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●▼P▲❙ ▲❛❜❡❧ ❙♣❛❝❡ ▼✐♥✐♠✐③❛t✐♦♥

t❤r♦✉❣❤ ❍②♣❡r❣r❛♣❤ ▲❛②♦✉ts

❏❡❛♥✲❈❧❛✉❞❡ ❇❡r♠♦♥❞∗ ✱ ❉❛✈✐❞ ❈♦✉❞❡rt∗ ✱ ❏♦❛♥♥❛ ▼♦✉❧✐❡r❛❝∗ ✱ ❙té♣❤❛♥❡

Pér❡♥♥❡s∗ ✱ ■❣♥❛s✐ ❙❛✉† ∗ ✱ ❋❡r♥❛♥❞♦ ❙♦❧❛♥♦ ❉♦♥❛❞♦‡

❚❤è♠❡ ❈❖▼ ✖ ❙②stè♠❡s ❝♦♠♠✉♥✐❝❛♥ts
Pr♦❥❡t ▼❛s❝♦tt❡

❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ✼✵✼✶ ✖ ❖❝t♦❜r❡ ✷✵✵✾ ✖ ✸✺ ♣❛❣❡s

❆❜str❛❝t✿ ❆❧❧✲❖♣t✐❝❛❧ ▲❛❜❡❧ ❙✇✐t❝❤✐♥❣ ✭❆❖▲❙✮ ✐s ❛ ♥❡✇ t❡❝❤♥♦❧♦❣② t❤❛t ♣❡r❢♦r♠s ♣❛❝❦❡t
❢♦r✇❛r❞✐♥❣ ✇✐t❤♦✉t ❛♥② ♦♣t✐❝❛❧✲❡❧❡❝tr✐❝❛❧✲♦♣t✐❝❛❧ ❝♦♥✈❡rs✐♦♥s✳ ■♥ t❤✐s r❡♣♦rt✱ ✇❡ st✉❞② t❤❡
♣r♦❜❧❡♠ ♦❢ r♦✉t✐♥❣ ❛ s❡t ♦❢ r❡q✉❡sts ✐♥ ❆❖▲❙ ♥❡t✇♦r❦s ✉s✐♥❣ ●▼P▲❙ t❡❝❤♥♦❧♦❣②✱ ✇✐t❤
t❤❡ ❛✐♠ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s r❡q✉✐r❡❞ t♦ ❡♥s✉r❡ t❤❡ ❢♦r✇❛r❞✐♥❣✳ ❲❡ ✜rst
❢♦r♠❛❧✐③❡ t❤❡ ♣r♦❜❧❡♠ ❜② ❛ss♦❝✐❛t✐♥❣ t♦ ❡❛❝❤ r♦✉t✐♥❣ str❛t❡❣② ❛ ❧♦❣✐❝❛❧ ❤②♣❡r❣r❛♣❤✱ ❝❛❧❧❡❞
❛ ❤②♣❡r❣r❛♣❤ ❧❛②♦✉t✱ ✇❤♦s❡ ❤②♣❡r❛r❝s ❛r❡ ❞✐♣❛t❤s ♦❢ t❤❡ ♣❤②s✐❝❛❧ ❣r❛♣❤✱ ❝❛❧❧❡❞ t✉♥♥❡❧s ✐♥
●▼P▲❙ t❡r♠✐♥♦❧♦❣②✳ ❲❡ ❞❡✜♥❡ ❛ ❝♦st ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❤②♣❡r❣r❛♣❤ ❧❛②♦✉t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✐ts
t♦t❛❧ ❧❡♥❣t❤ ♣❧✉s ✐ts t♦t❛❧ ❤♦♣ ❝♦✉♥t✳ ▼✐♥✐♠✐③✐♥❣ t❤❡ ❝♦st ♦❢ t❤❡ ❞❡s✐❣♥ ♦❢ ❛♥ ❆❖▲❙ ♥❡t✇♦r❦
❝❛♥ t❤❡♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ✜♥❞✐♥❣ ❛ ♠✐♥✐♠✉♠ ❝♦st ❤②♣❡r❣r❛♣❤ ❧❛②♦✉t✳ ❲❡ ♣r♦✈❡ ❤❛r❞♥❡ss
r❡s✉❧ts ❢♦r t❤❡ ♣r♦❜❧❡♠✱ ♥❛♠❡❧② ❢♦r ❣❡♥❡r❛❧ ❞✐r❡❝t❡❞ ♥❡t✇♦r❦s ✇❡ ♣r♦✈❡ t❤❛t ✐t ✐s ◆P✲❤❛r❞ t♦
✜♥❞ ❛ C log n✲❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❛♥❞ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s
♦❢ t❤❡ ♥❡t✇♦r❦✳ ❋♦r s②♠♠❡tr✐❝ ❞✐r❡❝t❡❞ ♥❡t✇♦r❦s✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s ❆P❳✲❤❛r❞✳
❚❤❡s❡ ❤❛r❞♥❡ss r❡s✉❧ts ❤♦❧❞ ❡✈❡♥ ✐❢ t❤❡ tr❛✣❝ ✐♥st❛♥❝❡ ✐s ❛ ♣❛rt✐❛❧ ❜r♦❛❞❝❛st✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ✇❡ ♣r♦✈✐❞❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s✱ ✐♥ ♣❛rt✐❝✉❧❛r ❛♥ O(log n)✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r
s②♠♠❡tr✐❝ ❞✐r❡❝t❡❞ ♥❡t✇♦r❦s✳ ❋✐♥❛❧❧②✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣❤②s✐❝❛❧ ♥❡t✇♦r❦ ✐s
❛ ❞✐r❡❝t❡❞ ♣❛t❤✱ ♣r♦✈✐❞✐♥❣ ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r ❛ ✜①❡❞
♥✉♠❜❡r k ♦❢ s♦✉r❝❡s r✉♥♥✐♥❣ ✐♥ O(nk+2) t✐♠❡✳

❑❡②✲✇♦r❞s✿ ●▼P▲❙✱ ♦♣t✐❝❛❧ ♥❡t✇♦r❦s✱ ❧❛❜❡❧ st❛❝❦✐♥❣✱ ❤②♣❡r❣r❛♣❤ ❧❛②♦✉t✱ ❛♣♣r♦①✐♠❛t✐♦♥
❛❧❣♦r✐t❤♠s✱ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳

▼❛✐❧✿ ✜rst♥❛♠❡✳♥❛♠❡❅s♦♣❤✐❛✳✐♥r✐❛✳❢r ♦r ❢s❅t❡❧❡✳♣✇✳❡❞✉✳♣❧

❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ♣❛rt❧② ❢✉♥❞❡❞ ❜② t❤❡ ❊✉r♦♣❡❛♥ ♣r♦❥❡❝t ❋❊❚ ❆❊❖▲❯❙✱ t❤❡ ❆◆❘ ❏❈❏❈ ❉■▼❆✲
●❘❊❊◆ ❛♥❞ t❤❡ ♣r♦❥❡❝t ✏❖♣t✐♠✐③❛t✐♦♥ ▼♦❞❡❧s ❢♦r ◆●■ ❈♦r❡ ◆❡t✇♦r❦✑✳

∗ ▼❆❙❈❖❚❚❊✱ ■◆❘■❆✱ ■✸❙✱ ❈◆❘❙✱ ❯♥✐✈❡rs✐t② ◆✐❝❡ ❙♦♣❤✐❛✲❆♥t✐♣♦❧✐s✱ ❋r❛♥❝❡
† ●r❛♣❤ ❚❤❡♦r② ❛♥❞ ❈♦♠❜✐♥❛t♦r✐❝s ●r♦✉♣ ❛t ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ■❱ ❉❡♣t✳ ♦❢ ❯P❈✱ ❇❛r❝❡❧♦♥❛✱ ❙♣❛✐♥
‡ ■♥st✐t✉t❡ ♦❢ ❚❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ❲❛rs❛✇ ❯♥✐✈❡rs✐t② ♦❢ ❚❡❝❤♥♦❧♦❣②✱ P♦❧❛♥❞



❙tr❛té❣✐❡s ❞❡ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ●▼P▲❙ ❜❛sé❡s

s✉r ❧❡s r❡♣rés❡♥t❛t✐♦♥s ♣❛r ❤②♣❡r❣r❛♣❤❡s

❘és✉♠é ✿ ▲❛ ❝♦♠♠✉t❛t✐♦♥ t♦✉t✲♦♣t✐q✉❡ ❞❡ ❧❛❜❡❧s ✭❆❧❧✲❖♣t✐❝❛❧ ▲❛❜❡❧ ❙✇✐t❝❤✐♥❣✱ ❆❖▲❙✮
❡st ✉♥❡ ♥♦✉✈❡❧❧❡ t❡❝❤♥♦❧♦❣✐❡ ♣❡r♠❡tt❛♥t ❧❡ tr❛✐t❡♠❡♥t ❞❡s ♣❛q✉❡ts s❛♥s ❝♦♥✈❡rs✐♦♥ ♦♣t✐q✉❡✲
é❧❡❝tr♦♥✐q✉❡✲♦♣t✐q✉❡✳ ❉❛♥s ❝❡ r❛♣♣♦rt ♥♦✉s ét✉❞✐♦♥s ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❡r ✉♥ ❡♥s❡♠❜❧❡ ❞❡
r❡q✉êt❡s ❞❛♥s ✉♥ rés❡❛✉ ❆❖▲❙ ❛✈❡❝ ❧✬♦❜❥❡❝t✐❢ ❞❡ ♠✐♥✐♠✐s❡r ❧❡ ♥♦♠❜r❡ ❞✬ét❛ts ❞❡ r♦✉t❛❣❡
❞❛♥s ❧❡s r♦✉t❡✉rs t♦✉t ❡♥ ✉t✐❧✐s❛♥t ❧❛ t❡❝❤♥♦❧♦❣✐❡ ●▼P▲❙✳ ◆♦✉s ✉t✐❧✐s♦♥s ❧❛ t❡❝❤♥✐q✉❡
❞❡ ❧✬❡♠♣✐❧❡♠❡♥t ❞❡ ❧❛❜❡❧s ♣❡r♠❡tt❛♥t ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ t✉♥♥❡❧s ●▼P▲❙✳ ❚♦✉t ❞✬❛❜♦r❞✱
♥♦✉s ♠♦❞é❧✐s♦♥s ♥♦tr❡ ♣r♦❜❧è♠❡ ❡♥ ❛ss♦❝✐❛♥t à ❝❤❛q✉❡ str❛té❣✐❡ ❞❡ r♦✉t❛❣❡ ✉♥ ❤②♣❡r❣r❛♣❤❡
❞❛♥s ❧❡q✉❡❧ ❧❡s ❤②♣❡r❛r❝s r❡♣rés❡♥t❡♥t ❧❡s t✉♥♥❡❧s ●▼P▲❙✳ ▲❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦ût ❛ss♦❝✐é❡
à ❧✬❤②♣❡r❣r❛♣❤❡ ❞é♣❡♥❞ ❞❡ ❧❛ s♦♠♠❡ ❞❡s ❧♦♥❣✉❡✉rs ❞❡s ❤②♣❡r❛r❝s ❡t ❞✉ ♥♦♠❜r❡ t♦t❛❧ ❞❡
s❛✉ts✳ ◆♦✉s ♣r♦✉✈♦♥s ❞❡s rés✉❧t❛ts ❞❡ ❝♦♠♣❧❡①✐té ♣♦✉r ♥♦tr❡ ♣r♦❜❧è♠❡❀ ♥♦t❛♠♠❡♥t ♣♦✉r ❧❡s
❣r❛♣❤❡s ♦r✐❡♥tés✱ ♥♦✉s ♣r♦✉✈♦♥s q✉✬✐❧ ❡st ◆P✲❉✐✣❝✐❧❡ ❞❡ tr♦✉✈❡r ✉♥❡ C log n✲ ❛♣♣r♦①✐♠❛t✐♦♥✱
♦ù C ❡st ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ❡t n ❧❡ ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts ❞✉ ❣r❛♣❤❡✳ P♦✉r ❧❡s ❣r❛♣❤❡s
♦r✐❡♥tés s②♠étr✐q✉❡s✱ ♥♦✉s ♣r♦✉✈♦♥s q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❡st ❆P❳✲❉✐✣❝✐❧❡✳ ❈❡s rés✉❧t❛ts ❞❡
❞✐✣❝✉❧té s♦♥t ❛✉ss✐ ✈❛❧❛❜❧❡s ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❜r♦❛❞❝❛st ♣❛rt✐❡❧✳ ◆♦✉s ❞♦♥♥♦♥s ❞❡ ♣❧✉s ❞❡s
❛❧❣♦r✐t❤♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥✱ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ✉♥❡ O(log n)✲❛♣♣r♦①✐♠❛t✐♦♥ ♣♦✉r ❧❡s ❣r❛♣❤❡s
♦r✐❡♥tés s②♠étr✐q✉❡s✳ ❋✐♥❛❧❡♠❡♥t✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✉ ❝❤❡♠✐♥ ♦r✐❡♥té
❡t ♣rés❡♥t♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦♠✐❛❧ ❡♥ O(nk+2) ✉t✐❧✐s❛♥t ❧❛ ♣r♦❣r❛♠♠❛t✐♦♥ ❞②♥❛♠✐q✉❡
♣♦✉r ✉♥ ♥♦♠❜r❡ ✜①é k ❞❡ s♦✉r❝❡s✳

▼♦ts✲❝❧és ✿ ●▼P▲❙✱ rés❡❛✉① ♦♣t✐q✉❡s✱ ❡♠♣✐❧❡♠❡♥t ❞❡ ❧❛❜❡❧s✱ ❤②♣❡r❣r❛♣❤❡s✱ ❛❧❣♦r✐t❤♠❡s
❞✬❛♣♣r♦①✐♠❛t✐♦♥✱ ♣r♦❣r❛♠♠❛t✐♦♥ ❞②♥❛♠✐q✉❡✳



●▼P▲❙ ▲❛❜❡❧ ❙♣❛❝❡ ▼✐♥✐♠✐③❛t✐♦♥ ✸

✶ ■♥tr♦❞✉❝t✐♦♥

❆❧❧✲❖♣t✐❝❛❧ ▲❛❜❡❧ ❙✇✐t❝❤✐♥❣ ✭❆❖▲❙✮ ❬✶✺❪ ✐s ❛♥ ❛♣♣r♦❛❝❤ t♦ r♦✉t❡ ♣❛❝❦❡ts tr❛♥s♣❛r❡♥t❧② ❛♥❞
❛❧❧✲♦♣t✐❝❛❧❧②✱ t❤✉s ❛❧❧♦✇✐♥❣ ❛ s♣❡❡❞✲✉♣ ♦❢ t❤❡ ❢♦r✇❛r❞✐♥❣✳ ❚❤✐s ✈❡r② ♣r♦♠✐s✐♥❣ t❡❝❤♥♦❧♦❣②
❢♦r t❤❡ ❢✉t✉r❡ ■♥t❡r♥❡t ❛♣♣❧✐❝❛t✐♦♥s ❛❧s♦ ❜r✐♥❣s ♥❡✇ ❝♦♥str❛✐♥ts ❛♥❞ ♥❡✇ ♣r♦❜❧❡♠s✳ ■♥❞❡❡❞✱
s✐♥❝❡ t❤❡ ❢♦r✇❛r❞✐♥❣ ❢✉♥❝t✐♦♥s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ❞✐r❡❝t❧② ❛t t❤❡ ♦♣t✐❝❛❧ ❞♦♠❛✐♥✱ ❛ s♣❡❝✐✜❝
❝♦rr❡❧❛t♦r ✭❞❡✈✐❝❡✮ ✐s ♥❡❡❞❡❞ ❢♦r ❡❛❝❤ ♦♣t✐❝❛❧ ❧❛❜❡❧ ♣r♦❝❡ss❡❞ ✐♥ t❤❡ ♥♦❞❡✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s
♦❢ ♠❛❥♦r ✐♠♣♦rt❛♥❝❡ t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❡♠♣❧♦②❡❞ ❝♦rr❡❧❛t♦rs ✐♥ ❡✈❡r② ♥♦❞❡✱ ✐♠♣❧②✐♥❣
❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s ✭❛s r❡❢❡rr❡❞ ✐♥ t❤❡ r❡st ♦❢ t❤❡ r❡♣♦rt✮✳ ❉✉❡ t♦ ✐ts
✢❡①✐❜✐❧✐t② ❛s ❛ ❝♦♥tr♦❧ ♣❧❛♥❡ ❛♥❞ t♦ t❤❡ ❢❛❝t t❤❛t ✐t ❤❛♥❞❧❡s tr❛✣❝ ❢♦r✇❛r❞✐♥❣✱ t❤❡ ●❡♥❡r✐❝
▼✉❧t✐Pr♦t♦❝♦❧ ▲❛❜❡❧ ❙✇✐t❝❤✐♥❣ ✭●▼P▲❙✮ ✐s t❤❡ ♠♦st ♣r♦♠✐s✐♥❣ ♣r♦t♦❝♦❧ t♦ ❜❡ ❛♣♣❧✐❡❞ ✐♥
❆❖▲❙✲❞r✐✈❡♥ ♥❡t✇♦r❦s✳

■♥ ●▼P▲❙✱ tr❛✣❝ ✐s ❢♦r✇❛r❞❡❞ t❤r♦✉❣❤ ❧♦❣✐❝❛❧ ❝♦♥♥❡❝t✐♦♥s ❝❛❧❧❡❞ ▲❛❜❡❧ ❙✇✐t❝❤❡❞ P❛t❤s
✭▲❙Ps✮✳ ❲❤❡♥ ●▼P▲❙ ✐s ✉s❡❞ ✇✐t❤ ♣❛❝❦❡t✲❜❛s❡❞ ♥❡t✇♦r❦✱ ♣❛❝❦❡ts ❛r❡ ❛ss♦❝✐❛t❡❞ t♦ ▲❙Ps
❜② ♠❡❛♥s ♦❢ ❛ ❧❛❜❡❧✱ ♦r t❛❣✱ ♣❧❛❝❡❞ ♦♥ t♦♣ ♦❢ t❤❡ ❤❡❛❞❡r ♦❢ t❤❡ ♣❛❝❦❡t✳ ■♥ t❤✐s ✇❛②✱ r♦✉t❡rs
✲ ❝❛❧❧❡❞ ▲❛❜❡❧ ❙✇✐t❝❤❡❞ ❘♦✉t❡rs ✭▲❙❘s✮ ✲ ❝❛♥ ❞✐st✐♥❣✉✐s❤ ❛♥❞ ❢♦r✇❛r❞ ♣❛❝❦❡ts✳

❚❤❡ ●▼P▲❙ st❛♥❞❛r❞s ❛❧❧♦✇ ♣❛❝❦❡ts t♦ ❝❛rr② ❛ s❡t ♦❢ ❧❛❜❡❧s ✐♥ t❤❡✐r ❤❡❛❞❡r✱ ❝♦♥❢♦r♠✐♥❣
❛ st❛❝❦ ♦❢ ❧❛❜❡❧s✳ ❊✈❡♥ t❤♦✉❣❤ ❛ ♣❛❝❦❡t ♠❛② ❝♦♥t❛✐♥ ♠♦r❡ t❤❛♥ ♦♥❡ ❧❛❜❡❧✱ ▲❙❘s ♠✉st ♦♥❧②
r❡❛❞ t❤❡ ✜rst ✭♦r t♦♣✮ ❧❛❜❡❧ ✐♥ t❤❡ st❛❝❦ ✐♥ ♦r❞❡r t♦ t❛❦❡ ❢♦r✇❛r❞✐♥❣ ❞❡❝✐s✐♦♥s✳ ❚❤✐s ❤❡❧♣s
t♦ r❡❞✉❝❡ ❜♦t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s t❤❛t ♥❡❡❞ t♦ ❜❡ ♠❛✐♥t❛✐♥❡❞ ♦♥ t❤❡ ❝♦r❡ ▲❙❘s ❛♥❞ t❤❡
❝♦♠♣❧❡①✐t② ♦❢ ♠❛♥❛❣✐♥❣ ❞❛t❛ ❢♦r✇❛r❞✐♥❣ ❛❝r♦ss t❤❡ ❜❛❝❦❜♦♥❡✳

❙t❛❝❦✐♥❣ ❧❛❜❡❧s ❛♥❞ ❧❛❜❡❧ ♣r♦❝❡ss✐♥❣✱ ✐♥ ❣❡♥❡r❛❧✱ ❛r❡ st❛♥❞❛r❞✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢
♦♣❡r❛t✐♦♥s t❤❛t ❛♥ ▲❙❘ ❝❛♥ ♣❡r❢♦r♠ ♦✈❡r ❛ ❣✐✈❡♥ st❛❝❦ ♦❢ ❧❛❜❡❧s✿

❙❲❆P✿ r❡♣❧❛❝❡ t❤❡ ❧❛❜❡❧ ❛t t❤❡ t♦♣ ❜② ❛ ♥❡✇ ♦♥❡✱

P❯❙❍✿ r❡♣❧❛❝❡ t❤❡ ❧❛❜❡❧ ❛t t❤❡ t♦♣ ❜② ❛ ♥❡✇ ♦♥❡ ❛♥❞ t❤❡♥ ♣✉s❤ ♦♥❡ ♦r ♠♦r❡ ♦♥t♦ t❤❡
st❛❝❦✱ ❛♥❞

P❖P✿ r❡♠♦✈❡ t❤❡ ❧❛❜❡❧ ❛t t♦♣ ✐♥ t❤❡ ❧❛❜❡❧ st❛❝❦✳

❚❤❡ ❧❛❜❡❧s st♦r❡❞ ✐♥ t❤❡ ❢♦r✇❛r❞✐♥❣ t❛❜❧❡ ❛r❡ s✐❣♥✐✜❝❛♥t ♦♥❧② ❧♦❝❛❧❧② ❛t t❤❡ ♥♦❞❡ ❛♥❞
s✇❛♣♣❡❞ ❛❧❧ ❛❧♦♥❣ t❤❡ ▲❙P ✭s❡❡ ❋✐❣✉r❡ ✶✮✳ ❙♦❧✉t✐♦♥s ❞❡♣❧♦②❡❞ ❜② ●▼P▲❙ ❢♦r r❡❞✉❝✐♥❣ t❤❡
♥✉♠❜❡r ♦❢ ❧❛❜❡❧s ❛r❡ ❧❛❜❡❧ ♠❡r❣✐♥❣ ❬✻✱ ✶✼✱ ✶✾❪ ✭♥♦t ❞✐s❝✉ss❡❞ ❤❡r❡✮ ❛♥❞ ❧❛❜❡❧ st❛❝❦✐♥❣ ❬✶✽✱ ✷✶❪✳
❲✐t❤ ❧❛❜❡❧ st❛❝❦✐♥❣✱ ✇❤❡♥ t✇♦ ♦r ♠♦r❡ ▲❙Ps ❢♦❧❧♦✇ t❤❡ s❛♠❡ s❡t ♦❢ ❧✐♥❦s✱ t❤❡② ❝❛♥ ❜❡ r♦✉t❡❞
t♦❣❡t❤❡r ✏✐♥s✐❞❡✑ ❛ ❤✐❣❤❡r✲❧❡✈❡❧ ▲❙P✱ ❤❡♥❝❡❢♦rt❤ ❛ t✉♥♥❡❧✳ ■♥ ♦r❞❡r t♦ s❡t✉♣ ❛ t✉♥♥❡❧✱ ♠✉❧t✐♣❧❡
❧❛❜❡❧s ❛r❡ ♣❧❛❝❡❞ ✐♥ t❤❡ ♣❛❝❦❡t✬s ❤❡❛❞❡r✳

❋✐❣✉r❡ ✶ r❡♣r❡s❡♥ts t❤❡ ❣❡♥❡r❛❧ ♦♣❡r❛t✐♦♥s ♥❡❡❞❡❞ t♦ ❝♦♥✜❣✉r❡ ❛ t✉♥♥❡❧ ✇✐t❤ t❤❡ ✉s❡ ♦❢
❧❛❜❡❧ st❛❝❦✐♥❣✳ ❆t t❤❡ ❡♥tr❛♥❝❡ ♦❢ t❤❡ t✉♥♥❡❧✱ λ P❯❙❍ ❛r❡ ♣❡r❢♦r♠❡❞ ✐♥ ♦r❞❡r t♦ r♦✉t❡ t❤❡
λ ✢♦✇s ♦r ✉♥✐ts ♦❢ tr❛✣❝ t❤r♦✉❣❤ t❤❡ t✉♥♥❡❧✳ ❚❤❡♥✱ ♦♥❧② ♦♥❡ ♦♣❡r❛t✐♦♥ ✭❡✐t❤❡r ❛ ❙❲❆P ♦r
❛ P❖P ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ t✉♥♥❡❧✮ ✐s ♣❡r❢♦r♠❡❞ ✐♥ ❛❧❧ t❤❡ ♥♦❞❡s ❛❧♦♥❣ t❤❡ t✉♥♥❡❧✱ r❡❣❛r❞❧❡ss
♦❢ λ✳ ■♥ t❤✐s ✜❣✉r❡✱ ❛ st❛❝❦ ♦❢ s✐③❡ ✷ ✐s ✉s❡❞ t♦ r♦✉t❡ t❤❡ λ ✉♥✐ts ♦❢ tr❛✣❝ ✐♥ ♦♥❡ t✉♥♥❡❧ ❢r♦♠
♥♦❞❡ A t♦ ♥♦❞❡ E✳ ❚❤❡ t♦♣ ❧❛❜❡❧ l ✐s s✇❛♣♣❡❞ ❛♥❞ r❡♣❧❛❝❡❞ ❛t ❡❛❝❤ ❤♦♣✿ ❜② l1 ❛t ♥♦❞❡ B✱
❜② l2 ❛t ♥♦❞❡ C✱ ❛♥❞ ✐s ✜♥❛❧❧② ♣♦♣♣❡❞ ❛t ♥♦❞❡ D✳ ❚❤❡ λ ✉♥✐ts ♦❢ tr❛✣❝✱ ❛t t❤❡ ❡①✐t ♦❢ t❤❡

❘❘ ♥➦ ✼✵✼✶



✹ ❇❡r♠♦♥❞ ✫ ❛❧

k1:PUSH l,out:AB

k :PUSH l,out:AB

k :PUSH l,out:A 
k :PUSH l,out:AB

k2:PUSH l,out:AB

  PUSH
     ...

     ...

λ

κ

ι

λ

l:l SWAP l1,out:BC

l2: POP,out:DE

l1:l1 SWAP l2,out:CD

units of trafficλ EDCBA

Data Payloadl k
i

Data Payloadk
i

Data Payload

Data Payload

Data Payload

Data Payload

Data Payload

k
λ

k
κ

k
ι

k
2

k
1

❋✐❣✉r❡ ✶✿ ●▼P▲❙ ♦♣❡r❛t✐♦♥s ♣❡r❢♦r♠❡❞ ❛t t❤❡ ❡♥tr❛♥❝❡ ❛♥❞ ❛t t❤❡ ❡①✐t ♦❢ ❛ t✉♥♥❡❧✳

t✉♥♥❡❧ ❛t ♥♦❞❡ E ❝❛♥ ❡♥❞ ♦r ❢♦❧❧♦✇ ❞✐✛❡r❡♥t ♣❛t❤s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❜♦tt♦♠ ❧❛❜❡❧ ki✱ ❢♦r
❛❧❧ i ∈ {1, 2, ..., λ} ✐♥ t❤❡ st❛❝❦✳

❆ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✇❛② ✐♥ ✇❤✐❝❤ t❤❡ ●▼P▲❙ ♦♣❡r❛t✐♦♥s ❝❛♥ ❜❡ ❝♦♥✜❣✉r❡❞ ❛t ▲❙❘s ✐s
t❤❡ ❢♦❧❧♦✇✐♥❣✿ tr❛✣❝ ❝❛♥ ❡♥t❡r ✐♥ ❛♥② ♥♦❞❡ ♦❢ ❛ t✉♥♥❡❧ ❜✉t ❝❛♥ ❡①✐t ✐♥ ♦♥❧② ♦♥❡ ♣♦✐♥t✱ t❤❡
❧❛st ♥♦❞❡ ♦❢ t❤❡ t✉♥♥❡❧✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❤❡♥ s♦♠❡ tr❛✣❝ ✐s ❝❛rr✐❡❞ ❜② ❛ t✉♥♥❡❧✱ ✐t ❢♦❧❧♦✇s
t❤❡ t✉♥♥❡❧ ✉♥t✐❧ ✐ts ❡♥❞✳

❙✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s ✉s❡❞ ❢♦r ●▼P▲❙ ❢♦r✇❛r❞✐♥❣ ❛✛❡❝ts t❤❡ ❝♦st ♦❢ t❤❡ ❆❖▲❙
❛r❝❤✐t❡❝t✉r❡✱ ✐♥ t❤✐s r❡♣♦rt ✇❡ ♠❛✐♥❧② ❢♦❝✉s ♦♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s
✉s❡❞✳ ■♥ ♦✉r ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱ t❤❡ t♦t❛❧ ❝♦st c(t) ♦❢ t❤❡ t✉♥♥❡❧ t ❢r♦♠ ♥♦❞❡ A t♦ ♥♦❞❡ E
✐♥ t❡r♠s ♦❢ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s ✐s c(t) = λ + ℓ(t) − 1, ✇❤❡r❡ λ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✉♥✐ts ♦❢ tr❛✣❝
❢♦r✇❛r❞❡❞ t❤r♦✉❣❤ t❤✐s t✉♥♥❡❧ ❛♥❞ ℓ(t) ✐s ✐ts ❧❡♥❣t❤ ✐♥ t❡r♠s ♦❢ ♥✉♠❜❡r ♦❢ ❤♦♣s ✭✇❤✐❝❤ ✐s 4
♦♥ t❤✐s ❡①❛♠♣❧❡✮✳ ❲❡ ✇✐❧❧ ❢♦r♠❛❧❧② ❞❡✜♥❡ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥ ❙❡❝t✐♦♥ ✷✳

Pr❡✈✐♦✉s ✇♦r❦ ❛♥❞ ♦✉r ❝♦♥tr✐❜✉t✐♦♥ ❚❤❡ ❧❛❜❡❧ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ●▼P▲❙
♥❡t✇♦r❦s ❤❛s ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❞✉r✐♥❣ t❤❡ ❧❛st ❢❡✇ ②❡❛rs ❬✻✱ ✶✼✱ ✶✽✱ ✶✾✱
✷✵✱ ✷✶❪✳ ❆❧❧ t❤❡s❡ ❛rt✐❝❧❡s ❢♦❝✉s ♠❛✐♥❧② ♦♥ ♣r♦♣♦s✐♥❣ ❛♥❞ ❛♥❛❧②③✐♥❣ ❤❡✉r✐st✐❝s t♦ t❤❡ ♣r♦❜❧❡♠✱
❜✉t t❤❡r❡ ✐s ❛ ❧❛❝❦ ♦❢ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts✱ ❧✐❦❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦r ❜♦✉♥❞s ♦♥ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s✳

●✉♣t❛✱ ❑✉♠❛r✱ ❛♥❞ ❘❛st♦❣✐ st✉❞② t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡ st❛❝❦ ❞❡♣t❤ ❛♥❞ t❤❡ ❧❛❜❡❧
s✐③❡ ✐♥ t❛❣ s✇✐t❝❤✐♥❣ ♣r♦t♦❝♦❧s ✭s❡❡ ❬✶✶✱ ✶✷✱ ✶✸❪✮✳ ❚❤❡② ❝❛❧❝✉❧❛t❡ ❧♦✇❡r ❜♦✉♥❞s ❢♦r ❞✐✛❡r❡♥t
♣r♦❜❧❡♠ ✐♥st❛♥❝❡s✳ ❆♠♦♥❣st t❤❡s❡ ♣r♦❜❧❡♠s✱ t❤❡② ♣r♦♣♦s❡ s♦❧✉t✐♦♥s ✉s✐♥❣ ❛t ♠♦st 2 · n1/2

❧❛❜❡❧s ✇❤❡♥ t❤❡ ♥❡t✇♦r❦ ✐s ❛ ♣❛t❤ ❛♥❞ 2∆ · n1/2 ✇❤❡♥ ✐t ✐s ❛ tr❡❡✱ ✇❤❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢
♥♦❞❡s ❛♥❞ ∆ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ t❤❡ t♦♣♦❧♦❣②✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦♣♦s❡❞ s♦❧✉t✐♦♥s ❧❛② ♦♥
t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ♥♦♥✲♣r❛❝t✐❝❛❧ ❧❛❜❡❧ ❞✐str✐❜✉t✐♦♥ ♣r♦t♦❝♦❧s ❢♦r ▼P▲❙✳

■♥ t❤✐s ❛rt✐❝❧❡ ✇❡ ♣r♦✈✐❞❡ t❤❡ ✜rst t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ❧❛❜❡❧ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜✲
❧❡♠ ✐♥ ❣❡♥❡r❛❧ ●▼P▲❙ ♥❡t✇♦r❦s ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ❜② r❡❛❧ ❞✐str✐❜✉t✐♦♥

■◆❘■❆



●▼P▲❙ ▲❛❜❡❧ ❙♣❛❝❡ ▼✐♥✐♠✐③❛t✐♦♥ ✺

♣r♦t♦❝♦❧✱ ❡✳❣✳✱ ❘❙❱P✲❚❊✳ ❲❡ tr❛♥s❧❛t❡ t❤❡ ♣r♦❜❧❡♠ ✐♥t♦ ✜♥❞✐♥❣ ❛ s❡t ♦❢ ❞✐♣❛t❤s ✐♥ ❛ ❞✐r❡❝t❡❞
❤②♣❡r❣r❛♣❤✳ ❲✐t❤ t❤✐s ♥❡✇ ❢♦r♠✉❧❛t✐♦♥✱ ✐t t✉r♥s ♦✉t t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s ✈❡r② s✐♠✐❧❛r t♦
❝❧❛ss✐❝❛❧ ❱✐rt✉❛❧ P❛t❤ ▲❛②♦✉t ✭❱P▲✮ ♣r♦❜❧❡♠s ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ ❆❚▼ ♥❡t✇♦r❦s✳ ❲❡ ♣r♦✈✐❞❡
❤❛r❞♥❡ss r❡s✉❧ts ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ♣r♦❜❧❡♠ ✐♥ ♣❛t❤s✱ tr❡❡s✱ ❛♥❞ ❣❡♥❡r❛❧
❣r❛♣❤s✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s str♦♥❣❧② r❡❧② ♦♥ t❤❡ ❛❧r❡❛❞② ❦♥♦✇♥ ❛❧❣♦r✐t❤♠s ❢♦r
❱P▲ ♣r♦❜❧❡♠s✳ ❋✐♥❛❧❧②✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♣❛t❤ t♦♣♦❧♦❣②✱ ♣r♦✈✐❞✐♥❣ ❛ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣
❛♣♣r♦❛❝❤ t❤❛t r✉♥s ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❢♦r ❛♥② ❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢ s♦✉r❝❡s✳

❖r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡ r❡♣♦rt ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ❢♦r♠❛❧❧② st❛t❡ t❤❡ ♣r♦❜❧❡♠ ✐♥ t❡r♠s ♦❢
❤②♣❡r❣r❛♣❤ ❧❛②♦✉ts ❛♥❞ ✜① t❤❡ ♥♦t❛t✐♦♥ t♦ ❜❡ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ ❛rt✐❝❧❡✳ ■♥ ❙❡❝t✐♦♥ ✸
✇❡ ♣r♦✈❡ t❤❛t ❢♦r ❣❡♥❡r❛❧ ❞✐r❡❝t❡❞ ♥❡t✇♦r❦s ✐t ✐s ◆P✲❤❛r❞ t♦ ✜♥❞ ❛ C log n✲❛♣♣r♦①✐♠❛t✐♦♥✱
✇❤❡r❡ C ✐s ❛ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❛♥❞ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ t❤❡ ♥❡t✇♦r❦✳ ❋♦r s②♠♠❡tr✐❝
❞✐r❡❝t❡❞ ♥❡t✇♦r❦s✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s ❆P❳✲❤❛r❞✶✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐t ❞♦❡s ♥♦t ❛❝❝❡♣t
❛ P❚❆❙ ✉♥❧❡ss P=◆P✳ ■♥ ❙❡❝t✐♦♥ ✹ ✇❡ ♣r♦✈✐❞❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s t♦ t❤❡ ♣r♦❜❧❡♠
❢♦r ❜♦t❤ ❣❡♥❡r❛❧ ❛♥❞ s②♠♠❡tr✐❝ ♥❡t✇♦r❦s✱ ❛♥❞ ❞✐s❝✉ss t❤❡ ❣❛♣ ✇✐t❤ t❤❡ ❤❛r❞♥❡ss r❡s✉❧ts✳
■♥ ❙❡❝t✐♦♥ ✺ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❞✐r❡❝t❡❞ ♣❛t❤ t♦♣♦❧♦❣② ❛♥❞ ♣r❡s❡♥t ❛ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣
❛♣♣r♦❛❝❤ s♦❧✈✐♥❣ t❤❡ ♣r♦❜❧❡♠ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ s♦✉r❝❡s ✐s ✜①❡❞✳
❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✻ ✐s ❞❡✈♦t❡❞ t♦ ❝♦♥❝❧✉s✐♦♥s ❛♥❞ ❢✉rt❤❡r r❡s❡❛r❝❤✳

❙♦♠❡ ♣❛rts ♦❢ t❤✐s r❡♣♦rt ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ✐♥ ❝♦♥❢❡r❡♥❝❡s ❬✷✱ ✸❪✳

✶P❚❆❙ ❞❡♥♦t❡s t❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ❛❞♠✐tt✐♥❣ ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ t❤❛t ✐s ❣✉❛r✲
❛♥t❡❡❞ t♦ ✜♥❞ ❛ s♦❧✉t✐♦♥ ✇❤♦s❡ ❝♦st ✐s ✇✐t❤✐♥ ❛ 1 + ε ❢❛❝t♦r ♦❢ t❤❡ ♦♣t✐♠✉♠ ❝♦st✱ ❢♦r ❛♥② ε > 0✳ ❲❤❡♥
t❤❡ s♦❧✉t✐♦♥ ✐s ♦♥❧② ❣✉❛r❛♥t❡❡❞ ✇✐t❤✐♥ ❛ ❝♦♥st❛♥t ❢❛❝t♦r ♦❢ t❤❡ ♦♣t✐♠✉♠ ❝♦st✱ t❤❡♥ t❤❡ ♣r♦❜❧❡♠ ❜❡❧♦♥❣s t♦
❆P❳✳ ❆♥ ❆P❳✲❤❛r❞ ♣r♦❜❧❡♠ ❞♦❡s ♥♦t ❛❝❝❡♣t ❛ P❚❆❙✱ ✉♥❧❡ss P=◆P ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✷✸❪✮✳

❘❘ ♥➦ ✼✵✼✶



✻ ❇❡r♠♦♥❞ ✫ ❛❧

✷ ●▼P▲❙ ▲♦❣✐❝❛❧ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛s ❛ ❍②♣❡r❣r❛♣❤ ▲❛②✲

♦✉t Pr♦❜❧❡♠

❚❤❡ ❧♦❣✐❝❛❧ ♥❡t✇♦r❦ ❞❡s✐❣♥ ♣r♦❜❧❡♠ t❤❛t ✇❡ ❛❞❞r❡ss ❝❛♥ ❜❡ r♦✉❣❤❧② ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿ ✇❡
❛r❡ ❣✐✈❡♥ ❛ ❞✐❣r❛♣❤ ✭❞✐r❡❝t❡❞ ❣r❛♣❤✮ G t♦❣❡t❤❡r ✇✐t❤ ❛ s❡t ♦❢ tr❛✣❝ ❞❡♠❛♥❞s ✭♦r r❡q✉❡sts✮
❜❡t✇❡❡♥ ❝♦✉♣❧❡s ♦❢ ✈❡rt✐❝❡s ✐♥ G✱ ❛♥❞ ✇❡ ♠✉st ✜♥❞ ❛ s❡t ♦❢ t✉♥♥❡❧s ♦❢ ♠✐♥✐♠✉♠ ❝♦st ❛❧❧♦✇✐♥❣
❛♥❞ ❛ r♦✉t✐♥❣ ✉♣♦♥ t❤✐s s❡t ♦❢ t✉♥♥❡❧s ❢♦r ❛❧❧ t❤❡ tr❛✣❝ r❡q✉❡sts✳ ◆♦t❡ t❤❛t ✉s✉❛❧❧② ❝♦♠♠✉✲
♥✐❝❛t✐♦♥ ♥❡t✇♦r❦s ❛r❡ s②♠♠❡tr✐❝ ❞✐❣r❛♣❤s ✭✐✳❡✳ ✇❤❡♥ ♦♣❡r❛t♦rs s❡t ❛ ❧✐♥❦ ✐♥ ♦♥❡ ❞✐r❡❝t✐♦♥✱
t❤❡② ❛❧s♦ s❡t t❤❡ ♦♣♣♦s✐t❡ ❧✐♥❦✮✳ ❙♦ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ st✉❞② t❤❡ s②♠♠❡tr✐❝ ❝❛s❡✱ ✇❤✐❝❤ t✉r♥s
♦✉t t♦ ❜❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡❛s✐❡r t❤❛♥ t❤❡ ❣❡♥❡r❛❧ ❞✐r❡❝t❡❞ ❝❛s❡✳ ▲❡t ✉s ♥♦✇ ♣r❡❝✐s❡ ❡❛❝❤
♦♥❡ ♦❢ t❤❡ ❛❜♦✈❡ t❡r♠s✳

❆ t✉♥♥❡❧ ✐s s✐♠♣❧② ❛ ❞✐r❡❝t❡❞ ♣❛t❤ ✭♦r ❞✐♣❛t❤✮ ✐♥ G✱ ❛♥❞ ❞✉❡ t♦ t❤❡ t❡❝❤♥♦❧♦❣✐❝❛❧ ❝♦♥✲
str❛✐♥ts ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✱ tr❛✣❝ ❝❛♥ ❡♥t❡r ❛♥②✇❤❡r❡ ✐♥ t❤❡ t✉♥♥❡❧ ❜✉t ♠✉st ❧❡❛✈❡ ♦♥❧②
❛t t❤❡ ❡♥❞ ♦❢ t❤❡ t✉♥♥❡❧✳ ❚♦ ❞❡✜♥❡ t❤❡ ♣r♦❜❧❡♠ ❢♦r♠❛❧❧② ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿

• G = (V,E) ✐s t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐❣r❛♣❤ ✭✇❤✐❝❤ ❝❛♥ ❜❡ s②♠♠❡tr✐❝ ♦r ♥♦t✮ ✇✐t❤ |V | = n✳

• ri,j ✐s t❤❡ r❡q✉❡st ❢r♦♠ ♥♦❞❡ i ∈ V t♦ ♥♦❞❡ j ∈ V ✱ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② mi,j ✱ ✭t❤❡ tr❛✣❝
❜❡✐♥❣ ❞✐✛❡r❡♥t✐❛t❡❞✱ mi,j r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ✢♦✇s ❢r♦♠ i t♦ j ❛♥❞ j ✐s
♥♦t ♥❡❝❡ss❛r✐❧② t❤❡ ✜♥❛❧ ❞❡st✐♥❛t✐♦♥ ♦❢ t❤❡ r❡q✉❡st ri,j✮✳ R ✐s t❤❡ s❡t ♦❢ ❛❧❧ r❡q✉❡sts✳

• P (G) ✐s t❤❡ s❡t ♦❢ ❛❧❧ s✐♠♣❧❡ ❞✐♣❛t❤s ✐♥ G✳

• t st❛♥❞s ❢♦r ❛ t✉♥♥❡❧✱ ❛♥❞ T ✐s t❤❡ s❡t ♦❢ t✉♥♥❡❧s✱ t❤❛t ✐s t ∈ T ⊆ P (G)✳

• ℓ ✐s ❛ ❧❡♥❣t❤ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ❛r❝s✱ t❤❛t ✐s ℓ : E → N
+✳

• ❆ t✉♥♥❡❧ t ❤❛s ❧❡♥❣t❤ ℓ(t) =
∑

e∈t ℓ(e) ❛♥❞ ❝❛rr✐❡s w(t) ✢♦✇s✱ ♦r ❛s r❡❢❡rr❡❞ ✐♥ t❤❡ r❡st
♦❢ t❤❡ r❡♣♦rt✱ w(t) ✉♥✐ts ♦❢ tr❛✣❝✳

◆♦t❡ t❤❛t✱ ❛ ♣r✐♦r✐✱ w(t) ❞❡♣❡♥❞s ♦♥ t❤❡ r♦✉t✐♥❣ ♣♦❧✐❝②✳ ❚❤❡ ❝♦st c(t) ♦❢ ❛ t✉♥♥❡❧ t ✐s t❤❡♥
c(t) = w(t) + (ℓ(t) − 1)✱ ❛♥❞ t❤❡ ❝♦st ♦❢ ❛ s❡t ♦❢ t✉♥♥❡❧s T ✐s

c(T ) =
∑

t∈T

(w(t) + ℓ(t) − 1) . ✭✶✮

❊❛❝❤ t✉♥♥❡❧ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛s ❛ ❞✐r❡❝t❡❞ ❤②♣❡r❛r❝ ♦♥ t❤❡ ✈❡rt❡① s❡t ♦❢ G✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥
♥❛t✉r❛❧❧② ❧❡❛❞s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❤②♣❡r❣r❛♣❤ ❧❛②♦✉t✳

❉❡✜♥✐t✐♦♥ ✶ ✭❍②♣❡r❣r❛♣❤ ❧❛②♦✉t✮✳ ●✐✈❡♥ ❛ ❣r❛♣❤ G ❛♥❞ ❛ s❡t T ⊆ P (G)✱ H(T ) ✐s t❤❡
❞✐r❡❝t❡❞ ❤②♣❡r❣r❛♣❤ ✇✐t❤ V (H(T )) = V (G)✱ ❛♥❞ ✇❤❡r❡ ❢♦r ❡❛❝❤ t✉♥♥❡❧ t ∈ T ⊆ P (G) t❤❡r❡
✐s ❛ ❞✐r❡❝t❡❞ ❤②♣❡r❛r❝ ✐♥ H(T ) ❝♦♥♥❡❝t✐♥❣ ❛♥② ✈❡rt❡① ♦❢ t t♦ t❤❡ ❡♥❞ ♦❢ t✳ H(T ) ✐s ❝❛❧❧❡❞ ❛
❤②♣❡r❣r❛♣❤ ❧❛②♦✉t✳

◆♦t❡ t❤❛t ❛ ❤②♣❡r❣r❛♣❤ H(T ) ❞❡✜♥❡s ❛ ✈✐rt✉❛❧ t♦♣♦❧♦❣② ♦♥ G✳ ❆ ❤②♣❡r❣r❛♣❤ ❧❛②♦✉t
H(T ) ✐s s❛✐❞ t♦ ❜❡ ❢❡❛s✐❜❧❡ ✐❢ ❢♦r ❡❛❝❤ r❡q✉❡st ri,j ∈ R t❤❡r❡ ❡①✐sts ❛ ❞✐♣❛t❤ ✐♥ H(T ) ❢r♦♠ i

■◆❘■❆



●▼P▲❙ ▲❛❜❡❧ ❙♣❛❝❡ ▼✐♥✐♠✐③❛t✐♦♥ ✼

t♦ j✳ ❚❤❡ ♣r♦❜❧❡♠ ❝❛♥ t❤❡♥ ❜❡ s✐♠♣❧② ❡①♣r❡ss❡❞ ❛s ✜♥❞✐♥❣ ❛ ❢❡❛s✐❜❧❡ ❤②♣❡r❣r❛♣❤ ❧❛②♦✉t ♦❢
♠✐♥✐♠✉♠ ❝♦st✳ ▲❡t ✉s ♥♦✇ r❡✇r✐t❡ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✶✮✳

●✐✈❡♥ ❛ ❤②♣❡r❣r❛♣❤ ❧❛②♦✉t H(T )✱ ❧❡t L(ri,j) ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❤②♣❡r❛r❝s t❤❛t r❡q✉❡st
ri,j ✉s❡s✱ ❛♥❞ ❧❡t dH(i, j) ❜❡ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ ✈❡rt❡① i t♦ ✈❡rt❡① j ✐♥ H(T )✳ ❚❤❡♥ t❤❡ t❡r♠
∑

t∈T w(t) ♦❢ ❊q✉❛t✐♦♥ ✭✶✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
∑

ri,j∈R L(ri,j) · mi,j ❛♥❞✱ s✐♥❝❡ L(ri,j) ≥

dH(i, j)✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ t❤❡ r♦✉t✐♥❣ ♥❡❝❡ss❛r✐❧② ✉s❡s s❤♦rt❡st ❞✐♣❛t❤s
✐♥ t❤❡ ❤②♣❡r❣r❛♣❤ ❧❛②♦✉t✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✶✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥
✇✳❧✳♦✳❣✳ ❛s

c(T ) =
∑

t∈T

(ℓ(t) − 1) +
∑

ri,j∈R

dH(i, j)mi,j . ✭✷✮

❚❤❡ ❝♦st ♦❢ ❛ s♦❧✉t✐♦♥ ✐s ♦❢ ❜✐❝r✐t❡r✐❛ ♥❛t✉r❡✳ ❚❤❡ ✜rst ♣❛rt ✐s t❤❡ ❝♦st ♦❢ t❤❡ ❤②♣❡r❣r❛♣❤
str✉❝t✉r❡❀ ✇❡ ❝❛❧❧ ✐t t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ❧❛②♦✉t✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ✐s t❤❡ t♦t❛❧ ❞✐st❛♥❝❡
t❤❛t t❤❡ tr❛✣❝ tr❛✈❡❧s ✐♥ t❤❡ ❤②♣❡r❣r❛♣❤❀ ✇❡ ❝❛❧❧ ✐t t❤❡ t♦t❛❧ ❤♦♣ ❝♦✉♥t✳ ❇♦t❤ ❝♦st ❢✉♥❝t✐♦♥
♣❛rts ❛r❡ ✈❡r② ♠✉❝❤ ❝♦♥✢✐❝t✐♥❣✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t♦ ♠✐♥✐♠✐③❡ t❤❡ ❤♦♣ ❝♦✉♥t✱ ✐t ✐s ❡♥♦✉❣❤
t♦ t❛❦❡ ❛ t✉♥♥❡❧ ❝♦♥♥❡❝t✐♥❣ ❛♥② s♦✉r❝❡ t♦ ❛♥② ❞❡st✐♥❛t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t♦ ♠✐♥✐♠✐③❡
t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ❧❛②♦✉t✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r ❛ ♠✐♥✐♠✉♠ ❛r❝✲✇❡✐❣❤t❡❞ ❤②♣❡r❣r❛♣❤
H s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ r❡q✉❡st ri,j ∈ R✱ ✈❡rt✐❝❡s i ❛♥❞ j ❧✐❡ ♦♥ t❤❡ s❛♠❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t
♦❢ H✳ ❙✉♠♠❛r✐③✐♥❣✱ t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✳

▼✐♥✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t✿ ●✐✈❡♥ ❛ ❞✐❣r❛♣❤ G ✇✐t❤ ❛ ❧❡♥❣t❤ ❢✉♥❝✲
t✐♦♥ ❛♥❞ ❛ s❡t R ♦❢ tr❛✣❝ r❡q✉❡sts✱ ✜♥❞ ❛ ❢❡❛s✐❜❧❡ ❤②♣❡r❣r❛♣❤ ❧❛②♦✉t ♦❢ ♠✐♥✐♠✉♠
❝♦st✱ ✇❤❡r❡ t❤❡ ❝♦st ♦❢ ❛ ❤②♣❡r❣r❛♣❤ ❧❛②♦✉t ✐s ❞❡✜♥❡❞ ❛s ✐♥ ❊q✉❛t✐♦♥ ✭✷✮✳

■❢ G ✐s ❛ s②♠♠❡tr✐❝ ❞✐❣r❛♣❤✱ t❤❡ ♣r♦❜❧❡♠ ✐s ❞❡♥♦t❡❞ ▼✐♥✐♠✉♠ ❈♦st ❙②♠♠❡tr✐❝ ❍②♣❡r✲

❣r❛♣❤ ▲❛②♦✉t✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✷✮ ❝❛♥ ❜❡ ♥❛t✉r❛❧❧② ❣❡♥❡r❛❧✐③❡❞
t♦

α ·
∑

t∈T

p(t) + β ·
∑

ri,j∈R

dH(i, j)mi,j , ✭✸✮

✇❤❡r❡ α ❛♥❞ β ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ❛♥❞ p(t) ✐s ❛ ❣❡♥❡r❛❧ ❝♦st ❢✉♥❝t✐♦♥ p : P (G) → R
+✳

❚❤❡ ❝♦st ❢✉♥❝t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✷✮ ❝♦rr❡s♣♦♥❞s t♦ p(t) = c(t) = ℓ(t) − 1✳

❈♦♠♣✉t❛t✐♦♥ ♦❢ ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✷ ❈♦♥s✐❞❡r t❤❡ ♣❛t❤ [s, 2]
✇✐t❤ ♦♥❡ s♦✉r❝❡ s✱ ms,1 ✉♥✐ts ♦❢ tr❛✣❝ ❞❡st✐♥❡❞ t♦ ♥♦❞❡ 1 ❛t ❞✐st❛♥❝❡ ℓ1 ❢r♦♠ s ✭ℓ1−1 ♥♦❞❡s
❜❡t✇❡❡♥ s ❛♥❞ 1✮ ❛♥❞ ms,2 ✉♥✐ts ♦❢ tr❛✣❝ ❞❡st✐♥❡❞ t♦ ♥♦❞❡ 2 ❛t ❞✐st❛♥❝❡ ℓ1 + ℓ2 ❢r♦♠ s✳
❙❡❡ ❋✐❣✉r❡ ✷ ❢♦r ❛♥ ✐❧❧✉str❛t✐♦♥✳ ❚❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡s ℓi ❛♥❞ ms,i✳
■♥❞❡❡❞✱ t✇♦ s♦❧✉t✐♦♥s ❤❛✈❡ t♦ ❜❡ ❡①❛♠✐♥❡❞✳ ■♥ t❤❡ ✜rst s♦❧✉t✐♦♥✱ ❛ s♣❡❝✐✜❝ t✉♥♥❡❧ (s, i)
✐s ❝♦♥✜❣✉r❡❞ ❢♦r ❡❛❝❤ ❞❡st✐♥❛t✐♦♥ i✱ ❣✐✈✐♥❣ t✇♦ t✉♥♥❡❧s (s, 1) ❛♥❞ (s, 2) ✇✐t❤ ❛ t♦t❛❧ ❝♦st✿
(ms,1+ℓ1−1)+(ms,2+ℓ1+ℓ2−1) = ms,1+ms,2+2ℓ1+ℓ2−2✳ ❚❤❡ s❡❝♦♥❞ s♦❧✉t✐♦♥ ✐s ❝♦♠♣♦s❡❞
♦❢ t❤❡ t✇♦ t✉♥♥❡❧s (s, 1) ❛♥❞ (1, 2)✳ ❚❤❡ r❡q✉❡sts ❞❡st✐♥❡❞ t♦ 2 ✇✐❧❧ ✜rst ✉s❡ t❤❡ t✉♥♥❡❧ (s, 1)
❛♥❞ t❤❡♥ t❤❡ t✉♥♥❡❧ (1, 2)✳ ❚❤❡ tr❛✣❝ ❝❛rr✐❡❞ ❜② (s, 1) ✐s ms,1 + ms,2 ❛♥❞ t❤❡ tr❛✣❝ ❝❛rr✐❡❞
❜② (1, 2) ✐s ms,2✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t♦t❛❧ ❝♦st ✐s (ms,1 + ms,2 + ℓ1 − 1) + (ms,2 + ℓ2 − 1) =

❘❘ ♥➦ ✼✵✼✶
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l l

if l  <= m    :

if l  >= m    :

m

m

1 2

    1           s,2

    1           s,2

1s

s,1

2

s,2

(s,2)

(s,1)

(s,1)

(1,2)

❋✐❣✉r❡ ✷✿ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡s ℓ1 ❛♥❞ ms,2✱ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♠❛② ❜❡ ❝♦♠♣♦s❡❞
❡✐t❤❡r ♦❢ t✉♥♥❡❧s (s, 1) ❛♥❞ (s, 2)✱ ♦r ♦❢ t✉♥♥❡❧s (s, 1) ❛♥❞ (1, 2)✳

ms,1 + 2ms,2 + ℓ1 + ℓ2 − 2✳ ❚❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐s ❡✐t❤❡r t❤❡ ✜rst ♦♥❡ ✐❢ ℓ1 ≤ ms,2 ♦r t❤❡
s❡❝♦♥❞ ♦♥❡ ✐❢ ℓ1 ≥ ms,2✳

❲❡ st❛t❡ ♥♦✇ ❛ ❧❡♠♠❛ t♦ ❜❡ ❡①❤❛✉st✐✈❡❧② ✉s❡❞ ✐♥ t❤❡ s❡q✉❡❧✱ ❛ss❡rt✐♥❣ t❤❛t t❤❡r❡ ❛❧✇❛②s
❡①✐sts ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ s✉❝❤ t❤❛t ❛❧❧ t❤❡ tr❛✣❝ ✉♥✐ts ♦❢ ❡❛❝❤ r❡q✉❡st ❛r❡ r♦✉t❡❞ ✈✐❛ ❛
✉♥✐q✉❡ s❡t ♦❢ ❝♦♥s❡❝✉t✐✈❡ t✉♥♥❡❧s✱ ♦r ❞✐♣❛t❤✳

▲❡♠♠❛ ✶✳ ■♥ ❛♥② ♥❡t✇♦r❦✱ t❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ▼✐♥✐♠✉♠ ❈♦st ❍②✲

♣❡r❣r❛♣❤ ▲❛②♦✉t ♣r♦❜❧❡♠ s✉❝❤ t❤❛t ❛❧❧ t❤❡ tr❛✣❝ ✉♥✐ts ♦❢ ❡❛❝❤ r❡q✉❡st ❛r❡ r♦✉t❡❞ ✈✐❛ ❛
✉♥✐q✉❡ ❞✐♣❛t❤✳

Pr♦♦❢✳ ▲❡t ri,j ❜❡ ❛ r❡q✉❡st ❢r♦♠ ♥♦❞❡ i t♦ ♥♦❞❡ j✱ ❛♥❞ ❧❡t H ❜❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳
❙✉♣♣♦s❡ t❤❛t t❤❡ ✉♥✐ts ♦❢ tr❛✣❝ ❛rr✐✈✐♥❣ ❛t j ❢r♦♠ i ❛r❡ r♦✉t❡❞ ✐♥ H ✈✐❛ p > 1 ❞✐✛❡r❡♥t
❞✐♣❛t❤s P1, . . . , Pp✳ ▲❡t λm✱ 1 ≤ m ≤ p✱ ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ tr❛✣❝ ✉♥✐ts ❢♦r✇❛r❞❡❞ ❜② Pm✳ ▲❡t
hm ✭h st❛♥❞✐♥❣ ❢♦r ❤♦♣s✮✱ 1 ≤ m ≤ p✱ ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s❡❝✉t✐✈❡ t✉♥♥❡❧s ✐♥ t❤❡ ❞✐♣❛t❤
Pm✳ ▲❡t t❤❡ ♦r❞❡r ♦❢ t❤❡ ❞✐♣❛t❤s ❜❡ s✉❝❤ t❤❛t P1 ✐s ❛ ❞✐♣❛t❤ ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢
❝♦♥s❡❝✉t✐✈❡ t✉♥♥❡❧s h1✳

❚❤❡♥✱ ❢♦r ❛♥② ♦t❤❡r ❞✐♣❛t❤ Pm✱ ✇✐t❤ m > 1✱ r❡r♦✉t❡ t❤❡ λm r❡q✉❡sts r♦✉t❡❞ ✈✐❛ Pm ✈✐❛
P1✳ ❲❡ ♦❜t❛✐♥ ❛ ♥❡✇ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ H ′ ✇❤♦s❡ ❝♦st ✐s

c(H ′) ≤ c(H) +
∑

2≤m≤p

(λmh1 − λmhm).

■♥❞❡❡❞✱ t❤❡ ❝♦st ♦❢ ❡❛❝❤ t✉♥♥❡❧ ✉s❡❞ ✐♥ Pm ✐s ❞❡❝r❡❛s❡❞ ❜② λm✱ ♣❧✉s ♣♦ss✐❜❧②✱ ✐❢ s♦♠❡
t✉♥♥❡❧ t ♦❢ Pm ❜❡❝♦♠❡s ❡♠♣t②✱ ❜② ℓ(t) − 1 ≥ 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❝♦st ♦❢ ❡❛❝❤ t✉♥♥❡❧
♦❢ P1 ✐s ✐♥❝r❡❛s❡❞ ♦♥❧② ❜② λm ❛s t❤❡ t✉♥♥❡❧ ❛❧r❡❛❞② ❡①✐sts✳ ❚❤❡r❡❢♦r❡✱ ❛s h1 ≤ hm✱ ✇❡ ❣❡t

■◆❘■❆



●▼P▲❙ ▲❛❜❡❧ ❙♣❛❝❡ ▼✐♥✐♠✐③❛t✐♦♥ ✾

c(H ′) ≤ c(H)✱ ✇✐t❤ str✐❝t ✐♥❡q✉❛❧✐t② ✐❢ h1 < hm ✭✐❢ t❤❡ ❞✐♣❛t❤ Pm ✐s str✐❝t❧② ❧♦♥❣❡r t❤❛♥ P1✮
♦r ✐❢✱ ✐♥ t❤❡ r❡r♦✉t✐♥❣✱ s♦♠❡ t✉♥♥❡❧s ♦❢ ❧❡♥❣t❤ ♠♦r❡ t❤❛♥ 1 ❜❡❝♦♠❡ ❡♠♣t②✳ ❙♦ H ′ ✐s ❛❧s♦ ❛♥
♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ⊓⊔

❘❡❧❛t✐♦♥ ✇✐t❤ ❱P▲ ♣r♦❜❧❡♠s ❚❤❡ ❧❛②♦✉t ❞❡s✐❣♥ ♣r♦❜❧❡♠ ❞❡✜♥❡❞ ❛❜♦✈❡ ✐s q✉✐t❡ s✐♠✐❧❛r
t♦ ✇❡❧❧ st✉❞✐❡❞ ❱P▲ ♣r♦❜❧❡♠s ✐♥ ❆❚▼ ♥❡t✇♦r❦s✱ ✇❤❡r❡ ♦♥❡ ✐♠♣♦s❡s ❛ ❝♦♥str❛✐♥t ♦♥ t❤❡
❧♦❣✐❝❛❧ str✉❝t✉r❡ ❛♥❞ t❤❡♥ ✇✐s❤❡s t♦ ♠✐♥✐♠✐③❡ ❡✐t❤❡r t❤❡ ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ❬✹❪ ♦r t❤❡ ❛✈❡r❛❣❡
❞✐st❛♥❝❡ ❬✾❪ tr❛✈❡❧❡❞ ❜② t❤❡ tr❛✣❝✳ ❈♦♥❝❡r♥✐♥❣ ❤❛r❞♥❡ss ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ s❤❛❧❧ s❡❡ ✐♥
t❤❡ s❡q✉❡❧ ♦❢ t❤❡ ❛rt✐❝❧❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✇❡ st✉❞② ✐♥❤❡r✐ts ♠♦st ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡
❝❧❛ss✐❝❛❧ ❱P▲ ♣r♦❜❧❡♠s st✉❞✐❡❞ s✐♥❝❡ t❤❡ ✽✵s✳ ■t ✐s ♥♦t s✉r♣r✐s✐♥❣ t❤❛t✱ ❡✈❡♥ ✐❢ ♥❡✇ t❡❝❤♥♦❧♦✲
❣✐❡s ❧✐❦❡ ●▼P▲❙ ❛r❡ ♣r♦♣♦s❡❞ t♦ ❝♦♣❡ ✇✐t❤ t❤❡ ✐♥❝r❡❛s✐♥❣ ❜❛♥❞✇✐❞t❤ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥
♥❡t✇♦r❦s✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠s ❛ss♦❝✐❛t❡❞ t♦ t❤❡s❡ t❡❝❤♥♦❧♦❣✐❡s
r❡♠❛✐♥s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡✳

◆❡✈❡rt❤❡❧❡ss✱ t❤❡r❡ ❛r❡ t✇♦ ❝r✉❝✐❛❧ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ●▼P▲❙ ♣r♦❜❧❡♠ t❤❛t ✇❡
st✉❞② ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ❱P▲ ✈❡rs✐♦♥ ♦❢ ❆❚▼ ♥❡t✇♦r❦s✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡
●▼P▲❙ ❧♦❣✐❝❛❧ ♥❡t✇♦r❦ ❞❡s✐❣♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦ ✜♥❞✐♥❣ ❛ s❡t ♦❢ ❞✐♣❛t❤s ✐♥
❛ ❞✐r❡❝t❡❞ ❤②♣❡r❣r❛♣❤✱ ✇❤❡r❡❛s t❤❡ ❡①✐st✐♥❣ ♠♦❞❡❧s ❢♦r ❱P▲ ♣r♦❜❧❡♠s ❞❡❛❧ ✇✐t❤ ❞✐❣r❛♣❤s
✇✐t❤♦✉t ♠✉❧t✐♣❧❡ ❛r❝s✳ ❚❤✐s ❢❡❛t✉r❡ ✇✐❧❧ ❜❡ ❡①♣❧♦✐t❡❞ ✐♥ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤
❢♦r t❤❡ ♣❛t❤ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳ ❚❤❡ s❡❝♦♥❞ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✇❡
❝♦♥s✐❞❡r t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s✉♠ ♦❢ t❤❡ ❧❡♥❣t❤ ❛♥❞ t❤❡ ❤♦♣ ❝♦✉♥t ❝♦sts✱ ✇❤❡r❡❛s ✉s✉❛❧❧②
✐♥ ❱P▲ ♣r♦❜❧❡♠s t❤❡ ❛✐♠ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ ❡✐t❤❡r t❤❡ ❧❡♥❣t❤ ♦r t❤❡
❤♦♣ ❝♦✉♥t ✐♥ t❤❡ ♥❡t✇♦r❦✳ ❋✐♥❛❧❧②✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t✱ ✐❢ t❤❡r❡ ✐s ❛ s✐♥❣❧❡ s♦✉r❝❡
✐♥ t❤❡ ●▼P▲❙ ✈❡rs✐♦♥ ✭♦r✱ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ✐❢ t❤❡ tr❛✣❝ ✐♥st❛♥❝❡ ✐s s✉❝❤ t❤❛t ✐♥ ❛♥ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ❡❛❝❤ ❤②♣❡r❛r❝ ❤❛s ❡①❛❝t❧② ✷ ✈❡rt✐❝❡s✮✱ t❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❱P▲
♣r♦❜❧❡♠✳
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✸ ❍❛r❞♥❡ss ❘❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❣✐✈❡ ❤❛r❞♥❡ss r❡s✉❧ts ❢♦r t❤❡ ▼✐♥✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t

♣r♦❜❧❡♠✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s ❛❝❝♦r❞✐♥❣ t♦ ✇❤❡t❤❡r t❤❡ ✉♥❞❡r❧②✐♥❣ ♥❡t✇♦r❦ ✐s s②♠♠❡tr✐❝
♦r ♥♦t✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡s❡ ❝❛s❡s ✐♥ ❙❡❝t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷✳

❘❡❝❛❧❧ t❤❛t ❛ ❜r♦❛❞❝❛st ✐s ❛ r❡q✉❡st s❝❤❡♠❡ ✇✐t❤ ❛❧❧ t❤❡ r❡q✉❡sts ❢r♦♠ ❛ ✈❡rt❡① ui t♦ ❛❧❧
✈❡rt✐❝❡s uj ✱ ❢♦r j = 1, . . . , n✱ j 6= i✳ ❆ r❡q✉❡st s❝❤❡♠❡ ✐s ❛ ♣❛rt✐❛❧ ❜r♦❛❞❝❛st ✐❢ s♦♠❡ r❡q✉❡sts
❢r♦♠ ui t♦ uj ❛r❡ ♠✐ss✐♥❣✳

✸✳✶ ●❡♥❡r❛❧ ❝❛s❡

❚❤❡♦r❡♠ ✶✳ ❚❤❡ ▼✐♥✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♣r♦❜❧❡♠ ❝❛♥♥♦t ❜❡ ❛♣♣r♦①✐♠❛t❡❞
✇✐t❤✐♥ ❛ ❢❛❝t♦r C · log n ❢♦r s♦♠❡ ❝♦♥st❛♥t C > 0✱ ❡✈❡♥ ✐❢ t❤❡ ✐♥st❛♥❝❡ ✐s ❛ ♣❛rt✐❛❧ ❜r♦❛❞❝❛st✱
✉♥❧❡ss P = ◆P✳

Pr♦♦❢✳ ❚❤❡ r❡❞✉❝t✐♦♥ ✐s ❢r♦♠ t❤❡ ▼✐♥✐♠✉♠ ❙❡t ❈♦✈❡r ♣r♦❜❧❡♠✿ ❣✐✈❡♥ ❛ ✜♥✐t❡ s❡t S ✇✐t❤
p ❡❧❡♠❡♥ts aj ✱ 1 ≤ j ≤ p✱ ❛♥❞ ❛ ❝♦❧❧❡❝t✐♦♥ C ♦❢ s✉❜s❡ts ♦❢ S✱ t❤❡ ❛✐♠ ✐s t♦ ✜♥❞ ❛ s✉❜❝♦❧❧❡❝t✐♦♥
C′ ♦❢ C ♦❢ ♠✐♥✐♠✉♠ ❝❛r❞✐♥❛❧✐t② t❤❛t ❝♦✈❡rs ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ S✳

❚♦ ❛ ❙❡t ❈♦✈❡r ✐♥st❛♥❝❡ ✇✐t❤ s❡ts S1, S2, . . . , Sk✱ ✇✐t❤ Si ⊆ {a1, a2, . . . , ap}✱ ✇❡ ❛ss♦✲
❝✐❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❣r❛♣❤✿

• ❲❡ st❛rt ✇✐t❤ ❛ ❞✐st✐♥❣✉✐s❤❡❞ ♥♦❞❡ s✳

• ❚♦ ❡❛❝❤ s❡t Si✱ 1 ≤ i ≤ k✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ ♥♦❞❡ vi ❛♥❞ ❛ ❞✐r❡❝t❡❞ ♣❛t❤ ♦❢ ❧❡♥❣t❤ L + 1
✭L ✐s ❛ ♣❛r❛♠❡t❡r t♦ ❜❡ s♣❡❝✐✜❡❞ ❧❛t❡r✮ ❢r♦♠ s t♦ vi✳

• ❚♦ ❡❛❝❤ ❡❧❡♠❡♥t aj ✱ 1 ≤ j ≤ p✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ ✈❡rt❡① uj ❛♥❞ ✇❡ ❛❞❞ t❤❡ ❛r❝s (vi, uj)
✐❢ aj ∈ Si✳

• ❚❤❡ r❡q✉❡st s❡t ✐s ❛ ♣❛rt✐❛❧ ❜r♦❛❞❝❛st ❢r♦♠ s t♦ uj ✱ 1 ≤ j ≤ p✱ ❡❛❝❤ r❡q✉❡st ✇✐t❤
♠✉❧t✐♣❧✐❝✐t② 1✳

❚❤✐s ❝♦♥str✉❝t✐♦♥ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡
▼✐♥✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ✐♥st❛♥❝❡ ✐s n = k · (L + 1) + p + 1✳ ▲❡t OPT ❜❡
t❤❡ ♦♣t✐♠❛❧ ❝♦st t♦ t❤❡ ▼✐♥✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ✐♥st❛♥❝❡✱ ❛♥❞ ❧❡t OPTSC

❜❡ t❤❡ ♦♣t✐♠❛❧ ❝♦st t♦ t❤❡ ▼✐♥✐♠✉♠ ❙❡t ❈♦✈❡r ✐♥st❛♥❝❡✳
◆♦t❡ t❤❛t ❛♥② ❝♦✈❡r ❞❡✜♥❡❞ ❜② I ⊆ {1, 2, . . . k} ✐♥❞✉❝❡s ❛♥ ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♦❜t❛✐♥❡❞

❛s ❢♦❧❧♦✇s✿ ✇❡ ❝♦♥s✐❞❡r ❛ t✉♥♥❡❧ ♦❢ ❧❡♥❣t❤ L + 1 ❝♦♥♥❡❝t✐♥❣ ♥♦❞❡ s t♦ ❡❛❝❤ ♥♦❞❡ vi, i ∈ I
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ s❡t t❛❦❡♥ ✐♥ t❤❡ ❝♦✈❡r✳ ❚❤❡♥ ❢♦r ❡❛❝❤ uj ✇❡ s❡t ❛ t✉♥♥❡❧ ❢r♦♠ s♦♠❡ vi t♦
uj ✱ ❢♦r i ∈ I s✉❝❤ t❤❛t aj ∈ Si✳ ❙✉❝❤ ❛ s♦❧✉t✐♦♥ ❤❛s ❝♦st L · |I|+2p✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥s✐❞❡r✐♥❣
❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ▼✐♥✐♠✉♠ ❙❡t ❈♦✈❡r ✐♥st❛♥❝❡ ✇❡ ❣❡t

OPT ≤ L · OPTSC + 2p. ✭✹✮

❈♦♥✈❡rs❡❧②✱ ❝♦♥s✐❞❡r ❛ ❢❡❛s✐❜❧❡ ❧❛②♦✉t H ♦❢ ❝♦st S✳ ❋♦r ❡❛❝❤ uj ✱ t❤❡ ❞✐♣❛t❤s ❢r♦♠ s t♦ uj

❝♦♥t❛✐♥ s♦♠❡ vi ❥♦✐♥❡❞ t♦ uj ✳ ▲❡t I ❜❡ t❤❡ s❡t ♦❢ ✐♥❞✐❝❡s i ♦❢ t❤❡ vi ♦❜t❛✐♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛②✳

■◆❘■❆



●▼P▲❙ ▲❛❜❡❧ ❙♣❛❝❡ ▼✐♥✐♠✐③❛t✐♦♥ ✶✶

s

v
1

v
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vk-1

vk
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u
2

u
3
u

up

up-1

up-2

L+1

L+1

❋✐❣✉r❡ ✸✿ ❘❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳

❚❤❡♥ t❤❡ s❡ts Si✱ ❢♦r i ∈ I✱ ❝♦✈❡r a1, . . . , ap✳ ❋♦r ❡❛❝❤ i ∈ I✱ ❝♦♥s✐❞❡r ❛ ♣❛rt✐❝✉❧❛r uj ❥♦✐♥❡❞
❜② vi✳ ❚❤❡ ❝♦st ♦❢ t❤❡ t✉♥♥❡❧s t♦ r♦✉t❡ t❤❡ tr❛✣❝ ❢r♦♠ s t♦ uj ✐s ❡①❛❝t❧② L + 2✳ ■♥❞❡❡❞✱ ✐❢
t❤✐s r♦✉t✐♥❣ ✉s❡s h t✉♥♥❡❧s✱ t❤❡ t♦t❛❧ ❧❡♥❣t❤ ✐s L + 2 − h ❛♥❞ t❤❡ t♦t❛❧ ❤♦♣ ❝♦✉♥t ✐s h ❛s
ms,uj

= 1✳
❚♦ r❡❛❝❤ t❤❡ p−|I| ✈❡rt✐❝❡s uj ♥♦t ❛❧r❡❛❞② ❝♦♥s✐❞❡r❡❞✱ ✇❡ ♠❛② r❡✉s❡ s♦♠❡ t✉♥♥❡❧s✳ ❚❤✐s

✐♥❝r❡❛s❡s ❢♦r ❡❛❝❤ ♥♦❞❡ t❤❡ t♦t❛❧ ❝♦st ❛t ❧❡❛st 2 ✭♦♥❡ ♠♦r❡ t✉♥♥❡❧ ❛♥❞ ♦♥❡ ♠♦r❡ r❡q✉❡st✮✳ ❙♦
❛❧t♦❣❡t❤❡r t❤❡ ❝♦st ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐s ❛t ❧❡❛st S ≥ |I| · (L + 2) + 2(p − |I|) = k · L · |I| + 2p✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ▼✐♥✐♠✉♠ ❙❡t ❈♦✈❡r ✇✐t❤ ❝♦st SSC ≤ S−2p

L ≤ S
L ✳

❙✉♣♣♦s❡ t❤❛t C1 > 0 ✐s ❛ ❝♦♥st❛♥t s✉❝❤ t❤❛t ✇❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ t❤❡
▼✐♥✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♣r♦❜❧❡♠ ✇✐t❤✐♥ ❛ ❢❛❝t♦r C1 · log n✳ ❚❤❛t ✐s✱ ✇❡ ❝❛♥
✜♥❞ ❛ s♦❧✉t✐♦♥ s✉❝❤ t❤❛t S ≤ C1 · log n ·OPT ✳ ❇② t❤❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥✱ ✇❡ ❝❛♥ t❤❡♥ ✜♥❞ ✐♥
♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ▼✐♥✐♠✉♠ ❙❡t ❈♦✈❡r ✐♥st❛♥❝❡ ✇✐t❤ ❝♦st SSC s✉❝❤ t❤❛t

SSC <
S

L
≤

C1 · log n · OPT

L
. ✭✺✮

❯s✐♥❣ ❊q✉❛t✐♦♥ ✭✹✮ ✐♥ ❊q✉❛t✐♦♥ ✭✺✮ ✇❡ ♦❜t❛✐♥

SSC <
C1 · log n · (L · OPTSC + 2p)

L
= C1 · log n · OPTSC +

2C1 · p · log n

L
. ✭✻✮

▲❡t ♥♦✇ L = p2✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ s❡ts ♦❢ t❤❡ ▼✐♥✐♠✉♠ ❙❡t ❈♦✈❡r

✐♥st❛♥❝❡ ✐s ❜♦✉♥❞❡❞ ❜② ❛ ♣♦❧②♥♦♠✐❛❧ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ❬✽❪✳ ❚❤❡r❡❢♦r❡✱ n = k · (p2 +
1) + p + 1 ≤ pC2 ❢♦r s♦♠❡ ✜①❡❞ ❝♦♥st❛♥t C2 > 0✳ ■♥ ♦t❤❡r ✇♦r❞s✱ log n ≤ C2 · log p✳ ❯s✐♥❣
t❤❡ ❧❛tt❡r ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❢❛❝t t❤❛t L = p2 ✐♥ ❊q✉❛t✐♦♥ ✭✻✮ ✇❡ ❣❡t

SSC ≤ C1 · C2 · log p · OPTSC +
2C1 · C2 · log p

p
. ✭✼✮

❘❘ ♥➦ ✼✵✼✶



✶✷ ❇❡r♠♦♥❞ ✫ ❛❧

❆s t❤❡ r✐❣❤t♠♦st t❡r♠ ♦❢ ❊q✉❛t✐♦♥ ✭✼✮ t❡♥❞s t♦ 0 ❛s p t❡♥❞s t♦ ∞✱ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❛
♣♦❧②♥♦♠✐❛❧ t✐♠❡ (C1 · C2 · log p)✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ▼✐♥✐♠✉♠ ❙❡t ❈♦✈❡r✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ ❘❛③ ❛♥❞ ❙❛❢r❛ ❬✶✻❪ ♣r♦✈❡❞ t❤❛t ▼✐♥✐♠✉♠ ❙❡t ❈♦✈❡r ✐s ♥♦t ❛♣♣r♦①✐♠❛❜❧❡
✇✐t❤✐♥ ❛ ❢❛❝t♦r C3 · log p✱ ❢♦r s♦♠❡ ❝♦♥st❛♥t C3 > 0✱ ✉♥❧❡ss P = ◆P✳ ❙♦ ❢♦r C1 = C3

C2
> 0✱

❛♣♣r♦①✐♠❛t✐♥❣ ▼✐♥✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ✇✐t❤✐♥ ❛ ❢❛❝t♦r C1 · log n ✐s ❛❧s♦
◆P✲❤❛r❞✳ ⊓⊔

✸✳✷ ❙②♠♠❡tr✐❝ ❝❛s❡

❲❤❡♥ t❤❡ ✐♥♣✉t ❣r❛♣❤ G ✐s s②♠♠❡tr✐❝✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r G ❛s ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✇❤❡r❡ t❤❡
❡❞❣❡ {i, j} ❝♦rr❡s♣♦♥❞s t♦ t❤❡ t✇♦ ❛r❝s (i, j) ❛♥❞ (j, i)✳

❚❤❡♦r❡♠ ✷✳ ❚❤❡ ▼✐♥✐♠✉♠ ❈♦st ❙②♠♠❡tr✐❝ ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♣r♦❜❧❡♠ ✐s ❆P❳✲
❤❛r❞ ❡✈❡♥ ✐❢ t❤❡ ✐♥st❛♥❝❡ ✐s ❛ ♣❛rt✐❛❧ ❜r♦❛❞❝❛st✳ ❚❤❡r❡❢♦r❡✱ ✐t ❞♦❡s ♥♦t ❛❝❝❡♣t ❛ P❚❆❙ ✉♥❧❡ss
P=◆P✳

Pr♦♦❢✳ ❚❤❡ r❡❞✉❝t✐♦♥ ✐s ❢r♦♠ ▼✐♥✐♠✉♠ ❙t❡✐♥❡r ❚r❡❡ ♣r♦❜❧❡♠✿ ❣✐✈❡♥ ❛♥ ❡❞❣❡✲✇❡✐❣❤t❡❞
❣r❛♣❤ G = (V,E) ❛♥❞ ❛ s✉❜s❡t S ⊆ V ✱ ✜♥❞ ❛ ❝♦♥♥❡❝t❡❞ s✉❜❣r❛♣❤ ✇✐t❤ ♠✐♥✐♠✉♠ ❡❞❣❡✲✇❡✐❣❤t
❝♦♥t❛✐♥✐♥❣ ❛❧❧ t❤❡ ✈❡rt✐❝❡s ✐♥ S✳ ❲❡ ❝❛♥ ❛ss✉♠❡✱ ❜② s✉❜❞✐✈✐❞✐♥❣ ❡❞❣❡s✱ t❤❛t ❛❧❧ ❡❞❣❡✲✇❡✐❣❤ts
❛r❡ ❡q✉❛❧ t♦ ✶✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ❦♥♦✇♥ t♦ ❜❡ ❆P❳✲❤❛r❞ ❬✺❪✱ ❤❡♥❝❡ ✐t ❞♦❡s ♥♦t ❛❝❝❡♣t ❛ P❚❆❙
✉♥❧❡ss P = ◆P✳

●✐✈❡♥ ❛♥ ✐♥st❛♥❝❡ (G = (V,E), S ⊆ V ) ♦❢ ▼✐♥✐♠✉♠ ❙t❡✐♥❡r ❚r❡❡ ♦♥ n ✈❡rt✐❝❡s✱ ✇❡
❜✉✐❧❞ ❛♥ ✐♥st❛♥❝❡ ♦❢ ▼✐♥✐♠✉♠ ❈♦st ❙②♠♠❡tr✐❝ ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ❛s ❢♦❧❧♦✇s✳ ❲❡
t❛❦❡ ❛s ✉♥❞❡r❧②✐♥❣ ❞✐❣r❛♣❤ G ❛♥❞ ❛s r❡q✉❡st s❡t ❛ ♣❛rt✐❛❧ ❜r♦❛❞❝❛st ❢r♦♠ s♦♠❡ ✈❡rt❡① s ✐♥
S t♦ ❛❧❧ t❤❡ ♦t❤❡r ✈❡rt✐❝❡s ✐♥ S✱ ❛❧❧ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② ✶✳ ❲❡ s❡t ❛❧❧ t❤❡ ❡❞❣❡ ❧❡♥❣t❤s t♦ L > 0✱
L ❜❡✐♥❣ ❛ ♣❛r❛♠❡t❡r t♦ ❜❡ s♣❡❝✐✜❡❞ ❧❛t❡r✳

▲❡t OPT ❜❡ t❤❡ ♦♣t✐♠❛❧ ❝♦st t♦ t❤❡▼✐♥✐♠✉♠ ❈♦st ❙②♠♠❡tr✐❝ ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t

✐♥st❛♥❝❡✱ ❛♥❞ ❧❡t OPTST ❜❡ t❤❡ ♦♣t✐♠❛❧ ❝♦st t♦ t❤❡ ▼✐♥✐♠✉♠ ❙t❡✐♥❡r ❚r❡❡ ✐♥st❛♥❝❡✱
r❡❛❧✐③❡❞ ❜② ❛ s✉❜❣r❛♣❤ H✳ ❙✐♥❝❡ H ❝♦♥♥❡❝ts s t♦ ❛❧❧ t❤❡ ♦t❤❡r ✈❡rt✐❝❡s ✐♥ S✱ ✐t ❢♦❧❧♦✇s t❤❛t

OPT ≤ L · OPTST +
∑

x∈S\{s}

dH(s, x) ≤ L · OPTST + n2. ✭✽✮

❈♦♥✈❡rs❡❧②✱ ❣✐✈❡♥ ❛♥② s♦❧✉t✐♦♥ t♦ t❤❡ ▼✐♥✐♠✉♠ ❈♦st ❙②♠♠❡tr✐❝ ❍②♣❡r❣r❛♣❤ ▲❛②✲

♦✉t ✐♥st❛♥❝❡ ✇✐t❤ ❝♦st S ❛♥❞ r❡❛❧✐③❡❞ ✇✐t❤ ❛ ❣r❛♣❤ HS ✱ ✇❡ ❝❛♥ ✜♥❞ ❛ s♦❧✉t✐♦♥ t♦ t❤❡
▼✐♥✐♠✉♠ ❙t❡✐♥❡r ❚r❡❡ ✐♥st❛♥❝❡ ✭❥✉st ❜② t❛❦✐♥❣ t❤❡ ❡❞❣❡s ✉s❡❞ ❜② s♦♠❡ t✉♥♥❡❧✮ ✇✐t❤ ❝♦st

SST ≤
S −

∑

x∈S\{s} dHS
(s, x)

L
≤

S

L
.

❙✉♣♣♦s❡ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ P❚❆❙ ❢♦r t❤❡ ▼✐♥✐♠✉♠ ❈♦st

❙②♠♠❡tr✐❝ ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♣r♦❜❧❡♠✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ ε > 0 ✇❡ ❝❛♥ ✜♥❞ ✐♥ ♣♦❧②♥♦✲
♠✐❛❧ t✐♠❡ ❛ s♦❧✉t✐♦♥ S s✉❝❤ t❤❛t S ≤ (1 + ε) · OPT ✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ✜♥❞ ❛ s♦❧✉t✐♦♥ t♦ t❤❡
▼✐♥✐♠✉♠ ❙t❡✐♥❡r ❚r❡❡ ✐♥st❛♥❝❡ s✉❝❤ t❤❛t

SST ≤
S

L
≤

(1 + ε) · OPT

L
≤

(1 + ε) ·
(

L · OPTST + n2
)

L
, ✭✾✮

■◆❘■❆
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✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ❊q✉❛t✐♦♥ ✭✽✮ ✐♥ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t②✳ ▲❡t ♥♦✇ L = n3✳ ❊q✉❛t✐♦♥ ✭✾✮
❜❡❝♦♠❡s

SST ≤ (1 + ε) · OPTST +
1 + ε

n
.

❚❤❛t ✐s✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ P❚❆❙ ❢♦r ▼✐♥✐♠✉♠ ❈♦st ❙②♠♠❡tr✐❝ ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t

✇♦✉❧❞ ②✐❡❧❞ ❛ P❚❆❙ ❢♦r▼✐♥✐♠✉♠ ❙t❡✐♥❡r ❚r❡❡✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ❜② ❬✺❪ ✉♥❧❡ss P = ◆P✳
⊓⊔

❘❘ ♥➦ ✼✵✼✶



✶✹ ❇❡r♠♦♥❞ ✫ ❛❧

21 3 4 5 6 7 8 9 11 1210 13 14

❋✐❣✉r❡ ✹✿ ❚❤❡ ❜✐♥❛r② ❧❛②♦✉t ❞❡♣✐❝t❡❞ ❛❜♦✈❡ ❣✐✈❡s ❛ log n✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ▼✐♥✲

✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♦♥ t❤❡ ♣❛t❤✳ ■❢ t❤❡ ♣❛t❤ ✐s ✉♥❞✐r❡❝t❡❞✱ ✇❡ ❛❞❞ t❤❡
s②♠♠❡tr✐❝ t✉♥♥❡❧s✳

✹ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈✐❞❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ▼✐♥✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤

▲❛②♦✉t ♣r♦❜❧❡♠✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❞❡s❝r✐❜❡ ♦✉r ❛❧❣♦r✐t❤♠s ✇❤❡♥ t❤❡ ♥❡t✇♦r❦
✐s ❛ ♣❛t❤✱ ❛ tr❡❡✱ ❛♥❞ ❛ ❣❡♥❡r❛❧ ❣r❛♣❤ ✐♥ ❙❡❝t✐♦♥s ✹✳✶✱ ✹✳✷✱ ❛♥❞ ✹✳✸✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❧t❤♦✉❣❤
Pr♦♣♦s✐t✐♦♥ ✶ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✱ ✇❡ ❞❡s❝r✐❜❡ ✐♥ ❙❡❝t✐♦♥ ✹✳✶ ❛ s✐♠♣❧❡ ❛♥❞
✐♥t✉✐t✐✈❡ ❧❛②♦✉t ❢♦r t❤❡ ♣❛t❤✱ ✇❤✐❝❤ ❞✐✛❡rs ❢r♦♠ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❙❡❝t✐♦♥ ✹✳✷✳

✹✳✶ ❈❛s❡ ♦❢ t❤❡ ♣❛t❤

❋✐rst ❛ss✉♠❡ t❤❛t t❤❡ ♣❛t❤ ✐s ❞✐r❡❝t❡❞✳ ❲❡ ❝❛♥ s✉♣♣♦s❡ ✇✳❧✳♦✳❣✳ t❤❛t n − 1 ✐s ❛ ♣♦✇❡r ♦❢
t✇♦✱ ♦t❤❡r✇✐s❡✱ ❥✉st ❛❞❞ ❞✉♠♠② ✈❡rt✐❝❡s✳

❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐♥❛r② ❧❛②♦✉t✱ s✉❝❤ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✿ ✇❡ ❝♦♥♥❡❝t ♥♦❞❡ 1
t♦ ♥♦❞❡ (n + 1)/2✱ ♥♦❞❡ (n + 1)/2 t♦ ♥♦❞❡ n✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r r❡❝✉rs✐✈❡❧② t❤❡ ❜✐♥❛r② ❧❛②♦✉t
❢♦r (n + 1)/2 ♦♥ t❤❡ s✉❜❞✐♣❛t❤s [1, (n + 1)/2] ❛♥❞ [(n + 1)/2, n]✳ ■t ✐s ❝❧❡❛r t❤❛t ❛♥② r❡q✉❡st
❝❛♥ ❜❡ r♦✉t❡❞ ✐♥ t❤✐s ❧❛②♦✉t ✇✐t❤ ❛t ♠♦st log n ❤♦♣s✱ ❛♥❞ t❤❛t t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤✐s ❧❛②♦✉t
✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② log n · ℓ([1, n])✱ ✇❤❡r❡ ℓ([1, n]) ❞❡♥♦t❡s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❞✐♣❛t❤ ❣♦✐♥❣
❢r♦♠ ♥♦❞❡ 1 t♦ ♥♦❞❡ n✳ ❚❤❡r❡❢♦r❡ t❤❡ ❝♦st ♦❢ t❤✐s ❧❛②♦✉t ✐s log n ·

∑

ri,j
mi,j +log n · ℓ([1, n])✳

❲❡ ♥♦✇ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✳
❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ s❡t ♦❢ r❡q✉❡sts ❝♦✈❡rs ❛❧❧ t❤❡ ❛r❝s ♦❢ t❤❡ ♣❛t❤ ✭❛♥

❛r❝ (u, u + 1) ✐s ❝♦✈❡r❡❞ ❜② ❛ r❡q✉❡st ri,j ✐❢ i ≤ u < u + 1 ≤ j✮✳ ❚❤❡ t♦t❛❧ ❝♦st ♦❢ ❛
t✉♥♥❡❧ ✐s ❛t ❧❡❛st (ℓ(t) − 1 + 1)✱ ❛s ❡❛❝❤ t✉♥♥❡❧ ❝❛rr✐❡s ❛t ❧❡❛st ♦♥❡ r❡q✉❡st✳ ❆s t❤❡ s❡t ♦❢
r❡q✉❡sts ✕ ❛♥❞ s♦ t❤❡ s❡t ♦❢ t✉♥♥❡❧s ✕ ❝♦✈❡rs ❛❧❧ t❤❡ ❛r❝s ♦❢ t❤❡ ♣❛t❤✱ ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡
♠✐♥✐♠✉♠ ❝♦st ✐s

∑

e ℓ(e) = ℓ([1, n])✳ ❆♥♦t❤❡r tr✐✈✐❛❧ ❧♦✇❡r ❜♦✉♥❞ ✐s
∑

ri,j
mi,j ✳ ❚❤❡r❡❢♦r❡✱

1
2

(

ℓ([1, n]) +
∑

ri,j
mi,j

)

✐s ❛❧s♦ ❛ ❧♦✇❡r ❜♦✉♥❞✱ ❛♥❞ s♦ ✉s✐♥❣ t❤❡ ❜✐♥❛r② ❧❛②♦✉t ✐♥ t❤❡ ✇❤♦❧❡

♣❛t❤ ②✐❡❧❞s ❛ 2 log(n)✲❛♣♣r♦①✐♠❛t✐♦♥✳
■❢ t❤❡ s❡t ♦❢ r❡q✉❡sts ❞♦❡s ♥♦t ❝♦✈❡r ❛❧❧ t❤❡ ❛r❝s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♣❛♥ ♦❢ ❛♥ ✐♥st❛♥❝❡ ❛s

t❤❡ ♠✐♥✐♠✉♠ ✭✐♥ t❡r♠s ♦❢ ❧❡♥❣t❤✮ s❡t ♦❢ ❞✐s❥♦✐♥t ✐♥t❡r✈❛❧s ♦❢ t❤❡ ♣❛t❤ s✉❝❤ t❤❛t ❛♥② r❡q✉❡st
❝❛♥ ❜❡ r♦✉t❡❞ ✉s✐♥❣ ♦♥❧② ♦♥❡ ♦❢ t❤❡s❡ ✐♥t❡r✈❛❧s✳ ❊❛❝❤ ❛r❝ ♦❢ t❤❡s❡ ✐♥t❡r✈❛❧s ✐s ❝♦✈❡r❡❞ ❜② ❛t
❧❡❛st ♦♥❡ r❡q✉❡st ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ✐♥t❡r✈❛❧✱ s♦ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ❜✐♥❛r② ❧❛②♦✉t ❞❡s❝r✐❜❡❞ ❛❜♦✈❡
❢♦r ❛♥② ✐♥t❡r✈❛❧✳ ❲❡ ♦❜t❛✐♥ ❢♦r ❛♥ ✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣t❤ ni ❛ 2 log(ni)✲❛♣♣r♦①✐♠❛t✐♦♥✱ ❛♥❞ t❤✉s
❛ 2 log(maxi(ni)) < 2 log(n) ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ♦✉r ♣r♦❜❧❡♠✳

■❢ t❤❡ ♣❛t❤ ✐s ✉♥❞✐r❡❝t❡❞ ✭♦r ❡q✉✐✈❛❧❡♥t❧②✱ ❛ s②♠♠❡tr✐❝ ❞✐r❡❝t❡❞ ♣❛t❤✮✱ ✇❡ ❛❞❞ t♦ t❤❡
❜✐♥❛r② ❧❛②♦✉t ✭❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧② ✐♥ t❤❡ s♣❛♥ ♦❢ t❤❡ ✐♥st❛♥❝❡✮ ❛❧❧ t❤❡ s②♠♠❡tr✐❝ t✉♥♥❡❧s✱

■◆❘■❆
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❤❡♥❝❡ ♠✉❧t✐♣❧②✐♥❣ t❤❡ t♦t❛❧ ❧❡♥❣t❤ ❜② t✇♦ ❛♥❞ ❦❡❡♣✐♥❣ t❤❡ t♦t❛❧ ❤♦♣ ❝♦✉♥t ❝♦♥st❛♥t✳ ❙✉♠✲
♠❛r✐③✐♥❣✱

Pr♦♣♦s✐t✐♦♥ ✶✳ ❲❤❡♥ t❤❡ ♥❡t✇♦r❦ ✐s ❛ ♣❛t❤✱ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥
❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ▼✐♥✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♣r♦❜❧❡♠ ✇✐t❤ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥
r❛t✐♦ O(log n)✳

✹✳✷ ❈❛s❡ ♦❢ t❤❡ tr❡❡

■♥ ❬✹❪ t❤❡ ❛✉t❤♦rs st✉❞✐❡❞ t❤❡ ❞❡s✐❣♥ ♦❢ ✈✐rt✉❛❧ t♦♣♦❧♦❣✐❡s ✐♥ ❆❚▼ ♥❡t✇♦r❦s✳ ❚❤❡✐r ♠♦❞❡❧
❞❡❛❧s ✇✐t❤ ♣♦✐♥t✲t♦✲♣♦✐♥t ❝♦♥♥❡❝t✐♦♥s ✐♥ t❤❡ ✈✐rt✉❛❧ ❣r❛♣❤✱ ✇❤❡r❡❛s ✐♥ t❤❡ ▼✐♥✐♠✉♠ ❈♦st

❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♣r♦❜❧❡♠✱ ❛ t✉♥♥❡❧ ❝❛♥ ❝❛rr② ♠♦r❡ t❤❛♥ ♦♥❡ r❡q✉❡st✳ ◆❡✈❡rt❤❡❧❡ss✱
✇❡ ❝❛♥ ✉s❡ t❤❡ r❡s✉❧ts ♦❢ ❬✹❪ t♦ ♦❜t❛✐♥ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ◆❛♠❡❧②✱ ✇❡ ❛r❡
✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇❤✐❝❤ ❡st❛❜❧✐s❤❡s t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡ ♠❛①✐♠✉♠ ❧♦❛❞
c ❛♥❞ t❤❡ ❞✐❛♠❡t❡r ♦❢ ❛ ✈✐rt✉❛❧ t♦♣♦❧♦❣② ❛❧❧♦✇✐♥❣ t♦ r♦✉t❡ ❛♥ ✏❛❧❧✲t♦✲❛❧❧✧ ✭✐♥ t❤❡ s❡♥s❡ t❤❛t
❡❛❝❤ ♥♦❞❡ s❡♥❞s tr❛✣❝ t♦ ❛❧❧ t❤❡ ♥♦❞❡s r❡❛❝❤❛❜❧❡ ❢r♦♠ ✐t✮ tr❛✣❝ ✐♥ ❛ ❣❡♥❡r❛❧ tr❡❡✳

❚❤❡♦r❡♠ ✸ ✭❇❡r♠♦♥❞ ❡t ❛❧✳ ❬✹❪✮✳ ■♥ ❛ ❞✐r❡❝t❡❞ tr❡❡ ♦♥ n ♥♦❞❡s s✉❝❤ t❤❛t ❡❛❝❤ ♥♦❞❡ s❡♥❞s
tr❛✣❝ t♦ ❛❧❧ t❤❡ ♥♦❞❡s r❡❛❝❤❛❜❧❡ ❢r♦♠ ✐t✱ ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ c ≥ 1 t❤❡r❡ ❡①✐sts ❛ ✈✐rt✉❛❧ t♦♣♦❧♦❣②

❛❧❧♦✇✐♥❣ t♦ r♦✉t❡ ❛❧❧ tr❛✣❝ ✇✐t❤ ❞✐❛♠❡t❡r ❛t ♠♦st 10c ·n
1

2c−1 ❛♥❞ ❧♦❛❞ ❛t ♠♦st c✳ ■♥ ❛❞❞✐t✐♦♥✱
s✉❝❤ ❛ ✈✐rt✉❛❧ t♦♣♦❧♦❣② ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ✇❡ s❡t c = log n+1
2 ✱ ❚❤❡♦r❡♠ ✸ ✐♠♣❧✐❡s t❤❛t ✇❡ ❝❛♥ ✜♥❞ ✐♥ ♣♦❧②♥♦♠✐❛❧

t✐♠❡ ❛ ✈✐rt✉❛❧ t♦♣♦❧♦❣② ✇✐t❤ ❧♦❛❞ O(log n) ❛♥❞ ❞✐❛♠❡t❡r ❛t ♠♦st (5 log n + 5) · n
1

log n =
10 log n + 10 = O(log n)✳

❈♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ❞✐r❡❝t❡❞ tr❡❡ ❛♥❞ s✉♣♣♦s❡ ✜rst t❤❛t t❤❡ ✐♥st❛♥❝❡ ♦❢ t❤❡ ▼✐♥✐♠✉♠

❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♣r♦❜❧❡♠ ✐s s✉❝❤ t❤❛t ❡❛❝❤ ♥♦❞❡ s❡♥❞s tr❛✣❝ t♦ ❛❧❧ t❤❡ ♥♦❞❡s
r❡❛❝❤❛❜❧❡ ❢r♦♠ ✐t✳ ❊❛❝❤ ❛r❝ ♠✉st ❜❡ ✉s❡❞ ❜② s♦♠❡ t✉♥♥❡❧✱ ❛♥❞ s♦ ❧✐❦❡ ❢♦r ♣❛t❤s✱ ♦♥❡ ❧♦✇❡r

❜♦✉♥❞ ✐s 1
2

(

∑

e∈E ℓ(e) +
∑

ri,j
mi,j

)

✳

■♥ t❤❡ ❧❛②♦✉t ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ❡❛❝❤ ❛r❝ ✐s ✉s❡❞ ❛t ♠♦st log n+1
2 t✐♠❡s✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡

t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤✐s ❧❛②♦✉t ✐s O(log n ·
∑

e∈E ℓ(e))✳ ❙✐♥❝❡ t❤❡ ❞✐❛♠❡t❡r ✐s ❛❧s♦ O(log n)✱ t❤❡
t♦t❛❧ ❤♦♣ ❝♦✉♥t ✐s O(log n·

∑

ri,j∈R mi,j)✳ ❙♦ ❛❧t♦❣❡t❤❡r✱ ✇❡ ❤❛✈❡ ❛♥ O(log n)✲❛♣♣r♦①✐♠❛t✐♦♥✳
❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ tr❛✣❝ ✐♥st❛♥❝❡ ✐s ❛ ❣❡♥❡r❛❧ ♦♥❡✳ ❙✐♠✐❧❛r❧② t♦ ❙❡❝t✐♦♥ ✹✳✶✱ ✇❡

❞❡✜♥❡ t❤❡ s♣❛♥ ♦❢ ❛♥ ✐♥st❛♥❝❡ ❛s ❛ ♠✐♥✐♠✉♠ s❡t ♦❢ s✉❜tr❡❡s s✉❝❤ t❤❛t ❛♥② r❡q✉❡st ❝❛♥ ❜❡
r♦✉t❡❞ ✇✐t❤✐♥ ♦♥❡ ♦❢ t❤❡s❡ tr❡❡s✳ ❚❤❡♥✱ ✇❡ ❛♣♣❧② t❤❡ ❧❛②♦✉t ♦❢ ❚❤❡♦r❡♠ ✸ t♦ ❡❛❝❤ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s♣❛♥✱ ♦❜t❛✐♥✐♥❣ t❤❡ s❛♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦✳ ❋✐♥❛❧❧②✱ ❢♦r s②♠♠❡tr✐❝
tr❡❡s✱ ✇❡ ❥✉st ♠✉❧t✐♣❧② t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧❛②♦✉t ❜② ✷ ❜② ❛❞❞✐♥❣ t❤❡ s②♠♠❡tr✐❝ t✉♥♥❡❧s✱ ❛s ✇❡
❞✐❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳ ❙✉♠♠❛r✐③✐♥❣✱

Pr♦♣♦s✐t✐♦♥ ✷✳ ❲❤❡♥ t❤❡ ♥❡t✇♦r❦ ✐s ❛ tr❡❡✱ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥
❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ▼✐♥✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♣r♦❜❧❡♠ ✇✐t❤ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥
r❛t✐♦ O(log n)✳

❘❘ ♥➦ ✼✵✼✶



✶✻ ❇❡r♠♦♥❞ ✫ ❛❧

✹✳✸ ●❡♥❡r❛❧ ♥❡t✇♦r❦

❲❤❡r❡❛s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥s ✹✳✶ ❛♥❞ ✹✳✷ ❤❛✈❡ t❤❡ s❛♠❡
❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦s ✐♥ ❣❡♥❡r❛❧ ❛♥❞ s②♠♠❡tr✐❝ ♣❛t❤s ♦r tr❡❡s✱ ✇❡ s❤❛❧❧ s❡❡ ✐♥ t❤✐s s❡❝t✐♦♥
t❤❛t ✐t ✐s ♥♦t t❤❡ ❝❛s❡ ✐♥ ❛ ❣❡♥❡r❛❧ ♥❡t✇♦r❦✳ ◆❛♠❡❧②✱ t❤❡ ♣r♦❜❧❡♠ s❡❡♠s ♠✉❝❤ ❡❛s✐❡r t♦
❛♣♣r♦①✐♠❛t❡ ✐♥ s②♠♠❡tr✐❝ ♥❡t✇♦r❦s✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✱ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s
♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✿ ✐♥ t❤❡ ▼✐♥✐♠✉♠ ●❡♥❡r❛❧✐③❡❞ ❙t❡✐♥❡r ◆❡t✇♦r❦ ♣r♦❜❧❡♠✱ ✇❡
❛r❡ ❣✐✈❡♥ ❛ ❣r❛♣❤ G = (V,E)✱ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ w : E → N✱ ❛ ❝❛♣❛❝✐t② ❢✉♥❝t✐♦♥ c : E → N✱
❛♥❞ ❛ r❡q✉✐r❡♠❡♥t ❢✉♥❝t✐♦♥ r : V × V → N✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ✜♥❞ ❛ ❙t❡✐♥❡r ♥❡t✇♦r❦ ♦✈❡r
G t❤❛t s❛t✐s✜❡s ❛❧❧ t❤❡ r❡q✉✐r❡♠❡♥ts ❛♥❞ ♦❜❡②s ❛❧❧ t❤❡ ❝❛♣❛❝✐t✐❡s✱ ✐✳❡✳✱ ❛ ❢✉♥❝t✐♦♥ f : E → N

s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ ❡❞❣❡ e ∈ E✱ f(e) ≤ c(e) ❛♥❞✱ ❢♦r ❛♥② ♣❛✐r ♦❢ ♥♦❞❡s i ❛♥❞ j✱ t❤❡ ♥✉♠❜❡r ♦❢
❡❞❣❡✲❞✐s❥♦✐♥t ♣❛t❤s ❜❡t✇❡❡♥ i ❛♥❞ j ✐s ❛t ❧❡❛st r(i, j)✱ ✇❤❡r❡ ❢♦r ❡❛❝❤ ❡❞❣❡ e✱ f(e) ❝♦♣✐❡s ♦❢ e
❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❚❤❡ ❛✐♠ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ ❝♦st ♦❢ t❤❡ ♥❡t✇♦r❦✱ ✐✳❡✳✱

∑

e∈E w(e) · f(e)✳ ■❢ t❤❡
✐♥♣✉t ❣r❛♣❤ G ✐s ✉♥❞✐r❡❝t❡❞✱ t❤❡ ♣r♦❜❧❡♠ ✐s ❛♣♣r♦①✐♠❛❜❧❡ ✇✐t❤✐♥ O(log rmax)✱ ✇❤❡r❡ rmax ✐s
t❤❡ ♠❛①✐♠✉♠ r❡q✉✐r❡♠❡♥t ❬✶✵❪✱ ❛♥❞ ✇✐t❤✐♥ ❛ ❝♦♥st❛♥t ❢❛❝t♦r 2 ✇❤❡♥ ❛❧❧ t❤❡ r❡q✉✐r❡♠❡♥ts ❛r❡

❡q✉❛❧ ❬✶✹❪✳ ❚❤❡ ❞✐r❡❝t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ❛♣♣r♦①✐♠❛❜❧❡ ✇✐t❤✐♥ O(n2/3 log1/3 n) ❬✼❪✳

❙②♠♠❡tr✐❝ ♥❡t✇♦r❦ ❙✉♣♣♦s❡ ✜rst t❤❛t t❤❡ ♥❡t✇♦r❦ ✐s s②♠♠❡tr✐❝✳ ●✐✈❡♥ ❛♥ ✐♥st❛♥❝❡
(G, ℓ,R) ♦❢ ▼✐♥✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ✐♥ ❛ ❣❡♥❡r❛❧ s②♠♠❡tr✐❝ ♥❡t✇♦r❦✱ ✇❡
❜✉✐❧❞ ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ▼✐♥✐♠✉♠ ●❡♥❡r❛❧✐③❡❞ ❙t❡✐♥❡r ◆❡t✇♦r❦ ♣r♦❜❧❡♠
❛s ❢♦❧❧♦✇s✳ ❲❡ t❛❦❡ ❛s ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ G ✐ts❡❧❢✱ ❛♥❞ ✇❡ t❛❦❡ ❛s ✇❡✐❣❤t ❢✉♥❝t✐♦♥ t❤❡ ❧❡♥❣t❤
❢✉♥❝t✐♦♥ ♦❢ G✱ t❤❛t ✐s✱ w(e) = ℓ(e) ❢♦r ❛❧❧ e ∈ E(G)✳ ❋♦r i, j ∈ V (G)✱ ✇❡ s❡t r(i, j) = 1
✇❤❡♥❡✈❡r mi,j > 0✱ ❛♥❞ r(i, j) = 0 ♦t❤❡r✇✐s❡✳ ❋✐♥❛❧❧②✱ ✇❡ s❡t c(e) = +∞ ❢♦r ❛❧❧ e ∈ E(G)✳

▲❡t F ❜❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ t♦ t❤✐s ▼✐♥✐♠✉♠ ●❡♥❡r❛❧✐③❡❞ ❙t❡✐♥❡r ◆❡t✇♦r❦ ✐♥✲
st❛♥❝❡ ✭♥♦t❡ t❤❛t F ♠❛② ❜❡ ❞✐s❝♦♥♥❡❝t❡❞✮✱ ❛♥❞ ❧❡t ℓ(F ) =

∑

e∈E(F ) ℓ(e)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡❛s②

♦❜s❡r✈❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❢✉❧✿ s✐♥❝❡ F ✐s t❤❡ ♠✐♥✐♠✉♠ ✭✐♥ t❡r♠s ♦❢ t♦t❛❧ ❡❞❣❡✲❧❡♥❣t❤✮ s✉❜❣r❛♣❤
♦❢ G s✉❝❤ t❤❛t ❛♥② ❝♦✉♣❧❡ s♦✉r❝❡✲❞❡st✐♥❛t✐♦♥ ❧✐❡s ♦♥ t❤❡ s❛♠❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t✱ t❤❡
t♦t❛❧ ❧❡♥❣t❤ ♦❢ ❛♥② s♦❧✉t✐♦♥ t♦ t❤❡ ▼✐♥✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♣r♦❜❧❡♠ ✐s ❛t
❧❡❛st ℓ(F )✳ ❯s✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❬✶✹❪✱ ✇❡ ❝❛♥ ✜♥❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛ ❙t❡✐♥❡r ♥❡t✇♦r❦
F ′ ✇✐t❤ ℓ(F ′) ≤ 2 · ℓ(F )✳ ❙✐♥❝❡ t❤❡ ❡❞❣❡ ❝❛♣❛❝✐t✐❡s ❛r❡ s❡t t♦ +∞✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t s✉❝❤
❛ ❙t❡✐♥❡r ♥❡t✇♦r❦ F ′ ✐s ❛ ❢♦r❡st✳ ❚❤❡ ❧❛②♦✉t ✐s t❤❡♥ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠
❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ t♦ ❡❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ F ′✳

■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❤♦♣ ❝♦✉♥t ♦❢ t❤✐s ❧❛②♦✉t ✐s ❛t ♠♦st O(log n) t✐♠❡s t❤❡ ❧♦✇❡r ❜♦✉♥❞
∑

ri,j∈R mi,j ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤✐s ❧❛②♦✉t ✐s O(log n · ℓ(F ′)) =

O(log n ·ℓ(F ))✳ ❙✐♥❝❡ t❤❡ t♦t❛❧ ❝♦st ♦❢ ❛♥② ❧❛②♦✉t ✐s ❧♦✇❡r✲❜♦✉♥❞❡❞ ❜② 1
2

(

ℓ(F ) +
∑

ri,j
mi,j

)

✱

t❤❡ O(log n)✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦❧❧♦✇s✳ ❙✉♠♠❛r✐③✐♥❣✱

❚❤❡♦r❡♠ ✹✳ ■♥ ❛ ❣❡♥❡r❛❧ s②♠♠❡tr✐❝ ♥❡t✇♦r❦✱ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥
❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ▼✐♥✐♠✉♠ ❈♦st ❙②♠♠❡tr✐❝ ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♣r♦❜❧❡♠ ✇✐t❤ ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ O(log n)✳

■◆❘■❆
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●❡♥❡r❛❧ ❞✐r❡❝t❡❞ ♥❡t✇♦r❦ ■♥ ❛ ♥♦t ♥❡❝❡ss❛r✐❧② s②♠♠❡tr✐❝ ♥❡t✇♦r❦✱ ✐❢ ✇❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡
❛♣♣r♦❛❝❤ ❛s ✐♥ t❤❡ s②♠♠❡tr✐❝ ❝❛s❡✱ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❣r❛♣❤ F ′ ✭t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡
▼✐♥✐♠✉♠ ●❡♥❡r❛❧✐③❡❞ ❙t❡✐♥❡r ◆❡t✇♦r❦✮ ✐s ❛ ❞✐r❡❝t❡❞ ❢♦r❡st ❞♦❡s ♥♦t ❤♦❧❞ ❛♥②♠♦r❡✱
❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥♥♦t ❛♣♣❧② t❤❡ ❧❛②♦✉t ♦❢ ❙❡❝t✐♦♥ ✹✳✷ ❞✐r❡❝t❧② t♦ F ′✳

❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✿ s✉♣♣♦s❡ t❤❛t F ′ ✐s ❝♦♥♥❡❝t❡❞✱ ♦t❤❡r✇✐s❡
✇❡ ♣r♦❝❡❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ ❡❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t✳ ❲❡ ♣❛rt✐t✐♦♥ F ′ ✐♥t♦ str♦♥❣❧②
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts F1, . . . , Fl✳ ✭◆♦t❡ t❤❛t t❤✐s ♣❛rt✐t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❧✐♥❡❛r t✐♠❡ ❬✷✷❪✳✮
❚❤❡♥✱ ✐❢ ✇❡ s❤r✐♥❦ ❡❛❝❤ Fk t♦ ❛ s✐♥❣❧❡ ✈❡rt❡①✱ ❢♦r 1 ≤ k ≤ l✱ ✇❡ ♦❜t❛✐♥ ❛ ❞✐r❡❝t❡❞ ❛❝②❝❧✐❝
❣r❛♣❤ ✭❛ ❉❆● ❢♦r s❤♦rt✮✳ ❲❡ r❡♠♦✈❡ ❛r❝s ❢r♦♠ t❤✐s ❉❆● ✉♥t✐❧ ✇❡ ♦❜t❛✐♥ ❛ ❞✐r❡❝t❡❞ tr❡❡ T
s✉❝❤ t❤❛t ❛❧❧ t❤❡ r❡q✉❡sts ❝❛♥ ❜❡ r♦✉t❡❞ ✉s✐♥❣ ♦♥❧② ❡❞❣❡s ❢r♦♠ T ❛♥❞ Fk✱ 1 ≤ k ≤ l✳

❋♦r k = 1, . . . , l✱ ✇❡ s❡❧❡❝t ✐♥ ❝♦♠♣♦♥❡♥t Fk ❛♥ ❛r❜✐tr❛r② ❞✐st✐♥❣✉✐s❤❡❞ ♥♦❞❡ vk✱ ❛♥❞ ❧❡t
T ♦✉t

k ❛♥❞ T ✐♥

k ❜❡ t✇♦ ❞✐r❡❝t❡❞ s♣❛♥♥✐♥❣ tr❡❡s ♦❢ Fk s✉❝❤ t❤❛t T ♦✉t

k ✐s r♦✉t❡❞ ❛t vk ❛♥❞ s✉❝❤
t❤❛t vk ✐s r❡❛❝❤❛❜❧❡ ✐♥ T ✐♥

k ❢r♦♠ ❛♥② ✈❡rt❡① ✐♥ Fk✳ ✭◆♦t❡ t❤❛t T ♦✉t

k ❛♥❞ T ✐♥

k ❡①✐st ❛♥❞ ❝❛♥ ❜❡
❡✣❝✐❡♥t❧② ❝♦♠♣✉t❡❞ s✐♥❝❡ Fk ✐s str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❬✷✷❪✳✮

❚❤❡ r♦✉t✐♥❣ ✇✐t❤✐♥ ❡❛❝❤ ♦❢ t❤❡ 2l + 1 tr❡❡s T ❛♥❞ T ♦✉t

k , T ✐♥

k ✱ 1 ≤ k ≤ l✱ ✐s ❝❛rr✐❡❞ ♦✉t
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧❛②♦✉t ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✇❤♦s❡ ❞✐❛♠❡t❡r ✭✐♥ ❡❛❝❤ tr❡❡✮ ✐s ❛t ♠♦st
log n✳

❚❤❡♥ ♦✉r r♦✉t✐♥❣ str❛t❡❣② ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■❢ mi,j > 0 ❛♥❞ i, j ❧✐❡ ♦♥ t❤❡ s❛♠❡ ❝♦♠♣♦♥❡♥t
Fk✱ ✇❡ s❡♥❞ t❤❡ r❡q✉❡st ❢r♦♠ i t♦ vk ✉s✐♥❣ t❤❡ ❛r❝s ♦❢ T ✐♥

k ✱ ❛♥❞ t❤❡♥ ❢r♦♠ vk t♦ j ✉s✐♥❣ t❤❡
❛r❝s ♦❢ T ♦✉t

k ✳ ❖t❤❡r✇✐s❡✱ ✐❢ i ❧✐❡s ♦♥ ❛ ❝♦♠♣♦♥❡♥t Tk ❛♥❞ j ❧✐❡s ♦♥ ❛ ❝♦♠♣♦♥❡♥t Tk′ ✇✐t❤
k 6= k′✱ ✇❡ s❡♥❞ t❤❡ r❡q✉❡st ❢r♦♠ i t♦ vk ✉s✐♥❣ t❤❡ ❛r❝s ♦❢ T ✐♥

k ✱ t❤❡♥ ❢r♦♠ vk t♦ vk′ ✉s✐♥❣ t❤❡
❛r❝s ♦❢ T ✱ ❛♥❞ ✜♥❛❧❧② ❢r♦♠ vk′ t♦ j ✉s✐♥❣ t❤❡ ❛r❝s ♦❢ T ♦✉t

k′ ✳
❯s✐♥❣ t❤❡ ❛❜♦✈❡ r♦✉t✐♥❣ s❝❤❡♠❡✱ ❡❛❝❤ r❡q✉❡st ✐s r♦✉t❡❞ ❡✐t❤❡r ✇✐t❤ ❛t ♠♦st 2 log n ❤♦♣s

✭✐❢ s♦✉r❝❡ ❛♥❞ ❞❡st✐♥❛t✐♦♥ ❧✐❡ ♦♥ t❤❡ s❛♠❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ T ✮ ♦r ❛t ♠♦st 3 log n
✭♦t❤❡r✇✐s❡✮✳

❘❡❝❛❧❧ t❤❛t t❤❡ ❜❡st ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ t♦ t❤❡▼✐♥✐♠✉♠ ●❡♥❡r❛❧✐③❡❞ ❙t❡✐♥❡r ◆❡t✲

✇♦r❦ ♣r♦❜❧❡♠ ✐s O(n2/3 log1/3 n) ❬✼❪✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ♦❜t❛✐♥❡❞ ❧❛②♦✉t

✐s ❛t ♠♦st O(n2/3 log1/3 n) t✐♠❡s t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ ❛♥ ♦♣t✐♠❛❧ ♦♥❡✳ ❚❤❡ ❧❛②♦✉t ✉s❡❞ ✐♥
❡❛❝❤ tr❡❡ ✐♥tr♦❞✉❝❡s ❥✉st ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ t❡r♠ t♦ t❤❡ t♦t❛❧ ❧❡♥❣t❤ ❜♦✉♥❞❡❞ ❜② O(log n) ✭s❡❡
❙❡❝t✐♦♥ ✹✳✷✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② t❤❡ ❛r❣✉♠❡♥ts ❛❜♦✈❡ t❤❡ t♦t❛❧ ❤♦♣ ❝♦✉♥t ♦❢ t❤✐s ❧❛②♦✉t
✐s ❛t ♠♦st O(log n) t✐♠❡s t❤❡ t♦t❛❧ ❤♦♣ ❝♦✉♥t ♦❢ ❛♥ ♦♣t✐♠❛❧ ❧❛②♦✉t✳ ❙✉♠♠❛r✐③✐♥❣✱ ✇❡ ♦❜t❛✐♥

❛♥ O(n2/3 log4/3 n)✲❛♣♣r♦①✐♠❛t✐♦♥✳

❚❤❡♦r❡♠ ✺✳ ■♥ ❛ ❣❡♥❡r❛❧ ♥❡t✇♦r❦✱ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠
❢♦r t❤❡ ▼✐♥✐♠✉♠ ❈♦st ❙②♠♠❡tr✐❝ ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♣r♦❜❧❡♠ ✇✐t❤ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥
r❛t✐♦ O(n2/3 log4/3 n)✳

❘❘ ♥➦ ✼✵✼✶



✶✽ ❇❡r♠♦♥❞ ✫ ❛❧

✺ ❚❤❡ ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t Pr♦❜❧❡♠ ♦♥ t❤❡ P❛t❤

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐❣r❛♣❤ ✐s ❛ ❞✐r❡❝t❡❞ ♣❛t❤✳ ❖✉r
❛♣♣r♦❛❝❤ ❝♦♥s✐sts ✐♥ ❛ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛❧❣♦r✐t❤♠ t❤❛t ❝♦♠♣✉t❡s ♣❛rt✐❛❧ s♦❧✉t✐♦♥s
✐♥❞✉❝❡❞ ♦♥ s✉❜❞✐♣❛t❤s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❞✐♣❛t❤✳

❲❡ ♣r♦✈✐❞❡ t❤❡ ❞❡t❛✐❧s ❢♦r ♦♥❡ ❛♥❞ t✇♦ s♦✉r❝❡s ✐♥ ❙❡❝t✐♦♥s ✺✳✷ ❛♥❞ ✺✳✸✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞
t❤❡♥ ✇❡ s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✺✳✹ ❤♦✇ t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ♣r❡✈✐♦✉s ✐❞❡❛s t♦ ❞❡❛❧ ✇✐t❤ ❛♥② ✜①❡❞
♥✉♠❜❡r k ♦❢ s♦✉r❝❡s ♦♥ t❤❡ ♣❛t❤✳

✺✳✶ ❙♦♠❡ ♥♦t❛t✐♦♥s

❋✐rst✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ s❡q✉❡❧✳
◆♦❞❡s ❛r❡ ♥✉♠❜❡r❡❞ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t 1, . . . , n✳ ❲❡ ❞❡♥♦t❡ ❜② [i, j] t❤❡ s✉❜❞✐♣❛t❤ ❢r♦♠

♥♦❞❡ i t♦ ♥♦❞❡ j ✭✇✐t❤ i < j✮ ❛♥❞ ❜② OPT (s1, s2, . . . , sk; [s1, n]) t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ✇✐t❤ k s♦✉r❝❡s s1 < s2 < . . . < sk ♦♥ t❤❡ ❞✐♣❛t❤ [s1, n]✳
◆♦t❛t✐♦♥ α(i)✳ ❋♦r ❛ ❣✐✈❡♥ ♥♦❞❡ i ❛♥❞ ❛♥ ✐♥t❡r✈❛❧ [u, v]✱ ❧❡t α(i) ❜❡ t❤❡ r✐❣❤t♠♦st ❡♥❞✈❡rt❡①
✐♥ [u, v] ♦❢ ❛ t✉♥♥❡❧ st❛rt✐♥❣ ✐♥ i ✭s❛✐❞ ♦t❤❡r✇✐s❡✱ (i, α(i)) ✐s t❤❡ ❧♦♥❣❡st t✉♥♥❡❧ ✐ss✉❡❞ ❢r♦♠ i
❛♥❞ ❡♥❞✐♥❣ ✐♥ [u, v]✮✳

◆♦t❡ t❤❛t ♦♥ t❤❡ ♣❛t❤ [1, n]✱ ✇❤❡♥ ❛❧❧ t❤❡ r❡q✉❡sts ❛r❡ ❞❡st✐♥❡❞ t♦ ♥♦❞❡ n✱ t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ✐s s✐♠♣❧② t❤❡ t✉♥♥❡❧ ❢r♦♠ ♥♦❞❡ i t♦ ♥♦❞❡ n ✇❤❡r❡ i ✐s t❤❡ ❧❡❢t♠♦st s♦✉r❝❡✳

✺✳✷ ❈❛s❡ ♦❢ ❛ s✐♥❣❧❡ s♦✉r❝❡

❲❡ ♣r❡s❡♥t ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ❛ s✐♥❣❧❡ s♦✉r❝❡ ✭●❡rst❡❧ ❡t ❛❧✳ ✉s❡❞ ❛ s✐♠✐❧❛r
❛♣♣r♦❛❝❤ ✐♥ ❬✾❪✮✳ ❲❡ ❛❧s♦ ❣✐✈❡ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦st ✇❤❡♥ t❤❡ r❡q✉❡sts ❛♥❞
t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡ ❛r❝s ❛r❡ ✉♥✐❢♦r♠ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✮✳

❋♦r ♦♥❡ s♦✉r❝❡✱ ✇❡ ❞❡♥♦t❡ OPT (i; [i, j]) ❜② s✐♠♣❧② OPT [i, j]✱ t❤❛t ✐s✱ t❤❡ ❝♦st ♦❢ ❛♥
♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❞✐♣❛t❤ [i, j] ✇✐t❤ ❛ ✉♥✐q✉❡ s♦✉r❝❡ ❧♦❝❛t❡❞ ❛t i ❛♥❞ s❡♥❞✐♥❣ t♦ ❛ ♥♦❞❡
u✱ i < u ≤ j ❛ r❡q✉❡st ♦❢ ♠✉❧t✐♣❧✐❝✐t② mi,u = m1,u✳

❙✐♥❝❡ t❤❡ ♣❛t❤ ✐s ❞✐r❡❝t❡❞✱ ✇❡ ❛ss✉♠❡ ✇✳❧✳♦✳❣✳ t❤❛t t❤❡ s♦✉r❝❡ ✐s ❧♦❝❛t❡❞ ✐♥ t❤❡ ❧❡❢t♠♦st
♥♦❞❡ ♦❢ t❤❡ ♣❛t❤ ✭♥♦❞❡ ✶✮✳ ❚❤❡ ✜rst ❝r✉❝✐❛❧ ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ t✉♥♥❡❧s
✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐s ♥♦♥✲❝r♦ss✐♥❣✱ ✐✳❡✳✱ t✇♦ t✉♥♥❡❧s ❝❛♥ ♦♥❧② ✐♥t❡rs❡❝t ✐♥ ❛♥ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ✐❢ ♦♥❡ ✐s str✐❝t❧② ✐♥s✐❞❡ t❤❡ ♦t❤❡r✱ ❛s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✷✳ ▲❡t t❤❡ ♥❡t✇♦r❦ ❜❡ ❛ ❞✐r❡❝t❡❞ ♣❛t❤✱ ✇✐t❤ ❛ ✉♥✐q✉❡ s♦✉r❝❡ ❛t ♥♦❞❡ i ❛♥❞ ✇✐t❤
r❡q✉❡sts t♦ ♥♦❞❡s ✐♥ [i, j]✳ ❚❤❡ s❡t ♦❢ t✉♥♥❡❧s T ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r ▼✐♥✐♠✉♠ ❈♦st

❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ✐s s✉❝❤ t❤❛t✱ ✐❢ (i, α(i)) ✐s t❤❡ ❧♦♥❣❡st t✉♥♥❡❧ ❢r♦♠ i t♦ [i, j] ✭α(i) ≤ j✮✱
t❤❡♥ t❤❡r❡ ✐s ♥♦ t✉♥♥❡❧ (k, l) ✐♥ T ✇✐t❤ i ≤ k < α(i) < l ≤ j✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❡r❡ ❡①✐sts s✉❝❤ ❛ t✉♥♥❡❧ (k, l) ✭s❡❡ ❋✐❣✉r❡ ✺✮✳ ❆s α(i) ✐s t❤❡ r✐❣❤t♠♦st ♥♦❞❡✱
t❤❡♥ k 6= i✱ ♦t❤❡r✇✐s❡ (i, l) ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❧♦♥❣❡r t❤❛♥ (i, α(i))✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♥✉♠❜❡r
♦❢ ❝♦♥s❡❝✉t✐✈❡ t✉♥♥❡❧s ❢r♦♠ ✐ t♦ l✱ ♥❛♠❡❧② h(i, l)✱ s❛t✐s✜❡s h(i, l) ≥ 2✳ ❈♦♥s✐❞❡r t❤❡ s❡t ♦❢
t✉♥♥❡❧s T ′ ♦❜t❛✐♥❡❞ ❢r♦♠ T ❜② ❞❡❧❡t✐♥❣ t❤❡ t✉♥♥❡❧ (k, l) ❛♥❞ ❛❞❞✐♥❣✱ ✐❢ ✐t ❞♦❡s ♥♦t ❡①✐st✱ t❤❡
t✉♥♥❡❧ (α(i), l)✳

■◆❘■❆



●▼P▲❙ ▲❛❜❡❧ ❙♣❛❝❡ ▼✐♥✐♠✐③❛t✐♦♥ ✶✾

ki (i)α

❋✐❣✉r❡ ✺✿ ❈❛s❡ ♦❢ ❛ s✐♥❣❧❡ s♦✉r❝❡ ❛♥❞ t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ♣r♦♣❡rt②✳

❆♥② r❡q✉❡st ❢r♦♠ ♥♦❞❡ i t♦ s♦♠❡ ♥♦❞❡ u ✐♥ [l, j] ✇❤✐❝❤ ✇❛s r♦✉t❡❞ ✈✐❛ t❤❡ t✉♥♥❡❧ (k, l) ✐s
♥♦✇ r♦✉t❡❞ t✐❧❧ l t❤r♦✉❣❤ t✇♦ ❝♦♥s❡❝✉t✐✈❡ t✉♥♥❡❧s (i, α(i)) ❛♥❞ (α(i), l)✳ ■t ✐s ❛♥ ❛❞♠✐ss✐❜❧❡
s♦❧✉t✐♦♥ ✇❤♦s❡ ❝♦st s❛t✐s✜❡s✿

c(T ′) ≤ c(T ) − λlh(i, l) − (l([k, l]) − 1) + 2λl + l([α(i), l]) − 1,

✇❤❡r❡ λl ✐s t❤❡ ♥✉♠❜❡r ♦❢ r❡q✉❡sts ❛rr✐✈✐♥❣ ❛t l ♦r tr❛♥s✐t✐♥❣ ✈✐❛ l✳ ❆s h(i, l) ≥ 2 ❛♥❞
ℓ([α(i), l]) < ℓ([k, l])✱ c(T ′) < c(T )✳ ⊓⊔

▲❡♠♠❛ ✷ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦❛❝❤✿ ❝♦♥s✐❞❡r t❤❡ r✐❣❤t♠♦st t✉♥♥❡❧ ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠
t❤❡ s♦✉r❝❡✱ ♥♦❞❡ 1 ❛♥❞ ❛ss✉♠❡ ✐t ❡♥❞s ❛t ♥♦❞❡ α(1)✳ ❆s t❤❡r❡ ✐s ♥♦ t✉♥♥❡❧ ❝r♦ss✐♥❣ α(1)✱ ❛❧❧
t❤❡ r❡q✉❡sts ❢♦r ♥♦❞❡s ✐♥ [α(1) + 1, n] ❤❛✈❡ t♦ ❜❡ r♦✉t❡❞ ✜rst ❜② t✉♥♥❡❧ (1, α(1)) ❛♥❞ s♦ ❝❛♥
❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❡♠✐tt❡❞ ❜② ❛ s♦✉r❝❡ ❛t ♥♦❞❡ α(1)✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ s♣❧✐t t❤❡ ♣r♦❜❧❡♠ ✐♥t♦
t✇♦ s✉❜♣r♦❜❧❡♠s✿ ✜♥❞ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ r❡q✉❡sts t♦ [1, α(1) − 1] ❛♥❞ ❛♥ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ❢♦r t❤❡ ❞✐♣❛t❤ [α(1), n] ✇✐t❤ s♦✉r❝❡ ❛t α(1)✳

❚❤✐s ❛♣♣r♦❛❝❤ ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r ❛ ♣❛t❤ ✇✐t❤ n ✈❡rt✐❝❡s
r❡❝✉rs✐✈❡❧②✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❚❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ OPT [i, j] ❢♦r ♣r♦❜❧❡♠ ▼✐♥✐♠✉♠ ❈♦st

❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♦♥ t❤❡ ❞✐♣❛t❤ [i, j] ✇✐t❤ s♦✉r❝❡ i ♠❛② ❜❡ ❡①♣r❡ss❡❞ ❛s ❢♦❧❧♦✇s✿

OPT [i, j] = min
i<α(i)≤j

Cα(i)[i, j] ✭✶✵✮

✇✐t❤ Cα(i)[i, j] =





j
∑

k=α(i)

m1,k +
∑

e∈E([i,α(i)])

ℓ(e) − 1



 + OPT [i, α(i) − 1] + OPT [α(i), j].

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✷✱ ❧❡t α(i) ❜❡ t❤❡ r✐❣❤t♠♦st ♥♦❞❡ ✐♥ [i, j] ❢r♦♠ i ✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉✲
t✐♦♥✳ ❚❤❡♥✱ t❤❡ ❝♦st ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❝♦st ♦❢ t❤❡ t✉♥♥❡❧ (i, α(i)) ❡q✉❛❧s
∑j

k=α(i) m1,k +
∑

e∈E([i,α(i)]) ℓ(e) − 1 ♣❧✉s t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦♥ t❤❡ s✉❜♣❛t❤

[i, α(i) − 1] ❛♥❞ t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦♥ t❤❡ s✉❜♣❛t❤ [α(i), j] ✇✐t❤ s♦✉r❝❡ ✐♥ α(i)✱
t❤❛t ✐s✱ Cα(i)[i, j]✳ ⊓⊔

❘❘ ♥➦ ✼✵✼✶



✷✵ ❇❡r♠♦♥❞ ✫ ❛❧

❆❧❣♦r✐t❤♠ ✶✿ P♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t✐♥❣ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r ▼✐♥✐♠✉♠

❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♦♥ ❛ ❞✐r❡❝t❡❞ ♣❛t❤ ✇✐t❤ ♦♥❡ s♦✉r❝❡✳

■♥♣✉t✿ P❛t❤ [1, n] ❢r♦♠ 1 t♦ n✱ ✇❤❡r❡ 1 ✐s t❤❡ s♦✉r❝❡ ❛♥❞ ❛ s❡t ♦❢ r❡q✉❡sts r1,i ♦❢
♠✉❧t✐♣❧✐❝✐t② m1,i✱ ❢♦r 2 ≤ i ≤ n

❖✉t♣✉t✿ OPT [1, i] ❛♥❞ t❤❡ s❡t ♦❢ t✉♥♥❡❧s ❡♥❛❜❧✐♥❣ t♦ r♦✉t❡ t❤❡ r❡q✉❡sts r1,i✱ ❢♦r
2 ≤ i ≤ n

❜❡❣✐♥

OPT ✐s ❛ t❛❜❧❡ ♦❢ s✐③❡ n × n ✐♥❞✐❝❛t✐♥❣ t❤❡ ❝♦sts ❛❧❧ t❤❡ s✉❜s♦❧✉t✐♦♥s❀
S ✐s ❛ t❛❜❧❡ ♦❢ s✐③❡ n×n ✐♥❞✐❝❛t✐♥❣ t❤❡ α(i) ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♦♣t✐♠❛❧ s✉❜s♦❧✉t✐♦♥s❀
M ✐s ❛ t❛❜❧❡ ♦❢ s✐③❡ n st♦r✐♥❣ ♣❛rt✐❛❧ s✉♠s ♦❢ ✇❡✐❣t❤s✱ M [1] = 0✱ M [j] =
∑j

i=2 m1,i = M [j − 1] + m1,j

❢♦r i ∈ [1, n] ❞♦
OPT [i, i] = 0❀

❢♦r i ∈ [1, n − 1] ❞♦
OPT [i, i + 1] = m1,i+1 +ℓ([i, i + 1])−1❀✴✴❈♦st ♦❢ t❤❡ t✉♥♥❡❧ (i, i+1) ❝❛rr②✐♥❣
tr❛✣❝ t♦✇❛r❞s i + 1
S[i, i + 1] = i + 1❀

❢♦r k ∈ [2, n] ❞♦
❢♦r ∀i ∈ [1, n − k] ❞♦

min = +∞❀
✴✴❲❡ ❝♦♥s✐❞❡r ❛❧❧ r❡q✉❡sts ❢r♦♠ 1 t♦ s♦♠❡ ♥♦❞❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [i+1, i+k]
❢♦r ∀α(i) ∈ [i + 1, i + k] ❞♦

✴✴✈❛❧✉❡ ✐s t❤❡ ❝♦st ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐❢ α(i) ✐s t❤❡ s♣❧✐tt✐♥❣ ♣♦✐♥t ❢♦r s✉❜✲
❞✐♣❛t❤ [i, i + k]
value = (M [i + k]−M [α(i)− 1]) + ℓ([i, α(i)])− 1 + OPT [i, α(i) − 1] +
OPT [α(i), i + k]❀
✐❢ value < min t❤❡♥

min = value❀
OPT [i, i + k] = value❀
S[i, i + k] = α(i)❀

❈♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ s❡t ♦❢ t✉♥♥❡❧s ❢r♦♠ t❤❡ t❛❜❧❡ S❀

❡♥❞

❚❤❡♦r❡♠ ✻✳ ▲❡t t❤❡ ♥❡t✇♦r❦ ❜❡ ❛ ❞✐r❡❝t❡❞ ♣❛t❤ [1, n] ✇✐t❤ ❛ ✉♥✐q✉❡ s♦✉r❝❡ ❛t ♥♦❞❡ 1✱ t❤❡♥
❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▼✐♥✐♠✉♠ ❈♦st ❍②♣❡r❣r❛♣❤ ▲❛②♦✉t ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
✐♥ O(n3) t✐♠❡ ❜② ❆❧❣♦r✐t❤♠ ✶✳

Pr♦♦❢✳ ❆❧❣♦r✐t❤♠ ✶ ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ✐t ❝♦♠♣✉t❡s ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❢♦r ❞✐♣❛t❤s ♦❢
❧❡♥❣t❤ 1✱ ♥❛♠❡❧② OPT [i, i + 1] = m1,i+1 + ℓ([i, i + 1]) − 1✳ ❚❤❡♥✱ ✐t ❝♦♠♣✉t❡s s♦❧✉t✐♦♥s ❢♦r
❞✐♣❛t❤s ♦❢ ❧❡♥❣t❤ ✷✱ ♦❢ t❤❡ ❢♦r♠ [i, i+2]✱ ✉s✐♥❣ t❤❡ ✈❛❧✉❡s ❛❧r❡❛❞② ❝♦♠♣✉t❡❞ ❛s OPT [i, i+2] =

■◆❘■❆
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(1,2)

(2,3)

(1,4)

(4,5)

m     = 20

m     = 10

m     = 10

m     = 10

11 11 11 11

 1,4

 1,3

 1,2

 1,5

2 43 51

❋✐❣✉r❡ ✻✿ ❆♥ ❡①❛♠♣❧❡ ✇✐t❤ ✐ts ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳

min {Ci+1, Ci+2} ✇❤❡r❡ Ci+1 = m1,i+1 + m1,i+2 + ℓ([i, i + 1]) − 1 + OPT [i + 1, i + 2] ❛♥❞
Ci+2 = m1,i+2 + ℓ([i, i + 2]) − 1 + OPT [i, i + 1]✳ ❚❤❡♥✱ ✐t ❝♦♠♣✉t❡s s♦❧✉t✐♦♥s ❢♦r ❞✐♣❛t❤s ♦❢
❧❡♥❣t❤ ✸✱ ✹✱✳✳✳ ✉♥t✐❧ ❞✐♣❛t❤ [1, n − 1] ✭s❡❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✻✮✳

❆❧t♦❣❡t❤❡r ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ n(n−1)
2 ✈❛❧✉❡s ❛♥❞ ❡❛❝❤ ❝♦♠♣✉t❛t✐♦♥ ♥❡❡❞s O(n) ♦♣❡r❛✲

t✐♦♥s✳ ■♥❞❡❡❞✱ ♥♦t❡ t❤❛t t♦ ❝♦♠♣✉t❡ t❤❡
∑j

k=α(i) m1,k✱ ✇❡ ✉s❡ ❛ t❛❜❧❡ ♦❢ s✐③❡ n ❝♦♥t❛✐♥✐♥❣

♣❛rt✐❛❧ s✉♠ ♦❢ t❤❡ ✇❡✐❣❤ts M [j] =
∑j

i=2 m1,i✱ ❛♥❞ s♦
∑β

k=α m1,k = M [β] − M [α − 1]✳
❙♦✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✉s✐♥❣ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ✭❆❧❣♦r✐t❤♠ ✶✮✱

✇✐t❤ t✐♠❡ ❝♦♠♣❧❡①✐t② O(n3) ❛♥❞ s♣❛❝❡ ❝♦♠♣❧❡①✐t② O(n2)✳ ⊓⊔

❚❤❡ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✻ ▲❡t ✉s ❝♦♠♣✉t❡ ❛♥ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ t♦ t❤❡ ❡①❛♠♣❧❡ ✐♥ ❋✐❣✉r❡ ✻ ✉s✐♥❣ ❆❧❣♦r✐t❤♠ ✶ ✇❤❡r❡ ❛❧❧ t❤❡ ❧❡♥❣t❤s ❛r❡ ❡q✉❛❧ t♦ 11
❛♥❞ m1,2 = m1,3 = m1,5 = 10 ❛♥❞ m1,4 = 20✳ ❲❡ ✜rst ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ t❛❜❧❡ OPT
❝♦♥t❛✐♥✐♥❣ t❤❡ ❝♦sts ♦❢ t❤❡ s✉❜♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❢♦r ❡❛❝❤ s✉❜♣❛t❤✳

❋✐rst✱ OPT [1, 2]✱ OPT [2, 3]✱ OPT [3, 4]✱ ❛♥❞ OPT [4, 5] ❛r❡ ❞✐r❡❝t❧② ❝♦♠♣✉t❡❞ ✇✐t❤ OPT [i, i+
1] = m1,i+1 + ℓ([i, i + 1]) − 1✳

❚❤❡♥✱ t♦ ❝♦♠♣✉t❡ OPT [1, 3]✱ OPT [2, 4]✱ ❛♥❞ OPT [3, 5]✱ t✇♦ s♣❧✐tt✐♥❣ ♣♦✐♥ts ❛r❡ ❝♦♥s✐❞✲
❡r❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r [1, 3]✱ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐♠♣❧✐❡s ❛ s♣❧✐tt✐♥❣ ♣♦✐♥t
α(1) = 2 ✇✐t❤ ❝♦st m1,2 + m1,3 + ℓ([1, 2]) − 1 + OPT [1, 1] + OPT [2, 3] = 50 ✭t❤❡ s♣❧✐tt✐♥❣
♣♦✐♥t 3 ✐♠♣❧②✐♥❣ ❛ ❣r❡❛t❡r ❝♦st m1,3 + ℓ([1, 2]) − 1 + OPT [1, 2] + OPT [3, 3] = 51✮✳ ❚❤❡
❛❧❣♦r✐t❤♠ ✉s❡s t❤❡ ❛❧r❡❛❞② ❝♦♠♣✉t❡❞ ✈❛❧✉❡s OPT [1, 1]✱ OPT [2, 3]✱ OPT [1, 2]✱ OPT [3, 3]✳
❚❤❡♥✱ ✇❡ ❝♦♠♣✉t❡ OPT [1, 4] ❛♥❞ OPT [2, 5] ❛♥❞ ✜♥❛❧❧② ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ♦♥ t❤❡ ✇❤♦❧❡ ♣❛t❤ [1, 5]✱ ❢♦✉r s♣❧✐tt✐♥❣ ♣♦✐♥ts✱ 2, 3, 4✱ ❛♥❞ 5 ♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞✿

❼ ❢♦r α(1) = 2✱ m1,2 + m1,3 + m1,4 + m1,5 + 10 + OPT [2, 5] = 151 ❀

❼ ❢♦r α(1) = 3✱ m1,3 + m1,4 + m1,5 + 21 + OPT [1, 2] + OPT [3, 5] = 141 ❀

❼ ❢♦r α(1) = 4✱ m1,4 + m1,5 + 32 + OPT [1, 3] + OPT [4, 5] = 132 ❀

❘❘ ♥➦ ✼✵✼✶
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s = 1 2 3 4 5
s = 1 ✵ ✷✵ ✺✵ ✭2✮ ✶✵✶ ✭3✮ ✶✸✷ ✭4✮
2 ✲ ✵ ✷✵ ✻✶ ✭4✮ ✾✶ ✭4✮
3 ✲ ✲ ✵ ✸✵ ✻✵ ✭4✮
4 ✲ ✲ ✲ ✵ ✷✵
5 ✲ ✲ ✲ ✲ ✵

❚❛❜❧❡ ✶✿ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ t❛❜❧❡s OPT ❛♥❞ S ❢♦r t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡①❛♠♣❧❡ ♦♥
❋✐❣✉r❡ ✻✱ t❤❡ ♥♦❞❡s ✐♥ ❜r❛❝❦❡ts r❡♣r❡s❡♥t✐♥❣ t❤❡ s♣❧✐tt✐♥❣ ♣♦✐♥ts ♦❢ t❛❜❧❡ S✳

❼ ❢♦r α(1) = 5✱ m1,5 + 43 + OPT [1, 4] = 154 ❀

❛♥❞ s♦ t❤❡ ♠✐♥✐♠✉♠ ✐s ✶✸✷ ♦❜t❛✐♥❡❞ ✇✐t❤ α(1) = 4✳
❲❤❡♥ t❤❡ t❛❜❧❡ OPT s❤♦✇✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❝♦sts ❢♦r ❛❧❧ t❤❡ s✉❜♣❛t❤s ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞

❛s ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✶✱ t❤❡ s❡t ♦❢ t✉♥♥❡❧s ❝♦♠♣♦s✐♥❣ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞
❢r♦♠ t❤❡ s♣❧✐tt✐♥❣ ♣♦✐♥ts✳ ❚❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ s✉❜♣❛t❤ [1, 5] ❤❛s ❝♦st 132 ❛♥❞ ❛
s♣❧✐tt✐♥❣ ♣♦✐♥t α(1) = 4✳ ❚❤✉s✱ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ t✉♥♥❡❧ (1, 4) ❛♥❞ ♦❢
♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ s✉❜♣❛t❤s [1, 3] ❛♥❞ [4, 5]✳ ❚❤❡ ✜rst s✉❜s♦❧✉t✐♦♥ ❤❛s ❛ s♣❧✐tt✐♥❣ ♣♦✐♥t
α(1) = 2 ✇❤✐❝❤ ❣✐✈❡s t✉♥♥❡❧s (1, 2)✱ (2, 3)✳ ❚❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ s✉❜♣❛t❤ [4, 5] ✐s
♦❜✈✐♦✉s❧② t❤❡ t✉♥♥❡❧ (4, 5)✳

❋✐♥❛❧❧②✱ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ t✉♥♥❡❧s (1, 2)✱ (2, 3)✱ (1, 4)✱ ❛♥❞ (4, 5)✳

❈❧♦s❡❞ ❢♦r♠✉❧❛ ✇❤❡♥ t❤❡ r❡q✉❡sts ❛♥❞ t❤❡ ❧❡♥❣t❤s ❛r❡ ✉♥✐❢♦r♠ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡
✇❤❡r❡ ❜♦t❤ t❤❡ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ t❤❡ r❡q✉❡sts ❛♥❞ t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡ ❛r❝s ❛r❡ ❛❧❧ 1✱ ✇❡ ❣✐✈❡ ❛
❝❧♦s❡❞ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ❛s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ▲❡t t❤❡ ♥❡t✇♦r❦ ❜❡ ❛ ♣❛t❤ [1, n] ✇✐t❤ n = 2q + r✱ ✇❤❡r❡ 0 ≤ r < 2q✱ s✉❝❤
t❤❛t ℓ([i, i + 1]) = 1 ❢♦r ❛❧❧ i ∈ [1, n − 1]✱ ❛♥❞ ✇✐t❤ ❛ ✉♥✐t❛r② ❞✐str✐❜✉t✐♦♥✱ t❤❛t ✐s✱ ❢♦r ❛❧❧
∀i ∈ [2, n], m1,i = 1✳ ❚❤❡♥ t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐s 2q(q − 1) + 1 + (q + 1)r✳

Pr♦♦❢✳ ▲❡t c(k) = OPT [1, k] = OPT [j+1, j+k] ❛s ❛❧❧ t❤❡ ❧❡♥❣t❤s ❛♥❞ ♠✉❧t✐♣❧✐❝✐t✐❡s ❛r❡ ❡q✉❛❧
t♦ 1✳ ❇② ♣r♦♣♦s✐t✐♦♥ ✸✱ ✇❡ ❤❛✈❡ ❜② ❧❡tt✐♥❣ α(1) = i + 1✱ c(n) = mini [(i) + c(n − i) + n − 1]✳

▲❡t ✉s ❝♦♥s✐❞❡r ♦♥❧② t❤❡ s♦❧✉t✐♦♥s s❛t✐s❢②✐♥❣ t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ❧❡♠♠❛✱ t❤❛t ✇❡ ❝❛❧❧ ♥♦r♠❛❧
s♦❧✉t✐♦♥s✳ ❆ ♥♦r♠❛❧ s♦❧✉t✐♦♥ ❢♦r [1, n] ✐s ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ ❢♦r α(1) = i+1✱ ❛ ♥♦r♠❛❧ s♦❧✉t✐♦♥
S1 ❢♦r [1, i] ❛♥❞ ❛ ♥♦r♠❛❧ s♦❧✉t✐♦♥ S2 ❢♦r [i + 1, n]✱ ✇✐t❤ t❤❡ s♦✉r❝❡ ❛t i + 1✳ ❚❤❡r❡❢♦r❡✱ t❤❡
❝♦st ✐s✿ c(S1)+ c(S2)+n− 1✳ ❆ss♦❝✐❛t❡ t♦ ❛ ♥♦r♠❛❧ s♦❧✉t✐♦♥ S✱ ❛ ❜✐♥❛r② tr❡❡ T (S) ♦♥ n− 1
✈❡rt✐❝❡s ♦❜t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✿ T (S) ❝♦♥s✐sts ♦❢ ❛ r♦♦t ❥♦✐♥❡❞ t♦ t❤❡ r♦♦t ♦❢ t❤❡ ❧❡❢t s✉❜tr❡❡
T (S1) ❛ss♦❝✐❛t❡❞ t♦ S1 ❛♥❞ t♦ t❤❡ r♦♦t ♦❢ t❤❡ r✐❣❤t s✉❜tr❡❡ T (S2) ❛ss♦❝✐❛t❡❞ t♦ S2✳

▲❡t d(T (S)) ❜❡ t❤❡ s✉♠ ♦❢ t❤❡ ❞✐st❛♥❝❡s ♦❢ t❤❡ ♥♦❞❡s t♦ t❤❡ r♦♦t ♥♦❞❡ ✐♥ T (S)✳ ❚❤❡♥✱
✇❡ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t t❤❡ ❝♦st ♦❢ ❛ s♦❧✉t✐♦♥ S ✐s c(S) = d(T (S))+ |T (S)|✳ ❚❤❛t ✐s tr✉❡
❢♦r n = 2 ❛s T (S) ❝♦♥s✐sts ♦❢ t❤❡ tr❡❡ r❡❞✉❝❡❞ t♦ ♦♥❡ ✈❡rt❡① ❛♥❞ t❤❡ ❝♦st ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐s 1✳

■◆❘■❆
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n ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵ ✶✶ ✶✷ ✶✸ ✶✹ ✶✺ ✶✻ ✶✼ ✶✽ ✶✾ ✷✵

c∗ ✶ ✸ ✺ ✽ ✶✶ ✶✹ ✶✼ ✷✶ ✷✺ ✷✾ ✸✸ ✸✼ ✹✶ ✹✺ ✹✾ ✺✹ ✺✾ ✻✹ ✻✾

❚❛❜❧❡ ✷✿ ❖♣t✐♠❛❧ ❝♦st ❢♦r t❤❡ ♣❛t❤ ✇✐t❤ ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✳

◆♦✇ c(S) = c(S1) + c(S2) + n − 1 = d(T (S1)) + |T (S1)| + d(T (S2)) + |T (S2)| + |T (S)|✳
❇✉t t❤❡ ❞✐st❛♥❝❡ ✐♥ T (S) ♦❢ ❛ ♥♦❞❡ ♦❢ T (S1) ✭r❡s♣✳ T (S2)✮ ✐s ❡①❛❝t❧② ♦♥❡ ♠♦r❡ t❤❛♥ ✐♥ ✐ts
r❡s♣❡❝t✐✈❡ s✉❜tr❡❡✳ ❙♦ d(T (S1)) + |T (S1)| + d(T (S2)) + |T (S2)| = d(T (S))✳

❚❤❡r❡❢♦r❡✱ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❝♦st ❢♦r n ✐s ❡q✉✐✈❛❧❡♥t t♦ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❞✐st❛♥❝❡ ♦❢ t❤❡ ♥♦❞❡s
t♦ t❤❡ r♦♦t ✐♥ ❛ ❜✐♥❛r② tr❡❡ ✇✐t❤ n ♥♦❞❡s✳ ❚❤❡ ♦♣t✐♠❛❧ tr❡❡ ✐s ✈❡r② s✐♠♣❧❡✿ ✐t ✐s ❥✉st ❛ ❝♦♠♣❧❡t❡
❜✐♥❛r② tr❡❡ ✇✐t❤ ❛♥ ❡①tr❛ ♥♦♥✲❝♦♠♣❧❡t❡ ❧❡✈❡❧✳ ❙✐♥❝❡ ❛ ❝♦♠♣❧❡t❡ ❜✐♥❛r② tr❡❡ ✇✐t❤ ❞❡♣t❤ q− 1
❤❛s 2q − 1 ✈❡rt✐❝❡s✱ ✇❡ ❣❡t ✇❤❡♥ n = 2q + r✱ 0 ≤ r < 2q t❤❛t t❤❡ s✉♠ ♦❢ t❤❡ ❞✐st❛♥❝❡s ♦❢ t❤❡
♥♦❞❡s t♦ t❤❡ r♦♦t ✐s ❡q✉❛❧ t♦

∑

i∈[1,q−1] i2
i + qr + n − 1 = 2q(q − 1) + 1 + (q + 1)r✳ ⊓⊔

❚❛❜❧❡ ✷ ❣✐✈❡s t❤❡ ✈❛❧✉❡s ✉♣ t♦ ✷✵ ♥♦❞❡s ♦♥ t❤❡ ♣❛t❤ ✇✐t❤ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✱ ❡❛❝❤ ♥♦❞❡
❛t ❞✐st❛♥❝❡ ♦♥❡ ❢r♦♠ ✐ts ♥❡✐❣❤❜♦✉rs✳

✺✳✸ ❈❛s❡ ♦❢ t✇♦ s♦✉r❝❡s

❲❡ ✉s❡ ❛ ❞②♥❛♠✐❝ ♣r♦❣r❛♠ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ ❢♦r t❤❡ s✐♥❣❧❡ s♦✉r❝❡ ❝❛s❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✱
❜✉t s❧✐❣❤t❧② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳

▲❡t s1 ❛♥❞ s2 ❜❡ t❤❡ t✇♦ s♦✉r❝❡s ✇✐t❤ s1 < s2✳ ❋✐rst✱ ✇❡ ❣✐✈❡ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱
t❤❡♥ t❤❡ r❡❝✉rs✐✈❡ ❢♦r♠✉❧❛❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ OPT (s1, s2; [s1, n])✱ ❛♥❞ ✜♥❛❧❧② ♣r♦✈❡ t❤❡✐r
✈❛❧✐❞✐t②✱ ♦❜t❛✐♥✐♥❣ ❛♥ O(n4) ❛❧❣♦r✐t❤♠✳

✺✳✸✳✶ ❑❡② ✐❞❡❛ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠

❚❤❡ ❦❡② ✐❞❡❛ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s t❤❛t ✇❡ ❝❛♥ ✜♥❞ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣❡rt② ❛♥❛❧♦❣♦✉s t♦ ▲❡♠♠❛ ✷✳ ■❢ i ❛❝ts ❛s ❛ s♦✉r❝❡ ✭r❡♣r❡s❡♥t✐♥❣ s1 ♦r s2✮ ❛♥❞ (i, α(i))
❞❡♥♦t❡s t❤❡ ❧♦♥❣❡st t✉♥♥❡❧ ❢r♦♠ i✱ t❤❡♥ t❤❡ tr❛✣❝ ♦❢ i✱ ❞❡st✐♥❡❞ t♦ ♥♦❞❡s ❛❢t❡r α(i) ✐s r♦✉t❡❞
✈✐❛ t❤❡ t✉♥♥❡❧ (i, α(i))✳ ❙♦ st❛rt✐♥❣ ❛t s1✱ α(s1) ❛❝ts ❛s ❛ s♦✉r❝❡ ❢♦r t❤❡ ♥♦❞❡s ✐♥ [α(s1), n]✳
❚❤r❡❡ ❝❛s❡s ♠❛② ❤❛♣♣❡♥✿

✶✳ ✐❢ α(s1) < s2✱ t❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ✇✐t❤ s♦✉r❝❡s α(s1) ✭❝❛rr②✐♥❣ t❤❡
tr❛✣❝ ♦❢ s1✮ ❛♥❞ s2 ♦♥ ❛ s♠❛❧❧❡r ❞✐♣❛t❤ [α(s1), n]✳

✷✳ ✐❢ α(s1) = s2✱ t❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ ♦♥❧② ♦♥❡ s♦✉r❝❡ s2 ❝❛rr②✐♥❣ t❤❡ tr❛✣❝
❢r♦♠ ❜♦t❤ s♦✉r❝❡s s1 ❛♥❞ s2✳

❘❘ ♥➦ ✼✵✼✶



✷✹ ❇❡r♠♦♥❞ ✫ ❛❧

✸✳ ✐❢ α(s1) > s2✱ t❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠s ✇✐t❤ t✇♦ s♦✉r❝❡s s1 ❛♥❞ s2 ♦♥ ❞✐♣❛t❤
[s1, α(s1)− 1] ❛♥❞ t❤❡ t✇♦ s♦✉r❝❡s s2 ❛♥❞ α(s1) ♦♥ ❞✐♣❛t❤ [α(s1), n]✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r
t✇♦ ❝❛s❡s ❢♦r t❤❡ tr❛✣❝ ❢r♦♠ t❤❡ s♦✉r❝❡ s2 t♦ ♥♦❞❡s ❛❢t❡r α(s1)✳

❼ ❈❛s❡ ✶✿ α(s2) < α(s1)✳ ❲❡ ✐♥❥❡❝t t❤❡ tr❛✣❝ ♦❢ s2 ✐♥t♦ t❤❡ t✉♥♥❡❧ (s1, α(s1)) ❛♥❞
♥♦✇ ✇❡ ❤❛✈❡ ❛ ♣r♦❜❧❡♠ ✇✐t❤ ♦♥❡ s♦✉r❝❡ α(s1) ✇✐t❤ ❜♦t❤ tr❛✣❝✳ ❘❡♠❛r❦ t❤❛t
α(s2) 6= α(s1) ✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ✐♥❞❡❡❞✱ ❢♦r tr❛✣❝ t♦✇❛r❞s α(s1)✱ s2 ✐♥s❡rts
❞✐r❡❝t❧② t❤❡ tr❛✣❝ ✐♥ (s1, α(s1))✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ♦❢ t✉♥♥❡❧ (s2, α(s1))✳ ▼♦r❡
❣❡♥❡r❛❧❧②✱ ✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ t✉♥♥❡❧ ❡♥❞✐♥❣ ✐♥ ♦♥❡ ♥♦❞❡
♦❢ t❤❡ ♣❛t❤✳

❼ ❈❛s❡ ✷✿ α(s2) > α(s1)✳ ❚❤❡ tr❛✣❝ ❢r♦♠ s2 t♦ ♥♦❞❡s ❛❢t❡r α(s2) ✐s r♦✉t❡❞ ✈✐❛
t❤❡ t✉♥♥❡❧ (s2, α(s2))✳ ❋♦r t❤❡ ✐♥t❡r✈❛❧ [α(s2), n]✱ ✇❡ ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤ ❛ ♣r♦❜❧❡♠
✇✐t❤ t✇♦ s♦✉r❝❡s α(s1) ❛♥❞ α(s2)✳

❲❡ r❡♣❡❛t t❤❡ ❛r❣✉♠❡♥t ✇✐t❤ α2(s1) ❢♦r t❤❡ tr❛✣❝ t♦✇❛r❞s ♥♦❞❡s ❛❢t❡r α(s2)✳

✕ ■❢ α2(s1) < α(s2) ✇❡ ✐♥❥❡❝t t❤❡ tr❛✣❝ ♦❢ α(s1) ✐♥ t❤❡ t✉♥♥❡❧ (s2, α(s2)) ❛♥❞
✇❡ ❤❛✈❡ ❛ ♣r♦❜❧❡♠ ✇✐t❤ ♦♥❡ s♦✉r❝❡ α(s2)✳

✕ ❊❧s❡ ✐❢ α2(s1) > α(s2)✱ t❤❡ tr❛✣❝ ✐s r♦✉t❡❞ ✈✐❛ t❤❡ t✉♥♥❡❧ (α(s1), α
2(s1))✱

❛♥❞ ✇❡ ❤❛✈❡ ❛ ♣r♦❜❧❡♠ ✇✐t❤ t✇♦ s♦✉r❝❡s α(s2) ❛♥❞ α2(s1)✱ ❛♥❞ s♦ ♦♥✳

■♥ s✉♠♠❛r②✱ t❤❡ tr❛✣❝ ♦❢ s1 ✐s r♦✉t❡❞ t♦ ♥♦❞❡s ✏❢❛r ❛✇❛②✧ ✈✐❛ t✉♥♥❡❧s (s1, α(s1))✱
(α(s1), α

2(s1))✱ (α
2(s1), α

3(s1))✱ . . . ❛♥❞ s✐♠✉❧t❛♥❡♦✉s❧② ❢♦r s2 ✈✐❛ t✉♥♥❡❧s (s2, α(s2))✱ (α(s2), α
2(s2))✱

. . . t✐❧❧ t❤❡ ❡♥❞ ♦r t✐❧❧ ❛ ♥♦❞❡ αh(s1) < αh−1(s2) ✭♦r αh′

(s2) < αh′

(s1)) ❛♥❞ t❤❡ ♣r♦❜❧❡♠
❜❡❝♦♠❡s ❛ ♣r♦❜❧❡♠ ✇✐t❤ ♦♥❡ s♦✉r❝❡ ✐♥ αh−1(s2) ✭r❡s♣✳ αh′

(s1)✮✳

✺✳✸✳✷ ❉❡✜♥✐t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛❡ OPT (i, s2; [i, u]) ❛♥❞ OPT ′
δ(i, j; [j, u])

◆♦✇ ❧❡t ✉s ❣✐✈❡ t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ OPT (s1, s2; [s1, n]) ❛♥❞ s❤♦✇ t❤❛t ✐t ✐s ❝♦rr❡❝t✳
❋♦r t❤❛t✱ ✇❡ ✇✐❧❧ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ ♦♥❧② t✇♦ t②♣❡s ♦❢ ✈❛❧✉❡s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ OPT (i, s2; [i, u])✱ t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦♥ s✉❜❞✐♣❛t❤ [i, u] ✇✐t❤ s♦✉r❝❡s i ❛♥❞
s2 ✇❤❡r❡ s1 ≤ i ≤ s2✱ i < u ≤ n ❛♥❞ i ❝❛rr✐❡s t❤❡ tr❛✣❝ ♦❢ s1✱ t❤❛t ✐s✱ mi,x = ms1,x

❢♦r i < x ≤ u✳

✷✳ OPT ′
δ(i, j; [j, u])✱ ✇✐t❤ δ = 1 ♦r 2 t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦♥ s✉❜❞✐♣❛t❤ [j, u]

✇✐t❤ s♦✉r❝❡s i ❛♥❞ j✱ ✇❤❡r❡ s2 ≤ i < j < u ≤ n ❛♥❞ ✇❤❡r❡ t❤❡r❡ ❡①✐sts ❛ t✉♥♥❡❧
(β(j), j) ✇✐t❤ β(j) < i✳ ❋♦r OPT ′

1(i, j; [j, u])✱ i ❝❛rr✐❡s t❤❡ tr❛✣❝ ♦❢ s1 ✭mi,x = ms1,x

❢♦r x ∈ [j, u]✮ ❛♥❞ j t❤❡ tr❛✣❝ ♦❢ s2✳ ❋♦r OPT ′
2(i, j; [j, u])✱ i ❝❛rr✐❡s t❤❡ tr❛✣❝ ♦❢ s2

❛♥❞ j t❤❡ tr❛✣❝ ♦❢ s1✳ ◆♦t❡ t❤❛t ✐♥ OPT ′✱ t❤❡ ❧❡❢t s♦✉r❝❡ i ✐s ♦✉ts✐❞❡ t❤❡ ✐♥t❡r✈❛❧
♦❢ ❞❡st✐♥❛t✐♦♥ ♥♦❞❡s✱ ❜✉t ✇❡ ❤❛✈❡ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ✉s❡ t❤❡ t✉♥♥❡❧ (β(j), j) ✇❤❡r❡
β(j) = α−1(j) ✇✐t❤ ❛ ❝♦st r❡❞✉❝❡❞ t♦ ✐ts ✇❡✐❣❤t ✭s♦ ✇❡ ✉s❡ ❛ ♥♦t❛t✐♦♥ OPT ′✮✳

◆♦t❡ ❛❧s♦ t❤❛t ✐♥ ❜♦t❤ ❝❛s❡s ✐❢ i = s2 ♦r i = j t❤❡ ♣r♦❜❧❡♠ ✐s r❡❞✉❝❡❞ t♦ t❤❡ ❝❛s❡ ♦❢
♦♥❡ s♦✉r❝❡ i ❝❛rr②✐♥❣ t❤❡ tr❛✣❝ ♦❢ ❜♦t❤ s♦✉r❝❡s s1 ❛♥❞ s2✱ t❤❛t ✐s✱ mi,x = ms1,x + ms2,x ❢♦r
i < x ≤ u✳ ❲❡ ❞❡♥♦t❡ t❤✐s s♣❡❝✐❛❧ s♦✉r❝❡ ❜② i∗✳

■◆❘■❆
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Case a)

Case b)

α(i)

α(i)

2
s ns

2
s ns

1

1

i

i

u

u

❋✐❣✉r❡ ✼✿ ❚♦ ❝♦♠♣✉t❡ OPT (i, s2; [i, u])✱ ✇❡ ♥❡❡❞ ❢♦r ❝❛s❡ ❛✮ OPT (i; [i, α(i) − 1]) ❛♥❞
OPT (α(i), s2; [α(i), u]) ❛♥❞ ❢♦r ❝❛s❡ ❜✮ OPT (i, s2; [i, α(i)− 1]) ❛♥❞ OPT ′

2(s2, α(i); [α(i), u])✳

▲❡t ✉s ♥♦✇ s❤♦✇ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ❢♦r♠✉❧❛❡✳ ❙❡❡ ❋✐❣✉r❡ ✼ ❢♦r ❛♥ ✐❧❧✉str❛t✐♦♥ ❛♥❞
❙✉❜s❡❝t✐♦♥ ✺✳✸✳✹ ❞❡s❝r✐❜✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ s♦❧✉t✐♦♥ ♦♥ t❤❡ ❋✐❣✉r❡ ✾✳
✶✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ OPT (i, s2; [i, u])✱ ✇✐t❤ s1 ≤ i ≤ s2 ❛♥❞ i < u ≤ n✳

OPT (i, s2; [i, u]) = min
α(i)

Cα(i)[i, u], ✇❤❡r❡

❛✮ ✐❢ α(i) ≤ s2✱ Cα(i)[i, u] =

OPT (i; [i, α(i) − 1]) + OPT (α(i), s2; [α(i), u]) +
∑

x∈[α(i),u]

ms1,x + ℓ(i, α(i)) − 1,

✇❤❡r❡ OPT (i; [i, α(i) − 1]) ✐s t❤❡ ♦♣t✐♠❛❧ ❝♦st ♦❢ ❛ ♣r♦❜❧❡♠ ✇✐t❤ ❛ s✐♥❣❧❡ s♦✉r❝❡ i
❝❛rr②✐♥❣ t❤❡ tr❛✣❝ ❢r♦♠ s1✳ ◆♦t❡ t❤❛t ✐❢ α(i) = s2✱ t❤❡ ♣r♦❜❧❡♠ ✐s r❡❞✉❝❡❞ t♦
OPT (s∗2; [α(i), u]) ✇❤❡r❡ s∗2 ❝❛rr✐❡s t❤❡ tr❛✣❝ ❢r♦♠ ❜♦t❤ s♦✉r❝❡s✳

❜✮ ✐❢ α(i) > s2✱ Cα(i)[i, u] =

OPT (i, s2; [i, α(i) − 1]) + OPT ′
2(s2, α(i); [α(i), u]) +

∑

x∈[α(i),u]

ms1,x + ℓ(i, α(i)) − 1.

■♥ ❜♦t❤ ❝❛s❡s α(i) ❝❛rr✐❡s t❤❡ tr❛✣❝ ♦❢ i✱ t❤❛t ✐s ♦❢ s1✳
✷✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ OPT ′

δ(i, j; [j, u])✱ ✇✐t❤ s2 ≤ i < j ≤ u✱ δ = 1 ♦r 2 ❛♥❞ ✇❤❡r❡ i ❝❛rr✐❡s
t❤❡ tr❛✣❝ ♦❢ s♦✉r❝❡ δ✱ j t❤❛t ♦❢ t❤❡ ♦t❤❡r s♦✉r❝❡ 3 − δ✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ t✉♥♥❡❧ (β(j), j)
✭✐♥ ❢❛❝t✱ β(j) = α−1(j)✮✳

❋✐❣✉r❡ ✽ ✐s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ t✇♦ ❝❛s❡s ❛✮ ❛♥❞ ❜✮ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ OPT ′
δ(i, j; [j, u])✳

OPT ′
δ(i, j; [j, u]) = min[Cα(i)[j, u], ❢♦r j < α(i) ≤ u ; Cj∗ [j, u]], ✇❤❡r❡

❘❘ ♥➦ ✼✵✼✶



✷✻ ❇❡r♠♦♥❞ ✫ ❛❧

Case b)

Case a)

s1 2s

s1
α(i)

2s

β(j)

β(j)

nji

nji u

u

❋✐❣✉r❡ ✽✿ ❚♦ ❝♦♠♣✉t❡ OPT ′
δ(i, j; [j, u])✱ ✇❡ ♥❡❡❞ ❢♦r ❝❛s❡ ❛✮ OPT ′

δ(i, j; [j, α(i) − 1]) ❛♥❞
OPT ′

3−δ(j, α(i); [α(i), u]) ❛♥❞ ❢♦r ❝❛s❡ ❜✮ OPT (j∗; [j, u])✳

❛✮ ✐❢ j < α(i) ≤ u✱ Cα(i)[j, u] =

OPT ′
δ(i, j; [j, α(i) − 1]) + OPT ′

3−δ(j, α(i); [α(i), u]) +
∑

x∈[α(i),u]

mi,x + ℓ(i, α(i)) − 1,

✇❤❡r❡ α(i) ❝❛rr✐❡s t❤❡ tr❛✣❝ ♦❢ i ✭t❤❛t ✐s✱ ♦❢ t❤❡ s♦✉r❝❡ ✐t r❡♣r❡s❡♥ts✮✳

❜✮ ✐❢ t❤❡r❡ ✐s ♥♦ t✉♥♥❡❧ (i, α(i)) ✇✐t❤ j < α(i) ≤ u✱ t❤❡♥ t❤❡ ✈❛❧✉❡ ✐s

Cj∗ [j, u] = OPT (j∗; [j, u]) +
∑

x∈[j,u]

mi,x,

✇❤❡r❡ OPT ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ✉♥✐q✉❡ s♦✉r❝❡ j∗ ❝❛rr②✐♥❣ t❤❡ tr❛✣❝ ♦❢
❜♦t❤ s♦✉r❝❡s i ❛♥❞ j ✭t❤❛t ✐s✱ ms1,x + ms2,x ❢♦r j < x ≤ u✮✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡
t❤❡ tr❛✣❝ ❢r♦♠ i ✉s❡s t❤❡ t✉♥♥❡❧ [β(j), j] ❛♥❞ s♦ t❤❡r❡ ✐s ♥♦ ❝♦st ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
❧❡♥❣t❤✳

✺✳✸✳✸ Pr♦♦❢ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛❡ OPT (i, s2; [i, u]) ❛♥❞ OPT ′
δ(i, j; [j, u])

❋✐rst✱ ❧❡t ✉s ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❤✐❝❤ ✐s ✈❛❧✐❞ ❢♦r ❛♥② ♣❛✐r ♦❢ s♦✉r❝❡s i, j✱ ❛♥❞ t❤❛t
✇✐❧❧ ❜❡ ♥❡❡❞❡❞ t♦ ♣r♦✈❡ t❤❡ ❢♦r♠✉❧❛❡✳

▲❡♠♠❛ ✸✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ t✇♦ ♥♦❞❡s i ❛♥❞ j✱ ✇✐t❤ i < j✱ i ❝❛rr②✐♥❣ t❤❡ tr❛✣❝ ♦❢ ♦♥❡
s♦✉r❝❡ ❛♥❞ j t❤❡ tr❛✣❝ ♦❢ t❤❡ ♦t❤❡r s♦✉r❝❡✱ ❛♥❞ j < α(i) ≤ u✳ ❚❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ✇❤❡r❡ t❤❡ tr❛✣❝ ♦❢ i ❞❡st✐♥❡❞ ❢♦r t❤❡ ♥♦❞❡s ✐♥ [α(i), u] ✉s❡s ❛s ✜rst t✉♥♥❡❧ (i, α(i))✳

◆♦t❡ t❤❛t ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r OPT ′
δ(i, j; [α(i), u]) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡

t✉♥♥❡❧s ✉s❡❞ t♦ ❜r✐♥❣ tr❛✣❝ t♦ ♥♦❞❡s x < α(i)✳
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Pr♦♦❢✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t t❤❡ ❧❡♠♠❛ ✐s ♥♦t tr✉❡ ❛♥❞ ❧❡t i ❜❡ t❤❡ ✜rst ✈❛❧✉❡ ❢♦r ✇❤✐❝❤ i ✐s
t❤❡ s♦✉r❝❡ ❛♥❞ s♦♠❡ tr❛✣❝ t♦ [α(i), u] ✐s ♥♦t ❝❛rr✐❡❞ ❜② (i, α(i))✳

◆♦t❡ t❤❛t i ✐s ♦❢ ❢♦r♠ αh(sδ) ✇✐t❤ δ = 1 ♦r 2✳ ❙♦ ✇❡ ❝♦♥s✐❞❡r ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥
s❛t✐s❢②✐♥❣ t❤❡ ❧❡♠♠❛ ❢♦r ❛❧❧ αh′

(sδ) ❢♦r h′ < h ❛♥❞ ✐❢ δ = 2✱ αh(s)✳ ❆s t❤❡ ❧❡♠♠❛ ✐s ♥♦t
tr✉❡✱ t❤✐s s♦❧✉t✐♦♥ ✉s❡s t♦ ❜r✐♥❣ t❤❡ tr❛✣❝ ♦❢ i t♦ s♦♠❡ ♥♦❞❡ x✱ ✇✐t❤ α(i) < x < u✱ ❛ t✉♥♥❡❧
(k, l) ✇✐t❤ k < α(i) < l < u✳ ❇② t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ i✱ k ≥ i✳ ❖t❤❡r✇✐s❡✱ k ✇✐❧❧ ❝❛rr② t❤❡
tr❛✣❝ ♦❢ s♦♠❡ s♦✉r❝❡ ❛♥❞ k = αh′

(sδ)✳ ❇✉t t❤❡♥ α(k) ≤ j < l ❜r✐♥❣s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❛s t❤❡
t✉♥♥❡❧ (k, l) ✐s ❧♦♥❣❡r t❤❛♥ (k, α(k))✳ ❋✉rt❤❡r♠♦r❡ k 6= i✱ ♦t❤❡r✇✐s❡ (i, α(i)) ✇♦✉❧❞ ♥♦t ❜❡
t❤❡ ❧♦♥❣❡st t✉♥♥❡❧ ❢r♦♠ i✳ ❚❤❡r❡❢♦r❡✱ k > i ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ✉s❡s t ≥ 1 t✉♥♥❡❧s t♦ r♦✉t❡ t❤❡
tr❛✣❝ ❢r♦♠ i t♦ k✳ ❘❡r♦✉t❡ t❤❡ tr❛✣❝ ❢r♦♠ i t♦ x ❜② ✉s✐♥❣ ✜rst t❤❡ t✉♥♥❡❧ (i, α(i)) ❛♥❞ t❤❡♥
✐♥❥❡❝t✐♥❣ t❤❡ tr❛✣❝ ❛rr✐✈❡❞ ✐♥ α(i) ✐♥t♦ t❤❡ t✉♥♥❡❧ (k, l)✱ ❛♥❞ t❤❡♥ ❢♦❧❧♦✇ t❤❡ s❛♠❡ r♦✉t❡ ❛s x
✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❉♦✐♥❣ s♦✱ ✇❡ ❤❛✈❡ ✐♥❝r❡❛s❡❞ t❤❡ ❝♦st ❜② mi,x ❜② ✉s✐♥❣ (i, α(i)) ❜✉t
❞❡❝r❡❛s❡❞ t❤❡ ❝♦st ❜② ❛t ❧❡❛st tmi,x ✭♣❡r❤❛♣s ♠♦r❡ ✐❢ s♦♠❡ t✉♥♥❡❧ ❜❡❝♦♠❡s ❡♠♣t②✮✳ ❙♦ t❤❡
❝♦st ♦❢ t❤❡ ♦❜t❛✐♥❡❞ s♦❧✉t✐♦♥ ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❛t ♦❢ ❛♥ ♦♣t✐♠❛❧ ♦♥❡✱ ❛♥❞ t❤❡r❡❢♦r❡
✐t ✐s ♦♣t✐♠❛❧ t♦♦✳ ⊓⊔

❘❡♠❛r❦✳ ❲❡ ❝❛♥ s❡❡ t❤❡ ❛♥❛❧♦❣② ❜❡t✇❡❡♥ ▲❡♠♠❛s ✷ ❛♥❞ ✸✱ ❛s ✇❡ ❤❛✈❡ ♥♦ t✉♥♥❡❧ (k, l)
❝r♦ss✐♥❣ α(i) ✇✐t❤ k < α(i) < l ❡①❝❡♣t ♣❡r❤❛♣s ❢♦r k = j✳ ■♥ s♦♠❡ ❝❛s❡s t❤❡ ❝♦st ♦❢ ✉s✐♥❣
❞✐r❡❝t❧② ❛ t✉♥♥❡❧ (j, l)✱ t❤❛t ✐s mj,l + ℓ(j, l) − 1✱ ♠✐❣❤t ❜❡ ❧❡ss t❤❛♥ t❤❛t ♦❢ ✉s✐♥❣ t❤❡ t✉♥♥❡❧
(i, α(i)) ❛♥❞ ❛ t✉♥♥❡❧ (α(i), l)✱ ♦❢ ✈❛❧✉❡ 2mj,l + ℓ(α(i), l) − 1✳

▲❡t ✉s ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛❡ ✐s ✈❛❧✐❞✱ ✜rst ❢♦r t❤❡ ❢♦r♠✉❧❛
t♦ ❝♦♠♣✉t❡ OPT (i, s2; [i, u]) ❛♥❞ t❤❡♥ ❢♦r t❤❡ ❢♦r♠✉❧❛ t♦ ❝♦♠♣✉t❡ OPT ′

δ(i, j; [j, u])✳
✶✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ OPT (i, s2; [i, u])✳

❋♦r ❝❛s❡ ❛✮✱ ❛ ♣r♦♦❢ ❛♥❛❧♦❣ t♦ t❤❛t ♦❢ ▲❡♠♠❛ ✷ s❤♦✇s t❤❛t ✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ t❤❡r❡
❞♦❡s ♥♦t ❡①✐st ❛ t✉♥♥❡❧ (k, l) ✇✐t❤ i < k < α(i) < l ≤ u✳ ■♥❞❡❡❞✱ ❞❡❧❡t✐♥❣ t❤❡ t✉♥♥❡❧ (k, l)
❛♥❞ ❛❞❞✐♥❣✱ ✐❢ ✐t ❞♦❡s ♥♦t ❡①✐st✱ t❤❡ t✉♥♥❡❧ (α(i), l) ✇❡ ♦❜t❛✐♥ ❛ ❜❡tt❡r s♦❧✉t✐♦♥✳ ❙♦ ✐♥ ❝❛s❡
❛✮ ✇❡ ❝❛♥ s❡♣❛r❛t❡ t❤❡ tr❛✣❝ ✐♥t♦ t❤❛t ❞❡st✐♥❡❞ ❢♦r t❤❡ ♥♦❞❡s ✐♥ [i, α(i) − 1]✱ ✇❤✐❝❤ ✐s ♦♥❧②
t❤❛t ♦❢ i ✭t❤❛t ✐s✱ ♦❢ s1✮ ❛s t❤❡ s♦✉r❝❡ s2 ✐s ♦✉ts✐❞❡ t❤❡ ✐♥t❡r✈❛❧✱ ♣❧✉s t❤❡ tr❛✣❝ ❞❡st✐♥❡❞ ❢♦r
t❤❡ ♥♦❞❡s ✐♥ [α(i), u] ✇❤✐❝❤ ✉s❡s ❛s ✜rst t✉♥♥❡❧ (i, α(i))✳ ❲❡ ❤❛✈❡ t♦ ❛❞❞ t❤❡ ❝♦st ♦❢ t❤❡
t✉♥♥❡❧ (i, α(i))✱ t❤❛t ✐s

∑

x∈[α(i),u] ms1,x + ℓ(i, α(i)) − 1✳

■♥ ❝❛s❡ ❜✮✱ ❜② ▲❡♠♠❛ ✸✱ t❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ tr❛✣❝ ❞❡st✐♥❡❞ ❢♦r
t❤❡ ♥♦❞❡s ✐♥ [α(i), u] ✉s❡s ✜rst t❤❡ t✉♥♥❡❧ (i, α(i))✳ ❙♦ t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❝♦♥s✐sts
♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦st ❢♦r t❤❡ tr❛✣❝ t♦ t❤❡ ♥♦❞❡s ✐♥ [i, α(i)− 1]✱ t❤❛t ✐s OPT (i, s2; [i, α(i)− 1])✱
♣❧✉s t❤❡ ❝♦st ♦❢ t❤❡ t✉♥♥❡❧ (i, α(i)) ❛♥❞ t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ tr❛✣❝ t♦
[α(i), u] ✇✐t❤ t❤❡ t✇♦ s♦✉r❝❡s s2 ❛♥❞ α(i)✱ ✇❤❡r❡ α(i) ❝❛rr✐❡s t❤❡ tr❛✣❝ ❢r♦♠ i✱ t❤❛t ✐s ♦❢ s1✱
t❤❛t ✐s OPT ′

2(s2, α(i); [α(i), u])✳
◆♦t❡ t❤❛t s2 ✐s ♦♥ t❤❡ ❧❡❢t ♦❢ t❤❡ ✐♥t❡r✈❛❧ [α(i), u] ❜✉t ❝❛♥ ✉s❡ t❤❡ t✉♥♥❡❧ (i, α(i))✳

✷✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ OPT ′
δ(i, j; [j, u])✳

❋♦r ❝❛s❡ ❛✮✱ ❜② ▲❡♠♠❛ ✸✱ t❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ s✉❝❤ t❤❛t t❤❡ tr❛✣❝ t♦ [α(i), u]
✉s❡s ❛s ✜rst t✉♥♥❡❧ (i, α(i))✳ ❙♦ ✇❡ ❝❛♥ s❡♣❛r❛t❡ t❤❡ ❝♦st ✐♥t♦ t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥
t♦ s❡♥❞ t❤❡ tr❛✣❝ ♦❢ i ❛♥❞ j t♦ t❤❡ ♥♦❞❡s ✐♥ [j, α(i) − 1]✱ t❤❛t ✐s OPT ′

δ(i, j; [j, α(i) − 1])✱
❛♥❞ t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ t✇♦ s♦✉r❝❡s j ❛♥❞ α(i) t♦ t❤❡ ♥♦❞❡s ✐♥ [α(i), u]✱
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2 s2 4 2 s2 4

2 s2 4

2 s2 4 5s1

2 3=s2 4 51=s1

s2 4 5

2 s2 4s1

2 s2 4 5s1 2 s2 4 5s1 2 s2 4 5s1

52 s2 4

52 s2 4 52 s2 4 52 s2 4

s2 4 5 s2 4 5

2 s2 4s1 2 s2 4s1 2 s2 4s1

OPT(3;[3,4])

(already computed) and

OPT(1;[1,2])

(already computed)

OPT(3;[3,4])

source for the first subproblem

source for the second subproblem

OPT(1;[1,1]) and OPT(1;[1,3]) and

OPT’(3,4;[4,5])

OPT(1;[1,2]) and

OPT(3*;[3,5])

OPT(3*;[3,5]) OPT(2;[2,3]) and

OPT’(3,4;[4,5])

OPT(2,3;[2,4])

OPT(4*;[4,5])
(note that (3,4) is free)

OPT(3;[3,4])

OPT(2,3;[2,4]) OPT(1;[1,3])

(already computed)

OPT(2;[2,3])

(already computed)

position of   (i)α

OPT(1,3;[1,4]) and
OPT’(3,5;[5,5])OPT(2,3;[2,5])

❋✐❣✉r❡ ✾✿ ❉②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♦♥ t❤❡ ♣❛t❤ [1, 5] ✇✐t❤ ✷ s♦✉r❝❡s s1 ❛♥❞ s2✳

✇❤❡r❡ α(i) ♥♦✇ ❝❛rr✐❡s t❤❡ tr❛✣❝ ♦❢ i t♦ x s✉❝❤ t❤❛t α(i) < x ≤ u✱ ♣❧✉s t❤❡ ❝♦st ♦❢ t❤❡
t✉♥♥❡❧ (i, α(i))✳

❋♦r ❝❛s❡ ❜✮ ✇❡ ❝❛♥ ✐♥❥❡❝t t❤❡ tr❛✣❝ ♦❢ i ✐♥t♦ t❤❡ ❡①✐st✐♥❣ t✉♥♥❡❧ (β(j), j) ❢♦r ❛ ♠✐♥✐♠✉♠
❝♦st ♦❢

∑

x∈[j,u] mi,x✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ tr❛✣❝ ❢r♦♠ ❜♦t❤ s♦✉r❝❡s t♦ x✱ s✉❝❤ t❤❛t j < x ≤ u✱
❝♦♥❝❡♥tr❛t❡❞ ✐♥ ♥♦❞❡ j✱ s♦ ✇❡ ✉s❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r ♦♥❡ s♦✉r❝❡✳

■◆❘■❆
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✺✳✸✳✹ ❚❤❡ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✾

❋✐❣✉r❡ ✾ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦♥ ❛ ♣❛t❤ ✇✐t❤ ✺ ✈❡rt✐❝❡s 1, 2, 3, 4, 5 ❛♥❞ t✇♦ s♦✉r❝❡s s1 = 1 ❛♥❞
s2 = 3✳ ❲❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ OPT (1, 3; [1, 5])✱ ❛♥❞ t♦ ✜♥❞ t❤❡ ♥♦❞❡ α(1) ❢♦r ✇❤✐❝❤ t❤✐s ✈❛❧✉❡
✐s ♠✐♥✐♠✉♠✿

❼ ■❢ α(1) = 2✱ ✇❡ ♥❡❡❞ OPT (1; [1, 1]) = 0 ❛♥❞ OPT (2, 3; [2, 5])✳

❼ ■❢ α(1) = 3✱ ✇❡ ♥❡❡❞ OPT (1; [1, 2]) = ms1,2 + ℓ(1, 2)− 1 ❛♥❞ OPT (3∗; [3, 5])✱ ✇❤❡r❡ 3∗

❝❛rr✐❡s ❜♦t❤ tr❛✣❝s ♦❢ s1 ❛♥❞ s2✳

❼ ■❢ α(1) = 4✱ ✇❡ ♥❡❡❞ OPT (1, 3; [1, 3]) ❛♥❞ OPT ′
2(3, 4; [4, 5])✳

❼ ■❢ α(1) = 5✱ ✇❡ ♥❡❡❞ OPT (1, 3; [1, 4]) ❛♥❞ OPT ′
2(3, 5; [5, 5]) = m3,5

❘❡❝✉rs✐✈❡❧②✱ ✇❡ ❝♦♠♣✉t❡ OPT (1, 3; [1, 3])✱ OPT (1, 3; [1, 4])✱ OPT (2, 3; [2, 5])✱ ❛♥❞ ❛❧s♦
OPT ′

2(3, 4; [4, 5])✳ ◆♦t❡ t❤❛t ❞✉r✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ OPT (1, 3; [1, 4])✱ ✇❡ ✇✐❧❧ ♥❡❡❞
OPT (2, 3; [2, 4]) ✭❢♦r α(1) = 2✮✱ ❜✉t OPT (2, 3; [2, 5]) ✇✐❧❧ ❛❧s♦ ♥❡❡❞ OPT (2, 3; [2, 4]) ✭❢♦r
α(2) = 5✮✳

■♥ ❢❛❝t ✇❡ ❝❛♥ ✉s❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♥❞ st♦r❡ ♦♥❧② O(n3) ✈❛❧✉❡s✳ ❲❡ ♥❡❡❞ t♦ st♦r❡
t❤❡ ✈❛❧✉❡s OPT (i, s2; [i, u]) ❢♦r 1 ≤ i < s1−1 ❛♥❞ u > i✱ t❤❡ ✈❛❧✉❡s OPT (s1; [s1, u]) ✇✐t❤ u ≤
s2 ✭♣r♦❜❧❡♠s ✇✐t❤ ♦♥❡ s♦✉r❝❡ ❛❧r❡❛❞② ❝♦♠♣✉t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✮✱ t❤❡ ✈❛❧✉❡s OPT (j∗; [j, u])
❢♦r j ≥ s2 ❛♥❞ ✇✐t❤ ❜♦t❤ tr❛✣❝s ♦❢ s1 ❛♥❞ s2✱ ❛♥❞ OPT ′

δ(i, j; [j, u]) ✇❤❡r❡ s2 ≤ i < j ≤ u
✇❤❡r❡ i ❝❛rr✐❡s t❤❡ tr❛✣❝ ♦❢ sδ ❛♥❞ j t❤❛t ♦❢ s3−δ✳

❲❡ ❝❛♥ ✜❧❧ ✉♣ t❤❡ t❛❜❧❡s ❜② ✐♥❝r❡❛s✐♥❣ u✳ ■♥❞❡❡❞✱ s✉♣♣♦s❡ ✇❡ ❤❛✈❡ ✜❧❧❡❞ t❤❡ t❛❜❧❡
✉♥t✐❧ u − 1✳ ❚❤❡♥ ✇❡ ✜❧❧ ✉♣ t❤❡ ✈❛❧✉❡s ♦❢ OPT ′(i, j; [j, u]) st❛rt✐♥❣ ❛t j = u✱ ✐♥ ✇❤✐❝❤ ❝❛s❡
OPT ′

δ(i, u; [u, u]) = msδ,u✳ ❚❤❡♥ ✇❡ ✜❧❧ ✉♣ t❤❡ ✈❛❧✉❡s ❢♦r j = u−1 ❛♥❞ s♦ ♦♥ ✉♥t✐❧ j = s2 +1✳
◆♦t❡ t❤❛t ❢♦r ❛ ❣✐✈❡♥ j ✇❡ ♥❡❡❞ ✈❛❧✉❡s ✇✐t❤ ❡✐t❤❡r ❛♥ ✐♥t❡r✈❛❧ ❡♥❞✐♥❣ ✐♥ α(i)− 1 < u ♦r ✇✐t❤
❛ j′ > j✳ ❚❤❡♥ ✇❡ ✜❧❧ ✉♣ OPT (i, s2; [i, u]) ❜② st❛rt✐♥❣ ❛t i = s2 − 1 ❛♥❞ t❤❡♥ ❞❡❝r❡❛s✐♥❣ i✱
t❤❡ ❧❛st ✈❛❧✉❡ t♦ ❜❡ ❝♦♠♣✉t❡❞ ❜❡✐♥❣ OPT (s1, s2; [s1, u])✳

❆t ❡❛❝❤ st❡♣✱ ✇❡ ♥❡❡❞ ❛t ♠♦st O(n) ♦♣❡r❛t✐♦♥s✱ s♦ t❤❡ ♦✈❡r❛❧❧ ❝♦♠♣❧❡①✐t② ✐s O(n4)✳
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✺✳✹ ●❡♥❡r❛❧✐③❛t✐♦♥ t♦ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r k ♦❢ s♦✉r❝❡s

■♥ t❤❡ ❝❛s❡ ♦❢ k s♦✉r❝❡s s1, s2, . . . , sk✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ♦❢ t✇♦ s♦✉r❝❡s
❡①❝❡♣t t❤❛t ♥♦✇ ✇❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ k ❞✐✛❡r❡♥t t②♣❡s ♦❢ ✈❛❧✉❡s✳ ❋♦r 1 ≤ h ≤ k✱ ✇❡ ♥❡❡❞ t♦
❝♦♠♣✉t❡ OPTπ(i1, i2, . . . , ih, sh+1, . . . , sk; [ih, u])✱ ✇❤❡r❡ i1 < i2 < . . . < ih < sh+1 < . . . <
sk✱ s2 < i1✱ s3 < i2✱ . . .✱ sh < ih−1✱ ✇❤❡r❡ t❤❡r❡ ❡①✐sts ❛ t✉♥♥❡❧ (β(ih), ih) ✇✐t❤ β(ih) ≤ i1✳
❚❤❡ ♥♦❞❡ ij ❛❝ts ❛s ❛ s♦✉r❝❡ ❛♥❞ ❝❛rr✐❡s t❤❡ tr❛✣❝ ♦❢ t❤❡ s♦✉r❝❡ sπ(j) ✇✐t❤ π✱ ❛ ♣❡r♠✉t❛t✐♦♥
♦❢ {1, 2 . . . , k}✳ ■♥ ❢❛❝t✱ ❢♦r j ≥ h + 1✱ ij = sj ❀ s♦ t❤❡ s♦✉r❝❡ ij ❝❛rr✐❡s t❤❡ tr❛✣❝ ♦❢ sj ❛♥❞
t❤❡r❡❢♦r❡ ❢♦r j ≥ h + 1✱ π(j) = j✳

❯s✐♥❣ ❛ ❧❡♠♠❛ ❛♥❛❧♦❣♦✉s t♦ ▲❡♠♠❛ ✸ ❛♥❞ ❧❡tt✐♥❣ ❢♦r ❛ ♥♦❞❡ i ❛♥❞ ❛♥ ✐♥t❡r✈❛❧ [u, v]✱ α(i)
❜❡ s✉❝❤ t❤❛t (i, α(i)) ✐s t❤❡ ❧♦♥❣❡st t✉♥♥❡❧ ❢r♦♠ i ❛♥❞ ❡♥❞✐♥❣ ✐♥ [u, v]✳ ❲❡ ❣❡t

OPTπ(i1, i2, . . . , ih, sh+1, . . . , sk; [ih, u]) = min[Cα(i1), ❢♦r ih < α(i1) ≤ u;Ci∗
h
]

✇❤❡r❡

❛✮ ✐❢ α(i1) > ih, Cα(i1) =

OPTπ(i1, . . . , ih, sh+1, . . . , sk; [ih, α(i1) − 1])

+ OPTπ′(i2, . . . , ih, sh+1, . . . , sh+m, α(i1), sh+m+1, . . . , sk; [α(i1), u])

+
∑

x∈[α(i1),u]

mi1,x + ℓ(i1, α(i1)) − 1.

❚❤❡ ♥♦❞❡s ❝❛rr② t❤❡ s❛♠❡ tr❛✣❝ ❛s ❜❡❢♦r❡✱ ❡①❝❡♣t α(i1) ✇❤✐❝❤ ❝❛rr✐❡s t❤❡ tr❛✣❝ ♦❢ i1✱
t❤❛t ✐s ♦❢ sπ(1)✳

❚❤❡ ♣❡r♠✉t❛t✐♦♥ π′ ✐s s✉❝❤ t❤❛t✿

✕ ❢♦r 1 ≤ j < h✱ ❛s i′j = ij+1✱ π′(j) = π(j + 1)✱

✕ ✐❢ α(i1) < sh+1✱ t❤❡♥ π′(h) = π(1)✱

✕ ✐❢ sh+m ≤ α(i1) < sh+m+1✱ t❤❡♥ π′(h + m) = π(1)✳

✕ ❖t❤❡r✇✐s❡✱ π′(j) = π(j)✳

■❢ α(i1) = sh+m ❢♦r s♦♠❡ m✱ t❤❡♥ t❤❡ ♥♦❞❡ sh+m ✇✐❧❧ ❝❛rr② t❤❡ tr❛✣❝ ♦❢ ❜♦t❤ s♦✉r❝❡s
sh+m ❛♥❞ sπ(1)✱ ❛♥❞ ✇❡ ❛♣♣❧② t❤❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ k − 1 s♦✉r❝❡s✳

❜✮ t❤❡r❡ ✐s ♥♦ t✉♥♥❡❧ ❢r♦♠ i1 ❡♥❞✐♥❣ ✐♥ [ih, u]✳ ❚❤❡♥ t❤❡ tr❛✣❝ ♦❢ i1 ❝❛♥ ❜❡ ❞✐r❡❝t❧② s❡♥t
t♦ ih ✈✐❛ t❤❡ t✉♥♥❡❧ (β(ih), ih) ❛♥❞ t❤❡♥ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠✉♠ ❢♦r k − 1
s♦✉r❝❡s✳

Ci∗
h

= OPTπ′(i2, . . . , i
∗
h = i1, sh+1, . . . , sk; [ih, u]) +

∑

x∈[ih,u]

mi1,x.

■◆❘■❆
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✇❤❡r❡ ih = i1 ❝❛rr✐❡s t❤❡ tr❛✣❝ ♦❢ ❜♦t❤ s♦✉r❝❡s sπ(1) ❛♥❞ sπ(h)✱ t❤❡ ♦t❤❡r ♥♦❞❡s ❝❛rr②✐♥❣
t❤❡✐r ♣r❡✈✐♦✉s tr❛✣❝✳

❍❡r❡ ❛❣❛✐♥ ✇❡ ✉s❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ✜❧❧✐♥❣ ✉♣ t❤❡ t❛❜❧❡ ❜② ✐♥❝r❡❛s✐♥❣ u✳ ❋♦r ❛ ❣✐✈❡♥
u✱ ✇❡ ✜❧❧ ✉♣ s✉❝❝❡ss✐✈❡❧② t❤❡ t❛❜❧❡ ✇✐t❤ h = k✱ t❤❡♥ h = k − 1✱ ❛♥❞ s♦ ♦♥✳ ❋♦r ❛ ❣✐✈❡♥ h✱ ✇❡
st❛rt ✇✐t❤ t❤❡ ❣r❡❛t❡st ih✳

❲❡ ♥❡❡❞ t♦ st♦r❡ O(nk+1) ✈❛❧✉❡s ❛♥❞ ❤❛✈❡ t♦ ❝♦♠♣❛r❡ O(n) ✈❛❧✉❡s✱ s♦ ✇❡ ❤❛✈❡ ❛♥ ♦✈❡r❛❧❧
❝♦♠♣❧❡①✐t② ♦❢ O(nk+2) ❢♦r ❛ ♣❛t❤ ✇✐t❤ n ♥♦❞❡s ❛♥❞ k s♦✉r❝❡s✳
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✻ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❋✉rt❤❡r ❘❡s❡❛r❝❤

■♥ t❤✐s r❡♣♦rt ✇❡ ♠♦❞❡❧❡❞ ❛ q✉❡st✐♦♥ r❛✐s❡❞ ❜② ❧❛❜❡❧ ♠✐♥✐♠✐③❛t✐♦♥ ✐♥ ●▼P▲❙ ♥❡t✇♦r❦s ❛s
❛ ❤②♣❡r❣r❛♣❤ ❧❛②♦✉t ♣r♦❜❧❡♠✳ ■♥ t❤❡ s✐♥❣❧❡ ❝♦♠♠♦❞✐t② ❝❛s❡ ✇❡ s❤♦✇❡❞ t❤❡ ♣r♦❜❧❡♠ t♦ ❜❡
❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ✇❡❧❧ st✉❞✐❡❞ ❱P▲ ♣r♦❜❧❡♠s✳ ❍♦✇❡✈❡r✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❝r✐t❡r✐❛ ✭❛✈❡r❛❣❡
❤♦♣ ❝♦✉♥t ❛♥❞ ❛✈❡r❛❣❡ ❧♦❛❞✮ t❤❛t ❛♣♣❡❛r ✐♥ ♦✉r ♣r♦❜❧❡♠ ❛r❡ ❛♠♦♥❣ t❤❡ ❧❡ss st✉❞✐❡❞ ♦♥❡s✳
❲❡ ♣r♦✈✐❞❡❞ ❤❛r❞♥❡ss r❡s✉❧ts ❢♦r t❤❡ ❣❡♥❡r❛❧ ❞✐r❡❝t❡❞ ❝❛s❡ ❛♥❞ ❢♦r t❤❡ s②♠♠❡tr✐❝ ❝❛s❡✱ ❛♥❞
♣r♦♣♦s❡❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❣❛✈❡ ❛ log n✲❛♣♣r♦①✐♠❛t✐♦♥ ♦♥
♣❛t❤s ❛♥❞ tr❡❡s✱ ❛♥❞ ♦❜s❡r✈❡❞ t❤❛t ✐♥ ❛ ❣❡♥❡r❛❧ ♥❡t✇♦r❦ t❤❡ ❤❛r❞♥❡ss ♦❢ ♦✉r ♣r♦❜❧❡♠ ✐s
❡ss❡♥t✐❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❤❛r❞♥❡ss ♦❢ ✜♥❞✐♥❣ ❣❡♥❡r❛❧✐③❡❞ ❙t❡✐♥❡r ♥❡t✇♦r❦s✳ ❚❤✐s ✐s t❤❡
r❡❛s♦♥ ✇❤② ❝❧♦s✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛❜✐❧✐t② ❣❛♣ ♦❢ ♦✉r ♣r♦❜❧❡♠ ❧♦♦❦s ❧✐❦❡ ❛ ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠✳

■♥ t❤❡ ♠✉❧t✐✲s♦✉r❝❡s ❝❛s❡✱ ✇❡ ♣r❡s❡♥t❡❞ ❛ ❞②♥❛♠✐❝ ♣r♦❣r❛♠ ♦♥ t❤❡ ♣❛t❤ t❤❛t ✐s ♣♦❧②✲
♥♦♠✐❛❧ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ s♦✉r❝❡s ✐s ✜①❡❞✳ ◆❛♠❡❧②✱ ♦✉r ❛❧❣♦r✐t❤♠ r✉♥s ✐♥ O(nk+2) t✐♠❡
♦♥ ❛ ♣❛t❤ ✇✐t❤ n ♥♦❞❡s ❛♥❞ k s♦✉r❝❡s✳ ■♥ ✈✐❡✇ ♦❢ t❤✐s r✉♥♥✐♥❣ t✐♠❡✱ ✐t ✐s ✉♥❧✐❦❡❧② t❤❛t t❤❡
♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞ ♦♥ t❤❡ ♣❛t❤✱ s♦ ✜♥❞✐♥❣ ❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ ❢♦r ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r
♦❢ s♦✉r❝❡s ♦♥ t❤❡ ♣❛t❤ r❡♠❛✐♥s ♦♣❡♥✳ ▲✐❦❡❧② ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠ t♦ t❤❡ ❝❛s❡
♦❢ tr❡❡s ❛♥❞ ❜♦✉♥❞❡❞ tr❡❡✇✐❞t❤ ♥❡t✇♦r❦s r❡♠❛✐♥ ❛❧s♦ t♦ ❜❡ ❞♦♥❡✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
♣r♦❜❧❡♠ ✇❤❡♥ t❤❡ r♦✉t✐♥❣ ✐s ♣❛rt ♦❢ t❤❡ ✐♥♣✉t ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭t❤❛t ✐s✱ t❤❡r❡ ✐s ❛ ❞✐♣❛t❤
❛ss♦❝✐❛t❡❞ t♦ ❡❛❝❤ r❡q✉❡st✮ r❡♠❛✐♥s ♦♣❡♥✳ ❲❡ ✇❛♥t t♦ ✐♥✈❡st✐❣❛t❡ ❛❧s♦ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛
❝♦♥st❛♥t ❢❛❝t♦r ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❛ ❣❡♥❡r❛❧ ❣r❛♣❤ ✇❤❡♥ t❤❡r❡ ✐s ❛ s✐♥❣❧❡ s♦✉r❝❡✳ ❲❡ s✉s♣❡❝t
t❤❛t t❤❡ ♣r♦❜❧❡♠ ♠❛② ❜❡❝♦♠❡ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ s♦❧✈❛❜❧❡ ✇❤❡♥ t❤❡r❡ ✐s ❛ s✐♥❣❧❡ s♦✉r❝❡ t❤❛t
s❡♥❞s tr❛✣❝ t♦ ❛❧❧ t❤❡ ♥♦❞❡s ♦❢ t❤❡ ♥❡t✇♦r❦ ✭♥♦t❡ t❤❛t t❤❡ r❡❞✉❝t✐♦♥s ♦❢ ❙❡❝t✐♦♥ ✸ ❞♦ ♥♦t
❛♣♣❧② t♦ t❤✐s ❝❛s❡✮✱ ❜✉t ✇❡ ❤❛✈❡ ♥♦t ❜❡❡♥ ❛❜❧❡ t♦ ♣r♦✈❡ ✐t✳ ▲❛st✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t ♠♦r❡
❣❡♥❡r❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧ts ❝❛♥ ❜❡ ❣✐✈❡♥ ❢♦r ❧♦✇ ❞✐♠❡♥s✐♦♥ ❊✉❝❧✐❞❡❛♥ ♠❡tr✐❝ ❣r❛♣❤s ✉s✐♥❣
t❤❡ ❝❧❛ss✐❝❛❧ ❆r♦r❛ ♣❛r❛❞✐❣♠ ❬✶❪✳
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❘❡❢❡r❡♥❝❡s

❬✶❪ ❙✳ ❆r♦r❛✳ ◆❡❛r❧② ▲✐♥❡❛r ❚✐♠❡ ❆♣♣r♦①✐♠❛t✐♦♥ ❙❝❤❡♠❡s ❢♦r ❊✉❝❧✐❞❡❛♥ ❚❙P ❛♥❞ ♦t❤❡r ●❡✲
♦♠❡tr✐❝ Pr♦❜❧❡♠s✳ ■♥ Pr♦❝✳ ♦❢ t❤❡ ✸✽t❤ ❆♥♥✉❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❋♦✉♥❞❛t✐♦♥s ♦❢ ❈♦♠♣✉t❡r
❙❝✐❡♥❝❡ ✭❋❖❈❙✮✱ ♣❛❣❡s ✺✺✹✕✺✻✸✱ ✶✾✾✼✳
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