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Abstract

We consider on-board networks in satellites interconnecting entering signals (inputs) to
amplifiers (outputs). The connections are made via expensive switches, each of which has
four available links. The paths connecting inputs to outputs should be link-disjoint. Some
of the input signals, called priorities, must be connected to the amplifiers which provide the
best quality of service (that is, to some specific outputs). In practice, amplifiers are prone
to fail and the faults cannot be repaired. Therefore, extra outputs have to be built into
the network to ensure that every input can be routed to operational outputs. Given three
integers, n, p, and f, we would like to design a low cost network (where the network cost is
proportional to the total number of switches) such that it is possible to route all n inputs
to n operational amplifiers, and to route the p priorities to the p best quality amplifiers for
any set of f faulty and p best-quality amplifiers. Let R(n,p, f) be the minimum number of
switches of such a network. We prove here that R(n,p, f) < "TH [logy p] + 2(n—p) + g(f)
with g a function depending only on f. We then compute R(n, p, f) exactly for a few small
values of p and f.

keywords: network design, on-board network, fault tolerance, vulnerability

1 Introduction

Modern telecommunication satellites are very complex to design. Components are often prone
to failure, and so providing robustness at the lowest possible cost is an important issue for the

*The work of these authors was partially supported by the European project FET-CRESCCO



manufacturers. A key component of telecommunication satellites is an interconnection network
which allows one to redirect signals received by the satellite to a set of amplifiers where the signals
will be retransmitted. The network is made of expensive switches; so we want to minimize their
number subject to the following conditions: each input (respectively output) is adjacent to
exactly one link; each switch is adjacent to at most four links; there are n inputs (signals) and
n + f outputs (amplifiers); among the n + f outputs, f are allowed to fail (all failures are
irreversible). All the input signals should be sent to operational outputs via link-disjoint paths.
Designing such networks is a complex problem that was proposed by Alcatel Space Industries
and partial solutions are given in [4]and [6]. Alcatel Space Industries proposed also to consider
the case where each signal needs a specific amplifier; that leads to design a network realizing
any permutation from the inputs to the outputs (see [2, 3]). Recently it posed the following
new problem. Out of the total of n inputs, p are called priorities and must be connected to
the amplifiers providing the best quality of service (that is, to some specific outputs) and the
other signals should be sent to other amplifiers. Note that the priority signals are given, but
the amplifiers providing the best quality service change with the position of the satellite and so
for any set of f failed outputs, the network should be able to route the signals to operational
outputs such that it routes the p priorities to any given subset of p operational outputs.
This problem can be restated more formally as follows:

Definition 1 An (n,p, f)-network G is a graph (V, E) where the vertex set V' is partitioned into
four subsets P, I, O and S called respectively the priorities, the ordinary inputs, the outputs
and the switches, satisfying the following constraints:

- there are p priorities, n — p ordinary inputs and n + f outputs;

- each priority, each ordinary input and each output is connected to exactly one switch;

- switches have degree at most 4.

An (n,p, f)-network is a repartitor if for any disjoint subsets F' and @ of O with |F| = f
and |Q| = p, there exist n edge-disjoint paths in G such that p of them connect P to @ and the
n — p others connects I to O\ (Q U F'). The set F' corresponds to the set of failures and @ to
the set of amplifiers providing the best quality of service. We denote by R(n, p, f) the minimum
number of switches (i.e., the cardinality of S) of a (n,p, f)-repartitor. An (n,p, f)-repartitor
with R(n,p, f) switches will be called a minimum repartitor.

Problem 2 Determine R(n,p, f) and construct minimum (or almost minimum) repartitors.

The problem is interesting for every integer n and f and for every p, 0 < p < n. In this
paper, we focus on fixed values of p and f; we give asymptotic bounds on R(n,p, f) if n goes
to infinity. In current application networks, the number of input signals n is around 15 and the
numbers of priorities p and extra amplifiers f range from 0 to n/2. As technology progresses,
satellite parts are getting smaller and more reliable, and so the number of inputs is expected to
increase in the future followed by a modest increase in the number of priorities and tolerable
amplifier failures.

As indicated above, the problem with no priority (that is, p = 0) has been considered in
[4] and partially solved in [6]. In [4], it is shown that R(n,0,1) = R(n,0,2) = n. In [6],
it is proved that 37" - O(%) < R(n,0,f) < 37" + g(f) with g a function depending only on
f. The minimum repartitor size is also bounded for small values of f: R(n,0,4) = n + [%1,



R(n,0,6) = n+2+,/Z+0(1), R(n,0,8) = n+2+2,/Z+0(*%/n), R(n,0,10) = n+32+0(y/n)
and R(n,0,12) =n + = + O(y/n).

Repartitors with no priorities, also called selectors, are somewhat similar to concentrators [7].
An (n,m)-concentrator, m < n, is a directed acyclic graph with maximal degree 4 that has n
distinguished input vertices and a disjoint set of m distinguished output vertices such that for
any subset A of m inputs there exists a set of m vertex-disjoint paths connecting A to the
outputs. Researchers have studied the minimum number of edges of an (n,m)-concentrator. In
our problem, we minimize the number of switches of selectors, which is similar to minimizing
the number of edges since every switch has degree at most 4, and so the number of edges of a
minimum (p, n)-selector is at most twice the number of its switches. Havet [8] constructed repar-
titors based on techniques used for designing concentrators [1, 9]. However, these repartitors are
far from optimal, especially when the number of inputs or priority inputs is small, because one
step of this method emulates high degree vertices by small subnetworks with switches of degree
4.

In this paper, we study (n,p, f)-repartitors when p is not zero. We first give a general
upper bound for R:

n+ f

R(n,p, f) < 5

where g is a function of f. We then give optimal or near optimal bounds on R(n,p, f) for small
values of p and f:

flogyp] + 2 (n— p) + g(f),

R(n,p,f) | p=1 p=2 p=3 p=4
f=0 | n-1 [3n 3] 4 YR o(1) | 2+ e(1)
f=1 || |2 re1)| T+
f=2 | %4

We present our general bounds in Section 2. Our lower bounds in Section 3 are based on
a minimum cut maximum flow type criterion, a sensible classification of connected subgraphs,
and elementary graph theory. In Section 4, we present a few explicit constructions and prove
that they are indeed repartitors.

2 General upper bounds

In this section, we give an upper bound on R(n,p, f). We first give an inductive construction of
(n,p,0)-networks and then construct an (n,p, f)-repartitor from an (n — p, 0, f)-repartitor and
an (n + f,p,0)-repartitor.

Clearly, R(n,p, f) grows as a function of f since an (n,p, f)-repartitor may be obtained
from an (n,p, f')-repartitor (with f* > f) by deleting any set of f' — f outputs. Moreover,
priority signals and ordinary signals play symmetric roles: Swapping the ordinary inputs and
the priorities is a one-to-one mapping between (n, p, f)-repartitors and (n,n — p, f)-repartitors.



Proposition 3 (i) If f < f' then R(n,p, f) < R(n,p, f');
(ZZ) R(napa f) = R(TL,?’L - D f)

Proposition 4
R(n,1,0) <n-—1.

Proof. Let G be the graph with one priority p;, ordinary input set {iy,2,...,i,—1}, output

set {01,09,...,0,} and switch set {s1,s9,...,8,-1} such that (p1,s1,82,...,8,-1,0,) is a path
and for [, 1 <[ < n—1, ¢ and o; are adjacent to s;. (See Figure 1.) We claim that G is

T

i1
Figure 1: Minimum (n, 1,0)-repartitor.
an (n,1,0)-repartitor. Indeed, suppose that o; is the priority output. Since o,—1 and o, are

equivalent, we may suppose that j # n. The desired paths are Py = (p1, s1,52,...,5;,05),
P; = (i5,55,5j415---+8n—1,0p) and P, = (ij,s1,07), for { # j, 1 <1 <n —1. [ |

Lemma 5 Forn>p>1,

(7) R(2n,2p,0) < 2R(n,p,0)+n—1,

(17) R(2n+1,2p,0) < R(n+1,p,0)+ R(n,p,0)+n,
(t3t) R(2n,2p+1,0) < R(n,p+1,0)+ R(n,p,0)+n,
(w) R(2n+1,2p+1,0) < R(n+1,p+1,0)+ R(n,p,0) + n.

Proof. (i) Let G and G2 be two (n, p, 0)-repartitors. Fori = 1,2, let I, P!, O" = {0},0%,...,0%}
and S? be the ordinary input set, priority set, output set and switch set of G'. Let H be
a graph defined as follows: its ordinary input set is I = I' U I?, its priority set is P =
P! U P2, its switch set is S! U S2 US with S = {s1,82,...,5,—1} and its output set is
O = {01,02,...,0n_1}U{0},0h,...,0, 1} U{oL,02}; H contains the edges of G* and G? except
the edges incident to 0]1- and 0? for 1 < j < n— 1. Furthermore, for every 1 < j <n —1, s;
is linked to oy, o;-, the switch adjacent to 0]1- in G and the switch adjacent to 0? in Go. See
Figure 2 (i) for an illustration.

We claim that H is a (2n,2p, 0)-repartitor. Indeed, let @) be a 2p-subset of O. Clearly, one
can partition O into two n-sets O1 and O, such that for i = 1,2, o}, € O;, |Q N O;| = p and
V1<j<n-—1]|0;N {oj,o;-}] =1. Fori=1,2let Q; = QNO;. Since G' and G? are
(n,p,0)-repartitors, there are edge-disjoint paths joining P! to @; and I’ to O; \ Q;. Hence,
there are edge-disjoint paths joining P to @ and I to O \ Q.

The proofs of (ii), (iii) and (iv) are analogous and are omitted. Figure 2 (ii)—(iv) shows the
schematic construction of H in these three cases. |



~ (n,p,0) T (+1p0)

T (po)
_ (n,p,0)

(i) (2n,2p,0)-repartitor (i) (2n+1,2p,0)-repartitor

= (n,p+L0) | ~(n+1, prL0) |

= (o = (p0)

(iii) (2n,2p+1,0)-repartitor (iv) (2n+1,2p+1,0)-repartitor

Figure 2: Construction of repartitors from smaller ones.

Theorem 6
n

R(n,p,0) < LEJ [log, p] +mn — p.

Proof. We proceed by induction on p. The inequality holds for p = 1 by Proposition 4.
Suppose that the inequality holds for every p’ < p. Assume first that p and n are even. By
Lemma 5 (i),
R(n,p,0) <2R(n/2,p/2,0) +n/2 — 1.

By the induction hypothesis,
n
R(n.p,0) < 2{| ]| Moga(p/2)] +n/2—p/2} +n/2 - 1.
Since 2 L%J < L%J, we obtain
n
R(n,p,0) < LgJ [logs(p/2)] +n—p+n/2—1.
Because [log,(p/2)] + 1 = [logy(p)], we obtain
n
R(n.p,0) < | 5| Nlogap] +n—p—1.

If p or n is odd, we obtain the result analogously by Lemma 5 (ii), (iii) and (iv). [



Lemma 7 For p <n,

Proof. Let G be an (n — p,0, f)-repartitor with output set O = {o},01, ... ,O}H_f_p} and let
G5 be an (n + f,p,0)-repartitor with ordinary input set I? = {i%,z'%,...,i%Jrf_p}. Let G be
the network obtained from the union of G; and G9 by replacing each pair {0}, z?} by an edge
between their neighboring switches. (See Figure 3.) We show that G is an (n, p, f)-repartitor.

PT =
(+p0) || o
| | (n-p,0,f) :

Figure 3: Construction of an (n, p, f)-repartitor.

Let P = {my,ma,...,m,} the set of priorities of G be that of G, I = {i1,42,...,%,—p} the input
set of G1 be the ordinary input set of G, and O = {01,092, ..., 0,4} the output set of G2 be that
of G. Let @Q and F be two disjoint subsets of O with cardinalities p and f respectively. Since G4
is a repartitor there exists a set of edge-disjoint paths {P1, P, ..., P} U{Q1,Q2,...,Qnif—p}
such that for 1 < j < p, P; links m; to an element of @ and for 1 < j <n+ f —p, Q; links z?
to an element of O \ Q. Let J be the set of indices j such that @; ends in a vertex of F. Set
Fl = {0},]’ € J}. Since Gy is an (n — p,0, f)-repartitor, there are edge-disjoint paths R; in G
1 <1 < n —psuch that R; links 7; to a vertex 0<1z>(l) that is not in F'! for some function ¢. Now
the union of the paths R; and Q4(;) induces a path P; in G which joins 4; to o4) € O\ (QU F).
The paths P/, 1 <1 <n —p, and the paths P;, 1 < j < p, are obviously edge-disjoint. |

Theorem 8

R, ) < "L flogy ] + 20— )+ 0(),

where g(f) is a function depending on f only.

Proof. By Lemma 7, R(n,p, f) < R(n—p,0, f)+ R(n+ f,p,0). By Theorem 6, R(n+ f,p,0) <
n+f—p+ "—;rfﬂogﬂﬂ and it is proved in [6] that R(n — p,0, f) < %(n —p)+g(f). |
3 Lower bounds

Before we proceed with the lower bounds on R(n, p, f), we make two observations on the struc-
ture of minimum repartitors. We first show that we can assume without loss of generality that



in a minimum repartitor all switches, with the exception of at most one, have degree 4. Let
e(f) =1if f is odd and 0 otherwise.

Proposition 9 There is a minimum (n,p, f)-repartitor with €(f) switches of degree 3 and all
the others with degree 4.

Proof. Let R be a minimum (n,p, f)-repartitor with the minimum number of switches with
degree less than 4.

Obviously, R has no switches of degree 0 or 1 otherwise the network obtained by removing
them is also a repartitor, which contradicts the minimality of R. Similarly, R has no switch of
degree two. If a switch S had degree two, then we obtain a smaller valid repartitor by removing
S and connecting its neighbours by an edge.

R has at most one switch of degree 3, otherwise the network obtained from R by adding an
edge between two switches of degree 3 is an (n, p, f)-repartitor with fewer switches of degree less
than 4. Since there is an even number of odd degree vertices in every graph, R has e(f) switches
of degree 3. [ |

In the remainder of Section 3, we assume that every (n,p, f)-repartitor has exactly e(f)
switches of degree 3. Next, we show that every switch is connected to at most one input.

Proposition 10 In a minimum (n,p, f)-repartitor, a switch is connected to at most one ordi-
nary input and at most one priority.

Proof. Let R be an (n,p, f)-repartitor containing a switch s connected to at least two ordinary
inputs 71 and 73. Let vy and vy be the two neighbours of s distinct from ¢; and i. Then the
(n, p, f)-network obtained from R by removing s and adding the two edges (i1,v1) and (ig,v9)
is also a repartitor and R is not minimum, a contradiction. The same proof works if both i
and 7o are priority inputs. |

It follows that there are more switches than ordinary inputs.

Corollary 11

3.1 Cut criterion

One main tool to obtain lower bounds is to use the following cut criterion which gives necessary
conditions for a network to be a repartitor. Let W be a set of vertices in a graph G. We denote
by in(W) (resp. out(W), pr(W)) the cardinality of the set In(W) (resp. Out(W), Pr(W)) of
ordinary inputs (resp. outputs, priorities) of W. We denote by deg(W) the number of edges
incident to exactly one vertex in W.

Proposition 12 (Cut criterion) Let G be an (n,p, f)-repartitor and W be a set of vertices
of G.

(i) If p+ f < out(W) then deg(W) > in(W) — out(W) + 2p + f — pr(W).



(ii) If p < out(W) < p+ f then deg(W) > in(W) +p — pr(W).
(111) If out(W) < p then deg(W) > in(W) + |out(W) — pr(W)|.
(iv) deg(W') > in(W) + pr(W) — max(0, out(W) — f).

Proof.

(i) Suppose that p outputs of Out(W) are in ) and f others are faulty. Then in(W) —
out(W)+p+ f paths from an ordinary input to an output of O\ @ leave W, and p—pr(W) paths
from priorities enter W. Since all these paths are edge-disjoint they go through different edges
with an end in W and the other not in W. Thus, deg(W) > in(W) — out(W) +2p+ f — pr(W).

(ii) Suppose that p outputs of Out(W) are in @ and out(W) — p others are faulty. Then
in(W) paths from an ordinary input to an output leave W and p — pr(W) paths from priorities
enter W. Thus, deg(W) > in(W) + p — pr(W).

(iii) Suppose that out(W) outputs of Out(W) are in (). Then in(W) paths from an ordinary
input to an output leave W. If out(W) > pr(W) then out(W) — pr(W) paths from priorities
enter W and if out(W) < pr(W) then pr(W) — out(W) paths from priorities leave W. Thus,
deg(W) > in(W) + |out(W) — pr(W)].

(iv) Suppose that min(out(W), f) outputs of Out(W) are faulty. Then in(W) + pr(W) —
max (0, out(W) — f) paths leave W. [ |

3.2 A bipartite graph on blocks and switches

We express the size of a minimum repartitor in terms of the number of switches with no inputs.
By Proposition 10, we can distinguish two kinds of switches in a minimum (n, p, f)-repartitor:
An ordinary switch is a switch adjacent to an ordinary input. A usual switch is a switch that is
not an ordinary switch. Let S, (resp. S,) denote the set of ordinary (resp. usual) switches and
So (resp. sy) their cardinality. Counting the ordinary inputs, we have s, = n — p. Hence the
total number of switches is

N =n—p+ sy.

Thus, a minimum (n, p, f)-repartitor is a repartitor with the fewest possible usual switches.

In order to obtain lower bounds for s,, we consider the total number X of all edges incident
to usual switches such that we count twice the edges between two vertices of S,,. To avoid this
weight problem, we insert a link vertezx b, in the middle of every edge e incident to two vertices
of S,. Let G be the graph obtained from G by replacing each edge e = (s,s") between two usual
switches by the path (s,b., s’). After this transformation, ¥ is the number of edges of G between
S, and G — S,,. Note that our cut criterion (Proposition 12) holds for G, too.

Following a definition of [6], let us call the connected components of G' — S, blocks. A crucial
observation in our argument is that ¥ is the number of edges of a bipartite graph between 5,
and the blocks. We distinguish two kinds of blocks, the principal blocks correspond to connected
components of G — S, and link blocks correspond to a link vertex. Note that by the definition
of block, every input or output incident to a switch in a block is also part of the block. We can
deduce the following easy bound on the number of edges between a block B and S,,.

Proposition 13 For every block B, deg(B) < in(B) + 2 — out(B) — pr(B).



Proof. The statement holds trivially for link blocks, since all of them are of degree 2. By
definition, a principal block B has in(B) switches. Let e(B) be the number of edges connecting
two switches of B. There are in(B) (resp. out(B), pr(B)) edges linking inputs (resp. outputs,
priorities) to switches. Thus, deg(B) = [>_, switeh 4€9(v)] — 2e(B) — in(B) — out(B) — pr(B).
Since B is connected then e(B) > in(B) — 1. Since the degree of every switch is at most 4, we
obtain deg(B) < 4in(B) — 2e(B) — in(B) — out(B) — pr(B) <in(B) + 2 — out(B) —pr(B). R

Remark 14 Note that if equality holds in Proposition 13, then every switch has degree four.
We list a few immediate consequences of the cut criterion (Proposition 12) for a block B.

Proposition 15 Let B be a block of G.
(i) pr(B) < 1.
(ii) If p > 2 then out(B) < 1.

(i11) If f > 1, then out(B) + pr(B) < 1.

Proof. (i) If B has two or more priorities, then by Proposition 13, deg(B) < in(B) — out(B).
This contradicts Proposition 12 (iv).

(ii) Suppose that B contains two or more outputs. We distinguish three cases: If out(B) > p+
f, then deg(B) > in(B)+4—out(B)—pr(B) by Proposition 12 (i) contradicting Proposition 13.
If p < out(B) < p+ f, then deg(B) > in(B) + 2 — pr(B) by Proposition 12 (ii) contradicting
Proposition 13. Finally, if p > out(B), then deg(B) > in(B)+ out(B) — pr(B) by Proposition 12
(iii) contradicting Proposition 13.

(iii) If B has one priority and one output then by Proposition 13, deg(B) < in(B). This
contradicts Proposition 12.(iv) if f > 1. [ |

In the remainder of this section, we assume that either p > 2 or p = 1 and f > 1.
Indeed the case p =1, f = 0 is already solved by Proposition 4 and Corollary 11.

We partition the blocks into the following four sets:

° B]’D, the set of blocks having one priority and one output;

e B3, the set of blocks having one priority and no output;

e 31, the set the blocks having no priority and one output;

e B3y, the set of blocks having no priority and no output (including the link blocks).

Remark 16 Note that if [ > 1, then B), is empty.

Proposition 17 Every block B € B, satisfies deg(B) = in(B). Every block B € B1UB), satisfies
deg(B) = in(B) + 1.



Proof. It follows directly from Propositions 12 (iii) and 13. [

Remark 18 Note that in a block of B, U B, U B; every switch has degree four by Remark 14.

Proposition 19 A block B € By of a minimum (n,p, f)-repartitor satisfies deg(B) = in(B)+ 2
unless it contains the only vertex switch of degree 8 in which case deg(B) = in(B) + 1.

Proof. If B is a link block, then deg(B) = 2 = in(B) + 2. Assume now that B contains
switches. Let e(B) be the number of edges between pairs of switches of B. By Proposition 12:

deg(B) > in(B). (a)

In the proof of Proposition 13, we had deg(B) =
switch has degree 3 then

L deg(v) —2e(B) —in(B). Thus, if one

v switc

deg(B) = 3in(B) — 2¢(B) — 1. (b)
Since e(B) > in(B) — 1, Equations (a) and (b) yield deg(B) = in(B) + 1.
If every switch has degree four we obtain

deg(B) = 3in(B) — 2¢(B). (c)

Because e(B) > in(B) — 1, Equations (a) and (c) yield deg(B) = in(B) + 2 or deg(B) = in(B).
Now if deg(B) = in(B), then the graph obtained by removing the switches of B and linking
one to one the ordinary inputs of B to the neighbours of B is also an (n, p, f)-repartitor. This
contradicts the minimality of G. So deg(B) = in(B) + 2. [ |

Let bg, b1, b, and b; be the cardinalities of By, B, B), and B; respectively. We denote the
number of ordinary inputs which are in a block of By (resp., Bi, By, and B))) by ng (resp., n1,
np, and ny).

Let €(f) = 0 if f is even, let €(f) = 1 if f is odd and the switch of degree 3 is
usual, and let € (f) = —1 otherwise.

We summarize a few equations for further reference.

Proposition 20 We have the following equalities:
by + b, =n+ f. (1)
/) .
b,=0 4 f=>1
by, + b; =p.
ni+ng+ny +n, =n—p.

4sy = 2n + f + 20 — 2b, + €'(f).

10



Proof. (1) there is a one-to-one correspondence between blocks of B1U B, and the outputs they
contain.

(2) is Remark 16.

(3) there is a one-to-one correspondence between blocks of B, U B;, and the priorities they
contain.

(4) is obtained by noting that the n — p ordinary inputs are in blocks.

(5) double counts the edges between usual switches and blocks. On one side, there are
4s,, edges (minus €'(f) if the switch of degree 3 is a usual one). On the other side, we have
by Proposition 17, n; edges incident to blocks of ‘81,7’ n, + by edges incident to blocks of B,
and ny + by edges incident to blocks of B; and by Proposition 19, ng 4+ 2bg edges incident
to blocks of By (or ng + 2by — 1 if the switch of degree 3 is in a block of By). Thus 4s, =
Ny, + np + by + 01+ b1+ ng + 20 + €'(f). Then by (1), (3) and (4), we obtain the result. W

3.3 The lower bounds
Theorem 21 If f > 1, then

3n f+elf)
R(n,p, f) > 3 1

Proof. By (5) and (2), s, =n/2 4 (f + 2by + €/(f))/4. Now if €(f) = —1, by Remark 18, the
switch of degree 3 is in a block of By; hence by > 1. Therefore s, > n/2 + (f + €(f))/4. As

N =n — p+ s, we obtain R(n,p, f) > 3 — p £, =
Theorem 22

3n
Proof. By (5), s, > n/2—b,/2>n/2 — 1. Then R(n,2,0) > 3 — 3. -

In the remainder of this section, we will suppose p >3 or (p=2 and f > 1).

Lemma 23 Forp >3 or (p=2and f > 1), a usual switch is adjacent to at most two elements

OfBl.

Proof. Suppose to the contrary that a usual switch S is adjacent to three blocks By, B and
Bf of By. Then W = SU By U Bj U BY satisfies out(WW) = 3 and contradicts Proposition 12 (ii)
if p=2and f > 1, or Proposition 12 (iii) if p > 3, as deg(W) = in(W)+ 1 and pr(W) =0. A

For 0 <i <2, let S; be the set of usual switches adjacent to exactly 7 elements of By and s;
its cardinality. By Lemma 23, (Sp, S1,S2) is a partition of S,,. Moreover, from Proposition 20,
one obtains the following corollary:

Corollary 24 Forp>3 or (p=2and f > 1),

Zdeg(B):n1+b1:n1+n+f—b;:232+sl§su—|—32. (6)
BeB;

11



Lemma 25 Ifp > 3, then a block of B}’7 and a switch of So cannot be adjacent.

Proof. Suppose that a block B’ of B;, and a switch Sy of Sy are adjacent. Let By and Bj be
the blocks of B; adjacent to S. Then W = B’ U Sy U By U B contradicts Proposition 12 (iii)
as deg(W) = in(W), out(W) = 3 and pr(W) = 1. [

It follows from Remark 16 and Lemma 25 that a switch of Sy is adjacent to two blocks of
Bi and two blocks of By U B,,. Let H be the multigraph whose vertices correspond to the blocks
of By U B, and where two vertices are joined by p edges if the corresponding blocks share g
neighbours in Ss.

Lemma 26 Ifp > 2 and f > 1, then H has no cycle of length at most L%J If p > 3, then
H is a simple graph (has no cycle of length 2).
Proof. Suppose that in H there is a cycle C of length at most L%J or a cycle of length 2

if p > 3. Let W be the union of the blocks By U B, corresponding to the vertices of C', plus
the switches of Sy corresponding to edges of C' and the blocks of B adjacent to these switches.
Then W contradicts Proposition 12 (i), (ii) or (iii), as deg(W) = in(W) — pr(W). [

Since a simple graph on n vertices has at most n(n — 1)/2 edges, we have the following:

Corollary 27 If (p>2 and f > 1) orp > 3,

59 < (bo + bp)(b20 +bp — 1)' (7)

Turan’s theorem asserts that a simple graph on n vertices without a cycle of length 3 has at
most n?/4 edges. So we get:

Corollary 28 Forp> 2 and f > 3,
52 < (b + b2/ ®)

Theorem 29

R(n.2.2) > R(n,2,1) > 2 4 YL

n vn—3 9

2T 2’

- 3.

R(n,3,0) >

Proof. Suppose p =2 and f = 1. From (7) and (6), as b}, = 0 thus b, = p = 2, we obtain:

(bo +2)(bo + 1)
2

2322n1+n+1—su.

12



Replacing s,, by its value in (5),

b + 3bo + 2
% > 4l —n/2—1/4—by/2 —€(1)/4,
b +4bg+4 > n+3,
bp+2 > Vn+3.
Using this bound on bg in (5), we obtain s, > & + ”;H—l. Thus
3 V 3
R(n,2,1)27"+ "2 _3.

The proof is analogous if p = 3 and f = 0. We obtain (bo+by )(g°+bp m)

and (b0+bp)2 zn—b;—kbp. Hence by > /n — b, + by, — by. So s, > 5 + Vn_;)erbp —bp;rb/p >

>ny+n—b, — sy

Q+\/m_§
2 2 PR
Finally R(n,3,0)237n+ 712—3_% .
Theorem 30 ; -
n n
If f>3, then R(n,2,f) > — + = + Q(f).
fz (n2.f)2 5+ 2=+ )

Proof. Suppose that p = 2 and f > 3. In the same way as above, it follows from (5), (6) and
(8) that

(bo +2)* +2b0 > 2n+3f — €(f),
bo+3>\/2n+3f —€(f) +5.

Using this bound on by in (5), we obtain

SuZg+%\/2n+3f—6'(f)+5+f+Tel(f)—;
Thus , ,
R(n,2, f) > 37n+§\/2n+3f—e’(f)+5+f+Te(f)—;

Lemma 31 Ifp >4 or (p=3 and f > 1), then a block of By U B, is adjacent to at most one
switch of Ss.

Proof. Suppose that a block B € By U B, is adjacent to two switches Sy and S5 of Sy. Let B
and C7 and B] and Cf be the elements of By adjacent to Sz and S}, respectively. (See Figure 4,
left.) Then the set Sy U S5 U BU By UCy U B] UC] contradicts Proposition 12 (iii) if p > 4,
or Proposition 12 (i) if p = 3 and f > 1. (deg(W) = in(W) + 2 — pr(W), out(W) = 4 and
pr(W) <1.) |

Let B{, (resp. B{) be the set of elements of By adjacent to exactly one (resp. no) switch in
Sy and let by (resp. by) be its cardinality.

13



Figure 4: Illustration for Lemmas 31, 34, 35, and 38.

Corollary 32 Forp>4 or (p=3 and f > 1),

bo + by > by + by > 2s9. (9)
Theorem 33 Ifp>4 or (p=3 and f > 1),
™ T 5f —e(f)

>

Proof. By (6) and (9), we have s, > n+ f —b, — (bo+bp)/2. By (5), su =n/2+(f+€(f))/4+
(bo — by,)/2. Adding these two inequalities, we obtain:

Sn 5f+€(f) byt 3,
25, > _ .
SuZ 5 T 2

Hence, R(n,p, f) > 2 — % + 5f+§’(f)' .

Lemma 34 Ifp >5 or (p =4 and f > 1), every switch of Sy is adjacent to at most one block
of Bj,.

Proof. Suppose that S; € S; is a switch adjacent to two blocks By and By, in B(,. Let Sy (resp.
S5) be the switch of Sy adjacent to By (resp. B{)), and By and C (resp. B} and () the two
blocks of B; adjacent to Sy (resp. S5). Let Ay be the block of By adjacent to S;. (See Figure 4,
middle left.) Then W = A;US1US2UByUB;UC US,UBjUB]UC contradicts Proposition 12
as deg(W) <in(W) + 3 and out(W) = 5. [ |

Lemma 35 Ifp>6 or (p="5 and f > 1), every switch of Sp is adjacent to at most two blocks
of Bj,.

Proof. Suppose that Sy is a switch adjacent to three blocks By, By and B{j in Bj,. Let Sa (resp.
S5, S5) be the switch of Sy adjacent to By (resp. Bj), Bj) and B; and C; (resp. Bi and C{, BY
and C7) the two blocks of B; adjacent to Sy (resp. S5, S¥). (See Figure 4, middle right.) Then
W = SpUS,UByUBUC,US5UB{UB]UCTUSYUB{UB{UCT contradicts Proposition 12
as deg(W) <in(W) + 4 and out(W) = 6. [ |

14



Proposition 36 Letp > 2. A block B € B|, has no switch of degree 3. Thus deg(B) = in(B)+2.

Proof. Suppose that B has a switch of degree 3. Let S be the switch of Sy adjacent to B
and By and C7 be the two blocks of By adjacent to S. Then W = BU S U By U C; contradicts
Proposition 12 (iii), as deg(W) = in(W) + 1. [ ]

Let Sf be the set of elements of S; adjacent to exactly one block in Bj, and let s| be its
cardinality. Let nj, denote the number of inputs in blocks of Bj.

Corollary 37 Ifp>6 or (p="5and f > 1),
ng + by < 84 + 2s0. (10)

Proof. Let us count the number e of edges between B(, and S U Sp.
On one side, every block B of B is adjacent to exactly one element of Sg and no element in
81\ 8. Thus, by Proposition 36, there are in(B)+ 1 edges from B to 8§ USy. Thus e = ng + by,
On the other side, there are s| (resp. at most 2sy) edges joining S7 (resp. Sp) to B, according
to the definition of 8] and Lemma 34 (resp. Lemma 35). Thus e < s} + 2so. |

Lemma 38 Ifp >4, a block of B), is not adjacent to a switch of Si.

Proof. Suppose B’ is a block of B, adjacent to S’ in Sj. Let A; (resp. B) be the block of By
(resp. Bj) adjacent to S’. Let Sy be the switch of Sy adjacent to B, and By and C; the two
blocks of By adjacent to Sy. (See Figure 4, right.) Then W = B'US'"UA; UBU S, U By UC)
contradicts Proposition 12 (iii), as deg(W) = in(W) + 1, out(W) =4 and pr(W) = 1. [

Lemma 39 Ifp>6 or (p=2>5 and f > 1), every element of By UB, is adjacent to at most one
element of S.

Proof. Let block B € Bj U B, be adjacent to two switches S; and S of S]. Let B; and
By (resp. Bj and B() be the blocks of By and Bj, adjacent to S; (resp. S7). Let Wy (resp.
W) be the union of the switch of Sy adjacent to By (resp. By) and its two adjacent blocks of
Bi. Then W = BU By U By U W, U Bj U By UW,] contradicts Proposition 12 (ii) or (iii), as
deg(W) =in(W)+4 —pr(W), out(W) =6 and pr(W) < 1. [ |

Corollary 40 Ifp>6 or (p=5and f > 1),
o + by > 2s. (11)
Theorem 41 Ifp>6 or (p =5 and f > 1),

150 15p  13f —€(f)
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Proof. We have s,, = sy + s1 + sg, then by (6),
Su=mn+ny+ f —b, —sa+ s0,

25y > 20+ 2f — 2b;, — 252 + 250.
By (9) and (10), 2s9 > ng + 2s2 — s} — by, thus
25y > 20+ 2f +np — 87 — by — 20,
Then by (11),
25y > 20+ 2f +ng — by /2 — 3by /2 — 2b),,
48y > An+4f — by — 3by, —4b;.
Since by = by + by, by (5) and (9), 25, > n+ (f +€'(f))/2 — b, + by + 282 — by, so by adding

the two inequalities one has

9 +€(f)

65, > on 4+ 259 + 5

— 4b, — 50,

Therefore, by (6),

/
85, > T+ 2L D) gy

4 Constructions

4.1 Useful constructions

In this subsection, we give general constructions that show how to merge several repartitors
into a larger one. The first one is in the same vein as Lemma 7. The second one constructs an
(n — 1,p, f)-repartitor from an (n,p, f)-repartitor under certain conditions.

Lemma 42 For 0 < f' < f,
R(n7p7f) SR(n+f/7p+f,7f_f/)+R(p7p7f,)

Proof. Let G be an (p,p, f')-repartitor and Go be a (n + f',p + f, f — f')-repartitor. For
i =1,2,let I; (resp. P;, O;, S;) be the sets of ordinary inputs (resp. priorities, outputs, switches)
of G (note that Iy is empty); and let Py = {p1,p2,...,pptp} and O1 = {01,02,...,0p4}. Let
G be the network defined as follows:
Let V(G) = Py U Sy U Iy U Sy U Og; two vertices of V(G) are joined by an edge if and only if
(u,v) € E(G1)UE(G3) or there exists an ¢ € {0, 1} such that (u,0;) € E(G1) and (p;,v) € E(G2);
the ordinary input set of G is I, its priority set P, its output set O9 and its switch set S U Ss.
The proof that G is an (n,p, f)-repartitor is similar to that of Lemma 7. |
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Figure 5: L-contraction

Definition 43 Let G be a network. An edge (s, s’) is said to be linking if there is an ordinary
input ¢ connected to s and an output o connected to s’.

The L-contraction of an edge (s, s’) consists of contraction of the edge (s, s’) into a vertex ¢
and deletion of the input connected to s and the output connected to s’. (See Figure 5.)

Lemma 44 Let G be an (n,p, f)-repartitor. The network obtained from G by the L-contraction
of an edge is an (n — 1,p, f)-repartitor.

Proof. Let (s,s’) be an edge of G and let i and o be the input and output linked to s and s,
respectively. Let G’ be the network obtained by the L-contraction of (s, s’) into ¢.

Consider two disjoint subsets of outputs @ and F' in G’ such that |Q| = p and |F| = k. Since
G is a repartitor, there exists a set P of n edge-disjoint paths in G, connecting the p priorities
to @, and the n — p ordinary inputs to O \ (Q U F).

Case 1: A path P € P connects i to o. Then replacing in the n — 1 paths of P\ P the vertex
s, s', or the succession of these two by ¢, we obtain the required set of n — 1 paths in G’.

Case 2: A path P; of P connects an ordinary input 7/ # ¢ to o, and a path P, of P
connects i to an output o’. Assume that these paths are Py = (i, s],s3,...,5;,5,0) and
P, = (i,s,81,82,...,8,0). Let W be the walk (Z.,,S&,Sé,...,S;,S/,S,Sl,SQ,...,Sl,O/) and let
P’ be the subpath of W' from ¢’ to o/. We put P’ = (P \ {P1, P»}) U{P’}. Then replacing in
the n — 1 paths of P’ the vertex s, s’, or the succession of these two by ¢, we obtain the required
set of n — 1 paths in G'. [ |

4.2 Minimum (n,1,0)-repartitors

Theorem 45
R(n,1,0) =n—1.

Proof. By Proposition 4, R(n,1,0) <n — 1. By Corollary 11, R(n,1,0) > n — 1. |

We can, in fact, completely describe the set of minimum (n, 1, 0)-repartitors.

Let T be a binary tree with n leaves and n — 1 internal nodes, one being the root r. Let
us define the graph Gr associated with T in the following way: every leaf of T' is an output of
Gr7; the internal nodes of T' are the switches of G7; each internal node of T is adjacent to an
ordinary input, and furthermore the root is adjacent to the priority. (See Figure 6.)

Proposition 46 A (n,1,0)-repartitor is minimum if and only if it is associated with a binary
tree with n leaves.
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Figure 6: A binary tree with 8 leaves and the corresponding minimum (8, 1, 0)-repartitor.

Proof. It is easy to see that the graph associated with a binary tree is a minimum (n, 1,0)-
repartitor.

Let N be a minimum (n, 1, 0)-repartitor. It has n—1 switches and each of them is adjacent to
exactly one ordinary input. Moreover n outputs and one priority are connected to the switches.
Thus, there are exactly (4(n — 1) —2n)/2 = n — 2 edges connecting a switch to another. Since
N is connected then it is a tree. Let T be the subtree of N induced by the switches and the
outputs. It is clearly a binary tree. Indeed every output has degree one and every switch has
degree 3 except the one that is connected to the priority that has degree 2 (and thus is the root).
|

4.3 Minimum (n,2,0)-repartitors

Theorem 47

3
R(n,2,0) = [—” - 3} .
2
Proof. Theorem 22 yields R(n,2,0) > {37” — ] Since R(n,1,0) = n—1, by the first inequality
of Lemma 5, R(n,2,0) < {37” - 3]. |

Remark 48 Note that minimum (n, 2,0)-repartitors are not necessarily formed from two min-
imum (n/2,1,0)-repartitors with the construction of Lemma 5. Indeed, let R be a minimum
(n,2,0)-repartitor and let o and o’ be two distinct outputs incident to the switches s and s,
respectively. Let R’ be the (n+2,2,0)-network obtained by removing o and o’ and adding three
switches ¢, ¥ and u such that ¢ is adjacent to u, s and an ordinary input and an output, ¢’
is adjacent to u, s’ and an ordinary input and an output, and u is adjacent to two outputs.
See Figure 7. It is easy to check that R’ is a minimum (n + 2,2, 0)-repartitor. Since ¢t and ¢’
are adjacent to an input and an output, R’ may not be obtained via the previously mentioned
construction.
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Figure 7: Extending a minimum (n, 2, 0)-repartitor to a minimum (n + 2,2, 0)-repartitor.

4.4 Minimum (n, 1, 1)-repartitors and (n, 1, 2)-repartitors

R(n,1,1) = [3”2_ ﬂ :

Proof. Theorem 21 yields R(n,1,1) {3" L]. According to Lemma 42, we can bound R(n, 1, 1)

by a sum: R(n,1,1) < R(n+ 1,2,0) +R( 1,1). By Theorem 47, R(n + 1,2,0) = {3"2—“’ _317
and R(1,1,1) = R(l,O, 1) = 1. Thus R(n,1,1) < [32 - 1]. m

Theorem 49

Theorem 50

Proof. Theorem 21 yields R(n,1,2) > [ 5 — 5|
The network depicted in Figure 8 has [7" — %] switches. Checking that this network is an

Figure 8: Minimum (n, 1, 2)-repartitor.

(n,1,2)-repartitor is not difficult but tedious since we must investigate various configurations
and exhibit each time the corresponding edge-disjoint paths. The complete proof is available in
[5]. |
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4.5 (n,3,0)-repartitors
Theorem 51
3n n
R(TL,3,0) = 7 + 7 +c,

where —5 < ¢ < 9/4.

Let G be the graph with vertex set {a; ;|1 <7 < 3,1 < j <[} whose edge set is the union of
the three paths P; = (a;1,i2,...,a;;) for 1 < i < 3 and the [ cycles C; = (a1,5,a2,a3,,a1,;)
for 1 < j <. See Figure 9. So GG; has 3l vertices and 6] — 3 edges.

d 1,1 d'12 a'l,I—l a1,I

BEE

3,1 a3 2 a-3,I—1 a3,I

Figure 9: The graph Gj.

From G, we construct the network H; as follows.

To each vertex a;;, 1 < i < 3,1 < 7 < [, we associate a switch s; ;. Each switch s; 1,
1 <4 < 3, is connected to a priority input p; and each switch s;;, 1 <4 < 3, is connected to an
output o;. We replace each edge e of G| by a path P(e) consisting of n(e) switches with some
ordinary input connected to each of them. In the bipartite graph H; defined previously, this
corresponds to association of each edge e with a block By(e) of By. The size n(e) of the paths
P(e) is in(By(e)) and will be specified later. For any two non-adjacent edges e and f in G, we
add a switch s, ¢ in H;: it is connected to an ordinary switch of P(e), to an ordinary switch of
P(f), and two outputs o, s and o/ et (In Hj, Se ¢ is in Sa.)

If I > 3, an edge e of G} is adJacent to 6 other edges except the edges of E1 = {(a;1,a;2)|1 <
i < 3}U{(ajj-1,a;1)]1 <i < 3}, which are adjacent to 5 other edges and the edges of Fy =
{(@i1,ait11)|]1 < i <3} U{(ais,ait1,)]1 < i < 3}, which are adjacent to 4 edges. Hence the
number n(e) of switches of P(e) is defined as follows: n(e) = 61 — 8 if e € Fy, n(e) = 61 — 9 if
e € By and n(e) = 6] — 10 otherwise.

In summary, H; has for [ > 3:

- 3 priority inputs,

- ng—3=06(6l —8)+6(6l —9)+ (6] — 15)(6] — 10) = 361> — 78l + 48 ordinary inputs,

n; outputs,
- n; — 3 ordinary switches (those of the P(e)),

- (ng — 3)/2 switches of Sy (that is, s, f), and
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- 3l switches of Sp (that is, s;;, 1 =1,2,3, j =1,2,...,1).

Hence H; has N; = % + 3l — % switches. As n; = 3612 — 781 + 51 = (6] — 1—23)2 + %, then
Ni= S5ty fm = - <y

Note that all the formulae are also valid for [ = 2. Indeed in that case n(e) = 4 for any of
the 9 edges and so n; — 3 = 36.

Lemma 52 H; is a repartitor.

We will reduce the proof of this lemma to the existence of some specific walks in the slightly
modified graph Gj .

Definition 53 Let G} be the graph obtained from G; by adding the set R3 = {a1 11, a241,03,+41}
and the three edges (a;, a;;+1), 1 <1 < 3.

Let E3 = {e1,e2,e3} be a set of distinct edges of G}. An E3-good set of walks is a set of three
edge-disjoint walks {7, Wy, W3} such that W; contains e;, where the set of initial vertices of
the Wy’s is {a1,1,a21,a3,1}, and the set of terminal vertices of the W;’s is Rs.

Lemma 54 If G| admits an Es-good set of walks for any set Es of three distinct edges, two of
which are non-adjacent, then H; is a repartitor.

Proof. Let us define an assignment as a mapping ¢ from the output set of H; into the edges of
G such that:

e ¢(0;) = (aiy,a;;+1) for i € {1,2,3};

e for the two outputs o y and o, , adjacent to the switch s, then ¢(oc,r) = e and ¢(0], ;) =
fsor ¢oe,r) = f and ¢(of ;) =e.

Let Q = {q1,q2,q3} be any set of three outputs of H; and let us denote {01, 02,03} by Os.
To prove that H; is a repartitor, we have to find the desired edge-disjoint paths in H;.

First let us show that there exists an assignment ¢ such that the three edges ¢(q;) are distinct
and two of them are non-adjacent.

- If |@ N O3] > 2, assume that ¢q; = 0;, and g2 = 0;,. Then for any assignment ¢, ¢(q1) =
e1 = (@i 1,0 141) and ¢(q2) = ez = (aiy, Giy141). Hence e; and ey are not adjacent
and distinct from ¢(e3) since only g1 (resp. ¢2) may be mapped on e; (resp. e2) by an
assignment.

- If |[QNO3| = 1, assume that ¢; = 0;, and go (resp. g3) are connected to sc, f, (resp. se,. f;)-
As all the edges adjacent to ¢(q1) = e1 = (a1, a1,+1) are pairwise adjacent, one of {es, fa}
is not adjacent to e;. Let ¢(g2) be this edge and let ¢(g3) be an edge of {es, f3} \ {e2}.
Then ¢ satisfies the requirement.
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- If |Q N O3] = 0, assume that ¢;, 1 < i < 3, are connected to s, f,. By definition,
Heivfi} N {ejvf]}| <1 for every 1< Z?] <3.

Suppose first that there are i, j, i # j, such that [{e;, f;} N {e;, f;j}| = 1. Without loss of
generality, we may assume that e; = e3. Then let ¢(q1) = €1 and ¢(g2) = fa. It follows
that e; = ey and fy are not adjacent. Let ¢(q3) be an edge of {es, f3} \ {e2, fo}. (Such an
edge exists since |{ea, fa} N{es, f3}| < 1.)

Suppose now that all the six edges ey, f1, 2, fo2, e3, f3 are distinct. If one edge of {eq, f1}
is not adjacent to one edge of {es, fo}, say e; is not adjacent to eq, then let ¢(q;) = e;.
Otherwise the four edges ey, f1, ea, fo form a 4-cycle. Since there is no diagonal of a 4-cycle
in G}, ez is adjacent to at most one edge of {eq, fi}, say es is not adjacent to e;. Then
setting ¢(g;) = e;, we obtain the desired assignment.

Let us now exhibit the n = 3612 — 78] 4 51 required edge-disjoint paths, 3 of them joining
the priorities to ), and the n — 3 remaining joining the ordinary inputs to outputs.

Consider an assignment ¢ as above and let Es = {¢(q1), ¢(¢2), #(g3)}. By hypothesis, there
exists an Fs3-good set of walks {7y, Wy, W3} such that W; contains ¢(q;).

Let o be an output not in O3. Let e = ¢(0), sc s(0) be the switch adjacent to o, s.(0)
the vertex of P(e) adjacent to s. f(0), and i(o) the input adjacent to s.(0). The default path
associated with o is P(0) = (i(0), 5¢(0), 5¢,7(0), 0).

If o ¢ @Q U O3, we choose its default path for joining the ordinary input (o) to o.

To each W; corresponds a walk @; in H(I) obtained by replacing an edge of G) by the
corresponding path P(e) and the edge (a;;,a;;+1) by the output o;.

If ¢; € O3 then choose ); which joins a priority to the priority output g¢;.

If ¢; ¢ O3, let s; = se(q;) be the switch that is in both @; and the default path of g;. Let
D; (resp. F;) be the subpath of @Q; starting in aj, o (resp. at s;) and ending at s; (resp. in
O3). Then choose (pj;, D;, se,f(¢i),q;) which joins a priority to a priority output, and (ig,, F;)
which joins an ordinary input to a non-priority output. All the paths we have constructed are
edge-disjoint. |

Proof of Lemma 52. By Lemma 54, it suffices to prove that for any set E'5 of three edges of
G} with two non-adjacent edges, there is an E3-good set of walks.
For1<i<3and1l<j<k<I+1, wewill denote by L;[j, k] the path (a; ;, @i j+1,...,aik)-
By symmetry of G, it suffices to prove it for the following ten cases. All these cases and the
corresponding covering walks are depicted in Figure 10. The walk Wy (resp. Wa, W3) is drawn
as a dotted (resp. black, grey) line. The white (resp. black, grey) ellipses represent the possible
positions of e; (resp. e, €3).

(1) e1 = (a14,,a1,4,41), €2 = (@145, a1,4541) and e3 = (@145, a1,4541) With 0 < iy < iy < iz <.
The COVGl“ng walks are W7 = (L1 [1, ig], a3.igs Lg[ig, l—|—1]), Wy = (L2 [1, ig], 14 [’iQ, ig], L3 [ig, l+
1]), and Wg = (Lg[l,ig], a2 i3, Ll[ig, I+ 1])

(2) e1 = (a1, a1,4,41), €2 = (A14y,0a1,4541) and e3 = (a345,0a3,i;41) With 0 < iy < i < 1. The
covering walks are Wy = (Ly[1,i2], La[ia, | + 1)), Wa = (L2[1, 2], a3,,, L1[i2,l + 1]), and
W3 = (Lg[Ll + 1])
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Figure 10: The covering walks in each case.

(3) e1 = (a14,,01,i141), €2 = (a24y,02,i,+1) and ez = (a3 y,as,i;+1). The covering walks are
Wy = (Ll[l,l + 1]), Wo = (Lg[l,l + 1]), and W3 = (L3[1,l + 1])

(4) e1 = (a14,a2;4), e2 = (az,,a3;) and ez = (az;i,a1;). Wi = (Li[1,4], La[i,l + 1]), Wa =
(LQ[l,i],Lg[i,l + 1]), and W3 = (Lg[l,i],Ll[i,l + 1])

(5) e1 = (a1, a2,,), €2 = (az;,,a3;,) and e3 € {(a1,i5,a2,45), (@235, A3,43), (@335, a1,3,) } With
i3 7& il. Wl = (Ll[l,il],Lg[il,l + 1]), W2 = (Lg[l,il],a37i1,L1[i1,l + 1]), and W3 =
(L3[17 Z.3]7 al,ig) a2,i37 L3[Z.37l + 1])

(6) e1 € {(ari,a2), (azi;a3,1), (43,01, 1)} €2 € {(a1iz,a2,05), (@225 a3,0), (a3,05, 1,32) }
and eg € {(a17i3, a27i3), (a27i3, a3,i3), (a3,i3,a17i3)} with i1 < iy < i3.
Wl = (Ll[l, il], a27i1,a3,i1,L1[il, [+ 1]), W2 = (Lg[l, ig], a37i2,a17i2,L2 [ig,l + 1]), and W3 =
(Lg[l, ig], Q1 ig, A2ig, L3 [’ig, [+ 1])

(7) e1 = (a14,,a2,,), €2 = (a2,i;,a34,) and e3 = (ag,iy, A25+1) With 47 < is.
Wi = (L1[1, 1], La[i1, i3], a1 45, L3[iz, | + 1]), Wa = (L2[1,41],a3,4,, L1[i1,1 + 1]), and W3 =
(Ls[1,43], La[is, I + 1]).
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(8) e1 = (a1,4,,a2,,), €2 = (a2,4,,03,,) and ez = (az;,03,5+1). W1 = (L1[1, 1], La[ir, 1 + 1)),
Wy = (L2[17i1]7a37i1,L1[i1,l + 1]), and W3 = (Lg[l,l + 1])

(9) er = (a1y,01,41)s €2 € {(A1,ip:02,5): (a2,i55 @3i5), (3,055 A1,i5) } and ez € {(a1i, a2,45),
(a2,i5,0345), (43,5, a1,45) } Withdig < ig. Wi = (Lq[1,141]), Wo = (La[1, 42}, a34,, 1,4, La[iz, I+
1]), and Wg = (Lg[l, ig], A1,55, A2, i3, Lg[ig, I+ 1])

(10) e1 = (a1,iy,a1,0,+1), €2 = (a2, 02:,41) and e3 € {(a1,i5,02,i5), (a2,i5,3,5), (a3,i5, A1,i5) }-
Wi = (Ll[l,l + 1]), Wy = (LQ[l,l + 1]), and W3 = (Lg[l,ig], Q15 A2 g Lg[ig, I+ 1])

Proof of Theorem 51 By Theorem 29, R(n,3,0) > 37" + 4 — 5.

Let us now define the (n,3,0)-network Gs(n) inductively as follows:
For [ > 2, let n; = 36[? — 78] + 51. If n = n; for some integer I, then G'3(n) = H;. Otherwise let
n—1 <n < ny. If nis odd then G3(n) is obtained from G3(n+2) by removing a switch s, r and
its two adjacent outputs, and deleting the two switches s(e) € P(e) and s(f) € P(f) adjacent
to s,y and their adjacent inputs, and adding an edge joining the two neighbours of s(e) (resp.
s(f)) in the input path P(e) (resp. P(f)).
If n is even then G3(n) is obtained from Gs(n + 1) by an L-contraction of a linking edge
{5(€), g}

Since H; is a repartitor, then if n is odd G3(n) is obviously an (n, 3, 0)-repartitor and if n is
even, by Lemma 44, G3(n) is an (n, 3,0)-repartitor. G3(n) has N = N;—3(n—n)+¢/2 = 3 +
@—5/4—1—8/2 switches where € = 1 if n is even. But as n > n;_y1, /i —/n < \/nj—/m_1 < 6.

SoN<3myyni9 [
Theorem 55
3 v/ 1
R(n,2,1) = 22 4 n; Yo

where —3 < ¢ < %.

Proof. From Lemma 42, we obtain R(n,2,1) < R(n + 1,3,0) + R(2,2,1). By Theorem 51,
R(n+1,3,0) < 3 4 ¥otl 4 15 And by Proposition 3, R(2,2,1) = R(2,0,1) and R(2,0,1) = 2
(see [4]). Hence R(n,2,1) < 37" + —”;H + %. Theorem 29 gives the other inequality. [ |

4.6 (n,4,0)-networks

The aim of this subsection is to prove the following theorem :

Theorem 56 .
R(n,4,0) = Zn +c

where —7 < ¢ < 84—9.
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Figure 11: A brick.

We will construct a network H(m), which is a (16m + 4, 4, 0)-repartitor.

We start with a basis brick B (see Figure 11). It contains 12 switches a;, by, ¢; for 1 <1 < 4.
Switch a; is connected to b; and b1 (the indices being taken modulo 4), and b; is connected to
¢;. There are 8 inputs: for 1 <[ < 4, 7; is connected to b;, and j; connected to ¢;. There are 8
outputs: for 1 <1 <4, o; connected to a; and w; connected to .

Let G(m) be the network obtained by concatenating m bricks B¥, 1 < k < m, that is, by
joining cf to af“ for1<k<m-land1l<I[<A4.

Let F(m) be the network obtained by taking two copies of G(m), G(m) and G ,, deleting
the 8m outputs wf and u’)f , adding 4m switches sf connected to cf, Ef and two new outputs rf
and Flk.

Finally let IS be an input selector with 4 inputs p;, 1 < [ < 4, and 8 outputs «; and ay,
1 <[ <4, such that for any set of four outputs, there are four edge-disjoint paths joining the
inputs to these outputs.

Let OS be an output selector with 8 inputs 7; and 4;, 1 < [ < 4, and 4 outputs ¢;, 1 <
[ < 4, such that for any set of four inputs of the form C7 U Cy and any partition 77 U T5 of
T = {t1,ta,t3,t4} with |Cy| = |T}|, there are four edge-disjoint paths, |C| of them joining C; to
T; and |Cs| of them joining Co to Tb.

Then H(m) is obtained by concatenating 1.5, F(m) and OS, that is, by identifying «; (resp.
;) with a] (resp. a;) and ¢} (resp. &) with v; (resp. #¥;). The network H(m) is depicted in
Figure 12.

H(m) has 4 priorities p;, 1 <1 < 4, 16m ordinary inputs if, 5{“, jlk, jlk for 1 <k <m and
1 <1 <4 and n = 16m + 4 outputs, of, 6;“, r{“, ff for 1 < k<mand1l <1 <4 and {,
1 <1<4. Tt has 28m + N(IS) + N(OS) switches where N(IS) (resp. N(OS)) is the minimum
number of switches of an input (resp. output) selector. An input selector is nothing more than
a (4,0,4)-repartitor and it is proved in [6] that R(4,0,4) = 5, so N(IS) = 5. An optimum
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Figure 12: The network H(m).

input selector is drawn in Figure 13 left. The network depicted in Figure 13 right is an output
selector. Indeed, it is constructed from a Waksman network (see [2, 3]), which is able to realize
any permutation of the 8 inputs into 8 outputs, by removing the useless outputs, switches and
links (dotted on the figure). Hence N(OS) < 13.

Figure 13: An optimum input selector and an output selector.

Lemma 57 H(m) is a (16m + 4,4, 0)-repartitor.

Proof. In what follows we will denote O = [Jy, of, O = Uk oF, R = Uk rk, R = Uk r,
W:Uk,lwlk7WZUk,lwlk‘ - B

Let @ be any set of four outputs of H(m). Let Q1 =QN(OUOURUR) and Q2 =QNT
and ¢; = |Q;], 1 <i < 2.

To prove that H(m) is a repartitor it suffices to find in F/(m) for any set @ = Q1 U Q2 a set
of 16m + 4 edge-disjoint paths such that:
q1 of them join a set A; of ¢; elements of | J,{a},a; } to Q1,
q2 of them join a set Ay of ga elements of | J;{a}, @i } \ A1 to a set Cs of g2 elements of |J,{c",&"},
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and the 16m other paths join the ordinary inputs to the set of outputs (O U O U RUR) \ Q1
and a set C of ¢1 elements of |J,{¢]", "} \ Co.

Indeed IS being an input selector, we can connect the 4 priorities of H(m) to the 4 outputs
assigned to A7 U Ay with edge-disjoint paths; then one can link A1 to @1 and Ay to Cy, and the
ordinary inputs either to outputs of (OUOURU R) \ Q1 or vertices of C; at last, OS being an
output selector, we can find edge-disjoint paths from Cy to @2, and from C; to T\ Q2. Hence
we have the 16m + 4 required edge-disjoint paths of H(m), 4 of them joining the p; to @ and
the remaining 16m joining the ordinary inputs to the outputs not in Q).

In fact, we can reduce the problem of finding the required set of paths in F(m) to that of
finding in G(m) a Qo-good path set defined as follows :

Let Qo be any set of at most 4 outputs of G(m), Qo C OUW and |Qo| = qo < 4. A Qp-good
path set consists of 8m + 4 edge-disjoint paths such that

- 4 of them link the vertices of U1§l§4 al1 to Qo and a set D; of 4 — gg vertices of U1§l§4 o,
and

- the remaining 8m link the 8m ordinary inputs of G(m) to (O U W) \ Qo and Dy =
Uicicad™ \ D1

Let us define an assignment as a one-to-one mapping from R U R to W U W by associating
to rlk one of wf and w,’f, and to Ff the other one.

Let Q, = QN (RUR). For any assignment ¢, let Q, = (Q N O) U (4(Q,) N W) and
Qs = (QN0) U (6(@Qr) W), o

If G(m) contains a Qg4-good path set and G(m) a @Q4-good path set, then we obtain the
required set of edge-disjoint paths of F'(m) by taking the paths in G(m) and G(m) and replacing
for 1 <k <mand 1 <1 <4, the last edge (c},w) (resp. (¢F,wF)) of the path ending in w/
(resp. wf) by the subpath (cF, s, ¢=1(wkF)) (vesp. (cF,sF, ¢~ 1(w}))). Note that we actually get
more paths than required; some of them joining some al1 or ZLll to some ¢ or ¢;’* are not needed.

Finally note that we have many choices of possible assignments and we can always choose
an assignment ¢ such that Qg4 (resp. Q¢) contains:

- either 2 outputs of W (resp. W) and none of O (resp. O),

- or 1 output of W (resp. W) and at most 2 of O (resp. O),

- or no outputs of W (resp. W).

Indeed choose ¢ such that:

if |Qr| = 4, then |¢(Q;) NW| = [$(Q;) N W] = 2;

- if |Q;| =3 and [Q N O] = 1, then |¢(Q,)NW| =1 and |¢p(Q,) N W| = 2;

- if |Q,] = 3 and [Q N O] = 1, then [¢(Q,) N W| =2 and [¢(Q,) N W| = 1;
- if |Qr| = 2, then |¢(Qr) N W| = |¢(Qr) N W| =1
- if |Q-| =1 and [Q N O > [Q N O, then [¢(Q,) NW| =0 and [¢(Q,) N W|=1;
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S 1Q, = 1 and [Q N O] < |Q N O, then |¢(Q,) N W| =1 and ¢(Q,) N W] = 0.

In summary, to prove that H(m) is a repartitor it suffices to prove the following lemma.

Lemma 58 For any set Qo of outputs of G(m) such that either |QoNW| =2 and |QyNO| =0,
or |QoNW| =1 and |QuNO| <2, or |QoNW| =0, there exists a Qo-good path set in G(m).

Proof. We call a default path for wf, (resp. of) the path (jF,cF,wF) (resp. (zl+1, bﬁrl,al , o).

Let L; be the path (al , bll, & ,al , blz, ¢y -ral b ") and let us denote by L;[z, y] the subpath
of L; with end vertices x and y. Let O; = {of|1 <k <m} and W, = {wf|1 <k < m}.
By symmetry of G(m), we only need to prove the lemma for the following cases:

(i
(i) Qo N (OUW) = {wh, wh?} with ky < ky;

Qo N (O, U] <1forl<1<4,

)

)
(iil) QoW = {wi'} and Qo N O = {o}*};
(iv) QoNW = {w}°} and Qo N O = {0}, 0,2} with Iy = 1 or Iy = l;
(v) QoN(WUO) ={o}",0}?, 0%, o} }.

We only give here the proof in cases (i), (ii), (iii) and (v) with {3 = l4 = 1, the other cases
being very similar.

(i) - if |Qo N (O, UW))| =0, take the path L;;
-if QoN (O UW)) = wl , take the paths (Ll[all, °], wfo) and (7, o L[cl "))
-if QoN (O UW)) = ol , take the paths (L;[a}, ko] 0?0) and (le,bﬁl, [af‘),cl D-

These paths plus the default paths associated with the outputs not in @ form a (Qg-good
path set.

(ii) Consider the paths (Ll[a%, Ik, (G L[k ek, 08?), (Lolad, b52], Ly [ah?, 2], wh?),
(i Lo[bk2, c]), (jF2, L1[c}?, ¢"])), L3 and Ly. These paths plus the default paths associ-
ated with the outputs not in Qg U {0’1”} form a Qg-good path set.

(iii) Consider the paths (L[al, ¢], wi), (5%, L[, &), (Lo[al, b52], a¥2, o%2), (ik2, Lo[oh?, ¢p)),
L3 and Ly4. These paths plus the default paths associated with the outputs not in Q¢ form
a QQp-good path set.

(v) Suppose that I3 =4 = 1. Without loss of generality, We may assume that kq < ko < k3 <
ky. Consider the paths (L1 [a], kl] 1), (Lg[a2,bk2] al ,01 2), (Lg[ag,bkﬂ S,bk3 a’f3,0'f3),
(L4[a4117b§7:]7 g4 bk4 4ﬂbk4 k4 0]f4) ('%zlﬂbglﬂLl[allc ) €1 ])7 (Zg 7L2[bk2 b ] 0]53)7

ks L2[b 2 ] 054)7 ( [bkg k4] 034)7 (Z2 7L2[b2 762 ])7 (Zg 7L3[b3 763 ]) and

(i
(z?1 ,L4[b§1 ,cq']). See Flgure 14.

These paths plus the default paths associated with the outputs not in Qg U {02 ,0154, o5'}
form a (Qp-good path set.
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Figure 14: The non-default paths when Qo N (W UO) = {olfl,olf2, o]f?’, o]f“}.

Proof of Theorem 56. By Theorem 33, R(n,4,0) > %” — 7. For n = 16m + 4, we have
constructed an (n, 4, 0)-repartitor H(m) with 28m + 18 = X + 11 switches. If n is not of the
form 16m + 4, let n = 16m +4 — h with 1 < h < 15. Let K(n) be the network obtained
from H(m) by the L-contraction of h linking edges. That is always possible as the edges
(bf,aﬁrl) or (cF,sf) are linking. By Lemma 44, K(n) is an (n,4,0)-repartitor. And K(n) has

28m+ 18 —h ="+ 11 + 30 < T 4 8 gyitches. |

Theorem 59

R(n,3,1) = +c,

=] 3

where —119 <ec<27.

Proof. From Lemma 42, we obtain R(n,3,1) < R(n + 1,4,0) + R(3,3,1). By Theorem 56,
R(n+1,4,0) < 424, And R(3,3,1) = R(3,0,1) = 3. Hence R(n,3,1) < 2t +27. Theorem 33
gives the other inequality. |

5 Conclusion

In this paper, we studied the minimum size R(n,p, f) of an (n,p, f)-repartitor with n inputs,
p of which are priorities, and n + f outputs. We have obtained general upper bounds, lower
bounds, and tight bounds for small values of p and f. It would be interesting to see if our lower
bound for p = 6 and f = 0 is attained and to study the cases of p = 1,2, 3,4 and arbitrary f.

It would also be interesting to further explore the behaviour of the function R(n,p, f). For
example, we expect that R(n,p, f) is monotone in p.

Conjecture 60 Ifp <p' < % then R(n,p, f) < R(n,p', f).
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Our results confirm that this holds for small values of n, p and f. In view of this con-
jecture, the case p = n/2 seems particularly interesting. Very recently, Havet [8] discovered
an asymptotically better upper bound than our Theorem 8: He proved that R(n,p, f) <
%n + %f —33p + O(log(n + f)) if p < "T_f, R(n,p, f) < 18n + 34f + O(log(n + f)), if
"—;f <p< %f, and R(n,p, f) < %n+375f+33p+0(10g(n+f)) if p> %f
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