
HAL Id: inria-00433107
https://inria.hal.science/inria-00433107

Submitted on 18 Nov 2009

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Vertex Removal in Two Dimensional Delaunay
Triangulation: Asymptotic Complexity is Pointless

Olivier Devillers

To cite this version:
Olivier Devillers. Vertex Removal in Two Dimensional Delaunay Triangulation: Asymptotic Com-
plexity is Pointless. [Research Report] RR-7104, INRIA. 2009, pp.15. �inria-00433107�

https://inria.hal.science/inria-00433107
https://hal.archives-ouvertes.fr


appor t  




de  r ech er ch e


IS
S

N
0

2
4

9
-6

3
9

9
IS

R
N

IN
R

IA
/R

R
--

7
1

0
4

--
F

R
+

E
N

G

Thème SYM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Vertex Removal in Two Dimensional Delaunay

Triangulation:

Asymptotic Complexity is Pointless

Olivier Devillers

N° 7104

Novembre 2009





Centre de recherche INRIA Sophia Antipolis – Méditerranée
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

❱❡rt❡① ❘❡♠♦✈❛❧ ✐♥ ❚✇♦ ❉✐♠❡♥s✐♦♥❛❧ ❉❡❧❛✉♥❛②

❚r✐❛♥❣✉❧❛t✐♦♥✿

❆s②♠♣t♦t✐❝ ❈♦♠♣❧❡①✐t② ✐s P♦✐♥t❧❡ss

❖❧✐✈✐❡r ❉❡✈✐❧❧❡rs

❚❤è♠❡ ❙❨▼ ✖ ❙②stè♠❡s s②♠❜♦❧✐q✉❡s
➱q✉✐♣❡✲Pr♦❥❡t ●❡♦♠❡tr✐❝❛

❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ✼✶✵✹ ✖ ◆♦✈❡♠❜r❡ ✷✵✵✾ ✖ ✶✻ ♣❛❣❡s

❆❜str❛❝t✿ ❚❤❡ t❤❡♦r❡t✐❝❛❧ ❝♦♠♣❧❡①✐t② ♦❢ ✈❡rt❡① r❡♠♦✈❛❧ ✐♥ ❛ ❉❡❧❛✉♥❛② tr✐❛♥✲
❣✉❧❛t✐♦♥ ✐s ♦❢t❡♥ ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ❞❡❣r❡❡ d ♦❢ t❤❡ r❡♠♦✈❡❞ ♣♦✐♥t ✇✐t❤ ✉s✉❛❧
r❡s✉❧ts O(d)✱ O(d log d)✱ ♦r O(d2)✳ ■♥ ❢❛❝t t❤❡ ❛s②♠♣t♦t✐❝ ❝♦♠♣❧❡①✐t② ✐s ♦❢ ♣♦♦r
✐♥t❡r❡st s✐♥❝❡ d ✐s ✉s✉❛❧❧② q✉✐t❡ s♠❛❧❧✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❝❛r❡❢✉❧❧② ❞❡s✐❣♥ ❝♦❞❡
❢♦r s♠❛❧❧ ❞❡❣r❡❡s 3 ≤ d ≤ 7✱ ✐t ✐♠♣r♦✈❡s t❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ r❡♠♦✈❛❧ ❢♦r
r❛♥❞♦♠ ♣♦✐♥ts ❜② ❛ ❢❛❝t♦r ♦❢ ✷✳
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❙✉♣♣r✐♠❡r ❞❛♥s ✉♥❡ tr✐❛♥❣✉❧❛t✐♦♥ ❞❡ ❉❡❧❛✉♥❛②

✷❉✿ ❧❛ ❝♦♠♣❧❡①✐té ❛s②♠♣t♦t✐q✉❡ ♥✬❡st ♣❛s

♣❡rt✐♥❡♥t❡

❘és✉♠é ✿ ▲❛ ❝♦♠♣❧❡①✐té t❤é♦r✐q✉❡ ❞❡ ❧❛ s✉♣♣r❡ss✐♦♥ ❞✬✉♥ s♦♠♠❡t ❞❛♥s ✉♥❡
tr✐❛♥❣✉❧❛t✐♦♥ ❞❡ ❉❡❧❛✉♥❛② ❡st ❡♥ ❣é♥ér❛❧ ❡①♣r✐♠é❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❞❡❣ré d ❞✉
♣♦✐♥t s✉♣♣r✐♠é✱ ❛✈❡❝ ❞❡s rés✉❧t❛ts t❡❧s q✉❡ O(d)✱ O(d log d) ♦✉ O(d2)✳ ❊♥ ❢❛✐t✱ ❧❛
❝♦♠♣❧❡①✐té ❛s②♠♣t♦t✐q✉❡ ♣rés❡♥t❡ ✉♥ ✐♥térêt ❢❛✐❜❧❡ ❝❛r d ❡st ♣❧✉tôt ♣❡t✐t✳ ❉❛♥s
❝❡t ❛rt✐❝❧❡✱ ♥♦✉s ❡①♣❧✐q✉♦♥s ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡ ❝♦❞❡ s♣é❝✐❛❧✐sé ♣♦✉r ❧❛ s✉♣♣r❡ss✐♦♥
❞❡ s♦♠♠❡ts ❞❡ ♣❡t✐t ❞❡❣ré 3 ≤ d ≤ 7✱ ❝❡ ❝♦❞❡ ❛♠é❧✐♦r❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❣❧♦❜❛❧
❞❡s s✉♣♣r❡ss✐♦♥s ❞✬✉♥ ❢❛❝t❡✉r ✷ ❞❛♥s ❧❡ ❝❛s ❞❡ ♣♦✐♥ts ❛❧é❛t♦✐r❡s✳
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t✐♦♥
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✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❉❡❧❛✉♥❛② tr✐❛♥❣✉❧❛t✐♦♥ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ❢❛♠♦✉s str✉❝t✉r❡ ✐♥ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❣❡♦♠❡tr②✱ ❛♥❞ ✐ts ❝♦♥str✉❝t✐♦♥ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ ♥✉♠❡r♦✉s ♣❛♣❡rs✳ ■♥
t❤✐s ♣❛♣❡r✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣r❛❝t✐❝❛❧ ❡✣❝✐❡♥❝② ♦❢ t❤❡ r❡♠♦✈❛❧ ♣r♦❝❡❞✉r❡
✐♥ ❛ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ tr✐❛♥❣✉❧❛t✐♦♥✳

❙❡✈❡r❛❧ ❛❧❣♦r✐t❤♠s ❡①✐st ❢♦r t❤✐s ♣r♦❜❧❡♠ ✇❤♦s❡ ❝♦♠♣❧❡①✐t② ✐s ✉s✉❛❧❧② ❣✐✈❡♥
✐♥ t❡r♠s ♦❢ t❤❡ ❞❡❣r❡❡ d ♦❢ t❤❡ r❡♠♦✈❡❞ ✈❡rt❡①✳ ❋❡✇ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❧✐♥❡❛r O(d)
❝♦♠♣❧❡①✐t②✱ ❧❡t ✉s ♠❡♥t✐♦♥ t❤❡ ❛❧❣♦r✐t❤♠ ❜② ❆❣❣❛r✇❛❧ ❡t ❛❧✳ ❬✶❪ ✇❤✐❝❤ ♣r♦✈✐❞❡s
❛ q✉✐t❡ ❝♦♠♣❧✐❝❛t❡❞ ❞❡t❡r♠✐♥✐st✐❝ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ s✐♠♣❧❡r s♦❧✉t✐♦♥ ❜② ❈❤❡✇
❬✸❪ ✇❤♦s❡ ❝♦♠♣❧❡①✐t② ✐s r❛♥❞♦♠✐③❡❞ ❛♥❞ ✐s st✐❧❧ ❛ ❜✐t ♦✈❡r❦✐❧❧ ❢♦r s♠❛❧❧ ❞❡❣r❡❡s✳
❆♥ O(d log d) ❝♦♠♣❧❡①✐t② ✐s ❛❝❤✐❡✈❡❞ ❜② ❉❡✈✐❧❧❡rs ❬✹❪ ✉s✐♥❣ ❛ ♣r❡❞✐❝❛t❡ ♦❢ ❤✐❣❤❡r
❞❡❣r❡❡ t❤❛♥ t❤❡ ✉s✉❛❧ ✐♥❝✐r❝❧❡ t❡st✱ ❛♥♦t❤❡r O(d log d) s♦❧✉t✐♦♥ ❝♦♠♣✉t❡s t❤❡
tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ t❤❡ ♥❡✐❣❤❜♦rs ♦❢ t❤❡ r❡♠♦✈❡❞ ♣♦✐♥ts ❛♥❞ ❣❧✉❡s t❤❡ r❡❧❡✈❛♥t ♣❛rt
♦❢ t❤✐s s♠❛❧❧ tr✐❛♥❣✉❧❛t✐♦♥ ✐♥ t❤❡ ❤♦❧❡ ❛r✐s✐♥❣ ❢r♦♠ t❤❡ r❡♠♦✈❛❧✳ ■♥ ♣r❛❝t✐❝❡✱
O(d2) s♦❧✉t✐♦♥s ❛r❡ ♦❢t❡♥ ♣r❡❢❡rr❡❞ ❢♦r t❤❡✐r s✐♠♣❧✐❝✐t②✱ t❤❡ t✇♦ ♠♦st ❝♦♠♠♦♥
❛r❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♠♣❧❡t✐♦♥ ❛♥❞ t❤❡ ❞✐❛❣♦♥❛❧ ✢✐♣♣✐♥❣ ❬✹❪✳

❈♦♥tr✐❜✉t✐♦♥

❉❡❧❡t✐♦♥ ✐♥ ❉❡❧❛✉♥❛② tr✐❛♥❣✉❧❛t✐♦♥ s❡❡♠s t♦ ❜❡ ❛ s♦❧✈❡❞ ♣r♦❜❧❡♠✱ ❜✉t t❤❡ ❞❡✈✐❧
✐s ✐♥ t❤❡ ❞❡t❛✐❧s ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❲❡ s❤♦✇ t❤❛t ❛ ❝❛r❡❢✉❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
❧♦✇ ❞❡❣r❡❡ ❝❛s❡s ❛❧❧♦✇s t♦ ❞r❛st✐❝❛❧❧② r❡❞✉❝❡ t❤❡ ❞❡❧❡t✐♦♥ t✐♠❡ ❢♦r t❤❡s❡ ❞❡❣r❡❡s✱
✐♠♣r♦✈✐♥❣ t❤❡ ❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡ ❜② ❛ ❢❛❝t♦r ♦❢ ✷✳ ❇② t❤❡ ✇❛②✱ ❛ ♠♦❞✐✜❝❛t✐♦♥
♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ✢✐♣♣✐♥❣ ❛❧❣♦r✐t❤♠✱ ✐♥ t❤❡ s❛♠❡ s♣✐r✐t✱ ✐♠♣r♦✈❡s ✐ts ❡✣❝✐❡♥❝② ❜②
✷✵✪✳

❆❢t❡r ❛ ❜r✐❡❢ r❡✈✐❡✇ ♦❢ ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ❞❡❧❡t✐♦♥ ❛❧❣♦r✐t❤♠s✱ t❤❡ s♣❡❝✐❛❧✐③❡❞
✈❡rs✐♦♥s ❢♦r ❧♦✇ ❞❡❣r❡❡s ❛r❡ ❞❡t❛✐❧❡❞ ❢r♦♠ t❤❡ ❛❧❣♦r✐t❤♠✐❝ ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥
♣♦✐♥st ♦❢ ✈✐❡✇✳ ❊①♣❡r✐♠❡♥ts ❛r❡ ❣✐✈❡♥ t♦ s✉♣♣♦rt ❞❡s✐❣♥ ❝❤♦✐❝❡s✳

❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❛s ❞♦♥❡ ✉s✐♥❣ ❈●❆▲ ❬✷❪✱ ❛♥❞ ✐s s✉❜♠✐tt❡❞ t♦ t❤❡
❈●❆▲ ❡❞✐t♦r✐❛❧ ❜♦❛r❞ ❢♦r ✐♥t❡❣r❛t✐♦♥ ✐♥ t❤❡ ❧✐❜r❛r②✳

✷ ❘❡♠♦✈❛❧ ❛❧❣♦r✐t❤♠s ❢♦r ❛♥② ❞❡❣r❡❡

✷✳✶ ❇♦✉♥❞❛r② ❝♦♠♣❧❡t✐♦♥

❚❤✐s ❛❧❣♦r✐t❤♠ ✜rst r❡♠♦✈❡s t❤❡ ❢❛❝❡s ✐♥❝✐❞❡♥t t♦ t❤❡ r❡♠♦✈❡❞ ✈❡rt❡①✱ ❝r❡❛t✐♥❣
❛ ❤♦❧❡ ✐♥ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥✱ t❤❡♥ ❛ q✉❡✉❡ ✐s ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ ❛❧❧ t❤❡ ❡❞❣❡s ♦❢ t❤❡
❤♦❧❡ ❜♦✉♥❞❛r②✳ ●✐✈❡♥ ❛♥ ❡❞❣❡ ✐♥ t❤❡ q✉❡✉❡ t❤❡ ♥❡✇ ❢❛❝❡ ✐♥❝✐❞❡♥t t♦ t❤❛t ❡❞❣❡
✐♥s✐❞❡ t❤❡ ❤♦❧❡ ✐s ❢♦✉♥❞ ✐♥ ❧✐♥❡❛r t✐♠❡ ❛♥❞ t❤❡ ❤♦❧❡ ✐s ✉♣❞❛t❡❞✳ ❆ s✐♠♣❧✐✜❡❞
tr❡❛t♠❡♥t ✐s ❞♦♥❡ ❢♦r t❤❡ r❡♠♦✈❛❧ ♦❢ ❛ ❞❡❣r❡❡ ✸ ✈❡rt❡①✳ ❚❤❡ ❤♦❧❡ ❞♦❡s ♥♦t ♥❡❡❞
t♦ r❡♠❛✐♥ s✐♠♣❧❡ ♥♦r ❝♦♥♥❡❝t❡❞ ❞✉r✐♥❣ t❤❡ ♣r♦❝❡ss✳

❉✐s❝✉ss✐♦♥

❚❤❡ t❤❡♦r❡t✐❝❛❧ ❝♦♠♣❧❡①✐t② ♦❢ s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ✐s ❝❧❡❛r❧② q✉❛❞r❛t✐❝ ✐♥ t❤❡ ❞❡❣r❡❡
d ♦❢ t❤❡ r❡♠♦✈❡❞ ✈❡rt❡① s✐♥❝❡ ❡❛❝❤ ♦❢ t❤❡ d − 4 ♥❡✇ ❡❞❣❡s ✐s ♦❜t❛✐♥❡❞ ✐♥ O(d)
t✐♠❡✳ ❚❤❡ ❝✉rr❡♥t ❝♦❞❡ ❢♦r ✈❡rt❡① ❞❡❧❡t✐♦♥ ✐♥ ❈●❆▲ ✸✳✺ ✉s❡s t❤✐s ❛❧❣♦r✐t❤♠✱ t❤❡
❝♦❞❡ ✐s ❛❜♦✉t ✸✺✵ ❧✐♥❡s ❛♥❞ ✐ts r✉♥♥✐♥❣ t✐♠❡ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✺✳

❘❘ ♥➦ ✼✶✵✹



✹ ❖✳ ❉❡✈✐❧❧❡rs

❇❧✉❡ ❡❞❣❡s ❛r❡ ♠❛r❦❡❞ t♦ ❜❡ ❝❤❡❝❦❡❞✱ t❤❡ ❝✉rr❡♥t ❝❤❡❝❦❡❞ ❡❞❣❡ ✐s ❡✐t❤❡r ✐♥ r❡❞ ♦r ✐♥

❣r❡❡♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡s✉❧t✳

❋✐❣✉r❡ ✶✿ ❆ ✢✐♣♣✐♥❣ s❡q✉❡♥❝❡✳

✷✳✷ ❋❧✐♣♣✐♥❣

❲❡ ✐♠♣❧❡♠❡♥t ❛♥♦t❤❡r ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ tr✐❛♥❣✉❧❛t✐♥❣ t❤❡ ❤♦❧❡ ✐♥ ❛♥
❛r❜✐tr❛r② ♠❛♥♥❡r ❛♥❞ t❤❡♥ ✢✐♣♣✐♥❣ ❡❞❣❡s t♦ r❡st♦r❡ t❤❡ ❉❡❧❛✉♥❛② ♣r♦♣❡rt②✳ ❚❤❡
✐♥✐t✐❛❧ tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ t❤❡ ❤♦❧❡ ✐s ❝♦♠❜✐♥❛t♦r✐❛❧ ✭t❤❛t ✐s ✐ts ❡♠❜❡❞❞✐♥❣ ♠❛② ♥♦t
❜❡ ♣❧❛♥❛r ✐❢ t❤❡ ❤♦❧❡ ✐s ♥♦t ❝♦♥✈❡①✮ ❜✉t t❤❡ ❣❡♦♠❡tr✐❝ ✈❛❧✐❞✐t② ❝♦♠❡s ❛t t❤❡ ❡♥❞
✇✐t❤ t❤❡ ❉❡❧❛✉♥❛② ♣r♦♣❡rt②✳

▲❡t d ❜❡ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ r❡♠♦✈❡❞ ✈❡rt❡① ❛♥❞ v0, v1, . . . vd−1 ✐ts ♥❡✐❣❤❜♦rs✳
❆♥ ✐♥✐t✐❛❧ tr✐❛♥❣✉❧❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ❥✉st ❧✐♥❦✐♥❣ v0 t♦ ❛❧❧ ✈❡rt✐❝❡s vj ✱ 2 ≤ j ≤
d − 2 ♦♥ t❤❡ ❤♦❧❡ ❜♦✉♥❞❛r②✳ ❚❤❡s❡ d − 3 ❡❞❣❡s ♠❛② ❜❡ ♥♦♥ ❧♦❝❛❧❧② ❉❡❧❛✉♥❛②✱
❛♥❞ ♠❛② ❡✈❡♥ ❜❡ ♦✉ts✐❞❡ t❤❡ ❤♦❧❡ t♦ ❜❡ tr✐❛♥❣✉❧❛t❡❞✱ t❤✉s t❤❡② ❛r❡ ♠❛r❦❡❞
t♦ ❜❡ ❝❤❡❝❦❡❞ ❢♦r ❧♦❝❛❧ ❉❡❧❛✉♥❛② ✈❛❧✐❞✐t②✳ ❚❤❡♥ t❤❡ ✉s✉❛❧ ❉❡❧❛✉♥❛② ✢✐♣♣✐♥❣
❛❧❣♦r✐t❤♠ ✐s ✉s❡❞✱ ❝❤❡❝❦✐♥❣ ❡❞❣❡s ❛♥❞ ✢✐♣♣✐♥❣ t❤❡♠ ✐❢ ♥❡❝❡ss❛r②✱ ✇✐t❤ t❤❡ s❧✐❣❤t
❞✐✛❡r❡♥❝❡ t❤❛t ✇❤❡♥ ❛ ♥♦♥ ❧♦❝❛❧ ❉❡❧❛✉♥❛② ❡❞❣❡ ✐s ✢✐♣♣❡❞✱ t❤❡ ❢♦✉r ❡❞❣❡s ♦❢ t❤❡
q✉❛❞r✐❧❛t❡r❛❧ ❛r❡ ♠❛r❦❡❞ t♦ ❜❡ ❝❤❡❝❦❡❞ ♦♥❧② ✐❢ t❤❡② ❛r❡ ♥♦t ❡❞❣❡s ♦❢ t❤❡ ❤♦❧❡
(vivi+1) ✭s❡❡ ❋✐❣✉r❡ ✶✮✳

❉✐s❝✉ss✐♦♥

❚❤❡ t❤❡♦r❡t✐❝❛❧ ✇♦rst ❝❛s❡ ❝♦♠♣❧❡①✐t② ✐s O(d2)✱ ❜✉t t❤❡ ❜❡❤❛✈✐♦r ♠❛② ❜❡ ❜❡tt❡r
✐❢ t❤❡ ✐♥✐t✐❛❧ tr✐❛♥❣✉❧❛t✐♦♥ ✐s ♥♦t t♦♦ ❜❛❞✳ ❖✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✉s❡s ❛❜♦✉t ✶✵✵
❧✐♥❡s✳ ❘✉♥♥✐♥❣ t✐♠❡s ❛r❡ ❝❧♦s❡ t♦ t❤♦s❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♠♣❧❡t✐♦♥ t❡❝❤♥✐q✉❡✳
❆♥ ✐♠♣r♦✈❡❞ ✈❛r✐❛♥t ♦❢ t❤❡ ✢✐♣♣✐♥❣ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳

✷✳✸ ❚r✐❛♥❣✉❧❛t❡ ❛♥❞ s❡✇

❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ✐s t♦ ✜rst ❝♦♠♣✉t❡ t❤❡ ❉❡❧❛✉♥❛② tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ t❤❡ ♥❡✐❣❤✲
❜♦rs ♦❢ t❤❡ ✈❡rt❡① t♦ ❜❡ r❡♠♦✈❡❞✳ ▲❡t DTbig ❜❡ t❤❡ ✐♥✐t✐❛❧ ❉❡❧❛✉♥❛② tr✐❛♥❣✉❧❛✲
t✐♦♥ ❛♥❞ DTsmall ❜❡ t❤❡ ❉❡❧❛✉♥❛② tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ t❤❡ ♥❡✐❣❤❜♦rs ♦❢ t❤❡ r❡♠♦✈❡❞
♣♦✐♥ts ❝♦♠♣✉t❡❞ ❜② ②♦✉r ❢❛✈♦r✐t❡ ♠❡t❤♦❞✳ ❚❤❡♥ t❤❡ ❤♦❧❡ ❜♦✉♥❞❛r② ✐s ♣r❡s❡♥t
✐♥ ❜♦t❤ tr✐❛♥❣✉❧❛t✐♦♥s✳ ❚❤✉s ❢♦r ❡❛❝❤ ❡❞❣❡ e ♦❢ t❤❡ ❤♦❧❡ ✇❡ ❝r❡❛t❡ ❛ ♥❡✇ ♥❡✐❣❤✲
❜♦r❤♦♦❞ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ tr✐❛♥❣❧❡ ♦❢ DTsmall ✐♥❝✐❞❡♥t t♦ e ✐♥s✐❞❡ t❤❡
❤♦❧❡ ❛♥❞ t❤❡ tr✐❛♥❣❧❡ ♦❢ DTbig ✐♥❝✐❞❡♥t t♦ e ♦✉ts✐❞❡ t❤❡ ❤♦❧❡✳ ■t ❥✉st r❡♠❛✐♥s t♦
t❤r♦✇ ❛✇❛② ❛❧❧ ✉s❡❧❡ss tr✐❛♥❣❧❡s t♦ ❣❡t t❤❡ ♥❡✇ tr✐❛♥❣✉❧❛t✐♦♥✳

❉✐s❝✉ss✐♦♥

❚❤❡ ❝♦♠♣❧❡①✐t② ✐s t❤❡ ♦♥❡ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ DTsmall ♣❧✉s O(d) t♦ s❡✇ ❜♦t❤
tr✐❛♥❣✉❧❛t✐♦♥s✱ s❛② ❛♥ ♦✈❡r❛❧❧ ❝♦♠♣❧❡①✐t② ♦❢ O(d log d) ✉s✐♥❣ ❛♥ ♦♣t✐♠❛❧ ❉❡❧❛✉✲
♥❛② ❝♦♥str✉❝t✐♦♥✳ ❚❤✐s t❡❝❤♥✐q✉❡ ✐s ❝✉rr❡♥t❧② ✉s❡❞ ✐♥ ❈●❆▲ ✸✳✺ ❢♦r t❤❡ t❤r❡❡

■◆❘■❆



❉❡❧❛✉♥❛② r❡♠♦✈❛❧ ❢♦r s♠❛❧❧ ❞❡❣r❡❡ ✈❡rt✐❝❡s ✺

❞✐♠❡♥s✐♦♥❛❧ tr✐❛♥❣✉❧❛t✐♦♥✱ ❜✉t ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s✱ s✐♠♣❧② ✐♥s❡rt✐♥❣ t❤❡ ♣♦✐♥ts
✐♥ ❛ s♠❛❧❧ tr✐❛♥❣✉❧❛t✐♦♥ ✐s ❛❧r❡❛❞② ♠✉❝❤ ♠♦r❡ ❡①♣❡♥s✐✈❡ t❤❛♥ ♦t❤❡r ❞❡❧❡t✐♦♥
♠❡t❤♦❞s✳

✷✳✹ ❊❛r q✉❡✉❡

❆♥ ❡❛r ✐s ❛ tr✐❛♥❣❧❡ ❝r❡❛t❡❞ ✐♥s✐❞❡ t❤❡ ❤♦❧❡ ✉s✐♥❣ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❡❞❣❡s ❛❧♦♥❣
t❤❡ ❤♦❧❡ ❜♦✉♥❞❛r②✳ ❚♦ ❡❛❝❤ ❝❛♥❞✐❞❛t❡ ❡❛r ✭❛ ❝❛♥❞✐❞❛t❡ ❡❛r ✐s ❞❡✜♥❡ ❜② ❛ ♣❛✐r
♦❢ ❝♦♥s❡❝✉t✐✈❡ ❡❞❣❡s ♦♥ t❤❡ ❤♦❧❡ ❜♦✉♥❞❛r②✮ ✐s ❛ss♦❝✐❛t❡❞ ❛ ♣r✐♦r✐t② ✇❤✐❝❤ ✐s t❤❡
♣♦✇❡r ♦❢ t❤❡ r❡♠♦✈❡❞ ♣♦✐♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝✐r❝❧❡ ❝✐r❝✉♠s❝r✐❜✐♥❣ t❤❡ ❡❛r✳
■t ✐s ♣r♦✈❡♥ ❬✹❪ t❤❛t t❤❡ ❡❛r ✇✐t❤ t❤❡ s♠❛❧❧❡st ♣r✐♦r✐t② ❜❡❧♦♥❣s t♦ t❤❡ ❉❡❧❛✉♥❛②
tr✐❛♥❣✉❧❛t✐♦♥✳ ❚❤✉s ❛ ♣r✐♦r✐t② q✉❡✉❡ ♦❢ ❡❛rs ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛♥❞ t❤❡ s♠❛❧❧❡st
♣r✐♦r✐t② ❡❛rs ❝❛♥ ❜❡ ♣r♦❝❡ss❡❞ ✐♥ t✉r♥✳

❉✐s❝✉ss✐♦♥

❚❤❡ ❝♦♠♣❧❡①✐t② ✐s O(d log d)✳ ❊①✐st✐♥❣ ❝♦♠♣❛r✐s♦♥s ❬✹❪ ❜❡t✇❡❡♥ t❤✐s t❡❝❤♥✐q✉❡
❛♥❞ t❤❡ ✢✐♣♣✐♥❣ ❛❧❣♦r✐t❤♠ ❞✐❞ ♥♦t s❤♦✇ ❛ s✐❣♥✐✜❝❛t✐✈❡ ❛❞✈❛♥t❛❣❡ ✐♥ t❡r♠s ♦❢
r✉♥♥✐♥❣ t✐♠❡✳ ❋✉rt❤❡r♠♦r❡✱ ✐t r❡q✉✐r❡s t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♣♦✇❡r ♦❢ t❤❡
r❡♠♦✈❡❞ ♣♦✐♥t ✇✐t❤ ❞✐✛❡r❡♥t ❡❛rs ✇❤✐❝❤ ✐♥✈♦❧✈❡s ❛ ♥❡✇ ❣❡♦♠❡tr✐❝ ♣r❡❞✐❝❛t❡✳

✷✳✺ ❘❛♥❞♦♠✐③❡❞ r❡✐♥s❡rt✐♦♥

❈❤❡✇✬s r❛♥❞♦♠✐③❡❞ ❛❧❣♦r✐t❤♠ ❬✸❪ ✐s ❛ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ✏tr✐❛♥❣✉❧❛t❡ ❛♥❞ s❡✇✑
t❡❝❤♥✐q✉❡✳ ❚❤❡ ♠❡t❤♦❞ ✉s❡❞ t♦ tr✐❛♥❣✉❧❛t❡ t❤❡ ♥❡✐❣❤❜♦rs ✐s ♠♦❞✐✜❡❞✱ ❜❛s✐❝❛❧❧②
✉s✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♥❡✐❣❤❜♦rs ❛r♦✉♥❞ t❤❡ ❞❡❧❡t❡❞ ✈❡rt❡①
t♦ r❡❞✉❝❡ t❤❡ ❧♦❝❛t✐♦♥ t✐♠❡ t♦ ❜❡ ❝♦♥st❛♥t✳

❉✐s❝✉ss✐♦♥

❘❛♥❞♦♠✐③❡❞ ❝♦♠♣❧❡①✐t② ✐s O(d)✳ ❆s ❢♦r ✏tr✐❛♥❣✉❧❛t❡ ❛♥❞ s❡✇✑✱ t❤❡ ❡✛❡❝t✐✈❡ ❝♦st
♦❢ ❝♦♥str✉❝t✐♥❣ ❛ s♠❛❧❧ tr✐❛♥❣✉❧❛t✐♦♥ ✐s ♣r♦❤✐❜✐t✐✈❡✱ ❡✈❡♥ ✇❤❡♥ ♥♦t t❛❦✐♥❣ ✐♥t♦
❛❝❝♦✉♥t t❤❡ s❡✇✐♥❣ ♣❛rt✳

✸ ❖♣t✐♠✐③✐♥❣ s♠❛❧❧ ❞❡❣r❡❡s

❚❤❡ ❛s②♠♣t♦t✐❝❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ r❡♠♦✈❛❧ ❛❧❣♦r✐t❤♠ ✐s ♥♦t r❡❛❧❧② r❡❧❡✈❛♥t ✐❢
t❤❡ ❞❡❣r❡❡ ✐s s♠❛❧❧✱ ✇❤✐❝❤ ✐s ♦❢t❡♥ t❤❡ ❝❛s❡ s✐♥❝❡ t❤❡ ❛✈❡r❛❣❡ ❞❡❣r❡❡ ✐s ♦♥❧② ✻✳
❚❤✉s s♣❡❝✐❛❧✐③❡❞✱ ❝❛r❡❢✉❧❧② ♦♣t✐♠✐③❡❞✱ ✈❡rs✐♦♥s ♦❢ t❤❡ ❞❡❧❡t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❧♦✇
❞❡❣r❡❡s ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞✳ ❚❤✐s ✐❞❡❛ ✇❛s ❛❧r❡❛❞② ✉s❡❞ ❢♦r ❞❡❣r❡❡s ✉♣ t♦ ✺ ❬✹❪✱
✇❡ ❤❡r❡ ♣✉rs✉✐♥❣ t❤❛t ✐❞❡❛ ✉♣ t♦ ❞❡❣r❡❡ ✼✳

✸✳✶ ❆❧❣♦r✐t❤♠s ❢♦r ❞❡❣r❡❡ ✸ t♦ ✼

❉❡❣r❡❡ ✸

❈❧❡❛r❧② ✐❢ t❤❡ ❞❡❣r❡❡ ✐s t❤r❡❡✱ t❤❡ ❤♦❧❡ ✐s ❛ tr✐❛♥❣❧❡ ❛♥❞ t❤❡ ♥❡✇ tr✐❛♥❣✉❧❛t✐♦♥ ✐s
♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ t❤❡ t❤r❡❡ ✐♥❝✐❞❡♥t tr✐❛♥❣❧❡s ❜② t❤❡ ♥❡✇ ♦♥❡✳

❘❘ ♥➦ ✼✶✵✹



✻ ❖✳ ❉❡✈✐❧❧❡rs

❉❡❣r❡❡ ✹

■❢ t❤❡ ❞❡❣r❡❡ ✐s ✹ t❤❡ ❤♦❧❡ ✐s ❛ q✉❛❞r✐❧❛t❡r❛❧✳ ❆ s✐♥❣❧❡ ✐♥❝✐r❝❧❡ t❡st ❤❛s t♦ ❜❡
❞♦♥❡ t♦ ❞❡❝✐❞❡ ✇❤✐❝❤ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❤❛s t♦ ❜❡ ✉s❡❞ t♦ tr✐❛♥❣✉❧❛t❡
t❤❡ ❤♦❧❡✳ ◆♦t✐❝❡ t❤❛t ✐❢ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ✐s ♥♦t ❝♦♥✈❡①✱ t❤❡ ✐♥❝✐r❝❧❡ t❡st ❝❛♥
❜❡ ❛✈♦✐❞❡❞ s✐♥❝❡ ❛ s✐♥❣❧❡ tr✐❛♥❣✉❧❛t✐♦♥ ✐s ♣♦ss✐❜❧❡❀ ❜✉t ✇❡ ♣r❡❢❡r t♦ s❛✈❡ t❤❡
❝♦♥✈❡①✐t② t❡st ✭✇❤✐❝❤ ✐s ♦❢t❡♥ ♣♦s✐t✐✈❡✮ ❛♥❞ ❞✐r❡❝t❧② ♣❡r❢♦r♠ t❤❡ ✐♥❝✐r❝❧❡ t❡st
✇❤✐❝❤ ✇✐❧❧ ❝❤♦♦s❡ t❤❡ r✐❣❤t tr✐❛♥❣✉❧❛t✐♦♥ ❛♥②✇❛②✳

❉❡❣r❡❡ ✺

3∈012

4∈023
4∈013

yesno

4∈123
4∈012

v0

v2

v1

v3

v4

v4

v0

v2

v1

v3

v4

❋✐❣✉r❡ ✷✿ ❉❡❝✐s✐♦♥ tr❡❡ ❢♦r ❞❡❣r❡❡ ✺ ❞❡❧❡t✐♦♥✳
i ∈ jkl ✐s ❛ s❤♦rt ♥♦t❛t✐♦♥ ❢♦r vi ❧②✐♥❣ ✐♥s✐❞❡ t❤❡ ❝✐r❝❧❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ vjvkvl✱

♣♦s✐t✐✈❡ ❛♥s✇❡r ❣♦❡s t♦ t❤❡ r✐❣❤t s✉❜tr❡❡✳

❋♦r ❞❡❣r❡❡ ✺✱ t❤❡ s✐t✉❛t✐♦♥ r❡♠❛✐♥s q✉✐t❡ s✐♠♣❧❡✳ ❚❤❡ ❤♦❧❡ ✐s ❛ ♣❡♥t❛❣♦♥✱
❛♥❞ ❛s ❢♦r t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❝❛s❡✱ ✇❡ ❞♦ ♥♦t ❝❛r❡ ❛❜♦✉t t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡
❤♦❧❡✱ s✐♥❝❡ t❤❡ ✐♥❝✐r❝❧❡ t❡sts ♦♥ ♥♦♥ ❝♦♥✈❡① q✉❛❞r✐❧❛t❡r❛❧s ②✐❡❧❞ t♦ t❤❡ r✐❣❤t
❞❡❝✐s✐♦♥ ❛♥②✇❛②✳ ❲❡ ❜✉✐❧❞ ❛ ❞❡❝✐s✐♦♥ tr❡❡ ♣❡r❢♦r♠✐♥❣ s❡✈❡r❛❧ ✐♥❝✐r❝❧❡ t❡sts ♦♥
t❤❡ ♥❡✐❣❤❜♦rs v0v1v2v3v4 ♦❢ t❤❡ ❞❡❧❡t❡❞ ✈❡rt❡① t♦ ❞❡❝✐❞❡ ✇❤❛t ✐s t❤❡ r✐❣❤t ✇❛② ♦❢
tr✐❛♥❣✉❧❛t✐♥❣ t❤❡ ♣❡♥t❛❣♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✜rst ❞❡❝✐❞❡ ✇❤❛t ✐s t❤❡ ❉❡❧❛✉♥❛②
tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ v0v1v2v3 ❛♥❞ t❤❡♥ ✐♥s❡rt v4 ❜② t❡st✐♥❣ ✐t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
❝✐r❝✉♠❝✐r❝❧❡ ♦❢ t❤❡ tr✐❛♥❣❧❡ ✐♥❝✐❞❡♥t t♦ ❡❞❣❡ v3v0 ❛♥❞ t♦ t❤❡ ♦t❤❡r tr✐❛♥❣❧❡ ✐❢

■◆❘■❆



❉❡❧❛✉♥❛② r❡♠♦✈❛❧ ❢♦r s♠❛❧❧ ❞❡❣r❡❡ ✈❡rt✐❝❡s ✼

r❡❧❡✈❛♥t ✭❋✐❣✉r❡ ✷ ✮✳ ❚❤❡ r❡s✉❧t ❛❧✇❛②s ❝♦♥s✐sts ✐♥ ❝❤♦♦s✐♥❣ ❛ ✈❡rt❡① vi ❛♥❞
❧✐♥❦✐♥❣ ✐t t♦ ❛❧❧ ♦t❤❡r ✈❡rt✐❝❡s✳

❉❡❣r❡❡ ✻

1∈230

4∈235

1∈2341∈235

4∈0135∈1241∈345star5

4∈0135∈013 5∈014antiN0N2

antiN0

5∈014

5∈014 star1N1star4 antiN1

star1N1

diamond1
4∈503

star3 antiN0

4∈235

4∈2305∈230

4∈012star05∈0124∈503

4∈1254∈502antiN2N0 star5star0

5∈012
diamond0

N2 4∈015

star2 star4N2 antiN1

v0

v1

v2v3

v5

v4

❋✐❣✉r❡ ✸✿ ❉❡❝✐s✐♦♥ tr❡❡ ❢♦r ❞❡❣r❡❡ ✻ ❞❡❧❡t✐♦♥✳

❋♦r ❞❡❣r❡❡ ✻✱ t❤✐♥❣s st❛rt t♦ ❜❡ ❛ ❧✐tt❧❡ ❜✐t ♠♦r❡ ✐♥✈♦❧✈❡❞✱ s✐♥❝❡ t❤❡ ♥✉♠❜❡r
♦❢ ♣♦ss✐❜❧❡ tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ t❤❡ ❤❡①❛❣♦♥❛❧ ❤♦❧❡✶ ✐s ✶✹✳ ◆♦t❡ t❤❛t t❤❡s❡ ✶✹
❝♦♥✜❣✉r❛t✐♦♥s ❤❛✈❡ ✐♥ ❢❛❝t ❢♦✉r ❞✐✛❡r❡♥t s❤❛♣❡s ✉♣ t♦ ❛ r♦t❛t✐♦♥ ♦♥ t❤❡ ✈❡rt❡①
✐♥❞✐❝❡s✱ ✇❡ ❝❛❧❧ t❤❡s❡ s❤❛♣❡s✿ st❛r✱ ❞✐❛♠♦♥❞✱ ◆✱ ❛♥❞ ❛♥t✐◆✳

❲❡ ❜✉✐❧❞ ❛ ❞❡❝✐s✐♦♥ tr❡❡ ✉s✐♥❣ t❤❡ ③✐❣✲③❛❣ ♠❡r❣❡ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❞✐✈✐❞❡ ❛♥❞
❝♦♥q✉❡r ❉❡❧❛✉♥❛② ❛❧❣♦r✐t❤♠ ❬✺❪✳ ❚❤❡ tr❡❡ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❋✐❣✉r❡ ✸✱ ❛t ❡❛❝❤ ♥♦❞❡
❛ tr✐❛♥❣✉❧❛t✐♦♥ ✐s ❞r❛✇♥✱ ❜❧❛❝❦ ❡❞❣❡s ❛r❡ ❝❡rt✐✜❡❞ t♦ ❜❡ ❉❡❧❛✉♥❛②✱ ❜❧✉❡ ❡❞❣❡s
❛r❡ ❉❡❧❛✉♥❛② ❡❞❣❡s ♦❢ t❤❡ r✐❣❤t ♦r ❧❡❢t ♣❛rt t❤❛t ❛r❡ ♥♦t ②❡t ❝❡rt✐✜❡❞ ♥❡✐t❤❡r
❞❡str♦②❡❞✱ ❣r❡❡♥ ❡❞❣❡s ❛r❡ t❤❡ ♥❡①t ❝❛♥❞✐❞❛t❡s t♦ ❧✐♥❦ ❛ r✐❣❤t t♦ ❛ ❧❡❢t ✈❡rt❡①✱
❛♥❞ r❡❞ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❞❡❝✐s✐♦♥ tr❡❡✳

✶❈❛t❛❧❛♥ ♥✉♠❜❡rs ❣✐✈❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ ❛ s✐♠♣❧❡ ♣♦❧②❣♦♥
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✽
❖
✳
❉
❡
✈
✐❧❧❡

rs
2∈340

5∈346

6∈340 5∈342

5∈124 6∈0125∈012

5∈340

2∈456

5∈674

6∈450 6∈230

2∈013

symmetric tree

sweep from below

6∈2353∈5606∈012

5∈230

6∈230 5∈012 6∈012

6∈012 2∈560 6∈125

6∈012 6∈015

5∈346

6∈342

4∈012 6∈012 4∈012 6∈235

2∈456 2∈450

2∈604 2∈450 6∈124 5∈124 5∈012 5∈014 6∈125 2∈560 6∈125

6∈0156∈0126∈0156∈0156∈1252∈5606∈1255∈0141∈4565∈0126∈0126∈450

6∈0156∈0126∈0156∈0151∈4506∈0146∈1252∈560

6∈0156∈4506∈0156∈012

v0

v1

v2

v3

v5

v6

yes

v4

❋
✐❣✉r❡

✹✿
❉
❡❝✐s✐♦♥

tr❡❡
❢♦r

❞❡❣r❡❡
✼
❞❡❧❡t✐♦♥✳
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❘
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❉❡❧❛✉♥❛② r❡♠♦✈❛❧ ❢♦r s♠❛❧❧ ❞❡❣r❡❡ ✈❡rt✐❝❡s ✾

❉❡❣r❡❡ ✼

❆s ❢♦r ❞❡❣r❡❡ ✻✱ t❤❡ ❞❡❝✐s✐♦♥ tr❡❡ ✭❋✐❣✉r❡ ✹ ✮ ✐s ❝♦♥str✉❝t❡❞ ✉s✐♥❣ t❤❡ ❞✐✈✐❞❡
❛♥❞ ❝♦♥q✉❡r ❛❧❣♦r✐t❤♠✳ ❲❤✐❧❡ t❤❡ r✐❣❤t ♣❛rt ✐s tr✐❛♥❣✉❧❛t❡❞ ✭✉s✐♥❣ t❤❡ ✜rst
✐♥❝✐r❝❧❡ t❡st✮✱ ❛ ❝❧❛ss✐❝❛❧ ③✐❣✲③❛❣ ♠❡r❣❡ ✐s ♣❡r❢♦r♠❡❞✱ ❡✐t❤❡r t♦♣✲❞♦✇♥ ♦r ❜♦tt♦♠✲
✉♣ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r✐❣❤t tr✐❛♥❣✉❧❛t✐♦♥ ✭♦♥❧② t❤❡ t♦♣✲❞♦✇♥ ♠❡r❣❡ ✐s ❞❡s❝r✐❜❡❞
♦♥ ❋✐❣✉r❡ ✹✮✳ ❋♦r ❞❡❣r❡❡ ✼ t❤❡r❡ ❛r❡ ✹✷ ❞✐✛❡r❡♥t tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ ❛♥ ❤❡♣t❛❣♦♥
t❤❛t ❝❛♥ ❜❡ ♦r❣❛♥✐③❡❞ ✐♥ ✻ ❞✐✛❡r❡♥t s❤❛♣❡s✳

✸✳✷ ❘❡♠❛r❦s ♦♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥

❚❤❡ ❞❡❝✐s✐♦♥ tr❡❡ ✐s r❡❛❧❧② ❝♦❞❡❞ ✇✐t❤♦✉t ♠♦❞✐❢②✐♥❣ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥✱ t❤❡♥✱
✇❤❡♥ t❤❡ ❡♥t✐r❡ tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ t❤❡ ❤♦❧❡ ✐s ❦♥♦✇♥✱ ❛ s✉✐t❛❜❧❡ ♣r♦❝❡❞✉r❡ ✐s ❝❛❧❧❡❞
t♦ ❛❝t✉❛❧❧② ♠♦❞✐❢② t❤❡ tr✐❛♥❣✉❧❛t✐♦♥ ✭s❡❡ ❆♣♣❡♥❞✐① ❆✮✳ ❆ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤
❛ ❣❡♥❡r❛❧ ❛❧❣♦r✐t❤♠ ✐s t❤❛t ♥♦t ❡✈❡♥ ♦♥❡ t❡♠♣♦r❛r② tr✐❛♥❣❧❡ ✐s ❝r❡❛t❡❞ t♦ ❜❡
❞❡str♦②❡❞ ❢❡✇ st❡♣s ❛❢t❡r✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥ ✐s
❞♦♥❡ r❡✉s✐♥❣ ❡①✐st✐♥❣ tr✐❛♥❣❧❡s ✐♥ ❛ ✇❛② t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞✐✜✲
❝❛t✐♦♥s✳ ❋✐❣✉r❡ ✺ ❞❡s❝r✐❜❡s t❤❡ tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ ❛♥ ❤❡①❛❣♦♥✿ ❢♦✉r tr✐❛♥❣❧❡s ❛r❡
r❡✉s❡❞✱ ♦♥❧② ♦♥❡ ✈❡rt❡① ❤❛s t♦ ❜❡ ♠♦❞✐✜❡❞ ✐♥ ❡❛❝❤ ♦❢ t❤❡♠✱ ❛♥❞ ♦♥❧② t✇♦ ♥❡✐❣❤✲
❜♦r❤♦♦❞ r❡❧❛t✐♦♥s ♥❡❡❞ t♦ ❜❡ ❝❤❛♥❣❡❞❀ t✇♦ tr✐❛♥❣❧❡s ❛♥❞ t❤❡ r❡♠♦✈❡❞ ✈❡rt❡① ❛r❡
❞❡❧❡t❡❞✳

modify one vertex in
f1, f2, f3, and f4

create neighbor relations from f1

and f4 to outside the hole (to pre-
vious neighbors of f0 and f5).

pentagon to be
stared from v0

v2

v0

v3

v4

f1

f0

v1

f2

f3

f4

f5

v5

v2

v0

v3

v4

f1

v1

f2
f3

f4

v5

v2

v0

v3

v4

f1

v1

f4

v5

❋✐❣✉r❡ ✺✿ ▼♦❞✐❢②✐♥❣ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ s✉♠♠❛r✐③❡s s♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❞❡❝✐s✐♦♥ tr❡❡s
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❡❣r❡❡ d✳ ❚❤❡ ♥✉♠❜❡r ♦❢ r❡s✉❧ts ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡
tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ ❛ d✲❣♦♥ ✇❤✐❧❡ t❤❡ ♥✉♠❜❡r ♦❢ s❤❛♣❡s ✐s t❤❡ ♥✉♠❜❡r ♦❢ tr✐❛♥❣✉✲
❧❛t✐♦♥s ✉♣ t♦ r♦t❛t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❡s✳ ❊❛❝❤ ❞✐✛❡r❡♥t s❤❛♣❡ ②✐❡❧❞s t♦ ❛ ❞✐✛❡r❡♥t
tr✐❛♥❣✉❧❛t✐♦♥ ❢✉♥❝t✐♦♥ t❤❛t ♠♦❞✐✜❡s t❤❡ tr✐❛♥❣✉❧❛t✐♦♥✳

⌈log2 ♯results⌉ ✐s t❤❡ ❤❡✐❣❤t ♦❢ ❛♥ ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥ tr❡❡✱ ❜✉t ✐t ✐s ❞♦✉❜t❢✉❧
t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛❝t✉❛❧❧② ❝♦♥str✉❝t s✉❝❤ ❛♥ ♦♣t✐♠❛❧ tr❡❡ t❤❛t r❡❧✐❡s ♦♥❧② ♦♥
❛ s✐♥❣❧❡ ✐♥❝✐r❝❧❡ t❡st ❢♦r ❡❛❝❤ ❞❡❝✐s✐♦♥✳ ❆♥②✇❛②✱ ❝♦♠♣❛r✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ r❡s✉❧ts
t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❧❡❛✈❡s ❛♥❞ ❝♦♠♣❛r✐♥❣ t❤❡ ❤❡✐❣❤t t♦ t❤❡ ♦♣t✐♠❛❧ ❤❡✐❣❤t ❣✐✈❡s
❛♥ ✐❞❡❛ ♦❢ t❤❡ q✉❛❧✐t② ♦❢ ♦✉r tr❡❡✳

❋♦r ❞❡❣r❡❡ ✽✱ ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ tr❡❡ ❜❛s❡❞ ♦♥ t❤❡ ❞✐✈✐❞❡
❛♥❞ ❝♦♥q✉❡r s❝❤❡♠❡ ❣✐✈❡s ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ ❛ tr❡❡ ✇✐t❤ ❛❜♦✉t ✺✵✵ ❧❡❛✈❡s ❛♥❞ ✺✵✵
❞❡❝✐s✐♦♥ ♥♦❞❡s ❣♦✐♥❣ t♦ ✶✺✵✵ ❧✐♥❡s ♦❢ ❝♦❞❡ t♦ ✐♠♣❧❡♠❡♥t ✐t❀ ❛♥❞ ❛♥ ❡st✐♠❛t✐♦♥
♦❢ t❤❡ ✇♦r❦ ♥❡❡❞❡❞ t♦ tr✐❛♥❣✉❧❛t❡ ❛♥ ♦❝t❛❣♦♥ ❣✐✈❡s ❛❜♦✉t ✺✵ ❧✐♥❡s ♦❢ ❝♦❞❡✱ t♦

❘❘ ♥➦ ✼✶✵✹



✶✵ ❖✳ ❉❡✈✐❧❧❡rs

❜❡ ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ✶✾ ❞✐✛❡r❡♥t s❤❛♣❡s✳ ❆❧t♦❣❡t❤❡r✱ ✷✺✵✵ ❧✐♥❡s ♦❢ ❝♦❞❡ s❡❡♠s
❛ r❡❛s♦♥❛❜❧❡ ❡st✐♠❛t✐♦♥ ♦❢ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ s✐♠✐❧❛r s❝❤❡♠❡✳ ❋♦r ❤✐❣❤❡r
❞❡❣r❡❡✱ ✐t ❞♦❡s ♥♦t s❡❡♠ r❡❛❧❧② tr❛❝t❛❜❧❡ t♦ ❣♦ ❢✉rt❤❡r✳

❞❡❣r❡❡ ✸ ✹ ✺ ✻ ✼ ✽♥ ✾ ✶✵ ✶✶
♯ s❤❛♣❡s♠ ✶ ✶ ✶ ✹ ✻ ✶✾ ✹✾ ✶✺✵ ✹✹✷
♯ r❡s✉❧ts♣ ✶ ✷ ✺ ✶✹ ✹✷ ✶✸✷ ✹✷✾ ✶✹✸✵ ✹✽✻✷
♯ ❧❡❛✈❡s ✶ ✷ ✻ ✷✹ ✶✸✵ ≃✺✵✵

⌈log2 ♯results⌉ ✵ ✶ ✸ ✹ ✻ ✽ ✾ ✶✶ ✶✸
tr❡❡ ❤❡✐❣❤t ✵ ✶ ✸ ✻ ✶✵ ≃✶✹

♯ ❧✐♥❡s ♦❢ ❝♦❞❡ ✸✵ ✹✵ ✾✵ ✷✽✵ ✼✵✵ ≃✷✺✵✵
♥ ♥♦t ✐♠♣❧❡♠❡♥t❡❞✳ ❚❤❡ s✐③❡s ♦❢ t❤❡ tr❡❡ ❛♥❞ t❤❡ ❝♦❞❡ ❛r❡ ❡st✐♠❛t❡❞
♠ ❤tt♣✿✴✴✇✇✇✳r❡s❡❛r❝❤✳❛tt✳❝♦♠✴∼♥❥❛s✴s❡q✉❡♥❝❡s✴ ❬✻❪
♣ ❈❛t❛❧❛♥ ♥✉♠❜❡r

✹ ❋❧✐♣ ❢r♦♠ ♣❡♥t❛❣♦♥s

flip as usual

pentagonquad

triangulates
pentagons

splits in pentagons

or less checked edge is red or green depending on the result
Blue edges are to be checked,

❋✐❣✉r❡ ✻✿ ❆ ✢✐♣♣✐♥❣ s❡q✉❡♥❝❡✳

❆ s✐♠✐❧❛r ✐❞❡❛ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ✢✐♣♣✐♥❣ ❛❧❣♦r✐t❤♠✱ ✐♥st❡❛❞ ♦❢ ❤❛✈✐♥❣
❛❧❧ t❤❡ ❡❞❣❡s ♠❛r❦❡❞ t♦ ❜❡ ❝❤❡❝❦❡❞ ❢♦r ❧♦❝❛❧ ❉❡❧❛✉♥❛② ♣r♦♣❡rt② ❛❢t❡r t❤❡ ✜rst
tr✐❛♥❣✉❧❛t✐♦♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♠❛❦❡ s♦♠❡ ❧♦❝❛❧ ♦♣t✐♠✐③❛t✐♦♥ ✜rst✳ ◆❛♠❡❧②✱ t❤❡
✐♥✐t✐❛❧ tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ t❤❡ ❤♦❧❡ ✐s ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ ❡❞❣❡s v0v1+3j ✱ 1 ≤ j ≤
⌈

d
3
− 1

⌉

❛♥❞ tr✐❛♥❣✉❧❛t❡ t❤❡ ♣❡♥t❛❣♦♥s✱ ✉s✐♥❣ ❛ s♠❛❧❧ ❞❡❝✐s✐♦♥ tr❡❡✱ ✇✐t❤ t✇♦
❧♦❝❛❧❧② ❉❡❧❛✉♥❛② ❡❞❣❡s✱ t❤❡♥ t❤❡ ✢✐♣♣✐♥❣ ❛❧❣♦r✐t❤♠ st❛rts ✇✐t❤ ♦♥❧②

⌈

d
3
− 1

⌉

❡❞❣❡s t♦ ❜❡ ❝❤❡❝❦❡❞ ✭s❡❡ ❋✐❣✉r❡ ✻✮✳

❉✐s❝✉ss✐♦♥

❚❤❡ t❤❡♦r❡t✐❝❛❧ ✇♦rst ❝❛s❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ♦❢ ❝♦✉rs❡ r❡♠❛✐♥s O(d2)✳
❖✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✉s❡s ❛❜♦✉t ✹✵✵ ❧✐♥❡s ♠♦st❧② ❞❡✈♦t❡❞ t♦ t❤❡ ♣❡♥t❛❣♦♥s ✐♥✐✲
t✐❛❧✐③❛t✐♦♥✳ P❡r❢♦r♠❛♥❝❡s ❛r❡ ❛❜♦✉t ✷✵✪ ❜❡tt❡r t❤❛♥ t❤❡ st❛♥❞❛r❞ ✢✐♣♣✐♥❣ ❛❧✲
❣♦r✐t❤♠ ✭s❡❡ ❙❡❝t✐♦♥ ✺✮✳

✺ ❇❡♥❝❤♠❛r❦s

❈♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥
✖ ❜♦✉♥❞❛r② ❝♦♠♣❧❡t✐♦♥✱
✖ ✢✐♣♣✐♥❣ ❢r♦♠ ♣❡♥t❛❣♦♥s ❛♥❞
✖ s♣❡❝✐❛❧✐③❡❞ ✈❡rs✐♦♥s ❢♦r ❞❡❣r❡❡s ❧❡ss t❤❛♥ ✼ ❛♥❞ ✢✐♣♣✐♥❣ ❢r♦♠ ♣❡♥t❛❣♦♥s ❢♦r
❤✐❣❤❡r ❞❡❣r❡❡s

■◆❘■❆



❉❡❧❛✉♥❛② r❡♠♦✈❛❧ ❢♦r s♠❛❧❧ ❞❡❣r❡❡ ✈❡rt✐❝❡s ✶✶

❤❛✈❡ ❜❡❡♥ t❡st❡❞ ♦♥ r❛♥❞♦♠ ♣♦✐♥t s❡ts✳✷ ❆❧❧ t❤❡ ✈❡rt✐❝❡s ♦❢ ❛ ❉❡❧❛✉♥❛② tr✐❛♥✲
❣✉❧❛t✐♦♥ ♦❢ ✶✵✱✵✵✵✱✵✵✵ ♣♦✐♥ts ❛r❡ ❞❡❧❡t❡❞ ✐♥ ❛ r❛♥❞♦♠ ♦r❞❡r✳

❚❤❡ t♦t❛❧ ❞❡❧❡t✐♦♥ ♣r♦❝❡ss ✐s s♣❧✐t ✐♥ t✇♦ ♣❛rts✳ ❚❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♣❛rt ❝♦♥✲
s✐sts ✐♥ ❡①♣❧♦r✐♥❣ t❤❡ ✐♥❝✐❞❡♥t ❢❛❝❡s ❛♥❞ ✈❡rt✐❝❡s ♦❢ t❤❡ r❡♠♦✈❡❞ ✈❡rt❡① t♦ ❝♦♠✲
♣✉t❡ ✐ts ❞❡❣r❡❡✱ t❤✐s ♣❛rt ✐s ♣r❡tt② ❡①♣❡♥s✐✈❡ s✐♥❝❡ ✐t ❧♦❛❞s ✐♥ ❝❛❝❤❡ ♠❡♠♦r② s♦♠❡
♦❜❥❡❝ts t❤❛t ✇❡r❡ ♥♦t r❡❝❡♥t❧② ❛❝❝❡ss❡❞❀ ✐❢ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✐s ❞♦♥❡ t✇✐❝❡✱ t❤❡♥
t❤❡ s❡❝♦♥❞ r✉♥ ✐s ❛❜♦✉t ✻ t✐♠❡s ❢❛st❡r ✇❤✐❝❤ ❝♦♥✜r♠s t❤❛t t❤❡ t✐♠❡ ✐s ♠❛✐♥❧②
❞❡✈♦t❡❞ t♦ ♠❡♠♦r② ❛❝❝❡ss ❛♥❞ ♥♦t t♦ ❝♦♠♣✉t❛t✐♦♥s✿
✖ ✶✺ s❡❝♦♥❞s ✐s t❤❡ t✐♠❡ ♥❡❡❞❡❞ ❢♦r ❛❧❧ ✐♥✐t✐❛❧✐③❛t✐♦♥s✳
❚❤❡ s❡❝♦♥❞ ♣❛rt ❞❡❝✐❞❡s ✇❤❛t ✐s t❤❡ ♥❡✇ tr✐❛♥❣✉❧❛t✐♦♥ ❛♥❞ ❛❝t✉❛❧❧② ♠♦❞✐✜❡s
t❤❡ tr✐❛♥❣✉❧❛t✐♦♥✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❡t❤♦❞ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ t✐♠❡s✿
✖ ✹✵ s❡❝♦♥❞s ❢♦r ❜♦✉♥❞❛r② ❝♦♠♣❧❡t✐♦♥ ✭t❤✉s ✹✵✰✶✺❂ ✺✺ s❡❝♦♥❞s ✐♥ t♦t❛❧✮
✖ ✸✷ s❡❝♦♥❞s ❢♦r ✢✐♣♣✐♥❣ ❢r♦♠ ♣❡♥t❛❣♦♥s ✭t❤✉s ✸✷✰✶✺❂ ✹✼ s❡❝♦♥❞s ✐♥ t♦t❛❧✮
✖ ✶✹ s❡❝♦♥❞s ✉s✐♥❣ t❤❡ s♣❡❝✐❛❧✐③❡❞ ✈❡rs✐♦♥s ❢♦r s♠❛❧❧ ❞❡❣r❡❡s ✭t❤✉s ✶✹✰✶✺❂ ✷✾
s❡❝♦♥❞s ✐♥ t♦t❛❧✮✳

degree

♯ points

30%

init (load memory)

boundary completion

flip from pentagons

small degrees

deletion time per point

degree distribution

3 4 5 6 7 8 9 10 11 ≥ 12

10µs

❋✐❣✉r❡ ✼✿ ❉❡❧❡t✐♦♥ t✐♠❡ ♣❡r ❞❡❣r❡❡ ❛♥❞ ♣❡r ♠❡t❤♦❞

❋✐❣✉r❡ ✼ ♣r❡s❡♥ts t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♣❡r ❞❡❣r❡❡✱ ✐♥❝❧✉❞✐♥❣ ✐♥✐t✐❛❧✐③❛t✐♦♥✱ ❢♦r t❤❡
t❤r❡❡ ♠❡t❤♦❞s❀ ✐t ❛❧s♦ ♣r❡s❡♥ts t❤❡ t✐♠❡ ❢♦r ✐♥✐t✐❛❧✐③❛t✐♦♥ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ r❡♠♦✈❡❞ ♣♦✐♥ts✳ ❱❡rt✐❝❡s ✇✐t❤ ✏❤✐❣❤✑ ❞❡❣r❡❡s ❛r❡ ❧❡ss t❤❛♥ ✶✸✪
♦❢ t❤❡ r❡♠♦✈❡❞ ♣♦✐♥ts ❛♥❞ ♠♦st ♦❢ t❤❡♠ ❤❛✈❡ ❞❡❣r❡❡ ✽✳ ❚❤✉s t❤❡ ❛s②♠♣t♦t✐❝
❝♦♠♣❧❡①✐t② ✐♥ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ r❡♠♦✈❛❧ ❛❧❣♦r✐t❤♠ s❡❡♠s ♦❢ ♣♦♦r ✐♠♣♦rt❛♥❝❡
❡①❝❡♣t ✐❢ s♦♠❡ ❛❞✈❡rs❛r② ❞❡❝✐❞❡s t♦ ❛❧✇❛②s r❡♠♦✈❡ ❤✐❣❤ ❞❡❣r❡❡ ✈❡rt✐❝❡s✳ ❚❤❡
r✉♥♥✐♥❣ t✐♠❡✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ t✐♠❡ ❛s ✉♥❛✈♦✐❞❛❜❧❡✱ ✐♥❞✐❝❛t❡s ❛
r❡❛❧❧② ❜✐❣ ✐♠♣r♦✈❡♠❡♥t ✇✐t❤ t❤❡ s♠❛❧❧ ❞❡❣r❡❡s s♣❡❝✐❛❧✐③❡❞ ✈❡rs✐♦♥s✳ ❋❧✐♣♣✐♥❣
❢r♦♠ ♣❡♥t❛❣♦♥s ❛♣♣❡❛rs t♦ ❜❡ ❛ ❜✐t ❜❡tt❡r t❤❛♥ t❤❡ ❜♦✉♥❞❛r② ❝♦♠♣❧❡t✐♦♥✳

✻ ❈♦♥❝❧✉s✐♦♥

❇② ❛ s♣❡❝✐❛❧ tr❡❛t♠❡♥t ♦❢ t❤❡ r❡♠♦✈❛❧ ♦❢ ✈❡rt✐❝❡s ♦❢ ❞❡❣r❡❡ ✸ t♦ ✼✱ ✇❡ ✐♠♣r♦✈❡
t❤❡ ❛✈❡r❛❣❡ r❡♠♦✈❛❧ t✐♠❡ ❜② ❛ ❢❛❝t♦r ♦❢ ✷✳ ❉❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❞❡❣r❡❡ ✽ ❝❛s❡ ♠❛②

✷ ❉❡t❛✐❧❡❞ r❡s✉❧ts ❛♥❞ ♣r❡❝✐s✐♦♥s ♦♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❇✳

❘❘ ♥➦ ✼✶✵✹



✶✷ ❖✳ ❉❡✈✐❧❧❡rs

❝♦♥t✐♥✉❡ t♦ ❞❡❝r❡❛s❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ❜② ❛❜♦✉t ✶✵✪✱ ❜✉t r❡q✉✐r❡s t♦ ❞♦✉❜❧❡ t❤❡
❝♦❞❡ s✐③❡ ❛♥❞ ✐t ❤❛s ♥♦t ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤❡ ♠♦♠❡♥t✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥
❢♦r ❤✐❣❤❡r ❞❡❣r❡❡s ♠❛② ♥❡❡❞ t♦ ✐♠♣❧❡♠❡♥t ❛ ❝♦❞❡ ❣❡♥❡r❛t♦r t♦ ❜✉✐❧❞ t❤❡ ❞❡❝✐s✐♦♥
tr❡❡✳

❚❤✐s ❦✐♥❞ ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✳ ■♥ t✇♦
❞✐♠❡♥s✐♦♥s ✇❡ ❤❛✈❡ ❛♣♣❧✐❡❞ ❛ s♣❡❝✐❛❧ tr❡❛t♠❡♥t t♦ ✺ s♣❡❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢
t❤❡ ❤♦❧❡ ✭tr✐❛♥❣❧❡✱ q✉❛❞r✐❧❛t❡r❛❧✱ ♣❡♥t❛❣♦♥✱ ❤❡①❛❣♦♥✱ ❛♥❞ ❤❡♣t❛❣♦♥✮✳ ■♥ t❤r❡❡
❞✐♠❡♥s✐♦♥s t❤❡ ❝♦♠❜✐♥❛t♦r✐❝s ✐s ♠✉❝❤ ♠♦r❡ ✐♥tr✐❝❛t❡✿ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡
❤♦❧❡ ✐s ❛ ♣♦❧②❤❡❞r♦♥✱ ❜✉t t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ r❡♠♦✈❡❞ ♣♦✐♥t ✐s ❤✐❣❤❡r t❤❛♥ ✐♥
✷❉✱ ❛♥❞ ❢♦r ❛ ❣✐✈❡♥ ❞❡❣r❡❡ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♣♦ss✐❜❧❡ ♣♦❧②❤❡❞r❛✱ t❤✉s ✐♥st❡❛❞ ♦❢
✺ s♣❡❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ✇❡ s❤♦✉❧❞ tr❡❛t t❤♦✉s❛♥❞s ♦❢ t❤❡♠✳ ▼♦r❡ t❤❛♥ ✻✱✵✵✵
❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ♥❡❡❞❡❞ t♦ ❣♦ ✉♣ t♦ ❞❡❣r❡❡ ✶✸✱ ❛♥❞ ❛❜♦✉t ✽✵✵✱✵✵✵ t♦ ❣♦ ✉♣
t♦ ❞❡❣r❡❡ ✶✼✱ ❡❛❝❤ ♦♥❡ ❤❛✈✐♥❣ ♠❛♥② ♣♦ss✐❜❧❡ t❡tr❛❤❡❞r❛❧✐③❛t✐♦♥s✳ ❚❤✐s s❡❡♠s
❝♦♠♣❧❡t❡❧② ✉♥r❡❛❧✐st✐❝ t♦ ❤❛✈❡ ♠✐❧❧✐♦♥s ♦❢ ❧✐♥❡s ♦❢ ❝♦❞❡✱ ❡✈❡♥ ✐❢ t❤❡② ❛r❡ ❣❡♥❡r❛t❡❞
❛✉t♦♠❛t✐❝❛❧❧②✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts ❆✉t❤♦r t❤❛♥❦s ❙②❧✈❛✐♥ P✐♦♥ ❢♦r ❢r✉✐t❢✉❧ ❞✐s❝✉ss✐♦♥s ❛♥❞ ❤✐s
❤❡❧♣ ✐♥ ♣r❡♣❛r✐♥❣ t❤✐s ♣❛♣❡r✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆✳ ❆❣❣❛r✇❛❧✱ ▲✳ ❏✳ ●✉✐❜❛s✱ ❏✳ ❙❛①❡✱ ❛♥❞ P✳ ❲✳ ❙❤♦r✳ ❆ ❧✐♥❡❛r✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r
❝♦♠♣✉t✐♥❣ t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢ ❛ ❝♦♥✈❡① ♣♦❧②❣♦♥✳ ❉✐s❝r❡t❡ ❈♦♠♣✉t✳ ●❡♦♠✳✱
✹✭✻✮✿✺✾✶✕✻✵✹✱ ✶✾✽✾✳

❬✷❪ ❈●❆▲ ❊❞✐t♦r✐❛❧ ❇♦❛r❞✳ ❈●❆▲ ❯s❡r ❛♥❞ ❘❡❢❡r❡♥❝❡ ▼❛♥✉❛❧✱ ✸✳✺ ❡❞✐t✐♦♥✱ ✷✵✵✾✳
✇✇✇✳❝❣❛❧✳♦r❣✳

❬✸❪ ▲✳ P✳ ❈❤❡✇✳ ❇✉✐❧❞✐♥❣ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠s ❢♦r ❝♦♥✈❡① ♣♦❧②❣♦♥s ✐♥ ❧✐♥❡❛r ❡①♣❡❝t❡❞
t✐♠❡✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt P❈❙✲❚❘✾✵✲✶✹✼✱ ❉❡♣t✳ ▼❛t❤✳ ❈♦♠♣✉t✳ ❙❝✐✳✱ ❉❛rt♠♦✉t❤
❈♦❧❧❡❣❡✱ ❍❛♥♦✈❡r✱ ◆❍✱ ✶✾✾✵✳

❬✹❪ ❖❧✐✈✐❡r ❉❡✈✐❧❧❡rs✳ ❖♥ ❞❡❧❡t✐♦♥ ✐♥ ❉❡❧❛✉♥❛② tr✐❛♥❣✉❧❛t✐♦♥✳ ■♥t❡r♥❛t✳ ❏✳ ❈♦♠♣✉t✳

●❡♦♠✳ ❆♣♣❧✳✱ ✶✷✿✶✾✸✕✷✵✺✱ ✷✵✵✷✳

❬✺❪ ❋✳ P✳ Pr❡♣❛r❛t❛ ❛♥❞ ▼✳ ■✳ ❙❤❛♠♦s✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦♠❡tr②✿ ❆♥ ■♥tr♦❞✉❝t✐♦♥✳
❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✸r❞ ❡❞✐t✐♦♥✱ ❖❝t♦❜❡r ✶✾✾✵✳

❬✻❪ ◆✳ ❏✳ ❆✳ ❙❧♦❛♥❡ ❛♥❞ ❙✐♠♦♥ P❧♦✉✛❡✳ ❚❤❡ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ■♥t❡❣❡r ❙❡q✉❡♥❝❡s✳ ❆❝❛✲
❞❡♠✐❝ Pr❡ss✱ ✶✾✾✺✳

❆♣♣❡♥❞✐① ❆✿ ❊①❛♠♣❧❡ ❝♦❞❡

❆s ❛♥ ❡①❛♠♣❧❡✱ ✇❡ ❣✐✈❡ ❜❡❧♦✇ s♦♠❡ ❝♦❞❡✳ ❚❤❡ r❡♠♦✈❡ ❢✉♥❝t✐♦♥ ❝♦♠♣✉t❡s t❤❡ ❞❡❣r❡❡✱
st♦r❡s t❤❡ ❢❛❝❡s ❛♥❞ ✈❡rt✐❝❡s ✐♥❝✐❞❡♥t t♦ t❤❡ r❡♠♦✈❡❞ ✈❡rt❡① ❛♥❞ ❝❛❧❧s ❛ s♣❡❝✐❛❧✐③❡❞
❢✉♥❝t✐♦♥ ❢♦r t❤❡ r❡❧❡✈❛♥t ❞❡❣r❡❡✿

t❡♠♣❧❛t❡ ❁ ❝❧❛ss ●t✱ ❝❧❛ss ❚❞s ❃ ✈♦✐❞ ❉❡❧❛✉♥❛②❴tr✐❛♥❣✉❧❛t✐♦♥❴✷❁●t✱❚❞s❃✿✿r❡♠♦✈❡✭❱❡rt❡①❴❤❛♥❞❧❡ ✈✮
④
✐❢ ✭ t❤✐s✲❃❞✐♠❡♥s✐♦♥✭✮ ❁❂ ✶✮ ④ ❚r✐❛♥❣✉❧❛t✐♦♥✿✿r❡♠♦✈❡✭✈✮❀ r❡t✉r♥❀ ⑥

✐♥t ❞❂✵❀
st❛t✐❝ ✐♥t ♠❛①❞❂✸✵❀
st❛t✐❝ st❞✿✿✈❡❝t♦r❁❋❛❝❡❴❤❛♥❞❧❡❃ ❢✭♠❛①❞✮❀
st❛t✐❝ st❞✿✿✈❡❝t♦r❁✐♥t❃ ✐✭♠❛①❞✮❀
st❛t✐❝ st❞✿✿✈❡❝t♦r❁❱❡rt❡①❴❤❛♥❞❧❡❃ ✇✭♠❛①❞✮❀
❢❬✵❪ ❂ ✈✲❃❢❛❝❡✭✮❀
❞♦④
✐❬❞❪ ❂ ❢❬❞❪✲❃✐♥❞❡①✭✈✮❀

■◆❘■❆



❉❡❧❛✉♥❛② r❡♠♦✈❛❧ ❢♦r s♠❛❧❧ ❞❡❣r❡❡ ✈❡rt✐❝❡s ✶✸

✇❬❞❪ ❂ ❢❬❞❪✲❃✈❡rt❡①✭ ❝❝✇✭✐❬❞❪✮ ✮❀
✇❬❞❪✲❃s❡t❴❢❛❝❡✭ ❢❬❞❪✲❃♥❡✐❣❤❜♦r✭✐❬❞❪✮✮❀✴✴❞♦ ♥♦ ❧♦♥❣❡r ❜♦t❤❡r ❛❜♦✉t s❡t❴❢❛❝❡
✰✰❞❀ ✐❢ ✭ ❞❂❂♠❛①❞✮ ④ ♠❛①❞ ✯❂✷❀ ❢✳r❡s✐③❡✭♠❛①❞✮❀ ✇✳r❡s✐③❡✭♠❛①❞✮❀ ✐✳r❡s✐③❡✭♠❛①❞✮❀⑥
❢❬❞❪ ❂ ❢❬❞✲✶❪✲❃♥❡✐❣❤❜♦r✭ ❝❝✇✭✐❬❞✲✶❪✮ ✮❀

⑥✇❤✐❧❡✭❢❬❞❪✦❂❢❬✵❪✮❀

s✇✐t❝❤ ✭❞✮ ④
❝❛s❡ ✸✿ r❡♠♦✈❡❴❞❡❣r❡❡✸✭✈✱❢✱✇✱✐✮❀ ❜r❡❛❦❀
❝❛s❡ ✹✿ r❡♠♦✈❡❴❞❡❣r❡❡✹✭✈✱❢✱✇✱✐✮❀ ❜r❡❛❦❀
❝❛s❡ ✺✿ r❡♠♦✈❡❴❞❡❣r❡❡✺✭✈✱❢✱✇✱✐✮❀ ❜r❡❛❦❀
❝❛s❡ ✻✿ r❡♠♦✈❡❴❞❡❣r❡❡✻✭✈✱❢✱✇✱✐✮❀ ❜r❡❛❦❀
❝❛s❡ ✼✿ r❡♠♦✈❡❴❞❡❣r❡❡✼✭✈✱❢✱✇✱✐✮❀ ❜r❡❛❦❀
❞❡❢❛✉❧t✿ r❡♠♦✈❡❴❞❡❣r❡❡❴❞✭✈✱❢✱✇✱✐✱❞✮❀ ❜r❡❛❦❀
⑥

⑥

❚❤❡ r❡♠♦✈❡❴❞❡❣r❡❡✻ ❢✉♥❝t✐♦♥ ✐♠♣❧❡♠❡♥ts t❤❡ ❞❡❝✐s✐♦♥ tr❡❡ ♦❢ ❋✐❣✉r❡ ✸ ❛♥❞ ❝❛❧❧s ❛
❢✉♥❝t✐♦♥ t♦ tr✐❛♥❣✉❧❛t❡ t❤❡ ❤♦❧❡ ✇✐t❤ t❤❡ r✐❣❤t s❤❛♣❡✱ t❤❡ ♣♦ss✐❜❧❡ r♦t❛t✐♦♥s ❛r❡ ❡♥❝♦❞❡❞
t❤r♦✉❣❤ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥✿

t❡♠♣❧❛t❡ ❁ ❝❧❛ss ●t✱ ❝❧❛ss ❚❞s ❃ ✈♦✐❞ ❉❡❧❛✉♥❛②❴tr✐❛♥❣✉❧❛t✐♦♥❴✷❁●t✱❚❞s❃✿✿r❡♠♦✈❡❴❞❡❣r❡❡✻

✭❱❡rt❡①❴❤❛♥❞❧❡ ✈✱ st❞✿✿✈❡❝t♦r❁❋❛❝❡❴❤❛♥❞❧❡❃ ✫❢✱ st❞✿✿✈❡❝t♦r❁❱❡rt❡①❴❤❛♥❞❧❡❃ ✫✇✱ st❞✿✿✈❡❝t♦r❁✐♥t❃ ✫✐✮

④

✴✴ r❡♠♦✈✐♥❣ ❛ ❞❡❣r❡❡ ✻ ✈❡rt❡①

✐❢✭✐♥❝✐r❝❧❡✭✶✱✷✱✸✱✵✱❢✱✇✱✐✮✮④

✐❢✭✐♥❝✐r❝❧❡✭✹✱✷✱✸✱✺✱❢✱✇✱✐✮✮④

✐❢✭✐♥❝✐r❝❧❡✭✶✱✷✱✸✱✹✱❢✱✇✱✐✮✮④

✐❢✭✐♥❝✐r❝❧❡✭✹✱✵✱✶✱✸✱❢✱✇✱✐✮✮④

✐❢✭✐♥❝✐r❝❧❡✭✺✱✵✱✶✱✹✱❢✱✇✱✐✮✮④

r❡♠♦✈❡❴❞❡❣r❡❡✻❴st❛r✭✈✱❢❬✶❪✱❢❬✷❪✱❢❬✸❪✱❢❬✹❪✱❢❬✺❪✱❢❬✵❪✱✇❬✶❪✱✇❬✷❪✱✇❬✸❪✱✇❬✹❪✱✇❬✺❪✱✇❬✵❪✱✐❬✶❪✱✐❬✷❪✱✐❬✸❪✱✐❬✹❪✱✐❬✺❪✱✐❬✵❪✮❀

⑥❡❧s❡④

r❡♠♦✈❡❴❞❡❣r❡❡✻❴◆✭✈✱❢❬✶❪✱❢❬✷❪✱❢❬✸❪✱❢❬✹❪✱❢❬✺❪✱❢❬✵❪✱✇❬✶❪✱✇❬✷❪✱✇❬✸❪✱✇❬✹❪✱✇❬✺❪✱✇❬✵❪✱✐❬✶❪✱✐❬✷❪✱✐❬✸❪✱✐❬✹❪✱✐❬✺❪✱✐❬✵❪✮❀

⑥⑥❡❧s❡④

r❡♠♦✈❡❴❞❡❣r❡❡✻❴❛♥t✐◆✭✈✱❢❬✵❪✱❢❬✶❪✱❢❬✷❪✱❢❬✸❪✱❢❬✹❪✱❢❬✺❪✱✇❬✵❪✱✇❬✶❪✱✇❬✷❪✱✇❬✸❪✱✇❬✹❪✱✇❬✺❪✱✐❬✵❪✱✐❬✶❪✱✐❬✷❪✱✐❬✸❪✱✐❬✹❪✱✐❬✺❪✮❀

⑥⑥❡❧s❡④

✐❢✭✐♥❝✐r❝❧❡✭✺✱✶✱✷✱✹✱❢✱✇✱✐✮✮④

r❡♠♦✈❡❴❞❡❣r❡❡✻❴◆✭✈✱❢❬✷❪✱❢❬✸❪✱❢❬✹❪✱❢❬✺❪✱❢❬✵❪✱❢❬✶❪✱✇❬✷❪✱✇❬✸❪✱✇❬✹❪✱✇❬✺❪✱✇❬✵❪✱✇❬✶❪✱✐❬✷❪✱✐❬✸❪✱✐❬✹❪✱✐❬✺❪✱✐❬✵❪✱✐❬✶❪✮❀

⑥❡❧s❡④

✐❢✭✐♥❝✐r❝❧❡✭✺✱✵✱✶✱✹✱❢✱✇✱✐✮✮④

r❡♠♦✈❡❴❞❡❣r❡❡✻❴❛♥t✐◆✭✈✱❢❬✶❪✱❢❬✷❪✱❢❬✸❪✱❢❬✹❪✱❢❬✺❪✱❢❬✵❪✱✇❬✶❪✱✇❬✷❪✱✇❬✸❪✱✇❬✹❪✱✇❬✺❪✱✇❬✵❪✱✐❬✶❪✱✐❬✷❪✱✐❬✸❪✱✐❬✹❪✱✐❬✺❪✱✐❬✵❪✮❀

⑥❡❧s❡④

r❡♠♦✈❡❴❞❡❣r❡❡✻❴st❛r✭✈✱❢❬✹❪✱❢❬✺❪✱❢❬✵❪✱❢❬✶❪✱❢❬✷❪✱❢❬✸❪✱✇❬✹❪✱✇❬✺❪✱✇❬✵❪✱✇❬✶❪✱✇❬✷❪✱✇❬✸❪✱✐❬✹❪✱✐❬✺❪✱✐❬✵❪✱✐❬✶❪✱✐❬✷❪✱✐❬✸❪✮❀

⑥⑥⑥⑥❡❧s❡④

✳✳✳

✳✳✳

✳✳✳

⑥

❲❡ ❣✐✈❡ ❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ t❤❛t tr✐❛♥❣✉❧❛t❡s ❛♥ ❤❡①❛❣♦♥ ❜② ❧✐♥❦✐♥❣ ♦♥❡ ✈❡rt❡① t♦ ❛❧❧
♦t❤❡r ✈❡rt✐❝❡s ✭s❡❡ ❋✐❣✉r❡ ✺✮✿

t❡♠♣❧❛t❡ ❁ ❝❧❛ss ●t✱ ❝❧❛ss ❚❞s ❃ ✐♥❧✐♥❡ ✈♦✐❞ ❉❡❧❛✉♥❛②❴tr✐❛♥❣✉❧❛t✐♦♥❴✷❁●t✱❚❞s❃✿✿r❡♠♦✈❡❴❞❡❣r❡❡✻❴st❛r
✭❱❡rt❡①❴❤❛♥❞❧❡ ✫✈✱
❋❛❝❡❴❤❛♥❞❧❡ ✫ ❢✵✱ ❋❛❝❡❴❤❛♥❞❧❡ ✫ ❢✶✱ ❋❛❝❡❴❤❛♥❞❧❡ ✫ ❢✷✱ ❋❛❝❡❴❤❛♥❞❧❡ ✫ ❢✸✱ ❋❛❝❡❴❤❛♥❞❧❡ ✫ ❢✹✱ ❋❛❝❡❴❤❛♥❞❧❡ ✫ ❢✺✱
❱❡rt❡①❴❤❛♥❞❧❡ ✫✈✵✱ ❱❡rt❡①❴❤❛♥❞❧❡ ✫✈✶✱ ❱❡rt❡①❴❤❛♥❞❧❡ ✫✈✷✱ ❱❡rt❡①❴❤❛♥❞❧❡ ✫✈✸✱ ❱❡rt❡①❴❤❛♥❞❧❡ ✫✈✹✱ ❱❡rt❡①❴❤❛♥❞❧❡ ✫✈✺✱
✐♥t ✐✵✱ ✐♥t ✐✶✱ ✐♥t ✐✷✱ ✐♥t ✐✸✱ ✐♥t ✐✹✱ ✐♥t ✐✺ ✮
④ ✴✴ r❡♠♦✈✐♥❣ ❛ ❞❡❣r❡❡ ✻ ✈❡rt❡①✱ st❛r✐♥❣ ❢r♦♠ ✈✵
❋❛❝❡❴❤❛♥❞❧❡ ♥♥❀
❢✶✲❃s❡t❴✈❡rt❡①✭ ✐✶✱ ✈✵✮ ❀ ✴✴ ❢✶ ❂ ✈✶✈✷✈✵
❢✷✲❃s❡t❴✈❡rt❡①✭ ✐✷✱ ✈✵✮ ❀ ✴✴ ❢✷ ❂ ✈✷✈✸✈✵
❢✸✲❃s❡t❴✈❡rt❡①✭ ✐✸✱ ✈✵✮ ❀ ✴✴ ❢✸ ❂ ✈✸✈✹✈✵
❢✹✲❃s❡t❴✈❡rt❡①✭ ✐✹✱ ✈✵✮ ❀ ✴✴ ❢✹ ❂ ✈✹✈✺✈✵
♥♥ ❂ ❢✵✲❃♥❡✐❣❤❜♦r✭ ✐✵ ✮❀
t❤✐s✲❃t❞s✭✮✳s❡t❴❛❞❥❛❝❡♥❝②✭❢✶✱ ❝✇✭✐✶✮✱ ♥♥✱ ♥♥✲❃✐♥❞❡①✭❢✵✮✮❀
♥♥ ❂ ❢✺✲❃♥❡✐❣❤❜♦r✭ ✐✺ ✮❀
t❤✐s✲❃t❞s✭✮✳s❡t❴❛❞❥❛❝❡♥❝②✭❢✹✱ ❝❝✇✭✐✹✮✱ ♥♥✱ ♥♥✲❃✐♥❞❡①✭❢✺✮✮❀
t❤✐s✲❃t❞s✭✮✳❞❡❧❡t❡❴❢❛❝❡✭❢✵✮❀
t❤✐s✲❃t❞s✭✮✳❞❡❧❡t❡❴❢❛❝❡✭❢✺✮❀
t❤✐s✲❃t❞s✭✮✳❞❡❧❡t❡❴✈❡rt❡①✭✈✮❀

⑥

❆♣♣❡♥❞✐① ❇✿ ❇❡♥❝❤♠❛r❦s

P❧❛t❢♦r♠

❊①♣❡r✐♠❡♥ts ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ♦♥ ❛ ✷✳✸✸ ●❍③ ♣r♦❝❡ss♦r ✇✐t❤ ✶✻ ●❇②t❡ ❘❆▼ ❖♣❡r❛t✐♥❣
s②st❡♠ ✐s ▲✐♥✉①✲❋❈✶✵ ✇✐t❤ ❈●❆▲✸✳✺✳ ❈♦❞❡ ✇❛s ❝♦♠♣✐❧❡❞ ✇✐t❤ ❣❝❝ ✹✳✸✳✷ ✐♥ r❡❧❡❛s❡
♠♦❞❡✳

❘❘ ♥➦ ✼✶✵✹



✶✹ ❖✳ ❉❡✈✐❧❧❡rs

❙✐♥❝❡ ❣❡tt✐♥❣ r❡❧✐❛❜❧❡ r✉♥♥✐♥❣ t✐♠❡✱ ❡s♣❡❝✐❛❧❧② ❢♦r s♠❛❧❧ ❢✉♥❝t✐♦♥s t❤❛t t❛❦❡ ❢❡✇
♠✐❝r♦✲s❡❝♦♥❞s✱ ✐s ❛ ❞✐✣❝✉❧t t❛s❦✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤r❡❡ ❞✐✛❡r❡♥t t♦♦❧s t♦ ❝♦♥tr♦❧ t❤❡ ❝♦✲
❤❡r❡♥❝❡ ♦❢ ♦✉r r❡s✉❧ts✿
✲ t❤❡ ▲✐♥✉① t✐♠❡ ❝♦♠♠❛♥❞ ❢♦r t❤❡ t♦t❛❧ t✐♠❡ ♦❢ t❤❡ ❝♦❞❡
✲ t❤❡ ❈●❆▲✿✿❚✐♠❡r t♦ ❣❡t t❤❡ t✐♠❡ ♦❢ t❤❡ ❞❡❧❡t✐♦♥ ♣❤❛s❡✳
✲ t❤❡ ❈●❆▲✿✿Pr♦❢✐❧❡❴t✐♠❡r ❛♥❞ ❈●❆▲✿✿Pr♦❢✐❧❡❴❝♦✉♥t❡r t♦♦❧s ✭✇✐t❤ ❛ ❧✐tt❧❡ ❛❞❛♣t❛✲
t✐♦♥✮ t♦ ❣❡t ❞❡t❛✐❧❡❞ ♥✉♠❜❡rs ♣❡r ❢✉♥❝t✐♦♥ ❛♥❞ ♣❡r ❞❡❣r❡❡✳

▼❛✐♥ ❡①♣❡r✐♠❡♥t

❚❤❡ ♠❛✐♥ ❝♦❞❡ ✐♥s❡rts ✶✵✱✵✵✵✱✵✵✵ r❛♥❞♦♠ ♣♦✐♥ts ✐♥ ❛ sq✉❛r❡✱ st♦r❡s t❤❡ ❱❡rt❡①❴❤❛♥❞❧❡s
✐♥ ❛ ✈❡❝t♦r✱ s❤✉✤❡s t❤❛t ✈❡❝t♦r ❛♥❞ t❤❡♥ ❞❡❧❡t❡s ❛❧❧ t❤❡ ✈❡rt✐❝❡s ♦♥❡ ❜② ♦♥❡ ✭❡①❝❡♣t
t❤❡ ❧❛st t❤r❡❡ ✈❡rt✐❝❡s t❤❛t ♥❡❡❞s s♣❡❝✐❛❧ tr❡❛t♠❡♥t ❛♥②✇❛②✮✳

❲❡ ❝♦♠♣❛r❡ t❤❡ ♠❡t❤♦❞s ✏❜♦✉♥❞❛r② ❝♦♠♣❧❡t✐♦♥✑✱ ✏✢✐♣ ❢r♦♠ ♣❡♥t❛❣♦♥s✑✱ ❛♥❞ t❤❡
♦♣t✐♠✐③❡❞ ✈❡rs✐♦♥s ❢♦r ✏s♠❛❧❧ ❞❡❣r❡❡✑✳ ◆❛♠❡❧② ✇❡ ❞✐st✐♥❣✉✐s❤✿
BC ✿ t❡st t❤❡ ❞❡❣r❡❡ ❛♥❞ ❝❛❧❧ ❇♦✉♥❞❛r② ❝♦♠♣❧❡t✐♦♥✱
BC

′✿ ❝❛❧❧ ❞✐r❡❝t❧② ❇♦✉♥❞❛r② ❝♦♠♣❧❡t✐♦♥✱
FP ✿ t❡st t❤❡ ❞❡❣r❡❡ ❛♥❞ ❝❛❧❧ ❋❧✐♣ ❢r♦♠ ♣❡♥t❛❣♦♥s✱ ❛♥❞
SDd ✿ t❡st t❤❡ ❞❡❣r❡❡ ❛♥❞ ❝❛❧❧ ❋❧✐♣ ❢r♦♠ ♣❡♥t❛❣♦♥s ❢♦r ❞❡❣r❡❡ str✐❝t❧② ❤✐❣❤❡r t❤❛♥ d✱
s♣❡❝✐❛❧✐③❡❞ ✈❡rs✐♦♥ ♦t❤❡r✇✐s❡✳

❘❡s✉❧ts

❋✐rst ✇❡ r✉♥ SD7 ♦♥ s❡✈❡r❛❧ tr✐❛❧s ❢♦r t❤❡ r❛♥❞♦♠ ♣♦✐♥t s❡t t♦ ❝❤❡❝❦ t❤❡ ❞❡♣❡♥❞❡♥❝❡
♦❢ t❤❡ r❡s✉❧ts ♦♥ ❛ ❣✐✈❡♥ tr✐❛❧✳ ❚❤❡ t❛❜❧❡ ❜❡❧♦✇ s❤♦✇s t❤❛t r❡s✉❧ts ❛r❡ r❡❛s♦♥❛❜❧②
✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ ❛ ❣✐✈❡♥ tr✐❛❧ ❛♥❞ t❤✉s ✐♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ♣❡r❢♦r♠ ❛ s✐♥❣❧❡ tr✐❛❧
❢♦r ❡❛❝❤ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦❞❡✳ ❲❡ ❛❧s♦ ❝❛♥ ❝❤❡❝❦ ♦♥ t❤❛t t❛❜❧❡✱ t❤❡ ❝♦❤❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ ❈●❆▲ t✐♠❡r ❛♥❞ t❤❡ ▲✐♥✉① t✐♠❡ ❝♦♠♠❛♥❞✳

SD7 ❚r✐❛❧ ✶ ❚r✐❛❧ ✷ ❚r✐❛❧ ✸ ❚r✐❛❧ ✹ ❚r✐❛❧ ✺ ❚r✐❛❧ ✻ ❚r✐❛❧ ✼ ❚r✐❛❧ ✽
♯ ❝❛❧❧s ❞❡❣r❡❡ ✸ ✶✶✷✱✹✾✶ ✶✶✷✱✷✸✷ ✶✶✷✱✹✾✽ ✶✶✷✱✹✻✾ ✶✶✷✱✻✼✷ ✶✶✸✱✵✾✶ ✶✶✷✱✻✺✺ ✶✶✸✱✶✾✻
♯ ❝❛❧❧s ❞❡❣r❡❡ ✹ ✶✱✵✻✽✱✼✻✶ ✶✱✵✼✵✱✹✺✸ ✶✱✵✼✵✱✽✺✺ ✶✱✵✼✶✱✻✼✽ ✶✱✵✻✽✱✷✵✶ ✶✱✵✻✾✱✾✼✷ ✶✱✵✻✾✱✻✾✷ ✶✱✵✼✵✱✵✸✵
♯ ❝❛❧❧s ❞❡❣r❡❡ ✺ ✷✱✺✾✻✱✼✹✵ ✷✱✺✾✼✱✶✷✻ ✷✱✺✾✺✱✶✶✽ ✷✱✺✾✺✱✽✾✾ ✷✱✺✾✺✱✺✽✽ ✷✱✺✾✺✱✺✾✼ ✷✱✺✾✺✱✾✹✼ ✷✱✺✾✹✱✸✺✽
♯ ❝❛❧❧s ❞❡❣r❡❡ ✻ ✷✱✾✹✼✱✹✵✼ ✷✱✾✹✺✱✽✵✹ ✷✱✾✹✻✱✼✻✽ ✷✱✾✹✹✱✺✻✸ ✷✱✾✹✻✱✵✹✾ ✷✱✾✹✺✱✾✻✾ ✷✱✾✹✺✱✷✸✷ ✷✱✾✹✹✱✵✶✾
♯ ❝❛❧❧s ❞❡❣r❡❡ ✼ ✶✱✾✽✸✱✶✾✺ ✶✱✾✽✹✱✵✸✹ ✶✱✾✽✺✱✻✶✸ ✶✱✾✽✺✱✵✹✸ ✶✱✾✽✻✱✾✾✼ ✶✱✾✽✹✱✸✾✺ ✶✱✾✽✻✱✽✹✶ ✶✱✾✽✻✱✼✽✵
♯ ❝❛❧❧s ❞❡❣r❡❡ ✽ ✾✵✵✱✹✽✶ ✽✾✾✱✽✼✻ ✽✾✽✱✾✵✻ ✾✵✵✱✾✵✺ ✾✵✶✱✵✷✼ ✾✵✶✱✸✹✷ ✽✾✾✱✼✻✷ ✾✵✶✱✹✹✹
♯ ❝❛❧❧s ❞❡❣r❡❡ ✾ ✷✾✻✱✽✺✻ ✷✾✻✱✽✷✷ ✷✾✻✱✸✺✽ ✷✾✻✱✷✹✼ ✷✾✻✱✵✵✹ ✷✾✻✱✷✷✹ ✷✾✻✱✻✸✻ ✷✾✻✱✸✸✽
♯ ❝❛❧❧s ❞❡❣r❡❡ ✶✵ ✼✺✱✷✼✽ ✼✹✱✼✸✽ ✼✺✱✶✼✻ ✼✹✱✸✾✵ ✼✹✱✾✵✶ ✼✹✱✻✷✶ ✼✹✱✺✶✵ ✼✺✱✵✵✺
♯ ❝❛❧❧s ❞❡❣r❡❡ ✶✶ ✶✺✱✶✽✶ ✶✺✱✷✻✼ ✶✺✱✶✶✾ ✶✺✱✶✺✹ ✶✹✱✾✺✷ ✶✺✱✷✵✶ ✶✺✱✶✺✶ ✶✺✱✷✶✹
♯ ❝❛❧❧s ❞❡❣r❡❡ ≥ 12 ✸✱✻✵✼ ✸✱✻✹✺ ✸✱✺✽✻ ✸✱✻✹✾ ✸✱✻✵✻ ✸✱✺✽✺ ✸✱✺✼✶ ✸✱✻✶✸

❚r✐❛❧ ✾ ❚r✐❛❧ ✶✵ ❚r✐❛❧ ✶✶ ❚r✐❛❧ ✶✷ ❚r✐❛❧ ✶✸ ❚r✐❛❧ ✶✹ ❚r✐❛❧ ✶✺ ❚r✐❛❧ ✶✻
❈●❆▲ ❚✐♠❡r ✐♥s❡rt◦ ✶✹✳✻✷ ✶✹✳✼✼ ✶✹✳✹✾ ✶✹✳✹✶ ✶✹✳✼✻ ✶✹✳✺✺ ✶✹✳✻✶ ✶✹✳✼✷
❈●❆▲ ❚✐♠❡r r❡♠♦✈❡ ✷✽✳✻✼ ✷✽✳✷✷ ✷✽✳✵✹ ✷✼✳✼✵ ✷✼✳✼✾ ✷✼✳✾✶ ✷✼✳✼✾ ✷✽✳✶✾
❈●❆▲ ❚✐♠❡r t♦t❛❧⋆ ✹✺✳✶✼ ✹✹✳✽✹ ✹✹✳✸✽ ✹✸✳✾✹ ✹✹✳✹✶ ✹✹✳✸✶ ✹✹✳✷✺ ✹✹✳✼✻

✉s❡r t✐♠❡♦ ✭s❡❝♦♥❞s✮ ✹✺✳✷✵ ✹✹✳✽✾ ✹✹✳✹✸ ✹✸✳✾✽ ✹✹✳✹✺ ✹✹✳✸✺ ✹✹✳✷✽ ✹✹✳✽✵
◦ ✐♥s❡rt✐♦♥ ✉s✐♥❣ s♣❛t✐❛❧ s♦rt ✭♣♦✐♥ts ❛r❡ s♦rt❡❞ ❛❧♦♥❣ ❛ s♣❛❝❡ ✜❧❧✐♥❣ ❝✉r✈❡ ❛♥❞ ✐♥s❡rt❡❞ ✐♥ t❤❛t ♦r❞❡r ✐♥ ❉❡❧❛✉♥❛② tr✐❛♥❣✉❧❛t✐♦♥
⋆ ♣♦✐♥t ❣❡♥❡r❛t♦r ✰ ✐♥s❡rt ✰ ❝♦❧❧❡❝t✐♥❣ ❛♥❞ s❤✉✤✐♥❣ ❤❛♥❞❧❡s ✰ r❡♠♦✈❡ ✭❝♦♠♣✐❧❡❞ ✇✐t❤♦✉t ♣r♦✜❧✐♥❣✮
♦ ❢r♦♠ ▲✐♥✉① ❝♦♠♠❛♥❞

Pr♦✜❧✐♥❣ ❛❧❧♦✇s t♦ ❣❡t ❞❡t❛✐❧❡❞ t✐♠❡ ♣❡r ❞❡❣r❡❡✱ ❣✐✈❡♥ ✐♥ t❤❡ t❛❜❧❡ ❜❡❧♦✇✳

■◆❘■❆



❉❡❧❛✉♥❛② r❡♠♦✈❛❧ ❢♦r s♠❛❧❧ ❞❡❣r❡❡ ✈❡rt✐❝❡s ✶✺

BC FP SD7 ✐♥✐t
❞❡❣r❡❡ ♯ ❝❛❧❧s t✐♠❡ ✴ ❝❛❧❧ t✐♠❡ ✴ ❝❛❧❧ t✐♠❡ ✴❝❛❧❧ t✐♠❡ ✴❝❛❧❧

✭s✮ ✭µs✮ ✭s✮ ✭µs✮ ✭s✮ ✭µs✮ ✭s✮ ✭µs✮
✸ ✶✳✶✪ ✵✳✶✺ ✶✳✹ ✵✳✵✾ ✵✳✽ ✵✳✵✹ ✵✳✸✻ ✵✳✶✶ ✶✳✵
✹ ✶✵✳✼✪ ✷✳✷ ✷✳✶ ✶✳✻ ✶✳✺ ✵✳✹✼ ✵✳✹✹ ✶✳✺ ✶✳✹
✺ ✷✻✳✵✪ ✼✳✻ ✷✳✾ ✺✳✷ ✷✳✵ ✶✳✹ ✵✳✺✹ ✸✳✽ ✶✳✺
✻ ✷✾✳✹✪ ✶✶✳✺ ✸✳✾ ✾✳✷ ✸✳✶ ✷✳✷ ✵✳✼✺ ✹✳✸ ✶✳✺
✼ ✶✾✳✽✪ ✾✳✼ ✹✳✾ ✽✳✺ ✹✳✸ ✶✳✾ ✵✳✾✻ ✸✳✸ ✶✳✼
✽ ✾✳✵✪ ✺✳✹ ✻✳✵ ✹✳✾ ✺✳✹ ✶✳✻ ✶✳✽
✾ ✸✳✵✪ ✷✳✶ ✼✳✵ ✷✳✵ ✻✳✼ ✵✳✺✼ ✶✳✾
✶✵ ✵✳✼✪ ✵✳✻ ✽✳✻ ✵✳✻✷ ✽✳✾ ✵✳✶✻ ✷✳✸
✶✶ ✵✳✶✺✪ ✵✳✶✺ ✶✵✳✵ ✵✳✶✹ ✾✳✸ ✵✳✵✸✹ ✷✳✸

≥ 12 ✵✳✵✸✻✪ ✵✳✵✹ ✶✶✳✶ ✵✳✵✹ ✶✶✳✶ ✵✳✵✶✵ ✷✳✽
❆❧❧ ❞❡❣r❡❡s r❡♠♦✈❛❧ t✐♠❡

Pr♦✜❧❡r ✭✇✐t❤♦✉t ✐♥✐t✮ ✶✵✱✵✵✵✱✵✵✵ ✹✵ ✹✳✵ ✸✷ ✸✳✷ ✶✹ ✶✳✹ ✶✺ ✶✳✺
Pr♦✜❧❡r ✭❛❞❞✐♥❣ ✐♥✐t✮ ✶✵✱✵✵✵✱✵✵✵ ✺✺ ✺✳✺ ✹✼ ✹✳✼ ✷✾ ✷✳✾

❚✐♠❡r ✭✇✐t❤ ✐♥✐t✱ ♥♦ ♣r♦✜❧❡r✮ ✶✵✱✵✵✵✱✵✵✵ ✺✸ ✺✳✸ ✹✻ ✹✳✻ ✷✽ ✷✳✽

◆♦t✐❝❡ t❤❛♥ t❤❡ ❧❛st t✇♦ ❧✐♥❡s ✐♥❞✐❝❛t❡ t❤❛t t❤❡ t✐♠❡ ✉s❡❞ t♦ ♣r♦✜❧❡ ✐s ❜❡❧♦✇ ✷
s❡❝♦♥❞s ❛♥❞ ❝❛♥♥♦t ✐♥✈❛❧✐❞❛t❡ t❤❡ s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤❡ r❡s✉❧ts✳ ❚♦ ❝♦♥✜r♠ t❤❛t t❤❡
♣r♦✜❧✐♥❣ ❞♦ ♥♦t ✐♥✢✉❡♥❝❡ t❤❡ r❡s✉❧ts ✇❡ r✉♥ s♦♠❡ s✉♣♣❧❡♠❡♥t❛r② ❡①♣❡r✐♠❡♥ts ✇✐t❤♦✉t
♣r♦✜❧✐♥❣ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ♦❜s❡r✈❡ t❤❛t t❤❡ t✐♠❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ SDd ❛♥❞ SDd+1

r❡♠❛✐♥s t❤❡ s❛♠❡✿

♠❡t❤♦❞ BC BC′ FP SD3 SD4 SD5 SD6 SD7

❈●❆▲ t✐♠❡r r❡♠♦✈❡ ✺✸ ✺✸ ✹✻ ✹✻ ✹✺ ✹✶ ✸✹ ✷✽

FP − SD3 SD3 − SD4 SD4 − SD5 SD5 − SD6 SD6 − SD7

❈●❆▲ t✐♠❡r r❡♠♦✈❡ ✵ ✶ ✹ ✼ ✻
❈●❆▲ Pr♦✜❧❡r ✵✳✵✺ ✶✳✶ ✸✳✽ ✼✳✵ ✻✳✻

❚❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ t✐♠❡ ❝♦♥s✐sts ❡ss❡♥t✐❛❧❧② ✐♥ ❝✐r❝✉❧❛t✐♥❣ ❛r♦✉♥❞ t❤❡ ✈❡rt❡① t♦ ❜❡
r❡♠♦✈❡❞ t♦ ❝♦♠♣✉t❡ ✐ts ❞❡❣r❡❡ ❛♥❞ ❝♦❧❧❡❝t ♦♥ t❤❡ ✢② t❤❡ ✐♥❝✐❞❡♥t ❢❛❝❡s ❛♥❞ ✈❡rt✐❝❡s✳
❚❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ t✐♠❡ ❛♣♣❡❛rs t♦ ❜❡ r❡❧❛t✐✈❡❧② ❤✐❣❤ ❝♦♠♣❛r❡❞ t♦ t❤❡ t✐♠❡ t♦ r❡tr✐❛♥✲
❣✉❧❛t❡ t❤❡ ❤♦❧❡✱ ❜✉t ✐♥ ❢❛❝t ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❡✛❡❝ts ♦❢ t❤✐s ✐♥✐t✐❛❧✐③❛t✐♦♥ ✐s t♦ ❧♦❛❞ ✐♥
t❤❡ ❝❛❝❤❡ ♠❡♠♦r② ❛❧❧ r❡❧❡✈❛♥t ❞❛t❛ ✇❤✐❝❤ ❜❡♥❡✜t t♦ t❤❡ ❞❡❧❡t✐♦♥ ❛❢t❡r✇❛r❞s✳ ❚❤❡ ❢❛❝t
t❤❛t t❤✐s ✐♥✐t✐❛❧✐③❛t✐♦♥ t✐♠❡ ✐s ♠❛✐♥❧② ❞✉❡ t♦ ♠❡♠♦r② ✉s❛❣❡ ✐s ❝♦♥✜r♠❡❞ ❜② r✉♥♥✐♥❣
t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ t✇✐❝❡✱ t❤❡ s❡❝♦♥❞ ✐♥✐t✐❛❧✐③❛t✐♦♥ ❣♦❡s ✻ t✐♠❡s ❢❛st❡r ✭❜❡❝❛✉s❡ ❛❧❧ ✉s❡✲
❢✉❧ ❞❛t❛ ✐s ❛❧r❡❛❞② ✐♥ ❝❛❝❤❡ ♠❡♠♦r②✮ ❛♥❞ t❤❛t BC ❛♥❞ BC

′ ❤❛✈❡ ❝❧♦s❡ r✉♥♥✐♥❣ t✐♠❡
✭r✉♥♥✐♥❣ BC

′ ❛✈♦✐❞s t❤❡ ❤❡❛✈② ❞❡❣r❡❡ ❝♦♠♣✉t❛t✐♦♥✱ ❜✉t ❤❛s t♦ ✈✐s✐t t❤❡ r❡❧❡✈❛♥t st✉✛
✐♥ t❤❡ ♠❡♠♦r② ❛t s♦♠❡ ♣♦✐♥ts ❛♥②✇❛②✮✳

❚❤❡ ❡①♣❡♥s✐✈❡ ❝♦st ♦❢ ❧♦❛❞✐♥❣ r❡❧❡✈❛♥t ♦❜❥❡❝ts ✐♥ t❤❡ ❝❛❝❤❡ ♠❡♠♦r② ✐s ♦❢ ❝♦✉rs❡
❧✐♥❦❡❞ t♦ t❤❡ r❛♥❞♦♠ ♦r❞❡r ✉s❡❞ ❢♦r ❞❡❧❡t✐♥❣ t❤❡ ✈❡rt✐❝❡s✳ ❚❤❡ t❛❜❧❡ ❜❡❧♦✇ s❤♦✇s
r❡s✉❧ts✱ ✇❤❡r❡ t❤❡ ♥❡①t ✈❡rt❡① t♦ r❡♠♦✈❡ ✐s ❛ ♥❡✐❣❤❜♦r ♦❢ ❛ ♥❡✐❣❤❜♦r ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳
❆s ❡①♣❡❝t❡❞✱ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ t✐♠❡ ❜❡❝♦♠❡s ♠✉❝❤ s♠❛❧❧❡r s✐♥❝❡ r❡❧❡✈❛♥t st✉✛ ✐s ❛❧r❡❛❞②
✐♥ t❤❡ ❝❛❝❤❡✳ ❚❤❡ ♥♦♥ r❛♥❞♦♠♥❡ss ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❞❡❧❡t❡❞ ✈❡rt❡① ♦❢ ❝♦✉rs❡ ♠♦❞✐✜❡s
t❤❡ ❞❡❣r❡❡ ❞✐str✐❜✉t✐♦♥ ✭✷✵✪ ♦❢ ❞❡❣r❡❡ ≥ 8✮✱ ❛♥❞ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞✐str✐❜✉t✐♦♥✱ t❤✉s
t❤❡ r✉♥♥✐♥❣ t✐♠❡s ❛r❡ ❞✐✛❡r❡♥t✳ ❆♥②✇❛② t❤❡ ♦✈❡r❛❧❧ ❤✐❡r❛r❝❤② ❜❡t✇❡❡♥ t❤❡ ✸ ♠❡t❤♦❞s
r❡♠❛✐♥s t❤❡ s❛♠❡✳

BC FP SD7 ✐♥✐t
❞❡❣r❡❡ t✐♠❡ ✴ ❝❛❧❧ ✭µs✮

✸ ✵✳✾ ✵✳✻ ✵✳✷ ✵✳✷
✹ ✶✳✻ ✶✳✶ ✵✳✷ ✵✳✼
✺ ✷✳✹ ✶✳✼ ✵✳✸ ✵✳✷
✻ ✸✳✷ ✷✳✼ ✵✳✺ ✵✳✸
✼ ✹✳✶ ✸✳✽ ✵✳✼ ✵✳✸
✽ ✺✳✶ ✹✳✽ ✵✳✹
✾ ✻✳✶ ✻✳✷ ✵✳✹
✶✵ ✼✳✷ ✼✳✻ ✵✳✺
✶✶ ✽✳✹ ✽✳✾ ✵✳✺

≥ 12 ✶✵✳✺ ✶✶✳✻ ✵✳✻
t♦t❛❧ t✐♠❡ ✭s✮

Pr♦✜❧❡r ✭✇✐t❤♦✉t ✐♥✐t✮ ✸✽ ✸✷ ✶✼ ✸

❘❘ ♥➦ ✼✶✵✹



✶✻ ❖✳ ❉❡✈✐❧❧❡rs

❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ♣♦✐♥t ✐s t♦ ❧♦♦❦ ❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t r❡s✉❧ts t♦
tr✐❛♥❣✉❧❛t❡ ❛ d✲❣♦♥✳ ❲❡ ♠❡❛s✉r❡❞ ❢♦r d = 7 ❤♦✇ ♠❛♥② t✐♠❡s ✇❡ ❣❡t t❤❡ ✻ ❞✐✛❡r❡♥t
s❤❛♣❡s ❛♥❞ ✇✐t❤ ✇❤✐❝❤ r♦t❛t✐♦♥✳ ❚❤❡ ✐❞❡❛ ♦❢ ❞❡s✐❣♥✐♥❣ t❤❡ ❞❡❝✐s✐♦♥ tr❡❡ t♦ ♠✐♥✐♠✐③❡
t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ♠♦st ❧✐❦❡❧② ❝♦♥✜❣✉r❛t✐♦♥s s❤♦✉❧❞ ✐♠♣r♦✈❡ t❤❡ ❝♦♠♣❧❡①✐t② ❜② ✈❡r②
❧✐tt❧❡✳ ❆♥②✇❛②✱ ✐t ✐s s✉r♣r✐s✐♥❣ t♦ ♦❜s❡r✈❡ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t
r♦t❛t✐♦♥s ♦❢ ❛ ❣✐✈❡♥ ❝♦♥✜❣✉r❛t✐♦♥✱ ❡✈❡♥ ✐❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✈❡rt❡① ✵ ❛r♦✉♥❞ t❤❡ ❞❡❧❡t❡❞
✈❡rt❡① ✐s ♥♦t r❛♥❞♦♠✱ ❜✉t ❞❡♣❡♥❞s ♦❢ t❤❡ ❝♦♥t❡①t ♦❢ ♣r❡✈✐♦✉s ✐♥s❡rt✐♦♥s ❛♥❞ ❞❡❧❡t✐♦♥s
✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞✳

✵ ✶ ✷ ✸ ✹ ✺ ✻ t♦t❛❧

✸✪ ✺✪ ✶✪ ✸✪ ✹✪ ✸✪ ✸✪ ✷✷✪

✷✪ ✷✪ ✶✪ ✶✪ ✸✪ ✶✪ ✶✪ ✶✷✪

✶✪ ✹✪ ✶✪ ✶✪ ✸✪ ✷✪ ✶✪ ✶✹✪

✸✪ ✷✪ ✶✪ ✷✪ ✸✪ ✷✪ ✶✪ ✶✹✪

✷✪ ✺✪ ✶✪ ✸✪ ✷✪ ✹✪ ✷✪ ✶✾✪

✷✪ ✹✪ ✶✪ ✸✪ ✸✪ ✷✪ ✹✪ ✶✾✪

■◆❘■❆



Centre de recherche INRIA Sophia Antipolis – Méditerranée
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Centre de recherche INRIA Bordeaux – Sud Ouest : Domaine Universitaire - 351, cours de la Libération - 33405 Talence Cedex
Centre de recherche INRIA Grenoble – Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier

Centre de recherche INRIA Lille – Nord Europe : Parc Scientifique de la Haute Borne - 40, avenue Halley - 59650 Villeneuve d’Ascq
Centre de recherche INRIA Nancy – Grand Est : LORIA, Technopôle de Nancy-Brabois - Campus scientifique

615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex
Centre de recherche INRIA Paris – Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex
Centre de recherche INRIA Rennes – Bretagne Atlantique : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex

Centre de recherche INRIA Saclay – Île-de-France : Parc Orsay Université - ZAC des Vignes : 4, rue Jacques Monod - 91893 Orsay Cedex

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)

❤tt♣✿✴✴✇✇✇✳✐♥r✐❛✳❢r

ISSN 0249-6399


	Introduction
	Removal algorithms for any degree
	Boundary completion
	Flipping
	Triangulate and sew
	Ear queue
	Randomized reinsertion

	Optimizing small degrees
	Algorithms for degree 3 to 7
	Remarks on the implementation

	Flip from pentagons
	Benchmarks
	Conclusion

