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FAMILIES OF EXPLICIT ISOGENIES
OF HYPERELLIPTIC JACOBIANS

BENJAMIN SMITH

ABSTRACT. We construct three-dimensional families of hyperelliptic curves of
genus 6, 12, and 14, two-dimensional families of hyperelliptic curves of genus
3, 6, 7, 10, 20, and 30, and one-dimensional families of hyperelliptic curves of
genus 5, 10 and 15, all of which are equipped with an an explicit isogeny from
their Jacobian to another hyperelliptic Jacobian. We show that the Jacobians
are generically absolutely simple, and describe the kernels of the isogenies. The
families are derived from Cassou—Nogues and Couveignes’ explicit classification
of pairs (f, g) of polynomials such that f(z1) — g(z2) is reducible.

1. INTRODUCTION

In this article, we construct twelve explicit families of isogenies of hyperelliptic
Jacobians. By explicit, we mean that we provide equations for hyperelliptic curves
generating the domains and codomains of each isogeny, together with a correspon-
dence on the curves realizing the isogeny as a map on divisor classes. Our main
results are summarized by Theorem 1.1, which follows from the examples of §6. We
also construct some families of Jacobians with explicit Real Multiplication, includ-
ing and generalizing the families described by Tautz, Top, and Verberkmoes [26].

Theorem 1.1. For each row of the following table, there exists an n-dimensional
family of explicit isogenies of Jacobians of hyperelliptic curves of genus g over k,
with kernel isomorphic to G (and hence splitting multiplication-by-m ). The generic
fibre of each family is an isogeny of absolutely simple Jacobians.

EOIIDAKS L |
312 [2] | (2/22)° QWV=T)
5113 (/3 V1D
63| [2 | (2/22)° QW=T7)
6|21 3 |(z/32)° Q(vV—-3V13 + 1)
712 [4 | (Z/A2)*x(Z/27)° Q(v-15)
102 [ Bl (30" V1D
10| 1] [4] | (2/42)° x (Z/27)? Q(V-T7)
23] B | 2307 0/ VB 1L
14| 3| [4] | (Z/42)° x (Z]22)"° Q(v-15)
15| 1| [8] | (Z/8Z)° x (Z/AZ)*° x (Z/AZ)'V | Sextic CM-field (see Ex. 4.8)
20 | 2 | [4] | (z2/AZ2)*° x (2/27.)? Q(V-T7)
30 2| [8] | (2/8Z)"r x (Z/AZ)* x (Z/AZ)'O | Seatic CM-field (see Ez. 4.8)

Our families of isogenies are derived from the remarkable explicit classification
of pairs of polynomials (f, g) such that f(z1) — g(z2) is reducible due to Cassou—
Nogties and Couveignes [5], building upon the work of Fried [10, 11, 12], Feit [7, 8, 9],
and others [4]. We associate a family of pairs of curves to every such pair (f,g),
and a family of explicit homomorphisms (between the Jacobians of the curves of
each pair) to each factor of f(z1) — g(z2). We show that each homomorphism is
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in fact an isogeny of (generically) absolutely simple Jacobians, and compute the
isomorphism type of the kernels. We also calculate the dimension of the image of
each family in its appropriate moduli space.

Over the complex field, abelian varieties are complex tori, and we may construct
isogenies by working with period matrices. Over arbitrary fields, these methods
are not available to us; the only abelian varieties for which we have a convenient
representation for explicit computation are Jacobians of curves, where we can use
the standard isomorphism with the divisor class group. However, the Jacobians
occupy a positive-codimension subspace of the moduli space of abelian varieties in
dimension greater than three, so an isogeny with a Jacobian for a domain generally
does not have another Jacobian for a codomain. For this reason, examples of ex-
plicit isogenies of higher-dimensional abelian varieties are particularly rare (setting
aside endomorphisms such as integer multiplication and Frobenius). We note that
recently, Mestre has described a (g + 1)-dimensional family of (Z/27)9-isogenies of
Jacobians of hyperelliptic curves of genus g for every g > 1 (see [21]). Our families
of isogenies are defined over number fields, and provide a source of examples of
explicit isogenies of high-dimensional abelian varieties over exact fields.

This work generalizes some results from the author’s unpublished thesis [24, §6].
The subfamily at s = 0 of the isogeny in Example 6.1 and the fibre at s = 0 of the
isogeny in Example 6.3 also appeared earlier in the thesis of Kux [18, §4.1]. The Real
Multiplication families in Examples 5.2 and 5.3 appeared in the work of Tautz, Top,
and Verberkmoes [26]. We assume some familiarity with the basic theory of curves
and abelian varieties, referring the reader to Birkenhake and Lange [1], Hindry and
Silverman [14, Part A], Milne [22], and Shimura [23] for further details.
Notation. Throughout this article, ¢,, denotes a primitive n*® root of unity in Q.
If o is an automorphism of a field k¥ and f(z) = ", ¢;2" is a polynomial over k, then
we write f7(z) for the polynomial >, 7z, If ¢ is an isogeny of abelian varieties
with kernel isomorphic to a group G, then we say that ¢ is a G-isogeny.

Acknowledgements. The author is grateful to the mathematics departments of
the University of Sydney and Royal Holloway, University of London, where parts of
this work were carried out. This research was supported in part by EPSRC grant
EP/C014839/1.

2. THE BASIC CONSTRUCTION

Suppose (f,g) is a pair of squarefree polynomials of degree at least 5 over k such
that there exists a nontrivial factorization

f(z1) — g(22) = A1, 22) B(21, 22).
Given such a pair of polynomials, we define a pair (X,Y") of hyperelliptic curves by
X :y?=f(z1) and Y :y3 = g(x).

The factors A and B of f(x1)—g(z2) define explicit homomorphisms from Jx to Jy
as follows: Let C' be the correspondence on X XY defined by

(1) C:=V(y1 — ya2, A(x1,22)) C X XY.

The natural projections of XxY restrict to coveringsny : C — X andny : C — Y.
Composing the pullback (7x)* : Jx — Je with the pushforward (7y ). : Jo — Jy,
we obtain a homomorphism

(2) ¢ = (my)«o(mx)" : Jx — Jy;
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we say ¢ is induced by C. The homomorphism ¢ is completely explicit: we can
compute the image of a divisor class on X under ¢ by pulling back a representative
divisor to C' and then pushing the result forward onto Y.

If we replace A with B in (1), we obtain the homomorphism —¢. Exchanging
X and Y in (2), we obtain the Rosati dual homomorphism ¢! : Jy — Jx (recall
QST = A}lé)\y, where QAS : jy — fX is the dual homomorphism and Ax : Jx — fX
and \y : Jy — fy are the canonical principal polarizations).

If A(z1,22) divides f(z1) — g(a2), then it also divides F(f(x1)) — F(g(x2)) for
every polynomial F' over k. Therefore, if we let F' = 245129 b sy T+ Sg
be the generic monic polynomial of degree d (where the s; are free parameters),
let Ay (resp. Ay) be the discriminant of F(f(x)) (resp. F(g(x))), and let T be the
parameter space defined by

T 1= Spec(Bfsa, .-, 5a) \ (VA7) UV(Ay)),
then we obtain a d-parameter family (X,)) — T of pairs of curves defined by

X:yp =F(f(z1) = fla)? +s1f(z)" 4+ 4 sa-1f(@1) + 54
and

Viys = Fl(g(x2)) = g(x2)? + s1g(w2) " + -+ + s4-19(x2) + 54,
together with a family of homomorphisms ¢ : Jx — Jy induced by the correspon-
dence

C= V(yl — yQ,A(LL'l,LL'Q)) C Xxr).

That is, for each P in T, if Cp, Xp, and Yp are the fibres of C, X', and Y over P,
then Cp induces a homomorphism ¢p : Jx, — Jy,.

If f and g are defined over a polynomial ring k[t], then we can define (d + 1)-
parameter families of pairs of curves and homomorphisms, this time parameterised
by T = Spec(k[t, 51, ..., sa]) \(V(Ar) UV(A,)), in exactly the same way. Through-
out this article we will use T to denote the parameter space of each of our families;
the precise definition of T in each case will be clear from the context.

We will restrict our attention to the cases d = deg F' = 1 (the linear construction)
and d = deg F' = 2 (the quadratic construction). For higher degrees d, the Jacobians
of X and Y are reducible. Indeed, we have a covering (z,y) — (f(x),y) from X
to the curve X’ : v = F(u), so Jy is an isogeny factor of Jx whenever X’ has
positive genus: that is, whenever d > 2. We aim to construct explicit isogenies of
absolutely simple Jacobians, so we will leave aside d > 2.

Remark 2.1. Our constructions depend only on f and ¢, and generalize to variable-
separated curves — that is, curves of the form P(y) = f(z) where deg P > 2. The
analysis of the resulting homomorphisms is more detailed, however, and some of
the methods we use in §3 do not readily extend to the separated-variable case. We
will return to these constructions in future work.

3. DETERMINING KERNEL STRUCTURE

Suppose X, YV, and ¢ : Jx — Jy are defined as in the previous section. We want
to determine whether ¢ is an isogeny, and if so to compute a group G isomorphic
to its kernel. It suffices to consider the generic fibre ¢ : Jx — Jy, which is defined
over Q(T), a field of characteristic zero.

The first step is to show that Jx is absolutely simple; then ¢ is an isogeny if and
only if it is nonzero. Further, if ¢ is an isogeny and Jx is absolutely simple and
gx = gy then Jy must also be absolutely simple, and ¢ itself cannot arise from
a product of isogenies of lower-dimensional abelian varieties. Since a reducible
abelian variety cannot specialize to to an absolutely simple one, it is enough to
exhibit a point P of the parameter space T' such that the specialization Jp of Jx
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at P is absolutely simple. In Examples 6.1 and 6.5, there will exist a convenient
choice of P allowing us to deduce the simplicity of Jp from CM-theory. For the
other examples, we will use the fact that Jp is defined over a number field K, and
exhibit a prime p of K such that the (good) reduction Jp of Jp at p is absolutely
simple; the absolute simplicity of Jp, and thus the absolute simplicity of Jx, then
follows from [6, Lemma 6].

To show that Jp is absolutely simple, we compute its Weil polynomial y (that
is, the characteristic polynomial of its Frobenius endomorphism) using Kedlaya’s
algorithm [16], which is implemented in Magma [13, 2]. (For this to be practical the
norm of p must be a power of a small prime, especially for the higher-genus families.)
If x is irreducible, then Jp is simple. To determine whether Jp is absolutely simple,
we apply the criterion appearing in [15]:

Lemma 3.1 (Howe and Zhu). Suppose A is a simple abelian variety over a finite
field, and let x be its (irreducible) Weil polynomial. Let w be an element of Q
satisfying x(w) = 0. Let D be the set of integers d > 1 such that either

(1) x(z) lies in Z[z?), or

(2) [Q(7) : Q(n?)] > 1 and Q(7) = Q(n?, Ca).
If D is empty, then A is absolutely simple.

Proof. See [15, Proposition 3]. Note that D C {d € Zs¢ : ¢(d) | 2dim A}, so this
criterion can be efficiently checked. (|

We will be handling some large Weil polynomials. To save space, we will use the
following, more compact representation.

Definition 3.1. Suppose A is a g-dimensional abelian variety over F, with Weil
polynomial x. We define the Weil coefficients of A to be the integers wy,...,wy
such that

x(@) = 2% +wit? o wa? +wm1gr? T 4+ wig? e+ g

Recall that ¢f o ¢ is an endomorphism of Jx; if ¢ is an isogeny of absolutely
simple Jacobians, then ¢ o ¢ = [m]s, for some nonzero integer m. Conversely,
if ¢ o = [m] s, for some m, then ¢ is an isogeny and ker ¢ C Jx[m]. Since ¢ is an
isogeny of Jacobians (thus respecting the canonical polarizations), its kernel must
be a maximal isotropic subgroup of Jx[m] with respect to the m-Weil pairing; the
nondegeneracy of the Weil pairing then gives the following elementary result.

Lemma 3.2. If ¢' o ¢ = [m] 7, for some positive integer m, then ¢ is a G-isogeny
for some subgroup G of (Z/mZ)?*9% such that G = (Z/mZ)*% /|G. Further, if m is
squarefree, then G = (Z/mZ)9x .

Let K = Q(T) denote the base field of the generic fibre, and let Q(X) and Q(Y)
denote the K-vector spaces of regular differentials on X and Y, respectively. We
have the well-known representation

D)Qy(-) : HOIH(J)(, Jy) — HOIII(Q(X), Q(Y)),

sending a homomorphism to the induced map on differentials (see Shimura [23, §2.9]
for details). This representation is faithful in characteristic zero, and it respects
composition: if ¢ : Jx — Jy and ¥ : Jy — Jz are homomorphisms, then

Dx,7z(¢ 0 ¢) = Dxy(¢)Dy,z(¥).

In particular, when Jx = Jy we obtain a representation of rings

Dx(-) : End(Jx) — End(Q(X)).
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To determine whether ¢ is an isogeny, we compute Dx (¢'¢) = Dx y(¢)Dy x(¢")
and check that the result is equal to ml,, for some integer m # 0. Given m, we
can use Lemma 3.2 to partially determine the group structure of ker ¢.

It is straightforward to compute Dx y (¢) when ¢ is induced by a correspondence
of the form C' =V (y; — yo2, A(z1,22)) C X xY . We begin by fixing ordered bases

QX) = (d(2})/y1 : 1<i<gx) and Q)= {(d(z})/y2:1<i<gy)

for Q(X) and Q(Y). Then Dx y(-) becomes a representation into Matgy, x gy (K)
(viewing elements of Q(X) and Q(Y) as row vectors, with matrices representing
homomorphisms act by multiplication on the right.) Pulling back our basis of Q(X)
to Q(C) (via the inclusion K (X) — K(C) induced by 7x ) and then taking the trace
from Q(C) to Q(Y) (with respect to the inclusion K(Y) — K(C) induced by 7y),
we have

i Q(C i
6. (d(3}) /y1) = Teg ) (@) /) = dt [y,
where ¢; is the trace from K (C) to K(Y') of 2. To compute these traces, we rewrite

A(x1,x2) as a polynomial in 1 over K[zs] (after possibly rescaling to ensure A is
monic in z1):

A(,Tl,xg Sz =T2

HM&.

The s; are the i*" elementary symmetrlc polynomlals in the roots of A viewed as
a polynomial in 21 over K (z2); each s; is a polynomial in 25 over K of degree at
most i. The function ¢; is by definition the i** power sum symmetric function in
these same roots, and so we can express the ¢; in terms of the s; using the standard
Newton-Girard recurrences:
k
ks = Z(—l)i_lsk_iti.

i=1
Since each s; has degree at most 4, it follows that each of the trace functions ¢; has
degree at most i. We can therefore write

ti)/y2 = thd x2 )/ Y2

with coefficients t; ; in K; these coefficients are precisely the entries of Dx vy (¢)
(Wlth ti,j =0 fOI‘j > ’L)

We noted above that if ¢ : Jx — Jy is a homomorphism induced by a correspon-
dence on X x Y, then we obtain the Rosati dual ¢ : Jy- — Jx by simply exchang-
ing X and Y. We may therefore compute Dy, x(¢') in exactly the same way we

computed Dx y(¢), expressing the differentials oL(d(xh) /1y2) = Trgg)c()) (d(z%)/y2)

as linear combinations of the d(z7)/y:.

If ¢' 0 ¢ = [m],, then Lemma 3.2 allows us to determine the structure of ker ¢
when m is squarefree. But in §6 we will encounter m = 2, 3, 4, and 8; we will
therefore need another technique to handle m = 4 and m = 8.

Lemma 3.3. Let ¢ : Jx — Jy be an isogeny over a field of characteristic not 2,
such that ¢T¢ = [m]x withm = 4 or 8, and let v be the (Z/27)-rank of ker pNJx [2].

(1) If m =4, then ker ¢ = (Z/4Z)29X*I/ % (Z/QZ)QW*QX)'
(2) If m =38, then ker ¢ = (Z/8L)29x = x (L/AZ)"~9% x (Z/AZ)"~9%.

Proof. The result follows directly from Lemma 3.2. O

To apply Lemma 3.3, we need to compute the (Z/2Z)-rank v of ker ¢ N Jx[2].
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Lemma 3.4. Let f(z) = Hle(x — ;) and g(x) = H?Zl(x — 6;) be polynomials
of degree d > 2 over a field of characteristic not 2 such that f(x1) — g(x2) has a
nontrivial factor A(x1,x3). Let X : y} = f(x1) and Y : y3 = g(z2) be hyperel-
liptic curves, and ¢ : Jx — Jy the homomorphism induced by the correspondence
V(y1 — ya2, A(x1,22)) on X XY. The (Z/2Z)-rank of ker ¢ N Jx[2] is given by

rank(z/9z) (ker ¢ N Jx [2]) = dim(ker M),

where M is the 2gx x2gy matric over Fo with i, j-th entry v; j + Vi 24y +1 (mod 2),
where v; ; denotes the multiplicity of (x2—9;) as factor of A(vi,x2) for1 <i,j <d.

Proof. For each 1 < i < d, we let w; be the point (7;,0) on X and let w} be the
point (4;,0) on Y. If d is odd (so d = 2gx +1 = 2gy + 1), then we let wag, 42 (resp.
Whg, o) be the unique point at infinity on X (resp. V), and we set v; 24, 42 := 0
for 1 <i <2gx. The sets {w; : 1 < i< 2gx + 2} and {w} : 1 <1i < 2gx + 2} are
then the sets of Weierstrass points of X and Y, respectively. It is well-known that
Jx[2] (resp. Jy[2]) is generated by differences of Weierstrass points of X (resp. Y),
subject to the relations

[(wzgx+1)—(wzgx+2)]:szf[(w) (w2gy+2)] and
[(whgy 1) = (Whyy 4o)] = 3521 [(wf) — (why, 15)]-

We therefore fix explicit bases for the 2-torsion:

Ix[2] = ([(wi) = (wagy +2))25  and  Jy[2] = ([(w]) — (whyy 12)]) 77 .

Since ¢ restricts to a homomorphism ¢|s : Jx[2] — Jy [2], we have a representation
T»(+) : Hom(Jx, Jy) — Hom(Jx[2], Jy [2]) = Matag, x2gy (F2)

(where the isomorphism is determined by our choice of bases.) The (Z/2Z)-rank of
ker ¢ N Jx[2] = ker ¢|3 is then equal to the nullity of the matrix T»(¢). The entries
t;,; of To(¢) are determined by the relations

29y

¢([(w1) w2(1x +2 Z (2 ,J w2qy+2)]

(this is well-defined, since the t; ; are elements of Z/2Z). Explicitly computing the
images of the basis elements, we find

A([(w) — (wagy+2)]) = Y32 (Vi — Vizgy +2)[(W)) — (Why,, 19)]
= (32 s = vizgy+2) (W) = (why, 1))
+ (Vigy +1 — Vizgy +2) (321 1(w)) = (why2)])
= 32 (Vig F Vigy 11 — 2Wiagy +2) (W) — (Whyy o))

= 2050 Wiy + vizgy 1) [(w]) — (whgy 1)),

SO ti,j = Vi)j"’]/i)Qngl (HlOd 2) for 1 < j < 2gy and 1 < 7 < 2gX Hence M = T2(¢)7
and the result follows. O

Remark 3.1. In practice, computing the matrix M of Lemma 3.4 can be difficult if
the roots of f and g are not all defined over a low-degree extension of the ground
field. In our examples, we will be free to choose (reductions of) X and Y in such a
way that all of the roots of f and g lie in a small finite field.
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4. PAIRS OF POLYNOMIALS

In order to use the construction of §2 to produce examples of explicit isogenies,
we need a source of pairs of polynomials (f, g) such that f(x;) — g(x2) is reducible.
We will use the explicit classification of such pairs over C due to Cassou—Nogues and
Couveignes [5], which we summarize in Theorem 4.1. This classification is restricted
to indecomposable polynomials (in the sense of Definition 4.2), and classifies pairs
up to an equivalence relation described in Definition 4.1.

Definition 4.1. We say that polynomials f; and fs over k are linear translates if
there exist a and b in k, with a # 0, such that fi(z) = fo(az +b). We say pairs
(f1,91) and (f2,g2) of polynomials are equivalent if there exists ¢ # 0 and d in k
such that f; and cfa+d are linear translates and g; and cge+d are linear translates.

The “equivalence” of Definition 4.1 is indeed an equivalence relation on pairs
of polynomials. Further, if S is an equivalence class, then either f(z1) — g(x2) is
k-reducible for each (f,g) in S or f(z1) — g(z2) is k-irreducible for each (f,g) in S.

Definition 4.2. A polynomial f is decomposable if f(x) = fi(f2(x)) for some
polynomials f; and fo of degree at least 2, and indecomposable otherwise.

Theorem 4.1 (Cassou-Nogues and Couveignes [5]). Let (f,g) be a pair of in-
decomposable polynomials of degree at least 3 over C, and let o denote complex
conjugation. Assume the classification of finite simple groups.
If f and g are linear translates, then f(x1) — g(x2) is divisible by x1 — x2, and

(f(x1) — g(x2))/(x1 — z2) is reducible if and only if (f,g) is equivalent to either

(1) the pair (z™, ™) for some prime n, or

(2) the pair (Dy(x), Dyp(x)) for some prime n, where D, (x) is defined in Ex-

ample 4.2.

If f and g are not linear translates, then f(x1) — g(x2) is reducible if and only if
(f,g) is equivalent to one of the following (possibly after exchanging f and g):
3) a pair in the one-parameter family (f7, f7) defined in Example 4.3, or
4) the pair (fi1, f{y) defined in Example 4.4, or
5) a pair in the one-parameter family (fis, f{3) defined in Example 4.5, or
6) a pair in the one-parameter family (fis, —f{5) defined in Example 4.6, or
7) the pair (f21, fy) defined in Example 4.7, or
8) the pair (fs1, f$y) defined in Example 4.8.

Example 4.1 (Cyclic polynomials). The difference 7 — a% factors as
n—1
2 — o = [[ (@1 - Coa).
e=0
Example 4.2 (Dickson polynomials). For each n > 1, we let D,(z) = D,(z,1)
denote the n'" Dickson polynomial of the first kind with parameter 1: that is, the
unique polynomial of degree n such that D, (z+z~1,1) = 2" +2~". In characteristic
zero we have D, (z) = 2T,(xz/2), where T, is the classical Chebyshev polynomial
of degree n. (See [20] for further details.) We have a nontrivial factorization
(n—1)/2
Dy(x1) — Dp(x2) = (21 — 22) H Api(z1,22)
i=1
(see [20, Theorem 3.12]), where

A (@1, m2) =] + a3 — (¢ + ¢ e + (¢ — G 1)-
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Example 4.3 (Polynomials of degree 7). Let a7 be an element of Q satisfying
a% +a7+2=0,

The involution o : a7 — 2/ar generates Gal(Q(a7)/Q). Note that Q(az) =
Q(v/—T7) is a quadratic imaginary field, and o acts as complex conjugation.
Let f7 be the polynomial of degree 7 over Q(ar)[t] defined by

fr(z) = 1aT — aqta® — azta? — (207 + 5)t%2® — (dag + 6)t22>
+ ((Bar — 2)t% — (a7 + 3)t%)x + art®.

(Our f7 is the polynomial of [5, §5.1] with az = a7.) We have a nontrivial factor-

ization f7(x1) — f9(x2) = A7(z1,22)B7(21,22), where

A7 = 23 — 23 — afaire + arzi2s + (3 — 2a9)txy — (3 — 2ar)tas + (a7 — af)t;

note that Az (za,21) = —A7(x1,22)?. Both A7 and By are absolutely irreducible.

Example 4.4 (Polynomials of degree 11). Let a;; be an element of Q satisfying
O‘%l + a1 +3=0;

the involution ¢ : a1 — 3/a1; generates Gal(Q(aq1)/Q). Note that Q(aq1) =
Q(v/—11) is an imaginary quadratic field, and o acts as complex conjugation.
Let f11 be the polynomial of degree 11 over Q(a11) defined by

fii(z) == Lot + a2 + 228 — 3(aq; + 4)27 + 160128
— 3(70&11 — 5)ZE — 30(0&11 + 4)ZE4 + 63(0&11 + 1)ZE3
— 20(5&11 — 1)&[:2 — 3(8&11 + 47)1’ + 18(111.

(Our f11 is the polynomial of [5, §5.2] with az = «af;.) We have a nontrivial
factorization fi1(x1) — f{(z2) = A11(x1,22)Bi1 (21, x2), where

Ap1 (21, 22) = 25 — anatws — 2323 + (4o + 2)3 + 2223 + (11 + 6)2220
— (2a11 — 10)2? — (11 + V)a125 + (a11 — 5)z1 23
— (12011 + 6)z122 + (80411 — TNz — .%'2 (4dagy + 2)
(2&11 + 12)I2 (8&11 + 15)I2 + 120&11 + 6

note that Ay (x2, 1) = —Af, (21, z2). Both 417 and By are absolutely irreducible.

Example 4.5 (Polynomials of degree 13). Let 3i3 and ;3 be elements of Q sat-
isfying

5%3 — 5613 + 3 = 0 and 04%3 + (613 — 2)0&13 + 613 = 0
The involution o : aiz — [13/a13 generates Gal(Q(a13)/Q(H13)). Observe that
Q(B13) = Q(v/13) is a real quadratic field, and Q(ay3) = Q(v/—3v/13 + 1) is an
imaginary quadratic extension of Q(513); so Q(ay3) is a CM-field, and o acts as

complex conjugation.
Let f13 be the polynomial of degree 13 over Q(a3)[t] defined in Table 1:

f13( ) = —x13 —+ ((9613 — 39)@13 _ 6613 + 24)t$11
+ (9813 — 39)ar3 — 12313 + 51)tz'0 +

(note fi3 is the polynomial of [5, §5.3] with a; = a13). We have a nontrivial
factorization fis(z1) — f{5(x2) = A13(x1, 22)Bis(x1, x2), where

Alg(fbl, .IQ) = .Izll + .I% + (613 - 3)I%$% — 9(3513 — 14)t$1$2 + 12(47613 - 202)t2
((ﬁ13 — 4)aiz + 2)xtzs + (b3 — 4)ons — Bz + 3)z1a3

((17ﬁ13 — 73)0413 — 12613 + 50)t$1

((17ﬁ13 — 73)0413 — 10513 + 45)t$2

((5613 — 22)0413 - 9513 + 38)t$1

((5613 — 22)0413 + 2613 — g)t:EQ,

) =

note that Ajz(xa,x1 Ais(z1,22)?. Both Ajs and Bis are absolutely irreducible.
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TABLE 1. Coefficients of the polynomial fi3 (from Example 4.5)

| d | Coefficient of z¢ in fi3 |

13[1/13
12
11| (9513 — 39)ans — 6515 + 24)¢

(
10 | ((9613 — 39)ais — 12613 + 51)t
9| ((—174B13 + 753)a13 + (519313 — 2217))t>
((
(

8 [ (1620515 — 6966)a15 — 36513 + 162)12

7 [ (20781815 + 128115)ars + (11088015 — 51651))F°

+ ((16388313 — 7047) 13 — 1305613 + 5616)t2

G| (147983, § 636498)a, + (1359003, — 585108))F

5 [ (503631015 — 2166939)cr1s — 58538715 1 2518938)¢7

+ ((—18036013 + 77598)ars + (11993403 — 516051))t3

1 (1130922013 1 4866156)ars — 1672488015 + T196364)¢"

+ (71604015 — 308097)ars — 37719015 + 162297)¢3

3 [ (1827441013 — 7863156)as 1 (26183250:5 — 11266209))0°

+ ((—80056350:5 + 34446465) 13 + (3453192315 — 14858316))t*

5 T (50157306013 — 215815671 )13 — 31620618313 + 136056429)1°

+ ((—3343518015 + 14386410) 15 + (3744792315 — 16113006))t4

1 [ ((—271715048:5 + 116012916)ays + (11138796815 — 47927700))°
+ (73616121815 — 316753659)a15 — 9685226715 + 416733579)¢>

+ ((770472613 — 3315168) 13 — 303912513 + 1307664)t4

0 [ ((—483599160:5 + 208081872)a15 — 48359916013)°

+ ((—132606720,3 + 57057696 )a3 — 132606723,3)t>

Example 4.6 (Polynomials of degree 15). Let a;5 be an element of Q satisfying
04%5 — a5 +4=0.
The involution o : 15 — 4/a15 generates Gal(Q(a15)/Q). Observe that Q(ay5) =

Q(v/—15) is an imaginary quadratic field, and o acts as complex conjugation.
Let fi15 be the polynomial of degree 15 over Q(ay5)[t] defined in Table 2:
f15( ) = 1—51' + (0415 - l)tl'lg + (0415 + 7)t$12 + -
(our fi5 is the polynomial of [5, §5.4] with a1 = ay5.) We have a nontrivial factor-
ization f15(171) — (—fi%(ZCQ)) = A15($1,$2)B15 (Il, IQ), where
Ars(21,79) = 27 — (15 — 1)abae — 22523 + (Tars — 3)tad + (a5 + 1)afad
+ 22tatrs + (Fags + 65)tat — (a5 — 2):101:102 (10a15 + 2)tr3zs
— (5015 — 70)taize + (9a15 — 69)t%z3 — 22323
+ (1015 — 12)tz3x3 — 90t:c1:c2 (39015 + 33)t%z3xy
+ (210c15 — 150)t222 + aysz12§ + 22tz175 + (500015 + 20)tz 23
(390(15 — 72 t2f[:1$2 + 450t2$1$€2
— ((63a15 + 45)t3 (225015 + 900)t%) 21 + x5 — (Tans — 4)tad
— (s — T0)txs — (95 + 60)t223 — (21005 — 60)t%23
+ (63015 — 108)t3 — (22505 — 1125)t2) 25 — 675¢3;

note that Ajs(xe,x1) = A1s(x1,22)?. Both A5 and Bys are absolutely irreducible.
Example 4.7 (Polynomials of degree 21). Let as; be an element of Q satisfying
a%l—a21+220.

The involution o : ag; — 2/ag generates Gal(Q(az21)/Q); note that Q(az1) =
Q(v/—T7) is an imaginary quadratic field, and o acts as complex conjugation.
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TABLE 2. Coefficients of the polynomial fi5 (from Example 4.6)

| d | Coefficient of #7 in fi5(x) | d | Coefficient of 7 in fi5(x) |

15[ 1/15 11 [ —(5aqs + 21)2

1410 10 | (T4ays — 142)¢2

13 (0415 - l)t 9 —%(2610&15 - 349)t3 + (900&15 + 240)t2
12 | (a5 + 7)t 8 | — (64915 + 703)t3

7 | (138ass + 717)t* + (1380ar15 — 5760)¢
—(2192015 — 7756)t* + (2500015 + 2800)¢°
(5835015 — 4743)t° — (17790a:15 — 5400)¢7
(969915 + 6153)t° + (300cr;5 — 74400)¢7
(243015 — 3591)t5 + (4680cr15 + 92880)¢° + (2137515 + 4500)¢
(

=

7254015 — 28062)° — (936000115 — 165600)°
— (945015 + 675)t7 + (5292015 — 48600)£° — (540000115 + 216000)¢°
(675015 — 5400)” — (1080015 — 86400)£°

O N W oD

TABLE 3. Coefficients of the polynomial f2; (from Example 4.7)

| d | Coefficient of #7 in f2 () | d] Coefficient of 27 in fs(x) |

21 (1 200

19 | 42ai01 + 42 18 | 84aia1 + 84

17 | 23311 — 861 16 | 8820c1 — 2604

15 | 4681621 — 64568 14 | 22713621 — 306320

13 | 417060021 — 1450470 12 | 124924891 — 6783504

11 | —1650124091 — 18355540 10 | —25341624ap; — 54772872
9 | —99408078c21 — 104516426 8 | —414193752a21 — 32069128
7 | —1090995696001 + 266146344 6 | —2279293856c21 + 2006258300
5 | —4341402044a9; 4 5721876405 4| —4332603072c0; + 10737937392
3| —2459323342a01 + 18242100282 | 2 | 1708403396cr2; + 16523766868
1| 8637088971cra1 + 9205492695 0 | 469676768421

Let fa1 be the polynomial of degree 21 over k defined in Table 3:
for(x) = 22 + (420001 + 42)2" + (8409 + 84)2!8 + - -
(note fa1(z) = 221 g(x/2), where g is the polynomial of [5, §5.5] with a; = aa1.) We
have a nontrivial factorization fo1(z1) — f§)(22) = Aa1 (21, x2)Bo1 (21, 22), where
Aoy (:vl,xg) = $? + (0421 + 1)1‘411,@2 + 204211‘?,@% + (100421 + 18),@?
+ (2001 — 2)2323 + (32021 — 8)23 72 + (200021 + 4)73
+ (0421 - 2)56156% + (320[21 - 24)17117% + (320&21 - 16)171172
+ (107a21 + 55)x1 — 25 + (101 — 28)x3 + (20021 — 24)23
+ (107(121 - 162)1‘2 + 13697 — 68.
Note that Aoy (21, z2) = —AZ; (2, 21). Both As; and Bs; are absolutely irreducible.
Example 4.8 (Polynomials of degree 31). Let a3 and (31 be elements of Q sat-
isfying
B3, — 1362, + 46031 —32 =0 and a2 —1/2(8% — 781 + 4)az1 + (31 = 0.

The involution o : ag; — F31/a31 generates Gal(Q(as1/Q(0s1)); note that Q(Bs1)
is a totally real cubic field, and Q(as1) is a totally imaginary quadratic extension
of Q(Bs1); so Q(ag1) is a CM-field, and o acts as complex conjugation.
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TABLE 4. Coeflicients of the polynomial f3; (from Example 4.8):
degrees 14 through 31

| d | Coefficient of z7 in f3;(z) |
31]1/31

3010

29 | F(B2,-5631—10)az1+63, —Ths1+12

28 | SL(62,-5851—10)as1+262, — 14651 +24

27 | 1(4382,—1011851+2854) v+ 5 (45382, 3055331 +3248)

26 | (4182, 977631 +2802) a1 +886(%, —5986631+6496

25 | F2 (1752182, —74509851 —60450) 31 41409262, — 77272831 +68380

24 | (4851982, —20449183;1 —184718) 31 +80184/37, —44262483, +403208

23 | (177616182, —93736210831 +3292454) cvz1 + 1 (204160332, — 11554557331 +-8612300)

22 | —(294231832, —15455046 831 +5475220) a1 +703734832, —402037400331 430052880

21 | Z2(10948129332, —596329857 831 +368885054) cvz1 +4657625532; —265263537 (31 +187276364
=+ (38485519333, —21121966050331 +1408837958) 31

20 +3073715263%, — 1742220634331 +1208790968

19 = (529018480583, —29820077413 331 +21851209042) cv31
+1 (252158815333, —13978683691 331 +9274523664)

18]~ (869723674943, —497637386850331 +38332116082) 31
4591114127442, —32035079054 331 +20126371040

17 (1861114704455, —106769857864931 +833400031142) avs1
+94847813508%, —47546236774331 +16736919932

16 S (49414893807137, — 2839948380571 331 +2256232777618) as1
—6115469006033, +368281842924 331 —366207873944

15 1 (221403163561547, —12716268790027 331 +10156041792602) 31
—960101407852432, +5535136704359331 —4581193619353

14 —(448446395919203, —25746958551032331 +20641481233168) av31

78423937387072[131 +48228838157776331 —38143305780784

Let fs1 be the polynomial of degree 31 over k defined in Tables 4 and 5:
fa1(x) = a3 — (3(B3, — 5Ps1 — 10)ass — (B3, — 7Ps1 + 12))a*
— (5(03, — 5031 — 10)arz1 — (233, — 14831 + 24))a* + - -
(note f31(z) = 23g(x/2)/31, where g is the polynomial of [5, §5.6] with a; = as1).
We have a nontrivial factorization fs1(x1)— f$ (z2) = As1(z1, 2)Bs1(x1, x2), where

Az (z1,22) = 21 + (5(B3 — 9651 + 14)as1 — B31 + 4)zl'zs
_|_ -
+ (3(83, — 9831 + 14)az1 + (B3, — TPs1 + 2)) w123t — 3
is a polynomial of total degree 15 satisfying Asy(z1,22) = — A%y (22, 21). Both Asy
and Bjs; are absolutely irreducible.

If (f,g) and (f',¢’) are equivalent pairs of polynomials, and (X,Y) and (X', )")
the families of pairs of curves associated to (f,g) and (f’,¢’) by the linear or
quadratic constructions of §2, then (X,)) and (X’,)’) are isomorphic. Indeed,
suppose f'(z) = cf(ar1z + b1) +d and ¢'(z) = cg(azx + b2) + d for some aq, by, az,
ba, ¢, and d in k with ¢, a1 and az nonzero. The isomorphism (X,)) — (X', )’) is
defined by (x;, ;) — (a;z1+b;,c/?y;) and s — (s+d)/c for the linear construction,
and by (i, y;) — (a1 + bi, cy;) and (s1, s2) — ((s2+2d)/c, (s2+ dsy + d?)/c?) for
the quadratic construction.

Lemma 4.2. With the notation of Examples 4.3 through 4.8:
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TABLE 5. Coeflicients of the polynomial f3; (from Example 4.8):
degrees 13 through 0

| d

| Coefficient of 27 in f31(x)

13

%1 (638138763.'35979{3?2,1 —367007052549207 331 +296370094708306) 31
752401417590341{392,1 +299616088960507 331 —233801230247956

12

%1 (84595067837587651 —4884133582694713314399412816680130) 31
—2899093768758986%1 +1656226239390086331 —1283082623470440

11

%1 (27697812336633962, —1621224937178539031 +1399602523915382) 31
— % (2756444217062133ﬁ§1 —15735604159262247331+12145338716741672)

10

(164996225556971[131 —911562557305603 331 +591654846604694) 31
—5775442801086222332, +32951684149353882331 —25388487691873328

% (81535250167095895%1 —46226784686942241331434465661136373590) 31
721765717548444108[131 +124141863300896800331 —95543137393851316

% (21507787300535771ﬁg1 —122360462847124879331 +92829028744745354) 31
— 7187927865198533GB§1 +409920655394903344 831 —315310665232998936

% (172549107727779319[131 —982848727924637571331+750639722104375338) 31
— % (4187685913103592095§1 —2388174561757656643/331 +-1836495177429186664)

(138365490236826262ﬁ§1 —788531695474992526 331 +604055823258954628) arz1
7530716158860110596551 +3026599060976364972331 —2327045484274854432

% (14614941938055670976%1 —8330939217188411741831+6391346186593069190) cva1
-1 1326915405652144436%1 +6459518768862357533 831 —4965998974814592772

% (1590470411372385357 32, —9067705413825934465031 +6962808016837221182) arzq
— 19988301016221289106§1 +11398708269008017730331 —8762745131128427944

% (5458654735992646373{3?2,1 —31124897594589327589331 +23912314632422881618) 31
+ % (—551270108150784401732, +-31436273506520022779 631 —24164866978481400776)

(17568721578970420256§1 —10018233805014343961 331 +7698964739179717386)cv31
—263150146041 1936866ﬁ§1 +15005661005014590390331 —11533152751494298576

% (60990478806873593696§1 —34780055276291665989331 +26734049819113493038) cx31
— 148970516747373347SB§1 +8494536217258921566 831 —6527531886543984036

% (1290343630884751523{3?2,1 —7358426308111535607331+5657092118674073402) 31
—2127333184925614050331 +1673979108081725054

Proof. We will show that only finitely many curves in each family X can be iso-
morphic to a given element of X. This implies that intersection of X(Q) with the
isomorphism class of a curve X in X(Q) is finite, and hence that the map from
X(Q) into the moduli space of hyperelliptic curves is finite. The dimension of the
image of X in the moduli space is then equal to the number of parameters of X.
Consider (1): if X : y? = cox™ + c12" "1 4+ 22" 2 + - + ¢, is a hyperelliptic

Forn =11, 21, 31, the image of the family X : y* = fu(x)+s in H—1)/2

is one-dimensional;

For n =17, 13, 15, the image of the family X : y*> = fu(x) + s in Hn—1)/2

is two-dimensional;

Forn =11, 21, 31, the image of the family X : y?> = fn(x)? + 51 fn(x) + 52

in Hn—1) is two-dimensional;

For n =17, 13, 15, the image of the family X : y?> = fn(2)? + s1fn(7) + 52

in Hn—1) is three-dimensional.

curve in the family X', then the coefficients ¢; satisfy conditions

(A)ieg=1, B):cr=0, (C)c2#0, and (D): c3 = knca,

where k11 = 2/aq1, k21 = 2, and K31 = 2.




FAMILIES OF EXPLICIT ISOGENIES OF HYPERELLIPTIC JACOBIANS 13

If X' :(y')? = fa(a') + & is isomorphic to X, then there exists a birational map
¥ : X — X' defined by

wz(:v,y)H(wCy’):(

with a, 3, 7, 6, and € in Q sastisfying € # 0 and ad — 3y # 0, and X’ has a defining
equation X' : y? = e 2(ya + 8)" " (fn((ax + B)/(x + §)) + s).

If v = 0, then we may take 6 = 1, so ¥(x,y) = (ax + B,ey). If X' is in X
then it satisfies (A), (B), (C), and (D). Condition (A) implies o™ = €2, while (B)
forces 3 = 0. The coefficients of x"~2 and 2"~ 3 in f,,(ax) + s are then o™ 2cy and
a"3cg = A" 3Ky,c2, whereupon (C) and (D) imply a = 1, and hence e = +1. We
conclude that @ must be either the identity map or the hyperelliptic involution,
depending on the sign of ¢; in either case, X' = X.

If v # 0, then we may take v = 1. For the hyperelliptic polynomial of X’ to have
degree n we must have 6 = —p, where p is one of the roots of f,(z)+s. Conditions
(A), (B), (C), and (D) then uniquely determine «, 3, v, and € (up to sign) in terms
of p and k,. Since there were only n possible choices of p, we find that there are
only 2n possible choices for 1, and only n modulo the hyperelliptic involution.

We have shown that there are only n 4+ 1 possible defining equations for curves
in X isomorphic to X (in fact, each corresponds to a choice of Weierstrass point
of X). has a unique defining equation (since the coefficient of z° in the defining
equation uniquely determines a point of the parameter space); hence there are at
most n + 1 curves in X isomorphic to X.

The proof is identical for (2), though in this case we must restrict to the open
subfamily of X where ¢ # 0 (so that (B) holds), and take k7 = 1, k13 = —((2013 —
9ag — P13 + 3)/3, and k15 = —2a35 + 1. Again, each curve in X’ has a unique
defining equation: the coefficients of z° and 2™ uniquely determine a point of the
parameter space.

The proof for (3) and (4) is similar, and we only sketch it here. This time the

curves X : y? = Zfﬁo c;z®" " in X (or the subfamily where t = 0 in (4)) satisfy

(A): ¢o =1, B):e1 =0, (C):ecx#0,
(D): e3 = kpea, (E):ea 20, (F)): ¢5 = Aney,

with k,, defined as above and

axr + 3 €y
yr +0 (yx+)nt/2

A7 = z(4das +502),

A1 = 1015 (14440411 +1292),

A3 = m(32177912513 — 144562170)ans — 1492261003 + 44742102),

/\15 = 306 %(116240415 — 8242)

Aot = gy (18720121 — 98252), and

A3l = m(( 2376323447433, + 308913876190331 — 904140145396) cv31

+ (4593916032432, — 4130330097925, + 22556391264028)).

As before, the defining equation of any curve in X isomorphic to X is uniquely
determined by (A’), (B), (C"), (D), (E’), (F’), and the choice of a root of f,,(z)? +
$1fn(x) + s2. The curves in X’ have unique defining equations, since the coefficients
of 2% and 2™ (and 2?72 in (4)) uniquely determine the corresponding point of the
parameter space. Hence there are at most 2n curves in X isomorphic to X. ([l

5. ExpLIicIT COMPLEX AND REAL MULTIPLICATIONS

We now apply the methods of §2 and §3 to the factorizations in Examples 4.1
and 4.2. Most of the resulting families have already been investigated elsewhere, so
we treat them only briefly here. Throughout this section n denotes an odd prime.
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Example 5.1. The linear construction on (z™, z™) yields a family (X, X) of pairs
of hyperelliptic curves of genus (n—1)/2, defined by X : y? = 27 +s. The curves in
X are all isomomorphic to the curve X : y? = 2 + 1 (via (z;,y:) — (/524,v/5Y:))-
The Jacobian Jx is absolutely simple by [23, Example 8.4.(1)]. The correspondence
C =V(y1 — y2,21 — (Sx2) on X x X induces an endomorphism ¢ of Jx. Clearly

d(x)/y1 = ¢ied(@h) /y2 on C, so
Dx.y(¢) = diag(¢t, ¢, ..., ¢{n=e/2),

The factors 1 — (Sao of 2] — x4 therefore correspond to explicit generators for a
subring of End(Jx) isomorphic to Z[(,].

Example 5.2. The quadratic construction on (z™, z™) yields a two-parameter fam-
ily (X @y} = 23" + 5127 + 52, X 1 Y3 = 23" + 5125 + s2) of pairs of hyperelliptic
curves of genus n— 1. Twisting by (z;, y;) — (sé/%xi, séﬂyi), we reduce to the one-
parameter family X’ : y? = 22" + 512" + 1 of [26, Remark after Proposition 3]. The
family X’ has an involution ¢ : (z,y) — (1/z,y/2™) which is clearly not the hyper-
elliptic involution, so Jx- is reducible. The correspondences V(y1 — Yo, Ty — Q;xl)
on X’ xp X' induce endomorphisms generating a subring of End(7x/) isomorphic
to Z[(y,], as in Example 5.1. The quotient of X’ by (1) is a one-parameter family of
curves of genus (n — 1)/2 whose Jacobians have Real Multiplication by Z[(,, + ;1]

Example 5.3. Let D, and A, ; be defined as in Example 4.2. The linear con-
struction on (D, (z), D, (x)) yields a one-parameter family

(X :yi = Da(21) +5, X 195 = Dy(2) + 5);

of pairs of hyperelliptic curves of genus (n—1)/2 over Q. The family X is identical to
the family C; of [26, Theorem 1]. It is shown in [26] that the endomorphisms induced
by V(y1 — y2, Ani(z1,22)) for 1 < i < (n — 1)/2 generate a subring of End(Jx)
isomorphic to Z[(, + ¢, ] (while V(y1 — y2, 71 — x2) clearly induces [1]7,). It is
shown that Jx is absolutely simple for n > 5 in [26, Corollary 6] and for n = 5
in [17, Remark 15]. The cases n = 5 and n = 7 of this construction appear as
families of efficiently computable endomorphisms in [17].

Example 5.4. Applied to (D, (z), D, (z)), the quadratic construction yields a two-
parameter family
(X :y] = Dp(21)? + 51Dy (1) + 52, X 293 = Dy(22)? + 51D (22) + 52)
of pairs of hyperelliptic curves of genus n — 1. We have a nontrivial factorization
(Dn(21)? + 51Dy (21)) — (Dn(2)? + 51Dp(22)
= (Dn(x1) — Dn(22))(Dn(21) + Dn(22) + 51)
= (21 —22) TI" V2 Api(1, 22)) (Do (1) + Dy (2) + 51))-
The correspondences V (y1 — ya, An,i(21,22)) on X x7Y induce endomorphisms ¢;
of Jx for 1 < i < (n — 1)/2; the diagonal correspondence V(y; — y2,21 — x2)
induces [1]s,. The matrix Dx x(¢;) is an endomorphism of Q(X). Since Dy x ()
is lower-triangular, its characteristic polynomial (and hence that of ¢;) is
(n—1)
P@)= ] (@t
j=1
where t; ; is the j'' entry on the diagonal of Dx x(¢;): that is, t;; is the lead-
ing coefficient of the trace t; = Trgg%)(d(x{)/yl) written as a polynomial in z,.
We have
Api(er,x2) = 0t — (G, + ¢ w1+ (25 + ¢, = G,
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S0 ‘ .
b= (GG,
ta = (Gy' + (223 — 2(¢;, — ("), and
tj = (G + ¢ )watj—1 — (a3 + (), — ¢, ")tj—2 for j > 2;
in particular, the coefficients ¢; ; satisfy ¢11 = ¢} + (%, t2,20 = 2 + ¢, %, and
tij = (G + G )tjm1j-1 — tj—2j—2 for j>2.

Solving the second-order linear recurrence, we find t; ; = (% + ¢, % for all j > 0, so

(n—1)
P)= [ (@— (¢ +¢7) =m(x)?,
j=1

where m is the minimal polynomial of ¢, + ¢, ! over Q; hence m(¢;) = 0. We
conclude that ¢; generates an explicit subring of End(Jx ) isomorphic to Z[(,+¢;, 1].

6. FAMILIES OF EXPLICIT ISOGENIES

We now apply the methods of §2 and §3 to the factorizations in Examples 4.3
through 4.8. The examples in this section form the proof of Theorem 1.1.

Example 6.1. Let f7, A7, a7, and o be as in Example 4.3. The linear construction
on (f7, f7) yields a two-parameter family

(Xt = fr(@) +s, Vi3 = f7(x2) +5)
of pairs of hyperelliptic curves of genus 3 defined over Q(a7). Specializing X at
(s,t) = (1,0) we obtain the curve X of Example 5.1 with n = 7, where we noted
that Jx was absolutely simple; hence the generic fibre of Jy is absolutely simple.
The correspondence V(y; — y2, A7(x1,x2)) on X XY induces a homomorphism

¢ Tx — Jy. We have
(674 0 0
Dxy(¢) = 0 ar 0 |,
(@ —a7)t 0 of
and therefore

Dxy(¢)Dy x(¢') = Dx.y(¢)Dxy(6)° = 2L,

so ¢f 0 ¢ = [2]7,; hence ker¢ = (Z/2Z)3 by Lemma 3.2. The image of Jx in
Ajs is two-dimensional by Lemma 4.2 and Torelli’s theorem. We conclude that ¢
is a two-dimensional family of (Z/27Z)3-isogenies of (generically) absolutely simple
Jacobians, thus proving Theorem 1.1 for the first row of the table.

Remark 6.1. More generally, given a hyperelliptic curve X of genus 3 and a maximal
2-Weil isotropic subgroup S of Jx[2], there exists a (possibly reducible) curve Y of
genus 3 and a (Z/27Z)3-isogeny ¢ : Jx — Jy with kernel S (both Y and ¢ may be
defined over a quadratic extension of the field of definition of S). In general, the
curve Y is not hyperelliptic. An algorithm which computes equations for Y and ¢
in the case where S is generated by differences of Weierstrass points appears in [25]
(it is possible to show, using techniques similar to those of Lemma 3.4, that the
kernel of the isogeny of Example 6.1 is not such a subgroup). The case where X is
non-hyperelliptic is treated in [19].

Example 6.2. Let f7, A7, ar, and o be as in Examples 4.3 and 6.1. The quadratic
construction on (f7, f7) yields a three-parameter family
(X 1 9f = fr(x1)® + sufr(@r) + 52, YV iys = f7(22)” + 517 (22) + 52)

of pairs of hyperelliptic curves of genus 6 defined over Q(a7). Specializing X' at
(s1,82,t) = (1,0,1) and reducing modulo a prime of Q(a7) over 13, we obtain a
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curve X over Fy52. The Weil polynomial of Jx is irreducible, and corresponds to
the Weil coefficients

w1 = —16,ws = —46, w3 = 3496, w4 = —36993, wy = —464728, wg = 13747140.

Applying Lemma 3.1, we see that Jx is absolutely simple. Hence, the generic fibre
of Jx is absolutely simple.

The correspondence V (y1 — y2, A7(x1,22)) on X x1) induces a homomorphism
¢ Jx — Jy. We find that

ar 0 0 0o 0 o0
0 ar 0 o 0 o0

Dxy(¢) = —(2a7+1)t 0 ag 0o 0 o0
? —(a7+4)t —2(ar+4)t 0 ar 0 0
T(ar+2)t? —2(2a7+1)t  3(ag+4)t 0 af 0

T(aS+4)t>  —7(2a7-3)t 3(a+4)t 4(2ag+1)t 0 af

Since Dy x(¢") = Dx .y (¢)°, we have

Dx x(¢'¢) = Dx.y(¢)Dy x(¢") = 2I5,

so ¢! 0 ¢ = [2].7,; hence ker ¢ = (Z/2Z)5 by Lemma 3.2. The image of Jx in Ag
is three-dimensional by Lemma 4.2 and Torelli’s theorem. We conclude that ¢ is
a three-dimensional family of (Z/27Z)%-isogenies of (generically) absolutely simple
Jacobians, thus proving Theorem 1.1 for the third row of the table.

Example 6.3. Let f11, A11, a11, and o be as in Example 4.4. The linear construc-
tion on (f11, f;), yields a one-parameter family

(X :yi = fuz) + 5, Viys = fli(z2) +5)
of pairs of hyperelliptic curves of genus 5 over Q(a11). Specializing X at s = 0 and

reducing modulo a prime of Q(«a11) over 7, we obtain a curve X over Fgg. The Weil
polynomial of J% is irreducible, and corresponds to the Weil coefficients

wi =12, ws = 28, ws = —152, wy = 3652, ws = 53722 .

Applying Lemma 3.1, we see that Jx is absolutely simple. Hence, the generic fibre
of Jx is absolutely simple.

The correspondence V (A11(z1,22),y1 — y2) on XX ) induces a homomorphism
¢ Jx — Jy. We find that

11 0 0 0 0

0 ag, 0 0 0

Dx_’y((b) = 11 + 6 0 11 0 0
0 0 0 a11 0

—3(5&11 — 3) 4(2&11 + 1) 3(0&11 + 6) O 11

Since Dy, x(¢") = Dx.y(¢)°, we have Dx(¢'¢) = 3I5, so ¢! o ¢ = [3]7,; hence
ker ¢ = (Z/3Z)° by Lemma 3.2. The image of Jx in Aj is one-dimensional by
Lemma 4.2 and Torelli’s theorem. We conclude that ¢ is a one-dimensional fam-
ily of (Z/3Z)-isogenies of (generically) absolutely simple Jacobians, thus proving
Theorem 1.1 for the second row of the table.

Example 6.4. Let fi11, Aj1, ai1, and o be as in Examples 4.4 and 6.3. The
quadratic construction on (f11, f{;) yields a two-parameter family

(X yi = fu(@)® + s1fin(@) + s2, Vs = fli(w2)® + s1f11(2) + 52)

of pairs of hyperelliptic curves of genus 10 defined over Q(«11). Specializing X at
(s1,82) = (1,0) and reducing modulo a prime of Q(a11) over 7, we obtain a curve

X over Fy9. The Weil polynomial of J is irreducible, and corresponds to the Weil
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TABLE 6. Weil polynomial coefficients for Example 6.4

Lifewn  [ifw [iw [i]w [ i [ws |
110 [2]-16 [3]19 1] 2024 5| 2484
6 | 35208 | 7| 127220 | 8 | 10074824 | 9 | 24089728 | 10 | —169499466

coefficients listed in Table 6. Applying Lemma 3.1, we see that J+ is absolutely
simple. Hence, the generic fibre of Jx is absolutely simple.

The correspondence V (A11 (21, 22),y1 — y2) on XX 7)Y induces a homomorphism
¢ : Jx — Jy. The 10x10 matrix Dx y (¢) is lower-triangular, with diagonal entries

o o o o o
a11, Qq71, 11, 11, 11, Oq1, Oq1, Oq1, 11, Qqq,

each of which is an element of norm 3 (we omit the other entries for lack of space).
We therefore have

Dx vy (#)Dy.x(¢") = Dxy(¢)Dx vy (¢)° = 3I10,

so ¢T¢ = [3]x; hence ker ¢ = (Z/3Z)'° by Lemma 3.2. The image of Jx in Ao
is two-dimensional by Lemma 4.2 and Torelli’s theorem. We conclude that ¢ is
a two-dimensional family of (Z/37Z)!%-isogenies of (generically) absolutely simple
Jacobians, thus proving Theorem 1.1 for the sixth row of the table.

Example 6.5. Let fi3, A13, a13, f13 and o be as in Example 4.5. The linear
construction on (fi3, f73) yields a two-parameter family

(X :yi = fis(z1) + 5, V:ys = fia(w2) +5)
of pairs of hyperelliptic curves of genus 6. Specializing X at (s,t) = (1,0), we
obtain the curve X of Example 5.1 with n = 13, which has an absolutely simple
Jacobian; hence the generic fibre of Jx is absolutely simple.
The correspondence V (A13(x1,22),y1 — y2) on XX 7)Y induces a homomorphism
¢+ Jx — Jy. The 6x6 matrix Dx y(¢) is lower-triangular; if we set e; :=
(613 —4)a1s + 2 and ez := o + 1, then the diagonal entries of Dx y (¢) are

o
€, €2, €1, €1, €2, €3,

each of which is an element of norm 3 in Q(313). (we omit the other entries for lack
of space). We therefore have

Dxy(¢)Dy,x(¢') = Dx y(¢)Dxy (¢) = 316,

so ¢ o ¢ = [3]7,; hence ker¢ = (Z/3Z)% by Lemma 3.2. The image of Jy in
Ag is one-dimensional by Lemma 4.2 and Torelli’s theorem. We conclude that ¢
is a one-dimensional family of (Z/3Z)%-isogenies of (generically) absolutely simple
Jacobians, thus proving Theorem 1.1 for the fourth row of the table.

Example 6.6. Let fi3, A13, a3, S13 and o be as in Examples 4.5 and 6.5. The
quadratic construction on (fis, f{5) yields a three-parameter family

(X 1 yf = fi3(@1)® + s1fis(ar) + s2, V195 = [(w2)? + s1f75(x2) + 52)

of pairs of hyperelliptic curves of genus 12 defined over Q(«13). Specializing X" at
(s1,82,t) = (1,1,1) and reducing modulo a prime of Q(ay3) over 5, we obtain a
curve X over Fzi. The Weil polynomial of Jx is irreducible, and corresponds to
the Weil coefficients listed in Table 7. Applying Lemma 3.1, we see that Jx is
absolutely simple. Hence, the generic fibre of Jx is absolutely simple.

The correspondence V (A13(z1, 22),y1 — y2)) on Xx 1) induces a homomorphism

¢: TJx — Jy. The 12x12 matrix Dx y (¢) is lower-triangular, with diagonal entries

o o o o o o
€, €2, €1, €1, €2, €2, €9, €9, €1, €1, €9, €7



18 BENJAMIN SMITH

TABLE 7. Weil polynomial coefficients for Example 6.6

[ifw  [ifw [ i [wi | i ] w

1120 4 | 351295 7| 67298212 10 | —49877419547660

21 -230 | 5| 1293764 8 | 137879604915 | 11 | 1975333453052116
31 —-9232 | 9| —1707055263168 | 6 | —204257742 | 12 | 119629530410659866

(with e; and eg defined as in Example 6.5), each of which is an element of norm 3
in Q(f13). We therefore have

Dx vy (#)Dy x(6'") = Dx.y(¢)Dx vy (¢)° = 3112,

so ¢T¢ = [3]x; hence ker ¢ = (Z/3Z)'? by Lemma 3.2. The image of Jx in Az
is three-dimensional by Lemma 4.2 and Torelli’s theorem. We conclude that ¢ is
a three-dimensional family of (Z/3Z)'2-isogenies of (generically) absolutely simple
Jacobians, thus proving Theorem 1.1 for the eighth row of the table.

Example 6.7. Let fi15, A5, 15, and o be as in Example 4.6. The linear construc-
tion on (f15, — f{5) yields a two-parameter family

(X yf = fis(w) +s, Viys = —fis(x2) +5)

of pairs of hyperelliptic curves of genus 7 defined over Q(ay5). Specializing X at
(s,t) = (0,1) and reducing modulo a prime of Q(ay5) over 17, we obtain a curve X
over F17. The Weil polynomial x of J5 is irreducible, and corresponds to the Weil
coefficients

wy =0, wy = —4, wy = —30, wy = 158, ws = 972, wg = —2264, w; = —18434.

Applying Lemma 3.1, we see that Jx is absolutely simple. Hence, the generic fibre
of Jx is absolutely simple.

The correspondence V (A1s(x1,22),y1 — y2) on XX 7)Y induces a homomorphism
¢: Jx — Jy. The Tx7 matrix Dx y(¢) is lower-triangular with diagonal entries

o o o
Qq5, Qp, _25 A5, 2; 2; —Q15,

each of which is an element of norm 4 (we omit the other entries for lack of space).
We therefore find

Dx y(¢)Dyx(¢") = Dx y(¢)Dxy(8)7 = 4I7,

so ¢f 0 ¢ = [4]7,. Specializing at (s,t) = (1,0) and reducing modulo a prime
over 31, we obtain curves X : 7 = Z1® + 1 and Y : 93 = —23° + 1, together with
an isogeny & : Jx — Jy induced by V(Z(g’cl, T2), 71 — gg) C X xY, where

A =7] + 147579 — 27373 + 197175 + 152375 — 272375 + 187,75 + 74
The polynomials 23° + 1 and —23° + 1 both split completely over F3;. Applying
Lemmas 3.4 and 3.3, we see that ker ¢ = (Z/4Z)*x(Z/2Z)%. The image of Jx in A7
is two-dimensional by Lemma 4.2 and Torelli’s theorem. We conclude that ¢ is a

two-dimensional family of (Z/4Z)* x (Z/2Z)%-isogenies of (generically) absolutely
simple Jacobians, thus proving Theorem 1.1 for the fifth row of the table.

Example 6.8. Let fi5, A5, a15, and o be as in Examples 4.6 and 6.7. The
quadratic construction on (fi5, — f{5) yields a three-parameter family

(X yf = fis5(2)® + s1f15(w2) + 52, V1 95 = fi5(22)” — s1f75(22) + 52)

of pairs of hyperelliptic curves of genus 14 defined over Q(ay5). Specializing at
(s1,82,t) = (1,1,1) and reducing modulo a prime of Q(«a15 over 17, we obtain a

curve X over Fi7. The Weil polynomial x of Jx is irreducible, and corresponds
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TABLE 8. Weil polynomial coefficients for Example 6.8

Lilw [iJw [iJw [ i]w [ ifw
1| —-4|4]|-73 7| 5874 | 10 | 1252762 13 | 80232390
2115 | 51000 |8 |29004 | 11 | —1381092 | 14 | —230738522
3|—-6|6|—1182|9 | 22810 | 12 | 8168424
TABLE 9. Weil polynomial coefficients for Example 6.9
|12 |3 4 5 6 7 8 9 10

w; || 436|272 | 1268 | 6492 | 28540 | 142200 | 453284 | 1065612 | 17399206

to the Weil coeflicients listed in Table 8. Applying Lemma 3.1, we see that Jy is
absolutely simple. Hence, the generic fibre of Jx is absolutely simple.

The correspondence V (Asi (21, 22),y1 — y2) on XX 7Y induces a homomorphism
¢: TJx — Jy. The 14x14 matrix Dy y(¢) is lower-triangular with diagonal entries

o o o o
Qq5, Oq5, _27 a5, 27 27 —Q15, (p, _27 _27 —Q1s5, 27 —Q15, (15,

each of which is an element of norm 4 (we omit the other entries for lack of space.)
We therefore find

Dx vy (#)Dy.x(¢") = Dxy(¢)Dx vy ()7 = 4114,

so ¢f o ¢ = [4]7,. Specializing at (s1,s2,t) = (0,—1,0) and reducing modulo a
prime over 31, we obtain curves X : 47 = 73° — 1 and Y : 93 = 73° — 1, together
with an isogeny ¢ : Jx — Jy induced by V(Z(:El,ig), Y1 — gg) C X xY, where

A =7] + 147579 — 27373 + 197175 + 152375 — 272775 + 187,75 + 74
The polynomial 239 — 1 splits completely over F3;. Applying Lemmas 3.4 and 3.3,
we see that ker¢ = (Z/47)° x (Z/2Z)'°. The image of Jx in A4 is three-
dimensional by Lemma 4.2 and Torelli’s theorem. We conclude that ¢ is a family

of (Z/AZ)? x (Z/27) %-isogenies of (generically) absolutely simple Jacobians, thus
proving Theorem 1.1 for the ninth row of the table.

Example 6.9. Let fa1, A21, a1, and o be as in Example 4.7. The linear construc-
tion on (fa1, f§)) yields a one-parameter family

(X yi = fa(z) +s, V:ys = f5(x2) +5)

of pairs of hyperelliptic curves of genus 10 over Q(«21). Specializing X at s = 0 and
reducing modulo a prime of Q(a;) over 5, we obtain a curve X over Fos. The Weil
polynomial x of Jx is irreducible, and corresponds to the Weil coefficients listed
in Table 9. Applying Lemma 3.1, we see that J+ is absolutely simple. Hence, the
generic fibre of Jy is absolutely simple.

The correspondence V (Aa1 (71, 22),y1 — y2) on XX 7)Y induces a homomorphism
¢ : Jx — Jy. The 10x10 matrix Dy y (¢) is lower-triangular; if we set e = (ag;)?,
then the diagonal entries of Dx vy (¢) are

o \2 o \2 o \2 o \2 2 o \2 o o \2 2 2
(@31)%, (a51)7, —(a5))%, (a3y)7, as1, —(a5,)7, agias;, (a5;)7, —a3, asy,
each of which is an element of norm 4 (we omit the other entries for lack of space).

We therefore have

Dx v (#)Dy.x(¢") = Dxy(¢)Dx y(¢)° = 4140,

so ¢f 0 ¢ = [4]7,. Specializing at s = 425 and reducing modulo a prime over
599, we obtain curves X and Y and an isogeny ¢ : Jx — Jy over Fsog. Applying
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TABLE 10. Weil polynomial coefficients for Example 6.10

Lilw Jafw [ i]w [ i [ ifw |
T]—4 | 5] 10616 | 9] 431556 | 13 | —83783104 | 17 | —12690445996
2013 |6[5919 |10 | 1564993 | 14| 294134355 | 18 | 43906230241
3| —74 | 7| —24382 | 11 | —5699656 | 15 | —1000833886 | 19 | —144999550062
1| 403 | 8105299 |12 | 22091457 | 16 | 3592033583 | 20 | 476625334323

Lemmas 3.4 and 3.3, we find ker ¢| ;1) = (Z/2Z)', so ker ¢ = (Z/AZ)° x (Z/2Z)>.
The image of Jyx in Aj¢ is one-dimensional by Lemma 4.2 and Torelli’s theorem.
We conclude that ¢ is a one-dimensional family of (Z/47Z)° x (Z/2Z)?-isogenies of
(generically) absolutely simple Jacobians, thus proving Theorem 1.1 for the seventh
row of the table.

Example 6.10. Let fo1, As1, a1, and o be as in Examples 4.7 and 6.9. The
quadratic construction on (fa1, f5;) yields a two-parameter family

(X 2yt = for(x1)? + s1for(21) + 52, V195 = & (22)% + s1f51(22) + 52)

of pairs of hyperelliptic curves of genus 10 defined over Q(ag1). Specializing X
at (s1,s2) = (1,1) and reducing modulo a prime of Q(a21) over 11, we obtain a
curve X over Fi;. The Weil polynomial y of Jx is irreducible, and corresponds to
the Weil coefficients listed in Table 10. Applying Lemma 3.1, we see that J% is
absolutely simple. Hence, the generic fibre of Jx is absolutely simple.

The correspondence C' = V' (Aa1 (21, 22), 51 — y2) on Xag X1 Yao induces a homo-
morphism ¢ : Jx — Jy. The 20x 20 matrix Dx y(¢) is a lower-triangular; if we
set e := —(ag + 1), then the diagonal entries of Dx y (¢) are

(0451)2, (0451)2, _(agl)27 (0451)2, O‘%lv _(agl)27 2103, (O‘gl)zv _aglv O‘%lv
(O‘gl)27 _(agl)27 a%lv 2103y, _aglv (agl)27 O‘%lv _aglv a%lv a%lv
each of which is an element of norm 4 (we omit the other entries for lack of space).
We therefore find

Dxy(¢)Dy x(¢") = Dxy(¢)Dxy(¢)° =4Iy,

so ¢lop = [4] 7, . Specializing at (s1,s2) = (1,6) and reducing at a prime over 29, we
obtain curves X and Y and an isogeny ¢ : Jx — Jy over Fag. Applying Lemmas 3.4
and 3.3, we see that ker¢ = (Z/4Z)'° x (Z/27)%. The image of Jx in Ay is
two-dimensional by Lemma 4.2 and Torelli’s theorem. We conclude that ¢ is a
two-dimensional family of (Z/47)% x (Z/27Z)?-isogenies of (generically) absolutely

simple Jacobians, thus proving Theorem 1.1 for the eleventh row of the table.

Example 6.11. Let f3;, As1, as1, O31, and o be as in Example 4.8. The linear
construction on (fs1, f9;) yields a one-parameter family

(X :yi = far(zr) +5, Viys = fi(z2) +5)
of pairs of hyperelliptic curves of genus 15 over Q(a1). Specializing X at s = 0 and
reducing modulo a prime of Q(a31) over 5, we obtain a curve X over Fss. The Weil
polynomial of J% is irreducible, and corresponds to the Weil coefficients listed in
Table 11. The Jacobian J% is absolutely simple by Lemma 3.1; hence the generic
fibre of Jx is absolutely simple.

The correspondence C' = V(A(x1,22),y1 —y2) on X xr) induces a homo-
morphism ¢ : Jx — Jy. The 15x 15 matrix Dx y(¢) is lower-triangular; if we set
er:= —((83 — 9031+ 14)az1 +40331—16) /4, ea := —((B31 —6)az1 + 35, — 8031 +8) /2,
and e3 := as; — f31 + 4, then the diagonal entries of Dx y (¢) are

o o o o o
€, €1, €2, €1, €3, €2, €9, €1, €3, €3, €3, €2, €3, €y, €7,
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TABLE 11. Weil polynomial coefficients for Example 6.11

Lilw  [i]w [ i [ ifw |
T[25 |5 ] 146470 0 [ 5010308477 | 13 | 17625044970092
2447 | 6| —1950824 | 10| 9095279162 | 14 | —265203278436450
35046 | 7| —61460901 |11 | 544453054742 | 15 | —4448335615035972
4 | 42930 | 8 | ~750851497 | 12 | 5818130546490

TABLE 12. Weil polynomial coefficients for Example 6.12

] wi || wi
1186 14 | 2538874803438283085247
2| 3451 15 | 75551657032201511555544
3| 87828 16 | 2132291122470015060842077
411643613 17 | 58726738607409603792625818
5 | 43045482 18 | 1634122583940469502202897151
6 | 1781887735 19 | 48450321094461320825161410124
7| 76936315232 20 | 1504867060985705824450391696293
8 | 3105710470069 21 | 45345655631250765718117003095430
9 | 102095895729754 22 | 1270533776275133738442812562176203
10 | 2779643454835731 23 | 34526697723237826449755783511899672
11 | 71233879362094240 24 | 956449237011673888073922827627521777
12 ] 2193677250388156081 | 25 | 26767220948731629452685495358053131182
13 | 77619720346267760370 | 26 | 757441695740127512275452904130818491239

27 | 21123226183916202851140834209673472022292

28 | 575803060349811307421020344590821665754597

29 | 15365239367923178818677513358710798508553810
30 | 408015365744689122150660893862413952306834751

each of which is an element of norm 8 in Q(/31) (we omit the other entries for lack
of space). We therefore find

Dx y(¢)Dy x(6'") = Dx.y(¢)Dx vy (¢)° = 8115,

so ¢ o ¢ = [8]7,. Specializing at s = 0 and reducing modulo a prime over 47, we
obtain curves X and Y and an isogeny ¢ : Jx — Jy over Fy7. Applying Lemmas 3.4
and 3.3, we find ker ¢ = (Z/87)° x (Z/4Z)'° x (Z/4Z)'°. The image of Jx in A;;s
is one-dimensional by Lemma 4.2 and Torelli’s theorem. We conclude that ¢ is a
one-dimensional family of (Z/8Z)° x (Z/4Z)'° x (Z/4Z)'°-isogenies of (generically)
absolutely simple Jacobians, thus proving Theorem 1.1 for the tenth row of the
table.

Example 6.12. Let f31, A31, as1, 031, and o be as in Examples 4.8 and 6.11. The
quadratic construction on (fs1, f$;) yields a two-parameter family

(X yf = far(e1)® + s1far(er) + 52, V93 = f51(21)° + s1f51(22) + 52)

of pairs of hyperelliptic curves of genus 30 defined over Q(as1). Specializing X at
(s1,82) = (1,2) and reducing modulo a prime of Q(a31) over 3, we obtain a curve X
over [F3s. The Weil polynomial of Jx is irreducible, and corresponds to the Weil
coefficients listed in Table 12. The Jacobian J% is absolutely simple by Lemma 3.1;
hence the generic fibre of Jx is absolutely simple.

The correspondence C' = V (Az1 (21, 22),y1 — y2) on X'x7) induces a homomor-
phism ¢ : Jx — Jy. The 30x30 matrix Dx y(¢); is lower-triangular with diagonal
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entries

o o o o o

e, €1, €2, €1, €3, €2, €3, €1, €3, €3, €3, €2, €3, €5, €7,
o I o o I I o I o o

€1, €2, €3, €3, €3, €3, €3, €1, €2, €3, €3, €1, €y, €7, €7

(where e1, es, and e3 are defined as in Example 6.11), each of which is an element
of norm 8 in Q(B31) (we omit the other entries for lack of space). We therefore have

Dx vy (#)Dy.x(¢") = Dxy(¢)Dx y(¢)° = 8Ia,

so ¢f o ¢ = [8]7,. Specializing at (s1,s2) = (4,9) and reducing modulo a prime
over 47, we obtain curves X and Y and an isogeny ¢ : Jx — J3- over Fy7. Applying
Lemmas 3.4 and 3.3, we find ker ¢ = (Z/8Z)'' x (Z/4Z)"° x(Z/4Z)*°. The image of
Jx in Aszg is two-dimensional by Lemma 4.2 and Torelli’s theorem. We conclude
that ¢ is a two-dimensional family of (Z/8Z)! x (Z/4Z)'° x (Z/4Z)"-isogenies of
(generically) absolutely simple Jacobians, thus proving Theorem 1.1 for the twelfth
row of the table.
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