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Analyse de la méthode PSPG pour ’équation de
Stokes transitoire

Résumé : Nous proposons une nouvelle analyse pour la méthode PSPG ap-
pliquée a I’équation de Stokes transitoire. On montre la stabilité et la conver-
gence de la méthode sous différentes conditions et selon le type d’approximation
en space. Pour la pression, stabilité et convergence optimale sont établies dans
le cas d’approximations affines par morceaux, sous une condition standard de
type CFL parabolique inverse.

Mots-clés : Equation de Stokes transitoire, méthode d’éléments finis, stabil-
isation PSPG, discrétisation en temps, projection de Ritz.
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1 Introduction

The pressure stabilized Petrov-Galerkin (PSPG) method, as introduced by Hughes
et al. in [II], is a popular tool for the approximation of the Stokes’ problem
using equal order interpolation for velocities and pressures. In spite of its exten-
sive use, so far it has been analyzed for the transient case only for the velocities,
using the backward Euler scheme and under an inverse CFL-condition. If 7
and h denote the discretization parameters, in time and space respectively, and
v denotes the dynamic viscosity, the condition writes h? < v7. To our best
knowledge, the first reference where this condition appeared was in the work
by Picasso and Rappaz [12] (see also [I]). The small time step instability was
thoroughly investigated by Bochev et al. in [5 4], where they examined the al-
gebraic properties of the system matrices. Their conclusion was that regularity
of the system imposed an inverse parabolic CFL condition. They also observed
numerically, in [3], that for higher polynomial order the instability polluted the
velocity approximation as well.

Our aim in this paper is to consider the transient Stokes’ equations dis-
cretized using Petrov-Galerkin pressure stabilization and derive global in time
stability, using the variational framework. From this different viewpoint we ar-
rive at similar conclusions as [4], but with global stability bounds that we then
use to derive optimal order error estimates. The estimates for the velocities also
give insight in a possible mechanism for the observed loss of accuracy in the
velocity approximation for higher order polynomials reported in [3].

The case of symmetric stabilization methods for the transient Stokes’ prob-
lem was treated in [7]. There we proved that, for symmetric stabilizations, the
small time-step instability can be circumvented by using a particular discrete
initial data given by the Ritz-projection associated to the discrete Stokes’ op-
erator. Our analysis herein shows that also for the PSPG method the small
time-step pressure instability stems from the initial data, however it can not
be cured using the Ritz-projection. The reason for this is a coupling between
the time-derivative and the pressure gradient, appearing in the estimate for the
acceleration, resulting in the factor h?/(v7) in the stability estimate.

For the global in time stability estimate for the velocities, we observe that
the properties of the PSPG method change drastically depending on what ap-
proximation spaces are used. Indeed, depending on the regularity of the dis-
cretization space, different conditions must be imposed in order for stability to
hold. For high order polynomial spaces, it appears that energy contributions
from gradient jumps over element faces may interact with the time-derivative
of the velocity and destabilize the solution for small time-step size. Since the
gradient jumps are small for smooth solutions this instability may difficult to
observe numerically. We give one example of a computation where the velocity
approximation diverges as the time-step is reduced.

The main theoretical results for the velocities are as follows:

e The backward Euler method (BDF1): stability and optimal convergence
hold unconditionally for piecewise affine approximation and when 7 >
h? /v for higher polynomial order.

e Crank-Nicolson and the second order backward differentiation method
(BDF2) are unconditionally stable and have optimally convergent velocity
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4 M.A. Ferndndez & E. Burman

approximation for piecewise affine approximation. For higher polynomial
e e 1
order stability and convergence holds under the condition 7 > h/v=.

e All C'(Q) approximation spaces, such as the one obtained using NURBS,
result in unconditionally stable PSPG methods for all the time-discretization
schemes proposed above.

In particular this means that for piecewise affine approximation or C'* approx-
imation, the system matrix that must be inverted for every timestep is regular
independent of the discretization parameters. We only give the analysis for sta-
bility and convergence of the velocities in the case of the backward differentiation
formulas. The extension to the Crank-Nicolson scheme is straightforward.

For the pressure, stability and optimal convergence (in the natural norm)
are proven, under the standard condition 7 > h? /v, for piecewise affine approx-
imation spaces and the BDF1 scheme. The extension to the BDF2 method is
straightforward using the same techniques. Nevertheless, the case of high order
polynomials or the Crank-Nicolson method remains open.

Although incomplete and possibly not sharp for higher polynomial order, we
hope that these result will bring some new insights in the dynamics of the PSPG-
method applied to the transient Stokes’ problem. In particular it is interesting
to notice that the choice of space discretization seems important for the stability
of the discretization of the transient problem.

The remainder of this paper is organized as follows. In the next section we
introduce the continuous problem and fixe some notation. The fully discrete
schemes are presented in section [3] Sections [4] and [5] are respectively devoted
to the stability and the convergence analysis. Finally, section [f] presents a
numerical example illustrating the velocity instability, in the small time-step
limit, predicted by the theory for higher order polynomials.

2 Problem setting

Let Q be a convex domain in R? (d = 2 or 3) with a polyhedral boundary 0.
For T > 0 we consider the problem of solving, for u : Q x (0,7) — R? and
p:Qx(0,T) — R, the following time-dependent Stokes problem:

Ou—vAu+Vp=Ff, in Qx(0,7T),
V.ou=0, in Qx(0,7T),
u=0, on 90 x(0,7),
u(-,0) =ug, in Q.

(1)

Here, f : Q x (0,T) — R< stands for the source term, ug : Q2 — R? for the
initial velocity and v > 0 for a given constant viscosity. In order to introduce
a variational setting for we consider the following standard velocity and
pressure spaces

def

v i@, B2 QY i),

normed with

def

def 1 def || 1
= : = v voln, lale =

_1
ol = (v,0)2, ollv = lv==qllm,

INRIA



Stabilized FEM for the transient Stokes’ equations 5

where (-, -) denotes the standard L2-inner product in Q. The standard seminorm
of H*(Q) will be denoted by |- [5.

The transient Stokes’ problem may be formulated in weak form as follows:
For all ¢ > 0, find u(t) € V and p(¢) € @ such that

(atu7 ’U) + a(ua ’U) + b(p7 ’U) = (f7 ’U), a.e. in (Oa
b(g,u) =0, ae.in (0,

u(-,0) =ug, ae in

),
1),

) (2)

forall v € V, ¢ € Q and with a(u,v) < (vVu,Vv), b(p,v) < —(p, V - v).

From these definitions, the following classical coercivity and continuity esti-
mates hold:

a(v,v) > o]}, a(u,v) < Jullv|vlv, b(v.q) <lllviadle, ()

for all w,v € V and ¢ € Q. It is known that if £ € C°([0,7]; H) and that
ug € VN Hy(div; Q) problem (2)) admits a unique solution (u, p) in L2(0,T; V) x
L?(0,T;Q) with d;u € L2(0,T; V") (see, e.g., [8]). Throughout this paper, C
stands for a generic positive constant independent of the discretization param-
eters. We also use the notation a < b meaning a < Cb.

3 Space and time discretization

In this section we discretize problem in space and in time, using the pres-
sure stabilized Petrov-Galerkin method and a (first or second order) backward
difference formula.

We introduce the approximation space W), with optimal approximation prop-
erties. The approximation space could either consist of finite element functions,
with Wj, C C%Q), or approximation spaces with higher regularity such as
NURBS, with W}, € C1(€). In the finite element case, let 7;, denote a conform-
ing, shape regular triangulation of 2 consisting of the triangles K and

Wi % (v, € HYQ) :vp|x € Po(K), VK € Tp,}. (4)

For NURBS with continuous derivatives, we refer the reader to [2] for a precise
definition of the space and its properties.

The discrete spaces for velocities and pressure respectively are given by V}, def

(Wr4 NV and Qp def Wi, N Q. The discrete time-derivative 0, ,uj is chosen
either as the first,

k=1, 0-1up def (u™ — u"_l)/T,

or second ot
K= 2, (97-’2“2 = (3u" — 4Un_1 + Un_z)/(27—)

order backward difference formula. The formulation then reads: Find (u},p}) €
Vi X Qp, such that

(aTWU’Z + sz, wh) - (VA'U’Z7 6qu)h + CL(’U/Z, vh) + b(q}za UZ) = (fnv wh) (5)

for all (vp,qn) € Vi x Qp and where w, = vy + 6Vay, (-, )n denotes the

element-wise L2-scalar product and § = vh—j, with v > 0 a free dimensionless
parameter.

RR n° 9999



6 M.A. Ferndndez & E. Burman

For the convergence analysis below we introduce the following Ritz-projection:
Find (Rp(u,p), Pr(u,p)) € Vi X Qn,

a(Rp(w,p),vn) + b(Rp(u, p), vr) — b(gn, Ru(u,p))
— (= ARu(u,p) + VPy(u,p),6Vqs), = a(u,vy) + b(p,vn) — b(gn, w)
— (-Au+Vp,6Vq,) (6)
for all (vp,qn) € Vi X Qp. It is known (see [I3] in the finite element case and

[2] for the NURBS case) that the Ritz projection satisfies the following a priori
error estimate, for 7 =0, 1:

18] (R (w, ) — w)|r + h(]|] (Ry(w,p) — u)|lv
+62(|0)V (Pi(w, p) — )i + v 2|8 (Pu(w, p) — p)| )
S (07wl + 07 plk).

For the stability analysis of affine pressure approximations, we shall also
consider a reduced Ritz-projection (Rhu, Phu) € Vi, x Qp, obtained from @
by omitting the term (Au,dV¢,) and taking p = 0 in the right hand side, that
is,

a(ﬁhu, ’Uh) + b(ﬁhu, ’Uh) - b(qh, ﬁhu) — (Vﬁhu, §th)h
= a(u,vp) — b(gn,u) (7)
for all (vp,qn) € Vi X Qp. In this case the following stability estimate holds:
1Rpull} + 1102V Poully, < lul (8)

4 Stability analysis

In this section we state the main stability results of this paper. We first prove
an a priori stability bound for the velocity approximations obtained from ,
under the conditions given in the introduction. Then, in the case of affine
approximations in space (k = 1) and the BDF1 scheme in time (k = 1), we
derive a stability estimate for the pressure under the standard inverse parabolic
CFL condition.

4.1 Velocity

The velocity stability analysis for draws from earlier ideas applied to the
SUPG method for the transient transport problem, proposed in [6]. Since the
mass-matrix is non-symmetric global stability is obtained not by the standard
choice of test functions, vy = uj}, qn = pj,, but with a perturbation added to the
test function for the velocities. Indeed, as we will see below stability is obtained
by taking v, = uj + 60; cuj

Lemma 4.1 Let {(u},p})})_,. denote the solution of and assume that, de-

pending on Wy, the conditions on h and T given in the introduction are satisfied,
then there holds:

N N Kk—1
lp F + 7 (0110 wup + VoilE + lupli) S 730 1715+ D luill:
n=k n=x n=0

INRIA



Stabilized FEM for the transient Stokes’ equations 7

Proof. First take vy, = u} and g = p}}, so that wy, = uj, + 6Vp; and
(Or iy, + Vpj, uhy +0Vpp) — 8(vAug, Vi )y + [lup |3 = (F7, up).
Now test with v), = 60, ,u} and g, = 0,
(Orwup + Vpy, 00 puy) + 0(vVuy, VO, cupy) = (f*,007 xuf).
Summing the two equations yields for n > &

kr—1 2—K

— Omall@g i + llugy — @, I +

(26) ™ Orallup |17 + 701w

Io
+ uplly + 6l10 wup, + VppllF — 0(vAugy, Vi),
—_—
I
OV, VO ) = (f7u + 50w + Vo). (9)

Where the notation @), = 2u}! — u}~ ' is used in the contribution from the

BDF2-scheme and

def _ —
Orallupllt = 77 (I — luh ™ %)

When Au}} |k # 0, the term I; in the left hand side needs to be controlled. Note
that the following holds

(vAug, Vi) = 0(wAuy, 0r pup + Vpy)n — 0(vAuy, - xup)n
and after an integration by parts in the second term in the right hand side
(vAuy, Vpp)n, = 6(vAuy, 0, yup + Vi),

+0(vVu;, Vo, up) + Z 61// [Vuj - n]o; ,upds, (10)
F FE]:i

Iz

where F; stands for the set of interior faces F' of 7. For the first term in
the right hand side of we may use, Cauchy-Schwarz inequality, an inverse
inequality and the arithmetic geometric inequality to write

C252v3

A n n 7 >
(5(1/ uh787—7,.iuh + Vph)h = deh

HuZ”%/ - 66”67,#@11’2 + VpZ”%I
Choosing € and v small enough we see that the term can be absorbed in the left
hand side of @D The term that remains to control is I5.

For C'(Q) approximation spaces the term I is zero. Hence for piecewise
linear approximation (I; = 0) and C!' NURBS we conclude by multiplying
@D with 7, summing over the time levels and applying the Cauchy-Schwarz
inequality, the arithmetic-geometric inequality and the Poincaré inequality in
the right hand side:

(" w400 Vi) < (3 5B ) U7 Bt i+ 110 @rait Wy

RR n° 9999



8 M.A. Ferndndez & E. Burman

The resulting contributions §||0; xul + Vp7||%and ||u||? may be absorbed in
the left hand side of (9).

In the case of high order finite element approximation, i.e. k > 2, different
approaches must be used for kK = 1 and k = 2. For BDF1, we apply the Cauchy-
Schwarz inequality in I» followed by a trace and inverse inequality to deduce
the upper bound

Cév
N

)
= S l10rwuit + Vppl7 = 010 pug |7 (11)

§(vVuy, Vo, yuy) — (vAuy, Vpy)n > |uh||%/

Choosing the coefficient 7, in §, sufficiently small and under the inverse CFL-
condition § < 7, for BDF1, we have the estimate

C2
Oralu™ |3 + 0107 wuh + Vil + llunlly S =ZI1F" 17 (12)

For BDF2 the term 270, 1u"||% is not present in the left hand side and the
dissipation resulting from the BDF2 scheme, 1[|uf? — @} ~"||%, may not be used

to obtain stability. Assume then the stronger inverse CFL-condition 52 < 7 to
obtain

n n Cév n n n 4 n
> v [ [9umlonauids < S Pl +010-au Iy < Ol -+ 510kl
FeF,;

Since §2 < 7, it follows that
. 2
2 712
Ol10rpupl|F < =3 lluh ™ I,
[
and for v small enough we obtain the stability estimate

O 1l (I3 + Oral@hll + lluh — @hllE + 0l10rwub + Voil7 + unly

C? o ! .
SEIE A+ =D e g (13)
v 1 4
7=0
We multiply the equations and with 7 and sum over n = k,..., N to
conclude. For BDF2 we apply Gronwall’s lemma.
4.2 Pressure

For the pressure stability analysis below, we shall make use of the following
modified inf-sup condition.

Lemma 4.2 For all g, € Qp and &, € Vi, we have

_1 1
lanlle < sup + 202 (Van + &)l a- (14)

vREVS H'UhHV

INRIA



Stabilized FEM for the transient Stokes’ equations 9

Proof. Let qn, € Qp, it is known (see, e.g., [9, Corollary 2.4]) that there exists
v, € H}(Q) such that V - v, = v 1g, and ||Jvy|lv < [lgnllo. Hence, from the

~

orthogonality and approximation properties of the L2-projection 7, onto Vi,
we have

lgnllE = = (an, V - (vg = Thg)) = (a1, V - Thvg) = (Vi + &, vg — Thvg)
— (g, V - mpvg)
C 1
Sgﬂ&(v% +&)lullanllo = (g, V - mhvg),
which completes the proof by noting that ||m,v4llv S ||vgllv-

The next lemma states the stability of affine PSPG pressure approximations
with the BDF1 scheme, in the natural norm.

Lemma 4.3 Assume that f € C1(0,T; H) and let {(ul, p?)}N_, be the solution
of with k =1 and k =1 in .

1. Assume that ug € [H*(Q)]? and let ul) = Tupg, where Iy, is the Lagrange
interpolation operator onto Vi,. Then we have

h2 al
r(1- 3 ) Ikl + 7 X Ikl
n=2
< g 02 12 L
N 1+; Vg7 + (1 f ||Q+;|UO|2,Q

N
+73 (Ihl + 163 (93 + 0wl + S50 8" B + 15713 )
n=1

(15)
2. Assume that ug € [H(Q)]? and let uf) = Ryug. Then we have
al 5
Pl s (12 ) IVl + 171
n=1
al 5
n 1 n n n n
73 (Wl + 155 V0 + sl + S5 00ma 8" + 1713
n=1
(16)

As a result, owing to Lemma the pressure is stable in the natural discrete
L?(0,T; L?(Q))-norm under the inverse parabolic CFL-condition h?> < vr.

Proof. From and 7 we have

N N
1
> ekl 7Y (164 Tk + Oraid I + 10raupllf + i + 17713 -
n=1 n=1

a - (17)

As a result, we only need to estimate the acceleration

N
I e I
n=1

RR n° 9999



10 M.A. Ferndndez & E. Burman

To this aim, we test with v, = v=179; 1u} and ¢, = 0, multiply by 27 and
sum over n = 1,..., N. This yields

N N N
T
7Y N0mauily + 1 Vuy |17 - 2- DR V- 0raup) < IV +7 ) 171
n=1

n=1 n=1
(18)
We must now show that the term

N N
T n n T n n T n
_; Zl(phv S 87,1uh) = _; Z(pha V- aﬂluh) _;(p}lw V- a‘ﬂluh)? (19)

n=2

I
I 2

can be appropriately bounded. From with vy, = 0, for n > 2 we have
—(Qh, A ar,luZ) = (87',1(87',111/2 + VPZ - fn)’ (SVQh)

Hence, taking g, = v~!7p} and after summation over n = 2,..., N, we get
s
L= Z (0r1(0-1uf + Vi — £1),6(0-1uf + Vpp))
n=2
I3

N
—Z 3 (Ora Ot + Vi, = £7),00,0uf) . (20)
n=2

Iy
Term I3 can be lower bounded as follows:
N N
Iy = =3 (Ora Oty + VpR). 6@ + Vo)) = — 3 (0raf " 6(0rauf + V)
n—; N n=2
> g 2 0rallod @rreit+ Vo)l = 3 (0 7, 8(0raui + V1)

|2
H.

N N
> — 52 @ + VoI~ oo Y 10— 5 D 163 (V) + 0rsui)
n=2 n=2 (1)
For I, we note that, from with ¢, = 0, we have (n > 2)
— (07101 u™ + Vpp — f1),v1) = WV 1up, Vo).
Hence, testing this expression with v, = v~170, 1u™ and summing over n =

2,...,N, yields

N
5 n
1= > orauplf > 0. (22)

n=2
Therefore, inserting the estimations of and into , gives
N
1
D 182 (VR +0r1up) 13-

n=2
(23)

T

N
1 1 1 1412 Y n| 2
B2 =g 108 Ort VR =557 3 10ra 8 =

INRIA



Stabilized FEM for the transient Stokes’ equations 11

It now remains to derive a bound for I, which corresponds to the first
time-step. We have

1 1

4 4

Is Is

Term I5 can be controlled using an argument similar to the one used to estimate
I;. We first note that, from with v, = 0, for n = 1 we have

—(qn, V- up) = (0r1up, + Vp), — F1,6Va).

Hence, taking g, = v~'p}, we get

1 1
Iy = = (Oraup, + Vpj = £,6(0,0ul + Vb)) = (Orauf, + Vpj — £1.00,1u})

I7 IS
(25)
Term I; is estimated as follows
1 1
Iy = (Orau), + Vi, 0(0r1uj, + Vpp)) — - (f',6(0-1up + V) -
26

3.1
2oz (Orau’ + Vp)ll3r = 1F1115-
For Ig, we take n =1, g, = 0 and v, = 51/*167,11& in , which yields

1) ) ot 1)
Is = ;(uVu}L,Vaﬂu}) = gar,ﬂlu}zlli+5|\8r,1ufﬁ|\2v > —27_71/”“2”%/' (27)

The estimation of Iz depends on the choice of the discrete initial velocity
u%. Let us first consider the case u% = I,?uo. Since V - ug = 0, we have

1 C2 1
Is = > (ph, V - (Thuo — ug)) < TihQHP}zHé + §|U0|§,Q~ (28)
Therefore, inserting the estimations of , , and into , gives
3, .1 1) C2 1
I > |52 @ + Vo) — 151 = o [l =SR2 bl — 5o

(29)
The stability estimate then follows by applying to and inserting
and (29) into (T9).

We will now choose the initial data as the reduced Ritz-projection @ and
show that this choice allows for less regular initial data. If ul) = Rpug, we use
@ with v, = 0, and estimate term I as follows

~ ) ~
(p}” V : Rhuo) = (VPhuO) Vp}ll)

Ig = <
14

R | =

0 (Vﬁh’uO, 87—7111,1)

v

(V Pyug, Vpj, + r1u')

1 1) 1~ 2 1.1 1 1h12 T 102
> 2 (14 5 ) 163 Pl = 105 (Vph + 0nau )l - 0nan

(30)

RR n° 9999



12 M.A. Ferndndez & E. Burman

and hence, becomes

3 1
I > 0% (01wt + Vop)l5 = 1113

T

]. 6 1 ~ T
~ ams bl = (14 5 ) 10EV Pl - Flonau'ly (31)

27
the stability estimate then follows by applying to and inserting
and (31)) into , after having applied the stability estimate for the Ritz
projection (8]

We conclude this subsection with a series of remarks.

e Lemma [£.3] shows that the PSPG small time-step pressure instability has
its origins in the initial velocity approximation, as for symmetric stabi-
lization methods [7].

e However, in opposition to the case of symmetric stabilization methods,
the specific Ritz-projection does not remove the pressure instability.
The reason for this is the coupling between the time-derivative and the

pressure gradient, appearing in , which leads to the factor §/7 in the
initial data contribution of .

e Lemma also shows that the initialization with the Ritz-projection al-
lows pressure stability with less regular initial data.

5 Convergence analysis

The next theorem provides an optimal a priori error estimate for the velocities.

Theorem 5.1 Let {(u},p?)}_, denote the solution of . Then, under the
stability conditions given in the introduction, we have

N
luh’ —w(t™)IF +7 ) [lui — u™)]}

N
7Y (0l10mnut — w(t™) + Wk — o) [, + k)
r—1
<O 7)Y luf, — w5,
7=0

where C depends on Sobolev norms of w and p in a fashion detailed below.

Proof. Decompose the error as u—uy, = u— Ry (u, p)+Rp(u,p)—up = n+0
and p — pp, = p — Pp(u,p) + Py(u,p) — pp, = ¢ — &,. Consider the discrete error
injected in the formulation , using Galerkin orthogonality in the first equality

INRIA



Stabilized FEM for the transient Stokes’ equations 13

and the properties of the Ritz projection in the second we have
(0-,x0) + VEn, wy) — (vAO", 6V )y + a(0™,vy,) + bgn, 0)
= (O R (u(t™), (") — Bpu(t™) + V (Pu(u(t"), p(t") — p(t")) w0n)
— (VAR (). p(t") — ult")), 6V ),
+a(Ba(u(t"), p(t")) = wlt"), vn) + b(gn, Ra(u(t), p(t") — u(t"))
= (O R (u("), p(t")) — Dr ta(t”) + Oy eult”) — Dyu(t"),wy).  (32)

It follows that the functions {6",£"}N_; satisfies the formulation (5)) with 8° =

n=1
Ry, (uo,p(0)) — uf) and source term

F"=0r w Ry (u(t™),p(t™)) — Orxu(t™) + Or wu(t™) — Opu(t™).

Applying now the stability estimate of Lemma to the perturbation equation
we may write

N N
O™ 1Z+7 > (61107,x8" +V ER | H16"115) S 7Y 1060 +0r cw(t") —Opul(t”) 3.

Nn=~xKr NnN=kxK

We conclude by applying the estimates for the Ritz projection and standard
truncation error estimates yielding

N
7Y N0rsn™ + 0 (™) — deu(t™)|

n=k

T T
§h2<k+1>y*1/ |5‘tu(t)|i+1dt+7"u’1/ O a(t)||2dt.
0 0

An optimal a priori error estimate for the pressure follows in a similar fash-
ion, by combining the above result with the pressure stability estimate provided
by Theorem applied to the perturbation equation . The result is stated
in the next corollary.

Corollary 5.2 Let {(ul,p})}N_, denote the solution of with u) = Ry,ug,
k=1and k=1 in {). Assume that h*> S v7. Then, there holds

N
Y ek =G < C (W7 +77).
n=1
where C depends on Sobolev norms of u and p.

6 Numerical example

The pressure instability has been thoroughly investigated in [4]. The velocity
instability indicated by the theory above however has not to our best knowledge

RR n° 9999



14 M.A. Ferndndez & E. Burman

been reported in the literature. This is probably because since it is triggered by
a coupling between the jump of the gradient and the time-derivative, in many
cases the method remains stable since the gradient jumps are so small for high
order elements that the term remains bounded by the viscous dissipation and
the dissipation of the time-discretization scheme.

100000
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1000

T

100

T
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T

1

T

0.1

T

0.01

T

0.001

T

0.0001

T

0.00001 PR | MR | ol MR | MR
1x107 1x1076 0.00001 0.0001 0.00

Figure 1: 1°°((0,2007); L?(2))-norm error of the velocities versus time step-size
-

Here we give an example of the instability when using the Crank-Nicolson
scheme in time and third order polynomial approximation for both velocities
and pressure. The package FreeFem++ was used [I0]. The computational
domain was the unit square, with ten elements on each side and a Delaunay
triangulation. The source term and boundary data were chosen so that

cos(t) sin(rz — 0.7) sin(my + 0.2)
cos(t) cos(mz — 0.7) sin(my + 0.2) |’
p = cos(t)(sin(x) cos(y) + (cos(1) — 1) sin(1)).

Uy =

Starting from the timestep 7 = 1072 we ran a sequence of simulations with
decreasing time step. For each timestep-size we took 200 steps, so that the final
time actually decreased for smaller steps. The error in the [°°((0,2007); L?(Q2))
norm against timestep-size is reported in Figure[I] Note that for step-sizes down
to 7 = 107 the method remains stable on this (shrinking) time interval. For
T < 1075 however a brutal loss of stability is observed. In the shown example
v = 0.075, however we tried values of v down to v = 5.0 x 1075 and the only
effect was to postpone the onset of instability. Needless to say for such a small
~ the pressure is unstable.
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