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Universal Sets of Points for One-bend
Drawings of Planar Graphs withVertices*

Hazel Everett ~ Sylvain Lazard  Giuseppe Liotta
Stephen Wismath

Abstract

This paper shows that any planar graph witrertices can be point-set embedded
with at most one bend per edge on a universal sat pbints in the plane. An
implication of this result is that any number of planar graphs admit a simultaneous
embedding without mapping with at most one bend per edge.

1 Introduction

Let Sbe a set ofn distinct points in the plane and I& be a planar graph with vertices
(n < m). A point-set embedding of G on Sis a planar drawing o6 such that each vertex
is drawn as a point dband the edges are drawn as polylines. The problem of congputin
point-set embeddings of planar graphs has a long traditatim b the graph drawing and
in the computational geometry literature (see, e.g., [103). Considerable attention has
been devoted to the study of universal sets of points. Welsstyat setS of m points is
h-bend universal for a family of planar graphs with vertices i < m) if each graph in the
family admits a point-set embedding or§ohat has at most bends along each edge.
Gritzman, Mohar, Pach and Pollack [7] proved that every et distinct points in
general position in the plane is 0-bend universal for thescta outerplanar graphs with
n vertices. De Fraysseix, Pach, and Pollack [4] and indepehd8chnyder [11] proved
that a grid withO(n?) points is 0-bend universal for all planar graphs witbertices. De
Fraysseix et al. [4] also showed that a 0-bend universalfgagiots for all planar graphs
havingn vertices cannot have+ o(,/n) points. This last lower bound was improved by
Chrobak and Karloff [3] and later by Kurowski [9] who showeathinearly many extra
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presented at the 15th International Symposium on Graph iDggvD 2007.
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points are necessary for a 0-bend universal set of pointalfgrlanar graphs having
vertices. On the other hand, if two bends along each edgdlaveed, a tight bound on
the size of the point-set is known: Kaufmann and Wiese [8y@dothat every set af
distinct points in the plane is 2-bend universal for planaphs withn vertices. Finally,
if one bend along each edge is allowed, Di Giacomo et al. [6Yga a related result that
every planar graph can be drawn with its vertices on any goaevex curve; however,
the positions of the points on the curve depend on the plamaahg

In this paper we study the cardinality of a universal set oftsofor all planar graphs
with n vertices under the assumption that at most one bend per sdg®wed in the
point-set embedding. We prove the following theorem.

Theorem 1 Let #, be the family of all planar graphs with n vertices. There exists a set
of n distinct pointsin the plane that is 1-bend universal for #,.

The proof is constructive; an example is shown in Figure 1. dékne a seBSof n
points (Figure 1(a)) and show how to computedn) time an embedding of any planar
graph withn vertices onSsuch that the resulting drawing has at most one bend per edge.
The drawing procedure starts by computing a special typ®ok lembedding defined in
Section 2 (see Figure 1(c)) and then uses this book embetticmnstruct the point-set
embedding with the algorithm described in Section 3 (seargid(d)).

Our universal set of points can be defined either (i) on an integer grid of si2®
by n or (ii) with algebraic coordinates such that they are theises of a convex chain
with unit-length edges. In the former case, the graphs cairden with all bend-points
also on the grid points of the2" by n grid. In the latter case, all planar graphs%&{fcan
be drawn with all bend-points and vertices in a square of silzg n at distance at least
2(d—1+1) apart, whereal is the maximum degree of the graph. Furthermore, relaxiagitfit
edge length constraint, a universal set of points can beethas any given convex curve.

We conclude this introduction by noting a result that is indaegely implied by The-
orem 1. Two planar graphs; and G, with the same set of vertices are said to admit a
simultaneous embedding without mapping if there exists a set of points in the plane that
supports a point-set embedding of b@h and G, [2].1 It is not known whether any
two planar graphs admit a simultaneous embedding withopipimg such that all edges
are straight-line segments. However, Brass et al. [2] shdahatdany planar graph has a
straight-line simultaneous embedding without mappindaihty number of outerplanar
graphs. Kaufmann and Wiese [8] also proved that any two plgragohs have a simulta-
neous embedding without mapping such that each edge is dvétvat most two bends.
In this context, Theorem 1 fills the gap for the one-bend casdédraplies the following.

Corollary 2 Any number of planar graphs with n vertices admit a simultaneous embed-
ding without mapping with at most one bend per edge.

The paper is organized as follows. In Section 2, we first e some notation and
review preliminary results about topological book embeaddi We then prove Theorem 1
in Section 3; we first present, in Section 3.1, a construatiosets ofn points in convex

1A simultaneous embedding is said toWwith mapping if the same vertex is mapped to the same point
in both the drawings 0o&; and ofG; [2].
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Figure 1: (a) A universal seg, of 8 points,pp,...,p7. (b) A graphG with 8 vertices.
(c) A proper monotone topological book embeddifg,of G. The vertices are labeled
both by their labels in grapt and drawing™. (d) The drawing[", of G on the universal
point setS.



Figure 2: Edg€u,Vv) with spine crossingl and bounding verticeg andVv'.

position, called necklaces and describe, in Section 3.2algorithm that computes a 1-
bend point-set embedding of any planar graph witrertices on a necklace ofpoints.
We then prove the correctness of the algorithm in Sectiorb8f8re concluding in Sec-
tion 4.

2 Topological Book Embeddings

In this section, we review the notions of monotone, proped augmented topological
book embeddings (sexg., [5, 6]). We start with preliminary notation.

Consider the Cartesian coordinate systgdx,y) and letp,q be two points in the
plane. We say thap is left of g and we denote it ap < q if the x-coordinate ofp is less
than thex-coordinate ofg; we shall also use the notatign< q to mean that eithep is
left of g or p coincides withg; we define similarlyp > q andp > g. Let pq denote the
line segment fronp to q.

A spineis a horizontal line. Let be a spine and lgt, g be two points orf. Letp < g
and letb be a point on the perpendicular bisectormofand not or¢. An arc (p,q) with
bend-point b consists of segmen{s andbg; points p andq are respectively thksft and
right endpoint of (p,q). Arc (p,q) can be either in the half-plane above the spine or in
the half-plane below the spine (such half-planes are asstorze closed sets); in the first
case we say that the arc is in ttop page of /, otherwise it is in thdoottom page of /.

Let G = (V,E) be a planar graph. Aonotone topological book embedding of G [5],
denotedr, is a planar drawing such that all vertices®fare represented as points of
a spinef and each edge is either represented as an arc in the bott@nqrags an arc
in the top page, or as a polyline that crosses the spine arglstemf two consecutive
arcs. More precisely, léu,v) be an edge of a monotone topological book embedding that
crosses the spine at a potiitassuming thati is left of v along the spine(u,v) is such
that (see Figure 2): (1 < d <, (ii) arc (u,d) is in the bottom page, and (iii) afd, V) is
in the top page. Poirtt is called thespine crossing of (u,v) and is also denoted asu, v).

Di Giacomo et al. [5] presented a constructive proof of thistence of monotone
topological book embeddings. They also presented an #hgotio prove that any planar
graph admits a one-bend drawing with all vertices on anyrgsenvex curve. Their
algorithm can be viewed as follows. First, a monotone topgickl book embedding is
constructed. Second, the spine is deformed into a conver euile moving the vertices
on the curve so that the bends in the bottom page straightsnlting in a one-bend
drawing. More precisely, the vertices and incident edgesadded, one by one, to the
drawing according to a canonical ordering; the position gédex thus depends on the
position of the vertices and edges drawn in previous stepsuill approach, we carefully
choose the position of the vertices on a convex curve ancephat the edges of any planar
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Figure 3: Construction of a monotone topological book embegdd

graph can then be drawn by a technique similar to that of Dc@i et al. [5] on that
point set. Since monotone topological book embeddingsraigat in our construction,
we sketch here, for completeness, the constructive proibfedf existence.

Theorem 3 ([5]) Every planar graph admits a monotone topological book embedding
which can be computed in linear time in the size of the graph.

Sketch of Proof. We describe an algorithm that takes a planar embedding ofxamaa
planar graph (every planar graph can be augmented to bec@xienally planar) and
produces a linear ordering of its vertices and spine crgssior its edges. This linear
ordering defines a monotone topological book embeddingeoinput graph.

Let G be a maximal embedded planar graph witlvertices and letvg, Wi, Wn_1
denote the vertices of its outer face. A monotone topoldédioak embedding of5 is
constructed by adding a single vertex per step. The algortthooses the next vertex to
be added by following @anonical ordering [4] of G. A canonical ordering ofs with
respect to edgéwp, w1 ) is an ordering of the verticasy, wy,wo, ..., wy_1 of G such that
for every integek (3 < k < n) the following properties hold (see Figure 1(b)):

* The embedded subgra@i_1 C G induced bywg,ws,...,Wk_1 is biconnected and
the external boundai@_; of G¢_; contains edgéwo, ws );

* W is a vertex (0fG\ Gk_1) in the external face dBy_1, and its neighbors ity _1
form a subpath of the pat®_1 \ {(wo,w1)}.

Now, letwg, Wy, Wo, ..., Wn_1 be a canonical ordering @. At Stepi, 0<i < n, the
algorithm processes vertex and all edges fromy; to somew; ;. All edges are drawn
with a spine crossing (that is, as a concatenation of an areibottom page and one in
the top page). Also, the monotone topological book embeddicomputed at the end of
Stepi (2 < i < n) satisfies the following invariants:

1. T'j is a monotone topological book embedding®fthat preserves the embedding
of G,.

2. For every pair of vertices andv that are consecutive on the pah\ {(wo,w1)}
(2 <i < n)there is no vertex or spine crossing betweemdd(u, V) in the linear
ordering off;.
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Figure 4: lllustration for Property 1.

In the first three steps of the algorithm, verticgg w1, wo, and the division ver-
tices of the edges between them are placed so that the lingani is the following:
Wo, d(Wo, W), Wo, d(Wo, w1 ),d(Wp,W1),w; (See Figure 3(a)). Notice that the two invari-
ants hold at the end of third step. The vertex to be placedegiiSs w; (3 <i < n);
let ui,up,...,uy be the neighbors ol in Gj_1. By Invariant 2, there is no vertex or
spine crossing between andd(ug,uz). Vertexw; and all the division verticed(w;, u;)
(1 < j < h) are placed between; andd(ug,u) in such a way that their order is,
d(ug,w;), wi, d(Wi,up), d(Wi,Un_1), ..., d(wj,uz), d(ug, uz) (see Figure 3(b)). At the end
of Stepn— 1, the computed linear ordering defines a monotone topabhmok embed-
ding of G. That the running time of the algorithm is linear in the siZdle graph is
straightforward. O

Let G = (V,E) be a planar graph, Iét be a monotone topological book embedding
of G computed according to Theorem 3, (etv) be an edge of, and letd be its spine
crossing. Also (see Figure 2), letbe the rightmost vertex along the spindo$uch that
U < d and letv be the leftmost vertex of the spine bfsuch thad < V.. We say that/
andV are the twabounding vertices of d. We say thatl is aproper spine crossing if its
bounding vertices’ andVv’ are such that < U’ < d <V < v. Amonotone topological book
embedding igproper if all of its spine crossings are proper. Since an edge thasses the
spine with a non-proper spine crossing can be replaced mgesarc (in the top or in the
bottom page) without introducing an intersection, we dlyeabtain the following lemma
from Theorem 3.

Lemma 4 Every planar graph hasa proper monotone topological book embedding which
can be computed in linear time in the size of the graph.

Let nowl be a proper monotone topological book embedding of a plarguhgs. If
we insert a dummy vertex for each spine crossing,afe obtain a new proper topological
book embeddind”’ such thatl’ represents a planar subdivisi@! of G obtained by
splitting with a vertex some of the edges®f We call the graplG’ anaugmented form
of G and the drawing’ anaugmented proper topological book embedding of G.

A vertex of G’ that is also a vertex db is called areal vertex of I'’; a vertex ofG'
that corresponds to a spine crossind o$ called adivision vertex of [". Note that every
division vertex ofl’ has degree two and that every edgd bfs either an arc in the top
page or an arc in the bottom page. Toueinding vertices of a division vertex d of I’ are
the two real vertices that form the bounding vertices of fhiaes crossing corresponding
todin . The following property is a consequence of the planarity’dsee Figure 4).

Property 1 Let (u,v) and (U,V) be two distinct arcs of [ that are in the same page and
suchthatu< u. Then, (ilu<v<u <Vor (iiju<u <v <w
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Figure 5: Three consecutive points of a necklagex lies in the grey region defined by
pi andpix1. In (b), givenp;.2 andp;j;1 on a convex curvep; is chosen on the curve such
that the grey region it defines (with. 1) containsp;_».

3 Proof of Theorem 1

We prove Theorem 1 by first defining a family of setsmopoints in convex position,
called necklaces (Section 3.1), and then by describing gorithm that computes a 1-
bend point-set embedding of any planar graph withertices on a necklace of points
(Section 3.2). We prove the correctness of the algorithrd,thns Theorem 1, in Sec-
tion 3.3.

3.1 Necklaces

Refer to Figure 5(a) and to Figure 1(a) for a complete exanyaepg be any point on the
x-axis strictly left of the verticay-axis andp; be any point strictly in the top-left quadrant
of pp. We constructp; 2, for 0<i < n—2, from p; and p;.1 as follows. Letr; be the
projection ofp; on the vertical-axis. Pointp; 2 is chosen anywhere on or below the line
throughr; and p;;1 and strictly above the horizontal line through 1. Let Sbe any set
of n points defined by the above procedure; we 8allnecklace of n points.

We observe that, if we allow the points to have real (algehredordinates, we can
choosep;_ > on the line through; and p;+1 such thatp;. 1 is equidistant tq; and pj 2.
Then it is straightforward that if the distance betwggrand pi;1 is 1 for alli, then all
points lie in a square of size by n. Notice also that we can construct a necklace, with
algebraic coordinates, on any convex curve. Indeed, gimgrcanvex arc, we can choose
they-axis and the pointp,_1,..., pPo, in that order, such thag; is the point on the curve
whose projection on thg-axis lies on the tangent to the curvepat1 (see Figure 5(b)j.

We can alternatively place the vertices on grid points dsva. Considepg and pp
at (—1,0) and(—2,1), respectively, and lepi;> be chosen as the symmetric pointrof
with respect tqpi ;1. Then, it is straightforward thas has coordinates-2',i), fori > 0.

2In other words,pn_1,. .., Po is the sequence of points obtained by applying Newton's-finding
method starting fronp,_; (they-axis plays here the role of theaxis in Newton’s method).



3.2 Computing 1-bend point-set embeddings

We describe a drawing algorithm, calledBend Uni ver sal Drawer or 1-BUD for short,
that takes as input a planar gra@hwith n vertices and a necklac®of n points and re-
turns a point-set embedding &f on S such that every edge @ is drawn with at most
one bend.

Before describing our algorithm, we introduce the notiorbeid-lines and vertical
strips (see Figure 6(b)). Thieend-line of p; (i > 1) is the horizontal segment fropyp_1 to
ri—1. Thevertical strip of p; (i < n—1), denoted/ (p;), is the strip bounded by the vertical
lines throughp; and pj_1; the strip is considered open on the left side and closed®n th
right side. Denote also b®H (S) anddCH (S) the convex hull oSand its boundary.

The algorithm consists of the following steps.

Sep 1: Draw the vertices of G. Compute a proper monotone topological book embedding
I of G and the corresponding augmented proper topological boddeddingl”’ (see
Section 2). Le¥ be the spine of’. Label the real vertices df (that is, the vertices df)
on/byvy_1,...,voin that order from left to righti.e., v; < vi_1 (see Figure 1(c)). Modify

I’ so that every edge connecting twonsecutive real vertices is drawn as an arc in the
bottom page. Map every real vertexto point p; of the necklace (see Figure 1(d)).

Sep 2: Draw the bends of the arcs of the top page of I''. Refer to Figure 6(a). For every
real vertexv; of I/, let gjo, a1, - - - , aix be the sequence of arcs in the top pagé’affhose
right endpoint isvj;; assume thadg, a1, - - , &k are encountered in this order when going
counterclockwise aroung by starting the tour from a point ofislightly to the right of
vi. Letw;; denote the left (real or division) vertex afj in ' (0 < j <K). If wijis a
real vertex ofl" (such aswig in Figure 6(a)), it is also labeled as vertey, for some
0 < hjj < n—1. Otherwisew;; is a division vertex of”’ (such aswiy in Figure 6(a)) and
we defineh;j such thatvr1ij andvhijfl are the two bounding real verticeswsf; in I"".

Refer now to Figure 6(b). For each ag, we draw the bend ddjj at a pointgjj on
the bend-line ofy; (i.e., throughpy,; 1) such that (i) lies on the vertical ray above
and, forj > 0, (ii) g;j lies strictly to the right of the vertical line through. 1, and strictly
to the left of the line througlpi andg(j_1).

Sep 3: Draw thedivision vertices of I'’. With the notation of Step 2, for each division ver-
texw;j of I, let (Vi;,Wij) be the ar¢”’ whose right endpoint i&; j (see Figure 6(a)). Draw
wij at the intersection poinf,;, between segmefi Gij andoCH (S) (see Figure 6(b)).
(Note that, as will show in Lemma @, is not a point of the necklacgpo, . . ., pn-1}.)

Sep 4: Draw the arcs of I'’. For each ar¢u,v) of I, let py, py be the points representing
u andv alongdCH(S). If (u,v) is an arc in the bottom page, draw it as the chpggy.
For instance, ar¢vy,,wi1) in Figure 6(a) is drawn as chofg, pw; in Figure 6(b).

If (u,v) is an arc in the top page dF, let q be the point computed at Step 2 that
represents the bend-point(af, v). Draw (u,Vv) as the polyline consisting of segmemg
andqpy. For instance, arajo = (Wio, Vi) in Figure 6(a) is drawn as the polyline consisting
of Pr,Tio andgiopi in Figure 6(b) and arej; = (W1, V;) is drawn asiw, Gi1 anddiipi.

Sep 5. Let [ be the drawing computed in Steps 1 to 4. The final drawin@ isfobtained
by ignoring the division vertices in.

Note that, in Step 2, we can trivially draw all the bends oegetr grid points if there
aren grid points betweerp; and p;;1 on any horizontal line. Hence, all bends can be

8
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Figure 6: lllustration for Algorithm 4Bend Uni versal Drawer. (a) Part of an aug-
mented proper monotone topological book embedding. (b)cBkef the corresponding
drawing on the necklace. Poinpg, andpy, are much farther to the left than shown.



drawn on integer grid points if the necklace consists of ppirwith coordinateg—1,0)
and pointsp; with coordinates —n2'-1,i), for i > 0. Similarly, if a necklace consists
of the vertices (with algebraic coordinates) of a convexrchath unit-length edges, the
bend-points can be drawn in Step 2 such that the horizorgtdmtie between every con-
secutive pair of points of a sequengeqio, - - -, Gik, Pi-1 IS at least the horizontal distance
betweenp; andp; 1 timeswl1 where wheral is the maximum degree of the grapur-
thermore, if the necklace is constructed such that the botét distance betwegm, and
p1 (and thus between any andpj.1) is at Ieast%, then all the bend-points and vertices
lie in a square of siza by n at distance at Iea% apart.

Proving Theorem 1 amounts to showing that the above algoritbrrectly computes
a point-set embedding @& on S such that each edge has at most one bend. The idea is
to prove that the drawing computed at the end of Step 5 mamthe topology of and
that the geometric properties of the proper monotone tgpcdd book embedding and of
the necklace implies a point-set embedding of the graphowrttedge-crossings and with
at most one bend per edge. This proof is the subject of theseexion.

3.3 Proof of correctness

We use here the same notation as in the previous section. ®e pr this section the
following main lemma which directly yields the correctne$she algorithm (Theorem 5).

Main Lemma. [ is a planar drawing.
Based on this lemma we prove the correctness of the algorithm.

Theorem 5 Algorithm 1- BUD computes a 1-bend point-set embedding of a planar graph
with n vertices on a necklace with n points.

Proof. Observe that every real vertexofis drawn as a point din I". Sincel” does not
have edge crossings (Main Lemma), removing the divisioticess (which are of degree
two) from [~ gives a point-set embedding Gfon S. Also, by construction, the two edges
incident on a division vertex df form a flat angle, and thus removing the division vertices
from [ does not increase the number of bends. It follows that theidgacomputed by
Algorithm 1- BUD is a point-set embedding @ on Ssuch that each edge has at most one
bend. O

We now prove the Main Lemma. We start with three preliminamyinas. We then
prove, in different cases depending on which page two ar€s k¢, that their drawings
in I do not cross.

Leta= (u,v) anda’ = (U,V) be two arcs of " such thatu < U and letpy, pv, pv,
and py be the points of representingy, v, U/, andV/, respectively. Recall that if is a
real vertex of " thenpy is a point of the necklacE= {py, ..., pn-1}, otherwiseu is a
division vertex of”” andpy is nota priori a point of the necklace; similarly faru’ andv'.

Lemma6 If uisa division vertex of ' whose bounding vertices are ¢ and v;_1, then
Pt < Pu< pPt-1.

3Note thatgio should then be drawn strictly inside the stpp;) instead of vertically above;.

10
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Figure 7: lllustration for Lemmas 6, 7 and 8 for the case wheig a division vertex
(otherwise p, = pr andpy, is not relevant).

Proof. Refer to Figure 7. Lefvy,u) and (u,v) be the two arcs of’ incident tou that
lie, respectively, in the bottom page and top pagé’ofSincel’ is a proper monotone
topological book embedding, we have thgi< vy < u < Vv;_1 < V. Bothv, < v are real
vertices off " and they are thus mappedpg < pt, respectively, in Step 1 of the algorithm.
In Step 2, the bend of ara, V) is drawn as a point of the bend-line pf, denoted as.
The division vertexu is drawn in Step 3, as the intersection point, between segment
Png anddCH(S). Sinceq lies on the relatively-open segmept—iri—1 and py, lies (i)
strictly below the line throughp; andr;_1, (ii) strictly above the line througip;,_1 and
r—1, and (iii) strictly to the left of the line througlp; and p;_1, the pointp, lies on the
relative interior of segmerggpr—1. Hence,py < pu < pr—1. O

Lemma7 If arca= (u,v) isinthetop page of I’ such that its bend isdrawn in [ onthe
bend-line of p;, thenvy <u<wvi_g<vand pr < pu< pr—1 < pv-

Proof. First, note thatv is a real vertex of”’ sincea is in the top page. It directly
follows from Step 2 of the algorithm thatis either equal ta; or is a division vertex of
" whose bounding vertices awe andv;_3. In the former casey =w < v_1 < vand

since they are all real vertices, Step 1 impl@gs= p; < p—1 < pv- In the latter case,

we havev; < u< Vv;_1 < Vv (sincel’ is an augmented proper monotone topological book

embedding) and, by Lemma 6, < py < pt—1; furthermore, since;_1 < v are both real
vertices, we also have_1 < pv. O

Lemma8 If arca= (u,v) isin the top page of [, it isdrawn in [ as a polyline joining
pu to py with one bend-point g such that q (and thus the whole polyline) lies below the
horizontal line through p, and above the horizontal line through py.

Proof. The bend ofa is drawn on the bend-line of, sag; (that is on the horizontal line
throughpi_1). By Lemma 7,py < pi—1 < pv and thusp;_1 is below the horizontal line
throughpy and above the horizontal line througl, hence the result. OJ

Lemma9 Ifa=(u,v) anda = (U, V) arein the top page of I'" such that u < u’ and their
bends are drawn in " on the same bend-line, then their drawings in I do not intersect,
except possibly at a common endpoint. Furthermore, py, < py.

11



Figure 8: lllustration for Lemma 9.

Proof. Refer to Figure 8. Letjandq be the bends o& andd in 7, respectively, and
assume thajandq’ are drawn on the bend-line pf. By Lemma 7, we have’ < v_1 and
Vi_1 <V, thusu < v. Property 1 thus implies that (i) < U < V' < v (see Figure 4(b-c)).

We first show thaty is to the left ofq, i.e. d < g. Pointsq andd’ are in the vertical
stripsV (py) andV (py ), respectively (see Step 2). Recall thag vin . If V. < vin I,
we have thap, < py since bothy andV' are real vertices. Then, since any poinYifpy)
is to the left of any point itV (py), pointd is to the left ofg. Otherwisey =V and bothg
andd are insideV (py). In this case, consider the arcs incident to vextexVv' of I'" and
visit them by going counterclockwise aroundstart the clockwise tour at a point on the
spine ofT”’ slightly to the right ofv). Sinceu < U’ andl"’ is planar, we have that atd’, V)
is encountered after afa, V) (see Figure 4(c)). Hence, Step 2 implies ttfas to the left
of g on the bend-line ofy.

Segments pyq and pyd do not intersect each other. By Lemma 7,v < u < v;_1 and

Vi < U < w_1. Thus, ifu (resp. U) is a real vertex, it is equal ta. Note also that

at most one ofi and U’ can be equal ta; (sinceu # U). Thus, ifu is a real vertex,

U =V < U< V_1, contradicting the fact that < u. Otherwise, ifu is a real vertex,
U=Ww < U <V_1andthusp, = p; # py; Lemma 7 thenimplies thad, = p; < py < pPr_1.
Thus, pointspy, py, d, andg appear in that order on the polyline formed by segments
PePi—1 andp_1ri_1 (as in Figure 8 except that, hena, = p;). Therefore, segmenigq

andpyq do not intersect each other. Note that we have also proveéggha py .

We now consider the case wharteand U’ are both division vertices df’. In this
case, we have; < u< U < v_1. Let (vy,u) and(viy,U') be the two arcs in the bottom
page ofl’ incident tou andu’. Sincel’ is an augmented proper monotone topological
book embeddingy, < vt andvyy < v. Furthermore, sinc€’ is a planar drawing, we
havevy < vy < < u < U. Finally, sincevyy, vi,, andv; are real vertices df’, we have
Prv < pn < pr (by Step 1).

Sinced < g both lie on the bend-line of; and py < pn < pt, the segmentgng and

pryd do not intersect each other, except possiblgiat py (see Figure 8). Sincg, (resp.
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py) lies by construction (see Step 3) on segn@t(resp.pyd), segment®,qandpyd
do not intersect each other. Furthermore, sipgandpy also lie on segmerp;_1 (by
Lemma 7) andy < q, pointspy, py, d, andg appear in that order on the polyline formed

by segment®;p_1 andpr_1fi_1, we havep, < py.

The drawings of aand & in I~ do not intersect, except possibly at p, = py. If vV, the
vertical stripsV (py) andV (py) are disjoint and, since they contajrandd/, respectively,
segmentgpy andq py do not intersect. On the other handyi& vV, segmentgpy, and

q py intersect only at their common endpoipi = py since they are not collinear by
construction (see Step 2).

Finally, segmenpyg (resp. pyq) does not intersect segmermfp, (resp. qpy) be-
cause they are separated by the bend-line contamangdg’ (by Lemma 8) and # .
Therefore, the drawings of aresanda in I~ do not intersect each other except possibly
atpy = pv. 0

Before proving that the drawings efanda’ in [ do not cross each other in the other
cases, we prove that the left-to-right order along the spitfieis preserved alongCH (S).

Lemma 10 lfu<J inl”’, then p, < py.

Proof. We consider different cases depending on whethandu’ are real or division
vertices.

Case (i): bothuand U arereal vertices. Step 1 of the algorithm assignsua label with
index larger than that af and thus it mapsi to a point of the necklace with index larger
than that oft/. Hence, by construction of the necklace, the ppintepresenting in [ is

to the left of the poinp, representing! in [

Case(ii): uisadivision vertexand U isareal vertex. Letv; andv;_1 be the two bounding
vertices ofu in I'’; we havey < u < Vt_1. Sincel’ is a real vertex such that< u’, we
havev_1 < U'. It thus follows from Step 1 thatk_; < py and Lemma 6 impliepy < py.

Case (iii): uisareal vertex and U’ isa division vertex. A symmetric argument as above
gives the result.

Case (iv): both uand U’ are division vertices. Let v < v;_1 be the bounding vertices of
uandvy < W _1 the bounding vertices af in I’. If these pairs of bounding vertices do
not coincide then, since < U, we haveyy < u<wv_1 < w < U < w_q. Step 1 then
implies thatpy < pr—1 < pr < pr_1. Also, Lemma 6 implies thap; < py < pt—1 and
P < py < Pr_1, thuspy < py. On the other hand, if the pairs of bounding vertices
coincide (.e,, t =t’), then the bends of two ar¢s,v) and(u’,V) in the top page of " are
both drawn on the bend-line @ and Lemma 9 implies thai, < py. O

We now resume proving that the drawingsaainda’ do not cross each other.

Lemmall If a= (u,v) and & = (U,V) are in the top page of I'" such that u < u’ and
their bendsaredrawnin [ on distinct bend-lines, then their drawingsin I~ do not intersect,
except possibly at a common endpoint.

Proof. Letqandq be the bends afanda’ in I and assume that they lie on the bend-lines

of py and py, respectively, witht #t’. Property 1 implies that (i < v < U < V or (ii)
u<u <V <v. We consider the two cases separately.
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(@) (b)

Figure 9: lllustration for Lemma 11. (a) Case (i)x v< U. (b) Case (i)u<u <V <.

Case (i) u< v < U. Refer to Figure 9(a). By Lemma 8, aads drawn above the horizontal
line throughp, and arca’ is drawn below the horizontal line througly. Moreover, by
Lemma 7, <u< Vi1 andw < U < w_1q. Sincev_; is a bounding vertex afi such
thatu < v_; andv is a real vertex such that< v, we havev; 1 < v. Similarly, sincev

is a bounding vertex af’ such thaty < U andv is a real vertex such that< U, we have
v<Ww. Thusv_1 <v<w and, by Lemma 10y, < pv. Thuspy is above, or equal tqy

and the drawings af anda’ in [ do not intersect, except possibly at a common endpoint.

Case(ii)u< U <V <v. Refer to Figure 9(b). By Lemma ¥; <u<v_1andw < U <
w_1 <V and, sincau < U andt #t', we havey <u<vi 1 <w <U <w_1 <V W
Thus, by Lemma 10,

Pr<Pu<P-1< Py <Py <Pro1<pr<p 1)

In particular, we havey_1 < py and thus (by Lemma 8) segmemjg, which is above
the bend-line (ofx) throughp_1, is abovep,, which is also above the drawing afin I
(by Lemma 8). Henc@,q does not intersect the drawingalf except possibly aj = py.

If 9= py, thenqglies ondCH (S) and thusy= p;_1. In Step 2 of the algorithng is drawn
at p;_1 only in the case whep,_1 = py, which contradicts (1). Hence, segmgxqy does
not intersect the drawing @f in I

As in the proof of Lemma 9, the two segmenfs andq’ py do not intersect except at
pv = py Whenv = V. Thus the drawings ad anda’ in I can only intersect gb, = py or
at an intersection point between segmejpgand pyq'.

If v#V, then (1) impliespy < py < pv < pv. The drawings ofi anda then have
distinct endpoints and thus intersect an even number oftiisiaceq # ¢ as they lie on
distinct bend-lines). Since there is at most one possitisaction point (between the
two segmentspy and py (), the drawings ofianda’ in I~ do not intersect.

If v=V/, thenu < U < v=V and the planarity of’ imply that the ar@ is encountered
(in T'’") beforea when going clockwise around= V' by starting the tour from a point on
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the spine’ slightly to the left ofv =V (see Figure 4(c)). Thus, by Step®,is drawn on
a ray (frompy = py) that is to the left of the ray supportirgg Moreover, since segment
pyd is drawn to the left of the ray supporting, pyq does not intersect segmeay.
Hence the drawings & anda’ intersect only at their common endpojmt= py. OJ

Lemmal2 If a= (u,v) and & = (U,V') arein the top page of I'" such that u =, then
their drawingsin I" only intersect at their common endpoint py = py -

Proof. The bends of arca anda’ are drawn at two distinct pointgandd that lie on
the same bend-line and that lie in the vertical stifgg,) andV (py ), respectively (see
Step 2). The arca anda’ are drawn as polylines that consist of segmqqts gpy and
pud, g py. The two segments,q and pyq intersect only at their common endpoint
pu = py and they do not properly intersect with the two other segmeintce they are
separated by the bend-line containopgndd’ (by Lemma 8). Also the two segmernypy
andq py do not intersect since they lie, respectively, in the twdigal stripsV (py) and

V (py) which are distinct (indeed= V' sinceu = u’) and do not intersect by construction.
Therefore, the drawings of aresanda’ intersect only ap, = py . O

Lemma 13 If aand & arein the bottom page of I/, their drawingsin [ do not intersect,
except possibly at a common endpoint.

Proof. Arc ais drawn as segmeii;py anda as segmenpy py (see Step 4). By Prop-
erty 1, either (Ju<v<u <V, or (i) u<u <V <v, or (i) u=u. In all cases,
Lemma 10 and the convexity &imply thatpypy andpypy do not intersect each other,
except possibly at a common endpoint. O

Lemma 14 If aand & are in opposite pages of I/, their drawingsin I do not intersect,
except possibly at a common endpoint.

Proof. Assume that = (u,V) is in the bottom page df’ and tha®' = (U, V) is in the top
page.

The arcais drawn as a chord iBH(S). If vis a division vertex of’ with bounding
verticesv; < vt_1, thenu < v < v (sincel”’ is an augmented proper monotone topological
book embedding); thupy < pt < pyv (by Lemma 10) ana is drawn as a chord strictly
insideCH (S) (except for its endpoints). Otherwiseis a real vertex of ’ and thus, both
pu and py are vertices ofCH(S). Hence,a is drawn as a chord strictly insideH (S)
(except for its endpoints) or it is drawn as an edg€H{(S).

On the other hand, a@ is drawn as a polyline joining, to p, with bend-pointy.
Sincepy andpy lie on the boundary dEH (S) andd/ lies strictly outsideCH (S) (see Step
2), the arca’ is drawn, inf", strictly outsideCH (S), except for its endpoints. Thus, af
is drawn strictly insidéCH (S) (except for its endpoints), the drawingsaénda’ do not
intersect, except possibly at a common endpoint.

Suppose now that is drawn as an edge @H(S). Then the drawings ad anda’ do
not intersect, except possibly at a common endpoint, umgd®s on the relative interior
of the edgepypy of CH(S). In that casel is a division vertex of”” whose bounding
vertices areu andv (by Lemma 7); thugu,v) cannot be an arc df’ (sincel” is an
augmented proper monotone topological book embedding)céie¢he drawings ad and
a do not intersect, except possibly at a common endpoint. O
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Lemmas 9, 11, 12, 13, and 14 imply that no two edges ftersect, except possibly
at common endpoints. This concludes the proof of the Mainrarthat the drawing is
planar because, by Lemma 10, all the verticeE'aire mapped to distinct vertices on the
boundary ofCH(S).

4 Conclusion

This paper shows that there exists a Seff n distinct points in the plane such that ev-
ery planar graph witm vertices admits a point-set embedding oStavhere every edge
Is drawn as a polyline having at most one bend. Moreover, sughiversal sef can
be constructed on any convex curve. An application of thésilteto the simultaneous
embeddability problem without mapping is also described.

We remark that our result closes a gap about universal setsmts for planar graphs.
Indeed, it was already known that a universal set of (expotpoints supporting straight-
line drawings of planar graphs does not exist [3, 4, 9], whilg set ofn points can be
universal if two bends per edge are allowed [8]. Also, natinz not all sets of points can
be 1-bend universal: for example, if the pointsSé#re collinear, exactly the family of
sub-hamiltonian planar graphs has a 1-bend point-set etfiiiednS[1]. However, it is
an open problem to determine whether any strictly convertpsat is 1-bend universal.

When the vertices (and possibly the bend points) are reqtorke on a regular grid,
our construction of universal point-sets for one-bend dngwf planar graphs uses grids
of exponential size (in the size of the graph). Moreoverpifithe vertices and the bend
points are to be drawn on a regular grid, the angle betweeteawl incident edges may
be exponentially small. We leave as an open problem to findiaersal point-set for
one-bend drawing of planar graphs in a polynomial-size legggrid and such that the
minimum angle between adjacent incident edges of the dgmsiis at least (inversely)
polynomial in the size of the graph.
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