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Combining a Mass Matrix formulation and a high orderdissipation for the dis
retisation of turbulent �owsRésumé : Le présent rapport est fo
alisé sur l'analyse d'un s
héma numérique à matri
e de masseet ave
 une dissipation numérique d'ordre élévé pour la dis
rétisation des é
oulements turbulentstridimensionelles. On a utilisé une formulation mixte éléments/volumes �nies pour la dis
rétisationdes équations de Navier-Stokes 
ompressible. Un modèle de turbulen
e VMS-LES est utilisé pourla simulation d'un é
oulement sub
ritique autour d'un 
ylindre à nombre de Reynolds Re 3900.Mots-
lés : s
hémas numériques, simulation de la turbulen
e, matri
e de masse



Combining a Mass Matrix formulation and a high order dissipation 31 Introdu
tionA re
ent approa
h to LES based on a Variational Multi-S
ale (VMS) framework was introdu
edby Hughes et al. in Ref. [4℄. The VMS-LES di�ers fundamentally from the traditional LES ina number of ways. In this approa
h, one does not �lter the Navier-Stokes equations but usesinstead a variational proje
tion. This is an important di�eren
e be
ause as performed in thetraditional LES, �ltering works well with periodi
 boundary 
onditions but raises mathemati
alissues in wall-bounded �ows. The variational proje
tion avoids these issues. Furthermore, theVMS-LES method a priori separates the s
ales that is, before the simulation is started. Andmost importantly, it models the e�e
t of the unresolved-s
ales only in the equations representingthe smallest resolved-s
ales, and not in the equations for the large s
ales. Consequently, in theVMS-LES, energy is extra
ted from the �ne resolved-s
ales by a subgrid s
ale (SGS) eddy-vis
ositymodel, but no energy is dire
tly extra
ted from the large stru
tures in the �ow. The proposedmodel has been implemented in a numeri
al solver (AERO) for the Navier-Stokes equations in the
ase of 
ompressible �ows and perfe
t Newtonian gases, based on a mixed �nite-element/�nite-volume s
heme formulated for unstru
tured grids made of tetrahedral elements. Finite elements(P1 type) and �nite volumes are used to treat the di�usive and 
onve
tive �uxes, respe
tively.Con
erning the VMS approa
h, the version proposed in Ref. [5℄ for 
ompressible �ows and forthe parti
ular numeri
al method employed in AERO has been used here. The dis
retisation ofthe 
onve
tive �uxes for the �nite volume s
heme used in the software AERO exhibits a la
k ofa

ura
y in the 
ase of irregular mesh. In order to over
ome this problem, we investigate on thiswork a new mass matrix s
heme with high-order numeri
al dissipation for the dis
retization ofturbulent �ows. The present report is organised as follows: we review in Se
tion 2 a mass matrixs
heme for the 1D adve
tion equation and we analyse the stability of this s
heme for expli
it andimpli
it time advan
ing using Von Neumann analysis. Se
tion 3 
ontains the numeri
al method in3D 
ase applied to the 
ompressible Navier-Stokes equations, whi
h has been implemented in ourCFD software and a short des
ription of the VMS-LES turbulen
e simulation model. Finally in thelast se
tion, one gives some results of the simulation of turbulent �ow around a 
ir
ular 
ylinder.2 Mass Matrix Central Di�eren
ing s
heme for the adve
tionequation2.1 Spatial 1D MUSCL formulationLet us �rst 
onsider the one-dimensional s
alar adve
tion model
ut + c(u)x = 0 (1)2.1.1 Spatial dis
retisationThe �nite-volume method is used for the dis
retization in spa
e. Let xj , 1 ≤ j ≤ N denote thedis
retization points of the mesh. For ea
h dis
retization point, we state : uj ≈ u(xj) and wede�ne the 
ontrol 
ell Cj as the interval [xj− 1

2
, xj+ 1

2
] where xj+ 1

2
=

xj+xj+1

2 .We de�ne the unknown ve
tor U = {uj} as point approximation values of the fun
tion u(x) atea
h node j of the mesh.
RR n° 7079



4 Belme & OuvrardThe time advan
ing s
heme is written :
Uj,t + Ψj(U) = 0where the ve
tor Ψj(U) is built as follows:

Ψj(U) =
1

∆x
(Φj+ 1

2
− Φj− 1

2
); Φj+ 1

2
= Φ(u−

j+ 1
2

, u+
j+ 1

2

); (2)where u−
j± 1

2

, u+
j± 1

2

are integration values of u at boundaries of 
ontrol volume Cj . The Φ's arede�ned as:
Φ(u, v) =

cu+ cv

2
−
δ

2
c(v − u)where δ is a parameter 
ontroling the spatial dissipation, su
h as δ ∈ [0, 1] .The re
onstru
ted values are then given by: u−

j+ 1
2

= uj + 1
2∆u−

j+ 1
2

and u+
j+ 1

2

= uj −
1
2∆u+

j+ 1
2(same re
onstru
tion for u−

j− 1
2

and u+
j− 1

2

) where the slopes ∆u−
j+ 1

2

and ∆u+
j+ 1

2

are de�ned by:
∆u−

j+ 1
2

= (1 − β)(uj−1 − uj) + β(uj − uj−1)

+θc(−uj−1 + 3uj − 3uj+1 + uj+2)

+θd(−uj−2 + 3uj−1 − 3uj + uj+1)and
∆u+

j+ 1
2

= (1 − β)(uj+1 − uj) + β(uj+2 − uj+1)

+θc(−uj−1 + 3uj − 3uj+1 + uj+2)

+θd(−uj + 3uj+1 − 3uj+2 + uj+3)It has been shown that 
hoosing β = 1
3 , θc = − 1

10 and θd = − 1
15 , this s
heme be
omes �fth-ordera

urate. The numeri
al dissipation introdu
ed by this s
heme is then made of sixth-order deriva-tives and 
an be written as:

Dj(u) =
Dj+ 1

2
(u) −Dj− 1

2
(u)

∆xwhere
Dj+ 1

2
(u) =

δc

60
(−uj−2 + 5uj−1 − 10uj + 10uj+1 − 5uj+2 + uj+3) (3)2.2 Mass Matrix S
heme with 
entral di�eren
ingThe usual 
entral-di�eren
es three-points s
heme is penalized by a dispersion leading error, see [1℄.This error is 
ompensated introdu
ing the �nite-element P1 
onsistent mass matrix. That is, thetemporal term of equation (1) is evaluated by Finite Elements. The time advan
ing is thus writtenINRIA



Combining a Mass Matrix formulation and a high order dissipation 5as:
MU(t) + ∆xΨ(U) = 0. (4)The �nite-element P1 mass matrix M is de�ned as (

M
)
ij

=

∫
Φ(i)Φ(j) where Φ(i) is the basisfun
tion for the �nite-element P1 formulation. That is: Φ(i) is a pie
ewise linear fun
tion su
h as

Φ(i)(Si) = 1 and Φ(i)(Sj) = 0 for all i 6= j, where Sj denotes the j-th vertex. M is a three-diagonalmatrix equal to:
M = Three-diag(1

6
∆x,

2

3
∆x,

1

6
∆x)One obtains thus for the j-th 
omponent of ve
tor MU(t):

(MU(t))j = mj,j−1Uj−1,t +mj,jUj,t +mj,j+1Uj+1,twhere
mj,j−1 = 1/6∆x

mj,j = 2/3∆x

mj,j+1 = 1/6∆x .Then one 
an 
ombine this dis
retisation of the temporal term with a numeri
al �ux for the ap-proximation of the 
onve
tif term:
Φj+ 1

2
= Φ(uj, uj+1) = c

(uj + uj+1

2

)
−
δ

2
Tj+ 1

2Terms c(uj + uj+1

2

) will 
ontribute to the 
entral di�eren
ed �ux.A

ording to the Pas
al triangle, a �fth-order di�eren
e evaluated between j and j + 1 
an bewritten as follows (k > 0):
Tj+1/2 = kc(−uj−2 + 5uj−1 − 10uj + 10uj+1 − 5uj+2 + uj+3)One 
hooses the 
onstant k as:

k =
1

30
(5)in order to have the same level of dissipation as in the upwind 
ase, see (3).Finally, starting from expression (2), we get for the operator Ψj de�ned:

Ψj(U) =
c

2∆x
( k uj−3

+ (−6k) uj−2

+ (−1 + 15k) uj−1

+ (−20k) uj (6)
+ (1 + 15)k uj+1

+ (−6k) uj+2

k uj+3)RR n° 7079



6 Belme & Ouvrard2.3 Time advan
ing stability2.3.1 Expli
it time steppingLet us 
onsider a time integration of the system MUt = AU , with A the spatial approximationmatrix and M the P1 �nite element mass matrix. We 
an 
ombine the above s
heme with thelinearised six-stage Runge-Kutta s
heme:
U (0) = Un

U (k) = U (0) + ∆t
N−k+1M

−1Ψ
(
U (k−1)

)
, k = 1 . . .N

Un+1 = U (6)

(7)The stability study of the s
heme is made with the 
lassi
al Fourier analysis. Let us in
lude inequation (6) the Fourier mode: ûnj = uke
ijθk where θk is the frequen
e parameter.We obtain:
mθ

dûnj
dt

= −Ψ̂δwhere mθ = 1
3 (2 + cos(θ))

Ψ̂δ = c
2∆x(R3 cos(3θ) +R2 cos(2θ) +R1 cos(θ) +R0 + iI1 sin(θ))ûnj , with:






R3 = 2δk
R2 = −12δk
R1 = 30δk
R0 = −20δk
I1 = 2denoting λθ the linear operator su
h as Ψ̂δ = −λθû

n
j .We introdu
e the Courant number ν = c∆t

∆x and the ampli�
ation fa
tor Gθ = g(zθ).
zθ = λθ∆t

mθ
, g is the RK6 
hara
teristi
 polynomial:

g(z) = 1 + z +
z2

2
+
z3

6
+
z4

24
+

z5

120
+

z6

720Finaly, we have:





zθ = − 3ν
2(2+cos(θ))(z

R
θ + izIθ)

zRθ = R3 cos(3θ) +R2 cos(2θ) +R1 cos(θ) +R0

zIθ = I1 sin(θ)Plotting the gain fun
tion Ga(ν) = max
θ∈[0,π]

g(zθ), we 
an determinize νmax, the maximum value ofCFL number to obtain a stable s
heme with, that is the maximum value of ν su
h as
|g(zθ)| ≤ 1.For a CFL small enough, the whole of zθ 
omplex numbers remains inside the A-Stability region ofthe RK6 time advan
ing s
heme as illustrated on FIG. (1).

INRIA



Combining a Mass Matrix formulation and a high order dissipation 7
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Figure 1: Stability analysis: we depi
t with the line the boundary of the region for whi
h g(z) ≤ 1and (inside) dashed zθ 
omplex numbers for δ = 1 and νmax = 1.112.3.2 Impli
it time steppingThe purpose of this se
tion is the stability analysis of the impli
it s
heme.This 
an be also donewith Fourier analysis. The 
omputation is made on the same one-dimensional s
alar 
onservationlaw. Let us use the impli
it s
heme a δ-s
heme using a mass-matrix formulation:
T nδUn+1 = ∆tnΨ(Un)with δUn+1 = Un+1 − Un and T n is the impli
it matrix.In 
ase of a �rst order s
heme, T n represents the following three-diagonal matrix :

T n = diag(1
6 − ν, 2

3 + ν, 1
6 )With the Fourier analysis we obtain:

tθ = 1 + ν(1 − cos(θ)) + 1
3 (2 + cos(θ)) + iν sin(θ)The ampli�
ation fa
tor is then given by:

G(∆t) = tθ+zθ

tθWe are must interested on the behavior of the ampli�
ation fa
tor when the time step ∆t tendsto +∞. The aim is to know if the builds ones s
hemes are pre
onditionated at �rst ordre withsatisfa
tory fa
tors of 
onvergen
e. Let us denote lim
∆t→∞

G(∆t) = fθ(δ). We are sear
hing theFourier's modes for di�erent s
hemes wit
h maximises the fun
tions:
fθ(δ) = 1 −

1

4(1 − cos(θ))mθ
[(1 − cos(θ))zRθ + sin(θ)zIθ ] + i[

sin(θ)zRθ − (1 − cos(θ))zIθ
4mθ(1 − cos(θ))

]

RR n° 7079



8 Belme & OuvrardThe fun
tion fδ are depi
ted with three di�erent values of δ in FIG. 2,3 and 4. We 
an observe thatour impli
it s
heme is in
onditionally stable. Let us denote that the optimal value that minimisethe gain fun
tion when ∆t goes to ∞ is δ = 1.

Figure 2: Ampli�
ation fa
tor, ∆t goes to ∞, 
ase δ = 1

Figure 3: Ampli�
ation fa
tor, ∆t goes to ∞, 
ase δ = 0.5

INRIA



Combining a Mass Matrix formulation and a high order dissipation 9

Figure 4: Ampli�
ation fa
tor, ∆t goes to ∞, 
ase δ = 0.33 Numeri
al Method 3D3.1 Introdu
tionIn the present 
hapter the 
ode AERO, used in the present study, is des
ribed. The 
ode permitsto solve the Euler equations, the Navier-Stokes equations for laminar �ows and to use di�erentturbulen
e models for RANS, LES and hybrid RANS/LES approa
hes. The unknown quantities arethe density, the 
omponents of the momentum and the total energy per unit volume. AERO employsa mixed �nite-volume/�nite-element formulation for the spatial dis
retization of the equations.Finite-volumes are used for the 
onve
tive �uxes and �nite-elements (P1) for the di�usive ones.The resulting s
heme is se
ond order a

urate in spa
e. The equations 
an be advan
ed in timewith expli
it low-storage Runge-Kutta s
hemes. Also impli
it time advan
ing is possible, based ona linearised method that is se
ond order a

urate in time.3.2 Set of equationsIn the AERO 
ode the Navier-Stokes equations are numeri
ally normalised with the followingreferen
e quantities:� Lref =⇒ 
hara
teristi
 length of the �ow� Uref =⇒ velo
ity of the free-stream �ow� ρref =⇒ density of the free-stream �ow� µref =⇒ mole
ular vis
osity of the free-stream �ow
RR n° 7079



10 Belme & OuvrardThe �ow variables 
an be normalised with the referen
e quantities as follows:
ρ∗ =

ρ

ρref
u∗j =

uj
Uref

p∗ =
p

pref

E∗ =
E

ρrefU2
ref

µ∗ =
µ

µref
t∗ = t

Lref
Uref

.The non-dimensional form of the Navier-Stokes equations for the laminar 
ase are reported in thefollowing:
∂ρ∗

∂t∗
+
∂(ρ∗u∗j )

∂x∗j
= 0

∂(ρ∗u∗i )

∂t∗
+
∂ρ∗u∗i u

∗
j

∂x∗j
= −

∂p∗

∂x∗i
+

1

Re

∂σ∗
ij

∂x∗j

∂(ρ∗E∗)

∂t∗
+
∂(ρ∗E∗u∗j )

∂x∗j
= −

∂(p∗u∗j )

∂x∗j
+

1

Re

∂(u∗jσ
∗
ij)

∂x∗i
−

γ

RePr

∂

∂x∗j

[
µ∗

(
E∗ −

1

2
u∗ju

∗
j

)] (8)where the Reynolds number, Re = UrefLref/ν, is based on the referen
es quantities, Uref and
Lref , the Prandlt number, Pr, 
an be assumed 
onstant for a gas and equal to:

Pr =
Cpµ

kand γ = Cp/Cv is the ratio between the spe
i�
 heats at 
onstant pressure and volume. Alsothe 
onstitutive equations for the vis
ous stresses and the state equations may be written in non-dimensional form as follows:
σ∗
ij = −

2

3
µ∗

(∂u∗k
∂x∗k

δij

)
+ µ∗

(∂u∗i
∂x∗j

+
∂u∗j
∂x∗i

)

p∗ = (γ − 1)ρ∗
(
E∗ −

1

2
u∗ju

∗
j

)
. (9)In order to rewrite the governing equations in a 
ompa
t form more suitable for the dis
rete for-mulation, the following unknown variables are grouped together in the W ve
tor:

W = (ρ, ρu, ρv, ρw, ρE)T .If two other ve
tors, F and V are de�ned as fun
tion of W , as follows:
F =




ρu ρv ρw
ρu2 + p ρuv ρuw
ρuv ρv2 + p ρvw
ρuw ρvw ρw2 + p


and

V =




0 0 0
σxx σyx σzx
σxy σyy σzy
σxz σyz σzz

uσxx + vσxy + wσxz − qx uσxy + vσyy + wσyz − qy uσxz + vσyz + wσzz − qz


INRIA



Combining a Mass Matrix formulation and a high order dissipation 11they may be substituted in (8), to get a di�erent 
ompa
t format of the governing equations whi
his the starting point for the derivation of the Galerkin formulation and of the dis
retization of theproblem:
∂W

∂t
+

∂

∂xj
Fj(W ) −

1

Re

∂

∂xj
Vj(W ,∇W ) = 0 . (10)It is important to stress that the ve
tors F and V are respe
tively the 
onve
tive �uxes and thedi�usive �uxes.3.3 Spatial dis
retizationSpatial dis
retization is based on a mixed �nite-volume/�nite-element formulation. A �nite volumeupwind formulation is used for the treatment of the 
onve
tive �uxes while a 
lassi
al Galerkin�nite-element 
entred approximation is employed for the di�usive terms .The 
omputational domain Ω is approximated by a polygonal domain Ωh. This polygonal domainis then divided in Nt tetrahedri
al elements Ti by a standard �nite-element triangulation pro
ess:

Ωh =

Nt⋃

i=1

Ti. (11)The set of elements Ti forms the grid used in the �nite-element formulation. The dual �nite-volumegrid 
an be built starting from the triangulation following the medians method.In the medians method a �nite-volume 
ell is 
onstru
ted around ea
h node ai of the triangulation,dividing in 4 sub-tetrahedra every tetrahedron having ai as a vertex by means of the median planes.
Ci is the union of the resulting sub-tetrahedra having ai as a vertex and they have the followingproperty:

Ωh =

Nc⋃

i=1

Ci. (12)where Nc is the number of 
ells, whi
h is equal to the number of the nodes of the triangulation.3.3.1 Conve
tive �uxesIndi
ating the basis fun
tions for the �nite-volume formulation as follows:
ψ(i)(P ) =

{
1 if P ∈ Ci
0 otherwisethe Galerkin formulation for the 
onve
tive �uxes is obtained by multiplying the 
onve
tive termsof (10) by the basis fun
tion ψ(i), integrating on the domain Ωh and using the divergen
e theorem.In this way the results are:

∫∫

Ωh

(∂Fj
∂xj

)
ψ(i) x y =

∫∫

Ci

∂Fj
∂xj

Ω =

∫

∂Ci

Fjnj σwhere dΩ, dσ and nj are the elementary measure of the 
ell, of its boundary and the jth 
omponentof the normal external to the 
ell Ci respe
tively.The total 
ontribution to the 
onve
tive �uxes is:
RR n° 7079



12 Belme & Ouvrard
∑

j

∫

∂Cij

F(W , ~n)σwhere j are all the neighbouring nodes of i, F(W , ~n) = Fj(W )nj , ∂Cij is the boundary between
ells Ci and Cj , and ~n is the outer normal to the 
ell Ci.The basi
 
omponent for the approximation of the 
onve
tive �uxes is the Roe s
heme, Ref. [15℄:
∫

∂Cij

F(W , ~n)σ ≃ ΦR(Wi,Wj , ~νij)where
~νij =

∫

∂Cij

~n σand Wk is the solution ve
tor at the k-th node of the dis
retization.In the V6 s
heme developped in [7℄ and [6℄. The numeri
al �uxes, ΦR, are evaluated as follows:
ΦR(Wi,Wj , ~νij) =

F(Wi, ~νij) + F(Wj , ~νij)

2︸ ︷︷ ︸
centred

− γs d
R(Wi,Wj , ~νij)︸ ︷︷ ︸
upwindingwhere γs ∈ [0, 1] is a parameter whi
h dire
tly 
ontrols the upwinding of the s
heme and

dR(Wi,Wj , ~νij) =
R(Wi,Wj , ~νij)


Wj −Wi

2
. (13)

R is the Roe matrix and is de�ned as:
R(Wi,Wj , ~νij) =

∂F

∂W
(Ŵ , νij) (14)where Ŵ is the Roe average between Wi and Wj .The 
lassi
al Roe s
heme is obtained as a parti
ular 
ase by imposing γs = 1. The a

ura
y ofthis s
heme is only 1st order. In order to in
rease the order of a

ura
y of the s
heme the MUSCL(Monotone Upwind S
hemes for Conservation Laws) re
onstru
tion method, introdu
ed by VanLeer, Ref. [19℄, is employed. This method expresses the Roe �ux as a fun
tion of Wij and Wji, theextrapolated values of W at the interfa
e between two 
ells Ci and Cj :

∫

∂Cij

F(W , ~n)σ ≃ ΦR(Wij ,Wji, ~νij)where Wij and Wji are de�ned as follows:
Wij = Wi +

1

2
(~∇W )ij · ~ij ,

Wji = Wj +
1

2
(~∇W )ji · ~ij .To estimate the gradients (~∇W )ij · ~ij and (~∇W )ji · ~ij, one used these expressions, Ref. [6℄: INRIA



Combining a Mass Matrix formulation and a high order dissipation 13
(~∇W )ij · ~ij = (1 − β)(~∇W )Cij · ~ij) + β(~∇W )Uij · ~ij) +

ξc [(~∇W )Uij · ~ij) − 2(~∇W )Cij · ~ij) + (~∇W )Dij · ~ij)] +

ξd [(~∇W )M · ~ij) − 2(~∇W )i · ~ij) + (~∇W )Dj · ~ij)] ,

(~∇W )ji · ~ji = (1 − β)(~∇W )Cji · ~ij) + β(~∇W )Uji · ~ij) +

ξc [(~∇W )Uji · ~ij) − 2(~∇W )Cji · ~ij) + (~∇W )Dji · ~ij)] +

ξd [(~∇W )M ′ · ~ij) − 2(~∇W )i · ~ij) + (~∇W )Dj · ~ij)] ,where (~∇W )i and (~∇W )j are the nodal gradients at the nodes i and j respe
tively and are
al
ulated as the average of the gradient on the tetrahedra T ∈ Ci, having the node i as a vertex.For example for (~∇W )i we 
an write:
(~∇W )i =

1

V ol(Ci)

∑

T∈Ci

V ol(T )

3

∑

k∈T

Wk
~∇Φ(i,T ) . (15)where Φ(i,T ) is the P1 �nite-element basis fun
tion. In the 3D 
ase, these fun
tions are sode�ned:

Φ(i)(P ) =

{
1 if P = Si
0 if P = Sj , i 6= j

(~∇W )M · ~ij, for the 3D 
ase, is the gradient at the point M in Fig. 5 and it is 
omputed byinterpolation of the nodal gradient values at the nodes 
ontained in the fa
e opposite to the upwindtetrahedron Tij . (~∇W )M ′ · ~ij is the gradient at the point M ′ in Fig. 5 and it is evaluated in thesame way as (~∇W )M · ~ij. The 
oe�
ients β, ξc, ξd are parameters that 
ontrol the 
ombinationof fully upwind and 
entred slopes. The V6 s
heme is obtained by 
hoosing them to have the besta

ura
y on 
artesian meshes, Ref.[7℄:
β = 1/3, ξc = −1/30, ξd = −2/15 .The variant of the above s
heme 
alled mass-matrix with 
entral di�eren
ing, sets β, ξc and ξd tozero and involves a time derivative evaluated with the �nite-element 
onsistent mass matrix. Thismass matrix as in the 1D 
ase is expressed in terms of the usual P1 test fun
tions as follows:

Mij =
∫
φ(i)φ(j)dνAs in Se
tion 2, we 
an 
ombine this time derivative with a �ux. We get thus the followingsemi-dis
retization equation:

∂Wi

∂t
= ∆tM−1

∑

j

Φ(Wi,Wj , ~νij)with the numeri
al �ux de�ned by:
Φ(Wi,Wj , ~νij) =

F(Wi, ~νij) + F(Wj , ~νij)

2
−
γs
2

|R(Wi,Wj , ~νij)|∆WijRR n° 7079



14 Belme & Ouvrardwhere:
∆Wij = C(2(~∇W )M .~ij − 5(~∇W )uij .~ij + 6(~∇W )cij .~ij − 5(~∇W )dij .~ij + 2(~∇W )M ′ .~ij) .Following the study done for the 1D adve
tion equation (see equation 5), the 
onstant C is set to:

C =
δ

60
(16)A variant of this s
heme is also investigated and 
onsists in using a proje
ted dissipation in ~ij:

|R(Wi,Wj , ~νij)| be
omes ∣∣∣R(Wi,Wj , ~̃νij)
∣∣∣ in whi
h ~̃νij = ( ~νij .

~ij

‖~ij‖
)

~ij

‖~ij‖
This option has been

Figure 5: Sket
h of points and elements involved in the 
omputation of gradientinvestigated for the appli
ation of a Gaussian fun
tion translation in se
tion 5.13.3.2 Di�usive �uxesThe P1 �nite-element basis fun
tion, φ(i,T ), restri
ted to the tetrahedron T is assumed to be of unitvalue on the node i and to vanish linearly at the remaining vertexes of T . The Galerkin formulationfor the di�usive terms is obtained by multiplying the di�usive terms by φ(i,T ) and integrating overthe domain Ωh:
∫∫

Ωh

(∂Vj
∂xj

)
φ(i,T ) Ω =

∫∫

T

∂Vj
∂xj

φ(i,T ) Ω . (17)Integrating by parts the right-hand side of equation (17) we obtain:
∫∫

T

∂Vj
∂xj

φ(i,T ) Ω =

∫∫

T

∂(Vjφ
(i,T ))

∂xj
Ω −

∫∫

T

Vj
∂φ(i,T )

∂xj
Ω =

∫

∂T

Vjφ
(i,T )nj σ −

∫∫

T

Vj
∂φ(i,T )

∂xj
Ω . (18)

INRIA



Combining a Mass Matrix formulation and a high order dissipation 15In order to build the �uxes for the node i 
onsistently with the �nite-volume formulation, the
ontribution of all the elements having i as a vertex needs to be summed together as follows:
∑

T,i ∈ T

(∫

∂T

Vjφ
(i,T )nj σ −

∫∫

T

Vj
∂φ(i,T )

∂xj
Ω

)
=

−
∑

T,i ∈ T

∫∫

T

Vj
∂φ(i,T )

∂xj
Ω +

∫

Γh=∂Ωh

φ(i,T )Vjnj σ . (19)In the P1 formulation for the �nite-element method, the test fun
tions, φ(i,T ), are linear fun
tionson the element T and so their gradient is 
onstant. Moreover, in the variational formulation theunknown variables 
ontained in W are also approximated by their proje
tion on the P1 basisfun
tion. For these reasons the integral 
an be evaluated dire
tly.3.4 Boundary 
onditionsFirstly, the real boundary Γ is approximated by a polygonal boundary Γh that 
an be split in twoparts:
Γh = Γ∞ + Γb (20)where the term Γ∞ represents the far-�elds boundary and Γb represents the body surfa
e. Theboundary 
onditions are set using the Steger-Warming formulation ([18℄) on Γ∞ and using slip orno-slip 
onditions on Γb.3.5 Time advan
ingOn
e the equations have been dis
retized in spa
e, the unknown of the problem is the solutionve
tor at ea
h node of the dis
retization as a fun
tion of time, Wh(t). Consequently the spatialdis
retization leads to a set of ordinary di�erential equations in time:

dWh

dt
+ Ψ(Wh) = 0 (21)where Ψi is the total �ux, 
ontaining both 
onve
tive and di�usive terms, of Wh through the i-th
ell boundary divided by the volume of the 
ell.3.5.1 Expli
it time advan
ingIn the expli
it 
ase a N -step low-sto
kage Runge-Kutta algorithm is used for the dis
retization ofEq.(21):






W
(0) = W

(n),

W
(k) = W

(0) + ∆t αk Ψ(W (k−1)), k = 1, ... , N
W

(n+1) = W
(N).in whi
h the su�x h has been omitted for sake of simpli
ity. Di�erent s
hemes 
an be obtainedvarying the number of steps, N , and the 
oe�
ients αk.RR n° 7079



16 Belme & Ouvrard3.5.2 Impli
it time advan
ingFor the impli
it time advan
ing s
heme in AERO the following se
ond order a

urate ba
kwarddi�eren
e s
heme is used:
αn+1W

(n+1) + αnW
(n) + α(n−1)W

(n−1) + ∆t(n)Ψ(W (n+1)) = 0 (22)where the 
oe�
ients αn 
an be expressed as follows:
αn+1 =

1 + 2τ

1 + τ
, αn = −1 − τ, αn−1 =

τ2

1 + τ
(23)where ∆t(n) is the time step used at the n-th time iteration and

τ =
∆t(n)

∆t(n−1)
. (24)The nonlinear system obtained 
an be linearised as follows:

αn+1W
(n) + αnW

(n) + α(n−1)W
(n−1) + ∆t(n)Ψ(W (n)) =

−
[
αn+1 + δt(n) ∂Ψ

∂W
(W (n))

]
(W (n+1) − W

(n)). (25)Following the defe
t-
orre
tion approa
h, the ja
obians are evaluated using the 1st order �uxs
heme (for the 
onve
tive part), while the expli
it �uxes are 
omposed with 2nd order a

ura
y.The resulting linear system is solved by a S
hwarz method.4 Variational Multis
ale approa
h for Large Eddy SimulationA new approa
h to LES based on a variational multis
ale(VMS)framework was re
ently introdu
edin Hughes et al. The VMS-LES di�ers fundamentally from the traditional LES in a number of ways.In this new approa
h, one does not �lter the Navier-Stokes equations but uses instead a variationalproje
tion. This is an important di�eren
e be
ause as performed in the traditional LES, �lteringworks as well with periodi
 boundary 
onditions but raises mathemati
al issues in wall-bounded�ows. The variational proje
tion avoids this issues. Furthermore, the VMS-LES method a prioriseparates the s
ales that is, before the simulation is started. And most importantly, it models thee�e
t of the unresolved-s
ales only in the equations representing the smallest resolved-s
ales, andnot in the equations for the large s
ales. Consequently, in the VMS-LES, energy is extra
ted fromthe �ne resolved-s
ales by a traditional model su
h as Smagorinsky eddy vis
osity model, but noenergy is dire
tly extra
ted from the large stru
tures in te �ow. For this reason, one 
an reasonablyhope to obtain a better behavior near walls, and less dissipation in the presen
e of large 
oherentstru
tures.A less fundamental, yet noteworthy, di�eren
e between the VMS-LES and traditional LESmethods is that the VMS-LES approa
h leads to governing equations that are written in terms ofthe original (or unde
omposed) �ow variables and the modeled e�e
t of the unresolved-s
ales on the
INRIA



Combining a Mass Matrix formulation and a high order dissipation 17smallest resolved one, whereas the 
lassi
al LES formulation leads to governing equations that arewritten in terms of the �ltered �ow variables and modeled subgrid-s
ales. Hen
e, in the traditionalLES formulation, one �rst �lters the Navier-Stokes equations, then de
omposes the �ow variablesinto their �ltered and �u
tuating parts in the subgrid-tensor, then fa
es the issues of modeling thesubgrid-s
ales. In the VMS-LES approa
h, one does not have to de
ompose into spa
e-averagedand �u
tuating parts ea
h o

uren
e in the Navier-Stokes equations of ea
h �ow variable be
ausethe �nal equations are expe
ted to be expressed in terms of the importan
e as it 
an be exploitedto bypass the modeling of some �u
tuating quantities, as will be illustrated here for 
ompressibleturbulent �ows.The initial developement of the VMS-LES method fo
used on in
ompressible turbulent �ows,regular grids, and spe
tral dis
retisations where the separaton a priori of the s
ales is simple toa
hieve. For �nite element approximations, a hierar
hi
al basis approa
h and an alternative methodbased on 
ell agglomeration were re
ently proposed for separating a priori the 
oarse- and �ne-s
ales.In most 
ases, the VMS-LES method was applied mainly to homogeneous isotropi
 in
ompressibleturbulen
e, and re
ently to in
ompressible turbulent 
hannel �ows, fo wit
h it demonstrated animprovement over the traditional LES method.In this Variational Multis
ale approa
h for Large Eddy Simulation (VMS-LES) approa
h the�ow variables are de
omposed as follows:
wi = wi︸︷︷︸

LRS

+ w′
i︸︷︷︸

SRS

+wi
SGS (26)where wi are the large resolved s
ales (LRS), w′

i are the small resolved s
ales (SRS) and wi
SGSare the unresolved s
ales. This de
omposition is obtained by variational proje
tion in the LRS andSRS spa
es respe
tively. In the present study, we follow the VMS approa
h proposed in Ref.[5℄ forthe simulation of 
ompressible turbulent �ows through a �nite volume/�nite element dis
retizationon unstru
tured tetrahedral grids. If ψl are the N �nite-volume basis fun
tions and φl the N �nite-element basis fon
tions asso
iated to the used grid,in order to obtain the VMS �ow de
ompositionin Eq. (26), the �nite dimensional spa
es VFV and VFE , respe
tively spanned by ψl and φl, 
an bein turn de
omposed as follows [5℄:

VFV = VFV
⊕

V ′
FV ; VFE = VFE

⊕
V ′
FE (27)in whi
h ⊕ denotes the dire
t sum and VFV and V ′

FV are the �nite volume spa
es asso
iated tothe largest and smallest resolved s
ales, spanned by the basis fun
tions ψl and ψ′
l; VFE and V ′

FEare the �nite element analogous. In Ref.[5℄ a proje
tor operator P in the LRS spa
e is de�ned byspatial average on ma
ro 
ells in the following way:
W = P (W ) =

∑

k




V ol(Ck)∑

jǫIk

V ol(Cj)

∑

jǫIk

ψj




︸ ︷︷ ︸
ψk

Wk (28)
RR n° 7079



18 Belme & Ouvrardfor the 
onve
tive terms, dis
retized by �nite volumes, and:
W = P (W ) =

∑

k




V ol(Ck)∑

jǫIk

V ol(Cj)

∑

jǫIk

φj




︸ ︷︷ ︸
φk

Wk (29)
for the di�usive terms, dis
retized by �nite elements. In both Eqs. (28) and (29),
Ik = {j/Cj ∈ Cm(k)}, Cm(k) being the ma
ro-
ell 
ontaining the 
ell Ck. The ma
ro-
ells areobtained by a pro
ess known as agglomeration [9℄. The basis fun
tions for the SRS spa
e are
learly obtained as follows: ψ′

l = ψl − ψl and φ′l = φl − φl.A key feature of the VMS-les approa
h is that the modeled in�uen
e of the unresolved s
ales onlarge resolved ones is set to zero, and so the SGS model is added only to the smallest resolved s
ales(whi
h models the dissipative e�e
t of the unresolved s
ales on small resolved ones). This leads tothe following equations after semi-dis
retizations [5℄.
∫

Ci

∂ρ

∂t
Ω +

∫

∂Ci

ρ~V .~nΓ = 0

∫

Ci

∂ρ~V

∂t
Ω +

∫

∂Ci

ρ~V ⊗ ~V ~nΓ +

∫

∂Ci

p~nΓ

+
1

Re

∫

Ω

σ∇ΦiΩ +
1

Re

∫

Ω

τ
′

∇Φ
′

iΩ = 0

∫

Ci

∂E

∂t
Ω +

∫

∂Ci

(E + p)~V .~nΓ +

∫

Ω

σ~V .∇ΦiΩ

+
γ

RePr

∫

Ω

∇e.∇ΦiΩ +
γ

RePrt

∫

Ω

µ
′

t∇e
′

.∇Φ
′

iΩ = 0 (30)where e denotes the internal energy (E = e + 1
2
~V 2) with ~V = (u1, u2, u3) the velo
ity. τ ′ is thesmall resolved s
ales SGS stress giben by:

τ
′

= µ
′

t(2S
′

ij −
2

3
S

′

kkδij)with S
′

ij = 1
2 (
∂u

′

i

∂xj
+

∂u
′

j

∂xi
) and µ

′

t, the small resolved s
ales eddy vis
osity (whi
h depends on the
hosen SGS model).One 
an noti
e that the laminar Navier-Stokes equations are re
overed by substituting τ ′

= 0and µ′

t = 0 in Eq. (30) above an that the SGS model is re
overed by substituting τ ′

= τ , µ′

t = µt,
e
′

= e and Φ
′

i = Φi in the equations, where τ and µt denote the usual SGS stress tensor and SGSeddy vis
osity, respe
tively.More details about this VMS-LES methodology 
an be found in Ref. [5℄ and [2℄.
INRIA



Combining a Mass Matrix formulation and a high order dissipation 195 Appli
ations5.1 Gaussian translation in an irregular meshThe graph of a gaussian is a 
hara
teristi
 symmetri
 " bell shape 
urve " that qui
kly falls towardsplus/minus in�nity.For our 2D study, we 
onsider the adve
tion equation:
∂ρ

∂t
(x, y, t) + c

∂ρ

∂xi
(x, y, t) = 0using an adve
tion ve
tor c = (0, 1) and a gaussian fun
tion as initial 
ondition:

ρ(x, y, z, 0) = 1 + exp−150(x+0,3)The adve
tion equation is solved using the Mass Lumping V6 s
heme and the Mass Matrix Cen-tral Di�eren
ing s
heme with two options: proje
ted dissipation and non proje
ted dissipation asdes
ribed in se
tion 3.3. Re
alling that a "Mass lumping" s
heme means that the temporal termof the equations is treated by Finite Volume whereas Mass-Matrix s
heme means a temporal termtreated by Finite Element. We are in parti
ular interested on the dissipation of the gaussian whenit is translated using di�erent meshes. The �rst mesh is regular as shown FIG. 6 and the se
ondone is irregular with strong variations of the lo
al mesh size (see FIG. 9)

Figure 6: Regular meshIn the regular 
ase, we plot respe
tively in FIG. 8 and FIG. 7 the Gaussian translation usingthe Mass Matrix Central Di�eren
ing s
heme and the Mass Lumping V6 s
heme. One 
an observethat the translation is well predi
ted. In the irregular 
ase, as shown FIG. 11, the translationis well predi
ted with the Mass Matrix Central s
heme and using the V6 s
heme, one have someperturbations, see FIG. 10.RR n° 7079



20 Belme & Ouvrard

Figure 7: Gaussian translated with the Mass Lumping V6 s
heme on regular mesh

Figure 8: Gaussian translated with the Mass Matrix Central Di�eren
ing s
heme (with proje
teddissipation) on regular mesh
INRIA



Combining a Mass Matrix formulation and a high order dissipation 21

Figure 9: Irregular mesh

Figure 10: Gaussian translated with the Mass Lumping V6 s
heme on irregular mesh
RR n° 7079



22 Belme & Ouvrard

Figure 11: Gaussian translated with the Mass Matrix Central Di�eren
ing s
heme (with proje
teddissipation) on irregular mesh
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Combining a Mass Matrix formulation and a high order dissipation 235.2 Appli
ations: Flow around a 
ir
ular 
ylinder at Re=3900VMS-LES is performed to simulate the �ow past a 
ir
ular 
ylinder at Ma
h number M∞ = 0.1and at a sub
riti
al Reynolds number ReD of 3900 (ReD =
u∞D

ν
) based on 
ylinder diameter Dand free-steam velo
ity u∞. The 
omputational domain as shown in FIG. 12 is −10 ≤ x/D ≤ 25,

−20 ≤ y/D ≤ 20 and −π/2 ≤ z/D ≤ π/2 where x, y and z denote the streamwise, transverse andspanwise dire
tion respe
tively. The 
hara
teristi
s of the domain are the following:
Li/D = 10, L0/D = 25, Hy/D = 20 and Hz/D = πThe 
ylinder of unit diameter is 
entered on (x, y) = (0, 0).The �ow domain is dis
retized by an unstru
tured tetrahedral grid whi
h 
onsists of approxi-matively 2.9 × 105 nodes. The averaged distan
e of the nearest point to the 
ylinder boundary is

0.017D whi
h 
orresponds to y+ ≈ 3.31.For the purpose of these simulations, the Steger-Warming 
onditions are imposed at the in�owand out�ow as well as on the upper and lower surfa
e (y = ± Hy). In the spanwise dire
tionperiodi
 boundary 
onditions is applied. On the 
ylinder surfa
e no-slip boundary 
onditions areset.

Figure 12: Computational domainTo investigate the in�uen
e of numeri
al s
hemes on the VMS-LES approa
h, three simulationshave been 
arried out using the WALE subgrid-s
ale model. The 
hara
teristi
s of the simulationsperformed for this study are summarized on TAB. 1. One uses the Roe-Turkel solver as pre
ondi-tioning. For stability reasons, the mass-matrix s
heme has been run setting the numeri
al vis
osityRR n° 7079



24 Belme & Ouvrardparameter γ to its maximal value 1. In the same manner, the proje
ted dissipation option is notpresented here.Simulation Numeri
al S
heme Value of 
onstant C Dissipation γ CFLSimu1 Mass Matrix + Central Di�. 1

30
Non proje
ted 1 20Simu2 Mass Lumping + V6 1

30
Non proje
ted 1 20Simu3 Mass Lumping + V6 1

30
Non proje
ted 0.3 20Simu4 Mass Matrix + Central di�eren
ing 1

15
Non proje
ted 1 20Table 1: Simulations using VMS-LES approa
h with the WALE subgrid-s
ale model, 
onstant Cde�ned in se
tion 3.3 by equation 16The CFL number has been 
hosen so that a vortex shedding 
y
le is sampled in a little lessthan 1000 time steps. Time-averaged values and turbulen
e parameters are summarized in TAB. 2and 
ompared to data from experiments of Norberg , Ong and Walla
e and Parnaudeau et al.. Cddenotes the mean drag 
oe�
ient, C ′

d and C ′

l respe
tively the root mean square values of the dragand lift, St the Strouhal number, Umin the mean 
enterline streamwise velo
ity, Cpback the meanba
k-pressure 
oe�
ient and lr the mean re
ir
ulation length.
St Cd C′

d
C′

l
Umin Cpback lrSimulationsSimu1 0.252 0.77 0.0157 0.0367 -0.20 -0.66 1.76Simu2 0.213 1.08 0.0490 0.4912 -0.29 -1.09 0.83Simu3 0.215 1.01 0.0639 0.5920 -0.29 -1.02 1.08Simu4 0.215 1.02 0.0103 0.0303 -0.29 -0.94 1.12Experiments[11℄ 0.215±0.05 0.99±0.05 -0.24±0.1 -0.88±0.05[12℄ 0.21±0.005 1.4 ±0.1[13℄ -0.34 1.51Table 2: Flow parameters for the present simulationsAs shown in TAB. 2, for the same level of numeri
al dissipation (Simu1, Simu2 and Simu3),the �ow parameters obtained with the mass-matrix s
heme are generally less well predi
ted thanthose obtained with the 
lassi
al V6 s
heme. In parti
ular the mean drag is under-estimated withthe mass-matrix s
heme, whi
h involves an over-estimation of the re
ir
ulation length. ComparingSimu1 and Simu4, one 
an note that to introdu
e a numeri
al dissipation twi
e bigger signi�
antlyimprove the results.FIG. 13 shows a pro�le of time-averaged and z-averaged streamwise velo
ity. One 
an deter-minize from this plot the most dissipative s
heme, that is the s
heme produ
ing the most shortre
ir
ulation length. This assumption is veri�ed on FIG. 14, showing the pressure distribution onthe 
ylinder surfa
e averaged in time on homogeneous z dire
tion. The most dissipative s
hemeis indeed the one being the most far from the experimental data. From this two plots, one 
an
on
lude that the mass-matrix s
heme is not enough dissipative. This 
an explain the en
ounteredrobustness problem. Introdu
ing a bigger dissipation level redu
e 
onsiderably the re
ir
ulationlength. One 
an also note FIG. 14 the dis
repan
ies with the experimental data, for θ being be-
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Figure 13: Time-averaged streamwise velo
ity on the 
enterline dire
tiontween 60 and 100. This is probably due to the 
oarseness of the used grid.
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Figure 14: Time-averaged and z-averaged pressure distribution on the surfa
e of the 
ylinder,experiment: NorbergFIG. 15 displays the total resolved Reynolds stress u′u′ in the wake at x = 1.54 and FIG. (16)displays the total resolved Reynolds stress v′v′ at x = 1.54. One 
an observe FIG. 15 that the plotis not symmetri
 using the mass-matrix s
heme. With a low dissipation level, the better resultsRR n° 7079



26 Belme & Ouvrardare obtained with the V6 s
heme. The behaviour of the Mass-Matrix s
heme is improved using abigger numeri
al vis
osity.
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Figure 15: Total resolved streamwise Reynolds stress < u′u′ > at x = 1.54, experiments: Par-naudeau et al.; −−: Simu1; −: Simu2;...: Simu3; −.: Simu4; +: PIV1 experiment; ×: PIV2experiment
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Figure 16: Total resolved streamwise Reynolds stress < v′v′ > at x = 1.54, experiments: Par-naudeau et al.;−−: Simu1; −: Simu2;...: Simu3; −.: Simu4; +: PIV1 experiment; ×: PIV2experiment
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Combining a Mass Matrix formulation and a high order dissipation 27In the 
ase of total resolved streamwise Reynolds stress < v′v′ > at x = 1.54, one 
an noti
e �rstthat for the three simulations, we are getting far away from our experiments. The mass lumpingV6 s
heme still yields better results than the two other ones. But in
reasing the numeri
al vis
osityfor the Mass-Matrix s
heme (Simu4) gives a better agreement with the experiments.6 Con
lusionWe have presented in this work a �rst investigation of a new Mass Matrix s
heme, in order to obtaina better a

ura
y than for Mass Lumping FV s
heme on irregular meshes.This numeri
s was installed in a parallel 
ode AERO of resear
h and produ
tion.The �rst results are promising. For the Gaussian translation, the Mass-Matrix 
learly improved thepredi
tion using an irregular mesh. We have also shown that the results obtained for the simulationof the �ow around a 
ir
ular 
ylinder are improved with the Mass-Matrix s
heme when a suitablelevel of numeri
al dissipation is 
hosen.This �rst work on the Mass-Matrix s
heme needs to be 
ontinued by investigating the dissipationterm and the behavior of this model for the simulation of turbulent �ows on strongly irregularthree-dimensional meshes.A
knowlegments: We thank Eri
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