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The smooth multibody dynamics
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d (BL(q, V)) _ 0L(q,v)

dt av; o = Qi(g,t), ie{l...n}, (1)

The smooth multibody where

dynamics

m qg(t) € R" generalized coordinates,

n (t)—dq—(t)

m Q(g,t) € R" generalized forces

€ R” generalized velocities,

m L(q,v) € IR Lagrangian of the system,
L(g,v) = T(q,v) = V(a),
together with
m T(q,v)= 1vTM(q)v kinetic energy, M(q) € R"*" mass matrix,

m V/(q) potential energy of the system,
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The smooth multibody
dynamics

The smooth multibody dynamics

Lagrange equations

dv
M(q)— + N(g,v) = Q(a, t) = VqV(q) (2
where
1 M; M; M
. N(g,v) = Ezaa ik % i 0 W
w1 Oa Qk aq;
inertial terms i.e., the gyroscopic accelerations

i=1...n| the nonlinear

Internal and external forces which do not derive from a potential

dv
M(@) S+ N(@,v) + Fine(£,9, V) = Fexe(8), 3)
where

B Fipe : R” X R” X R — R” non linear interactions between bodies,
m Fext : R — R” external applied loads.

Linear time invariant (LTI) case

m M(g) = M € R"*" mass matrix
m F..(t.g.v) = Cv+ Kg, C € IR" " is the viscosity matrix, K € IR"X"



The smooth multibody dynamics
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Definition (Smooth multibody dynamics)
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dv
M(q) "> + F(t =0
(q)dt+ (t,q,v) =0,
v=g

(4)

The smooth multibody

dynamics Where

L] F(ta q, V) = N(q7 V) + Fint(ta q, V) - FeXt(t)

Definition (Boundary conditions)

m Initial Value Problem (IVP):
to €ER, q(to) =qo €R", v(to) =wv €R", (5)
m Boundary Value Problem (BVP):

(to, T) eR xR, T[(q(to),v(to),q(T),v(T)) =0 (6)




Perfect bilateral constraints, joints, liaisons and spatial
boundary conditions
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m Finite set of m bilateral constraints on the generalized coordinates :

h(g.t) = [h(q.t) =0, je{l..m}] . (7)

S where h; are sufficiently smooth with regular gradients, V4(h;).
dynami ' . . .
e m Configuration manifold, M(t)

M(t) = {q(t) € R", h(q, t) = O}, (®)

Tangent and normal space

m Tangent space to the manifold M at q
Tam(a) = {§, Vh(q) "¢ = 0} ©)
m Normal space as the orthogonal to the tangent space

Nat(q) = {n,n" € =0,V € Tr} (10)




Bilateral constraints as inclusion
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Definition (Perfect bilateral holonomic constraints on the smooth

dynamics)

Introduction of the multipliers © € R™

The smooth multibody dv T

dynamics M(q)z =+ F(f7 q, V) =r = Vq h(q, t) y
(11)
—r € Nm(q)

where r = V;,rh(q, t) p generalized forces or generalized reactions due to
the constraints.

m The formulation as an inclusion is very useful in practice

m The constraints are said to be perfect due to the normality condition.




Perfect unilateral constraints
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Unilateral constraints

m Finite set of v unilateral constraints on the generalized coordinates :

: g(q,t) =[ga(q,t) 20, acf{l..v}]". (12)
;I'\?nea??goth multibody
L m Admissible set C(t)
C(t) ={qg € M(t),ga(q,t) 20, € {1...v}}. (13)

Normal cone to C(t)

NC(t)(q(t)) = {y ER"y =~ ZAana(q, t), Aa 20, Aagalq,t) = 0}
) (14)
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The smooth multibody
dynamics

Unilateral constraints as an inclusion

Definition (Perfect unilateral constraints on the smooth dynamics)

Introduction of the multipliers © € R™

dv
M(q)E + F(t,q,v) =r=V[h(q, t) X
(15)

—r € Negy(q(t))

where r = V;rg(q, t) A generalized forces or generalized reactions due to
the constraints.

m The unilateral constraints are said to be perfect due to the normality
condition.

m Notion of normal cones can be extended to more general sets. see
(CLARKE, 1975, 1983 ; MORDUKHOVICH, 1994)

m The right hand side is neither bounded (and then nor compact).

m The inclusion and the constraints concern the second order time
derivative of q.

O Standard Analysis of DI does no longer apply.
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The Non smooth Lagrangian
Dynamics

Non Smooth Lagrangian Dynamics

Fundamental assumptions.

m The velocity v = g is of Bounded Variations (B.V)
O The equation are written in terms of a right continuous B.V.
(R.C.B.V.) function, v such that

v =gt (16)
m g is related to this velocity by
t
a(e) = a(w) + [ (o) (17)
to

m The acceleration, (g in the usual sense) is hence a differential
measure dv associated with v such that

dv(la, b]) :/ , =) (18)

a,



Non Smooth Lagrangian Dynamics
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Definition (Non Smooth Lagrangian Dynamics)
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M(q)dv + F(t,q,v")dt = dr

(19)

v+:('7+

The Non smooth Lagrangian where dr is the reaction measure and dt is the Lebesgue measure.

Dynamics

Remarks

m The non smooth Dynamics contains the impact equations and the
smooth evolution in a single equation.

m The formulation allows one to take into account very complex
behaviors, especially, finite accumulation (Zeno-state).

m This formulation is sound from a mathematical Analysis point of view.

References

(ScHATZMAN, 1973, 1978 ; MOREAU, 1983, 1988)
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Non Smooth Lagrangian Dynamics

Decomposition of measure

{ dv= ~dt+ (vF—v7)dv+ dvs (20)
dr= fdt+ pdv+  drs
where
m 7y = g is the acceleration defined in the usual sense.
m f is the Lebesgue measurable force,

m vT — v~ is the difference between the right continuous and the left
continuous functions associated with the B.V. function v = g,

m dv is a purely atomic measure concentrated at the time t; of
discontinuities of v, i.e. where (v —v™) # 0,i.e. dv =3, 6,

p is the purely atomic impact percussions such that pdv = >, p;dy,

dvs and drs are singular measures with the respect to dt + dn.
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The Non smooth Lagrangian
Dynamics

Impact equations and Smooth Lagrangian dynamics

Substituting the decomposition of measures into the non smooth
Lagrangian Dynamics, one obtains

Definition (Impact equations)

M(q)(v* —v7)dv = pdv, (21)
M(q(£))(vt (&) — v (&) = pi, (22)

Definition (Smooth Dynamics between impacts)

M(q)vydt + F(t, q,v)dt = fdt (23)

M(q)v" + F(t,q,vt) = f+ [dt—ael] (24)
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The Moreau's sweeping process of second order

Definition (MOREAU (1983, 1988))

A key stone of this formulation is the inclusion in terms of velocity.
Indeed, the inclusion (15) is “replaced” by the following inclusion

M(q)dv + F(t,q,vT)dt = dr
V+ = (‘7+ (25)

—dr € NTC(q)(V+)

This formulation provides a common framework for the non smooth
dynamics containing inelastic impacts without decomposition.
O Foundation for the time—stepping approaches.



The Moreau's sweeping process of second order
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m The inclusion concerns measures. Therefore, it is necessary to define
what is the inclusion of a measure into a cone.

Vince

m The inclusion in terms of velocity vt rather than of the coordinates q.

Interpretation
The Moreau's sweeping

process m Inclusion of measure, —dr € K
m Case dr = r'dt = fdt.

—fekK (26)

m Case dr = p;d;.
—-pi €K (27)

m Inclusion in terms of the velocity. Viability Lemma
If q(to) € C(tp), then

vt € Te(q), t > to = q(t) € C(t), t > to

0 The unilateral constraints on g are satisfied. The equivalence
needs at least an impact inelastic rule.
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The Newton-Moreau impact rule
The Moreau's sweeping

BICEES —dr e NTC(q(t))(V+(t) + ev_(t)) (28)

where e is a coefficient of restitution.
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C={qge M(t),ga(q) 20, € {1...v}}. (29)
Decomposition of dr and v onto the tangent and the normal cone.
dr = Y Viga(q)dra (30)
[e3
Ul = Vega(@)vh,ae{l...v} (31)

The Moreau's sweeping
process

Complementarity formulation (under constraints qualification condition)

—d\a € NTR+(gQ)(U;) & if ga(q) <0, then 0 < U L dA\y >0

(32)
The case of C is R+
—dreNc(gq)&0<qgLldr>0 (33)

is replaced by

—dr € Nr(q(v) & if <0, then0 vt Ldr>0 (34)
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The Moreau's sweeping
process

The Moreau's sweeping process of second order

Example (The Bouncing

Figure: Two-dimensional bouncing ball on a rigid plane



The Moreau's sweeping process of second order
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In our special case, the model is completely linear:

Vincent Acar

z
qg = X (35)
| ¢
[m 0 0 3
L M(q) = 0 m 0 | where | ==mR? (36)
The Moreau's sweeping 0 0 / 5
process L
[0
N(g,q) = |0 (37)
| O
[0
Fint(qz qv t) = 0 (38)
| O
[ —mg f(t)
For(t) = o |+| o (39)
o 0
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Kinematics Relations The unilateral constraint requires that :
C={q.8(q)=z-R—-h>0} (35)

so we identify the terms of the equation the equation (30)

The Moreau's sweeping - dr = [17 07 0] Td}‘l’ (36)
process 5
U1+ = [17 0, 0] X =z (37)
0

Nonsmooth laws The following contact laws can be written,
if g(q) <0, then 0 < Ut +eU™ L dX\; >0
(38)
if g(q) >20,d\1 =0
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The Moreau's sweeping process of first order
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Differential inclusion (DI)

Definition (The Moreau's sweeping process (of first order))

{—xa)eAmuﬂxa» teo,T], (39)

x(0) = xo € K(0).

The Moreau's sweeping

process of first order where

m K(t) is a moving closed and nonempty convex set.

m Nk(x) is the normal cone to K at x

Nk(x):={seR":(s,y —x) <0, forally € K},

Comment

This terminology is explained by the fact that x(t) can be viewed as a
point which is swept by a moving convex set.

References

(MoRrgAu, 1971, 1972, 1977 ; MONTEIRO MARQUES, 1993 ; KUNZE &
MONTEIRO MARQUS, 2000)
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m A solution x(.) for such type of DI is assumed to be differentiable
almost everywhere satisfying the inclusion x(t) € K(t), t € [0, T].

m [f the set-valued application t — K|(t) is supposed to be Lipschitz
continuous, i.e.

rocess of firt oder <0, du(K(t), K(s)) <]t —s] (40)

where dy is the Hausdorff distance between two closed sets, then

m existence of a solution which is /-Lipschitz continuous
m uniqueness in the class of absolutely continuous functions.

(MONTEIRO MARQUES, 1993).

Definition (State dependent sweeping process (KUNZE &

MONTEIRO MARQUES, 1998))

The state dependent sweeping process is defined

—x(t) € Nk(exe))(x(t)) t €0, T],
{ x(0) = xo € K(0). (41)
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The Moreau's sweeping
process of first order

Variants of the Moreau's sweeping process

Definition (RCBV sweeping process (KUNZE & MONTEIRO MARQUES

1998))
The RCBYV sweeping process of the type is defined

—du € Nk(r(u(t)) (t=0),
{ u(0) = wo. (42)
where the convex set is RCBV i.e
dy(K(t), K(s)) < r(t) — r(s) (43)

for some right-continuous non-decreasing function r : [0, T] — IR is made.

Mathematical properties

m the solution u(.) is searched as a function of bounded variations
(B.V.)

m the measure du associated with the B.V. function u is a differential
measure or a Stieltjes measure.

m Inclusion of measure into cone
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The Moreau's sweeping
process of first order

Unbounded DI and Maximal monotone operator

Definition (Unbounded Differential Inclusion (UDI))

The following UDI can be defined (together with the initial condition
x(0) =x0 € C)

— (x(8) + F(x(2)) + &(2)) € Nk(x(1)) (44)

where K is the feasible set and g : R, — R” and f : R” — R".

Basic properties

m A solution of such a UDI is understood as an absolutely continuous
t — x(t) lying in the convex set C.

Comment

The Terminology is explained by the fact that INx(x(t)) is neither
compact nor bounded. Standard DI analysis no longer apply.
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Link with Maximal monotone operator

m In (BREZIS, 1973), a existence and uniqueness theorem for

x(t) + A(x(1)) + g(t) 30 (45)

The Moreau's sweeping
process of first order

where A is a maximal monotone operator, and g a absolutely
continuous function of time.

m If £ which is monotone and Lipschitz continuous, then

A(x(t)) = f(x(t)) + Nk (x(1)) (46)
is then a maximal monotone operator.
m Equivalence (BROGLIATO et al., 2006)

— (x(t) + £(x(2)) + &(t)) € N (x(e)) (X(2)) , (47)

providing that the UDI (44) has the so-called slow solution, that is
x(t) is of minimal norm in Nk (())(x(t)) + f(x, t) + g(t).




Special case when K is finitely represented.
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For x € K, we denote by

The Moreau’s sweeping I(x) ={i € {i...m}, hi(x) =0} (49)

process of first order
the set of active constraints at x. The tangent cone can be defined by
Th(x) = {s € R", (Vhi(x),s) <0,i € I(x)} (50)

and the normal cone by

N (x) = [TPCI° = { D NiVhi(x),Ai 20, i €l(x)}  (51)
i€l(x)

m Nk (x) D Nf(x) and Tk(x) C T"(x) always hold.

m Ny = N' and equivalently Tx = T/ holds if a constraints
qualification condition is satisfied




Special case when K is finitely represented.
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Link with Differential Complementarity Systems (DCS)

Equivalence with the following DCS of Gradient Type (GTCS)

{—*(t) = f(x(t)) + &(t) + Vh(x(£))A(t)

0 < —h(x(t)) L A\(t) =0 (48)

The Moreau's sweeping
process of first order

Link with Evolution Variational Inequalities (EVI)

Equivalence with the following EVI

(x(t) + f(x(t)) + g(t),y —x) >0 (49)

m existence and uniqueness theorem for maximal monotone operators

B existence result is given for this last EVI under the assumption that f
is continuous and hypo-monotone (BROGLIATO et al., 2006).
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T M sz m Quasi-static analysis (first order) of viscoelastic mechanical systems
[REEES Cf (i3 ety m with perfect (associated) plasticity

m with associated friction
m Quasi static analysis (first order) of quasi-brittle mechanical systems

m cohesion, damage and fracture mechanics
m geomaterials
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Definitions

Dynamical Complementarity systems

Definition (Generalized Dynamical Complementarity Systems (GDCS)

(semi-explicit form))
A generalized Dynamical Complementarity System (DCS) in a
semi-explicit form is defined by

X = f(x,t,A)
y = h(x, ) (50)
C*3ylirecC

where C and C* are a pair of dual closed convex cones (C* = —C°).

Definition (Dynamical Complementarity Systems (DCS) )

A Dynamical Complementarity System (DCS) in a explicit form is defined
by

x = f(x, t,\)
y = h(x, X) (51)
0<yLA>0



Dynamical Complementarity systems
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Definition (Linear Complementarity Systems (LCS))

A Linear Complementarity System (LCS) is defined by

X = Ax + BX
y = Cx + DX (50)
0<yLA>0

Definitions
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Definitions

Dynamical Complementarity systems

Definition (Non Linear complementarity systems (NLCS))

A Non Linear Complementarity System usually (NLCS) is defined by the
following system:
x=f(x,t) +g(x)TA
y = hix,\) (50)
0<yLlA>0

Definition (Gradient Type Complementarity Problem (GTCS))

A Gradient Type Complementarity Problem (GTCS) is defined by the
following system:

x(t) + F(x(1)) = Vg(x)A

y = g(x(t)) (51)
0<yLA>0
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Definition (Relative degree in the SISO case)

Vincent Acar Let us consider a linear system in state representation given by the
quadruplet (A, B, C,D) € R"™" x IR"*™M x RM*X" x RMX™M;
X = Ax + B (52)
y = Cx+ DX

m In the Single Input/ Single Output (SISO) case (m = 1), the relative
degree is defined by the first non zero Markov parameters :

The notion of relative

i Wl D, CB, CAB,CA?B,...,CA™ !B, ... (53)

m In the multiple input/multiple output (MIMO) case (m > 1), an
uniform relative degree is defined as follows. If D is non singular, the
relative degree is equal to 0. Otherwise, it is assumed to be the first
positive integer r such that

CAB=0, i=0...q—2 (54)

while
CA™"1B is non singular. (55)
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The notion of relative
degree. Well-posedness

The notion of relative degree. Well-posedness

Interpretation

The Markov parameters arise naturally when we derive with respect to
time the output y,

y = Cx+ DX
y = CAx+CB) ifD=0
y = CA’x+ CAB), if D=0,CB=0
y() = CA'xX+CA™!B) ifD=0,CB=0,CA2B=0,r=1...r—2

and the first non zero Markov parameter allows us to define the output y
directly in terms of the input A.
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degree. Well-posedness

The notion of relative degree. Well-posedness

Third relative degree LCS Let us consider the following LCS:

X(t) = A, x(0)=x0 >0
y(t) = x(t) (52)
0<yLA>0

The function x : [0, T] — R is usually assumed to be an absolutely
continuous function of time.

m If y = x > 0 becomes active, i.e., x =0,
m If x > 0, the system will instantaneously leaves the constraints.
m If X < 0,% > 0, the velocity needs to jump to respect the constraint in
t™. (B.V. function ?)
m If x < 0,x < 0, the velocity and the acceleration need to jump to respect
the constraint in t*. (Dirac + B.V. function )

0 X < 0 and therefore A may be derivative of Dirac distribution.

Problem: From the mathematical point of view, a constraint of the type
A 2 0 has no mathematical meaning !!

O In this lecture, we will focus on LCS of relative degree r < 1.
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The passive LCS.

Relative degree 0

Let us consider a LCS of relative degree 0 i.e. with D which is non
singular.

X =Ax+ B\, x(0) =xo
y = Cx+ DX (53)
0OKylx>o0

Mathematical properties

D is non singular O poor interest

m Existence and Uniqueness.
m "B.SOL(Cx, D) is a singleton”:
B.SOL(Cxp, D) is a singleton is equivalent to stating that the LCS (57)

has a unique C! solution defined at all t > 0.
Denoting by A(x) = B.SOL(Cx, D), the LCS can be viewed as a standard
ODE with a Lipschitz r.h.s :

Xx = Ax + A(x) = Ax + B.SOL(Cx, D) (54)
m Special important case: D is a P-matrix, (LCP(q, M) has a unique

solution for all g € IR" if M is a P-matrix.) The Lipschitz property of the
LCP solution with the respect to x is shown in COTTLE et al. (1992).

m Stability theory (CAMLIBEL et al., 2006) and for the numerical
integration, the problem is a little more tricky because A(x) is only
B-differentiable.



The passive LCS.
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To complete this section, a example of non existence and non uniqueness
of solutions is provided for a LCS of relative degree 0. This example is
taken from HEEMELS & BROGLIATO (2003). Let us consider the following
LCS

X=-x+A
y=x-—2A (55)
0y LA>0
€S of ke dlme This system is strictly equivalent to
. The passive LCS
= —X,.ifXZO (56)
0, if x>0

which leads to non existence of solutions for x(0) < 0 and to non
uniqueness for for x(0) > 0.
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he LCS of relative degree
< 1. The passive LCS

The passive LCS.

Relative degree 1

Let us consider a LCS of relative degree 1 i.e. with CB which is non
singular.
x = Ax+ B\, x(0) =xo
y = Cx (57)
0<yLA>0

Mathematical properties

m The Rational Complementarity problem HEEMELS (1999) ;
CAMLIBEL (2001) ; CAMLIBEL et al. (2002). The P-matrix property
plays henceforth a fundamental role and provides the existence of
global solution of the LCS in the sense of Caratheodory.

m Special case B = CT uses some EVI results for the well-posedness
and the stability of such a systems (GOELEVEN & BROGLIATO, 2004).
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1. The passive LCS

The passive LCS.

The passive linear systems are a class for which a “stored energy” in the
system is only decreasing (see for more details, (CAMLIBEL, 2001 ;
HEEMELS & BROGLIATO, 2003)). The passive linear systems are of
relative degree > 1.
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Example (The RLC circu h a diode)

A LC oscillator supplying a load resistor through a half-wave rectifier (see
figure 1).

vi

R
ic iL
R VR
ve v
c - L v
The LCS of relative degree _ o

. The passive LCS

VD

Figure: Electrical oscillator with half-wave rectifier
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The passive LCS.

Example (The RLC circuit with a diode)

m Kirchhoff laws :
VL = V¢
VR + Vp = v¢
ic+ii+ir=0
IR = Ip

m Branch constitutive equations for linear devices are

ic = Cuc
v = LIL
vk = Rig

m "branch constitutive equation” of the ideal diode

0<ip L —vp =0
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The passive LCS.

Example (The RLC circuit with a diode)

The following LCS is obtained :

()=(3 5) ()+(%)»

together with a state variable x and one of the complementary variables A
o ( v )
I

A=ip

and
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CS of relative degree
. The passive LCS

Qutline

Lagrangian dynamical systems with unilateral constraints
m The smooth multibody dynamics
m The Non smooth Lagrangian Dynamics
m The Moreau’s sweeping process

The Moreau's sweeping process of first order

Dynamical Complementarity Systems (DCS)
m Definitions
m The notion of relative degree. Well-posedness
m The LCS of relative degree r < 1. The passive LCS

Other Non Smooth Dynamical systems: A very short zoology
m Differential inclusions (DI)
m Evolution Variational inequalities (EVI)
m Differential Variational Inequalities (DVI)
m Projected Dynamical Systems (PDS)
m Piece-Wise affine (PWA) and piece-wise continuous (PWC) systems
m And other systems

@ Higher order relative degree systems
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Differential inclusions (DI)

Differential inclusions (DI)

A differential inclusion (DI) may be defined by

Xx(t) € F(x(t)),t € [0, T] (58)
where
m x(t) : IR — IR" is a function of time t,
m Xx(t) : IR — IR" is the time derivative,

m F:IR — IR" is a set-valued map which associates to any point
x € R" a set F(x) C R".

Standard classes of DI

m Lipschitzian DI

m Upper semi-continuous DI

Standard references
(AUBIN & CELLINA, 1984 ; DEIMLING, 1992 ; SMIRNOV, 2002)
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Ordinary Differential Equation (ODE)

% = f(x, t), (59)

considering the singleton F(x) = {f(x, t)}

Example

Differential inclusions (DI)

Implicit Differential Equation (IDE),

f(x,x) =0 (60)

defining the set-valued map as F(x) = {v, f(v,x) = 0}
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Differential inclusions (DI)

Differential inclusions (DI)

ODE with discontinuous right hand side (r.h.s.),

x(t) = f(x(t)), t € [0, T] (61)
with .
wo={ T ESe @)
Filippov DI :
x(t) € F(x) = m convf(x + eBp) (63)
e>0

where B, is the unit ball of IR".

Dls are Non Smooth Dynamical systems ?

m Extensive use of Non Smooth and Set-valued Analysis.
m Non smoothness of solution due to constraints on x

m x(t) is usually absolutely continuous
m x(t) is usually non smooth (£!, B.V. functions)
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Definition (Lipschitzian DI)
A DI is said to be a Lipschitzian DI if the set-valued map F : R — IR”
satisfies the following condition:

the sets F(x) are closed and convex for all x € R";

the set-valued map F is Lipschitzian with a constant /, i.e.

Differential inclusions (DI) 3120, F(x)C F(xe)+ ll|xi — xa||Bn (64)

where B, is the unit ball of IR",
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Example (Control theory)

m ODE with control input
X = f(x,u),t € [0, T],x(0) = xo ue UCR™ (65)
where f : IR” x U — IR" is assumed to be a continuous function

satisfying a Lipschitz condition in x.

m Associated Lipschitzian DI
Differential inclusions (DI) % e UUEUf(X7 u) (66)

Assume that the set f(x, U) is closed and convex for all x € R", the
solution of the Cauchy problem (65) is a solution of the DI (66) and
due to a result of Filippov, the converse statement is also true in the
sense that there exists a solution v(t) of the inclusion (66) which is

also a solution of (65).
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Definition (Upper semi-continuous DI)

A Dl is said to be an upper semi-continuous DI if the set-valued map
F : IR — IR" satisfies the following condition:

Vincent Acar

the sets F(x) are closed and convex for all x € R";

the set-valued map F is upper semi-continuous for all x € IR, i.e, if
for every open set M containing F(x),x € IR there exists a
neighborhood € of x such that F(Q) C M.

An example of upper semi-continuous DI: the Filippov DI

Differential inclusions (DI)

x(t) = f(x(t)),t € [0, T], x(0) =xo (67)
where f : IR” — IR" is a bounded function.

If f is not continuous, then the Cauchy problem associated with this ODE
may have no solution.

Filippov DI
x(t) € F(x) = ) convf(x + By) (68)
>0
where B, is the unit ball of IR".
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Differential inclusions (DI)

Upper semi-continuous DI

Example (ODE with a discontinuous r.h.s)

A standard example is given by the following r.h.s:

1 if x<O0
f(x,t) = ’ 67
(x,1) {_17 oo (67)
Standard solution
x(t) < 0,x(t) =t + xo (68)
x(t) > 0,x(t) = —t+x0

Each solution reaches the point x = 0 and can not leave it. Unfortunately,
the function x(t) = 0 does not satisfy the equation, since
X =0# f(0) =-1.
Filippov DI
1, ifx<0
x(t) e F(x)=4¢ -1, ifx>0 (69)
[-1,1], ifx=0
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Definition (Variational Inequality (VI) problem)

Vincent Acar
Let X be a nonempty subset of IR” and let F be a mapping form IR" into
itself. The Variational Inequality problem, denoted by VI(X, F) is to find
a vector z € IR" such that

F(z)T(y —2)>0,Vy € X (70)

Equivalences and others definitions

m Inclusion into a normal cone.

Evolution Variational

inequalities (EVI) — F(x) € Nx(x) (71)
or equivalently
0 € F(x) + Nx(x) (72)

m If F is affine function, F(x) = Mz + q, the VI(X, F) is called Affine
VI denoted by, AVI(X, F).

m If X is polyhedral, we say that the VI(X, F) is linearly constrained.
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Definition (Evolution Variational Inequalities (EVI))
An Evolution Variational Inequality (EVI) is defined by finding x € K such
that

(X +f(x),y —x) 20,Vy € K (73)
which is equivalent to the following unbounded DI

— (x4 f(x)) € Ng(x) (74)

References

m Infinite-dimensional spaces. (LIONS & STAMPACCHIA, 1967 ;
KINDERLEHRER & STAMPACCHIA, 1980 ; GOELEVEN et al., 2003)

m Finite-dimensional spaces. (HARKER & PANG, 1990 ; FACCHINEI &
PANG, 2003)

Evolution Variational
inequalities (EVI)
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Mathematical properties

m Trough the reformulation (44),existence and uniqueness theorem for
maximal monotone operators holds for

(x(t) + f(x(t)) + g(t),y —x) =20 (75)

In (BROGLIATO et al., 2006), a existence result is given under the
assumption that f is continuous and hypo-monotone.

Other definitions

m For g =0 and f(x) = Ax, the EVI is called a Linear Evolution
Variational Inequality (LEVI).

m If the set K depends on x, i.e. K(x), we speak of Evolution
Quasi-Variational inequality (EQVI)

Evolution Variational
inequalities (EVI)

(x+ f(x),y —x) > 0,Vy € K(x) (76)
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Vincent Acar A Differential Variational inequality can be defined as follows:
x(t) = f(t,x(t), u(t)) (77)
u(t) = SOL(K7 F(t7 X(t)7 )) (78)
0 = T(x(0),x(7)) (79)

where :

m x : [0, T] — IR" is the differential trajectory (state variable),
u: [0, T] — IR™ is the algebraic trajectory
f:[0, T] x IR" x R"” — IR" is the ODE right-hand side
F:[0,T] x R"” x R™ — IR™ is the VI function
K is nonempty closed convex subset of IR
[:IR"” x R" — IR" is the boundary conditions function.

m Initial Value Problem (IVP), I'(x,y) = x — xo

m linear Boundary Value Problem (BVP), I'(x,y) = Mx + Ny — b
The notation u(t) = SOL(K, ®) means that u(t) € K is the solution of
the following VI

Differential Variational
Inequalities (DVI)

(v—u)Tod() >0, Vvek (80)
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Differential Variational
Inequalities (DVI)

Differential Variational Inequalities (DVI)

The DVI is a slightly more general framework in the sense that it includes
at the same time:

m Differential Algebraic equations(DAE)

x(t) = f(t,x(t),u(t)) (81)
u(t) = F(t,x(t),u(t)) (82)
m Differential Complementarity systems (DCS)
x(t) = f(t,x(t),u(t)) (83)
C > u(t) L F(t,x(t),u(t)) e C* (84)
where C and C* are a pair of dual closed convex cones (C* = —C°).

The Linear Complementarity systems are also special case of DVI (see
the section 4).
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at the same time:
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m Evolution variational inequalities (EVI)

= (x+ f(x)) € Ng(x) (81)

m When K is a cone, the preceding EVI is equivalent to a DCS of the type :

X&)+ Fx(E) = () (82)

K> x(t) Lut) € K* (83)

m When K is finitely represented i.e. K = {x € IR", g(x) < 0} then under

some appropriate constraints qualifications, we obtain another DCS which

is often called a Gradient type Complementarity Problem (GTCS) (see 4) :
ifferential Variationa S — T

e oy " () +f(x(1) = =V, &(u(t) (84)

0< —g(x(1) Lu(r) > 0 (85)

m Finally, if K is a closed convex and nonempty set then the EVI is
equivalent to the following DVI :

x(t) + f(x(t)) = w(t) (86)
0 = x(t) —y(t) (87)
y() e K, (v—y() w(t) > 0,VvekK (88)
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Definition (Projected Dynamical Systems (PDS))

Let us consider a nonempty closed and convex subset K of IR". A
Projected Dynamical System (PDS) is defined as the following system:

x(t) = Nk (x(2); =(F(x(¢)) + &(1))) (89)

where Mk : K X IR” — IR" is the operator

Vincent Acar

. roji(x + 0v) — x
I-IK(X; V):g%% (90)

Comments

m The definition of the operator Nk corresponds to the one-sided
Gteaux derivative of the projection operator for x € K, i.e. when

Projected Dynamical

Systems (PDS) Pk (x) = x. A classical result of Convex analysis, see for instance
(HIRRIART-URRUTY & LEMARECHAL, 1993), states that

Mk (x; v) = projr, (x)(v) (91)

Therefore, the PDS can be equivalently rewritten as :

X(t) = projr, (x(ey) (=(f(x(2)) + &(2))) (92)
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Definition (Projected Dynamical Systems (PDS))
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Let us consider a nonempty closed and convex subset K of IR". A
Projected Dynamical System (PDS) is defined as the following system:

x(t) = Ny (x(8); =(F(x(£)) + &(1))) (89)
where Mg : K X IR" — IR" is the operator

projx(x + ov) — x

; (90)

Mk(x;v) = !5“11?)

Comments

m In (BROGLIATO et al., 2006), the PDS (92) is proved to be equivalent

Projected Dynamical

Systems (PDS) to the UDI(47) and therefore to be equivalent to the UDI (44) if the
slow condition is selected.

m For results and definitions in infinite-dimensional spaces (Hilbert
spaces), we refer to the work of (COJOCARU, 2002 ; COJOCARU &
JONKER, 2003).
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Definition (Piece-Wise affine (PWA) systems)

A Piece-Wise affine (PWA) system can be defined by systems of the form
x(t) = Aix(t) + ai, x(t) € X; (91)

where

m {Xi}ic; C IR", partition of the state space in closed (possibly
unbounded) polyhedral cells with disjoint interior,

m the matrix A; € IR"X" and the vector a; € IR" defines an affine
system on each cell.

Piece-Wise affine (PWA)
and piece-wise continuous
(PWC) systems
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Piece-Wise affine (PWA)
and piece-wise continuous
(PWC) systems

Piece-Wise affine (PWA) and piece-wise continuous (PWC)
systems

Nature of solution (J¢ SSON & RANTZER, 1998)

Solution: a continuous piecewise C! function x(t) € U;c;X; on the time
interval [0, T] with for every t € [0, T] such the derivative x(t) is defined,
the equation x(t) = A;x(t) + a;, holds for all i with x(t) € X;..

The definition is relatively rough, but can suffice to understand what type
of solutions are sought. Indeed, If some discontinuity of the r.h.s is
allowed, the canonical problem with the sign function can be cast into
such a formalism. We know that the existence of solution is not
guaranteed for such a r.h.s. . The authors JOHANSSON & RANTZER
(1998) circumvent this problem excluding arbitrarily such cases. A proper
definition of solution could be given by the FiLippov (1988) or UTKIN
(1977) solutions of the system:

X(t) = convjeg{Aix(t) + ai} with J = {j, x(t) € X;} (91)
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Definition (Piece-Wise Continuous (PWC) systems)

A Piece-Wise Continuous (PWC) systems can be defined by
X(8) = fi(x, ), x(t)€X; (92)

where the continuous f; : IR" X [0, T] — IR" defines an continuous system
on each cell.

Comments

In a general way, it is difficult to understand what is the interest in PWA
and PWC systems without referring to one of the following formalisms

m ODE with Lipschitz r.h.s

Piece-Wise affine (PWA) m Filippov DI
and piece-wise continuous

(PWC) systems m Higher order relative degree systems
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Time varying systems

Switched systems

u
u

m Hybrid systems
m Impulsive Differential Equations
u

And other systems
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Lagrangian dynamical systems with unilateral constraints
m The smooth multibody dynamics
m The Non smooth Lagrangian Dynamics
m The Moreau’s sweeping process

The Moreau's sweeping process of first order

Dynamical Complementarity Systems (DCS)
m Definitions
m The notion of relative degree. Well-posedness
m The LCS of relative degree r < 1. The passive LCS

Other Non Smooth Dynamical systems: A very short zoology
Differential inclusions (DI)

Evolution Variational inequalities (EVI)

Differential Variational Inequalities (DVI)

Projected Dynamical Systems (PDS)

Piece-Wise affine (PWA) and piece-wise continuous (PWC) systems
And other systems

And other systems

@ Higher order relative degree systems
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Higher order relative degree
systems

Higher order relative degree systems

References

m (HEEMELS et al., 2000)
m (ACARY et al., 2005)
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Higher order relative degree
systems

Thank you for your attention.
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Principle

Lecture 2. Time integration . . L.
of Non Smooth Dynamical Time-decomposition of the dynamics in
Systems (NSDS)

m modes, time-intervals in which the dynamics is smooth,
m discrete events, times where the dynamics is nonsmooth.

The following assumptions guarantee the existence and the consistency of
such a decomposition

Principle

m The definition and the localization of the discrete events. The set of
events is negligible with the respect to Lebesgue measure.

m The definition of time-intervals of non-zero lengths. the events are of
finite number and " well-separated” in time. Problems with finite
accumulations of impacts, or Zeno-state

On the numerical point of view, we need
m detect events with for instance root-finding procedure.

m Dichotomy and interval arithmetic
m Newton procedure for C? function and polynomials

m solve the non smooth dynamics at events with a reinitialization rule
of the state,

m integrate the smooth dynamics between two events with any ODE
solvers.




The smooth dynamics and the impact equations
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The impact equations

Vincent Acar The impact equations can be written at the time, t; of discontinuities:

M(q(t)) (v (&) — v (&) = pi, (1)

This equation will be solved at the time of impact together with an
impact law. That is for an Newton impact law

The smooth dynamics and

the impact equations M(q(tl))(v+(t,) — V_(t,')) = pi,
Uy (i) = Vgh(q(t:))v* (t)
Uy (i) = Vgh(a(ti))v™ (t) @)

pi = VI h(q(ti))Pu,i
0 < Uy (i) +eUy () L Py;i>0

This problem can be reduced on the local unknowns URT(t,-), Py, if the
matrix M(q(t;)) is assumed to be invertible. One obtains the following
LCP at time t; of discontinuities of v:

{umt,-) = Vah(a()(M(a(t) " VTha(E)Pur + Ui (8)
0< U,\T(f;) + eU,\T(t;) L Pyi=0
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The smooth dynamics

The following smooth system are then to be solved (dt — a.e.) :
The smooth dynamics and
the impact equations

M(q(t)v*(t) + F(t,q,v") = FH(2)
g =g(q(t))

f+ =Vqg(q(t)T FF(t)

0<g LFH(t)>0

1)
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Reformulations of the
unilateral constraints on
Different kinematics levels

Reformulations of the unilateral constraints on Different
kinematics levels

Differentiation of the constraints w.r.t time

The constraints g = g(q(t)) can de differentiate with respect to time as
follows in the Lagrangian setting:

g+ = UIT = ng(q)v+ i (2)
" = Uy =T =Vag(g* + Vag(q)vt

Comments

Solving the smooth dynamics requires that the complementarity condition
0 < g L F™(t) > 0 must be written now at different kinematic level, i.e.
in terms of right velocity Uy and in terms of accelerations Iy}



Reformulations of the unilateral constraints on Different
kinematics levels
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At the velocity level

Assuming that Uy is right-continuous by definition of the right limit of a
B.V. function, the complementarity condition implies, in terms of velocity,
the following relation,

Reformulations of the

unilateral constraints on

Different kinematics levels 0 e g >0
—Fte o ifg=0,Uy >0 . (3)
]—00,0] ifg=0,Uf=0

A rigorous proof of this assertion can be found in GLOCKER (2001).
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Equivalent formulations

m Inclusion into N+ (Uy)

0 ifg>0
- Ft 3
e{ Nps(Uf)  ifg=0 ®

Reformulations of the
unilateral constraints on

Different kinematics levels m Inclusion into N Ut
T (g (W)

_Ft +
Fre N-r]RJr(g)(UN ) (4)
m In a complementarity formalism

ifg=0 0K USLFt>0 )
ifg>0 Ft=0




Reformulations of the unilateral constraints on Different
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At the acceleration level

In the same way, the complementarity condition can be written at the
acceleration level as follows.

Reformulations of the 0 ifg>0
e s 0 ifg=0UF >0
1 =
~Fte e oy (6)
0 ifg=0,Uy =0,y >0

]—00,00 ifg=0,Uf=0,Tn=0

A rigorous proof of this assertion can be found in GLOCKER (2001).




Reformulations of the unilateral constraints on Different
kinematics levels
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Equivalent formulations

m Inclusion into a cone N+ (In)

0 ifg>0
—-Ffed o if g=0,U >0 (6)
Reformulations of the N+ (Tn)
o B T Ao
m Inclusion into NTTIR+(g)(UKI)(r")
_ FTt
ke NTTm(g)(Uﬁ)(r") @

® In the complementarity formalism,

ifg=0,Uf =0 0<Iy LFr>0 @)
otherwise Ft =0




Reformulations of the smooth dynamics at acceleration
level.
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The smooth dynamics as an inclusion

M(q(t))yT(t) + F(t,q,vT) = fH(t)

My = Vqg(g* + Vag(q)vt
Reformulations of the 9)
Seareration love, FH(t) = Vag(q(t))TF(t)

—FteN

win(Tn)

TR+ @)
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Reformulations of the
smooth dynamics at
acceleration level.

Reformulations of the smooth dynamics at acceleration
level.

The smooth dynamics as a LCP

When the condition, g = 0, U,(*,' = 0 is satisfied, we obtain the following
LCP
M(q(t))y* () + F(t,q,v") = Vag(a(t)) T F(t)

Y = Vag(a)yt + Veg(q)vt (10)

oIy LFt>0

which can be reduced on variable I} and F*, if M(q(t)) is invertible,

My = Vag(q@)M~1(q(t))(—F(t, g,v")) + Veg(q)v*
+Vag(q)M~1Vqg(q(t)T FF (1) (11)

oIy LFt>o0



The case of a single contact.
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Two modes for the non smoot namics

The constraint is not active. FT =0

M(q)’y+ + F(v q, V) =0

(12)
In this case, we associate to this step an integer, status, = 0.
The constraint is active. Bilateral constraint I}, =0,
The case of a single contact. M(q) _vqg(q)T j| I: ,y+ j| _ I: _,_'(7 q, V) :| (13)
Vqg(q) 0 F* Vag(q)v'

In this case, we associate to this step an integer, status, = 1.




The case of a single contact.
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[Case 1] statusy

Integrate the system (12) on the time interval [ty, tx11]
Case 1.1 gx+1 >0
The constraint is still not active. We set statusy; = 0.

Vincer

Case 1.2 gy11 =0, Uy k41 <O
In this case an impact occurs. The value Uy x4+1 < 0 is
considered as the pre-impact velocity U~ and the impact
equation (3) is solved. After, we set Uy x+1 = UT. Two cases
are then possible:

Case 1.21 U >0
Just after the impact, the relative velocity is positive. The
The case of a single contact constraint ceases to be active and we set statusxi; = 0.

Case 1.22 UL =0
The relative post-impact velocity vanishes. In the case, in order to
determine the new status, we solve the LCP (10) to obtain. three
cases are then possible:
Case 1.2.2.1 Ty 41 > 0,Fryy =0
The constraint is still not active. We set statusy 1 = 0.
Case 1.2.2.2 Ty 41 =0, Fiyp >0
The constraint has to be activated. We set statusy 1 = 1.
Case 1.2.2.3 Ty 41 =0,Fy1 =0
This case is undetermined. We need to know the value of I',J\Ir




The case of a single contact.
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[Case 1] statusy

Integrate the system (12) on the time interval [ty, txi1]
Case 1.3 8k+1 = 0, UN,k+1 =0
In this case, we have a grazing constraint. To known what
should be the status for the future time, we compute the value
of 'y k41, Fkt1 thanks to the LCP (10) assuming that
Ut = U~ = Uy k1. Three cases are then possible:
Case 1.3.1 Tnky1 > 0, Fiy1 =0
The constraint is still not active. We set status;; = 0.
Case 1.3.2 rN,k+1 =0,F1 >0
The constraint has to be activated. We set statusy+; = 1.
Case 1.3.3 Tnky1 =0, Fr1 =0
The case of a single contact This case is undetermined. We need to know the value of F,J\].
Case 1.4 gy11 =0,Uy 41 <O
The activation of the constraint has not been detected. We
seek for the first time ti such that g = 0. We set tj 1 = t«.
Then we perform all of these procedure keeping status, = 0.
Case 1.5 gx+1 <0
The activation of the constraint has not been detected. We
seek for the first time ti such that g = 0. We set tj 1 = t«.
Then we perform all of these procedure keeping status, = 0.

Vincent Acar
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[Case 2] statusy

Integrate the system (13) on the time interval [ty, tx11]

Case 2.1 gy1 #0or Uy k41 =0
Something is wrong in the time integration or the drift from
the constraints is too huge.

Case 2.2 gyy1 =0,Uy 41 =0
In this case, we assume that Ut = U~ = Uy k41 and we
compute Iy 41, Fit1 thanks to the LCP (10) assuming that
Utr=u- = Un k+1. Three cases are then possible
Case 2.2.1 rN,k+1 =0,F1 >0
The constraint is still active. We set statusi; = 1.
Case 2.2.2 Ty ky1 > 0, Fiy1 =0
The bilateral constraint is no longer valid. We seek for the time
t,. such that FT = 0. We set ty+1 = tx and we perform the
integration up to this instant. We perform all of these procedure
at this new time ty;;
Case 2.23 Tnky1 =0, F1 =0
This case is undetermined. We need to know the value of Fﬁ.

The case of a single contact.




The case of a single contact.
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Comments

m The Delassus example.
In the one-contact case, a naive approach consists in to suppressing
the constraint Fy1; = 0 < 0 after a integration with a bilateral
constraints.
O Work only for the one contact case.

m The role of the “¢"”
In practical situation, all of the test are made up to an accuracy
threshold. All statements of the type g = 0 are replaced by |g| < e.
The role of these epsilons can be very important and they are quite
difficult to size.

The case of a single contact.
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m If the ODE solvers is able to perform the root finding of the function
g = 0 for status, = 0 and F = 0 for status, = 1
O the case 1.4, 1.5 and the case 2.2.2 can be suppressed in the
decision tree.

m If the drift from the constraints is also controlled into the ODE solver
by a error computation,
[ the case 2.1 can also be suppressed

i €EE3 & & Sl ConiEeE: m Most of the case can be resumed into the following step

m Continue with the same status
m Compute Un k1, Pkt1 thanks to the LCP (3)(impact equations).
m Compute 'y 441, Fiq1 thanks to the LCP (10) (Smooth dynamics)

0 Rearranging the cases, we obtain the following algorithm.




The case of a single contact. An algorithm

PORMIERl  Require: (g, U v, statusy)
Systems (NSDS) Ensure: (gxi1, Uy kr1, Statusgyy)
Time-integration of the system on [t, ty+1](12) if statusy = 0 or of the
system (13) if status, = 1 up to an event.
if gk+1 > 0 then
statusy1 = 0 //The constraint is still not active. (case 1.1)
end if
if 8gk+1 =0, UN,k+1 < 0 then
//The constraint is active gi1 = 0 and an impact occur Uy k41 < 0 (case 1.2)
Solve the LCP (3) for Uy = Unk+1;  Unjkg1 = Ut
if UN,k+1 > 0 then statusi1 =0

end if
if 8gk+1 =0, UN,k+1 = 0 then
The case of a single contact. //The constraint is active gx1 = 0 without impact (case 1.2.2, case 1.3, case
2.2)

solve the LCP (11)
if FN,kH =0, Fk+1 > 0 then
statusi1 =1
else if My x11 > 0, Fryq =0 then
statusi1 =0
else if Iy 411 =0, Fry1 =0 then
//Undetermined case.
end if
end if
Go to the next time step




The multi-contact case and the index-sets
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Index sets

The index set [ is the set of all unilateral constraints in the system
I={1...v}CN (14)
The index-set /. is the set of all active constraints of the system,
le={a€cl,g*=0}C| (15)

and the index-set Is is the set of all active constraints of the system with a
Y TGP e relative velocity equal to zero,

ls = {a € Ic, U,\? = 0} C Ic (16)
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The multi-contact case and
the index-sets

The multi-contact case and the index-sets

Impact equations

M(q(t:))(vt(t) — v (&) = pi,
Uy (t1) = Vag(a(ti))v* (t)
Uy (ti) = Vqg(a(t))v—(t)
pi = VIg(q(ti))Pu,i (17)

P =0, Ut (t) = Ug ™ (), Yael\l

0 < US (k) +eUy *(t) L PE, >0, Vac€l

Using the fact that Pr‘ul,i =0 for a € I'\ I, this problem can be reduced on
the local unknowns Uy (t), Py,i Va € Ic.



Lecture 2. Time integration
of Non Smooth Dynamical
Systems (NSDS).

Vincent Acar

The multi-contact case and
the index-sets

The multi-contact case and the index-sets

Modes for the smooth Dynamics

m The smooth unilateral dynamics as a LCP

M(q)'7+ + Fint('7q7 V) = Fext =F ng(q)TF+
MY = Vag(a)r" + Vag(q)v
(18)
Fte =0, Vaelll
OLKIT* LFH® >0 Vacel
m The smooth bilateral dynamics
IW(Q)’YJr + Fint(‘v q, V) = Fext aF ng'(q)TFJr
¥ = Veg(a)rt + Vog(a)v*
(19)
Ft:a =0, Vace /\/5
=0 Vael




The multi-contact case and the index-sets. an algorithm
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Systems (NSDS) Require: (gi, Un k; Ic ks Is,k)s
Ensure: (gxi1, Un k1) le ki1s Is ka1)
Time-integration on [ty, tx1] of the system (19) according to /. 4 and
Is k up to an event.
Compute the temporary index-sets Ic 41 and I xy1.
if Ic,k+1 ~ Is,k+1 #* 0 then
//Impacts occur.
Solve the LCP (17).
Update the index-set I x11 and temporary I ;11
Check that I k41~ Is k1 =0
end if
if Is k11 # 0 then
Solve the LCP (18)
;I;\Zei;r(\jxélﬂ-s«;?gtact case and for a € Is,k+1 do
if rNya’kle >0, Fa,k+1 =0 then
remove « from Is 1 and Ic x4
else if My o k41 =0, Fo k+1 = 0 then
//Undetermined case.
end if
end for
end if
// Go to the next time step

Vincent Acar




The multi-contact case and the index-sets
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Compute Index Sets.

Solve the LCP (17)

2
Impact Impact Equations.

Compute Index Sets
P2
<€
. Y
The multi-contact case and s
the index-sets v
Active contact ? Solve the LCP (18)
Compute Index Sets
<
<€
Y

End of the simulation ?
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Extensions to Coulomb's friction

The set I, is the set of sticking or rolling contact:

I ={a€ls, Uy =0,|Ur|| =0} C Is, (20)
is the set of sticking or rolling contact, and

Iy ={a €, Uy =0,|Ur|| >0} CIs, (21)

is the set of slipping or sliding contact.

Comments and extensions

Remarks

In the 3D case, checking the events and the transition sticking/sliding and
sliding/sticking is not a easy task.
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dvantages and Weaknesses and the Eve riven schemes

m Advantages :
m Low cost implementation of time integration solvers (re-use of existing
ODE solvers).
m Higher-order accuracy on free motion.
m Pseudo-localization of the time of events with finite time-step.
m Weaknesses
m Numerous events in short time.
® Accumulation of impacts.
m No convergence proof
- “n

Cermmints ene) Géemens Robustness with the respect to thresholds “c”. Tuning codes is difficult.
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Principle

Principle of Time—stepping schemes

A unique formulation of the dynamics is considered. For instance, for
the Lagrangian systems, a dynamics in terms of measures.

M(q)dv + F(t,q,v")dt = dr
(22)
vt = q+

The time-integration is based on a consistent approximation of the
equations in terms of measures. For instance,

[ dv= [ = () = v (8) (e wlp3)
Tt tiqa] Ttioteral
Consistent approximation of measure inclusion.

~ dr
_dreN vt Pk+1
Te(a(e) (v ( ))24) O Tt tiga] (25)

Pr+1 € N1p(g)(Var1)



The Moreau's catching—up algorithm for the first order
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Catching—up algorithm

Let us consider the first order sweeping process with a B.V. solution:

—du € Ni(r)(u(t)) (t >0), (26)
u(0) = up.
ot fo the. et rdor The so-called “Catching—up algorithm” is defined in MOREAU (1977):
Sweeping process
— (Ukt1 — uk) € Ok (e, 1) (Ukr1) (27)

where uy stands for the approximation of the right limit of u at .
By elementary convex analysis, this is equivalent to:

Ukt = prox(K(tir1), uk). (28)
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The Moreau’s catching—up
algorithm for the first order
sweeping process

The Moreau's catching—up algorithm for the first order
sweeping process

Difference with an backward Euler scheme

m the catching—up algorithm is based on the evaluation of the measure
du on the interval |ty, tii1], i.e. du(lt, tkr1]) = ut(tea1) — vt (t)-

m the backward Euler scheme is based on the approximation of i(t)
which is not defined in a classical sense for our case.

When the time step vanishes, the approximation of the measure du tends
to a finite value corresponding to the jump of u. Particularly, this fact
ensures that we handle only finite values.

Higher order approximation

Higher order schemes are meant to approximate the n-th derivative of the
discretized function. Non sense for a non smooth solution.

Mathematical results

For Lipschitz and RCBV sweeping processes, convergence and consistency
results are based on the catching—up algorithm.
MONTEIRO MARQUES (1993) ; KUNZE & MONTEIRO MARQUS (2000)
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Time-independent convex set K

Let us recall now the UDI
— (x(t) + f(x(t)) + &(t)) € Nk (x(t)), x(0) =x0 (29)

In the same way, the inclusion can be discretized by

The Moreau's catching-up
= (%1 = x) + H(FOxern) + 8(812)) = ks € Nic(sn), (30)

sweeping process

m In this discretization, an evaluation of the measure dx by the
approximates value fuy .

m If the initial condition does not satisfy the inclusion at the initial
time, the jump in the state can be treated in a consistent way.
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The Moreau’s catching—up
algorithm for the first order
sweeping process

The Moreau's catching—up algorithm for the first order
sweeping process

Time-independent convex set K = IR/,

The previous problem can be written as a special non linear
complementarity problem:

{(Xk+1 = xk) — h(f(xk+1) + g(t+1)) = Bkt

(31)
0 < xkg1 L pker 20
If f(x) = Ax we obtain the following LCP(q,M):
(I = hA)xk1 — (xk + hg(tki1)) = pta (32)
0 < xkt1 L pky1 20

with M = (I — hA) and g = —(xx + hg(tk+1)).

Remark

It is noteworthy that the value fi; approximates the measure d\ on the
time interval rather than directly the value of .
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Particularly, if the set K is polyhedral by :
K = {x, Cx > 0} (33)

If a constraint qualification holds, the DI (29) in the linear case
f(x) = —Ax is equivalent the the following LCS:

x=Ax+CTX
The Moreau’s catching—up
algorithm for the first order y= CX (34)
sweeping process

0<yLA>0

In this case, the catching—up algorithms yields:

X4l — Xk = hAXqq + CTpktt
Vi1 = Cxira (35)
0<¥kr1 L pky1 20

We will see later in Section 3 that this discretization is very similar to the
discretization proposed by CAMLIBEL et al. (2002) for LCS.
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Backward Euler scheme

Starting from the LCS

Vincent Acar

x = Ax + B\
y = Cx+ DX (36)
0<yLA>0

CAMLIBEL et al. (2002) apply a backward Euler scheme to evaluate the
time derivative x leading to the following scheme:

Xk+1 — Xk

Timestepping scheme!for — Axpy1 + By
Linear Complementarity

Systems (LCS) 37
Vi1 = Cxuq1 + DAgia (37)

0< Akt1 Ly 20
which can be reduced to a LCP by a straightforward substitution:

0 < Aep1 L C(I — hA) " Ixg + (hC(I — hA) 1B+ D)Ajp1 =0 (38)
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If D is nonnegative definite or that the triplet (A, B, C) is observable and
controllable and (A, B, C, D) is positive real, they exhibit that some
subsequences of {yx}, {Ak}, {xk} converge weakly to a solution y, A, x of
the LCS. CAMLIBEL et al. (2002)

Such assumptions imply that the relative degree r is less or equal to 1.

Remarks

m In the case of the relative degree 0, the LCS is equivalent to a
E;","';Z,Stcecf’rﬂg‘érﬁce':,i?,if" standard system of ODE with a Lipschitz-continuous r.h.s field. The
result of convergence is then similar to the standard result of
convergence for the Euler backward scheme.

Systems (LCS)

m In the case of a relative degree equal to 1, the initial condition must
satisfy the unilateral constraints yp = Cxp > 0. Otherwise, the

Xk+1 —

. . X .
approximation k has non chance to converge if the state

possesses a jump. This situation is precluded in the result of
convergence in (CAMLIBEL et al., 2002).
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Following the remark 5, we can note some similarities with the
catching—up algorithm. Two main differences have however to be noted:

m the first one is that the sweeping process can be equivalent to a LCS
under the condition C = BT . In this way, the previous time-stepping
scheme extend the catching—up algorithm to more general systems.

m The second major discrepancy is a s follows. The catching—up
algorithm does not approximate directly the time-derivative X as

x(t + h) — x(t)

T pting chame o x(t) ~ h &)
Systems (LCS)
but directly the measure of the time interval by
dx(t, t + h]) = xT(t + h) — xT(t) (40)

This difference leads to a consistent time-stepping scheme if the state
possesses an initial jump. A direct consequence is that the primary
variable pix41 in the catching up algorithm is homogeneous to a
measure of the time-interval.
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In the case of a relative degree 0, the following scheme based on a
0—method (6 € [0, 1]) should work also

Xk+1 — Xk

T = AlOxict1 + (1 = 0)x) + B(0Ak+1 + (1 = 0)Ai)

Y1 = Cxq1 + DAiga G

0 < Mg L w1 20
Time stepping scheme for
Linear Complementarity

Systems (LCS) because a C! trajectory is expected.

m We have successfully tested it on electrical circuit of degree 0 in the
semi-implicit case 6 € [1/2,1].

m An interesting feature of such §—method is the energy conserving
property that they exhibit for 6 = 1/2. We will see in the following
section that the scheme can be viewed as a special case of the
time-stepping scheme proposed by PANG (2006).
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In (PANG, 2006), several time-stepping schemes are designed for DVI
which are separable in u,

x(t)
u(t)

We recall that the second equation means that u(t) € K is the solution of
the following VI

f(t, x(2)) + B(x(¢), t)u(t) (42)
SOL(K, G(t,x(t)) + F(-)) (43)

(v — u)T.(G(t,x(t)) + F(u(t))) >0,¥v € K (44)

Time stepping scheme for
Differential Variational

Inequalities (DVI) B . . ..
Two cases are treated with a time-stepping scheme: the Initial Value

Problem(IVP) and the Boundary Value Problem(BVP).
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Systems (NSDS)

x(t) = f(t.x(t)) + B(x(¢), t)u(t) (45)
u(t) = SOL(K, G(t,x(t)) + F(-)) (46)
x(0) = xo (47)

The proposed time-stepping method is given as follows

Time stepping scheme for

Diffranta) Variation! X1 — Xk = h[f(tk, Oxk1 + (1 — 0)xk) + B(xk, tx)uk+1]  (48)
SOL(K, G(tk+1,xk+1) + F(+)) (49)

Uk+1
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Inequalities (DVI)

Time stepping scheme for DVI. IVP case.

Explicit scheme 6 = 0

An explicit discretization of X is realized leading to the one-step non
smooth problem

X1 = Xk + h[f(te, xk) + B(xk, ti)upt1] (50)
where uy 1 solves the VI(K, Fi11) with

Fiy1(u) = G(tuy, h[f (th, xi) + B(xk, ti)u]) + F(u) (51)

m In the last VI, the value ug;; can be evaluated in explicit way with
respect to Xy41.

m It is noteworthy that even in the explicit case, the VI is always solved
in a implicit ways, i.e. for xx11 and wuyyg.

Semi-implicit scheme

If 6 €]0,1], the pair ugy1, xk+1 solves the VI(IR" x K, Fyy1) with

x = xi — h[f(ti, 0x + (1 = 0)x) + B(xk, ta)u
Fkﬂ(x,u):[ K [(é(tk+1,§<)+l:)(:)) (% ) ]} (52)
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Convergence results

In (PANG, 2006), the convergence of the semi-implicit case is proved. For
that, a continuous piecewise linear function, xh is built by interpolation of
the approximate values xy,

t—t
- K (g1 — xk), Vt € [ti, tx + 1] (53)

xP(t) = x +

and a piecewise constant function u” is build such that

Ti teppi h fi
W e uP(£) = wers, VE €]ty ti + 1] (54)
Inequalities (DVI)

It is noteworthy that the approximation x is constructed as a continuous

function rather than u” may be discontinuous.
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Time stepping scheme for DVI. IVP case.

Convergence results

The existence of a subsequence of uj, x, denoted by ufv | xfv such that

m x" converges uniformly to X on [0, T]

uhv converges weakly to @ in £2(0, T)

under the following assumptions:

f and G are Lipschitz continuous on Q = [0, T] x R",
B is a continuous bounded matrix-valued function on £,
K is closed and convex (not necessarily bounded)

F is continuous

SOL(K,q+ F) # 0 and convex such that Yq € G(f2), the following
growth condition holds

3p > 0,sup{|lull, u € SOL(K,q+ F)} <p(1+lqll)  (53)

This assumption is used to prove that a pair w41, Xk4+1 exists for the
VI (52). This assumption of the type “growth condition” is quite
usual to prove existence of solution of VI through fixed-point theorem
(see (FACCHINEI & PANG, 2003)).
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Convergence results

Furthermore, under either one of the following two conditions:

m F(u) = Du (i.e. linear VI) for some positive semidefinite matrix, D
m F(u) = W(Eu), where W is Lipschitz continuous and 3¢ > 0 such that

|Euks1 — Ell < ch (53)

all limits (%, ) are weak solutions of the initial-value DVI.

O This proof convergence provide us with an existence result for such DVI
with a separable in u.

JUmelsteppinel-chemelty The linear growth condition which is strong assumption in most of
Inequalities (DVI) practical case can be dropped. In this case, some monotonicity
assumption has to be made on F and strong monotonicity assumption on
the map u — G(t,x) o (r+ B(t,x)u) forall t € [0, T],x € R",r € R".
We refer to (PANG, 2006) for more details. If G(x,t) = Cx, the last
assumption means that CB is positive definite.
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Let us consider now the Boundary value problem with linear boundary

vincent Aca function
5(6) = Flt,x(0) + Bx(2), )u(t) (54)
u(t) = SOL(K,G(t,x(t)) + F()) (55)
b = Mx(0)+ Nx(T) (56)

The time-stepping proposed by PANG (2006) is as follows :

X1 — Xk = h[f(tk,ﬁxk+1 +(1—0)Xk)+B(Xk,tk)Uk+1], k € {0,,/\4
Ugt1 = SOL(K, G(tkt1, xk+1) + F()), ke{0,...,N—1}

Time stepping scheme for
Differential Variational
Inequalities (DVI)

plus the boundary condition

b = Mxqy + Nxy (60)

Comments

The system is henceforth a coupled and large VI for which the numerical
solution is not trivial.
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Convergence results

The existence of the discrete time-trajectory is ensured under the following
assumption :

F monotone and VI solutions have linear growth

the map u — G(t,x) o (r + B(t, x)u) is strongly monotone

M + N is non singular and satisfies

1
exp(T <l4+ —
Time stepping scheme for P(T¢x) (M + N)—l N|

Differential Variational
Inequalities (DVI)

where x j 0 is a constant derived from problem data.

The convergence of the discrete time trajectory is proved if F is linear.
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General remarks

m The time—stepping scheme can be viewed as extension of the DCS,
the UDI and the Moreau'’s catching up algorithm.

m But, the scheme is more a mathematical discretization rather a
numerical method. In practice, the numerical solution of a VI is
difficult to obtain when the set K is unstructured.

Time stepping scheme for m The case K is polyhedral is equivalent to a DCS.
Differential Variational
Inequalities (DVI)
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Thank you for your attention.



Lecture 2. Time integration
of Non Smooth Dynamical
Systems (NSDS)

References

K. CaMLIBEL, W.P.M.H. HEEMELS & J.M. SCHUMACHER. Consistency
of a time-stepping method for a class of piecewise-linear networks. |IEEE
Transactions on Circuits and Systems 1, 49, pp. 349-357, 2002.

A.L. DONTCHEV & E.M. FARKHI. Error estimates for discretized
differential inclusions. Computing, 41(4), pp. 349-358, 1989.

A.L. DoNTCHEV & F. LEmPIO. Difference methods for differential
inclusions: a survey. SIAM reviews, 34(2), pp. 263-294, 1992.

FRANCISCO FACCHINEI & JONG-SHI PANG. Finite-dimensional variational
inequalities and complementarity problems, volume | & Il of Springer
Series in Operations Research. Springer Verlag NY. Inc., 2003.

C. GLOCKER. Set-Valued Force Laws: Dynamics of Non-Smooth systems,
volume 1 of Lecture notes in applied mechanics. Spring Verlag, 2001.
M. KuNzE & M.D.P. MONTEIRO MARQUS. An introduction to moreau’s

sweeping process. B. BROGLIATO, editor, Impact in Mechanical
systems: Analysis and Modelling, volume 551 of Lecture Notes in
Physics, pp. 1-60. Springer, 2000.

M. D. P. MONTEIRO MARQUES. Differential Inclusions in NonSmooth
Mechanical Problems : Shocks and Dry Friction. Birkhauser, Verlag,
1993.

J.J. MOREAU. Evolution problem associated with a moving convex set in a
Hilbert space. Journal of Differential Equations, 26, pp. 347-374, 1977.

D. PaANG, J.-S. AN STEWART. Differential variational inequalities.
Mathematical Programming A., 2006. submitted, preprint available at
http://www.cis.upenn.edu/davinci/publications/pang-stewart03.pdf.



Lecture 2. Time integration
of Non Smooth Dynamical
Systems (NSDS)

Vincent Acar

References

G. SMIRNOV. Introduction to the theory of Differential inclusions,
volume 41 of Graduate Studies in Mathematics. American
Mathematical Society, Providence, Rhode Island, 2002.



Lecture 3. Solvers for the
time-discretized problems.

Lecture 3. Solvers for the time-discretized problems.

Vincent Acary

June 8, 2006




Lecture 3. Solvers for the Qutline

time-discretized problems.

The Quadratic Programing (QP) problem
m Definition and Basic properties
Outline m Algorithms for QP

Vincent Acar

The Non Linear Programming (NLP) problem

The linear complementarity problem (LCP)
m Definition and Basic properties
m Link with previous problems

More general complementarity problems
m The non linear complementarity problem (NCP)
m The Mixed Complementarity problem (MiCP)
m Algorithms for CP

[A The Variational Inequalities (V1) and the Quasi-Variational Inequalities (QV
m Definition and basic properties.
m Algorithms for VI

Nonsmooth and Generalized equations.

H The special case of the unilateral contact with Coulomb’s friction
m Summary of the time-discretized equations
m Formulation as a LCP
m Formulation as NCP

Bl References




Quadratic Programming (QP) problem

Lecture 3. Solvers for the
time-discretized problems.

Vincent Acar

Definition (Quadratic Programming (QP) problem)

Let @ € IR"*" be a symmetric matrix. Given the matrices A € R™ %",
C € R™*" and the vectors p € IR", b € IR™, d € IR™e, the Quadratic
Programming (QP) problem is to find a vector z € IR" denoted by

P QP(Q,p, A, b, C, d) such that
1
minimize  q(z) = =z’ Qz+p’z
subjectto Az—b>0 1)
Cz—d=0

Associated Lagrangian function

With this constrained optimization problem, a Lagrangian function is
usually associated

L(z,\,p) = %ZTQZ—FpTZ—)\T(AZ— b) — uT(Cz — d) 2)

where (X, p) € IR™ x IR™e are the Lagrange multipliers.
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First order optimality conditions

Definition and Basic
properties

The first order optimality conditions or Karush-Kuhn-Tucker (KKT)
conditions of the QP problem(1) with a set of equality constraints lead to
the following MLCP :

VLEZANp)=Qz4+p—ATA-CTu=0

Cz—d=0 : (3)
0<ALAZ—b>0
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properties m The matrix Q is usually assumed to be a symmetric positive definite

Definition and Basic

(PD).
O the QP is then convex and the existence and the uniqueness of the
minimum is ensured providing that the feasible set
C={z,Az— b >0,Cz— d =0} is none empty.
m Degenerate case.
m Q is only Semi-Definite Positive (SDP) matrix. (Non existence problems).
m A (or C) is not full-rank. The constraints are not linearly independent.
(Non uniqueness of the Lagrange Multipliers)
m The strict complementarity does not hold. (we can have 0 =z =X =10
at the optimal point. )
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The dual problem and the Lagrangian relaxation

Definition and Basic Due to the particular form of the Lagrangian function, the QP problem is

properties

equwale 1t to solvmg
,)\ 4
min )\|>|ax ﬁ(z ,/L) ( )

The idea of the Lagrangian relaxation is to invert the min and the max
introducing the dual function

6(\, 1) = min £(z, A, 1) (5)

and the dual problem
max (A
/\>%?<u (A ) (6)
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The dual problem and the Lagrangian relaxation

In the particular case of a QP where the matrix Q is non singular, the dual
function is equal to :

efinition and Basic = H = =1 T T
Efofpertties a8 0()" :u‘) - mzm ,C(Z, )" :u‘) - L(Q (A A + c = p)7 )" ”) (7)
1
= (AT +CTu—p)TQTHATA+ CT—p) + b A+ d(8)
and we obtain the following dual problem

1
qmax ——(ATA+ CTu—p)TQTHATA+ CTp—p) + bTA+d s (9)
ZU,p

which is a QP with only inequality constraints of positivity.

Equivalences.

The strong duality theorem asserts that if the matrices Q and AQ—1AT
are symmetric semi-definite positive, then if the primal problem (1) has an
optimal solution then the dual has also an optimal solution.
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Algorithms for QP

For the standard case
m Active sets methods. see Fletcher book’s FLETCHER (1987)
m Interior point methods. see BONNANS et al. (2003)

Algorithms for QP

m Projection and splitting methods for large scale problems.
For the degenerate case,

m Lagrangian relaxation

m Active sets methods. see FLETCHER (1993).

m Proximal point algorithm

Interest of the QP problem

m Reliability with SDP matrix

m Minimization algorithms imply stability
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Definition (Nonlinear Programming (NLP) Problem)

Given a differentiable function 6 : IR" — IR, and two differentiable
: mappings g : R" — IR™ g : IR" — IR™e, the Nonlinear Programming
UL (NLP) problem is to find a vector z € IR" such that

Programming (NLP) problem

minimize  f(z)
subject to  g(z) >0 (10)
h(z) =0

Associated Lagrangian function

The Lagrangian of this NLP problem is introduced as follows

L(z,Ap) = f(2) = ATg(2) = n"h(z) (11)

where (X, p) € IR™ x IR™e are the Lagrange multipliers.




Nonlinear Programming (NLP)

Lecture 3. Solvers for the
time-discretized problems.

The Non Linear
Programming (NLP) problem

First order optimality conditions

The Karush-Kuhn-Tucker (KKT) necessary conditions for the NLP
problem are given the following NCP:

VoL(z, A\ p) = V2f(z) = V]g(2)A = V] h(z)u=0
h(z) =0 . (12)
0<Xlg(z)>0
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Definition (Linear Complementarity Problem (LCP))

Given M € IR"*" and q € IR", the Linear Complementarity Problem, is to
find a vector z € IR", denoted by LCP(M, q) such that

Definition and Basic

properties

0<z1l Mz+g>0 (13)

The inequalities have to be understood component-wise and the relation
x Ly means xTy = 0.
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Basic properties

m The LCP(M, q) is that it admits a unique solution for all g € R" if
and only if M is a P-matrix.

et e A P-Matrix is a matrix with all of its principal minors positive, see

properties (COTTLE et a/., 1992 ; MURTY, 1988)

m In the worth case, the problem is N-P hard .i.e. there is no
polynomial-time algorithm to solve it.

m In practice, this " P-matrix” assumption is difficult to ensure via
numerical computation, but a definite positive matrix (not necessarily
symmetric), which is a P-matrix is often encountered.
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Definition (Mixed Linear Complementarity Problem (MLCP))

Given the matrices A € R"*", B € R™*™ C € R"*™, D € R™*" and
the vectors a € IR", b € IR, the Mixed Linear Complementarity Problem
denoted by MLCP(A, B, C, D, a, b) consists in finding two vectors u € R"
and v € IR such that

properties

Definition and Basic {Au +Cv+a=0 (14)

0<v.lDu+bv+b>0

Comments

The MLCP is a mixture between a LCP and a system of linear equations.
Clearly, if the matrix A is non singular, we may solve the embedded linear
system to obtain u and then reduced the MCLP to a LCP with

g=b— DA 'a,M=b— DA"IC.
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Link with previous problems

Linear Complementarity Problem (LCP)

Link with the QP

If the matrix M of LCP(M, q) is symmetric PD, a QP formulation of (13)
is direct into QP(M, g, Inxn,0n,0,0), m; = n,me = 0. For a non
symmetric PD matrix M, the inner product may be chosen as an objective
function:

minimize  q(z) = z"(q + Mz)

subject to g+ Mz >0 (15)

z>0

and to identify (15) with (1), we set
Q=M+ MT Az = (Mz,2z)T,b=(—q,0)7, m; =2n, me = 0. Moreover,
the first order optimality condition may be written as

M+MT)z+p—ATA-MTp>0
2ZT(M+MT)z4+p—ATA-—MTp)=0
n=0
uT(g+ Mz) =0
Let us recall that a non symmetric matrix M is PD if and only if its
symmetric part, (M + MT) is PD.
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Algorithms for LCP

m Splitting based methods

Generalized Newton methods

Link with previous problems

Interior point method
Pivoting based method

u
u
u
m QP methods for a SDP matrix.
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Definition (Complementarity Problem (CP))

Given a cone K C IR" and a mapping F : IR" — IR",the Complementarity
Problem is to find a vector x € IR" denoted by CP(K, F) such that

Whie e K> x 1 F(z) € K* (7)

complementarity problems

where K* is the dual (negative polar) cone of K defined by

K*={deR",v'd>0,Vv e K} (18)
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Definition (Nonlinear Complementarity Problem (NCP))

Given a mapping F : IR" — IR", find a vector z € IR" denoted by
NCP(F) such that
The non linear 0<z L F(z) >0 (19)

complementarity problem
(NCP)
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Definition (Mixed Nonlinear Complementarity Problem (MiCP))

Given two mappings F : R™ X R? — R™ and H : R™ X R? — IR"™.
The MiCP is to find a pair of a vectors u,v € IR™ X IR™ such that

G(u,v)=0
{ Ogle(u,v)ZO )

The following definition is equivalent:

Definition (Mixed Complementarity Problem (MiCP))

The Mixed Complementarity
problem (MiCP)

Given two sets of indexes C (for constrained) and F (for free) forming a
partition of the set {1,2,...,n} and two mappings Fc : R" — IR,
Fr : R" — IR, such that f + ¢ = n, find a vector z € IR" such that

Fe(z) = 0, z free
{ 0<zclFc(z)>0 (21)
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Algorithms for Complementarity problems (CP)

m General Complementarity problems. (unstructures K)
m General algorithms for VI/CP. (see after)
O Slow and inefficient algorithm.
m CP on polyhedral cone. (NLP, MiCP)

m Josephy-Newton method. Linearizing procedure of F. Newton scheme.
Successive LCP resolution.
Algorithms for CP m Reformulation into a non equations. Use of generalized Newton method.
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Definition (Variational Inequality (VI) problem)

Let X be a nonempty subset of IR” and let F be a mapping form IR" into
itself. The Variational Inequality problem, denoted by VI(X, F) is to find
a vector z € IR" such that

F(z)"(y—z)>0,Vy e X (22)

Definition and basic
properties.
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Basic properties

m the set X is assumed to closed and convex. In most of the
applications, X is polyhedral. The function is also assumed to
continuous, nevertheless some VI are defined for set-valued mapping.

m If X is a closed set and F continuous, the solution set of VI(X, F)
denoted by SOL(X, F) is always a closed set.

m A geometrical interpretation if the VI(X, F) leads to the equivalent
formulation in terms of inclusion into a normal cone of X, i.e.,

Definition and basic — F(x) € Nxx (23)

properties.

or equivalently
0 € F(x) + Nxx (24)
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Basic properties

m It is noteworthy that the VI(X, F) extends the problem of solving
non linear equations, F(x) = 0 taking X = IR".

m If F is affine function, F(x) = Mz + q, the VI(X, F) is called Affine
VI denoted by, AVI(X, F).

m If X is polyhedral, we say that the VI(X, F) is linearly constrained, or
that is a linearly constrained VI. A important case is the box
constrained VI where the set X is a closed rectangle (possibly
unbounded) of R”, i.e

Definition and basic
properties.

K ={x€eR",—oo < a; <x < b < +oo} (25)
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Algorithms for VI

m General VI (unstructured closed convex set K).
Reformulation with the normal map associated the VI(K, F)

F'(2) = F(Nk(2)) + 2z = Nk(2) (26)

A solution x of the VI(K, F) is given by F}"(z) = 0 with x = Mk(z)
m General projection algorithm for VI/CP. (Fixed point). Need at least the
definition of the projection onto the cone.
O Slow and inefficient algorithm.
m Newton Methods for VI/CP. Need the definition of the projection and the
Jacobian of Fi"(z)
O Difficult computation for a unstructured closed convex set K

Algorithms for VI

m If the problem has a better structure, the problem is then
reformulated into a specific complementarity problem through a
nonsmooth equation.
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Definition (Generalized Equation (GE) problem)

Let Q C IR" be an open set. Given a continuously Fréchet differentiable
mapping F : Q C IR" — IR" and a maximal monotone operator
T :IR" ~~IR", find a vector z € IR" such that

0€ F(z)+ T(2) (27)

Nonsmooth and Generalized
equations
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Basic properties

The GE problem is closely related to CP problems and to the NLP. For
instance, the NCP (19) can represented into a GE by

0e F(Z) a4 N]R,J'r (Z) (28)

and the MCP (12), which provides the KKT necessary conditions for the
NLP can be casted into a GE of the form

0 € F(z) + Nk(z), z € R metmi (29)
with
eNqoun:trE)c;():h and Generalized VL(z,u,v)
Fa=| - -
—h(z)

K=R"xR]" x R
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Key idea

Reformulation of the Generalized equation into a non smooth equation
with good properties (semi-smoothness)

0€F(z)+T(z)=>®(z)=0 (31)

Apply Generalized Newton Method to the equation ®(z) = 0.

Generalized Newton Method

Solve the equation

d(z)=0 (32)
Nonsmooth and Generalized
equations. by the extended linearizing procedure.
Zp41 = Zk — H;l(Xk)(b(Xk) (33)

where Hi(x) is an element of the subdifferential O®(xy).




Reformulations and algorithms. The case of the NCP

Lecture 3. Solvers for the
time-discretized problems.

NCP functions. A function % : IR> — IR is called a NCP function if it
satisfies the following relation

P(w,z)=00<wlz>0 (34)

Ymin(w,z) = min(w, z) (35)
2‘q°u“:t';‘,’1°:h 2nd Generalized Yrg(w,z) = V/z2+ w2 — z — w (Fischer-Bursmeister functior{36)
Vrer(w,z) = A(rg) — (1 — A) max(0, 2) max(0, w) with A €]q3)

1 .
Vemootn(W,2) = wz-+ Smin(0,z+ w) (38)




Reformulations and algorithms. The case of the NCP

Lecture 3. Solvers for the
time-discretized problems.

Basic properties

m If the NCP function is everywhere differentiable, the Jacobian is
singular at the solution point

m The NCP function needs to be semi-smooth to obtain convergence
results.

m Line search methods based on a merit function. For instance,

V= %CDT(z)dD(z) (39)

Nonsmooth and Generalized
equations.

For Fischer-Burmeister function, this function is differentiable
everywhere.

O Stability (global convergence) and local quadratic convergence results.




Summary of the time-discretized equations

Lecture 3. Solvers for the
time-discretized problems.

The discretization of the equation of motion and of the contact law can
be summarized in the following system :

Uk+1 = WPk+1 + Viree

(Prr)
NonSmoothLaw [Ug11, Pxk+1]  (Unilateral contact, friction and

Summary of the
time-discretized equations




Summary of the time-discretized equations

Lecture 3. Solvers for the
time-discretized problems.

Mvii1 + F = pro1 + GT s

Gvyi1 =0 (Bilateral Constraints)
(Prm)

Uk+1 = HTvk_H, Pk+1 = HPk+1 (Kinematics Relations)

NonSmoothLaw [Ugt1, Pk+1] (Unilateral contact, friction
where

f= My + [—hCVk — hKqy — h29KVk +h [G(Fext)k+1) + (1 — 0)(Fext)k]]

Summary of the
time-discretized equations




Lecture 3. Solvers for the
time-discretized problems.

P)

Summary of the
time-discretized equations

Summary of the time-discretized equations

F(vit1) = Prt1
G(Vk+1) =0
Uki1 = H*(qks1)Vis1s v = H(qkr1) Prgt

NonSmoothLaw[Ug11, Pks1]

(Non linear Discre
(Bilateral Constrai
(Kinematics Relati

(Unilateral contact



Formulation as a LCP. Frictionless case.

Lecture 3. Solvers for the
time-discretized problems.

Let us consider the problem (Ppy) in which the NonSmoothLaw
corresponds to the frictionless unilateral contact. In this case, the problem
(PLm) can be written under the form:

E”WH +Ff—HP1 — GT g1 =0
Gvyy1 =0

Uer1 = H v

0< Uky1 L Pry1 20

(40)

Formulation as a LCP




Formulation as a LCP. Frictional case.

Lecture 3. Solvers for the
time-discretized problems.

Vincent Acar Second order cone

Contrary to the 2D frictional contact problem, the 3D case can not be
cast directly into a LCP, because of the non linear nature of the section of

the friction cone, C(urn)
Clurn) = {Ae,0(Ae) = pra — [[Ael| = O} (41)

O Facetization of C(urn).

Outer approximation

the friction disk C(urn) can be approximated by an outer polygon :

Couter(nrn) = [ Cilurn)  with Ci(urn) = {)\f, oi(A) = prn — ¢ A > o}
i=1
(42)
We now assume that the contact law (??) is of the form

Formulation as a LCP — ut € N¢ger (urm) (1) (43)




Formulation as a LCP. Frictional case.

Lecture 3. Solvers for the
time-discretized problems.

Outer approximation

the normal cone to Couter(urn) is given by :
Neoyrer(urn) (1) = Tia Ney(uurn) (re) ey
and the inclusion can be stated as:
—ur € X7, —kidoi(At), 0<oi(At) L ki >0 (45)
Since o(A¢) is linear with the respect to A¢, we obtain the following LCP :

— ur € ):}’:1 — KiCj, 0< U'i()\t) 1 k>0 (46)

Formulation as a LCP




Formulation as a LCP. Frictional case.

Lecture 3. Solvers for the
time-discretized problems.

Vincent Acar

Inner approximation

The idea is to approach the friction disk by an interior polygon with v
edges. (e.g. Fig.1b)):

Cinner(#rn) = {At =DB,B >0, urn > er :6} (47)

where e = [1,...,1]7 € IRY, the columns of the matrix D are the
directions vectors d; which represent the vertices of the polygon. For the

sake of simplicity, we assumed that for every i there is j such that
di = —d;.

Following the same process as in the previous case and rearranging the
equation, we obtain the following LCP :

I‘t:DIB
0<BLXxe+D"vi >0 (48)
O<ALALpum—er8>0

Formulation as a LCP




Lecture 3. Solvers for the
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(b)

e

Figure: Approximation of the base of the Coulomb cone by an outer approximation
(a) and by an interior 2v-gon (b)

Formulation as a LCP




Formulation as a LCP. Frictional case.

Lecture 3. Solvers for the
time-discretized problems.

m Induced anisotropy in the Coulomb’s friction

m The LCP is not necessarily well-posedness

Formulation as a LCP




Formulation as a NCP. Frictional case.

Lecture 3. Solvers for the
time-discretized problems.

A direct NCP for the 3D frictional contact.

Let us denote by &(u:) = ||ut|| the norm of the tangential velocity, and by
o(rt) = prn — ||rt|| the friction saturation. The problem of contact friction
(??) can be easily reformulated into the following NCP:

(49)

re& +||refjue =0
&(ut) > 0,0(r) > 0,0(re).£(ut) =0

Two drawbacks are inherent to the previous NCP formulation. Firstly, the
NCP formulation is fully nonlinear and it may be difficult to find the
well-posed mapping F of the formulation (19).

Formulation as NCP




Lecture 3. Solvers for the
time-discretized problems.

Thank you for your attention.

Formulation as NCP
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