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Traffic Grooming in Bidirectional WDM Ring Networks i

Abstract: We study the minimization of ADMs (Add-Drop Multiplexers) optical WDM bidirec-
tional rings considering symmetric shortest path routing all-to-all unitary requests. We precisely
formulate the problem in terms of graph decompositions,saatt a general lower bound for all the
values of the grooming factd®@ andN, the size of the ring. We first study exhaustively the cases
C =1,C = 2, andC = 3, providing improved lower bounds, optimal constructidoisseveral
infinite families, as well as asymptotically optimal constiions and approximations. We then study
the caseC > 3, focusing specifically on the ca€e= k(k + 1)/2 for somek > 1. We give optimal
decompositions for several congruence classds v$ing the existence of some combinatorial de-
signs. We conclude with a comparison of the cost functionsidirectional and bidirectional WDM
rings.

Key-words: Traffic grooming, SONET ADM, optical WDM network, graph decomiosi, com-
binatorial designs.
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1 Introduction

1.1 Background and Motivation

Optical wavelength division multiplexing (WDM) is todayettmost promising technology to ac-
commodate the explosive growth of Internet and telecomoatioin trdfic in wide-area, metro-area,
and backbone networks. Using WDM, the potential bandwiditpproximately 50 THz of a fiber
can be divided into multiple non-overlapping wavelengtfrequency channels. Since currently the
commercially available optical fibers can support over adned frequency channels, such a chan-
nel has over one gigabit-per-second transmission speakeWw, the network is usually required to
support tréfic connections at rates that are lower than the full waveleogpacity. In order to save
equipment cost and improve network performance, it turnsmbe very important to aggregate the
multiple low-speed tréic connections, namehgquestsinto higher speed streams. Tita grooming
is the term used to carry out this aggregation, while opiimgizhe equipment cost.

Among possible criteria to minimize the equipment cost, an&® minimize the number of
wavelengths used to route all the requests [2, 20]. A bepieraximation of the true equipment cost
is to minimize the number of addrop locations, namely ADMs using SONET terminology, iaste
of the number of wavelengths. This leads to gieoming problemthat we state formally later in
Sectior 2. These two problems are proved to lfkedint. Indeed, it is known that even for a simple
network like the unidirectional ring, the number of wavejtrs and the number of ADMs cannot be
simultaneously minimized [1L, 22].

SONET ring is the most widely used optical network infrastase today. In these networks, a
communication between a pair of nodes is done viglapath, and each lightpath uses an Add-
Drop Multiplexer ADM), i.e. an electronic termination, at each of its two endfgofbut none in the
intermediate nodes). If each request uéem‘ the capacity of a wavelength, thénis said to be the
grooming factori.e.C requests can be aggregated in the same wavelength thraugartte link. If
two or more lightpaths using the same wavelength share a conemdpoint, then the same ADM
might be used for all lightpaths and therefore the number@M& needed could be reduced. Due
to this fact, it makes to sense to try to minimize the total benof ADMs required.

1.2 Previous Work and Our Contribution

The notion of tréfic grooming was introduced in [24] for the ring topology. Srtben, tréic
grooming has been widely studied in the literature (cfl [28,/34] for some surveys). The problem
has been proved to be NP-complete for ring networks and ge@gt1]. Hardness results for rings
and paths have been provedlin [1]. Many heuristics have beee, dut exact solutions have been
found only for certain values @ and for the uniform all-to-all tréic case in unidirectional ring and
path topologie<8].

Many versions of the problem can be considered, accordingd@ample to the routing, the phy-
sical graph, and the request graph, among others. For ezamp,[3] the Rru Trarric GROOMING
problem is studied. If the network topology isiag (which is the case of SONET rings), we mainly
distinguish two cases depending on the routing. TRegectioNaL RING TraFFic GROOMING problem
has been studied extensively in the literature. In an uaddional ring, requests are routed following
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4 Jean-Claude Bermond , Xavier Mufioz , Ignasi Sau

only one direction in the cycle. Up to date, the all-to-abedas been completely solved for values
of the grooming factor until 818,715,156 4, 5]. Also, recerithe unidirectional ring with bounded
degree request graph has been studied [29, 27].

In the BipirectionaL RiNG Trarric GRooMING problem, the scenario is quiteffirent. In a bidirec-
tional ring, requests are routed either clockwise or cawtdekwise. This case has been much less
studied than the unidirectional one, due to its higher cexipl. There is an important work provi-
ding heuristics for the ring tfic grooming [10[" 11, 20, 22, 28, 19,130, 26], but there was aiill
important lack of theoretical analysis of the problem. Néweless, its study has attracted the inter-
est of numerous researchers. For instancé, in [25] a MILRdation of the problem can be found.
In [32] two lower bounds is provided for the number of ADMs ibirectional ring with tréfic
grooming, and in[[13] another lower bound is proved, regaslof the routing. IH 31,18, 1[7,132]
tools from design theory are applied to the bidirectionadjriTheir method is based in the idea of
primitive rings which consists roughly in appropriately generating sapgs of the request graph
inducing unitary load each, and then packing them into dedis mostC subgraphs. Namely, in [32]
several heuristics are proposed, the c&ses2 andC = 4 are studied irf[31], the cage= 8 in [18],
and the caseS = 4 andC = 8 in [17]. Nevertheless, they do not provide general lowertuts and
they do not analyze the approximation ratio of the proposgurithms. Therefore, the gaps between
their solutions and the optimal ones are unknown.

In this work we focus on a bidirectional ring with symmetrtoostest path routing, and on the
all-to-all case. We begin by formally stating the problentémms of graph partitioning in Sectigh 2.
In Sectior 8 we provide lower bounds and compare them witkatexisting in the literature. The
remainder of the article is devoted to find families of san8 for certain values & andN. First
we solve in Sectiohl4 the ca€e= 1. In Sectior b we study the ca€e= 2, improving the general
lower bound and providing ég—approximation. In Sectiopnl 6 we tackle the c&se- 3, improving
the lower bound wheiN = 3 (mod 4) and giving optimal solutions whé&h= 0,1,4,5 (mod 12).
For all other values dfl we give asymptotically optimal solutions. In Sectidn 7 we design theory
to provide optimal solutions whed is of the formk(k + 1)/2, for some congruence classes of values
of N. We also give improved lower bounds whéris not of the formk(k + 1)/2. In Sectior B we
compare unidirectional and bidirectional rings in termswhimizing the cost. We conclude the
article in Section®.

2 Statement of the Problem

2.1 Load constraint

In a graph-theoretical approach, we are given an opticalorétrepresented by a directed graph
G on N vertices (in many cases a symmetric one) — calledptimgsical graph—, for example a
unidirectional rinng or a bidirectional symmetric rin@y,. We are given also a tfizc (or instance)
matrix, that is a family of connection requests represebyegh arc-weighted multidigragh- called
thelogical or request graph- where the number of arcs froino j corresponds to the number of
requests froni to j, and the weight of each arc corresponds to the amount of hdtidused by
each request. Here we suppose that there is exactly onestdrprai to j (all-to-all case) and that
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each request uses the same bandwidth. In thatlcasdy,. We also suppose that the bandwidth
used by any request is a fractiofCLof the available bandwidth of a wavelength. Said otherwise,
each wavelengthy can carry on a given arc at mastrequests. This positive integ€ris called the
grooming factor For a wavelengtly, we denote by\B,, the set of requests carried by Satisfying
a request fromi to j consists in finding a dipatR(r) in G and assigning it a wavelength Note
that a wavelength is directed either clockwise or counterclockwise, so aldipaths associated to
requests in a sant&, are directed in the same way.

For a subgrapiB,, of requests of, we define théoad of an arce of G, L(B,, €), as the number
of requests which are routed througtthat is

L(Btw e) = |{P(r), re E(Bw)a ee P(r)}l

Note that if B, is associated to a clockwise (resp. counterclockwise) igageh w, only the
clockwise (resp. counterclockwise) arcs of the ring areléabbyB,,. The constraint given by the
grooming factoiC means that for each subgrapl) and each are, L(B,, €) is at mostC. In this
article we focus on the bidirectional ring topology with-&dtall unitary requests. Therefore, our
problem consists in finding a partition &, into subdigraph®,, satisfying the load constraint for
Cy, and such that the total number of vertices is minimized. We hao choices for routing a request
(i, j) : either clockwise or counterclockwise. Although theradsphysical constraint imposing it,
it is common for the operators to consider symmetric roifidhat is, if the request,(j) is routed
clockwise, then the request {) is routed counterclockwise. Furthermore it is also comifoonhe
sake of simplicity to use shortest path routing. Therefoeewill restrict ourselves to symmetric
shortest path routings. Let us see how the restrictions@nahiting dect the solutions.

2.2 Constraints on the routing

In a ring Cy, with an odd number of vertices, shortest path routing ingpdigmmetric routing.
But in a ring with an even number of vertices this is not neaglgsthe case, as a request of the
form (i,i + §) can be routed via a shortest path in both directions. Cengiat exampleN = 4
andC = 2. If we do not impose symmetric routing, we can have a satutionsisting of the two
subdigraphd®,,, with the requests (@), (1 2), (2 3), (3 0), (0,2), and (20) routed clockwise, and
B, with the requests (D), (0, 3), (3 2), (2 1), (1 3), and (31) routed counterclockwise. Altogether
we use 8 ADMs. Suppose now that we further impose symmetuitng, and assume without loss
of generality that the requests, @) and (13) are routed clockwise. The best we can do f@.a
with 4 vertices is to put 5 requestsdfis clockwise, namely (@), (1, 2), (2 3), (3, 0), and at most
one of (Q2) and (13). The other request out of (@) and (1 3) will need 2 ADMs, so we use a total
of 12 ADMs. If we do not use anB,, with 4 vertices, note that a subdigraph with 3 (resp. 2) vesdi
contains at most 3 requests (resp. 1 request). Therefooaite all the requests we need at least 12
ADMs.

Imposing shortest path routing might increase the numbek¥s of an optimal solution.
Consider for exampl®&l = 3 andC = 3. With shortest path routing, we need two subdigraphs
with the requests (@), (1, 2), (2 0) andB,,, with the requests (D), (2 1), (0 2), for a total of 6
ADMs (each arc ofC; is loaded once). Without the constraint of shortest pathimguwe can do it
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6 Jean-Claude Bermond , Xavier Mufioz , Ignasi Sau

with 3 ADMs, namely with all the requests routed clockwigethat case, the requests ), (2 1),
and (Q2) are routed via dipaths of length 2 (for instance, the refj(fe0) uses the arcs (2) and

(2,0)). In that case the load of the arcs (in the clockwise divegis 3.

We cannot always use shortest path routing and have a minioaanindeed, consider the case
C =1 and a set of 3requesis|), (j,k), and ki) forming a triangle. The subdigraph formed by the
3 requests routed in the same direction has load 1, but theretireason that the associated routes
are shortest paths. For example,Net 5 and (Q1), (1, 2), (2 0) be the three mentioned requests,
which we assume to be routed clockwise. If we want a validtsmiuthen the request (@) is routed
via the path [23,4, 0] of length 3 (and not 2). If we want to use shortest paths; these three
requests induce load 2, hence they cannot fit together iratie svavelength. Summarizing, in this

example either we use shortest paths and the load is 2 or wee g@ution with load one
using shortest paths.

2.3 Symmetric shortest path routing

but not

In the sequel of the paper we will only considgmmetric shortest path routings Besides

being a common scenario in telecommunication networks,aesumption also simplifies

the pro-

blem, as we can split it into two separate problems, half efrtdguests being routed clockwise and
half counterclockwise. Each of these two subproblems cardveed as a grooming problem where
G = Cy (the unidirectional cycle) antl = Ty, whereTy is a tournament oiN vertices, that is, a
complete oriented graph (for each pair of vertifie§} there is exactly one of the ards ) or (], 1)).

As we consider shortest path routing, fdrodd Ty is unique. But forN even we have two
possibilities for the pairs of the forii,i + ¥} : either the arci(i + ) or (i + §.i). So the choice of

these arcs has to be made. We are now ready to state preaisglsoblem.

Our TraFFIc GROOMING PROBLEM
Input : A unidirectional cycleCy with vertices 0...,N — 1, a grooming facto€ and a
requests consisting of the tournam@&gtwith arcs (,i + 1) forO<i < N-1land 1< q<

otherwise, folN even we have one of the two arés ¢+ %) or (i + % iyforO<i< % -1).

Objective : Minimize Z\a’)"zl [V(By)|. The minimum will be denoted(C, N).

digraph o

N1 plus

if N is eveny arcs of the formi(i + §), where we cannot have bothi(+ §) and { + ¥.i) (or said

Output : A partition of Ty into digraphsB,,, 1 < w < W, such that for each aeee E(Cy), L(B,,€) < C.

-

Remark 2.1 Solutions to the original problem can be found by solvingaheve problem and using
the solution for the counterclockwise requests by revgrsiie orientation of the arcs @y and Ty.
Therefore, the total number of ADMs for the original problemander the constraints of symmetric

shortest path routing — i2A(C, N).

Let us see an example fbr= 5 andC = 1. Then the following three subdigraphs form a solution
with 10 ADMs : one with arcs (), (1, 3), (3, 0), another with arcs (2), (2, 4), (4,1), and another
with arcs (02), (2, 3), (3,4),(4,0). Thus, a solution for the bidirectional rifgf andl = K needs

20 ADMs.
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LetnowN = 5 andC = 2. We can use the preceding solution or another one with &lgdDMs
with only two Cs’s with arcs (02), (1,2), (2, 3), (3,4), (4,5) and (02), (2, 4), (4, 1), (1, 3), (3,0), the
second one inducing load 2. But we can do better, with only 8/&Dwith one subdigraph with arcs
(1,3),(3,4),(4,1), and another one with arcs, (0, (1, 2), (0, 2), (2, 3), (2, 4), (3,0), (4, 0). This latter
partition is optimal. In that case, we need for the bidireadl ring 16 ADMs.

To tackle our problem we will use tools from design theorpikr to those used for the unidi-
rectional ring and = Ky [[7,[8]. In particular, it is helpful to use, for a give®, digraphs having a
maximum ratio number of arcs over number of vertices (se6@d8.2).

2.4 Admissible digraphs

LetB, = (V., E,) be adigraphwitlV,, = {ao, ..., ap-1} involved in a partition of the tournament
Tn. Note that the edges @, belong toTy, so @&, a;) € E, if and onIydC»N(ai,a,-) < % where
de, (&, &) is the distance between anda; in Ch.

A digraph B, is said to beadmissibleif it satisfies the load constraint, that is(B,,e) < C
for each are € E((fN). A partition of Ty into admissible subdigraphs is calledlid. As the paths
associated to an arc &, form a dipath (an interval) i€, the load is exactly the same as if we
considerB,, embedded in a cycl@*p with vertex set 01, ..., p— 1. More precisely, we associate to
B,, the digraphBf with vertices 01,..., p—1 and with {, j) € E(BP) if and only if (&, a;) € E(B,).
Hence, to compute the load we will consider digraphs \pitkertices and their load in the associated
C?p. Note that it can happen thdt. (a, a;) < % butd@p(i, j) > ’—2’ and viceversa.

Figure[1(a) illustrates a digraf®, that is admissible foN = 8 andC = 2, as it induces load 2
in C. Its associated digrap is shown in Figur€ll(b). Figufé 1(c) shows a digr&jhwhich has
alsoB,, as associated digraph, but it is not admissibleagsa() is not an arc off’g.

2
(b) (©

Fic. 1 — (a) DigraphB,, admissible folN = 8 andC = 2; (b) Its associated digragf, ; (c) Non-
admissible digrapB;, that has als®? as associated digraph.
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8 Jean-Claude Bermond , Xavier Mufioz , Ignasi Sau

Figure2(a) shows and admissible digraphNor 7 andC = 2. Its associated digrag®p,, which
is depicted in Figurgl2(b), induces load 2 but the aré)1s not routed via a shortest path (although
the arc @1, a4) was inB,).

(@) (b)

Fic. 2 — (a) DigraphB,, admissible folN = 7 andC = 2; (b) Its associated digragBy.

In what follows we will compute the load in the associateda, but we will have to be careful
that the arcs oB,, are those ofy, as pointed out by the above examples.

3 Lower Bounds

In this section we state general lower bounds on the numb&bMs used by any solution.

3.1 Equations of the Problem

Given avalid solution of the problem, la denote the number of subgraphs of the partition with
exactly p nodes, letA denote the total number of ADMs, I&¢ denote the number of subgraphs of
the partition, and leE,, be the set of arcs @,,. Recall that heré = Ty, which hasw arcs. The

following equalities hold :

N
A = > pa (1)
p=2
N
Zap = W (2
p=2
'
e = NEZD ©
w=1

INRIA
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Proposition 3.1 For | = Ty,

N2+ o -1, ifNisodd
W > {T} ,wWheree ={ 4, ifN=2 (mod4)
8, IfN=0 (mod4)

Proof. The set of arcs of\ of the form (,i+ ), 0 < g < % load each arc of the ring exactly

times. So ifN is odd the load of any arc of the ring ist12 + ... + N1 = NoL,

If N is even the load due to these arcsis 2+ ...+ %52 = NZ*%. We have to add the load due
to arcs ofTy of the form(i,i + %) As there aré} such arcs, the total load [}§ and so one arc of
the ring has load at leagt.

If N =2 (mod 4) that gives a load at led$}| = 22, so one arc has load at led5g2 + ;2 =

N2+4
-

If N =0 (mod 4) the maximum load due to the a(t;s's + %) is at Ieast%, but in this case we
can give a better bound. Indeed, suppose w.l.o.g. that V\ﬂetha\arc(o, %) and letj be the number

of arcs starting in the interval [§ — 1] of the form(i,i + %) with 0 < i < . The load of the arc

(% -1, %) of the ring is thenj + 1. As there ard] — 1 — j arcs ending in the interval [£ - 1],

the load of the ar¢0, 1) is 1 + % — 1 - j. Therefore the sum of the loads of the a(0sl) and
(5 -1.%)is ¥ + 1, and so one of these 2 arcs has Ipd+ 3| = & + 1. The total load of this arc
e

As each subgraph can load one arc at nd8tnes, we obtain the lemma. O

3.2 The parametery(C, p)

To obtain accurate lower bounds we need to bound the valiie ofor a digraph with|\V,,| =
p vertices, satisfying the load constraint (admissible alidy). As we discussed in the preceding
section, we need only to consider the associated digrapledaeiol irﬁp. To this end, we introduce
the following definitions.

Definition 3.1 Lety(C, p) be the maximum number of arcs of a digraph H with p verticeh suat
L(H,€) < C, for every arc e of,.

Definition 3.2

¥(C, IO)}
=1

In [32] the authors define two parameters which coincide withparameterg(C, p) andp(C)
introduced above. 11 [32] the parametdC) is calledmaximal ADM giciency and its value is
determined, but no closed formula fa(C, p) is given in [32]. Here we give again the valued€),
using diferent tools, and give the exact valueydt, p).

p(C) = rQZaZX{

RR n° 7080



10 Jean-Claude Bermond , Xavier Mufioz , Ignasi Sau

The next proposition shows that, in fact, the maximum nundfeequests we can groom is
attained by taking those of minimum length. It is worth to riem that this property is not true if
the physical graph is a path, as shown with a counterexamfiB.i

k(k+1)

Proposition 3.2 Let C= +r,withO<r <k. Then

w ,ifp<2k+1,0rp=2k+2andr> 2
y(C,p)={ kp+2r-1 ,ifp=2k+2andl<r < &2
kp+ L%J , otherwise

The graphs achieving(C, p) are either the tournamentlif p is small (namely, if p< 2k + 1 or
p=2k+2andr > "LZZ), or subgraphs of a circulant digraph containing all the arof length
1,2,...,k, plus some arcs of lengthskZL if r > O.

Proof: We distinguish three cases according to the valug of
Case 1.If pis small, that is such that the tournaméptloads each arc at mo€ttimes, then

¥(C, p) = 22D | et us now see for which values pfthis fact holds.

If pis odd the load of  is £ 82 L <C.The inequalityp® — 1 < 8C impliesp?—1 < 4k(k+1)+8r,
and is satisfied ip < 2k + 1, asp” — 1 < 4k(k + 1).

If pis even, the load of, is % 1*‘5 , wheres = 1if p = 0 (mod 4) (see proof of Proposi-

tion[3.1).
If p < 2, it holds 28 < 4k28+8 < M) <.
Forp=2k+2,it holds 1*‘5 = k—; +k+1+ g < sz”‘ +r =Cifandonlyifr > k*g”,with

6=1if p=0 (mod 4), that is, |k is odd. Therefore, the condition is satisfied i %

In the next two cases, we provide first a lower bound/ @, p), and then we prove a matching
upper bound.

Case2lf p=2k+2and 1<r < '%2 a solution is obtained by taking all the arcs of length

12,. k(— i 2) giving a load ofM —plus 2 — 1 arcs of Iengtfg. For example, we can take
thearcs(l,l + %’)fori =0,2,...,2r- 2(< andthearcél i— —p)fori =1,3,...,2r-3.The load

due to these arcs is at masftTherefore, |n22h|s casgC, p) > kp2+ 2r-1

Case 3.f p > 2k+ 2 orp = 2k+ 2 andr = 0, a solution is obtained by taking all the arcs
of length 12,...,k pIusL arcs of lengthk + 1, in such a way that the load due to these arcs
is at mostC, WhICh is always possmle (for example,pfis prime withk + 1, we take the requests
(k+Dji,(k+1)(i+1)for0<i < L J 1, the indices being taken modup). Therefore, in this

case

YCP) = kp+ | g |- @

Let us now turn to upper bounds. Suppose we have a solutibnagitcs,y; being of length on
C,. As each arc of lengthloadsi arcs, and the total load of the arcs@f is at mostC p, we have

INRIA
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that
o0 k k
Cp > ) in Ziyi+(k+1)[y—2w]
i=1 i=1 i=1
k k
= le+(k+1)(y kp)+ ) (k+1-i)(P-%)
=1 i= 1\—;6'_’
> D b ke o - k),
SinceCp = *41 . p+ rp, we obtainrp > (k + 1)(y - kp), and therefore
R
Y(C.p) < kp+ s - (5)

Combining Equation${4) anfl(5), we get the result for caseBcase 2, i.e. whep = 2k + 2 and
1<r«< %2 Equation[(b) yield(C, p) < kp+ 2r. If we have equality, then necessarjly= p for
i =1,...,k, so we have all arcs of length at maéstHowever, the R arcs of length at least + 1
induce a load at least+ 1 on some arc oﬁp, so the total load would be strictly greater th@n

Therefore, we have at mog(C, p) < kp+ 2r — 1, which gives the result. O

Proposition 3.3 Let C= k(k+ 1)/2+r,withO <r < k. Then

r
= k+ —.
p(C) T (6)
Proof: In Case 1 of the proof of Propositibn B@C) < '%1 If p<2k+1,p(C)<k If p=2k+2
andr > ¥2,p(C) = k+ 1 < k+ L5. Otherwise, by Equatiofik5),
kp+ kerl r

p(C) < D = k+ ks 1 (7)

whereC = k(k;l) +r,withO<r <k So,inall casesq(C) < k+5. Note thatwherp is a multiple of
k+ 1, Equation[(#) implies that(C, p) > kp+ = 1> and thereforg(C) > k+ 7. The result followsn

Note that in[[32] the following formula is given, equivalentEquation[(B) :

C k

p()_k+1 2"

(8)

Table[1 shows the parametdC, p) for small values oC andp, as well as the paramete{C).
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12 Jean-Claude Bermond , Xavier Mufioz , Ignasi Sau

[2]3]4]5]6[7][8]9]10]11]12[13][14][15]16] p(C) |
1/3(4| 5|6 |7 |8|9]1011|12|13|14|15|16 1
719110|112|13|15|16|18|19|21|22| 24| 3/2
10/12|14|116| 18| 20| 22| 24| 26|28| 30| 32 2
10(13|16|18|21|23|25(28|30|32|35|37|| 7/3
1015|1821 |24|26|29|32|34|37|40|42| 8/3
1015|2124 |27|30|33|36|39|42|45|48| 3
10115(21|25|29|32|35(39|42|45|48| 52| 13/4
10(15|21|27|31|35|38|42|45|49|52| 56| 14/4
101 15(21|28|33|37|41|45|48|52| 56|60 | 15/4
1015|2128 |36|40|44|48|52|56|60|64| 4

o

Olololo|olo|ololo]o
Il
O O|NOO| O DWW N~
il i
WW W W W W www
DO O DO O OO O] OO U1

Il
=
o

Tas. 1 — The parameter(C, p) for some values of andp, as well ap(C). Thebold values achieve
p(C).

3.3 General Lower Bounds
By Proposition§3]1 arld 3.2, Equatiohk (I}, (2), dnd (3) bexo

A= D pa, @)
p=2
N N2 + 4 -1 ,ifNisodd
e T} .wherea={ 4 ,ifN=2 (mod 4) (10)
p=2 8 ,ifN=0 (mod4)
N
N(N - 1
dapcp > SO (1)
p=2

We are ready to prove the general lower bound on the numbebM#\used by any solution.

Theorem 3.1 (General Lower Bound) Let C = “¥" 4 1 with 0 < r < k. The number of ADMs
required in a bidirectional ring with N nodes and groomingtar C satisfies
N(N-1)] [N(N-1) k+1
2-p(C) | 2 k(k+1)+r|

Proof: Using Equationg(9) an@(lL1), and the definitiop@t), we get that the numbeyof ADMs
used by any solution satisfies

(12)

NQN)Z{

N(N-1) _

N N
5 < > 3 /CP) = ) p-a-p(C) = pO)-A
p=2 p=2
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Groupage de Trafic dans les Anneaux Bidirectionnels WDM 13

From the above equation and using Equatidn (7), we get

C[NN-D] _[NN-1)  k+1
—{2-,0((:)}‘{ 2 kk+1)+r|

To achieve the lower bound of Theor€m]3.1, the only possiligito use graphs op vertices
with y(C, p) arcs. Thebold values in Tabl€]1 achieygC), and therefore the subgraphs correspon-
ding to those values (which exist by Propositionl 3.2) aredgoandidates to construct an optimal
partition of the request graph.

Comparison with existing lower bounds. In [13] the Rne Trarric Grooming problem in the
bidirectional ring is studied. The authors state a lowerrabregardless of routing for a general
set of requests. In the particular case of unifornfiitathey get a lower bound 05;\/% (see [13,
Theorem 1, page 198]). They indicate in their article thaytban improve this bound by a factor of
2 for all-to-all uniform unitary tréfic. We thank T. Chow and P. Lin for sending us the proof of the
following theorem, which is only announced in[13].

Theorem 3.2 ([(12[138]) If a traffic instance of ring grooming is uniform and unitary, then aetjess

of routing,
1 \/NZ(N—l)Z
A(C,N) > —N(N -1).
( )2\/6 5 ( )

The lower bound we obtained in Theorem3.1 is greater thabdabad of Theorem 312, but it should

be observed that we restrict ourselves to shortest path syriennouting. Our bound i% and

the lower bound of Theorem 3.2 is less thl%%%). The fact that our bound is better follows from
the fact thap(C) < V2C. Indeed,

r )2—k2 2err r2
a K+1 (k+ 1)

P2(C) < (k+—

<K+2r+1 < K+k+2r = 2C.
k+1

4 CaseC=1

ForC = 1, by Propositiof 3]12/(1, p) = pif p > 2. Furthermore, all the directed cycles achieve
o(1) (see TablE]ll).

Theorem 4.1 NN-1) _ _
ACLN) = { 2 ,if N is odd

=2 ,if N is even
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14 Jean-Claude Bermond , Xavier Mufioz , Ignasi Sau

Proof: ForC = 1, the only possible subgraphs involved in the partitiorhefédges of y are cycles
and paths. If only cycles are used, the total number ofADl\%%‘;l—), which equals the lower bound
of Theoreni 3. Each path involved in the partition adds amiywf cost with respect t@'%.

If N = 29+ 1is odd, by[[9, Theorem 3.3] we know that the arc§ gfcan be covered with Cs's
and@ Cu’s. The total number of vertices of this constructionds-2q(q—1) = q(2g+1) = W

If N is even, each vertex must appear with odd degree in at leastubgraph, so the number
of paths in any construction is at led$t2. Therefore, the lower bound becon%%‘—l) + % = NTZ
By [9, Theorem 3.4] the arcs dfy can be covered with

— 4Cysand 22 - 3C,’s, if N = 4qwith g > 1;

— 2Cysand 27 + 20— 1Cy’s, if N = 4q + 2.
For N = 4, we coverT, with a G, and two arcs. Note that in these constructions, some arcs are
covered more than once. In both cases, the total number ti€e®of the construction i%f, hence
the lower bound is attained.

Finally, one can check that in the constructions of [9], #mglth of the arcs involved in the co-

vering of Ty is in all cases bounded above P%‘/J and therefore all the cycles induce load 1. O

Remark 4.1 For the original problem with G= C{, and | = K{,, if we apply Theorern 4.1 we get
in the case N2 a value of N ADMS ; but if we delete the constraint of symmetric routingsget

a value of NN — 1)/2 by using [9, Theorems 4.1 and 4.2] (however these constmgtise many
Kz’S).

5 CaseC=2

WhenC = 2 the general lower bound of Theoréml3.1 gi¥€2, N) > w We first improve
this bound in Section 8.1, and then give solutions with a gagmatoximation ratio in Sectidn 3.2.

5.1 Improved Lower Bounds

ForC = 2, by Propositioi.3]3(2,2) = 1,¥(2,3) = 3, ¥(2,4) = 5 (note thaty(2,4) = 6 if the
routing is not restricted to be symmetric), ap@, p) = L%J for p > 5. The optimal solutions for
p > 4 even consist of thp arcs of length 1i(i + 1) for 0< i < p— 1, plus thep/2 arcs of length 2
(2i,2i+2)for 0<i < p/2-1 (in fact, triangles sharing a vertex ; see Fidure 3fder 6). Forp odd
we have two classes of optimal graphs (see Figlire p for5).

M =W

Fig. 3 — Some admissible digraphs for= 2.
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Groupage de Trafic dans les Anneaux Bidirectionnels WDM 15

Equation[(I]l) becomes in the caBe- 2

N(N -1
Zapy(Zp) & + 3ag + 5ay + 7as + 9as + 108y + 12ag + .. —(2 ),
Therefore,
N 2 N 2 1
A= pz_:papz §p24 (2 p) + a2+a3+3a4+ (as+a7+ag+...) (13)
= w+3az+as+§a4+l(a5+a7+a9+ ). (14)

We can already see that the bmﬁi\(@i cannot be attained. Indeed, to reach it we need to use only
graphs with 68, 10, . . . vertices. But the number of graptssatisfies, by Propositién 3.1V > Nlel,
SOA > 6N > —N(’\é D,

The following proposition gives a lower bound of orc%N(N —1). Note that 1132> 11/33=
1/3.

Proposition 5.1 (Tighter Lower Bound for C = 2)

1IN?> - 8N -3 IIN(N-1) 3N-3
A(2,N —_— | = | = . 1
(’)4 2 } {16 2 T (19)
Proof. We can writeA > 6(W — a, — ag — ay — as) + 2ap + 3ag + 4a4 + 5as, that is,
A > 6W — (4a, + 3a3 + 284 + as). (16)
From Equationd (13) anf{l14) we get that
3A > N(N - 1)+ (4a2 + 3az + 2a4 + as). a7
Summing Equation§ (16) and {17) gives
4A > 6W + N(N — 1). (18)
By Propositio 311, we have that
N(N-1) N+a
W2 ==+ = (19)
Combining Equation$ (18) and (19) and using that —1 yields
1IN(N-1) 3N 3o 1IN°-8N-3
>t — = >
- 32 32 32~ 32
O
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16 Jean-Claude Bermond , Xavier Mufioz , Ignasi Sau

5.2 Upper Bounds

In this section we build families of solutions f@r= 2. We conjecture that there exists a decom-

position usingA vertices with ratiogsy of order i, which would be optimal by Propositign.1.

For that, we should find some (multizpartite) graphs achigtiis ratio. A candidate i&4 4.4, which
has 48 edges. Unfortunately, we have not been able to coveghi83 vertices (which would achieve
the optimal ratio) but only with 34, giving a 383-approximation.

For the sake of the presentation, we first present a simplgltapproximation inspired from a
construction of{[9].

5.2.1 A12/11-approximation

This construction is defined recursively. Suppose we hawauwien for N vertices usingAn
ADMs, with N = 2por N = 2p + 1. Let the vertex set be labeled & 1a < ... < (p—1)a < 0g <
lg <...<(p-1)g, plusw is N is odd. ForN + 2, we add two verticega andxg with the order
Xa<0pa<la<...<(p—-La<xXg<0Og<lg<...<(p-1)s < . We use as subdigraphs those
of the solution foN plus the| p/2] digraphs on the 6 verticeg, ia, (i + Lp/2])a, Xs, is, (i + Lp/2])8
and the 8 arcsxy, in), (Xa, (i +1p/2))a), (ia, X8), (i +Lp/2])a, X8), (X8, i8), (X8, (i +1P/2]g), (i5, Xa),

((i + Lp/2])s, %), for 0<i < | p/2] - 1.

If N = 2p with p even, there remains uncovered the aig Xg).

If N = 2p+ 1 with p even, there remain the 3 arca(xg), (Xg, o), and o, Xa), which we cover
with the circuit Ka, Xg, ).

If N = 2pwith p odd, there remain the 5 arcs((p — 1)a), (P — 1)a, X8), (Xa, (P — 1)&), ((p —
1)g, Xa), and a, Xg), Which we cover with a digraph on 4 vertices containing athem.

Finally, if N = 2p + 1 with p odd, there remain the 7 arcs((p — 1)a), (P — 1)a, X8), (X, (P —
1)), ((p—1)B, Xa), (Xa, X8), (Xs, ), @and o, Xa), which we cover with a digraph on 5 vertices contai-
ning all of them.

One can check that, in all cases, the atcs)(considered satisfls (u,v) < N/2.

To compute the number of ADMs of this construction, we haeeréiturrence relation&yg,» =
Agg + 60 + 2, Augra = Augiz + 60 + 4, Aggiz = Aage1 + 60 + 3, andAggs = Aggez + 60 + 5.
Starting withA, = 2 or A4 = 6 (obtained with the partition with the digraph on 4 vertiéesned
by theC, (0, 1, 2, 3) plus the arc () and the digraph on 2 vertices, @) andA; = 3 0orAs = 8
(obtained with the partition of 5 using the first digraph on 5 vertices of Figlite 3 and the reingin
Ts), we getAyq = 60% = 61—’\5, Asgir = 602 + 60+ 2 = %26*8, Augi1 = 6% + 29 = %, and
Augrs = 67 + 8q + 3 = A6

In all cases, the number of ADMs is of ord@fm, so asymptotically the ratio between the
number of ADMs of this construction and the lower bound ofgersition[5.1 tends t 1—2 = %

5.2.2 A34/33-approximation

It will be useful to use the notatioBs andGg to refer to the digraphs depicted in Figlie 4.
The key idea of this construction is that an oriented tripagraphK4 44 can be partitioned into
admissible subdigraphs f@r = 2 using 34 vertices overall, as follows.

INRIA



Groupage de Trafic dans les Anneaux Bidirectionnels WDM 17

Let the tripartition classes of th€ 44 be{la, 1, 1c, 1p}, {2a, 28, 2¢, 20}, {3a, 38, 3¢, 3p}, and
let the vertices be ordered inthering ¥ 2 <34 <1 <28 <3 <1lc <2c <3 <1<
2p < 3p. The arcs of an orienteld, 44 can be partitioned into &¢'s with {X1, X2, X3, X4, Xs, Xg} =
{1a. 25, 3B, 1c, 2¢, 3p}, {18, 28, 38, 1, 2b, 3p}, {18, 2, 3¢, 1b, 2a. 3a}, and{1a, 3a, 28, 1c, 3¢, 2p}, plus
2 Gs's with {X1, X2, X3, X4, X5} = {3a, 1c, 2c, 1p, 2p} and{3p, 2a, 28, 1p, 1c} (see Figur€l4). The total
number of vertices of this partition is 34.

Gy Gy 2 G,
Xy X3
Xs X, Xe Xy
Xy X3 X
S

Fic. 4 — DigraphsGs andGg used in the 3433-approximation foC = 2, and digraplG; suitable
for C = 3 referred in the proof of Proposition 6.2.

We are now ready to explain the construction. We take an émtpg= 1 or 3 (mod 6), hence
K, can be partitioned into triangles. We replace each vertdX,, with 4 verticesi, ig,ic, ip, and
orderthe verticesal< ... < pa<lg<2s<...<pg<lc<...<pc<lp<...<pp. Toatriple
{i, j,k} corresponding to a triangle ¢f,, withi < j < k, we associate the decomposition described
above of theK, 44 on vertices{la, ¢, {c,{p : ¢ = i, },Kk}. In this way, Kp«s can be partitioned
into % Kaa.4's, or equivalently into@ -4 Gg's and @ - 2 Gg's. Overall, we uses“”(GLl)
vertices. Each of the subdigraphs of this partition is adibis, as the distance in the ring between
the endpoints of an arc is strictly smaller tham 2

To partition an oriente®yp, there remain only th&y’s induced inside each class of thga.
As A(2,4) = 6, we use P vertices to cover all th&,'s.

Therefore, ifp = 1 or3 (mod 6), an oriented4, can be partitioned usingpGe+ w =

2 2 . .
Hp 2 — NN yertices. To decomposésy.1, we add a vertexo, and we partition thep Ks's

6 96
. . — 2 2 .
using 8 vertices for each one of them. Overall, we yse 20D = 34 1% _ 3AIN-24 ygrfices,

If p# 1or3 (mod 6), we introduce dummy vertices to gét= 1 or 3 (mod 6), we do the
construction described above, and then we remove the durdgsseand vertices. It is clear that
these dummy vertices ad®N) vertices to the construction, hence the ficéent of the termN?
remains the same.

Since 3289 s g ower bound by Propositidi5.1, we get the following tesu

Proposition 5.2 The above construction approximate@AN) within a factor34/33.
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18 Jean-Claude Bermond , Xavier Mufioz , Ignasi Sau

6 CaseC=3

We first provide improved lower bounds for some congruenasses in Sectidn 8.1 and then we
provide constructions in Sectién 6.2, which are eitherroptior asymptotically optimal.

6.1 Improved lower Bounds

In this case (see Tab[é 1) we hay8,2) = 1, v(3,3) = 3, ¥(3,4) = 6, andy(3, p) = 2p for
p > 5, sop(3) = 2. Therefore, by Theorem 3.1, we get

Proposition 6.1 A3,N) > Y83,
By Equations[(P) and{11) we have

N N
2A = Z}Zpap=4az+6ag,+8a4+z:2pap

p=2 p=5

N(N -1 N N

% < Zapy(3,p)=a2+3a3+6a4+22pap
p=2 p=5

50 N(N-1) 3 3
A > ¥+§a2+§a3+a4.

Therefore, if the lower bound is attained, then necessasily az = a4 = 0. We will see in the
Section[6.R that this is the case fir = 1 or 5 (mod 12), using optimal digraphs on 5 vertices
(namelyTs) and on 6 vertices (namelﬁz,z,z, see Figur€]s). Optimal graphs are obtained by using
arcs of length 1 and 2, so the degree of any vertex in an opsiotaligraph is 4. That is possible only

if the total degree of a vertex, namely— 1, is a multiple of 4. Otherwise, the following proposition
shows that the lower bound of Propositionl6.1 cannot berstthi

Proposition 6.2

IfN =3 (mod 4) AB3,N) > YO,

> 3N2-N
IfN =0 (mod 2) A3 N) > MOD

12
N2
-

Az oz

Proof: We use the following observation : If a vertexhas out-degree 3 (resp. in-degree 3) in a
digraphB,, then its nearest out-neighbdf (resp. in-neighboA}) has in-degree 1 and out-degree
at most 1 (resp. out-degree 1 and in-degree at most 1). Indepdosex has out-degree 3, and let
Af, Bf,C} be the out-neighbors of. Then the load of the arc enteridg is already 3, s\} has
no other in-neighbor thar. The load of the arc leaving; is already 2, sA\! has at most 1 out-
neighboly. If y has 2 or more in-neighbors, thé is not its nearest one. Hence, to each vertex
out-degree 3 (resp. in-degree 3) is associated a distineb&; (resp.Ay) of degree at most 2.
Consider the digraphs in which a given verteappears. Lat] be the number of timesappears
with degred, and leta; = 3 of. Vertexx appears irp}; o digraphs, so

Azlezila/ixzzilai. (20)
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As each vertex has degrée- 1, N — 1 = ;i - o, and so
NN-1)=> Dlicar=>"i-a. (21)
X i i

Due to the load constraint, a vertex has out-degree (respegnee) at most 3 in all the digraphs in
which it appears. Therefore, its degree is at most 6, that is, O fori > 7. Furthermore, by the
above observation if a vertex has degree 6 (resp. 5), to éntexare associated 2 vertices (resp. 1
vertex) of degree at most 2, and all these vertices are disto

a1+ ap > 206 + as. (22)
Combining Equation$ (20) and (21) we get
4A = N(N - 1)+3al+2a2+a3—a5—2a6. (23)

We distinguish two cased\ even orN = 4t + 3.
If Nis evenN — 1 is odd and each vertex must appear at least inBywith odd degree, so

a1 +az+as > N. (24)

Using Equation[(22) multiplied by 2 in Equatidn {23) we gét# N(N — 1) + a1 + a3 + as + 2as,
so by Equation{24),A4 > N(N — 1) + N, as claimed. Note that to obtain equality we negd= 0,
a1 + a2 = as, andal + a3+ as = N.

If N = 4t + 3, the degree of each vertex satisfiés- 1 = 2 (mod 4), so no vertex can appear
with degree 4 in all the digraphs. Each vertex must appelagiedt least once with degree 6 or 2, or
at least twice with odd degree (for example, 5 and 5, 3 and Bd1laor 5 and 1), so

1
a2+a6+§(a1+a3+a5)2 N. (25)

Equation[[2B) can be rewritten as

2 1 4 2 4
4A = N(N—l)+§ a2+a6+§(a/1+a/3+a/5))+é(a2+a1—2a6—a5)+§a/3+§a/1. (26)

Using Equations[{22) and_(5) in Equatidn](26) yields # N(N — 1) + §N + a3 + 31, Or
A > N('j‘l) + % as claimed. Note that to reach the equality, we need to have a3 = O,
az = 206 + as by Equation[[2R), andd + 2a, + as = 2N by Equation[[2b), sa, = &', hence
an optimal decomposition should u%edigraphs like the digrap@- depicted in Figur€l4, having 1
vertex of degree 6 and 2 vertices of degree 2. O

6.2 Constructions

Our constructions rely on the existence o&®D's, that is, decompositions of complete multi-
partite graphs int&ks’s. We recall the definition and some basic results below.
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20 Jean-Claude Bermond , Xavier Mufioz , Ignasi Sau

Decompositions or complete multipartite graphs intoKs's. Let vy, vo, ..., Vyq be non-negative
integers; the complete multipartite graph with group sizes», .. ., vy is defined to be the graph
with vertex setv1 UVoU- - -UVy wherelVi| = v;, and two vertices € V; andv € V; are adjacent if #
j. Using terminology of design theory, the graph of tygfép5” ... p." is the complete multipartite
graph withe; groups of sizep;. The existence of a partition of this multipartite graptoiki’s is
equivalent to the existence ofkaGDD (Group Divisible Desighof type pi*py* ... p." (see [14]).
Here we are interested in the existence @BD’s, that is, partitions inti3's. When|V;| = p for all
i, we denote by<,.q the multipartite graph of typp?. Trivial necessary conditions for the existence
ofa3-GDD are

fh ‘T PEFasBasTLSx et &
These conditions are in generaliscient. In particular, the following results will be useddat

Theorem 6.1 ([14])

A 3-GDD of type2® with g > 3 exists if and only if g 0 or 1 (mod 3)
A 3-GDD of type24-14 with q > 4 exists if and only if g= 1 (mod 3)
A 3-GDD of type3% with g > 3 exists if and only if g is odd.

A 3-GDD of type3®11 with g > 3 exists if and only if g is odd.

A 3-GDD of type3-15 with g > 5 exists if and only if g is odd.

A 3-GDD of type3-111 with g > 7 exists if and only if q is odd.

The basic partition. In what follows IZQ,Q,Q will denote the digraph on 6 vertices and 12 arcs
depicted in FigurEls. This digraph can be viewed as beingmduddrom theKs (i, j, k) withi < j < k
by replacing each vertexwith two vertices o andig forming an independent set.

i J
K 222 4 !

. T, %
l [ee} ) .
- kB kA - JB @ IA
' i J is Ji
(b)

Js g
(a)

Fic. 5—(a) DigrapHZz,z,z obtained fronKj (i, j, k), with i < j < k; (b) digraphTs obtained from a
K3 of the form (o, i, j).

Note thatlzz,z,z is an optimal digraph fo€ = 3, since it attains the ratjo(3) = 2 (see Tablg]1).
The idea of the constructions consists in starting from sgraphG (mainly a multipartite graph)
which can be decomposed int@’s, replacing each vertex with two non-adjacent vertices, then
using the following lemma.

Lemma 6.1 If a graph G= (V, E) with vertex setl, 2, .. ., |V|} can be decomposed into 'K, then
the digraph H obtained from G by replacing each vertex i witlo hon-adjacent verticeg iand ig,
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and where the vertices are orderég, 2,, . .., |V|a, 18, 25, . . ., [V|g, has a valid decomposition into
K22.2's with a total of6h vertices.

Proof: To each trianglei(],k) with 1 < i < j < k < |V| is associated th&z,z,z with vertices
1<ia<ja<ka=<|V|<ig<js<ks < 2V|] To show that the decomposition is valid Gr= 3,
it suffices to show that the distance between the end-vertices afrarf anyK» ., is at mostV/.
That is true for the arcsxg, ya) or (Xg, Ys) as they satisfyx < y, and also for the arcs{, yg) or
(X, ya) as they satisf > y (see Figur&ls(a)). O

Some small cases. We provide here decompositions of some particular smatbgigs that will be
used in the constructions of Propositiond 6.4[andl 6.5.

Lemma 6.2 A(3,5) = 5, A(3,6) < 10, A(3,7) < 12, A(3,8) < 18, A(3,9) < 21, A(3,10) < 28,
A(3,11)< 31, and A3,23) < 132

Proof: CaseN = 5. The decomposition is given in Figure 5(b), and can be viesgeobtained from
theKs (0,1, j) by replacing each df j with two vertices.

CaseN = 6,7. The complete grapK,4 can be decomposed into oig3 (0; 0, 1,2) and one
K3 (0, 1,2). Replace each of the verticeg, k with two vertices. TheT; on the ordered vertices
00, 0p, 14, 25, Og, 1p, 2 can be partitioned into @5 on oo, 1, 25, 1p, 25 ((see Figur&ls(b) with =
1,j = 2)) and the admissible digraph on 7 vertices and 11 arcs wepic Figure B(b) with =
0,j =1,k = 2. So we obtained a valid decomposition using 12 verticeketiDg vertexco yields a
decomposition o5 with 10 vertices.

CaseN = 8,9.Ks is the union of twdK3z'’s (o0, 1, 3), (0,2, 3) and &C4 (0, 0, 1, 2). Replacing each
vertex with two vertices we get a partition of tligon the ordered vertices, Oa, 1a, 2a, 3a, O, 18, 28, 3s.
Namely, to theKs (oo, 1, 3) we associate & on oo, 1, 3a, 1, 3g (see Figuréls(b) with= 1, j = 3).

To theK3 (0, 2, 3) we associate 52,2,2 on O, 24, 3a, 0B, 28, 3g. To theCy (0, 0, 1, 2) we associate the
digraph on 7 vertices of Figufé 6(a) with= 0, j = 1,k = 2 and the triangle (4, 2a, 2g). Therefore,
A(3,9) < 21. Vertex } appears in 3 digraphs, ¢3,8) < 21- 3= 18.

CaseN = 10,11. Kg can be partitioned into Xj's (o0, 1, 3),(c0,2,4),(0,1,4), a starK; 3
(0;0,2,3), and aP4 [1, 2, 3,4]. Replacing each vertex with two vertices we get a partité the
T11 on the ordered vertices, Op, 1a, 24, 3a, 44, O, 1B, 28, 3g, 45 INt0 2 Ts's 0ON oo, 14, 34, 18, 38
and oo, 24, 44, 25, 45, @ IZZ,Z,Z on Qa, 14,44, 0, 15,4, a digraph on 7 vertices and 11 arcs depic-
ted in Figurd B(b) withi = 0,j = 2,k = 3, and an admissible digraph on 8 vertices with arcs
(1a, 24), (25, 3n), (3n, 44), (18, 28), (28, 3p), (38, 48), (24, 18). (28, 1a), (34, 28), (38, 24), (4, 38), (48, 3p)-
Therefore A(3,11) < 31, and as vertex appears in 3 subgraphs, we @¢8, 10) < 28.

CaseN = 23. We decomposK;; into 19 Kz’s and 3Kj 3’s, where vertexo appears in K3's
and in a stari( co, j, k), the two other stars being of the fori; 'k, £’) with i’ < j’ < K < ¢'. We
obtain a decomposition of,3 into 5 Ts's, 14 Kz,z,z’s, 1 digraph of Figur&l6(a), and 2 digraphs of
Figure[®(c). ThusA(3,23)<5-5+14-6+ 7+ 8+ 8= 132. O
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(b)

Fic. 6 — (a) Digraph associated tdCa (oo, i, J, k). Digraphs associated to stak& 's), with co < i <
j < k< ¢:(b) star of the formi( oo, j, k) ; (c) star of the formi( j, k, ¢).

Constructions. We begin with an optimal partition fal = 0,1,4, or 5 (mod 12), and then we
provide near-optimal constructions for the remaining galu

Proposition 6.3
IfN =0or4 (mod 12) A3,N) = ¥

— N(N-1
IfN =1or5 (mod 12) AB3,N) = Y00,

Proof: The lower bound follows from Propositiohs 6.1 dndl6.2. Far tipper bound, we will
apply Lemmd 611 witlc = Ky,q (type ), which can be decomposed by Theofem 6.1 ﬂﬁg)i)
Ks's if g = O0or1 (mod 3). AsG has 2q vertices, the gragh described in LemmBa 6.1 hag 4
vertices and can be decomposed into admiséﬁ@]gg’s. Adding an admissibl&, on each of they
independent sets ¢ (of the form{ia, ja,ig, js} Whereli, j} is an independent set &), we get a
valid decomposition of 44 into ¢ T4's and% admissiblel(’z,z,z’s. So usingA(3,4) = 4, we get
A(3,4q9) < gA(3,4) +4q(q - 1) = 49 for g = 0 or1 (mod 3). SA(3,N) < NTZ forN =0or4
(mod 12).

For N = 4gq + 1, we add to the vertex set ¢ an extra vertexc. Adding to the arcs of
H the g tournamentsTs built on oo, ia, ja,ig, js, Where vertices, j are not adjacent i, we
get a decomposition Of4g,1 into g admissibleTs’s plus % admissiblel(’z,z,z’s (the distance
being at most @ — 1 in H and so 2 in Tag1). Using A(3,5) = 5 (see Lemmé&_612), we get
A(3,49+1) < gA(3,5)+4q(q-1) = 40’ +q = w forq=0o0r1 (mod 3). SA3,N) < w
forN=1or5 (mod 12). O

We group the non-optimal constructions in Proposifiod 6d Rropositiof 6]5 according to
whether they dfer from the lower bound by either a constant or a linear agltgérm, respectively.

Proposition 6.4 ,
IfN =8 (mod 12) AB3,N) < ¥ +2
— N(N-1
IfN =9 (mod 12) AG3,N) = M&D 13
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Proof. We start fronG of type 24 withq = 1 (mod 3), which can be decomposed by Lerimé 6.1
into 2822 K ', As in the proof of Propositiofi 8.3, we get a decompositiq.4 into q — 1
T4's, oneTg and w Kz22's (indeed, the independent oS¢t of G has 4 vertices, so ifl it
induces an independent set of 8 vertices). So usiig4) = 4 andA(3,8) < 18 (see Lemma§.2),
we getA(3, 49+ 4) < (q- 1)A3, 4)+ A(3,8) + 4(q— 1)(q+2) < 4q? + 89+ 6 = L& L 2 forq=1
(mod 3), SAA(3,N) < ¥ + 2 forN = 8 (mod 12).

Similarly, adding a vertexo to H we get a decomposition Gfsq.1 into g — 1 Ts's, oneTg and
h = 20062 ks, So usingA(3,5) = 5 andA(3,9) < 21 we getA(3,4q + 5) < (g - 1)A(3,5) +
A(3,9)+4(q-1)(q+2) < 4q? + 9+ 8 = &) 4 3 forq =1 (mod 3), SAA3, N) < M1 1. 3
forN =9 (mod 12). O

Proposition 6.5

IfN =2 (mod 12) AB.N) < N{+%
IfN =3 (mod 12) A(3,N) < N2
IfN =6 (mod 12) AG3,N) < ¥ N
IfN =7 (mod 12) A(3,N) < N-1

2
IfN =10 (mod 12) A3,N) < ¥ 4 N8
IfN =11 (mod 12) A(3,N) < Nz + ¢, withe =1for N =11 35

Proof: We use as grapB of Lemmd&.1l a multipartite graph of typ&3u with 3(q— 1)+ uvertices,
in order to get a decomposition ®§g-1)+2u (resp.Teg-1)+2u+1) iNt0 g — 1 Te's (resp.T7’s), oneTyy,
(resp.Tau:1) and the digrapiH itself decomposed by Lemnia 6.1 into= W +u(g-1)
Kz,z,z’s. We distinguish several cases according to the value of

Casel:u=1,g=>3odd.

LetN =2 (mod 12)N = 6qg — 4. Using thatA(3, 2) = 2 andA(3, 6) < 10 we getA(3,6q - 4) <
(G- 1)AG3,6)+ A(3,2) + (q— 1)(99 - 12) < 9P — 11q+ 4= CLIE , = M, Net.

LetN = 3 (mod 12),N = 6q — 3. Using thatA(3, 3) = 3 andA(3, 7) <12 we getA(3 69— 3) <
(@-1AB, 7)+AB,3)+ (q—1)(9q— 12) < 92— 9q + 3= G | 3 _ N3

Case 2 u=3,g=>3o0dd.

LetN = 6 (mod 12),N = 6g. Using thatA(3, 6) < 10 we getA(3,6q) < qA(3,6) + 99(q— 1) <
9 +q="1 + X

LetN = 7 (mod 12)N = 6qg+ 1. Using thatA(3, 7) < 12 we getA(3,6q+ 1) < gA3, 7)+9q(gq -
1) < 99% + 3q = u

Case 3 u=5, q>50dd.

LetN = 10 (mod 12)N = 6g+4. Using thatA(3, 6) < 10 andA(?; 10) < 28 we getA(3, 6g+4) <
(- 1)A(3,6)+ A(3,10)+ (q - 1)(9q + 12) < 9? + 13q + 6 = &LAL | 81z _ N° | Nig,

LetN =11 (mod 12)N = 6g+5. Using tha‘A(3 7)<12 andA(3 11)< 31 we gew\(S 60+5) <
(@-1)AGB,7)+ A3, 11)+ (- 1)(99 + 12) < 9% + 15q + 7 = 18,

Forqg = 23 we haveA(3,23) < 132 = %, one less than the value given by the preceding
construction. Usingt = 11,q > 7 odd,N = 6q+ 17, A(3,7) < 12, andA(3,23) < 132 we get

o+
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A(3,60+17) < (q— 1)A(3, 7) + A3, 23)+ (0 — 1)(9q + 48) < 9P + 51q + 72 = L _ N1 ¢
might be thatA(3, 11) < 30, and then the boun% would be also attained fa¥ = 11 and 35. O

7 CaseC >3
K(k+1)

ForC > 3, we distinguish two cases according to whethés of the form=== or not. We focus
on those cases in Sectidns]7.1 7.2.

7.1 Cnot of the form k(k + 1)/2

If C is not of the form &) we can improve the lower bound of TheorEm 3.1, as we did for
C = 2in Propositiof . 5]1. We provide the details = 4 and sketch the ideas f@r= 5, that show
how to improve the lower bound for any value@ot of the formk(k + 1)/2.

Proposition 7.1

7 3 1
AAN) = ZN(N-1) = (ﬂ + @) N(N - 1).

Proof: The values of/(4, p) are given in TablEl1, so Equatidn{13) becomes in the Caset

N

N
3 11 12 10 5 3 1
A= pZ:; pay > Z ; apy(4, p)+7a2+ — 8t —autast ?a6+?(a7+2a8+a10+2a11+a13+2a14+. L)
(27)
Using thaty ), apy(4. p) > Y52, Equation[2V) becomes
14A > 3N(N — 1) + 22a, + 24a3 + 20a4 + 10as + 6ag + 2a7 + 4ag + . .. (28)

On the other hand,

A>9

8 8
W—Zai]+2i~a; = OW - 7@, — 6ag — 5as — 4as — 33— 2a7 — ag.  (29)

i=2 i=2

. . . N(N-1 _ . .
Summing Equation§(28) and (29) and using that (32 ) 4 81 by Propositiof 311 yields

105 9 7 3
15A > —N(N-1)+ —=(N-1 heref > —N(N-1)+ —(N - 1).
5A > 32 ( )+32( ), and thereforeA > % ( )+160( )
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ForC = 5, a similar computation witp(5) = 8/3 gives

3
8A > EN(N—1)+13a2+15a3+14a4+10a5+3a6+2a7+a8. (30)
A > 9W - 7a, — 6az — bay — 4as — 3ag — 2a7 — ag. (32)

So again, Summing Equatioris130) ahdl(31) and using\what N(Z'gl) + N4—‘01 by Propositioi 311
yields

N-1

A >
- 40

N(N-1) N(N-1) N-1 _ 23 N-1 (3 1
6 " 20 a0 - 120 NVt 75 = (16" 220/ NN - D+

7.2 Cofthe form k(k + 1)/2

ForC = @ the lower bound of Theorem 3.1 can be attained, accordingg@xistence of a
type ofk-GDD, calledBalanced Incomplete Block Desi¢BIBD). A (v, k, 1)-BIBD consists simply
of a partition ofKy into K’s.

Theorem 7.1 If there exists gk + 1)-GDD of type R (that is, a decomposition ofiky into Ki,1's),
then there exists an optimal admissible partition gfJ1 for C = @ with N(';k‘l) ADMs.

Proof: The lower bounds follows from Theordm B.1. For the upper lbipas we did in Proposi-
tion[6.3 (cas& = 2, C = 2), we replace each vertéf Ky.q with two verticesia andig, and add
a new vertexco. We label the vertices of the obtain@gq.1 with oo, 1, ..., (KQa, 1s, ..., (KQ)s.
To eachK,; of the decomposition dKy.q We associate @, k.1), which is an optimal digraph for
C-= @ with 2(k + 1) vertices and &k + 1) edges, hence attainipgC) = k. So adding vertex
oo to the stable sets of siz&k2ve obtain a decomposition Gfg.1 iNto g Ta.1's (Which are also
optimal) andT 2. (1)'S.

If Kiyq is decomposable inti,1’s, the number oKy.1's (and so the number Ao .1)'s) is

ko(g- . kas-1)2k _
44D Therefore the total number of ADMs @§2k + 1) + 2kg(q — 1) = &#D&a _ NE-1), O

Note that a decomposition fi.q into Ki,1's is equivalent to a decomposition Efg.1 into Ky.1's

by adding a new vertex, that is, a kq+ 1,k + 1, 1)-BIBD. In particular, such designs are known
to exist if N is large enough and§ + 1)kqg = 0 (modk(k + 1)) [14]. For example, fok = 3 and
g=0orl (mod4),ok=4andg=0o0r1 (mod 5).

Corollary 7.1
IfC =6and N=1o0r7 (mod 24) A6, N) = N1,
If C = 10and N=10r9 (mod 40) A(10, N) = N1,

Corollary 7.2 For C € {15,21, 28, 36}, there exists a small set of values of N for which the existenc

of a BIBD remains undecided (179 values overall, see [14.epaf3-74]). For the values of N
different from these undecided BIBDs, the following resultdyapp

RR n° 7080



26 Jean-Claude Bermond , Xavier Mufioz , Ignasi Sau

IfC = 15and N= 1or 11 (mod 30) A(15,N) = NO-L
IfC =21and N= 1or 13 (mod 84) A(21, N) = &1,

IfC = 28and N=1or 15 (mod 112)A(28 N) = ML,
IfC =36and N=1or 17 (mod 144)A(36,N) = NO-L,

Wilson proved|[[38] that fow large enoughK, can be decomposed into subgraphs isomorphic to
any given graple, if the trivial necessary conditions about the degree arctimber of edges are
satisfied. Thus, we can assure that optimal constructiaesweikenC = @ forall k > 0.

Corollary 7.3 IfC = @ then AC,N) = % forN=1or2k+ 1 (mod 4£) large enough.

We can also use decompositiondfq into Ki,1’s to get constructions asymptotically optimal,
but not attaining the lower bound like f@ = 3. For instance, fo€ = 6 the proof of Theoreiin 71.1
gives (without adding the vertex) that forq=0or 1 (mod 4) andN = 0 or 6 (mod 24),

N2
A(6,6q) < aA(6,6)+6q(d-1) = 60° = —.
That might be an optimal value if we could improve the loweuihd forC = 6 as we did foIC = 3
in Propositiol 6.2, but the calculations become considgrabre complicated.

Corollary 7.4
ForN=0or6 (mod 24) G2 < A,N) < X
ForN = 0or8 (mod 40) M3 < A(10,N) < ¥,

For a generaC of the formC = k(kz”l), the improved lower bound one could expec%}s

Finally, it is worth to mention here the constructions giverf18] for C = 8. Namely, in [18,
Corollary 5] the authors provide a construction that usgxani:sxaotically’\‘721—56 ADMSs, using the so
calledprimitive rings This construction, according to the lower bound of ThedBf constitutes
a g—g-approximation forC = 8. Note that the construction f@ = 6 given in Corollanf 71l uses
asymptotically“{% = N{ % ADMs, which is already very close to the value obtainedir fb8 C =
8, so it seems natural to suspect that there is enough roomfwovement over the constructions

of [18].

8 Unidirectional or Bidirectional Rings ?

This section is devoted to compare unidirectional and bdional rings in terms of minimizing
electronics cost, when these rings are used in a WDM netwdlktvaffic grooming and all-to-alll
requests.

For bidirectional rings, Theorem 3.1 gives the followingvey bound by multiplying by 2 the
value, in order to take into account requests both clockasgbcounterclockwise.

N(N-1) 2

LBpi(C.N) = 3 Ok
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wherep(C) = k+ 5 for C = ¥ 4 rwith o <r < k.

In [[7] the following general lower bound was given for unittional rings.

NN-1) 1
LBniCN) = —o. =
i@ = = e
k : k(k+1) k
_ 5, IfC==5=+rand 0<sr<3
wheren(C) {&2 if C= 40 4 and K <r <k

Note that forC = @ (that is, forr = 0) the bounds are equal. In general, we have

LByni(C.N) <1+ 1
LBpi(C.N) 2(k+ 1)

Indeed, either & r < ¥ and then

—p(c)—l ' <1 1

2©C) T T kk+1) =TT 2kr 1)

or& <r <k andthen

PO _ kr2Kk+D+r) _ Kkt D-rk

21C) ~ (k+Dk(k+ )+ 2r) (k+ Dk(k+ 1)+ 2r)

Letr = £+ 1/, and so 0< 1’ < &. Then

pC) 1 Kk+2)-20 1
20 T T 2krDkk+2)+2r =TT 2k+ 1)

Note that there exist constructions for bidirectional gmgth cost strictly smaller than Lg,;(C, N).
Indeed, forC = 2 we presented in Sectign 5.2.2 a construction using at lﬁ%cbmj\l — 1) ADMs.
Taking into account requests in both directions this cacsion uses at moég}lN(N — 1) ADMs, to
be compared with LBpj(2, N) = EN(N - 1) > 2IN(N - 1).

However, for largeC the lower bounds tend to be equal ; hence in terms of the nuaiBddMs
there is no real improvement in using bidirectional ringkeTeal improvement is more in terms
of the number of used wavelengths (or, equivalently, the)loendeed, in unidirectional rings this
number is roughlﬂvz\%2 (see for instancé& [7]), which is twice the number in bidiirecal rings (roughly
equal to 2 ’g'—é by Propositio 3]1).

In summary, bidirectional and unidirectional rings are ieglent in terms of the number of
ADMs, the trade-& being between better bandwidth utilization in bidireciibrings versus sim-
plicity (and the use of the other ring for fault toleranceyimdirectional rings.
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9 Conclusions and Further Research

In this article we studied the minimization of ADMs in opti¢®DM bidirectional ring networks
under the assumption of symmetric shortest path routing#sid-all unitary requests. We precisely
formulated the problem in terms of graph decompositiond,sdated a general lower bound for all
the values ofC andN. We then studied extensively the ca§es 2 andC = 3, providing improved
lower bounds, optimal constructions for several infinitailées, as well as asymptotically optimal
constructions and approximations. To the best of our kndgédethese are the first optimal solutions
in the literature for tréiic grooming in bidirectional rings. We then study the c@se 3, focusing
specifically on the casgé = k(k + 1)/2 for somek > 1. We gave optimal decompositions for several
congruence classes bff, using the existence of some combinatorial designs. Weleded with a
comparison of the switching cost in unidirectional and t@diional WDM rings.

Further research is needed to find new families of optimaltgwis for other values of. The
first step should be to improve the general lower bound foemtalues ofC, namely, finding a
closed formula. It would be interesting to consider othedki of routing in bidirectional rings, not
necessarily symmetric or using shortest paths. Statingtwkind of routing is the best for each
value ofN andC would be a nice result. Finally, studying theftra grooming problem using graph
partitioning tools in other topologies, like trees or hypéres, would be also interesting.
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