

)
❛♥❞ ❧❡t w = Θ

(
m

2
1−d

)
= Θ

(
δ

d+1

2d n−
1
d log

1
d n
)
❛♥❞

c = 9w✳ ▲❡♠♠❛ ✻ t❤❡♥ ✐♠♣❧✐❡s t❤❛t

|P(x) ∩Wi| ≥ log n ❛♥❞ |P(x) ∩ Ci| = Θ(logn) ,

❢♦r ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ ❝♦♥st❛♥t ✐♥ t❤❡ Θ(·) t❤❛t ❞❡✜♥❡s m✳ ❋♦r n ❧❛r❣❡ ❡♥♦✉❣❤✱
▲❡♠♠❛ ✺ ❣✉❛r❛♥t❡❡s t❤❛t ✇❡ ❝❛♥ ✉s❡ t❤❡ ❢❛♠✐❧② {(Ci,Wi)}1≤i≤m ✐♥ ▲❡♠♠❛ ✶✱
❛♥❞ ✇❡ ❣❡t✿

Ω

(
m

(
1 − 1

n

))
≤ E[ex(P )] ≤ O(m log n) .

❚❤✐s r❡✇r✐t❡s ❛s E[ex(P )] = Θ̃(m) ❛♥❞ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

✹ P❡rt✉r❜❛t✐♦♥s ✇❤❡♥ t❤❡ s✉♣♣♦rt ✐s ❛ sq✉❛r❡

❚❤❡ ❝♦♥str✉❝t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✸ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ♣❡rt✉r❜❛t✐♦♥ ♠❡t❤♦❞s ✇❤♦s❡
s✉♣♣♦rts ❛r❡ ❤②♣❡r❝✉❜❡s✳ ❍♦✇❡✈❡r✱ t❤✐s ❧❡❛❞s t♦ ♠♦r❡ t❡❝❤♥✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s
s♦ ✇❡ ✇✐❧❧ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✭s❡❡ ❋✐❣✉r❡ ✺✮✳ ❲❡ st❛t❡
♦✉r ♠❛✐♥ r❡s✉❧t✿

❚❤❡♦r❡♠ ✼✳ ▲❡t δ ∈
[
Θ̃
(

1
n2

)
,Θ(1)

]
✳ ▲❡t X ❜❡ ❛

(
Θ
(

1
n

)
,Θ(1)

)
✲s❛♠♣❧❡ ♦❢ s✐③❡

n ♦❢ t❤❡ ✉♥✐t ❝✐r❝❧❡ ✐♥ R2 ❛♥❞ ❧❡t P(x) ❜❡ t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❛①✐s✲
♣❛r❛❧❧❡❧ sq✉❛r❡ ✇✐t❤ ❝❡♥t❡r x ❛♥❞ s✐❞❡ ❧❡♥❣t❤ δ✳ ❚❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡

♣♦✐♥ts ♦❢ P(X) ✐s Θ̃
(
n

1
5

(
1
δ

) 2
5

)
✳

▲❡t P(x) ❞❡♥♦t❡ t❤❡ sq✉❛r❡ ♦❢ s✐❞❡ δ ❝❡♥t❡r❡❞ ✐♥ x ❛♥❞ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❛①❡s✳
❉✉❡ t♦ s②♠♠❡tr②✱ ✐♥ ♠♦st ♦❢ t❤❡ ♣r♦♦❢ ❜❡❧♦✇ ✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ✜rst
♦❝t❛♥t ♦❢ t❤❡ ❝✐r❝❧❡ Γ✳

■◆❘■❆



❚❤❡ ❊✛❡❝t ♦❢ ◆♦✐s❡ ♦♥ t❤❡ ◆✉♠❜❡r ♦❢ ❊①tr❡♠❡ P♦✐♥ts ✶✸

t

t

δ

area(t) = Θ(δt)area(t) = Θ(t2ψ−1)

ψ

ψ

t > δ sinψt < δ sinψ
two corners behaviorone corner behavior

H
H

❋✐❣✉r❡ ✺✿ ❖♥❡ ✭❧❡❢t✮ ❛♥❞ t✇♦ ✭r✐❣❤t✮ ❝♦r♥❡rs ❜❡❤❛✈✐♦r

✹✳✶ ❈♦❧❧❡❝t♦rs ❛♥❞ ✇✐t♥❡ss❡s✳

❲❡ ❞❡✜♥❡ ♦✉r ❢❛♠✐❧② ♦❢ ♥❡st❡❞ ♣❛✐rs ❜② ♣✐❝❦✐♥❣ m ♣♦✐♥ts xφ(1), . . . , xφ(m) ✐♥ X
✐♥ ❛ ✇❛② t❤❛t ✇✐❧❧ ❜❡ s♣❡❝✐✜❡❞ ❧❛t❡r✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❛ss♦❝✐❛t❡ t♦ ❡❛❝❤ ♣♦✐♥t
xφ(i) ❛ ♥❡st❡❞ ♣❛✐r ♦❢ ❤❛❧❢✲♣❧❛♥❡s Ci ❛♥❞ Wi ✇❤♦s❡ ❝♦♠♠♦♥ ✐♥♥❡r ♥♦r♠❛❧ ✐s
−→ui =

−−−−→
Oxφ(i) ❛♥❞ ♣❛r❛♠❡t❡r✐③❡ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ Ci ❛♥❞ Wi ❛s ❢♦❧❧♦✇s✳ ❉✉❡ t♦

s②♠♠❡tr②✱ ✇❡ ♦♥❧② ❡①♣❧❛✐♥ t❤❡ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ✇❤❡♥ xφ(i) ❜❡❧♦♥❣s t♦ t❤❡ ✜rst
q✉❛❞r❛♥t✳ ❖❜s❡r✈❡ t❤❛t ❛s ❛ ♣♦✐♥t x ♠♦✈❡s ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ Γ✱ t❤❡ ✉♣♣❡r
r✐❣❤t ❝♦r♥❡r ♦❢ t❤❡ sq✉❛r❡ P(x) ♠♦✈❡s ♦♥ t❤❡ ❝✐r❝❧❡ Λ ✇✐t❤ r❛❞✐✉s ✶ ❛♥❞ ❝❡♥t❡r
O′ ✭s❡❡ ✜❣✉r❡ ❧❡❢t ❛❜♦✈❡✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✉♣♣❡r r✐❣❤t ❝♦r♥❡r ♦❢ P(x) tr❛❝❡s
❛ ♣✐❡❝❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ♦❢

⋃
x∈Γ P(x)✳ ❲❡ ❧❡t wi ❛♥❞ ci ❜❡ t✇♦ r❡❛❧ ♥✉♠❜❡rs

s✉❝❤ t❤❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ Wi ✭r❡s♣✳ Ci✮ ♣❛ss❡s t❤r♦✉❣❤ O′ + (1 − wi)
−→ui ✭r❡s♣✳

O′ + (1 − ci)
−→ui✮✳ ❍❡♥❝❡✱ t❤❡ ❢❛♠✐❧② ♦❢ ♥❡st❡❞ ♣❛✐rs ✐s ❞❡s❝r✐❜❡❞ ❜② m✱ t❤❡ ♠❛♣

φ ❛♥❞ t❤❡ 2m ♣❛r❛♠❡t❡rs {wi}1≤i≤m ❛♥❞ {ci}1≤i≤m✳ ❆❢t❡r✇❛r❞s✱ ✇❡ ✇✐❧❧ s❡t
ci = 9wi ❛♥❞ ❛❞❥✉st t❤❡ ❞❡♣t❤ wi✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛♥❣❧❡ ψi ❜❡t✇❡❡♥

−→ui ❛♥❞
t❤❡ ❛❜s❝✐ss❛ ❛①✐s✳

✹✳✷ ❚✇♦ ❝♦r♥❡rs ❛♥❞ ♦♥❡ ❝♦r♥❡r ❜❡❤❛✈✐♦rs

●✐✈❡♥ ❛ sq✉❛r❡ P(x) ❛♥❞ ❛ ❤❛❧❢♣❧❛♥❡ H✱ ✇❡ ❞❡♥♦t❡ ❜② ψ ∈ [0, π4 ] t❤❡ s♠❛❧❧❡st
❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ H ❛♥❞ ♦♥❡ s✐❞❡ ♦❢ P(x)✳ ❲❡ ❡①♣r❡ss t❤❡ ❛r❡❛
♦❢ H ∩P(x) ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐st❛♥❝❡ t ❜❡t✇❡❡♥ ∂H ❛♥❞ t❤❡ ❝♦r♥❡r ♦❢ H ∩P(x)
❢✉rt❤❡st ❛✇❛② ❢r♦♠ ∂H✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r H
❝♦♥t❛✐♥s ♦♥❡ ♦r t✇♦ ❝♦r♥❡rs ♦❢ P(x) ✭s❡❡ ❋✐❣✉r❡ ✺✮✿

t❤❡ ♦♥❡ ❝♦r♥❡r ❜❡❤❛✈✐♦r✿
t ≤ δ sinψ✿ area(t) ❂ t2(tanψ + cotψ) ❂ Θ(t2ψ−1)✳

t❤❡ t✇♦ ❝♦r♥❡rs ❜❡❤❛✈✐♦r✿

t ≥ δ sinψ✿ area(t) ❂ tδ
cosψ ❂ Θ(tδ)✳

❘❘ ♥➦ ✼✶✸✹



✶✹ ❉✳ ❆tt❛❧✐✱ ❖✳ ❉❡✈✐❧❧❡rs✱ ✫ ❳✳ ●♦❛♦❝

✹✳✸ ◆❡st❡❞ ♣❛✐rs ✇✐t❤ t❤❡ ♦♥❡ ❝♦r♥❡r ❜❡❤❛✈✐♦r

▲❡♠♠❛ ✽✳ ❚❤❡r❡ ❡①✐sts ψ� = Θ(n− 2
3 δ−

1
3 log

2
3 n) s✉❝❤ t❤❛t ✐❢ ψi ≥ ψ� ❛♥❞

wi ≥ δ
4
5ψ

2
5

i n
− 2

5 log
2
5 n✱ t❤❡♥ |Wi∩P(X)| = Θ

(
nw

5
2

i δ
−2ψ−1

i

)
❛♥❞ |Ci∩P(X)| =

Θ
(
nc

5
2

i δ
−2ψ−1

i

)
✳

Pr♦♦❢✳ ▲❡t H ∈ {Wi, Ci} ❛♥❞ ❞❡✜♥❡ h ∈ {wi, ci} s✉❝❤ t❤❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ H
♣❛ss❡s t❤r♦✉❣❤ O′ + (1 − h)−→ui ✳ ❙✉♣♣♦s❡ H ❝♦♥t❛✐♥s ❛t ♠♦st ♦♥❡ ❝♦r♥❡r ♦❢ ❛♥②
sq✉❛r❡ P(x) ❢♦r x ∈ X✳ ❚❤❡♥✱ ♥♦t✐❝✐♥❣ t❤❛t t❤❡ s♠❛❧❧❡st ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡
❜♦✉♥❞❛r② ♦❢ H ❛♥❞ ♦♥❡ s✐❞❡ ♦❢ ❛♥② P(x) ✐s ψi ❛♥❞ ♠✐♠✐❝❦✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ H ∩ P(X) ✐♥ ▲❡♠♠❛ ✹✱ ✇❡ ❣❡t✿

|H ∩ P(X)| = Θ



n
√
h∑

j=0

(
h− j2

n2

)2
ψ−1
i

δ2


 = Θ

(
nh

5
2 δ−2ψ−1

i

)
.

■t r❡♠❛✐♥s t♦ ❝❤❡❝❦ t❤❛t ❛❧❧ sq✉❛r❡s ✐♥t❡rs❡❝t✐♥❣ H ❛r❡ ✐♥❞❡❡❞ ✐♥ t❤❡ ♦♥❡ ❝♦r♥❡r
❜❡❤❛✈✐♦r✳ ❋♦r t❤✐s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝❤❡❝❦ t❤❛t t❤❡ sq✉❛r❡ ❝❡♥t❡r❡❞ ❛t xφ(i) ❤❛s
♦♥❧② ♦♥❡ ❝♦r♥❡r ✐♥ Ci✳ ❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s t❤❛t ci ≤ δ sinψi ✇❤✐❝❤ ❤♦❧❞s ✐❢
ψi ≥ ψ� ❢♦r s♦♠❡ ψ� = Θ(δ−

1
3n−

2
3 log

2
3 n)✳

✹✳✹ ◆❡st❡❞ ♣❛✐rs ✇✐t❤ t❤❡ t✇♦ ❝♦r♥❡rs ❜❡❤❛✈✐♦r

▲❡♠♠❛ ✾✳ ❚❤❡r❡ ❡①✐sts w� = Θ(n− 2
3 δ

2
3 log

2
3 n) s✉❝❤ t❤❛t ✐❢ ψi ≤ ψ� ❛♥❞

wi = w�✱ t❤❡♥ |Wi ∩ P(X)| > log n ❛♥❞ |Ci ∩ P(X)| = Θ(logn)✳

Pr♦♦❢✳ ▲❡t h = Θ(n−
2
3 δ

2
3 log

2
3 n) ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❤❛❧❢✲♣❧❛♥❡ H ✇❤♦s❡ ❜♦✉♥❞❛r②

♣❛ss❡s t❤r♦✉❣❤ O′+(1−h)−→ui ✳ ❚♦ ❜♦✉♥❞ |H∩P(X)|✱ ✇❡ ♥❡❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
t❤❛t s♦♠❡ ♦❢ t❤❡ sq✉❛r❡s P(x) ❢♦r x ∈ X ✐♥t❡rs❡❝t H ✇✐t❤ t❤❡ t✇♦ ❝♦r♥❡rs
❜❡❤❛✈✐♦r✳ ▲❡t zj ❜❡ t❤❡ ♣♦✐♥t ✐♥ X t❤❛t ✐s j st❡♣s ❛✇❛② ❢r♦♠ xφ(i) = z0✳ ▲❡t
hj ❞❡♥♦t❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ∂H ❛♥❞ t❤❡ ❝♦r♥❡r ♦❢ P(zj) ✐♥ H ❢✉rt❤❡st ❛✇❛②

❢r♦♠ ∂H✳ ❙✐♠✐❧❛r t♦ t❤❡ ❞✐s❦ ❝❛s❡✱ ✇❡ ❤❛✈❡ hj = h − Θ
(
j2

n2

)
✳ ❆s ✇❡ ❝♦♥s✐❞❡r

P(zj) ❢♦r ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡s ♦❢ |j|✱ t❤❡ ✉♣♣❡r r✐❣❤t ❝♦r♥❡r ✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ❝♦r♥❡r ✐♥ H ❢✉rt❤❡st ❛✇❛② ❢r♦♠ ∂H✮ ♠♦✈❡s ♦♥ ❝✐r❝❧❡ Λ ❛♥❞ ❡①✐ts H ✇❤❡♥
|j| r❡❛❝❤❡s s♦♠❡ ✈❛❧✉❡ j⋄✳ ❚❤❡ ❧♦✇❡r r✐❣❤t ❝♦r♥❡r ♠♦✈❡s ♦♥ ❛ ❝✐r❝❧❡ ✇✐t❤ r❛❞✐✉s
✶ ❛♥❞ ❝❡♥t❡r O′′ ✭s❡❡ t❤❡ ✜❣✉r❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s ❛♣♣❡♥❞✐①✮ ❛♥❞ ❡①✐ts H
❢♦r |j| = j� ≤ j⋄✳

❼ ❚♦ ❡✈❛❧✉❛t❡ j⋄✱ ✇❡ s❡t hj⋄ = 0 t❤❛t ✐s h − Θ
(
j2
⋄

n2

)
= 0 ✇❤✐❝❤ ❣✐✈❡s j⋄ =

Θ(n
√
h) ❛s ✐♥ t❤❡ ❞✐s❦ ❝❛s❡✳

❼ ❚♦ ❡✈❛❧✉❛t❡ j�✱ ✇❡ s❡t hj� = δ sinψi✳ ❙✐♥❝❡ δ sinψi = O(n−
2
3 δ

2
3 log

2
3 n) =

O(h)✱ ✇❡ ❣❡t t❤❛t h− Θ
(
j2
�

n2

)
= δ sinψi ❣✐✈❡s j� = Θ(n

√
h)✳

❍❡♥❝❡✱ j� ≤ j⋄ ❛r❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r✳ ◆♦✇✱ ♦❜s❡r✈❡ t❤❛t ✐❢ ❛ sq✉❛r❡ P(zj)
✐♥t❡rs❡❝ts H ✇✐t❤ t❤❡ ♦♥❡ ❝♦r♥❡r ❜❡❤❛✈✐♦r✱ t❤❡ ❛r❡❛ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ H ∩
P(zj) ✐s ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② t❤❡ ❢♦r♠✉❧❛ ❣✐✈❡♥ ❢♦r t❤❡ t✇♦ ❝♦r♥❡r ❜❡❤❛✈✐♦r✱ ✐✳❡✳
area(hj) ≤ δhj/ cosψi✳ ❯s✐♥❣ t❤✐s ♦❜s❡r✈❛t✐♦♥✱ ✇❡ ❞❡❞✉❝❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r

■◆❘■❆



❚❤❡ ❊✛❡❝t ♦❢ ◆♦✐s❡ ♦♥ t❤❡ ◆✉♠❜❡r ♦❢ ❊①tr❡♠❡ P♦✐♥ts ✶✺

❜♦✉♥❞s ♦♥ |H ∩ P(X)|✿
∑

0≤j≤j�

Θ(hjδ)

δ2
≤ |H ∩ P(X)| =

∑

hj≥0

area(hj)

δ2
≤

∑

0≤j≤j⋄

Θ(hjδ)

δ2
.

■t ❢♦❧❧♦✇s t❤❛t✿

|H∩P(X)| = Θ




Θ(n
√
h)∑

j=0

hj
δ


 = Θ


1

δ

n
√
h∑

j=0

(
h− j2

n2

)
 = Θ

(
nh

3
2 δ−1

)
.

◆♦t❡ t❤❛t ✇❡ ❝❛♥ ❛❧✇❛②s ❝❤♦♦s❡ t❤❡ ❝♦♥st❛♥t ✐♥ t❤❡ Θ(·) t❤❛t ❞❡✜♥❡s h s♦ t❤❛t
|H ∩ P(X)| > log n✳ ❉❡♥♦t✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡ ♦❢ h ❜② w�✱ ✇❡ ❣❡t t❤❡
❝❧❛✐♠❡❞ ❜♦✉♥❞s ♦♥ |Wi ∩ P(X)| ❛♥❞ |Ci ∩ P(X)|✳

✹✳✺ ❈❤♦♦s✐♥❣ t❤❡ ♥❡st❡❞ ♣❛✐rs

❲✐t❤✐♥ t❤❡ ✜rst ♦❝t❛♥t✱ ✇❡ ♣❛rt✐t✐♦♥ ♣♦✐♥ts xφ(i) ✐♥t♦ t❤r❡❡ ❣r♦✉♣s ❛♥❞ ❢♦r ❡❛❝❤
❣r♦✉♣✱ ❛ss♦❝✐❛t❡ ❛ ❢❛♠✐❧② ♦❢ ♥❡st❡❞ ♣❛✐rs✳ ❙♣❡❝✐✜❝❛❧❧②✿

✲✶✲ ▲❡tN� = {(Wi, Ci)}1≤i≤m�
❜❡ ❛ ❢❛♠✐❧② ♦❢ ♥❡st❡❞ ♣❛✐rs ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳

❘❡❝❛❧❧ ψ� = Θ(n− 2
3 δ−

1
3 log

2
3 n) ❛♥❞ ♣❧❛❝❡ ♥❡st❡❞ ♣❛✐rs ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs ♦❢

▲❡♠♠❛ ✾✱ t❤❛t ✐s wi = w� = Θ(n−
2
3 δ

2
3 log

2
3 n)✳ ❲❡ t❛❦❡ φ(i) = i · n · √w�✳

❯s✐♥❣ t❤❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ ψi = Θ
(
φ(i)
n

)
✳ ❲❡ ❝❤♦♦s❡ m� s✉❝❤ t❤❛t

ψ� ≃ ψm�
= Θ(m�

√
w�)✱ t❤❛t ✐s m� = Θ(δ−

2
3n−

1
3 log

1
3 n)✳ ❲❡ ❝❛♥ r❡✇r✐t❡

δ−
2
3n− 1

3 = δ−
2
5n

1
5 (δn2)−

4
15 ✳ ❋✐♥❛❧❧②✱ ✉s✐♥❣ δ > n−2✱ ✇❡ ❤❛✈❡ m� = Õ(δ−

2
5n

1
5 )✳

✲✷✲ ▲❡t N♯ = {(Wi, Ci)}1≤i≤m♯
❜❡ ❛♥♦t❤❡r ❢❛♠✐❧② ♦❢ ♥❡st❡❞ ♣❛✐rs✳ ◆♦✇✱ ✇❡

❞❡✜♥❡ ❛♥ ❛♥❣❧❡ ψ♯ = Θ(δ−
1
5n−

2
5 )✳ ❲❡ s❡t wm�+i = w♯ = δ

4
5ψ

2
5

♯ n
− 2

5 log
2
5 n =

δ
18
25n−

14
25 log

2
5 n ❛♥❞ φ(m� +i) = φ(m�)+i·n√w♯✳ ❲❡ ❝❤♦♦s❡m♯ s✉❝❤ t❤❛t ψ♯ ≃

ψm�+m♯
❚❤❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥ ❣✐✈❡sm♯ = Θ(ψ♯w

− 1
2

♯ ) = Θ(δ−
14
25n−

3
25 log−

1
5 n)✳

❯s✐♥❣ δ > n−2✱ ✇❡ ❝❛♥ r❡✇r✐t❡ δ−
14
25n−

3
25 = δ−

2
5n

1
5 (δn2)−

4
25 ✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡

m♯ = Õ(δ−
2
5n

1
5 )✳

✲✸✲ ▲❡t N⋄ = {(Wi, Ci)}1≤i≤m⋄
❜❡ ❛ t❤✐r❞ ❢❛♠✐❧② ♦❢ ♥❡st❡❞ ♣❛✐rs✳ ❋♦r 1 ≤

i ≤ m⋄✱ ✇❡ ❞❡✜♥❡ wm�+m♯+i = w⋄ = Θ(δ
4
5n− 2

5 log
2
5 n) ❛♥❞ φ(m� +m♯ + i) =

φ(m�+m♯)+i·n
√
w⋄✳ ❲❡ ❝❤♦♦s❡m⋄ s✉❝❤ t❤❛t π4 ≃ ψm�+m♯+m⋄

✳ ❚❤❡ s❛♠♣❧✐♥❣

❝♦♥❞✐t✐♦♥ ❣✐✈❡s m⋄ = Θ(π4w
− 1

2⋄ ) = Θ(δ−
2
5n

1
5 log−

1
5 n)✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳ ❚❤❡ ❢❛♠✐❧② N = {(Wi, Ci)}1≤i≤m=m�+m♯+m⋄
✱ ❛✉❣♠❡♥t❡❞

❜② ✐ts ✽ s②♠♠❡tr✐❝ ❝♦♣✐❡s ❢♦r ♦t❤❡r ♦❝t❛♥ts✱ s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ▲❡♠♠❛ ✶✳

❙✐♥❝❡ t❤❡ ❛♥❣❧❡ s✉❜t❡♥❞✐♥❣ ❛♥② ❛r❝ Wi ∩ Γ ✐s Θ(w
1
2
⋆ ) ✇❤❡r❡ ⋆ ∈ {�, ♯, ⋄}✱

❛♥ ❡❛s② ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✸ ❡♥s✉r❡s t❤❛t ❡❛❝❤ sq✉❛r❡ P(x) ✐♥t❡rs❡❝ts
O(1) ✇✐t♥❡ss❡s ♦❢ t❤❛t s✉❜✲❢❛♠✐❧②✳ ■t ❛❧s♦ ❡♥s✉r❡s t❤❛t N� ❝♦♥tr♦❧s ❛❧❧ ❞✐r❡❝t✐♦♥s
❜❡t✇❡❡♥ ✵ ❛♥❞ ψ�✱ N♯ ❝♦♥tr♦❧s ❛❧❧ ❞✐r❡❝t✐♦♥ ❜❡t✇❡❡♥ ψ� ❛♥❞ ψ♯✱ ❛♥❞ N⋄ ❝♦♥tr♦❧s
❛❧❧ ❞✐r❡❝t✐♦♥s ❜❡t✇❡❡♥ ψ♯ ❛♥❞ π

4 ✳

❼ ❯s✐♥❣ ▲❡♠♠❛ ✾✱ ✇❡ ❤❛✈❡ |Wi∩P(X)| ≥ log n ❛♥❞ |Ci∩P(X)| = Θ(logn)
❢♦r 1 ≤ i ≤ m�✳

❘❘ ♥➦ ✼✶✸✹
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❼ ❯s✐♥❣ ▲❡♠♠❛ ✽ ❛♥❞ ❛❞❥✉st✐♥❣ t❤❡ ❝♦♥st❛♥t ✐♥ t❤❡ Θ(·) ❞❡✜♥✐♥❣ ψ♯✱ ✇❡ ❤❛✈❡
|Wi ∩P(X)| = Θ

(
nw

5
2

♯ δ
−2ψ−1

i

)
= ψ♯ψ

−1
i log n ≥ log n ❛♥❞ |Ci ∩P(X)| =

Θ(ψ♯ψ
−1
i log n) ❢♦r m� ≤ i ≤ m� +m♯✳

❼ ❯s✐♥❣ ▲❡♠♠❛ ✽ ❛♥❞ ❛❞❥✉st✐♥❣ t❤❡ ❝♦♥st❛♥t ✐♥ t❤❡ Θ(·) ❞❡✜♥✐♥❣ w⋄✱ ✇❡ ❤❛✈❡

|Wi ∩ P(X)| = Θ
(
nw

5
2⋄ δ−2ψ−1

i

)
= π

4ψ
−1
i log n ≥ log n ❛♥❞ |Ci ∩ P(X)| =

Θ(ψ−1
i log n) ❢♦r m� +m♯ ≤ i ≤ m� +m♯ +m⋄✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❛♣♣❧② ▲❡♠♠❛ ✶✿

Ω


m−

∑

1≤i≤m
e−|Wi∩P(X)|


 ≤ E[ex(P(X))] ≤ n

∑

1≤i≤m
e−|Wi∩P(X)|+

∑

1≤i≤m
|Ci∩P(X)|.

❙✐♥❝❡ ❢♦r ❛❧❧ i✱ |Wi ∩ P(X)| ≥ log n✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✐s Ω(m)
❛♥❞ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐s O

(
nm 1

n

)
= O(m)✳ ❚❤❡ s❡❝♦♥❞ t❡r♠

❡✈❛❧✉❛t❡s t♦

∑

1≤i≤m
|Ci ∩ P(X)|

≤
∑

1≤i≤m�

|Ci ∩ P(X)| +
∑

m�<i≤m�+m♯

|Ci ∩ P(X)| +
∑

m�+m♯<i≤m�+m♯+m⋄

|Ci ∩ P(X)|

≤ m�Θ(log n) +m♯Θ(log n)


 ∑

1<i≤m♯

ψ♯ψ
−1
m�+i


+m⋄Θ(log n)


 ∑

1<i≤m⋄

ψ−1
m�+m♯+i




≤ mΘ(log n)


 ∑

1≤i≤m♯

1

i
+

∑

1≤i≤m⋄

1

i




≤ mΘ(log n)(logm♯ + logm⋄)

❚❤✉s t❤❡ ❡①♣❡❝t❡❞ s✐③❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ✐s Θ̃(m) = Θ̃(δ−
2
5n

1
5 )

s✐♥❝❡ m = m� +m♯ +m⋄ = Õ(δ−
2
5n

1
5 ) + Õ(δ−

2
5n

1
5 ) + Θ̃(δ−

2
5n

1
5 )✳

✺ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ♦❢ ❚❤❡♦r❡♠s ✷ ❛♥❞ ✼ t♦ ♥♦✐s②
❞❛t❛ ♦❜t❛✐♥❡❞ ❜② t✇♦ ♠❡❝❤❛♥✐s♠s✿ s✐♠✉❧❛t✐♦♥s ♦❢ ✉♥✐❢♦r♠ ♥♦✐s❡ ✉s✐♥❣ ♣s❡✉❞♦✲
r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦rs ❛♥❞ s♥❛♣✲r♦✉♥❞✐♥❣✳ ❖✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❜❛s❡❞
♦♥ t❤❡ ❈●❆▲ ❧✐❜r❛r② ❬✹❪✳ P♦✐♥ts ❛r❡ ❣✐✈❡♥ ✐♥ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✢♦❛t✐♥❣✲♣♦✐♥t
❛r✐t❤♠❡t✐❝ ❛♥❞ ❝♦♥✈❡① ❤✉❧❧s ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❡①❛❝t ♣r❡❞✐❝❛t❡s✳

◆♦✐s❡ s✐♠✉❧❛t✐♦♥✳ ❲❡ ✜rst s✐♠✉❧❛t❡❞ ❛ ✉♥✐❢♦r♠ ♥♦✐s❡ ♦❢ ❛♠♣❧✐t✉❞❡ δ ♦♥ ❛
s❡t X ♦❢ n ♣♦✐♥ts ✐♥ 2 ❛♥❞ 3 ❞✐♠❡♥s✐♦♥s✱ ❛♥❞ ❝♦✉♥t❡❞ t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡
♣♦✐♥ts ♦❢ t❤❡ ♣❡rt✉r❜❡❞ s❡t Y ✳ ❲❡ ❝♦♥s✐❞❡r n = 10i ❢♦r i = 3 t♦ 7 ❛♥❞ δ = 10j

❢♦r j = −7 t♦ 5✳ ❖✉r ❝♦✉♥t ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ✐s ❛✈❡r❛❣❡❞ ♦✈❡r
1000 tr✐❛❧s ❢♦r n ≤ 106 ❛♥❞ ♦✈❡r 100 tr✐❛❧s ❢♦r n = 107✳ ■♥ t❤❡ ♣❧❛♥❡✱ ✇❡ ❛♣♣❧✐❡❞
✉♥✐❢♦r♠ L∞ ❛♥❞ L2 ♥♦✐s❡ t♦ t❤❡ ✈❡rt✐❝❡s ♦❢ ❛ ♥❡❛r✲r❡❣✉❧❛r n✲❣♦♥❀ ✐♥ ✸❉✱ ✇❡

■◆❘■❆
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10−13 10−110−510−10

log10 ex(Y ) − log10

(
δ−

2
5n

1
5

)

Snap-rounded extreme points

1 105

10−7

10−7 10−7

105

105 1

1

δ

δ

δ

log10 ex(Y ) − log10

(
δ−

3
8n

1
4

)
log10 ex(Y ) − log10

(
δ−

2
5n

1
5

)

log10 ex(Y ) − log10

(
δ−

2
3n

1
3

)

L∞ perturbation in 2DL2 perturbation in 2D

n = 1000

n = 107

n = 106

n = 105

n = 104

L2 perturbation in 3D

❋✐❣✉r❡ ✻✿ ❘❛t✐♦s ❜❡t✇❡❡♥ ♣r❛❝t✐❝❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ❜❡❤❛✈✐♦rs✳

❛♣♣❧✐❡❞ ✉♥✐❢♦r♠ L2 ♥♦✐s❡ t♦ ❛ r❛♥❞♦♠ s❛♠♣❧❡ ♦❢ t❤❡ ✉♥✐t s♣❤❡r❡✳ ❚❤❡ ❞❛t❛
✐s ♣r❡s❡♥t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✶✕❆✳✸✳ ❲❡ ♣❧♦t ✐♥ ❋✐❣✉r❡ ✻ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡
♠❡❛s✉r❡ ❛♥❞ ♦✉r t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞ ❢♦r E[ex(P(X))] ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ δ✱ ✉s✐♥❣ ❛
❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡ ❢♦r ❜♦t❤ t❤❡ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ❛①✐s✳ ❊❛❝❤ ❝✉r✈❡ r❡♣r❡s❡♥ts
❛ ❞✐✛❡r❡♥t ✈❛❧✉❡ ♦❢ n✳

❲❡ ♦❜s❡r✈❡ t❤❛t ❛❧❧ ❝✉r✈❡s ♣r❡s❡♥t ❛ s✐❣♥✐✜❝❛♥t ♣❧❛t❡❛✉✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡
❜❡❤❛✈✐♦r ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ✐s ❝♦rr❡❝t❧② ❡st✐♠❛t❡❞ ❜② ♦✉r ❢♦r♠✉❧❛s✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥ t❤❡ r❛♥❣❡ 103 ≤ n ≤ 107 t❤❡s❡ ❜❡❤❛✈✐♦rs ❛r❡ ♠♦❞❡❧❡❞ ✇✐t❤✐♥
❛ ♠❛r❣✐♥ ♦❢ ❡rr♦r ♦❢ 5% ❜② t❤❡ ❚❛❜❧❡ ❜❡❧♦✇✳

P❡rt✉r❜❛t✐♦♥ L2 ✐♥ R2 L∞ ✐♥ R2 L2 ✐♥ R3

❊st✐♠❛t✐♦♥ 3δ−
3
8n

1
4 4.75δ−

2
5n

1
5 4.2δ−

2
3n

1
3

❘❛♥❣❡ ♦❢ δ ❋r♦♠ 10/n2 t♦ 0.1 ❋r♦♠ 1000/n2 t♦ 0.1 ❋r♦♠ 1000/n t♦ 0.01

❘❘ ♥➦ ✼✶✸✹



✶✽ ❉✳ ❆tt❛❧✐✱ ❖✳ ❉❡✈✐❧❧❡rs✱ ✫ ❳✳ ●♦❛♦❝

❙♥❛♣ r♦✉♥❞✐♥❣✳ ❚♦ ♠❡❛s✉r❡ t❤❡ ❡✛❡❝t ♦❢ s♥❛♣✲r♦✉♥❞✐♥❣✱ ✇❡ st❛rt❡❞ ✇✐t❤ ❛
s❡t X ♦❜t❛✐♥❡❞ ❜② s♥❛♣✲r♦✉♥❞✐♥❣ ❛ r❡❣✉❧❛r n✲❣♦♥ ✐♥s❝r✐❜❡❞ ✐♥ t❤❡ ✉♥✐t ❝✐r❝❧❡ ♦❢
R2 t♦ t❤❡ ♥♦♥✲r❡❣✉❧❛r ❣r✐❞ ♦❢ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✢♦❛t ♥✉♠❜❡rs✳ ❲❡ ❡♥s✉r❡❞ t❤❛t
✐♥ t❤✐s ✜rst r♦✉♥❞ ♦❢ s♥❛♣✲r♦✉♥❞✐♥❣✱ ❛❧❧ ♣♦✐♥ts ✐♥ X r❡♠❛✐♥❡❞ ❡①tr❡♠❡ ❢♦r ❛❧❧
✈❛❧✉❡s ♦❢ n ❝♦♥s✐❞❡r❡❞❀ ❧❡t ✉s str❡ss t❤❛t ✐♥ s✐♥❣❧❡ ♣r❡❝✐s✐♦♥ ✢♦❛t ♥✉♠❜❡rs✱ t❤✐s ✐s
❛❧r❡❛❞② ♥♦t t❤❡ ❝❛s❡ ❢♦r n = 105✳ ❲❡ t❤❡♥ r♦✉♥❞❡❞ X t♦ ❛ ❝♦❛rs❡r r❡❣✉❧❛r ❣r✐❞
♦❢ st❡♣ δ✱ ♦❜t❛✐♥✐♥❣ ❛ s❡t Y ✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦✉♥t❡❞ t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢
Y ✳ ❲❡ ❝♦♥s✐❞❡r❡❞ n = 10i ❢♦r i = 3, . . . , 7 ❛♥❞ δ = 10j ❢♦r j = −13, . . . , 0✳ ❚❤❡
❞❛t❛ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✹✳ ❚❤❡ ❧❛st ♣❧♦t ✐♥ ❋✐❣✉r❡ ✻ r❡♣r❡s❡♥ts t❤❡ r❛t✐♦
❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ❛❢t❡r s♥❛♣✲r♦✉♥❞✐♥❣ t♦ ❛ ❣r✐❞ ♦❢ st❡♣ δ
❛♥❞ ♦✉r t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞ ❢♦r ✉♥✐❢♦r♠ L∞ ♥♦✐s❡ ♦❢ ❛♠♣❧✐t✉❞❡ δ ✭t❤❡ ♣r❡❞✐❝t✐♦♥s
❛r❡ ❜❡tt❡r t❤❛♥ t❤♦s❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❜♦✉♥❞ ❢♦r ✉♥✐❢♦r♠ L2 ♥♦✐s❡✮✳ ❲❡ ✉s❡ ❛
❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡ ❢♦r t❤❡ ❛①❡s✱ ❛♥❞ ❡❛❝❤ ❝✉r✈❡ r❡♣r❡s❡♥ts ❛ ❞✐✛❡r❡♥t ✈❛❧✉❡ ♦❢ n✳
❲❡ ♦❜s❡r✈❡ ❡①♣❡r✐♠❡♥t❛❧❧② t❤❛t ❢♦r δ ≥ 1√

n
t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡ r♦✉♥❞❡❞ ♣♦✐♥t

s❡t ✐s ❛ ❞✐s❝r❡t❡ ❝✐r❝❧❡✱ ✇❤♦s❡ s✐③❡✱ Θ(δ
1
3 )✱ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ n ❛♥②♠♦r❡✱ ❛♥❞

❢♦r δ < 10
n2 ✱ ❛❧❧ ♣♦✐♥ts r❡♠❛✐♥ ❡①tr❡♠❡ ♦♥❝❡ r♦✉♥❞❡❞✳ ■♥✲❜❡t✇❡❡♥✱ t❤❡ ❜❡❤❛✈✐♦r

✐s ♣r❡❞✐❝t❡❞ ✇✐t❤✐♥ ❛ ♠❛r❣✐♥ ♦❢ ❡rr♦r ♦❢ 5% ❢♦r δ ∈
[

1000
n2 ,

1
100

√
n

]
❜② 4δ−

2
5n

1
5 ✱

t❤❛t ✐s ♦✉r ❜♦✉♥❞ ❢♦r ✉♥✐❢♦r♠ L∞ ♥♦✐s❡✳

✻ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❢✉t✉r❡ ✇♦r❦s

❚❤❡♦r❡♠s ✷ ❛♥❞ ✼ ❣❡♥❡r❛❧✐③❡ ❡❛s✐❧② t♦
(
Θ
(
n

1
1−d

)
,Θ(1)

)
✲s❛♠♣❧❡s ♦❢ s♠♦♦t❤ ❝♦♠✲

♣❛❝t ❝♦♥✈❡① r♦t✉♥❞ s✉r❢❛❝❡s✳ ❊①t❡♥❞✐♥❣ ♦✉r t❡❝❤♥✐q✉❡ t♦ ♥♦♥✲✉♥✐❢♦r♠ ❞✐str✐❜✉✲
t✐♦♥s ✇✐t❤ s♠❛❧❧ s✉♣♣♦rt ❡ss❡♥t✐❛❧❧② r❡q✉✐r❡s t♦ ♣r♦✈❡ ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ ▲❡♠♠❛ ✹❀
❢♦r ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ♥♦♥✲❝♦♠♣❛❝t s✉♣♣♦rt✱ ❈♦♥❞✐t✐♦♥ ✭❜✮ ✐♥ ▲❡♠♠❛ ✶ s❤♦✉❧❞
❜❡ r❡♣❧❛❝❡❞ ❜② ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ ❤♦✇ ♠❛♥② ❝♦❧❧❡❝t♦rs ♠❛② ❝♦♥t❛✐♥ ❛ ❣✐✈❡♥ ♣❡r✲
t✉r❜❡❞ ♣♦✐♥t✳

■t s❡❡♠s ♥❛t✉r❛❧ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ❛♠♦♥❣ n ♣♦✐♥ts
❞✐str✐❜✉t❡❞ ✉♥✐❢♦r♠❧② ✐♥ ❛ Lp ❜❛❧❧ r❡✢❡❝ts t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r
♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ✉♥❞❡r ✉♥✐❢♦r♠ Lp ♣❡rt✉r❜❛t✐♦♥ ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ δ❀ t❤✐s
✇♦✉❧❞✱ ❤♦✇❡✈❡r✱ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ✐♥❝r❡❛s❡s
❜❡t✇❡❡♥ δ = Θ(1) ❛♥❞ δ → ∞✱ ❛❢t❡r ❞❡❝r❡❛s✐♥❣ ❜❡t✇❡❡♥ δ = 0 ❛♥❞ δ = Θ(1)✳
❊①t❡♥❞✐♥❣ ♦✉r r❡s✉❧t t♦ ❛ ✇✐❞❡r r❛♥❣❡ ♦❢ δ t❤✉s s❡❡♠s ❛♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥✳

❚❤❡ s♠♦♦t❤❡❞ ❝♦♠♣❧❡①✐t② ♠♦❞❡❧ ❝♦♥s✐❞❡rs t❤❡ ♠❛①✐♠✉♠ ♦✈❡r ❛♥ ✐♥♣✉t X ♦❢
t❤❡ ♠❛①✐♠✉♠ ❡①♣❡❝t❡❞ ❝♦♠♣❧❡①✐t② ♦✈❡r s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ♦❢X✳ ■♥ t❤❡ ❧✐❣❤t ♦❢
❚❤❡♦r❡♠ ✷✱ ♦✉r r❡str✐❝t✐♦♥ t❤❛t X ❜❡ ✐♥ ❝♦♥✈❡① ♣♦s✐t✐♦♥ ❦❡❡♣s ✉s ❛✇❛② ❢r♦♠ t❤❡
✇♦rst✲❝❛s❡ ❢♦r ❝❡rt❛✐♥ ✈❛❧✉❡s ♦❢ δ✿ ✇❤❡♥ ✉♥✐❢♦r♠ L2 ♥♦✐s❡ ✐s ❛♣♣❧✐❡❞ t♦ n ♣♦✐♥ts
✐♥ t❤❡ ♣❧❛♥❡ ❛❧❧ ✇✐t❤ t❤❡ s❛♠❡ ♣♦s✐t✐♦♥✱ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts
✐s Θ(n

1
3 )✱ ✇❤✐❝❤ ✐s ❧❛r❣❡r t❤❛♥ Θ̃

(
δ−3/8n1/4

)
❢♦r δ = Ω(n−2/9+ǫ)✳ ❲❤❛t t②♣❡s

♦❢ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡t❡r♠✐♥❡s t❤❡ s♠♦♦t❤❡❞ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ ❛
n✲♣♦✐♥t s❡t❄ ❆r❡ t❤❡② ❡✈❡♥ t❤❡ s❛♠❡ ❢♦r t❤❡ ✉♥✐❢♦r♠ L2 ❛♥❞ L∞ ♣❡rt✉r❜❛t✐♦♥s❄
❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❜♦t❤ q✉❡st✐♦♥s ❛r❡ ♦♣❡♥✳

■◆❘■❆



❚❤❡ ❊✛❡❝t ♦❢ ◆♦✐s❡ ♦♥ t❤❡ ◆✉♠❜❡r ♦❢ ❊①tr❡♠❡ P♦✐♥ts ✶✾

❆❝❦♥♦✇❧❡❞❣♠❡♥t

❚❤✐s ✇♦r❦ ✇❛s ✐♥✐t✐❛t❡❞ ❞✉r✐♥❣ t❤❡ 8th ▼❝●✐❧❧ ✲ ■◆❘■❆ ❲♦r❦s❤♦♣ ♦♥ ❈♦♠♣✉✲
t❛t✐♦♥❛❧ ●❡♦♠❡tr② ❛t t❤❡ ❇❡❧❧❛✐rs ✐♥st✐t✉t❡✳ ❚❤❡ ❛✉t❤♦rs ✇✐s❤ t♦ t❤❛♥❦ ❛❧❧ t❤❡
♣❛rt✐❝✐♣❛♥ts ❢♦r ❝r❡❛t✐♥❣ ❛ ♣❧❡❛s❛♥t ❛♥❞ st✐♠✉❧❛t✐♥❣ ❛t♠♦s♣❤❡r❡✱ ✐♥ ♣❛rt✐❝✉❧❛r
◆✐♥❛ ❆♠❡♥t❛ ❛♥❞ ❙❛r✐❡❧ ❍❛r✲P❡❧❡❞ ❢♦r ✉s❡❢✉❧ ❞✐s❝✉ss✐♦♥s ❛t t❤❡ ❡❛r❧② st❛❣❡ ♦❢
t❤✐s ✇♦r❦✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❉✳ ❆tt❛❧✐✱ ❏✳ ❉✳ ❇♦✐ss♦♥♥❛t✱ ❛♥❞ ❆✳ ▲✐❡✉t✐❡r✳ ❈♦♠♣❧❡①✐t② ♦❢ t❤❡ ❉❡❧❛✉♥❛②
tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ ♣♦✐♥ts ♦♥ s✉r❢❛❝❡s t❤❡ s♠♦♦t❤ ❝❛s❡✳ ■♥ Pr♦❝✳ ✶✾t❤ ❆♥♥✉✳
❆❈▼ ❙②♠♣♦s✳ ❈♦♠♣✉t✳ ●❡♦♠✳✱ ♣❛❣❡s ✷✵✶✕✷✶✵✱ ✷✵✵✸✳

❬✷❪ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t✱ ❉✳ ❈♦❤❡♥✲❙t❡✐♥❡r✱ ❇✳ ▼♦✉rr❛✐♥✱ ●✳ ❘♦t❡✱ ❛♥❞ ●✳ ❱❡❣t❡r✳
▼❡s❤✐♥❣ ♦❢ s✉r❢❛❝❡s✳ ■♥ ❏❡❛♥✲❉❛♥✐❡❧ ❇♦✐ss♦♥♥❛t ❛♥❞ ▼♦♥✐q✉❡ ❚❡✐❧❧❛✉❞✱
❡❞✐t♦rs✱ ❊✛❡❝t✐✈❡ ❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦♠❡tr② ❢♦r ❈✉r✈❡s ❛♥❞ ❙✉r❢❛❝❡s✱ ♣❛❣❡s
✶✽✶✕✷✷✾✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❱✐s✉❛❧✐③❛t✐♦♥✱ ✷✵✵✻✳

❬✸❪ ❋✳ ❈❛③❛❧s ❛♥❞ ❏✳ ●✐❡s❡♥✳ ❉❡❧❛✉♥❛② tr✐❛♥❣✉❧❛t✐♦♥ ❜❛s❡❞ s✉r❢❛❝❡ r❡❝♦♥✲
str✉❝t✐♦♥✳ ■♥ ❏❡❛♥✲❉❛♥✐❡❧ ❇♦✐ss♦♥♥❛t ❛♥❞ ▼♦♥✐q✉❡ ❚❡✐❧❧❛✉❞✱ ❡❞✐t♦rs✱ ❊❢✲
❢❡❝t✐✈❡ ❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦♠❡tr② ❢♦r ❈✉r✈❡s ❛♥❞ ❙✉r❢❛❝❡s✱ ♣❛❣❡s ✷✸✶✕✷✼✻✳
❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❱✐s✉❛❧✐③❛t✐♦♥✱ ✷✵✵✻✳
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❚❤❡ ❊✛❡❝t ♦❢ ◆♦✐s❡ ♦♥ t❤❡ ◆✉♠❜❡r ♦❢ ❊①tr❡♠❡ P♦✐♥ts ✷✶

❆ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts

❚❤✐s ❛♣♣❡♥❞✐① ♣r❡s❡♥ts t❤❡ ❢✉❧❧ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts t❤❛t ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❢♦r t❤❡
❝✉r✈❡s ♣r❡s❡♥t❡❞ ❛t ❙❡❝t✐♦♥ ✺✳

❚❛❜❧❡s ❜❡❧♦✇ ♣r❡s❡♥t ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✉s❡❞ ❢♦r t❤❡ ❝✉r✈❡s ✐♥ ❙❡❝t✐♦♥ ✺✳
❋♦r ❡❛❝❤ ♣♦✐♥t✱ ✇❡ ✐♥❞✐❝❛t❡ t❤❡ ❛✈❡r❛❣❡ s✐③❡ ♦❢ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ❛♥❞ t❤❡ st❛♥❞❛r❞
❞❡✈✐❛t✐♦♥ ❢♦r ✶✵✵✵ ❡①♣❡r✐♠❡♥ts ✭✶✵✵ ❡①♣❡r✐♠❡♥ts ❢♦r ✶✵▼ ♣♦✐♥ts✮✳

❆✳✶ P❡rt✉r❜❛t✐♦♥ ❜② ❛ ❞✐s❦

❊❛❝❤ ✈❡rt❡① ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ♦❢ r❛❞✐✉s ✶ ✐s ♣❡rt✉r❜❡❞ ✉♥✐❢♦r♠❧② ✐♥ ❛ ❞✐s❦
♦❢ r❛❞✐✉s δ✳ ◆✉♠❜❡rs ✐♥ ❜r♦✇♥ ❞❡✈✐❛t❡ ❜② ❧❡ss t❤❛♥ ✺✪ ❛♥❞ ♥✉♠❜❡rs ✐♥ ❜♦❧❞

❜r♦✇♥ ❜② ❧❡ss t❤❛♥ ✶✪ ❢r♦♠ t❤❡ ✈❛❧✉❡ 3δ−
3
8n

1
4 ✳ ❚❤❡ ✺✪ ❡①❛❝t♥❡ss ✐s ❛❝❤✐❡✈❡❞

❢♦r δ ∈
[

10
n2 , 0.1

]
✳ ❚❤❡ ✶✪ ❡①❛❝t♥❡ss ✐s ❛❝❤✐❡✈❡❞ ❢♦r δ ∈

[
100
n2 , 0.01

]
✳

✷❉ ❈♦♥✈❡① ❤✉❧❧ s✐③❡

❞✐s❦ ♣❡rt✉r❜❛t✐♦♥

δ n

✶ ✵✵✵ ✶✵ ✵✵✵ ✶✵✵ ✵✵✵ ✶ ✵✵✵ ✵✵✵ ✶✵ ✵✵✵ ✵✵✵

✵✳✵✵✵ ✵✵✵ ✶ ✶ ✵✵✵ ✶✵ ✵✵✵ ✷✷ ✻✼✶ ✸✾ ✻✸✶ ✼✵ ✹✷✵✳✺

✵ ✵ ✼✹ ✶✵✵ ✶✷✶

✵✳✵✵✵ ✵✵✶ ✶ ✵✵✵ ✺ ✹✽✺ ✾ ✹✹✶ ✶✻ ✻✾✷ ✷✾ ✼✵✸

✵ ✸✸ ✹✼ ✻✷ ✾✷

✵✳✵✵✵ ✵✶ ✶ ✵✵✵ ✷ ✷✻✼ ✸ ✾✻✸ ✼ ✵✹✵ ✶✷ ✺✸✶

✵ ✷✷ ✷✾ ✹✶ ✺✻

✵✳✵✵✵ ✶ ✺✹✼✳✼ ✾✹✸✳✽ ✶ ✻✼✵ ✷ ✾✻✾ ✺ ✷✽✶

✶✵ ✶✺ ✶✾ ✷✻ ✸✸

✵✳✵✵✶ ✷✷✻✳✼ ✸✾✻✳✼ ✼✵✸ ✶ ✷✺✸ ✷ ✷✷✾

✼✳✻ ✾✳✾ ✶✷ ✶✼ ✷✹

✵✳✵✶ ✾✹✳✺ ✶✻✼✳✺ ✷✾✽ ✺✸✶ ✾✹✸

✹✳✽ ✻✳✹ ✽✳✸ ✶✶ ✶✸

✵✳✶ ✹✶✳✶ ✼✸✳✻ ✶✸✶ ✷✸✸ ✹✶✺

✸✳✷ ✹✳✹ ✺✳✻ ✼✳✹ ✽✳✾

✶ ✷✸✳✷ ✹✶✳✻ ✼✹✳✻ ✶✸✸ ✷✸✼

✷✳✹ ✸✳✷ ✹✳✶ ✺✳✼ ✻✳✼

✶✵ ✷✸✳✸ ✹✶✳✹ ✼✸✳✽ ✶✸✶ ✷✸✷

✷✳✸ ✸✳✷ ✹✳✷ ✺✳✽ ✼✳✵

✶✵✵ ✸✶✳✻ ✺✹✳✸ ✾✺✳✵ ✶✻✽ ✸✵✶

✷✳✼ ✸✳✺ ✹✳✽ ✻✳✷ ✾✳✸

✶ ✵✵✵ ✸✸✳✺ ✼✶✳✹ ✶✸✷ ✷✷✻ ✸✾✻

✷✳✾ ✹✳✶ ✺✳✻ ✼✳✹ ✾✳✽

✶✵ ✵✵✵ ✸✸✳✻ ✼✷✳✼ ✶✺✻ ✸✶✼ ✺✹✷

✷✳✽ ✹✳✹ ✻✳✶ ✽✳✻ ✶✷

✶✵✵ ✵✵✵ ✸✸✳✹ ✼✷✳✼ ✶✺✻ ✸✸✼ ✼✶✻

✷✳✾ ✹✳✶ ✻✳✵ ✾✳✷ ✶✷

❘❘ ♥➦ ✼✶✸✹



✷✷ ❉✳ ❆tt❛❧✐✱ ❖✳ ❉❡✈✐❧❧❡rs✱ ✫ ❳✳ ●♦❛♦❝

❆✳✷ P❡rt✉r❜❛t✐♦♥ ❜② ❛ sq✉❛r❡

❊❛❝❤ ✈❡rt❡① ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ♦❢ r❛❞✐✉s ✶ ✐s ♣❡rt✉r❜❡❞ ✉♥✐❢♦r♠❧② ✐♥ ❛ sq✉❛r❡
♦❢ s✐❞❡ ❧❡♥❣t❤ δ✳ ◆✉♠❜❡rs ✐♥ ❜r♦✇♥ ❞❡✈✐❛t❡ ❜② ❧❡ss t❤❛♥ ✺✪ ❛♥❞ ♥✉♠❜❡rs ✐♥
❜♦❧❞ ❜r♦✇♥ ❜② ❧❡ss t❤❛♥ ✷✪ ❢r♦♠ t❤❡ ✈❛❧✉❡ 4.75δ−

2
5n

1
5 ✳ ❚❤❡ ✺✪ ❡①❛❝t♥❡ss ✐s

❛❝❤✐❡✈❡❞ ❢♦r δ ∈
[
1000
n2 , 0.1

]
✳

✷❉ ❈♦♥✈❡① ❤✉❧❧ s✐③❡

sq✉❛r❡ ♣❡rt✉r❜❛t✐♦♥

δ n

✶ ✵✵✵ ✶✵ ✵✵✵ ✶✵✵ ✵✵✵ ✶ ✵✵✵ ✵✵✵ ✶✵ ✵✵✵ ✵✵✵

✵✳✵✵✵ ✵✵✵ ✷ ✶✵✵✵ ✾✾✾✹ ✷✶ ✷✹✺ ✸✹ ✼✸✾ ✺✺ ✽✸✾

✵ ✷✳✸ ✼✸✳✺ ✾✺✳✸ ✶✵✼✳✽

✵✳✵✵✵ ✵✵✷ ✶✵✵✵ ✺✷✵✷ ✽ ✻✶✸ ✶✸ ✾✺✺ ✷✷ ✷✾✷

✵ ✸✷✳✼ ✹✺✳✶ ✺✽✳✶ ✼✸✳✺

✵✳✵✵✵ ✵✷ ✾✾✾✳✹ ✷✶✷✸ ✸ ✹✼✹ ✺ ✺✽✹ ✽ ✽✾✻

✵✳✼✸ ✷✶✳✹ ✷✾✳✶ ✸✼✳✾ ✹✺✳✺

✵✳✵✵✵ ✷ ✺✷✵✳✷ ✽✻✶✳✺ ✶ ✸✾✺ ✷ ✷✸✶ ✸ ✺✹✹

✶✵✳✹ ✶✹✳✸ ✶✽✳✻ ✷✷✳✽ ✷✽✳✻

✵✳✵✵✷ ✷✶✷✳✷ ✸✹✼✳✻ ✺✺✽✳✸ ✽✾✵✳✹ ✶ ✹✶✶

✼✳✹ ✾✳✶ ✶✶✳✺ ✶✹✳✽ ✶✼✳✺

✵✳✵✷ ✽✻✳✺ ✶✹✵✳✷ ✷✷✺✳✶ ✸✺✽✳✷ ✺✻✾✳✻

✹✳✺ ✻✳✶ ✼✳✺✸ ✾✳✸ ✶✶✳✸

✵✳✷ ✸✻✳✺ ✺✾✳✼ ✾✺✳✶ ✶✺✵✳✹ ✷✸✹✳✼

✸✳✵ ✸✳✼ ✺✳✵ ✺✳✾ ✼✳✷

✷ ✶✾✳✾ ✸✶✳✵ ✹✼✳✵ ✼✶✳✵ ✶✵✻✳✺

✷✳✶ ✷✳✾ ✸✳✻ ✹✳✻ ✺✳✸

✷✵ ✶✻✳✻ ✷✸✳✷ ✸✶✳✸ ✹✷✳✻ ✺✽✳✺

✷✳✹ ✷✳✽ ✸✳✸ ✸✳✼ ✹✳✶

✷✵✵ ✶✼✳✹ ✷✷✳✼ ✷✽✳✶ ✸✹✳✺ ✹✷✳✹

✷✳✺ ✸✳✶ ✸✳✷ ✸✳✽ ✸✳✼

✷ ✵✵✵ ✶✽✳✵ ✷✸✳✺ ✷✽✳✼ ✸✹✳✸ ✸✾✳✼

✷✳✻ ✸✳✶ ✸✳✺ ✸✳✾ ✹✳✵

✷✵ ✵✵✵ ✶✽✳✶ ✷✹✳✵ ✷✾✳✼ ✸✺✳✵ ✹✵✳✹

✷✳✻ ✸✳✸ ✸✳✼ ✸✳✾ ✹✳✼

✷✵✵ ✵✵✵ ✶✼✳✾ ✷✹✳✷ ✸✵✳✷ ✸✺✳✾ ✹✵✳✹

✷✳✼ ✸✳✶ ✸✳✽ ✹✳✵ ✹✳✺

■◆❘■❆



❚❤❡ ❊✛❡❝t ♦❢ ◆♦✐s❡ ♦♥ t❤❡ ◆✉♠❜❡r ♦❢ ❊①tr❡♠❡ P♦✐♥ts ✷✸

❆✳✸ P❡rt✉r❜❛t✐♦♥ ❜② ❛ s♣❤❡r❡

❊❛❝❤ ♣♦✐♥t ♦❢ ❛ r❛♥❞♦♠ s❛♠♣❧✐♥❣ ♦❢ t❤❡ ✸❉ ✉♥✐t s♣❤❡r❡ ✐s ♣❡rt✉r❜❡❞ ✐♥ ❛ ❜❛❧❧
♦❢ r❛❞✐✉s δ✳ ◆✉♠❜❡rs ✐♥ ❜r♦✇♥ ❞❡✈✐❛t❡ ❜② ❧❡ss t❤❛♥ ✶✵✪ ❛♥❞ ♥✉♠❜❡rs ✐♥ ❜♦❧❞

❜r♦✇♥ ❜② ❧❡ss t❤❛♥ ✸✪ ❢r♦♠ t❤❡ ✈❛❧✉❡ 4.2δ−
2
3n

1
3 ✳ ❚❤❡ ✶✵✪ ❡①❛❝t♥❡ss ✐s ❛❝❤✐❡✈❡❞

❢♦r δ ∈
[
100
n , 0.1

]
✳ ❚❤❡ ✸✪ ❡①❛❝t♥❡ss ✐s ❛❝❤✐❡✈❡❞ ❢♦r δ ∈

[
1000
n , 0.01

]
✳

✸❉ ❈♦♥✈❡① ❤✉❧❧ s✐③❡

❜❛❧❧ ♣❡rt✉r❜❛t✐♦♥

δ n

✶ ✵✵✵ ✶✵ ✵✵✵ ✶✵✵ ✵✵✵ ✶ ✵✵✵ ✵✵✵ ✶✵ ✵✵✵ ✵✵✵

✵✳✵✵✵ ✵✵✵ ✶ ✶ ✵✵✵ ✶✵ ✵✵✵ ✾✾ ✾✾✾ ✾✾✾ ✼✽✶ ✾ ✽✹✷ ✵✸✵

✵✳✵✵✵ ✵✵✶ ✶ ✵✵✵ ✾ ✾✾✾✳✾ ✾✾ ✾✼✼ ✾✽✹ ✷✵✸ ✻ ✹✾✸ ✷✼✵

✵✳✵✵✵ ✵✶ ✾✾✾✳✾ ✾ ✾✾✼ ✾✽ ✹✷✵ ✻✹✾ ✸✺✸ ✶ ✼✽✹ ✼✼✵

✵✳✵✵✵ ✶ ✾✾✾ ✾ ✽✹✷ ✻✹ ✾✸✺ ✶✼✽ ✹✽✾ ✹✶✵ ✻✹✷

✵✳✵✵✶ ✾✽✹ ✻ ✹✾✺ ✶✼ ✽✻✹ ✹✶ ✵✽✹ ✾✵ ✽✺✷

✵✳✵✶ ✻✺✶ ✶ ✼✾✼ ✹ ✶✹✶ ✾ ✶✺✾ ✶✾ ✾✼✺

✵✳✶ ✶✾✵ ✹✹✺ ✾✾✶ ✷ ✶✻✽ ✹ ✻✽✹

✶ ✼✺✳✺ ✶✼✹ ✸✽✽ ✽✹✾ ✶ ✽✸✽

✶✵ ✾✸✳✵ ✷✶✵ ✹✻✹ ✶ ✵✶✵ ✷ ✶✽✻

✶✵✵ ✶✸✹ ✹✵✷ ✾✷✼ ✷ ✵✵✾ ✹ ✸✸✸

✶ ✵✵✵ ✶✸✺ ✹✹✶ ✶ ✸✾✻ ✹ ✵✻✶ ✾ ✷✻✻

✶✵ ✵✵✵ ✶✸✻ ✹✹✷ ✶ ✹✶✵ ✹ ✹✻✼ ✶✹ ✵✵✾

✶✵✵ ✵✵✵ ✶✸✻ ✹✹✷ ✶ ✹✶✵ ✹ ✹✼✹ ✶✹ ✶✹✻

❘❘ ♥➦ ✼✶✸✹



✷✹ ❉✳ ❆tt❛❧✐✱ ❖✳ ❉❡✈✐❧❧❡rs✱ ✫ ❳✳ ●♦❛♦❝

❆✳✹ ❙♥❛♣ r♦✉♥❞✐♥❣

❚❤❡ r❡❣✉❧❛r n✲❣♦♥ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ ✇✐t❤ r❛❞✐✉s 1 ✐s r♦✉♥❞❡❞ ♦♥ t❤❡ ❣r✐❞
♦❢ st❡♣ δ✳ ❋♦r δ ≥ 1√

n
✱ ✇❡ ❣❡t ❛ ❞✐s❝r❡t❡ ❝✐r❝❧❡ ✭t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts

✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✮✳ ❋♦r δ < 10
n2 ✱ ❛❧❧ ♣♦✐♥ts st❛② ❡①tr❡♠❡ ❞✉r✐♥❣ r♦✉♥❞✐♥❣✳

■♥ ❜❡t✇❡❡♥✱ ✇❡ ❝❛♥ ♠♦❞❡❧ t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ♣♦✐♥ts ✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛ ❢♦r

t❤❡ sq✉❛r❡ ♣❡rt✉r❜❛t✐♦♥✳ ❚❤❡ ✺✪ ❡①❛❝t♥❡ss ✐s ❛❝❤✐❡✈❡❞ ❢♦r δ ∈
[

1000
n2 ,

1
100

√
n

]
✳

◆✉♠❜❡rs ✐♥ ❜r♦✇♥ ❞❡✈✐❛t❡ ❜② ❧❡ss t❤❛♥ ✺✪ ❢r♦♠ t❤❡ ✈❛❧✉❡ 4δ−
2
5n

1
5 ✳

✷❉ ❈♦♥✈❡① ❤✉❧❧ s✐③❡

s♥❛♣ r♦✉♥❞✐♥❣

δ n

✶ ✵✵✵ ✶✵ ✵✵✵ ✶✵✵ ✵✵✵ ✶ ✵✵✵ ✵✵✵ ✶✵ ✵✵✵ ✵✵✵

10
−13 ✶ ✵✵✵ ✶✵ ✵✵✵ ✶✵✵ ✵✵✵ ✶ ✵✵✵ ✵✵✵ ✶✵ ✵✵✵ ✵✵✵

10
−12 ✶ ✵✵✵ ✶✵ ✵✵✵ ✶✵✵ ✵✵✵ ✶ ✵✵✵ ✵✵✵ ✺ ✼✾✵ ✵✵✵

10
−11 ✶ ✵✵✵ ✶✵ ✵✵✵ ✶✵✵ ✵✵✵ ✶ ✵✵✵ ✵✵✵ ✷ ✹✼✵ ✵✵✵

10
−10 ✶ ✵✵✵ ✶✵ ✵✵✵ ✶✵✵ ✵✵✵ ✺✼✽ ✽✷✹ ✶ ✵✷✵ ✵✵✵

10
−9 ✶ ✵✵✵ ✶✵ ✵✵✵ ✶✵✵ ✵✵✵ ✷✹✻ ✺✶✾ ✹✶✼ ✼✵✵

10
−8 ✶ ✵✵✵ ✶✵ ✵✵✵ ✺✼ ✼✻✹ ✶✵✷ ✺✷✻ ✶✻✽ ✶✹✵

10
−7 ✶ ✵✵✵ ✶✵ ✵✵✵ ✷✹ ✻✺✸ ✹✶ ✽✷✽ ✻✻ ✻✸✾

10
−6 ✶ ✵✵✵ ✺ ✽✺✺ ✶✵ ✶✶✽ ✶✻ ✸✼✵ ✷✺ ✵✹✾

10
−5 ✶ ✵✵✵ ✷ ✹✽✼ ✹✶ ✹✸ ✻ ✶✹✺ ✼ ✸✷✼

10
−4 ✺✹✵ ✾✽✵ ✶ ✹✼✹ ✶ ✻✶✼ ✶ ✻✹✾

✵✳✵✵✶ ✷✸✻ ✸✸✷ ✸✹✽ ✸✹✽ ✸✹✽

✵✳✵✶ ✻✽ ✼✷ ✼✷ ✼✷ ✼✷

✵✳✶ ✶✻ ✶✻ ✶✻ ✶✻ ✶✻

✶ ✹ ✹ ✹ ✹ ✹

■◆❘■❆
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