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(NSM BS) vincent.acary@inrialpes.fr
Nonsmooth event capturing methods (Time—stepping methods) (NRIA Rone-Alpes

Introduction & Motivations

@ robust, stable and proof of convergence
@ low kinematic level for the constraints
@ able to deal with finite accumulation

© very low order of accuracy even in free flight motions

Nonsmooth event tracking methods (Event—driven methods)

@ high level integration of free flight motions
no proof of convergence
sensibility to numerical thresholds

reformulation of constraints at higher kinematic levels.

(OB ORRONNO)

unable to deal with finite accumulation
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Design nonsmooth event capturing methods with Introduction & Motivations
> same properties as standard methods (robustness, accumulation, ...)

» Higher resolution (ratio error/computational cost)

» Higher order of accuracy

Means

1
2.
3.
4

. Ad hoc detection of discontinuity and order of discontinuity methods.

. Adaptive time—step size and order strategies for standard methods

Mixed integrators with rough pre-detection of events

Splitting strategies



NonSmooth Multibody Systems (NSMBS)

General definition

M(q)v = F(t,q,v)+ G(t, g)A (1a)
g=v (1b)
w=g(t,q,v) (1c)
0e S(w,\t)+ T(w, A\ t) (1d)
vt =F(v7,q,t) (1e)

> S:IR™™ x R +— R™X™ continuously differentiable mapping

> T:IR™™ xR ~ IR™™ multivalued mapping with a closed graph.

With scleronomous holonomic perfect unilateral constraints

M(q)v = F(t,q,v) + G(q) A
g=v

0<y=glqg) LA2>0

vt =F(v7,q,t)

)

where G(q) = Vg(q)
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(a) Bouncing ball example

0

(b) Linear Oscillator example

Figure: Academic test examples with analytical solutions



NonSmooth Multibody Systems (NSMBS)
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Figure: Analytical solutions. Bouncing ball example]
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NonSmooth Multibody Systems (NSMBS)

Exact Solution. Linear Oscillator Example
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Figure: Analytical solutions. Linear Oscillator
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Background time—stepping schemes T
Background
vincent.acary@inrialpes.fr
Adaptive time-step size time—stepping scheme (LA i s
Smooth ODE time integration
Local error estimates for the Moreau's Time—stepping scheme outine
Adaptive time—step strategies
An “Order 0" approach
A control based on violation
Variable order approach

Time—stepping schemes of any order
Principle

Splitting based Time—stepping schemes
Principle

Conclusions & Perspectives
Conclusions
Perspectives



Moreau's Time stepping scheme

Principle

M(qi+6) (Vi1 — k) — hFiio = G(qri0)Prits
Qk+1 = qk + hvkrg,
Ukt = GT(Gkt0) Vi1

—Pyi1 € awrmz(;kﬂ)(Ukﬂ + ely),

Vktny = yk + hyUe, v €10,1].
with 6 € [0,1],7 2 0 and x4y = (1 — @)xk41 + axi and Jii o is a
prediction of the constraints.

Properties

» Convergence results for one constraints

» Convergence results for multiple constraints problems with acute
kinetic angles

> No theoretical proofs of order

(3a)

(3b)

(3¢)

(3d)

(3e)
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Schatzman—Paoli's Time stepping scheme

Principle

M(qk + 1)(qks1 — 20k + Qi—1) — B F(tito, Qes05 Viro) = Pir1,(4a)

= Jkt1 — k1 (4b)
2h

qk+1 + €qx—
—pri1 € Ni (¥) , (4¢)
1+e

Vk+1

where Ny defined the normal cone to K.
For K={qe€R",y = g(q) >0}

Gr+1 + eqr—1 r+1 + eqx—1
0< — | 1LV —_— | P, >0 5
\g( Tre ) g( Tre ) k1 > (5)

Properties

» Convergence results for one constraints

» Convergence results for multiple constraints problems with acute
kinetic angles

> No theoretical proof of order
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Measuring error and convergence

Convergence in the sense of filled-in graph (Moreau (1978))

gr*(f)={(t,x) €[0, TI x R",0 <t < T and x € [f(t7), f(tT)])}. (6)

Such graphs are closed bounded subsets of [0, T] X IR", hence, we can use
the Hausdorff distance between two such sets with a suitable metric:

d((t,x), (s, y)) = max{|t —s|, [x — y[]}. )
Defining the excess of separation between two graphs by
e(gr(f),er*(g)) = sup inf  d((t,x),(s,¥)),  (8)
(t,x)egr*(f) (s:¥)Egr*(g)

the Hausdorff distance between two filled-in graphs h* is defined by

h*(gr*(f), gr*(g)) = max{e(gr*(f),gr*(g)), e(gr* (g), &r* (F))}.  (9)
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Measuring error and convergence

An equivalent grid-function norm to the function norm in £;

N
el =hY_Ifi — (&)l (10)
i=0

In the same way, the p — norm can be defined by

N 1/p
llellp = (hzfi— f(fx)l") (11)
i=0

The computation of this two last norm is easier to implement for
piecewise continuous analytical function than the Hausdorff distance.

Global order of convergence.
Definition
A one-step time—integration scheme is of order g for a given norm || - || if

there exists a constant C such that

llell = Ch7 + O(h7*1) (12)
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Empirical order of convergence. Moreau's time—stepping

scheme
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Figure: Empirical order of convergence of the Moreau's time-stepping scheme.
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Empirical order of convergence. Moreau's time—stepping

scheme
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Figure: Empirical order of convergence of the Moreau's time-stepping scheme.
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Empirical order of convergence.
time—stepping scheme

Relative error (log scale)
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Figure: Empirical order of convergence of the Schatzman-Paoli's time-stepping

scheme.
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Empirical order of convergence.
time—stepping scheme

Relative error (log scale)
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Figure: Empirical order of convergence of the Schatzman-Paoli's time-stepping

scheme.
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Smooth ODEs

One-step numerical solvers for ODEs
Let us consider a ODE
x = f(x,t), (13)

where f is a mapping with sufficient regularity.
The one—step time—stepping method over the time—step [ty, tx11 = tx + h]
is generically denoted by

Xk+1 = Xk + h¢(tk, h, Xk). (14)

Order of consistency

The one-step time—stepping method is said to be consistent if
®(t,0,x,x) = f(x,t) and has a consistency order p if there exists a
constant C such that

ecr1 = X(tey1) — xup1 = CHPTH+ O(KPH2), (15)
assuming that x, = x(tx).

If the time—stepping method has an order of consistency p and converges,
then the global order of convergence is p,
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1. Two “small” time steps of size h/2 = x1/2- INRIA Rhéne-Alpes
2. One “big" time-step h = Xi.

e1 = x(to + h) — x1 = C hP+1 4 O(hP+2),

e = x(to + h) — x1o = 2C (h/2)P*t + O(ht2).  (10)

This procedure permits us to evaluate the constant C and to obtain and a

local error estimate such that: Smooth ODE time
integration

X1/2 — X1

2 T o). (17)

e =x(tp+ h) —x2 =

Enhanced practical error evaluation

» Runge-Kutta Embedded pairs (Dormand-Price, Felhberg)
> Milne's device

» Nordsieck’'s method



Smooth ODEs

Automatic control of the time—step

|lex]| < etol = atol 4 rtol o max(xo, xk) (18)

The measure of the error is given by
error = ||eg o invtol| (19)

with invtol = [1/etol;,i = 1...n]. The optima step size is then obtained
by
1

error

hopt = h( )/ (P (20)

Usually, the step size is not allowed to decrease of to increase too fast,
thanks to the following heuristic rule

1

error

RAGR)) (21)

hnew = h min(amaX7 max(amim OL(

where a, amin and amax are some user parameters.
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Notation

+
ey v (fk + h) — Vi1
e:x(tk+h)—xk+1:|: :| = |: (22)
€ q(tk + h) = ki1 Loc;l error estimates for the
Moreau's Time—stepping
scheme



One impact at time t, € (tk, tx11]
Assumption

di = pd:,, orequivalently dl = Pd:, ,with P = G(t«)p. (23)

Notation
T={a,0€{l.m}} (24)
T ={a €Z,P* 20, U%T(t.) — U¥ ™ (t:) = —(1 + e)U>~ (t)} (25)
Ip={a€Z,Ply 20Ul — U =—-(1+e)Ul} (26)
Lemma

Let us assume that we have only one elastic impact at time t. € (tx, tki1]
without persistent contact, i.e. , di = pds, .
1. If I. = I, then the local order of consistency of the scheme is given
by

ev Kvh + O(h?)

&g = Kgh+O(h?) (27)

2. If Zx # Ip, then the local order of consistency of the scheme is given
by
€y = K, + O(h)

&g = Kgh+O(h?) (28)
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Smooth Lagrange multiplier in persistent contact without
impact in (tk, tk+1]

Assumption
di = (t)dt, (29)
or equivalently
dl = A(t)dt, with A(t) = G(t)A(t). (30)
Notation
Ia(t) = {a € T,A%(t) 2 0, U (1) = U™ (t) = 0} (31)
Inpr ={a €T,AL, 20, U2, = U =0} (32)
Lemma

Assuming that Ip(t) = Zp k41 for all t € (ty, ti1]. The local order of
consistency of the scheme is one that is

ev Kh? + O(h®)
&g = Kgh*>+O(h)

(33)
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Other cases

» One impact and smooth Lagrange multiplier The same result holds
ad in first Lemma.

> losing contact event (take—off) without impact The order of the
time—integration scheme depends on the regularity of the contact

forces (at least continuous). Local error estimates for the
Moreau’s Time-stepping
» Finite accumulation The order of the time—integration should be at SSheme

least 0. Idea of the proof : use the fact that the velocity vanishes and
is of bounded variations
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Order 0" case

Standard error estimates do not apply for Order 0.

We propose to extend it to the order 0 of consistency by assuming that
the constant can be evaluated by

2(e1 — €1 )

C=
h

(34)

An “Order 0" approach
and the local error estimate by

erjo = 2(x1/2 — x1) + O(h?) (35)

The adaptive time—step control exposed for smooth ODE is then apply
directly.
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The violation of constraints is sized by the following rule:
eviolation = || min(0, g(g)) o invtol||eo (36)

Assuming that the scheme is of order 1 almost everywhere in smooth

phase and may be controlled by eyigiation When an nonsmooth vent

occurs, the step size adjustment is implemented by the means of the

following error estimation A control based on violation

error = max(eviolation7 ”ek © ithOI”OO) (37)



Results on two academic test examples
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MoreauTsS Precision-Work Diagram. Linear Oscillator Example
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Guess the order of consistency of the integration at each step.
Adapt the practical error estimation

An “Order O
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Figure: Precision Work diagram for the Moreau’s time-stepping scheme.
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Higher Order Time—stepping schemes

Background

Work of Mannshardt (1978) on time—integration schemes of any order for
ODEs with discontinuities (with tranversality assumption)

Principle

>

>

Let us assume only one event per time—step at instants t..
Choose any ODE solvers of order p

Perform a rough location of the event inside the time step of length h
Find an interval [ta, tp] such that

te € [ta, tp] and |ty — ta] = CHPTL + O(KPH2) (38)

Dichotomy, Newton, Local Interpolants, Dense output,. ..
Perform an integration on [ty, t,] with the ODE solver of order p

Perform an integration on [ta, tp] with Moreau's time—stepping
scheme

Perform an integration on [tp, tx+1] with the ODE solver of order p
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Finite accumulation

> Repeat the whole process on the remaining part of the interval [t, tx]

» By induction, repeat this process up to the end of the original time
step.
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time—stepping schemes
for NonSmooth Multibody
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Principle for smooth ODEs

. . . Vi A
Let us consider a smooth ODE which can be written as neent fcary

x(t) = f(x,t) + g(x, t) (39) vincentacaryGinrialpes.

A example of splitting—based method is given by the following procedure

1. Perform the integration of f on [ty, tx+1] to obtain X(txy1) that is
. tht1
Xt =x(6) + [ FGxtyde (40)
tk

2. Perform the integration of g on [tx, tx+1] with initial value X(tx41) to
obtain X(txy1) that is

Principle

M) = Ao+ [ g0 (41)

Properties

> x(tx + 1) # X(tx41) is the general case. (except special linear case,
constant dynamics, ...)

> X(tey1) = X(tey1) when tyyg — t
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g=v, (42)
q(tx) = i, v(tk) = vk
yielding to the approximations g1 = q(tx+1) and vi = v(tx+1) which
can integrated by any smooth ODE solvers.
> The second one is given by

Principle

M(q)v = G(q)A,

G=0,

y =g(q) (43)
—X €0y () (V(tT) +ey(t7))

q(te) = qui v(te) = vi;

and leads to the approximation qx+1 = q(tk+1) andqgx+1 = g(tkt1)-



Splitting—based methods with constants time—step.
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Figure: Empirical order of convergence of the Splitting RKF45 time-stepping scheme
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Splitting—based methods with adaptive time—step.

Splitting RKF45 Precision-Work Diagram. Linear Oscillator Example
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Figure: Empirical order of convergence of the Splitting RKF45 time-stepping scheme
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M(q)v = F(t, q,v) + r(t),

q =V,

y =&(q) (44)
—r(t) € My () (7(1)

q(tx) = qk, v(tk) = vk

yielding to the approximations q; = q(tx4+1) and vi = v(tx+1) which
can integrated by any smooth ODE solvers.

> The second one is given by Principle

M(q)v = G(q)A,

q=0,

y=¢g(q) (45)
A€ 0y, () (V(tT) +ey(t7))

q(te) = qu; v(tk) = vi;

and leads to the approximation qx+1 = q(tk+1) andqxr1 = q(tkr1)-
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Conclusions

Adaptive time—step strategies

> Higher resolution schemes

» Work with finite accumulation of events
Higher order schemes

» Schemes of any orders

» Work with finite accumulation of events

Splitting based methods

» Higher resolution schemes

» Work with finite accumulation of events
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Perspectives

» Theoretical works on orders and practical error estimations

> Adaptive time—step strategies on the higher order time—stepping
schemes.

> Improve the pre—detection process of the event and the order of
discontinuity

> Test on nonsmooth and nonlinear mechanical systems.

> Adapt the schemes with a step without external forces when the
Moreau's scheme is used

> Other types of time—stepping schemes ...
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Thank you for your attention.
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