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Abstract: The paper studies the routing in the network shared by seveess. Each
user seeks to optimize either its own performance or someéir@tion between its
own performance and that of other users, by controlling theing of its given flow
demand. We parameterize the degree of cooperation whiclwsato cover the fully
non-cooperative behavior, the fully cooperative behawdad even more, the fully al-
truistic behavior, all these as special cases of the pamimehoice. A large part of the
work consists in exploring the impact of the degree of coafi@n on the equilibrium.
Ouir first finding is to identify multiple Nash equilibria wittboperative behavior that
do not occur in the non-cooperative case under the sametmorsdjcost, demand and
topology). We then identify Braess like paradox (in whichliad) capacity or adding
a link to a network results in worse performance to all usergresence of user’s co-
operation. We identify another type of paradox in cooperasicenario: when a given
user increases its degree of cooperation while other users knchanged their degree
of cooperation, this may lead to an improvement in perforteanf that given user.
We then pursue the exploration and carry it on to the settindgixed equilibrium (i.e.
some users are non atomic-they have infinitesimally smatlagel, and other have fi-
nite fixed demand). We finally obtain some theoretical resthiat show that for low
degree of cooperation the equilibrium is unique, confirntiregresults of our numerical
study.
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Résune : L'article étudie le routage dans un réseau partagé pesigairs utilisateurs.
Chaque utilisateur cherche a optimiser sa propre métritgi performance ou une
combinaison de sa propre métrique performance et cellesdies utilisateurs, en
contrdlant le routage de ses flux de demande. Nous paranséérdegré de coopération
pour couvrir le comportement non coopératif, le compogertitoopératif ainsi que le
comportement totalement altruiste. Ces schémas sonttdosades cas particuliers
selon le choix du paramétre. Une grande partie du présarait consiste a explorer
'impact du degré de coopération sur I'équilibre. Ngiremier résulta est I'identification
de plusieurs équilibres de Nash dans le cas coopératifucee se produit pas pour
le cas non coopératif sous les mémes conditions (cofiiadde et topologie). Nous
identifions ensuite le paradoxe de Braess (dans lequeut'#ocapacité ou de lien a
un réseau pourrait réduire les performances pour tousgtilesateurs) sous I'hypothése
d'utilisateurs coopératifs. En outres, nous découvtorautre type de paradoxe dans le
scénario de coopération: quand un utilisateur donnénauge son degré de coopération
alors que les autres utilisateurs maintiennent leursedede” coopération inchangeés,
ceci peut conduire a une amélioration de performancegtatiisateur. Nous nous
intéressons apres aux équilibres mixtes (Certainsat#urs sont non-atomiques ayants
une demande infinitésimale, et d’autres ont une demandediniixe). Finalement,
nous déduisons quelques résultats théoriques qui Brangue pour un faible degré
de coopération, I'équilibre est unique, ce qui confirme désultats de notre étude
numeérique.

Mots-cles: Routage de jeu, I'altruisme, I'equilibre de Nash, analys@erformance,
de la Coopération
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1 Introduction

Non-cooperative routing has long been studied both in taméwork of road-traffic
as well as in the framework of telecommunication networksciSframeworks allow
to model the flow configuration that results in networks inethiouting decisions are
made in a non-cooperative and distributed manner betweenstrs. In the case of a
finite (not very large) number of agents, the resulting flowfauration corresponds
to the so called Nash equilibriurn_[20] defined as a situatiomhich no agent has
an incentive to deviate unilaterally. The Nash equilibribas been extensively used
in telecommunications, see e.@! [2, 8]. The author§lin [@jlisd a routing games in
which each user has a given amount of flow to ship and has $gatha through which
he may split that flow. Such a routing game may be handled byeta@imilar to[11]
in the special case of a topology of parallel links. This tgb¢opology is studied in
detail in the first part of_ [2] as well as ih [12]. However, th@del of [11] does not
extend directly to other topologies. Indeed, in more gdriepmlogies, the delay over
apathdepends on how much traffic is sent by other users on any o#tletipat shares
common links. Routing games with general topologies haea lstudied, for example,
in the second part of [2], as well as in [12]. A related mode$wtudied thirty years
ago by Rosenthal i [13], yet in a discrete setting. It is shdkaat in such a model
there always exists a pure strategy Nash equilibrium. Hediices a kind of discrete
potential function for computing the equilibrium. Nevegtbss if a player has more
than 1 unit to ship such an equilibrium doesn’t always exist.

In this work, we embark on experimental investigation of itngpact of coopera-
tion in the context of routing games. In particular we coasigarallel links and load
balancing network topology for investigation, originaflyesented in[[2] and_[9] in
the context of selfish users. The experimentation is maiimed at exploring some
strange behaviors which appears in presence of user'sipasbperation (Cooperation
in Degree), which is further strengthened with some thémaktesults.

Firstly, we identify loss of uniqueness of Nash equilibrisdle show by a simple
example of parallel links and load balancing network thatéhmay exist several such
equilibria. Moreover, even the uniqueness of link utiliaatat equilibria may fail even
in the case of simple topology. A similar example of paralieks, in absence of
the cooperation between users there would be a single leGuiti [2]. Beyond Nash
equilibrium we investigate further in the setting of Mixeskus i.e. where there are two
types of users, Group user and Individual users. Group s&sis Nash equilibrium
while the Individual users seek equilibrium with Wardrophddions. Strengthening
our earlier finding, we observe loss of uniqueness with glatboperation against the
unigue solutions shown in [18] for selfish users. Howevehmm latter section (Sec.
[B), we show theoretically that there exist uniqueness ofiNdagiilibrium under some
conditions in the presence of cooperation between users.

Secondly, we identify paradoxical behavior in presenceushscooperation. One
of the observed paradox here is a kind of Braess paradox, lsstueied paradox in
routing context. Braess paradox has attracted attentiomaofy researchers in context
of routing games especially related to upgrading the syssem([6]9]. The famous
Braess paradox tell us that increasing resources to thersysads to degraded perfor-
mance in some cases. Such paradox is originally shown tbiexisany scenarios, e.g.
Braess network in|7], Load balancing network in [9]. Altlgtusuch paradoxes are
found even in the case of selfish users earlier, their existemen in case of such partial
cooperation is highlighted here. We show that as the linlacépincreases the overall
cost of a user increases i.e. addition of resources in thermysan tentatively lead to
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2 Azad, Altman, & El-Azouzi

degraded performance. Even more, we also identify anothdrdf paradox related
to degree of CooperatianNVhen a user increases its degree of cooperation while other
users keep their degree of cooperation unchanged, leadsftormppance improvement
of that user. We also observe similar behavior even whemn o$er also increase their
degree of cooperation. Altruism is talked in the contextafremics in[[10] as fol-
lows: "Motivationally, altruism is the desire to enhance thelfare of others at a net
welfare loss to oneself”. One may pose the question of whekieee is any sense in
analyzing altruism in networking context. is there any oget® expect an ISP to take
routing decision so as to maximize the utility of other u8ev¢e believe that altruistic
behaviour can be rewarding for the ISP as it can attract ddmaneady in [3] it was
shown that if some small amount of flow is controlled by networanager and the
latter routes it in some altruistic way then this can enabéerhanager to impose an
efficient equilibrium (One that coincides with the globatiopum).

The paper is structured as follows: in secfibn 2, we presergystem model, define
our framework of cooperative user and, formulate the problurther in sectiopn]3 we
detail the numerical investigation and summarize the figslinBased on one of the
findings, we depict more examples identifying Braess pataaldhe setting of Nash
game in subsectidn 3.3. In sectidn 4, mixed equilibriumlissttated. In sectiopl 5, we
develop theoretical results to show the conditions wherguamess can be established
in presence of users cooperation. In secfibn 6 we summadrizetudy of impact of
cooperation.

2 System model

We consider a netword, £), whereV is a finite set of nodesanl C V x Vis a set
of directed links. For simplicity of notation and withousske of generality, we assume
that at most one link exists between each pair of nodes (in @aection). For any link

[ = (u,v) € L ,defineS(l) = vwandD(l) = v. Considering a node € V, let In(v) =

{l : D(I) = v} denote the set of its in-going links, and Quit = {I : S(I) = v} the
set of its out-going links.

AsetZ = {1,2,...,I} of users share the netwotk, £), where each source node
acts as a user in our frame work. We shall assume that all skgr$low from source
nodes to a common destinatioth Each usei has a throughput demand that is some
process with average raté. Useri splits its demana’ among the paths connecting
the source to the destination, so as to optimize some ingivjgerformance objective.
Let f; denote the expected flow that usesends on link. The user flow configuration
fi = (fli)leﬁ is called a routing strategy of user The set of strategies of usethat
satisfy the user's demand and preserve its flow at all nodesli=d the strategy space
of useri and is denoted b¥", that is:

Fi={f'eRE Y fi= 3 fi+r,veV},

leOut(v) lein(v)

wherer? = r* i, = —r andr! = 0 for v # s,d. The system flow configuration
f = (f',...,f) is called arouting strategy profileand takes values in the product
strategy spack = ®;c7F?.

The objective of each useiis to find an admissible routing stratefiyc F? so as
to minimize some performance objective, or cost functinthat depends updfi but
also upon the routing strategies of other users. Hel¢#) is the cost of user under
routing strategy profilé.

INRIA



Routing Games : From Egoism to Altruism 3

2.1 Nash equilibrium

Each user in this frame work minimizes his own cost functiamsch leads to the

concept of Nash equilibrium. The minimization problem héepends on the routing

decision of other users, i.e., their routing strategy
=0 = (f!, . f )

)

Definition 2.1 A vectorf, i = 1,2, ..., I is called a Nash equilibrium if for each user
i, f* minimizes the cost function given that other users’ routiagisions are”, j # i.
In other words,

JUEL £2, L FD) = min JU(FL 2, F0 L D),

fieF?
i=1,2,..,1, (1)

g Ly eeny

1

whereF? is the routing strategy space of user

Nash equilibrium has been discussed in the context of nopea@tive game with
selfish users quite often in recent studies.

In this paper we study a new aspect of cooperative routingegawhere some
users cooperate with the system taking into account thepaance of other users.
We define thiglegree of Cooperatioas follows :

— .
Definition 2.2 Leta® = (o, .., oz‘zz‘) be thedegree of Cooperatidior useri. The new

operating cost functiod” of useri with Degree of Cooperation, is a convex combina-
tion of the cost of user from s&t

JUE) =Y apJH () Y aj=1,i=1,.|T]
k

keT
whereJ (f) is a function of system flow configuratibwith cooperation.

Based on th&legree of Cooperatiomnector, we can view the following properties for
users,

« Non cooperative user : if; = 0, for all k # 1.

« Altruistic user : Useri is fully cooperative with all users and does not care for
his benefits, i.eq! = 0.

« Equally cooperative - ih;ﬂ = ﬁ useri is equally cooperative with each uger
wherej € P, P CT.

Note that/’(f) is the new effective cost function wittegree of Cooperatigmvhere
it takes into account the cost of other users. Although a oseperating with the
system, it attempts to minimize its own operating cost fiomcin the game setting.
Hence such frame work can be classified under non-coopegaines and the thus we
can benefit to apply the methods of non-cooperative gamest&inovarious quantities
e.g. Nash equilibria.
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4 Azad, Altman, & El-Azouzi

3 Numerical Investigation of the role of cooperation

In this section we detail some numerical examples to studyditing game in the
presence of cooperation between some users. In these eesam@ use two types
of cost functions : linear function which is often used in thensportation network
and M/M/1 function which is used in the queuing networks. \WWasider two network
topologies : parallel links ]2] and load balancing netwd8swhich are defined below
Load Balancing NetworkA simple load balancing topology of netwogkconsists
of 3 nodes is depicted in Fi§. I{a). This topology has been widlgied in context
of queuing networks. The nodes are numbéregy 3 and communication links among
them are numbered ds, 5, [3,14. Nodel, 2 acts as source node and nddacts as
destination node. Link;, [, are directed links for nodels 3 and nodeg, 3 where as,
link I3,14 are directed link for nodes, 2 and nodeg, 1. Cost function of usef is
the sum of cost of each link? = Zle{L..A} [T f1) , whereT(f;) is the link cost
function. The cost of each uséwith cooperation can be defined as below,

Jo= ) Y ST 2)

le{1,...4} ke{1,2}

\ / \_/

(a) Load balancing (b) Parallel links

Figure 1: Network Topology

Parallel Links Network A simple parallel links topology of networ consists of
2 nodes is depicted in Fid._I{b) which is originally discuseq§d]. The nodes are
numberedl, 2 and communication links between them are numberdd,ds Node
1 acts as source node and ndllacts as destination node. Cost function of usisr
the sum of cost of each lin{f* = Zle{m} FiTi(f1) , whereTy(f;) is the link cost
function. The cost of each uséwith cooperation can be defined as below,

Jo= > > affnn) 3

1e{1,2} ke{1,2}

For each network topology, we consider both the cost funstfor investigation.
Linear Cost FunctionLinear link cost function is defined a&;(f;,) = aif1, + g
forlink 7 = 1,2, where asTi(fi,) = cfi, + dforlink j = 3,4.
M/M/1 Delay Cost FunctionThe link cost function can be defined &3(f;,) =
ﬁ , whereC;, and f;, denote the total capacity and total flow of the lipkNote

that this cost represents the average expected delay in dIMjiveue with exponen-
tially distributed inter arrival times and service timesden various regimes such as

INRIA



Routing Games : From Egoism to Altruism 5

the FIFO (First In First Out) regime in which customers aneveé in the order of ar-
rivals, the PS (Processor sharing) regime and the LIFO (bdstst Out) regime. This
same cost describes in fact the expected average delaysinsettings as well such as
the M/G/1 queue (exponentially distributed inter arriviadeés and general independent
service times) under the PS or the LIFO regime.

3.1 Numerical Examples

We consider two users share a network. We distinguish twescaén asymmetric
case in which the user 1 is cooperative with > 0 and user 2 is noncooperative,
i.e.,a2 = 0. The second case is symmetric case in which both users apeiive
with the same degree of cooperatiani.e. o = ai = a3. We compute the Nash
equilibrium at sufficiently many points afegree of Cooperation in the interval [0,1]
and plot the corresponding user cost and user flow. Here wsesijnifies the fraction
of demand flowing in the corresponding user destination IBikce we consider only
two links, the fraction of demand flow in one route complersenat of the other route.
Hence we plot the fraction of demand corresponding to theil,esefll1 for userl and
ff2 for user2. In sequel we describe five experiments as follows:

Experiment 1) Load balancing network with linear link cast Fig. [2(a)f2(b), we
plot the cost and the flow obtained at Nash equilibrium vessimsthe range [0, 1]. We
use the following parameterg; = as = 1,91 = go = 0,¢c1 = c2 = 0.1,dy = dy =
0.2. Note that the plot of user and2 overlap in the figure in symmetrical case. This
is due to the same degree of Cooperation.

Nash Euilibrium

0 02

08 1 ] 02 08 1

0.4 0.6 04 06
Degree of Cooperation(a) Degree of Cooperation(a)

(a) Cost at NEP (b) Flow values at NEP

Figure 2: Topology : Load balancing, Cost function : Lindgerametersa; = as =
1,91 = g2 = 0,¢c1 = ¢a = 0.1,dy = dy = 0.2., Cooperation :{ Symmetrical:
o' = a?, Asymmetrical0 < o! < 1,a% =0}.

Experiment 2) Parallel links with linear link casin Fig.[3(@),3(H), we plot te cost
function and the flow for both users obtained at Nash equilibrfor « in the range
of [0, 1]. We use the following parameters, = 4,a; = 2,91 = 1,2 = 1,7} =
1.2,72 = 1.

Experiment 3) Load balancing network with M/M/1 link casbnsider the param-
eters for the link cost functions agj;, = 4.1,C;, = 4.1,C;, = 5,C;, = 5,71 =
1,72 = 1. In Fig. [4(al,4{H), we plot cost and flow obtained at Nash layitim for
0<a<l.

Experiment 4) Parallel links with M/M/1 link castn Fig. [5(@),5(0), we plot the
cost function and the flow for both users obtained at Nashlieguim versusa. We
use the following parametet;;, = 0.001,C;, = 0.001,7! = 1,72 = 1.
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Nash Euilibrium

Nash Euilibrium
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0 02 08 1 0 02 08 1

0.4 06 0.4 0.6
Degree of Cooperation(a) Degree of Cooperation(a)

(a) Cost function at Nash equilibrium (b) Flow values at Nash equilibrium
Figure 3: Topology : Parallel links, Cost function ;: LineBgrametersa;, = 4,as =
2,91 = 1,92 = 1,7 = 1.2,7% = 1, Cooperation{ Symmetrical:a'! = o2, Asym-
metrical:0 < o! < 1,02 = 0}.

Nash Eulibrium Nash Eulibrium
065 1
© Jt-Asymmetrical 09
osp| + - s
77~ Asymmetrcal © tL-Asymmetical
o J-symmetrical SEPEEEEEEEE 08 B
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0 02 08 1 0 02 08 1
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Degree of Cooperation(a) Degree of Cooperation(a)

(a) Cost function at Nash equilibrium (b) Flow values at Nash equilibrium
Figure 4. Topology : Load balancing, Cost function : M/M/11&¢ Parameters :
C, =4.1,C, =4.1,C;, = 5,Cy, = 5,7t = 1,72 = 1, Cooperation{ Symmetrical:
at = a?, Asymmetrical:0 < o' < 1,02 = 0}.

Nash Eulibrium X107 Nash Eulibrium
0115 1
T
Ji-Asymmetrical s EE—
o114 + 2%~ Asymmetricall 3
o y-symmetical 08 *+ 1ym Asymmetrical
e
X J2- Symmetrical o o f}-Symmetical
0113 x 13- Symmetrical
06
Zou o
S T
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011!
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e
02
011
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02 08 1 0 02 08 1

0.4 06 0.4 0.6
Degree of Cooperation(a) Degree of Cooperation(a)

(a) Cost function at Nash equilibrium (b) Flow values at Nash equilibrium
Figure 5: Topology : Parallel links, Cost function : M/M/1 &g, Parameters :
Cy, = 0.001,C;, = 0.001,r* = 1,r* = 1, Cooperation:{ Symmetrical:a! = o?,
Asymmetrical:0 < o! < 1,02 = 0}.

Experiment 5) Load balancing network with linear link coafe vary the link cost
for I3 andl, by varying the parameter More precisely, we increagefrom 0 to 1000
in the steps o020 and compute Nash equilibrium at each point. In[Big.6, we thiet
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Nash Solution

0 200 400 600 800 1000
Link Cap. for L, I,

Figure 6: Topology : Load balancing, Cost function : LineBarameters a; =
4.1,a, = 4.1,d = 0.5, Cooperations! = o? = 0.93 .

cost of each user with the increasing link cost of the linkndl,. Note high link cost
signifies that link doesn't exit.

We analyze the results obtained from the experimentatioe @ébove. We will be
usinga = o! here for simplicity as we have fixeed? = 1 for asymmetrical case and
a = o' = o? for symmetrical case. The important behavior can be sunz@artinder
following two headings.

3.2 Non uniqueness of Nash equilibrium

In Fig. [2 we observe that there exisultiple Nash equilibria for both symmetrical
case and asymmetrical case. Note that multiple Nash eqailgoconstrained to some
range of cooperation{). However there also exist some range of cooperation where
unigue solution exist. We observe that there exist threenagiilibrium for some
range of cooperation, two Nash equilibrium at one point amitjue Nash equilibrium
for some range of cooperation. In Fig [3- 5, we obtain méthdhsh equilibria as above
for some range of cooperation. In Fif. 3(a),8(b), F@]&thougha! = o2, due
to other parameter being non-symmetrical, we do not obsessanmetrical plot for
" Jb, J2-Symmetrical”. Uniqueness of Nash equilibrium is showridh for a similar
situation as in Fig[_2(#),2(b) for selfish user, but we obsdévgs of uniqueness when
users have some cooperation.

3.3 Braess like paradox

We also observe a Braess kind of paradox which is relatedrfonpeance when ad-
ditional resource is added to the system. To understanddbissider the topology
of experimentl, i.e., the load balancing network topology. Consider a gumétion
where initially link I3 and i, has very high cost (i.e. effectively doesn’t exist) and
latter the link cost is reduced to a low value eqg= 0 andd = 0.5. This can be
interpreted as an additional resources added to the sy§lbserve than for the initial
configuration the cost of uséris J! = 1 and cost of use? is J? = 1 in experiment

1. However in the latter configuration which is depicted ig.f2(a), we observe the
cost of userl and2 is greater thal at Nash equilibria. This explains degradation of
performance when resources are increased. A very cleasengiion can be made
in Fig[@ where the link cost for link; andi4 is parameterized. Due to multiple Nash
equilibria we see two curves. The lower curve correspondsash solutions where
flow for each user choose direct link to destination while apger curve correspond

RR n° 7059



8 Azad, Altman, & El-Azouzi

to mixed strategy solution where a fraction of flow for eackrushoose direct link
path. Notice that user cost is improving as the link cost @édasing for the upper
curve. Such paradox is widely studiedBismess paradoxin many literature. Above
we identified the existence of Braess paradox in load batgnetwork. Now we iden-
tify the Braess paradox in parallel links topology. Consithe parameters as follows,
C,, = 4.1C;, = 417! = 272 = 1. Consider the scenario when initially the link
I3, 14 does not exist, while latter they are added in the system.theravords, the
initially the capacityCs = 0,Cy = 0, and latter it isC; = 10,Cy = 10. Note that
whenCs; = 0,C4 = 0, flow at Nash equilibrium is triviallyf;, = 1, fi, = 1. In the
following, we consider two scenarios of degree of cooperati

« Only one user is Cooperative The degree of Cooperation taken in this case
is a! = 0.93,a®> = 0. On increasing the capacis, C, from 0 — 10,
the cost functions at Nash equilibrium are obtained/as= 0.952 — 2.06,

J? = 0.3225 — 0.909 and the flows argf;, = 2 — 0, f;, = 1 — 0.0951.
We also obtain another Nash equilibrium where the cost fanstand the flow
doesn’tchange frominitial state. Note that increasingtqgacity in the network
degrades the performance at the first Nash equilibrium.

« Both users are Cooperative\We repeat the above experiment with the degree
of Cooperatior' = 0.9, &> = 0.9. The cost functions at Nash equilibrium are
obtained as/! = 0.952 — 1.247, J? = 0.3225 — 0.430. We again obtain
another Nash equilibrium where the cost functions and tive dloesn’t change
from initial state. Note that again increasing the capdnithe network degrades
the performance at the first Nash equilibrium.

3.4 Paradox in cooperation

In Fig.[2(a), we observe that' has higher cost tha#?. This is intuitive because user

2 is selfish user while usdrhas a varying degree of Cooperation. In particular remark
thata! | 0, J! 1 J2. But this is not true for the whole range of Cooperation. @Qbse

in Fig. (3.a) a non intuitive behavior for some small rangecb{approximatelyn! €
(0.87,1). Notice that when the degree of cooperatidnincreases (i.e. increase in its
altruism) while other user be pure selfigh’ = 0), leads to improved cost of usér
This is a paradoxical behavior, we calparadox in cooperation This paradox also
exist in case of symmetrical cooperation (séeSymmetrical,/2-Symmetrica) in the
range ofa approximately @, 0.4). Notice that such paradox is still observed in Fig.
[Bi{4. Remark that such paradox exist only when there are pheikiquilibria.

4 Mixed Equilibrium

The concept of mixed-equilibrium (M.E.) has been introdlibg Harker [17] (and
further applied inl[1B9] to a dynamic equilibrium and in [18]a specific load balancing
problem). Harker has established the existence of the Mttaracterized it through
variational inequalities, and gave conditions for its waigess. We discuss here the
behavior of mixed equilibrium in presence of partial co@tien. Consider the network
(V, L) shared by two types of users: Gloup userddenoted byV) : these users have
to route a large amount of jobs; (iindividual users these users have a single job
to route through the network form a given source to a giverinkgion. There are
infinitely many individual users. For simplicity, we assuthat all individual users
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Routing Games : From Egoism to Altruism 9

have a common soureeand common destinatiah Let P be the set of possible paths
which go froms to d.
Cost function
-Ji: F — [0, 00) is the cost function for each usee NV
- Fp : F — [0, 00), is the cost function of path for each individual user.
The aim of each user is to minimize its cost, i.e., foe N, min: J¢(f) and for
individual usermin,ep F(f). Let fp be the amount of individual users that choose
pathp.
Definition 4.1 f € F is a Mixed Equilibrium (M.E.) if

Vie N,Vg's.t(f~', g') e F,J{(f) < J'(f, ¢")

¥p € P, Fip(f) — A = 05 (Fp) () = A)ff,) =0

whereA = miny,ep Fp(f)

4.1 Mixed equilibrium in parallel links

In the following proposition, we provide some closed formMiked equilibrium in
parallel links.

Proposition 1 Consider parallel links network topology (Fig. I|b)) andN¥L delay
link cost function. Consider that a Group type user and lidiial type users are oper-
ating in this network. The mixed equilibrium strate(gyl* , ff;) can be given exactly
as follows,

1. When Both link is used at Wardrop equilibrium:
(Ml,Nl) if aq <M1<b1;

otherwise,
(O, —CC) |f T1 < min(TQJrCz*Cl,W),
(7’1, r— CC) if 1 < min(%,m*(c‘gfc‘l)),
where
_ —a(Cqog—Cq1)+r1(2a—1 _ (Cc1—-cC 1—a)+(2a—1)r
Ml — (Ca 2(2{1)71)1( )7 Nl — (& 2);(2a21)( ) 2,
Cy—C ro—1 . Co—Cqp |, 7147
a1 = max(— 259 227 0y by = min(— 259 T1ET2 4
— Co—C Ty —T — Co—C ro+r
cc= -2t -=21, dd = -,

2. When only one linklj is used at Wardrop equilibrium:

(MQ,O) if ¢ <M< 15
otherwise,

(01,0) if h(T‘l) > 0,
(7‘1,0) if h(T‘l) <0,

wherec; = max(—£5% — 221 0) and M, is the unique (if there exists) root
of the quadratic equation

h(z) = az® +bx+c=0

in [c1, r1]. The coefficients of the quadratic equation af@(C, —Co+r2)(1—a)—ars); b=(C1(1—a)(2(Ca—ra—r1)
+2(Cg—7‘2))+20¢7‘201); c:Cl(l—a)[(Cg—rl—r2)2
701(0277‘2)]7047‘2012.
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10 Azad, Altman, & El-Azouzi

3. When only one link2] is used by Wardrop user:
(Mg,?‘g) if O<M3<d1;

otherwise,
(0,72) if h(0)> 0,
(d1,7‘2) if h(O) <0,

whered; = min(—<25< + 2471 1) and M is the unique root(if there exist)
of the quadratic equation

g(x) =az? +br+c=0

in [0, d1]. The coefficients of the quadratic equation &m(c, —Ca+r2)(1—a)—ara); b=(C1(1—a)
(2(02—T‘2—’I‘1)+2(02—T2))+2(¥7‘201); c:Cl(l—a)
[(C2—r1—72)2—C1(C2—r2)]—arC3.

Proof:

We first state the general condition for the mixed equilibritp exist. Based on
link uses, there arg scenarios when Wardrop conditions can be met for equilibriu
to exist. We individually state each of them and then we distathe conditions for
equilibria.

For link cost to be finite the link flow must satisfy the flow ctaint f;, <
C1, fi, < Cs. From this we obtain the general conditiont-r, < C1+C5. Equilibria
can be attained in the following conditions:

1. When both link is used by Wardrop useWardrop users utilize both the links,
ie., f2 >0, f2 > 0, implies cost of both links are same, i.€;, (f1,) =
T1,(f1,) (we useTy, (f1,) instead ofFy, (f,) from def.[41). Fronil}, (f;,) =
T, (fi,) = [ = —cc+ 1,0 < fl <ri,and0 < f2 < ry imply thata; <
flll* < by, wherea; = max(cc,0), by = min(dd, ), cc = —% — 2
anddd = —% + % Thus the necessary conditions for equilibrium to
exist reduces to; + ro > |C; — Cs| by notingee < r1 anddd > 0. Thus the
equilibrium strategy f ", f2) is given by

(My, N1) if a1 < My < by;otherwise,
(0, —cc) if 71 < min(ratCy—cy, 220122 ) - where
(ri,r1 —cc) if 1 < min( 22580 —(C2-01)),

_ —a(Ce—Cq)fr (2a—1) (O] —CO3)(1—a)+(2a—1)r
M, = 2 2(210¢71)1 ’ Ny =158 2(2a-1) 2.

Note that/'(f!, f2) is strict convex in the rangé < f! < 71,0 < ff; < rof

by definition of M/M/1 cost function). It can be directly infed that if the
equilibrium point(M;, N;) satisfies the condition; < M; < by, (it is an

interior point) there exist atmost one equilibrium.

Otherwise when there is no interior equilibrium point, thenay exist equilib-
riumat fii = 0 or fii = ry, i.e at point(0, —cc) or at point ¢1,r — cc) (since
Thi(fi,) = Tly(f1,) implies f2 = —cc+ fl7). The point(0, —cc) can be an
equilibrium point only wherz; = max(0,cc) = 0 andJ'*(0,cc) > 0. This

directly impliesr; < ro + (C2 — C4), andr; < % respectively.

Combining these, we get, < min {rz +(Cy — Oy), W} Fol-
lowing the similar steps we can directly obtain that pdint »; — cc) can be an
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equilibrium point when; < min{%, o — (Co — Cl)}.

2. When only one link (link) is used by Wardrop user:
In this case, Wardrop users utilize only linki.e., ffz = 0. This directly im-
pliesTy, (fi,) < Ti,(fi,) = f, < cc(from wardrop condition). Combining the
above with positive flow conditiof < flll* < r1, we obtain0 < flll* < a,
wherec; = min {cc, 71 }. Sincec; must be greater thah the necessary condi-
tion for equilibrium to exist reduces tq —r, > C;—C5. Further the equilibrium

strategy(f", f2") is given by

(MQ,O) if 0< My <ecq;

otherwise,

(0,0) if h(0) >0,

(c1,0) if h(0) <0,
where M, is the unique root of quadratic equatibtr) = az? + bx + c. Let
xy = *b;a‘/ﬁ,xg = 4;;&\/5 are the roots of the Quadratic equatiofx) = 0,

wherea = (Cl — (Y —7‘2)(1 — CY) +ary; b= 2(1 — a)[(01 —7‘2)(2(02 —7‘2) +
r1)] + 2ar2(Co — 11); ¢ = (1 — a)(Cy — r2)[(C2 —11)? — (C2 — r1)(Cy —
ro) — 11(C1 — r2)] + ara(Cy — r1)?; D = b? — 4ac.
The quadratic equatioh(x) = 0 will have unique solution in the rande <
[l < i because/'!(f],0) is strict convex in the range < f! < r1 ( by
definition of M/M/1 cost function). Hence there can be atnast equilibrium
point satisfyingd < M» < ¢ (i.e single interior point).
Otherwise when there is no interior equilibrium point, thenay exist equilib-
rium at fIi = 0 or fii = rq, i.e., at point(0,0) or at point ¢1,0). The point
(0,0) can be an equilibrium point only whei'(0,0) > 0, i.e., h(0) > 0.
Similarly point (;1,0) can be equilibrium point only wher’* (0,0) < 0, i.e.,
h(0) < 0.

3. When only one link?) is used by Wardrop user:
In this case Wardrop users utilize only Iiﬂki.e.,ff2 = ro. Following the similar
steps as before, we obtain < flll* < r1, whered; = max{dd,0}. Sinced;

must be less than,, the necessary condition for equilibrium to exist reduces t
rp—re < Cy — (.

Further the equilibrium strategyf! ", f2") is given by

(Mg,?‘g) if dl < M3 <y

otherwise
(07T2) if h’(TQ) > 07
(dl,’l’g) if h(TQ) < O,

where M3 is the unique root(if there exist) of the quadratic equagén) =

az® +br+cind, < fl <ry. Letw; = *b;fa\/ﬁ, To = 4;;{1\/5 are the roots of
the Quadratic equatign(x) = 0, wherea = ((C1 —Ca+712)(1—a)—ary); b=
(1 - Oé)[401(02 — Ty — 7’2) + 27’101] - 20&7"201); Cc = (1 - O[)[(CQ —r1—7"ro+
C1)C1(Cy — 1o —11) — 11 C? + aryC%; D = b? — 4ac.

The quadratic equatiop(z) = 0 will have unigue solution in the range <
[l < r1 becauseJ"! (f{,r2) is strict convex in the range < f! < ri (by
definition of M/M/1 cost function). Hence there can be atnast equilibrium
point satisfyingd; < M3 < r1(i.e single interior point).
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12 Azad, Altman, & El-Azouzi

Otherwise when there is no interior equilibrium point, thenay exist equilib-
rium at fl{ = 0 or fli = rq, i.e., at point(0,r2) or at point ¢y, r2). The point
(0,72) can be an equilibrium point only whefi*(0,72) > 0, i.e., g(r2) > 0.
Similarly point ¢1,72) can be equilibrium point only whe#'! (0,72) < 0, i.e.,
g(ra) <O0.

Corollary 1 Consider the symmetric parallel links, .61 = Co = C,ry =ro =71)

network with M/M/1 delay link cost function. In a mixed usetting the mixed equilib-
(5,%) whenry > f! > 0,7 > f2 >0

rium strategy (f", f2)) canbegivenby (0,0) when0 < f! <7, f2 =0, fa>05

(ry7) when( < fll1 <r,ff =0, ifa>05

Proof:

Consider the symmetric case whéh = C; = C, r; = ro = r. The general
condition thus reduces to < C from prop.[1. Equilibrium can be attained under the
following scenario based on link uses.

1. When both link is used by Wardrop users:
Wardrop users utilizes both the links, i.gffi > 07f122 > 0, implies cost func-
tion of both the links are same, i.€l}, (f;,) = Ti,(fi,). FromT}, (fi,) =
Ti,(fi,) = f2 = fL, 0 < f} <r,and0 < f2 < r, implies that necessary
condition for equilibrium to exist are always satisfied. ther the equilibrium
strategy(flll* , ff;) is given by(, ) which can be directly obtained from prop.
@.1).

2. When only one link (link) is used by Wardrop usein this case, Wardrop users
utilize only link 1, i.e., f2 = 0. This directly impliesT;, (fi,) < Ti,(f1,) =
fll1 < 0 (from wardrop condition). Combining the above with postiffow
condition0 < f!" < ry, we obtainf!" = 0. This suggests that equilibrium
point can be given byf!", f2°) = (0,0) if there exist.

Note that(0, 0) is the boundary point solution. }f'* (0, 0) > 0 (Nash solution of
userl) then the equilibrium point is given by, 0). Jl'(fll1 ,0) can be expressed

P(z)
as 5 where

P(z) = ax® + bx + ¢,

a=r2a—1); b=2(C—r)2(C—r)(1—a)+r); ¢ = (2a—1)r(C—1r)% D =
16(C — 1)*(1 — @)C[(C = r)(1 — a) + ar] andQ(z) > 0 for all z, thence
J10,0)>0=¢c>0< a>0.5.

3. When only one link2) is used by Wardrop usertn this case, Wardrop users
utilize only link 2, i.e., f2 = r. This directly impliesT}, (f,) > Tp,(f,) =
fll1 > r (from Wardrop condition). Combining the above with postiffow
condition0 < f!" < ry, we obtainf" = r. This suggests that equilibrium
point can be given byf!", f2") = (r,r) if there exist.

Remark that this case is symmetrical to case when onlylliskused. Hence we

can directly infer the condition for equilibrium point toiek The equilibrium
point point(r, r) exist, whernx > 0.5.
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Mixed Equilibrium
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Figure 7: Parallel links, M/M/1 delay cost @y, = 4,C;, = 3,7t =1.2,r2 = 1.

In Fig. (4), we depict the mixed equilibrium strategy(flowy the varying degree
of cooperatiof). Observe the loss of uniqueness of mixed equilibrium ingmes of
partial cooperation. It is known to have unique equilibritmthe network setting with
finitely many selfish useis[18]. Remark that we have alredubye in the previous
section that there exist multiple Nash equilibria in preseof partial cooperation. Due
to space limitation we illustrate this behavior with onlyraitel links topology and
M/M/1 cost function. However we identify a similar remarlofn other configuration
also.

5 Existence and unigueness of Equilibrium

Having noted the existence of multiple Nash equilibriumew[8.1 using various ex-
amples, we here establish the conditions under which umasa equilibrium exist.
Uniqueness of Nash equilibrium is shown|in [2] in case of mopnperative games for
parallel links topology. Under some condition, uniquerieshown for general topol-
ogy also. In this section we follow the similar structure stablish the uniqueness for
parallel links topology in case of our setting of user coagien.

We follow some assumptions on the cost functiBrsame as in[2].

Assumption 5.1 :
Gl Ji(f) = Y, Ji(f1)). EachJj satisfies:
G2:  J}:[0,00) — (0, 00] is continuous function.
G3: Jj:isconvexinf/ forj=1,..|Z|.
G4: Wherever finiteJ; is continuously differentiable

in f/, denoteK; = g;l
l

Note the inclusion of-co in the range of/?, which is useful to incorporate implicitly
and compactly and additional constraints such as link gaesc Also note that the
assumptiorz3 is stronger than iri [2].
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14 Azad, Altman, & El-Azouzi

Function that comply with these general assumptions, wéyga G function. For
selfish user operating on parallel links NEP is shown to eri§2] with the function
which comply with the typ&> function.

We shall mainly consider cost functions that comply with tbibowing assump-
tions:

Assumption 5.2 :
BL:  Ji(f) = i fiTH(f1))
B2: T;:[0,00) — (0, 00].
B3: T(f;) is positive, strictly increasing and convex.
B4: T,(f;) is continuously differentiable.

Functions that comply with these assumptions are refeoradtype-B functions.

Remark 5.1 In AssumptiorB1, T;(f;) is the cost per unit of flow (for example mean
delay) on the link, for the total utilization,f; = >, 7 fi, of that link. Note that if
T,(f,) is the average delay on link it depends only on the total flow on that link. The
average delay should be interpreted as a general congestistper unit of flow, which
encapsulates the dependence of the quality of servicedmdwy a finite capacity
resource on the total load; offered to it.

A special kind of type-B cost function is that which corresgs to an M/M/1 link

model. In other words, suppose that

Cl: Ji(f, fi) = fiTi(f;) is a type-B cost function.

c2 T — cl;,fl fi <G

' = { o0 fl > Cl '
Where( is the capacity of the link

Function that comply with these requirements are refeoed type€ functions. Such
delay functions are broadly used in modeling the behaviaheflinks in computer
communication networks [14],[15].

5.1 Parallel links network topology

In this section we study the special case where the users datfh shares a set of
parallel communication link€ = {1, 2....L} interconnecting a common source node
to a common destination node. In [2], uniqueness of Nashlibguim is shown for
the selfish users (when user do not cooperate in managingthauanication link) in
parallel links, where the cost functiongi(f)) of users are assumed to hold assumption
2. However this is not true when the users have cooperatidagree as defined in
sec[2.R). We observe that assumpfion 5.2 is not sufficeegtiarantee unique Nash
equilibrium in our setting. It is a harder problem to chaesize system behavior for
general degree of cooperation. Hence we consider a spesialaf cooperation where
a user cooperative with similar cooperation with all othegns i.e.

JHf) = (1—a)J'(f) +a Y TR
k
Consider the cost function of type b.2. The cost functionaafreuser on link is given
by
Ji) = ((=a)fi+a'f)T(f)
= (A=a)fi+ 1 =2a")f")T(f1)
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Existence problem in the case of Nash equilibrium for the fursction J/ (f) can
be directly studied as in [2].

Note that in case of’ < 0.5 for all i € Z, the uniqueness of Nash equilibrium is
guaranteed from E. Orda et &1.[2]. Note that whén< 0.5, the functionk; (", f,)
is strictly increasing function irff,”* and f;.

Uniqueness of Nash equilibrium can be also observed in da&l-positive flow
in each link. By All-positive flow we mean that each user havietty positive flow on
each link of the network.

The following result establishes the uniqueness of NashliBgum in case of
positive flow.

Theorem 5.1 Consider the cost function of typeb.2. Iﬁemgf be two Nash equilibria
such that there exists a set of links such that{ f; > 0 and f} > 0,i € Z} forl € Ly,
and{fi = fi = 0,i e I} forl ¢ L,. Thenf = f.

Proof: Letf € F andf € F be two NEP’s. As observetlandf satisfy the Kuhn-
Tucker condition. We rewrite the Kuhn-Tucker conditionémrhs off,”*, f; as below,

Kli(fl_ia fl)
Ki(fi " 1)
The above relation and the fact thif (.; .) is increasing in both of is argument will
be used below to establish that= f i.e. I = fli for everyl,i. The first step is to

establish thalf; = fl for each linki. To this end, we prove that for eaétandi, the
following relation holds:

NS K (f75 f) = Nif ff > 0Vi,1

>
> NS KH(f7 ) = Aif i >0V,

N< N > implies thatf % < f~7, (4)
(N> fi < iy implies thatf~* > f~°. (5)

We shall prove[{4), sinc€](5) is symmetric. Assume thiatK A\ and f; > f; for
somel andi. For f} > 0 together with our assumptions imply that:

KI(f7 f) =N S N < K7 0) < KT A, (6)

where the last inequality follows from the monotonicity/sf in its second argument.
Now , sinceK; is nondecreasing in its first argument, this implies tﬁa’t < f},and
() is established.

LetLy; = {l: fi > f;}. Also denoteZ, = {i : \' > X}, Lo =L — Ly = {I:
f!' < fi}. Assume that, is non empty. Recalling that, f,* = >, f; = v, it
follows from (3) that for every in Z,,

S ot St - Y = Y e

leLy 1€Ly leLy lely

From [3), we know that f,* < f,* forl € £ andi ¢ Z,, it follows that :

Sh-yEi ey el 5y,

leLy leLy leLy leLy
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This inequality obviously contradicts our definition 6f. Which implies thatZ,
is an empty set. By symmetry, it may also be concluded thas¢h@l : f; < f;} is
also empty. Thus, it has been established that:

fi=f, forevery L € L. (7)

We now show thah = )\’ for each uset. To this end, note thalf{4) may be strengthen
as follows:
{N < X Mf = fi} implies that either

fl_i < fl_i or fl_i = fl_i =0. (8)
Indeed if f,* = 0, then the implication is trivial. Otherwise, jf* > 0, it follows
similar to [8) thatik7(f, %, f;) that " < f,* as required. Assume now that < \*
for somei € Z. SinceY", . f;* = r~* > 0, thenf," > 0 for at least one link
and from [B) implies thaty",. . fi > 3", fi = ', which contradicts the demand

constraint for usef. We, therefore, conclude that < A does not hold for any user
i. A symmetric argument may be used to show tat= \’ for every user € Z.
Combined with[[¥), this implies by{4) andl(5) thAt’ = f,* for everyl,i. Again
sincef; = f; — f; ", uniqueness of; is proved.

5.2 Uniqueness of NEP in general topology

Itis a hard to characterize system behavior for general ortwith user’s partial co-
operation. For selfish users, it is shown that there exisfuaniess for Nash equilibrium
point(NEP) under Diagonal Strict Convexity in [2].

We consider a special case of cooperation where a user aiepaqually with all
other users i.e.

JH) = (1—a)J'(f) +a' Y TR
k

Consider the cost function of type 5.2. The cost functionazfreuser on link can be
thus given by

JiE) = (1—a)fi+ 1 —2a")f)Ti(f) (9)

Theorem 5.2 Consider the cost function of typeb.2. Iﬁemqlf be two Nash equilibria
such that there exists a set of links such that{ f{ > 0 and f;,i € Z} fori € £;, and

{fi=fi=0ieZ}forl ¢ L,. Thenf = f.

Under all positive flows assumption, the Kuhn-Tuker cowdisi for alll = (u,v) €
L., becomes

(1= ) fi + ' f7OT(f) + (1= a)Ti(fi) = N, — A
(1 =) fi + o' fT T (fi) + (1= a")Ti(fr) = N, = X,
Summing each of these equations oiave obtain
Huo(ft) = (ol +1=20)T/(fy) + I(1 = )Ti(fr) = Au — Ao
Hyo(fi) = (@l +1=20) T/ (fi)) + (1 = )ITi(fi) = Au = A,

Since the function H is strictly increasing, we follow thereaproof of Theorem 3.3/in
[2] to conclude thaf = f.
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6 Concluding Remarks

This paper is aimed at exploring user performance in rougages where a finite
number of users take into account not only their performdntealso other’s user’s
performance. We have parameterizeddkgree of Cooperatioto capture the user be-
havior from altruistic to ego-centric regime. We notice sostrange behaviors. Firstly
we show the existence of multiple Nash equilibria by a singpd@mple of parallel links
and load balancing networks in contrast to the unique Nashilegum in case of self-
ish users. Moreover, we then explored the mixed user seenahich is composed
of a finite number of Group type user seeking Nash equilibraurd infinitely many
Individual type users satisfying Wardrop condition. Westrate loss of uniqueness
of equilibrium even in mixed users scenario in presence diglaooperation by an
example for parallel links network. However it is known tosBainique equilibrium in
presence of only finitely many selfish users in similar sg#in

Secondly we identify two kinds of paradoxical behavior. \Weritify situation
where well known Braess paradox occurs in our setting of ecatfpn. We show using
an example of parallel links network with M/M/1 link cost theddition of system re-
sources indeed degrades the performance of all users iero@sf some cooperation,
while it is well known that this is not true for this settingttvionly selfish users.

We also identify another type of paradox, paradox in codpsrai.e. when a
given user increases its degree of cooperation while othensikeep unchanged their
degree of cooperation, this may lead to an improvement ifopaance of that given
user. In extreme sense a user can benefit itself by adoptingstit nature instead of
selfishness.

References

[1] Amar Prakash Azad, Eitan Altamn, and Rachid Elazouzipt# Altruism to Non-
Cooperation in Routing Games”, available on Arxiv(arX808.4079).

[2] Ariel Orda, Raphael Rom, and Nahum Shimkin, “ CompegitRouting in Mul-
tiuser Communication NetworksEEE/ ACM Transactions on Networkingol.1
No. 5, October 1993

[3] Y. A.Kaorilis, A. A. Lazar and A. Orda, “Architecting Nonaoperative Networks”,
IEEE Journal on Selected Areas in Communicatidds13(7), pp. 1241-1251,
1995.

[4] , H. Kameda , E. Altman and T. Kozawa," Nash equilibria @adl balancing in
distributed computer systemihternational Game Theory Reviewol. 4, No. 2,
2002.

[5] J.B.Rosen, “ Existence and uniqueness of Equilibriunmizofor concave N-
Person GamesEconometricg Vol. 33, No. 3, Pp. 153—163, July 1965.

[6] N. G. Bean, F. P. Kelly and P. G.Taylor, “Braess’ parado®iloss network”J.
Appl. Prob.34, pp. 155-159, 1997.

[7] H. Kameda, “How harmful the paradox can be in Braess/@elKelly-Jeffries
networks”,Proc. IEEE Infocom 2002New York , pp. 437-445, June 2002.

RR n° 7059



18 Azad, Altman, & El-Azouzi

[8] H. Kameda , E. Altman and T. Kozawa,“ A case where a parditexBraess’s
occurs in the Nash equilibrium but does not occur in the Waydrquilibrium -
a situation of load balancing in distributed computer syste, Proceedings of
IEEE CDC’99, Phoenix, Arizona, USA, Dec. 1999

[9] H. Kameda , E. Altman, T. Kozawa, Y. Hosokawa , “Braes®|Paradoxes in
Distributed Computer Systems”IEEE Transaction on Automatic controVol
45, No 9, pp. 1687-1691, 2000.

[10] “Handbook of the Economics of Giving, Altruism and Reacity”, Volume 1,
2006,Edited by Serge-Christophe Kolm and Jean Mercier Ythier

[11] K. Park, M. Sitharam, and S. Chen. “Quality of servicepsion in noncoop-
erative networks with diverse user requiremenB&cis. Support Systvol. 28,
no.1-2, pp. 101-122, 2000.

[12] E. Altman and H. Kameda. “Equilibria for multiclass tng problems in multi-
agent networks"40th IEEE Conference on Decision and Cont@tlando, Dec.
2000.

[13] R. W. Rosenthal. A class of games possessing pure giratesh equilibrialnt.
J. Game Theory2:65-67, 1973.

[14] D. Bertsekas and R. Gallager, “ Data Networks”. Eagle&€liffs. NJ:Prentice
Hall, 1987

[15] L. Kleinrock,"” Queueing Systems”, New York: Wiley, 187

[16] T. Jimenez, E. Altman, T. Basar and N. Shimkin, “Comipe&ti routing in net-
works with polynomial

[17] P. Harker, “Multiple equilibrium behaviors on netwatk Transportation Re-
search B 22, pp. 39-46, 1988.

[18] T. Boulogne , E. Altman, O. Pourtallier and H. Kameda ,i%kd Equilibrium
for Multiclass Routing GamesTEEE Trans. on Automatic Control, special issue
on control issues in telecommunication netwokikd 47 Number 6, pp. 903-916,
June 2002.

[19] B. W. Wie, “A differential game approach to the dynamiexed behavior traf-
fic network equilibrium problem”European Journal of Operational Reseaych
83:117-136, 1995.

[20] T.Basar and G. OlsddBynamic Noncooperative Game Theoigademic Press,
London, 1982.

INRIA



/<

Centre de recherche INRIA Sophia Antipolis — Méditerranée
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis @€Beance)

Centre de recherche INRIA Bordeaux — Sud Ouest : Domainedsitaire - 351, cours de la Libération - 33405 Talence Cedex
Centre de recherche INRIA Grenoble — Rhone-Alpes : 655,uele 'Europe - 38334 Montbonnot Saint-Ismier
Centre de recherche INRIA Lille — Nord Europe : Parc Scieqni#i de la Haute Borne - 40, avenue Halley - 59650 Villeneuvect
Centre de recherche INRIA Nancy — Grand Est : LORIA, Techfegé Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lés-dyaBedex
Centre de recherche INRIA Paris — Rocquencourt : Domaineotiee®au - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex
Centre de recherche INRIA Rennes — Bretagne Atlantique SARCampus universitaire de Beaulieu - 35042 Rennes Cedex
Centre de recherche INRIA Saclay — fle-de-France : ParcyQusiversité - ZAC des Vignes : 4, rue Jacques Monod - 9189&&edex

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 hesbay Cedex (France)
http://www.inria.fr

ISSN 0249-6399



	Introduction
	System model
	Nash equilibrium

	Numerical Investigation of the role of cooperation
	Numerical Examples
	Non uniqueness of Nash equilibrium
	 Braess like paradox 
	Paradox in cooperation

	Mixed Equilibrium
	Mixed equilibrium in parallel links

	Existence and uniqueness of Equilibrium
	Parallel links network topology
	Uniqueness of NEP in general topology

	Concluding Remarks

