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Abstract: We suggest a new model-free definition of the beta coeffi-

cient, which plays an important rôle in systematic risk management.

This setting, which is based on the existence of trends for financial

time series via nonstandard analysis (Fliess M., Join C.: A math-

ematical proof of the existence of trends in financial time series,

Proc. Int. Conf. Systems Theory: Modelling, Analysis and Control,

Fes, 2009, online: http://hal.inria.fr/inria-00352834/en/) leads

to convincing computer experiments which are easily implementable.

Keywords: Quantitative finance, risk analysis, beta, alpha, trends,

technical analysis, estimation techniques, forecasting, abrupt changes,

nonstandard analysis.

1. INTRODUCTION

This communication studies systematic (or market) risks
in quantitative finance via the well known β coefficient
(see, e.g., [3; 25]), which plays a key rôle since the introduc-
tion of the capital asset pricing model (CAPM) for portfo-
lio management by Sharpe [24] and others. The following
definition in plain words of β is borrowed from Lhabitant
[18]: “Another interesting risk measure is called beta and is
denoted by the Greek symbol β. Simply stated, β measures
how risky a fund may be as compared to the overall stock
market, typically approximated to the Standard and Poor’s
500 or the MSCI World. A fund that moves in harmony
with the market is said to have a beta of 1.0. Other things
being equal, if the market goes up 10%, the fund is expected
to go up up 10%. If the market goes down 10%, the fund
is expected to go down up 10%. When a fund has a beta
that is less than 1, it is supposed to move less in price
than the market in general. Conversely, a fund with a
beta higher than 1 is supposed to move more in price than
the market in general. Hence, beta measures the risk of
a fund by telling us how much its market price changes
compared to changes in the overall stock market. A fund
with a beta of more than 1 tends be riskier than the market,
while a fund with a beta of less than 1 is less risky.” The
utilization of β for the purpose of β neutrality and hedging
has become important for investments, including the hedge
fund industry (see, e.g., [17; 18; 19; 20] and the references
therein).

The linear character of the β coefficient explains some of its
shortcomings (see, e.g., [7; 8] and the references therein).

The advantage of taking a time-varying β does not seem
to have been yet clearly demonstrated (see, e.g., [1; 4]).
A similar conclusion holds for the replacement of linear
statistical regressions by nonlinear ones (see, e.g., [18; 20]
and the references therein). We follow here another route,
which is based on recent advances in automatic control
and in signal processing:

(1) The Cartier-Perrin theorem [6] may be understood
as a nonstandard definition of noises [9]. It yields
noise attenuation [9] without having recourse to any
probabilistic and statistical tool. It implies, therefore,
the existence of trends in financial time series [11].
A crucial assumption in technical analysis, which is
quite popular among many traders (see, e.g., [2; 23]
and [3; 19]), is thus confirmed.

(2) A powerful derivatives estimation of noisy signals
has been achieved by real-time techniques which
are of algebraic flavor [15; 22]. Applications to new
indicators in technical analysis have already been
explored in [11; 13].

(3) New techniques for model-free control [10; 12] have
been successfully applied in several concrete situa-
tions (automotive industry, smart material actuators,
hydroelectric power plants, . . . ). 1 It shows that the
necessity of writing down a “precise” mathematical
model for controlling “complex” systems has been
largely exaggerated in today’s academic literature.

Our paper is organized as follows. Section 2 after a brief
review of the existence of trends via the Cartier-Perrin
theorem introduces a model-free definition of β and α. Sec-
tion 3 sketches the techniques which are necessary for es-
timating beta and some related quantities. The numerous
computer experiments in Section 4 show reliable forecasts
of beta and of its abrupt changes via our techniques, which
are easily implementable.

Analogous model-free methods will be developed in a near
future in order to present various hedging strategies (see,
e.g., [3; 25]), and a large range of highly efficient tools for
risk analysis, which again will be easily implementable.

1 See some references in [10; 12]. All references to applications of
model-free control, to which the authors are associated, are or will
be soon available at http://hal.inria.fr.
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Figure 1. 2D-3D illustration

2. A MODEL-FREE DEFINITION OF BETA

2.1 Quick fluctuations and trends in financial time series

Consider a time series f(t). The Cartier-Perrin theorem
[6], which is expressed in the language of nonstandard
analysis, 2 states that, under a very mild integrability con-
dition, there exists the following additive decomposition of
f(t):

f(t) = ftrend(t) + ffluctuation(t) (1)

where ftrend(t) and ffluctuation(t) are respectively the trend
and a quickly fluctuating function around 0:

• the quickly fluctuating function ffluctuation(t) is de-

fined by the fact that its integral
∫ b

a
ffluctuation(τ)dτ

over any finite interval [a, b] is infinitesimal, i.e., “very
small”;

• the trend ftrend(t) is integrable and almost every-
where continuous.

Those quick fluctuations are analogous to corrupting addi-
tive noises in engineering, and especially in signal process-
ing and in automatic control. The practical calculation of
the trend in [11; 13] is therefore achieved via estimation
techniques which were developed elsewhere and for other
purposes [15; 22]. Those techniques may be viewed as an
extension of the familiar moving average methods which
are central in technical analysis (see, e.g., [2; 23]).

2.2 Beta

Take two time series X(t) and Y (t), which satisfy the
integrability assumptions of the Cartier-Perrin theorem.
Assume moreover that the corresponding trends Xtrend(t)
and Ytrend(t) are locally smooth enough, i.e., they are
locally Ck for k large enough. Consider the space curve
t, Xtrend(t), Ytrend(t) in the Euclidean space with coordi-
nates t, x, y. Its projection on the x, y plane is the plane
curve C defined by

xC(t) = Xtrend(t), yC(t) = Ytrend(t)

2 See, e.g., [11] and especially [21] for a general presentation and
related references.

The tangent of C at a regular point, which is defined by
dXtrend(t)

dt
,

dYtrend(t)
dt

, yields, if dXtrend(t)
dt

6= 0,

∆yC ≈ β(t)∆xC (2)

where

• ∆xC = xC(t + h) − xC(t), ∆yC = yC(t + h) − yC(t);
• h ∈ R is “small”;
•

β(t) =
dYtrend

dt
dXtrend

dt

(3)

When yC(t) may be viewed locally as a smooth function
of xC(t), Equation (3) becomes

β(t) =
dyC

dxC

(4)

With the original time series X(t), Y (t), Equation (1)
shows that Equation (2) becomes

∆Y ≈ β(t)∆X + F∆(t) (5)

where

• ∆X = X(t + h) − X(t), ∆Y = Y (t + h) − X(t);
• F∆(t) is a quickly fluctuating function [6].

Remark 2.1. Equations (2) and (5) relate obviously the
amplitudes of the variations of X and Y during a “short”
time interval. Let us emphasize that our definition of β
is completely independent of any a priori mathematical
modeling 3 since some mild smoothness assumptions are
the only claims on the data.

Remark 2.2. Our β is, to the best of our knowledge,
the first quantitative attempt to approach intermarket
technical analysis (see, e.g., [2; 23]).

Remark 2.3. The behavior of β(t) will also be related to
higher order derivatives (see Section 4).

2.3 Alpha

When Equation (4) holds, it yields the following straight-
forward definition of the α coefficient:

yC = αxI
+

∫ xC

xI

βdx (6)

We recover a CAPM-like formula for α and β (see, e.g.,
[3; 25]), i.e., yC = α0 + βxC, if

• β is constant, i.e., C is a straight line;
• xI = 0.

Remark 2.4. A more intrinsic definition may be deduced
from the geometry of the curve C: αxI

is the ordinate of
point of abscissa x = xI . Note however that this point may
not be unique.

3. ESTIMATION TECHNIQUES

3.1 An integral formula for derivative estimation

Consider again the time series f(t) of Section 2.1. When
ftrend(t) in Equation (1) is smooth enough, elementary

3 Probabilistic and statistical modeling belong of course to mathe-
matical modeling (see, e.g., the enlightening discussion in [5]). Let
us emphasize once again that we do not need any probabilistic
and/or statistical framework for taking into account the uncertainty
in finance (see the comments in [11; 13]).



algebraic manipulations (see, e.g., [22] and [16]) show that,
for i ≥ 0,

diftrend

dti
(t) ≈

∫ t

t−T

Pi(τ)f(τ)dτ (7)

where

• T > 0 is the evaluation time window, which is usually
quite “short”;

• P is a polynomial function;
• when i = 0 (resp. i 	 0) we obtain an estimation

of the trend (resp. of the derivative of order i of the
trend).

Remark 3.1. This setting, which is extremely useful in
automatic control and signal processing (see, e.g., [15; 16]
and the references therein), has already been employed
in financial engineering for questions related to technical
analysis [11; 13].

3.2 Estimating beta

The division in Equation (3) leads to numerical instabili-
ties when applying Formula (7). The numerical implemen-
tation of the integral Formula (7) for estimating β via
Equation (4) does therefore necessitate some care when
compared to what has already been achieved in the past
(see [22] and [16]):

• the function xC(t) does not necessarily increase or
decrease in a monotonic way,

• the sampling with respect to xC is not necessarily
uniform.

Practical details will be provided elsewhere.

Remark 3.2. Similar calculations may be derived for esti-
mating higher order derivatives like in Remark 2.3.

4. COMPUTER EXPERIMENTS

We compare with the S&P 500 index three quite different
assets:

(1) JPMORGAN CHASE (JPM) from 1983-12-30 until
2009-07-21 (6267 days),

(2) IBM from 1962-01-02 to 2009-07-21 (11776 days),
(3) COCA COLA (CCE) from 1986-11-24 until 2009-07-

21 (5519 days).

Figure 2 displays the prices, which are normalized for an
obvious comparison’s sake, and their corresponding trends
which are obtained as in [11; 13].

Consider, as in Section 2.2, the projections in the x, y

plane. We exhibit the values of β and dβ
dx

, and their 20 days
forecasts, which are obtained via similar extrapolation
techniques to those in [11; 13]. The various Figures show
that the predictions are quite good.

An abrupt change of β is a “sudden” and “important” vari-
ation of its values. Thanks to techniques in [13; 14], Figure
3-(d) displays the 20 days forecasts of abrupt changes of β
for JPM. The results are again quite impressive.

Remark 4.1. It is noteworthy that β is “almost” constant
during large time intervals. According to Section 2.3, our
simulations do confirm to some extent the well known
CAPM modeling (see, e.g., [3; 25]). This traditional setting
nevertheless is unable to deal with abrupt changes.

Remark 4.2. The adaptation of our techniques to high
frequency finance would be quite easy.
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(c) JPM normalized (–) and its trend (- -)
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(d) CCE normalized (–) and its trend (- -)

Figure 2. Different assets
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(b) JPM’s β(t) (–) and 20 days forcasting (- -)
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(d) 20 days forcasting of abrupt changes on JPM’s β(t) (o)

Figure 3. JPM case
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Figure 4. Projection on the price plane
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Figure 5. 20 days forcasting
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Figure 6. 20 days forcasting


