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Abstrat: An adaptive �nite element algorithm is presented for the wave equa-tion in two spae dimensions. The goal of the adaptive algorithm is to ontrol theerror in the same norm as for paraboli problems, namely the L2(0, T ; H1(Ω))norm, where T denotes the �nal time and Ω the omputational domain. Themesh aspet ratio an be large whenever needed, thus allowing a given level ofauray to be reahed with fewer verties than with lassial isotropi meshes.The re�nement and oarsening riteria are based on anisotropi, a posteriorierror estimates and on an ellipti reonstrution.A numerial study of the e�etivity index on non-adapted meshes on�rmsthe sharpness of the error estimator. Numerial results on adapted meshesindiate that the error indiator slightly underestimates the true error. Weonjeture that the missing information orresponds to the interpolation errorbetween suessive meshes. It is observed that the error indiator beomessharp again when onsidering the damped wave equation with a large dampingoe�ient, thus when the paraboli harater of the PDE beomes predominant.Key-words: Wave equation, Adaptive �nite elements, Anisotropi a posteriorierror estimates



Un algorithme de maillage adaptatif pourl'équation des ondes basé sur des estimationsd'erreur a posteriori anisotropes dans la norme
L

2(H1).Résumé : Un algorithme d'éléments �nis adaptatifs est présenté pour l'équationdes ondes à deux dimensions d'espae. Le but de l'algorithme est de ontr�lerl'erreur dans la norme naturelle des problèmes paraboliques, à savoir la norme
L2(0, T ; H1(Ω)). Le rapport d'aspet des triangles peut être grand si nées-saire, e qui permet d'obtenir un niveau de préision donné ave relativementpeu de sommets. Les ritères de ra�nement et déra�nement sont basés sur unestimateur d'erreur a posteriori anisotrope.Les résultats numériques sur des maillages non-adaptés montrent que l'estimateurd'erreur est préis. Les résultats numériques sur des maillages adaptés mon-trent que l'estimateur d'erreur sous-estime légèrement l'erreur. Nous pensonsque ette disrépane provient de l'erreur d'interpolation entre maillages quin'est pas ontenue dans l'estimateur. Les résultats montrent que ette erreurd'interpolation entre maillages dimunue lorsqu'un terme d'amortissement estajouté dans l'équation des ondes, 'est-à-dire lorsque le aratère paraboliquede l'équation augmente.Mots-lés : Equation des ondes, Eléments �nis adaptatifs, Estimationsd'erreur a posteriori anisotropes



Adaptive �nite elements for the wave equation 31 IntrodutionA posteriori error estimates and adaptive �nite elements have already beenwidely onsidered for solving ellipti, paraboli and �rst order hyperboli prob-lems. However, hyperboli problems of seond order have been muh less stud-ied, see for instane [15, 5, 6, 1, 2, 8℄.Reently, adaptive �nite elements with large aspet ratio have been intro-dued in order to redue the number of verties required for a given level ofauray [3, 7℄. Ellipti problems were onsidered in [21, 22℄, with goal to on-trol the error in the natural H1(Ω) norm, while the L2(0, T ; H1(Ω)) norm wasused for paraboli problems in [20, 10, 17℄.When onsidering hyperboli problems of seond order, the natural normis the C0([0, T ]; H1
0(Ω)) ∩ C1([0, T ]; L2(Ω)) norm. However, as explained in [8℄,the C0([0, T ]; L2(Ω))∩C1([0, T ]; H−1(Ω)) norm seems to be more appropriate inorder to derive a posteriori error estimates.In this paper, a posteriori error estimates are derived in the L2(0, T ; H1(Ω))norm for the wave equation in two spae dimensions, whih allows the adaptivealgorithms developed for paraboli problems in [20, 10, 17℄ to be used with veryfew modi�ations. For this purpose, the ellipti reonstrution tehnique [18℄introdued for paraboli problems will be used.The outline is the following. The wave equation and the ontinuous, piee-wise linear �nite element disretization in spae is presented in the next se-tion. An a posteriori upper bound is proposed in setion 3 for the error in the

L2(0, T ; H1(Ω)) norm, using the ellipti reonstrution tehnique introdued forparaboli problems in [18℄. An order two time disretization is seleted and nu-merial results on non-adapted meshes are reported in setion 4. It is observedthat the error indiator is sharp provided the error due to time disretizationbeomes negligible, whih is the ase when the time step τ is of the order ofthe spae step h. An adaptive algorithm is presented in setion 5 in order toontrol the error in the L2(0, T ; H1(Ω)) norm. Numerial results show a dis-repany between the error indiator and the true error. We suspet that thisdisrepany orresponds to the interpolation error between suessive mesheswhih is not aounted in the present paper - and di�ult to ompute sinenon-ompatible anisotropi meshes are involved. In order to validate this on-jeture, the adaptive algorithm is used to solve the damped wave equation. Itis observed that the larger the damping term, the better the e�etivity index.This observation is onsistent with the fat that we have observed in previouspapers [20, 10, 17℄ that the interpolation error between suessive meshes wasnot relevant for paraboli problems. We therefore onlude that this is not truefor the wave equation.2 The wave equation and its �nite element dis-retizationLet T be the �nal time, let Ω be a polygon. Given f : Ω × (0, T ) → R, giveninitial onditions u0, v0 : Ω → R, we are interested in �nding u : Ω× (0, T ) → R

RR n° 7115



4 Maro Piassosuh that
∂2u

∂t2
− ∆u = f in Ω × (0, T ), (1)

u = 0 on ∂Ω × (0, T ), (2)
u(·, 0) = u0,

∂u

∂t
(·, 0) = v0 in Ω. (3)Following for instane Chap. 3, Set. 8 of [16℄, the weak formulation of theabove problem onsists, given f ∈ L2(0, T ; L2(Ω)), u0 ∈ H1

0 (Ω), v0 ∈ L2(Ω), in�nding
u ∈ L∞(0, T ; H1

0 (Ω)),
∂u

∂t
∈ L∞(0, T ; L2(Ω)),

∂2u

∂t2
∈ L2(0, T ; H−1(Ω)),suh that u(·, 0) = u0 in H1

0 (Ω), ∂u

∂t
(·, 0) = v0 in L2(Ω) and

〈

∂2u

∂t2
, v

〉

+

∫

Ω

∇u · ∇v =

∫

Ω

fv, (4)for all v ∈ H1
0 (Ω), a.e. t ∈ (0, T ), where < ·, · > denotes the duality pairingbetween H−1(Ω) and H1

0 (Ω). From Chap. 3, Set. 8, Theorem 8.1 and Remark8.2 of [16℄, suh a solution exists and is unique. Moreover, using a paraboliregularization tehnique, it is proved in Theorem 8.2 of [16℄ that
u ∈ C0([0, T ]; H1

0 (Ω)),
∂u

∂t
∈ C0([0, T ]; L2(Ω)).We now onsider a �nite element disretization in spae. We will derivean a posteriori error bound in the ase when the same mesh is used betweeninitial and �nal time. Therefore, the interpolation error due to the use of severalmeshes will not be onsidered from the theoretial point of view. However, theadaptive algorithm presented in setion 5 will obviously make use of severalmeshes whenever needed. Moreover, numerial experiments seem to show thatthis interpolation error should not be negleted in the framework of the waveequation, eventhough previous studies have shown that the interpolation erroris not relevant for paraboli problems, provided the number of remeshings doesnot depend on the mesh size and time step, see [20, 10, 17℄. The estimation ofthis interpolation error is not an obvious task sine non-onforming anisotropimeshes are involved and is therefore beyond the sope of the present paper.For any h > 0, let Th be a onformal �nite element triangulation withtriangles K having diameter hK ≤ h. We are looking forward to using triangleswith large aspet ratio, thus the usual minimum angle ondition will not besatis�ed. In the sequel we adopt the notations of [11, 12℄ but those of [13, 14℄ould be used as well. Let TK : K̂ → K be the mapping from the referenetriangle K̂ to the urrent element K and let ∆K be the union of the neighbouringtriangles sharing a vertex with K. The following two assumptions must besatis�ed : i) the number of triangles belonging to ∆K must be bounded above,uniformely with respet to h and ii) the diameter of T−1

K (∆K) should be boundedabove, uniformely with respet to h, whih exludes meshes with large urvature,see for instane [20, 19℄ for examples. INRIA



Adaptive �nite elements for the wave equation 5Let Vh be the usual subspae of H1
0 (Ω) orresponding to ontinuous fun-tions, pieewise linear and vanishing on the boundary. We denote by rh :

C0(Ω̄) → Vh the usual Lagrange interpolant. Then, assuming that the ini-tial data u0 and v0 are C0(Ω̄), the �nite element disretization of (4) is to �nd
uh ∈ H2(0, T ; Vh) suh that uh(0) = rhu0, ∂uh(0)/∂t = rhv0 and

∫

Ω

∂2uh

∂t2
vh +

∫

Ω

∇uh · ∇vh =

∫

Ω

fvh, (5)for all vh ∈ Vh, a.e. t ∈ (0, T ).In the sequel we derive anisotropi a posteriori error estimates in the samenorm as for paraboli problems, namely the L2(0, T ; H1(Ω)) norm, whih allowsthe same adaptive algorithm as in [20℄ to be used.3 Anisotropi a posteriori error estimatesIn order to ontrol the error in the L2(0, T ; H1(Ω)) norm, we introdue as in[18℄ the ellipti reonstrution U ∈ L2(0, T ; H1
0(Ω)) de�ned by

∫

Ω

∂2uh

∂t2
v +

∫

Ω

∇U · ∇v =

∫

Ω

fv, (6)Our goal is to ontrol u − uh = u − U + U − uh.We �rst reall some interpolation estimates due to [11, 12℄. For any triangle
K of the mesh, let TK : K̂ → K be the a�ne transformation whih maps thereferene triangle K̂ into K. Let MK be the Jaobian of TK that is

x = TK(x̂) = MK x̂ + tK .Sine MK is invertible, it admits a singular value deompositionMK = RT
KΛKPK ,where RK and PK are orthogonal and where ΛK is diagonal with positive en-tries. In the following we set

ΛK =

(

λ1,K 0
0 λ2,K

) and RK =

(

r
T
1,K

r
T
2,K

)

, (7)with the hoie λ1,K ≥ λ2,K . Finally, for any triangle K of the mesh, the threeedges will be denoted by ℓi,K , i = 1, 2, 3.The following interpolation estimates for the Clément interpolant Rh an befound in [11, 12, 22℄.Lemma 1 There is a onstant C independent of the mesh size and aspet ratiosuh that, for all v ∈ H1(Ω), for all K ∈ Th, for all i = 1, 2, 3 :
‖v − Rhv‖2

L2(K) +
λ1,Kλ2,K

|ℓi,K |
‖v − Rhv‖2

L2(ℓi,K) ≤ Cω2
K(v), (8)where ωK(v) is de�ned by

ω2
K(v) = λ2

1,K

(

r
T
1,KGK(v)r1,K

)

+ λ2
2,K

(

r
T
2,KGK(v)r2,K

)

, (9)RR n° 7115



6 Maro Piassoand GK(v) denotes the 2 × 2 matrix de�ned by
GK(v) =











∫

∆K

(

∂v

∂x1

)2

dx

∫

∆K

∂v

∂x1

∂v

∂x2
dx

∫

∆K

∂v

∂x1

∂v

∂x2
dx

∫

∆K

(

∂v

∂x2

)2

dx











. (10)We are now in position to ontrol the error u − uh = u − U + U − uh.Conerning U − uh, we have the following result.Lemma 2 Let uh, U be de�ned by (5), (6), respetively. Then, there exists Cindependent of the mesh size and aspet ratio suh that
∫ T

0

∫

Ω

|∇(U − uh)|
2
≤ C

∫ T

0

∑

K∈Th

η2
K,1, (11)where η2

K,1 is de�ned by
η2

K,1 =

(

∥

∥

∥

∥

f −
∂2uh

∂t2

∥

∥

∥

∥

L2(K)

+
1

2

3
∑

i=1

(

|ℓi,K |

λ1,Kλ2,K

)1/2

‖ [∇uh · n] ‖L2(ℓi,K)

)

× ωK(U − uh). (12)Here [·] denotes the jump of the braketed quantity aross edge ℓi,K , with theonvention [·] = 0 for an edge ℓi,K on the boundary ∂Ω.Proof. Using (6) and (5), we have
∫

Ω

|∇(U − uh)|
2

=

∫

Ω

(

f −
∂2uh

∂t2

)

(U−uh−vh)−

∫

Ω

∇uh·∇(U−uh−vh) ∀vh ∈ Vh.Integrating by parts the di�usion term over eah triangle K, hoosing vh =
Rh(U − uh), the Clément interpolant of U − uh and using the interpolationestimates of Lemma 1 yields the result.Remark 1 The estimator (12) is not a usual error estimator sine U − uh isstill involved. However, if we an guess U − uh, then (11) an be used to derivea omputable quantity. This idea has been used in [20, 22℄ and an e�ientanisotropi error indiator has also been obtained replaing the derivatives

∂(U − uh)

∂xi
in (10) by Πh

∂uh

∂xi
−

∂uh

∂xi
, i=1,2, (13)where Πh is the approximate L2(Ω) projetion onto Vh de�ned for eah vertex

P of Th by








Πh

(

∂uh

∂x1

)

(P )

Πh

(

∂uh

∂x2

)

(P )









=
1

∑

K∈Th
P∈K

|K|















∑

K∈Th
P∈K

|K|

(

∂uh

∂x1

)

|K

∑

K∈Th
P∈K

|K|

(

∂uh

∂x2

)

|K















.

INRIA



Adaptive �nite elements for the wave equation 7We now ontrol u − U with respet to U − uh.Lemma 3 Let u, uh, U be de�ned by (4), (5), (6), respetively. Assume that
f ∈ H2(0, T ; L2(Ω)) so that uh ∈ H4(0, T ; Vh) and U ∈ H2(0, T ; H1

0(Ω)). Wehave, for 0 ≤ t ≤ T :
∫

Ω

∣

∣

∣

∣

∂

∂t
(u − U)(t)

∣

∣

∣

∣

2

+

∫

Ω

|∇(u − U)(t)|
2

≤ 2

∫

Ω

∣

∣

∣

∣

∂

∂t
(u − U)(0)

∣

∣

∣

∣

2

+ 2

∫

Ω

|∇(u − U)(0)|2 + 2t

∫ t

0

∫

Ω

∣

∣

∣

∣

∂2

∂t2
(U − uh)

∣

∣

∣

∣

2

.(14)Proof. Using (4) and (6) we have
∫

Ω

∂2

∂t2
(u − U)v +

∫

Ω

∇(u − U) · ∇v =

∫

Ω

∂2

∂t2
(uh − U)v,for all v ∈ H1

0 (Ω), a.e. t ∈ (0, T ). We then hoose v = ∂/∂t(u − U) to obtain
1

2

d

dt

∫

Ω

(

∣

∣

∣

∣

∂

∂t
(u − U)

∣

∣

∣

∣

2

+ |∇(u − U)|2

)

=

∫

Ω

∂2

∂t2
(uh − U)

∂

∂t
(u − U).We set

y(t) =

∫

Ω

(

∣

∣

∣

∣

∂

∂t
(u − U)

∣

∣

∣

∣

2

+ |∇(u − U)|2

)

,and use Cauhy-Shwarz inequality to obtain
1

2

d

dt
y(t) ≤

∥

∥

∥

∥

∂2

∂t2
(uh − U)

∥

∥

∥

∥

L2(Ω)

y1/2(t). (15)Sine
d

dt
y1/2 =

1

2
y−1/2 dy

dt
,we therefore obtain, integrating (15) between time 0 and t :

y1/2(t) ≤ y1/2(0) +

∫ t

0

∥

∥

∥

∥

∂2

∂t2
(uh − U)

∥

∥

∥

∥

L2(Ω)

.Taking the square and using Young's inequality yields the result.It now remains to estimate ∂/∂t(u−U)(0), ∇(u−U)(0) and ∂2/∂t2(U −uh).Lemma 4 Assume that the polygon Ω is onvex and that f ∈ H2(0, T ; L2(Ω)).Let u, uh, U be de�ned by (4), (5), (6), respetively. Then, there exists C1independent of the mesh size (but depending on the aspet ratio) suh that
∫ T

0

∫

Ω

∣

∣

∣

∣

∂2

∂t2
(U − uh)

∣

∣

∣

∣

2

≤ C1

∫ T

0

∑

K∈Th

η2
K,2, (16)RR n° 7115



8 Maro Piassowhere η2
K,2 is de�ned by

η2
K,2 = h4

K

∥

∥

∥

∥

∂2f

∂t2
−

∂4uh

∂t4

∥

∥

∥

∥

2

L2(K)

+ h3
K

∥

∥

∥

∥

[

∇
∂2uh

∂t2
.n

]∥

∥

∥

∥

2

L2(∂K)

. (17)Moreover, if u0, v0 ∈ H2(Ω), then there exists C2 independent of the mesh sizeand aspet ratio, C3 and C4 independent of the mesh size (but depending on theaspet ratio) suh that
∫

Ω

∣

∣

∣

∣

∂

∂t
(u − U)(0)

∣

∣

∣

∣

2

+

∫

Ω

|∇(u − U)(0)|
2

≤ C2

∑

K∈Th

η2
K,3 + C3

∑

K∈Th

η2
K,4 + C4h

2

∫

Ω

(

|D2u0|
2 + |D2v0|

2
)

. (18)where η2
K,3 and η2

K,4 are de�ned by
η2

K,3 =

(

∥

∥

∥

∥

f(0) −
∂2uh

∂t2
(0)

∥

∥

∥

∥

L2(K)

+
1

2

3
∑

i=1

(

|ℓi,K |

λ1,Kλ2,K

)1/2

‖ [∇uh(0) · n] ‖L2(ℓi,K)

)

× ωK((u − U)(0)), (19)
η2

K,4 = h4
K

∥

∥

∥

∥

∂f

∂t
(0) −

∂3uh

∂t3
(0)

∥

∥

∥

∥

2

L2(K)

+ h3
K

∥

∥

∥

∥

[

∇
∂uh

∂t
(0) · n

]∥

∥

∥

∥

2

L2(∂K)

. (20)Proof. We mimik [18℄ in order to obtain (17). From (5) and (6) we have
∫

Ω

∇(U − uh) · ∇vh = 0 ∀vh ∈ Vh.Sine f ∈ H2(0, T ; L2(Ω)), uh ∈ H4(0, T ; Vh) and U ∈ H2(0, T ; H1
0 (Ω)), thus,di�erentiating the above equation twie with respet to t, we obtain

∫

Ω

∇
∂2

∂t2
(U − uh) · ∇vh = 0 ∀vh ∈ Vh. (21)Let ϕ ∈ L2(0, T ; H1

0(Ω)) be de�ned by
∫

Ω

∇ϕ · ∇v =

∫

Ω

∂2

∂t2
(U − uh)v ∀v ∈ H1

0 (Ω).We thus have, using (21),
∫

Ω

∣

∣

∣

∣

∂2

∂t2
(U − uh)

∣

∣

∣

∣

2

=

∫

Ω

∇ϕ · ∇
∂2

∂t2
(U − uh)

=

∫

Ω

∇(ϕ − vh) · ∇
∂2

∂t2
(U − uh),for all vh ∈ Vh. Sine Ω is a onvex polygon, U ∈ H2(0, T ; H2(Ω)), thus we anintegrate by parts the di�usion term over eah triangle K to obtain

∫

Ω

∣

∣

∣

∣

∂2

∂t2
(U − uh)

∣

∣

∣

∣

2

=
∑

K∈Th

(

∫

K

∆
∂2

∂t2
(U−uh)(ϕ−vh)+

1

2

∫

∂K

[

∇
∂2

∂t2
(U − uh) · n

]

(ϕ−vh)

)

.INRIA



Adaptive �nite elements for the wave equation 9Sine Ω is a onvex polygon, ϕ ∈ L2(0, T ; H2(Ω)), we are thus allowed to hoose
vh = rhϕ, the Lagrange interpolant of ϕ. Moreover, there exists C dependingonly on the size of Ω suh that

‖ϕ‖H2(Ω) ≤ C

∥

∥

∥

∥

∂2

∂t2
(U − uh)

∥

∥

∥

∥

L2(Ω)

.Therefore, using standart interpolation results, there exists C independent ofthe mesh size (but depending on the aspet ratio) suh that
∫

Ω

∣

∣

∣

∣

∂2

∂t2
(U − uh)

∣

∣

∣

∣

2

≤ C
∑

K∈Th

(

h4
K

∥

∥

∥

∥

∆
∂2

∂t2
(U − uh)

∥

∥

∥

∥

2

L2(K)

+
1

2
h3

K

∥

∥

∥

∥

[

∇
∂2

∂t2
(U − uh) · n

]∥

∥

∥

∥

2

L2(∂K)

)

.Finally, sine
−∆

∂2U

∂t2
=

∂2f

∂t2
−

∂4uh

∂t4
and [

∇
∂2

∂t2
U · n

]

= 0,then (16) is proved.We now derive an upper bound for (u − U)(0). From (6) we have, for all
v ∈ H1

0 (Ω),
∫

Ω

∇(u − U) · ∇v =

∫

Ω

∂2

∂t2
(uh − u)v

=

∫

Ω

(

∂2uh

∂t2
v − fv −∇uh · ∇v

)

+

∫

Ω

∇(u − uh) · ∇v,thus using (5) we obtain :
∫

Ω

∇(u − U) · ∇v

=

∫

Ω

(

∂2uh

∂t2
(v − vh) − f(v − vh) −∇uh · ∇(v − vh)

)

+

∫

Ω

∇(u − uh) · ∇v. (22)At initial time, the above equation writes
∫

Ω

∇(u−U)(0)·∇v =

∫

Ω

(

∂2uh

∂t2
(0)(v − vh) − f(0)(v − vh) −∇uh(0) · ∇(v − vh)

)

+

∫

Ω

∇(u0 − rhu0) · ∇v. (23)We then hoose v = (u − U)(0), vh = Rh(u − U)(0), where Rh is Clément'sinterpolant, use the interpolation estimates of Lemma 1 to obtain
∫

Ω

|∇(u − U)(0)|2 ≤ C
∑

K∈Th

η2
K,3 +

∫

Ω

|∇(u0 − rhu0)|
2,where C does not depend on the mesh size and aspet ratio.RR n° 7115



10 Maro PiassoDi�erentiating (22) with respet to t yields, at initial time
∫

Ω

∇
∂

∂t
(u−U)(0)·∇v =

∫

Ω

(

∂3uh

∂t3
(0)(v − vh) −

∂f

∂t
(0)(v − vh) −∇

∂uh

∂t
(0) · ∇(v − vh)

)

+

∫

Ω

∇(v0 − rhv0) · ∇v, (24)for all v ∈ H1
0 (Ω) and vh ∈ Vh. Let ϕ ∈ H1

0 (Ω) be de�ned by
∫

Ω

∇ϕ · ∇v =

∫

Ω

∂

∂t
(U − u)(0)v ∀v ∈ H1

0 (Ω).We then hose v = ∂/∂t(u − U)(0) and use (24) to obtain
∫

Ω

∣

∣

∣

∣

∂

∂t
(u − U)(0)

∣

∣

∣

∣

2

=

∫

Ω

(

∂3uh

∂t3
(0)(ϕ − vh) −

∂f

∂t
(0)(ϕ − vh) −∇

∂uh

∂t
(0) · ∇(ϕ − vh)

)

+

∫

Ω

∇(v0 − rhv0) · ∇ϕ.We then hoose vh = rhϕ, the Lagrange interpolant of ϕ, and use standartinterpolation results to prove (18).We now state the main result of the paper.Theorem 1 Assume that the polygon Ω is onvex, that u0, v0 ∈ H2(Ω) and
f ∈ H2(0, T ; L2(Ω)). Let u, uh, U be de�ned by (4), (5), (6), respetively. Letthe error estimators ηK,1, ηK,2, ηK,3, ηK,4 be de�ned by (12), (17), (19), (20),respetively. Then, there exists C1 independent of the mesh size and aspet ratio,
C2 independent of the mesh size (but depending on the aspet ratio) suh that
∫ T

0

∫

Ω

|∇(u − uh)|2 ≤ C1

(

∫ T

0

∑

K∈Th

η2
K,1 +

∑

K∈Th

η2
K,3

)

+ C2

(

∫ T

0

∑

K∈Th

η2
K,2 +

∑

K∈Th

η2
K,4 + h2

∫

Ω

(

|D2u0|
2 + |D2v0|

2
)

)

. (25)Proof. We have
∫ T

0

∫

Ω

|∇(u − uh)|2 ≤ 2

∫ T

0

∫

Ω

|∇(u − U)|2 + 2

∫ T

0

∫

Ω

|∇(U − uh)|2.From Lemma 3 we have
∫ T

0

∫

Ω

|∇(u−U)|2 ≤ 2T

∫

Ω

∣

∣

∣

∣

∂

∂t
(u − U)(0)

∣

∣

∣

∣

2

+2T

∫

Ω

|∇(u − U)(0)|
2
+T 2

∫ T

0

∫

Ω

∣

∣

∣

∣

∂2

∂t2
(U − uh)

∣

∣

∣

∣

2

.Using Lemma 2 and 4 in the two above estimates yields the result. INRIA



Adaptive �nite elements for the wave equation 114 Time disretization and numerial results withnon adapted meshesThe time disretization onsidered here orresponds to the impliit order twoNewmark sheme. Given an integer N , we set τ = T/N the time step, tn =
nτ and introdue un

h an approximation of uh(tn), n = 0, ..., N . The initialonditions are set to u0
h = rhu0, v0

h = rhv0. The �rst approximation u1
h ∈ Vhsatis�es

∫

Ω

u1
h − u0

h − τv0
h

τ2
vh +

∫

Ω

(

1

4
∇u1

h +
1

4
∇u0

h

)

· ∇vh =

∫

Ω

f(t0)vh,for all vh ∈ Vh. Then, for eah n = 1..., N , we ompute un+1
h ∈ Vh suh that

∫

Ω

un+1
h − 2un

h + un−1
h

τ2
vh+

∫

Ω

(

1

4
∇un+1

h +
1

2
∇un

h +
1

4
∇un−1

h

)

·∇vh =

∫

Ω

f(tn)vh,for all vh ∈ Vh. This sheme is O(h + τ2) onvergent in the L2(0, T ; H1(Ω))norm. Therefore, setting τ = O(h), the error due to time disretization be-omes asymptotially negligible so that the error due to spae disretizationonly should be reovered. The interested reader should note that the Stormer-Numerov sheme [23℄ ould be used to obtain a O(h + τ4) onvergent sheme.We now report numerial results using uniform meshes and onstant timesteps when using
∫ T

0

∑

K∈Th

η2
K,1 (26)as error indiator. Going bak to the upper bound (25), it an be notied thatthe terms

∫ T

0

∑

K∈Th

η2
K,2 +

∑

K∈Th

η2
K,4are of higher order and an thus be disregarded. This is not the ase of theterms

∑

K∈Th

η2
K,3 and h2

∫

Ω

(

|D2u0|
2 + |D2v0|

2
)

.Sine a trapezoidal quadrature formula is used to approximate (26), The ηK,3term yields a ontribution whih is very similar to that of (26). Numerialresults reported hereafter indiate that using (26) is indeed su�ient to representorretly the error.
RR n° 7115



12 Maro PiassoIn order to study the quality of our error indiator, the following two e�e-tivity indies are introdued
eiZZ =















∫ T

0

∑

K∈Th

(

∣

∣

∣

∣

(I − Πh)

(

∂uh

∂x1

)∣

∣

∣

∣

2

+

∣

∣

∣

∣

(I − Πh)

(

∂uh

∂x2

)∣

∣

∣

∣

2
)

∫ T

0

∫

Ω

|∇(u − uhτ )|2















1/2

,

eiA =













∫ T

0

∑

K∈Th

η2
K,1

∫ T

0

∫

Ω

|∇(u − uhτ )|2













1/2

,where Πh is de�ned in Remark 1, ηK,1 is de�ned in (12) and uhτ denotes theontinuous, pieewise linear approximation in time de�ned by
uhτ (x, t) =

t − tn−1

τ
un

h(x) +
tn − t

τ
un−1

h (x) tn−1 ≤ t ≤ tn, x ∈ Ω. (27)The �rst numerial example orresponds to the ase when
Ω =]0, 1[2, T = 0.4, f(x1, x2, t) = 0,

u0(x1, x2) = exp−1000∗(x1−0.5)2 , v0(x1, x2) = 0. (28)Homogeneous boundary onditions apply on the vertial sides of Ω whereas Neu-man homogeneous boundary onditions apply on the horizontal sides. Thereforethe solution is one-dimensional and is given by d'Alembert formula
u(x1, x2, t) =

1

2

(

u0(x1 − t, x2) + u0(x1 + t, x2)
)

.The omputed solution at time 0 and 0.3 is reported in Fig. 1 when using auniform mesh with mesh hx = 0.005, hy = 0.05 and a time step τ = 0.0005.Numerial experiments with several uniform meshes and onstant time steps arereported in Table 1.In rows 1-6, it is observed that when setting h = O(τ2) then the error isdivided by four eah time the time step is divided by two thus
(

∫ T

0

∫

Ω

|∇(u − uhτ )|2

)1/2

= O(h + τ2).It should be noted that eiZZ , the e�etivity index of ZZ, is not lose to one inrows 1-3 due to the fat that the error due to spae disretization is of the sameorder than the error due to time disretization.In order to insure that the error due to time disretization beomes negligiblewith respet to the error due to spae disretization we hoose τ = O(h) in rows7-9. We observe that the error is still of order one and that eiZZ now onvergesto one when h onverges to zero, as for ellipti problems. INRIA



Adaptive �nite elements for the wave equation 13
hx hy τ e eiZZ eiA Nvert0.01 0.1 0.01 1.70 0.23 0.60 12920.0025 0.025 0.005 0.46 0.19 0.52 200010.000625 0.00625 0.0025 0.11 0.19 0.51 3253020.01 0.1 0.001 0.83 0.51 1.34 12920.0025 0.025 0.0005 0.10 0.86 2.41 200010.000625 0.00625 0.00025 0.022 0.98 2.67 3253020.01 0.1 0.001 0.83 0.51 1.34 12920.005 0.05 0.0005 0.27 0.71 2.00 50700.0025 0.025 0.00025 0.10 0.87 2.44 200010.00125 0.0125 0.000125 0.046 0.96 2.63 80391Table 1: Example 28. Non adapted meshes. τ2 = O(h) and τ = O(h). Notation: e =

(

∫ T

0

∫

Ω |∇(u − uhτ)|2
)1/2, Nvert is the number of verties of the �nalmesh.

-0.200.2
0.40.60.8
1

0 0.2 0.4 0.6 0.8 1
t = 0

t = 0.3

Figure 1: Example 28. Non adapted meshes. hx = 0.005, hy = 0.05, τ = 0.0005.Computed solution uh(x1, 1, t) with respet to x1 at time t = 0 and t = 0.3.In the seond numerial example we hange the following parameters in (28):
T = 1.4, u0(x1, x2) = exp

−1000∗

(

(x1−0.5)2+(x2−0.5)2
)

, (29)and homogeneous boundary onditions apply on the whole boundary of Ω. Forthis test ase, the exat solution is not known and multiple re�etions an beobserved when the initial wave hits the boundary, see Fig. 2.
RR n° 7115



14 Maro Piasso

Figure 2: Example 29. Non adapted meshes. Numerial solution on a 100×100uniform mesh at time 0.3, 0.6, 0.9, 1.2.5 An anisotropi, adaptive �nite element algo-rithmWe now use the adaptive algorithm desribed in [20℄ using
∫ T

0

∑

K∈Th

η2
K,1as error indiator. The goal is to �nd anisotropi triangulations T n

h , n = 1, ..., Nsuh that the relative estimated error is lose to a preset tolerane TOL, namely:
(1 − α)TOL ≤

(

∫ T

0

∑

K∈Th

η2
K,1

)1/2

(

∫ T

0

∫

Ω

|∇uhτ |
2

)1/2
≤ (1 + α)TOL. (30)Hereabove, 0 < α < 1 is a parameter a�eting the number of remeshings, ingeneral we hoose α = 0.25. A su�ient ondition to satisfy (30) is to build, foreah n = 1, ..., N , an anisotropi triangulation T n

h suh that
(1 − α)2TOL2

∫ tn

tn−1

∫

Ω

|∇uhτ |
2 ≤

∫ tn

tn−1

∑

K∈Th

η2
K,1 ≤ (1 + α)2TOL2

∫ tn

tn−1

∫

Ω

|∇uhτ |
2.INRIA



Adaptive �nite elements for the wave equation 15We then proeed as in [20℄ to build suh an anisotropi mesh, using the BL2Dmesh generator [9℄.Example (28) is onsidered. Unless otherwise spei�ed, the initial triangu-lation is a uniform 100 × 10 mesh. Results are reported when using severalvalues of TOL with τ = O(TOL−1) so that the error due to time disretizationbeomes asymptotially negligible. The results of Table 2 orrespond to thehoie α = 0.25 in (30) whih was the parameter used in [20℄. As expeted, theerror is divided by two eah time TOL is, the number of verties of the �nalmesh is multiplied by four and the number of remeshings is roughly onstant.However, unlike the results obtained with non adapted meshes, the e�etivityindex of ZZ does not go to one. The results with TOL = 0.125 are reportedin Fig. 3 to 5. As seen in Fig. 5, the disrepany between the true and esti-mated error inreases with respet to time. We suspet that the missing erroris due to interpolation between meshes and therefore we perform experimentswith α = 0.5 in (30), or even by imposing the times at whih remeshing isperformed. The results are reported in Table 3. Clearly, the e�etivity indexof ZZ at �nal time depends on the number of remeshings. Therefore, unlikewhat has been observed for paraboli problems [20, 17℄, we onjeture that theinterpolation error between meshes annot be negleted for the wave equation.Estimating this error is not an easy task for non ompatible anisotropi meshesand is beyond the sope of the present paper. However, this interpolation errorshould be onsidered in a forthoming ontribution.
TOL τ e eiZZ eiA Nvert Nmesh max ratio av ratio0.125 0.001 0.27 0.45 1.23 2382 28 145 270.0625 0.0005 0.10 0.64 1.73 9781 27 245 290.03125 0.00025 0.051 0.64 1.77 36865 39 226 300.015625 0.000125 0.023 0.71 1.96 182914 45 285 25Table 2: Example 28. Adaptive algorithm. Results with respet to TOL when

α = 0.25. Caption : Nmesh is the number of generated meshes, max ratio (resp.
av ratio) is the maximum (resp. average) aspet ratio λ1,K/λ2K of the �nalmesh.
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-0.100.10.20.3
0.40.50.60.70.8
0.91

0 0.2 0.4 0.6 0.8 1
t = 0

t = 0.3

Figure 3: Example 28. Adaptive algorithm with TOL = 0.125, α = 0.25.Computed solution uh(x1, 1, t) with respet to x1 at time t = 0 and t = 0.3.

Figure 4: Example 28. Adaptive algorithm with TOL = 0.125, α = 0.25.Adapted mesh at time t = 0 (1305 verties) and t = 0.3 (2164 verties).

INRIA



Adaptive �nite elements for the wave equation 17

0.010.1
110
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

true errorerror estimator
eiZZremeshing time

♦♦♦
♦ ♦ ♦♦ ♦ ♦ ♦ ♦ ♦♦♦ ♦ ♦ ♦ ♦ ♦♦ ♦ ♦♦ ♦ ♦♦ ♦

♦

Figure 5: Example 28. Adaptive algorithm with TOL = 0.125, α = 0.25. Trueand estimated error with respet to time.
e eiZZ eiA Nvert Nmesh max ratio av ratio0.049 0.77 2.06 60179 23 217 260.051 0.64 1.77 36865 39 226 300.071 0.76 2.03 33281 20 204 340.064 0.68 1.85 15817 40 355 56Table 3: Example 28. Adapted meshes. In�uene of the number of remeshingswith TOL = 0.03125 and τ = 0.00025; row 1 : adaptive algorithm with α = 0.5;row 2 : adaptive algorithm with α = 0.25; row 3 : 20 imposed remeshings attime 0.02, 0.04,... 0.38; row 4 : 40 imposed remeshings at time 0.01, 0.02,...

0.39.In order to hek the onjeture that the interpolation error between meshesannot be negleted, onservative interpolation [4℄ rather than linear interpo-lation is onsidered to interpolate the omputed solution after remeshing. Theresults are reported in Table 4 and learly show that the e�etivity index of ZZis loser to one with onservative interpolation rather than linear interpolation.
TOL τ e eiZZ eiA Nvert Nmesh max ratio av ratio0.125 0.001 0.20 0.66 1.77 3797 18 111 240.0625 0.0005 0.089 0.74 2.00 9260 25 245 320.03125 0.00025 0.045 0.73 2.00 27711 37 339 430.015625 0.000125 0.021 0.78 2.15 86381 46 799 52Table 4: Example 28. Adaptive algorithm. Results with respet to TOL when

α = 0.25 when using the onservative interpolation method of [4℄ to interpolatethe omputed solution after remeshing.
RR n° 7115



18 Maro PiassoStill in order to hek the onjeture that the interpolation error betweenmeshes annot be negleted, the damped wave equation is onsidered
∂2u

∂t2
− ∆u + β

∂u

∂t
= f. (31)Clearly, when the damping oe�ient β ≥ 0 inreases, then the behaviour ofthe equation ressembles that of a paraboli problem, thus we onjeture thatthe interpolation error between meshes should derease. Still onsidering theexample (28) of the previous setion, the exat solution an be omputed bymeans of Fourier series. The adaptive algorithm is run with several values of

β and the results are reported in Table 5. Clearly, when β = 100, then thee�etivity index of ZZ is lose to one and the e�etivity index of our errorestimator is lose to 2.7 whih orresponds to the value already observed forvarious ellipti and paraboli problems, whih shows that the interpolation errorbetween meshes beomes unimportant.
β e eiZZ eiA Nvert Nmesh max ratio av ratio0. 0.27 0.45 1.23 2382 28 145 2710. 0.098 0.68 1.86 2264 30 141 27100. 0.060 0.99 2.73 233 8 175 44Table 5: Example 28. Adaptive algorithm. Results when solving the dampedwave equation (31) with several values of β with TOL = 0.125 and τ = 0.001.Example (29) of the previous setion is now onsidered. Eventhough theexat solution is not known, onvergene of the adaptive algorithm with respetto TOL is observed. The adapted meshes at time 0.3, 0.6, 0.9 and 1.2 arereported in Fig. 6. Plots of the solution along the diagonal are reported in Fig.7 and 8 for several values of TOL. The results are summarized in Table 6.

INRIA



Adaptive �nite elements for the wave equation 19

Figure 6: Example 29. Adaptive algorithm with TOL = 0.125. Adapted meshat time 0.3 (23632 verties), 0.6 (37132 verties), 0.9 (38187 verties), 1.2 (52132verties).

-0.08-0.06-0.04-0.0200.020.040.060.080.1

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
100 × 100 uniform

TOL = 0.25
TOL = 0.125

TOL = 0.0625

Figure 7: Example 29. Adaptive algorithm. Computed solution uh(x1, x2, t)along the diagonal x1 = x2 at time 0.3. Convergene with respet to TOL when
τ = 0.001.
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-0.15-0.1-0.0500.050.10.15

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
100 × 100 uniform

TOL = 0.25
TOL = 0.125

TOL = 0.0625

Figure 8: Example 29. Adaptive algorithm. Computed solution uh(x1, x2, t)along the diagonal x1 = x2 at time 1.2. Convergene with respet to TOL when
τ = 0.001.

TOL τ Nvert Nmesh max ratio av ratio0.25 0.001 7172 104 12 20.125 0.001 50264 146 38 30.0625 0.001 176427 160 58 4Table 6: Example 29. Adaptive algorithm. Results with respet to TOL.6 ConlusionsAn a posteriori error estimate in the L2(0, T ; H1(Ω)) norm is proposed for thewave equation. Numerial results on non-adapted meshes show that the errorindiator ηK,1 de�ned by (12) is sharp even with meshes having large aspetratio. An adaptive algorithm already presented for paraboli problems is on-sidered. A numerial study of the e�etivity index on adapted meshes shows adisrepany between the true error and the error indiator. We suspet that thiserror orresponds to the interpolation error introdued when remeshing ours.Experiments of the damped wave equation indeed show that the disrepanybetween error and estimator dereases when the damping oe�ient inreases.This is in aordane with the fat that the interpolation error due to remeshingdoes not need to be onsidered for paraboli problems provided the number ofremeshings does not depend on h (or TOL) and τ , see [20, 10, 17℄.An estimation of the interpolation error due to remeshing should be thesubjet of a future work. This is a di�ult task sine non-ompatible anisotropimeshes are involved.
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