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❆❜str❛❝t✿ ❲❡ ♣r❡s❡♥t ❛ ❋❉❊❈▼ ❛❧❣♦r✐t❤♠ ❛❧❧♦✇✐♥❣ t♦ r❡♠♦✈❡ ✲ ✐❢ t❤❡② ❡①✐st
✲ ❛❧❧ ♣r✐♠❡ ❢❛❝t♦rs ❧❡ss t❤❛♥ 232 ❢r♦♠ ❛ ❝♦♠♣♦s✐t❡ ✐♥♣✉t ♥✉♠❜❡r n✳ ❚r②✐♥❣ t♦ r❡✲
♠♦✈❡ t❤♦s❡ ❢❛❝t♦rs ♥❛✐✈❡❧② ❡✐t❤❡r ❜② tr✐❛❧✲❞✐✈✐s✐♦♥ ♦r ❜② ♠✉❧t✐♣❧②✐♥❣ t♦❣❡t❤❡r ❛❧❧
♣r✐♠❡s ❧❡ss t❤❛♥ 232✱ t❤❡♥ ❞♦✐♥❣ ❛ ●❈❉ ✇✐t❤ t❤✐s ♣r♦❞✉❝t ❜♦t❤ ♣r♦✈❡ ❡①tr❡♠❡❧②
s❧♦✇ ❛♥❞ ❛r❡ ✉♥♣r❛❝t✐❝❛❧✳ ❲❡ ✇✐❧❧ s❤♦✇ ✐♥ t❤✐s ❛rt✐❝❧❡ t❤❛t ✇✐t❤ ❋❉❊❈▼ ✐t ❝♦sts
❛❜♦✉t ❛ ❤✉♥❞r❡❞ ✇❡❧❧✲❝❤♦s❡♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✈❡r② ❢❛st ✐♥ ❛♥ ♦♣✲
t✐♠✐③❡❞ ❊❈▼ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇✐t❤ ♦♣t✐♠✐③❡❞ B1 ❛♥❞ B2 s♠♦♦t❤♥❡ss ❜♦✉♥❞s✳
❚❤❡ s♣❡❡❞ ✈❛r✐❡s ✇✐t❤ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥♣✉t ♥✉♠❜❡r n✳ ❙♣❡❝✐❛❧ ❛tt❡♥t✐♦♥ ❤❛s
❛❧s♦ ❜❡❡♥ ♣❛✐❞ s♦ t❤❛t ♦✉r ❋❉❊❈▼ ❜❡ t❤❡ ♠♦st ✐♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t
♣♦ss✐❜❧❡ ❜② ❝❤♦♦s✐♥❣ ❛ ✇✐❞❡s♣r❡❛❞ ❡❧❧✐♣t✐❝✲❝✉r✈❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ❛♥❞ ❝❛r❡❢✉❧❧②
❝❤❡❝❦✐♥❣ ❛❧❧ r❡s✉❧ts ❢♦r s♠♦♦t❤♥❡ss ✇✐t❤ ▼❛❣♠❛✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞
♣♦ss✐❜❧❡ ♦♣t✐♠✐③❛t✐♦♥s t♦ ❋❉❊❈▼ ✜rst ❜② ✉s✐♥❣ ❛ r❛t✐♦♥❛❧ ❢❛♠✐❧② ♦❢ ♣❛r❛♠❡t❡rs
❢♦r ❊❈▼ ❛♥❞ t❤❡♥ ❜② ❞❡t❡r♠✐♥✐♥❣ ✇❤❡♥ ✐t ✐s ❜❡st t♦ s✇✐t❝❤ ❢r♦♠ ❊❈▼ t♦ ●❈❉
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥♣✉t ♥✉♠❜❡r n✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱
t❤✐s ✐s t❤❡ ✜rst ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ❢✉❧❧② ❞❡t❡r♠✐♥✐st✐❝ ❊❈▼ ❛❧❣♦r✐t❤♠✳

❑❡②✲✇♦r❞s✿ ❢❛❝t♦r✐③❛t✐♦♥✱ ❞❡t❡r♠✐♥✐st✐❝✱ ❡❧❧✐♣t✐❝ ❝✉r✈❡✱ ♥✉♠❜❡r ✜❡❧❞ s✐❡✈❡✳



❊❈▼ ❝♦♠♣❧èt❡♠❡♥t ❞ét❡r♠✐♥✐st❡

❘és✉♠é ✿ ◆♦✉s ♣rés❡♥t♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ ❋❉❊❈▼ ♣❡r♠❡tt❛♥t ❞✬❡①tr❛✐r❡ ✲ s✐
✐❧s ❡①✐st❡♥t ✲ t♦✉s ❧❡s ❢❛❝t❡✉rs ♣r❡♠✐❡rs ✐♥❢ér✐❡✉rs ♦✉ é❣❛✉① à 232 ❞✬✉♥ ♥♦♠❜r❡
❝♦♠♣♦sé ❞♦♥♥é ❡♥ ❡♥tré❡ n✳ ▲❛ ♠ét❤♦❞❡ ♥❛ï✈❡ ♣❛r ✏tr✐❛❧✲❞✐✈✐s✐♦♥✑ ♦✉ ♣❛r ♣r♦✲
❞✉✐t s✉✐✈✐ ❞❡ ♣❣❝❞ s♦♥t t♦✉t❡s ❞❡✉① ❡①trê♠❡♠❡♥t ❧❡♥t❡s ❡t ✐♥❛❞❛♣té❡s ❞❛♥s ❧❛
♣r❛t✐q✉❡✳ ◆♦✉s ♠♦♥tr♦♥s ❞❛♥s ❝❡t ❛rt✐❝❧❡ q✉✬❛✈❡❝ ❋❉❊❈▼ ❝❡❧❛ ❝♦ût❡ ♠♦✐♥s ❞❡
✶✵✵ ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ❜✐❡♥ ❝❤♦✐s✐❡s✱ ❝❡ q✉✐ ♣❡✉t êtr❡ très r❛♣✐❞❡ ❛✈❡❝ ✉♥❡ ✐♠✲
♣❧❛♥t❛t✐♦♥ ❞✬❊❈▼ ❡t ❞❡s ❜♦r♥❡s B1✱ B2 ❜✐❡♥ ♦♣t✐♠✐sé❡s✳ ▲❡ t❡♠♣s ❞✬❡①é❝✉t✐♦♥
❞é♣❡♥❞ ❞❡ ❧❛ t❛✐❧❧❡ ❞✉ ♥♦♠❜r❡ n ❡♥ ❡♥tré❡✳ ◆♦✉s ❛✈♦♥s ♣r✐s s♦✐♥ ❞❡ r❡♥❞r❡
♥♦tr❡ ❛❧❣♦r✐t❤♠❡ ❧❡ ♣❧✉s ✐♥❞é♣❡♥❞❛♥t ♣♦ss✐❜❧❡ ❞✬✉♥❡ ✐♠♣❧é♠❡♥t❛t✐♦♥ ♣❛rt✐❝✉❧✐èr❡
♣❛r ❧❡ ❝❤♦✐① ❞❡ ❧❛ ♣❛r❛♠étr✐s❛t✐♦♥ ❞❡s ❝♦✉r❜❡s ✉t✐❧✐sé❡s ❡t ❧❛ ✈ér✐✜❝❛t✐♦♥ s②s✲
té♠❛t✐q✉❡ ❛✈❡❝ ▼❛❣♠❛✳ ❋✐♥❛❧❡♠❡♥t✱ ♥♦✉s ❡♥✈✐s❛❣❡♦♥s ❞✐✛❡r❡♥t❡s ♣♦ss✐❜✐❧✐tés
❞✬♦♣t✐♠✐s❛t✐♦♥ à ❋❉❊❈▼ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ❢❛♠✐❧❧❡ r❛t✐♦♥♥❡❧❧❡ ❞❡ ♣❛r❛♠ètr❡s
♣♦✉r ❊❈▼ ❡t ❡♥ ❞ét❡r♠✐♥❛♥t à q✉❡❧ ♠♦♠❡♥t ❧❡ ♣❛ss❛❣❡ ❛✉ ●❈❉ ❞❡✈✐❡♥t ♠♦✐♥s
❝♦ût❡✉① q✉✬❊❈▼ ❡t ❝❡ ♣♦✉r ❞✐✛ér❡♥t❡s t❛✐❧❧❡s ❞✉ ♥♦♠❜r❡ n ❡♥ ❡♥tré❡✳ ❈✬❡st✱
à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡✱ ❧❛ ♣r❡♠✐èr❡ ❞❡s❝r✐♣t✐♦♥ ❞ét❛✐❧❧é❡ ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ❞✬❊❈▼
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✹✳✶ ❯s✐♥❣ ❊❈▼ ✇✐t❤ ♣r✐♠❡ ✐♥♣✉t ♥✉♠❜❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
✹✳✷ ❊❈▼ ❚❡st✐♥❣ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✺ ❈❤♦♦s✐♥❣ t❤❡ ❜❡st ♣❛r❛♠❡t❡rs ❢♦r ❊❈▼ ✶✵
✺✳✶ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ B1✱ B2 ❜♦✉♥❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✺✳✶✳✶ ▼♦st ❡✣❝✐❡♥t B1✱ B2 ❜♦✉♥❞s ♦♥ ❛ s❛♠♣❧❡ ♦❢ ♣r✐♠❡s ♦❢
❣✐✈❡♥ ❜✐t❧❡♥❣t❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✻ Pr✐♠❡s ❢♦✉♥❞ ✇✐t❤ ✉♥s♠♦♦t❤ ❝✉r✈❡ ♦r❞❡r ✶✶
✻✳✶ ❊❈▼ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❖♣t✐♠✐③❛t✐♦♥s ❛♥❞ ♥♦♥ t♦t❛❧❧② ❞❡t❡r♠✐♥✐s✲

t✐❝ ❜❡❤❛✈✐♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✻✳✷ ❚❡st✐♥❣ ❢♦✉♥❞ ♣r✐♠❡s ❢♦r s♠♦♦t❤♥❡ss ♦❢ ❝✉r✈❡ ♦r❞❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✻✳✸ ❈♦♥s✐❞❡r✐♥❣ st❛rt✐♥❣ ♣♦✐♥t ♦r❞❡r ✐♥st❡❛❞ ♦❢ ♦♥❧② ❝✉r✈❡ ♦r❞❡r ✳ ✳ ✳ ✶✷

✼ ❚❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ ❦♥♦✇♥ ❝✉r✈❡ ♦r❞❡r ❞✐✈✐s♦rs ✶✷
✼✳✶ ❈✉r✈❡s ✇✐t❤ t♦rs✐♦♥ s✉❜❣r♦✉♣ ♦✈❡r Q ♦❢ ♦r❞❡r ✶✷ ♦r ✶✻ ❛♥❞ ❦♥♦✇♥

✐♥✐t✐❛❧ ♣♦✐♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✼✳✶✳✶ ❘❡❞✉❝t✐♦♥ ♦❢ ❝✉r✈❡s ✇✐t❤ ❦♥♦✇♥ t♦rs✐♦♥ s✉❜❣r♦✉♣s ♦✈❡r Fp ✶✷

✽ ❊①t❡♥s✐♦♥ t♦ ❤✐❣❤❡r ♣♦✇❡rs ✶✷
✽✳✶ ❯s✐♥❣ ♦♣t✐♠❛❧ B1✱ B2 ❜♦✉♥❞s ❢♦r ❡❛❝❤ s✉❜s❡t ♦❢ ♣r✐♠❡s ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
✽✳✷ ■♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ♦♣t✐♠✐③❡❞ σ✲❝❤❛✐♥s ✇✐t❤ ▼❛❣♠❛

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
✽✳✸ ❇✉✐❧❞✐♥❣ σ✲❝❤❛✐♥s ❢♦r s❡ts ♦❢ ♥♦♥✲❝♦♥s❡❝✉t✐✈❡ ♣r✐♠❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✽✳✸✳✶ ■♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t σ ❝❤❛✐♥ ❢♦r t❤❡ ❘❙❆✷✵✵ s✉❜s❡t ✶✻

❘❘ ♥➦ ✼✵✹✵



✹ ❈❤❡❧❧✐

✾ ❖♣t✐♠✐③❛t✐♦♥s ❢♦r ❉❊❈▼ ✶✻
✾✳✶ ❯s✐♥❣ ❘❛t✐♦♥❛❧ ✈❛❧✉❡s ❢♦r σ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✾✳✷ ❙✇✐t❝❤✐♥❣ ❢r♦♠ ❊❈▼ t♦ ❣❝❞ ♦r tr✐❛❧ ❞✐✈✐s✐♦♥ ❛♥❞ ✇❤❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✵ ❆♣♣❡♥❞✐①✿ ✶✾

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❊❧❧✐♣t✐❝ ❈✉r✈❡ ▼❡t❤♦❞ ✭❊❈▼✮ ✐s ❝✉rr❡♥t❧② t❤❡ ❜❡st✲❦♥♦✇♥ ❣❡♥❡r❛❧✲♣✉r♣♦s❡
❢❛❝t♦r✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ✜♥❞✐♥❣ ✏s♠❛❧❧✑ ♣r✐♠❡ ❢❛❝t♦rs ✐♥ ♥✉♠❜❡rs ❤❛✈✐♥❣ ♠♦r❡
t❤❛♥ ✷✵✵ ❞✐❣✐ts ✭❤❡r❡ ✧s♠❛❧❧✧ ♠❡❛♥s ✉♣ t♦ ✻✼ ❞✐❣✐ts✱ ✇❤✐❝❤ ✐s t❤❡ ❝✉rr❡♥t ❊❈▼
r❡❝♦r❞ ❬✸❪✮✳ ■t ❤❛s ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐t ✐s ✇✐❞❡❧② ✉s❡❞ ✐♥
t❤❡ ❝✉rr❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ◆✉♠❜❡r ❋✐❡❧❞ ❙✐❡✈❡ ✭◆❋❙✮✳ ❍♦✇❡✈❡r ❊❈▼ ✐s
❛ r❛♥❞♦♠✐③❡❞ ❛❧❣♦r✐t❤♠✿ ✐ts s✉❝❝❡ss ❢♦r ❛ ❣✐✈❡♥ ♥✉♠❜❡r ❛♥❞ ❣✐✈❡♥ ♣❛r❛♠❡t❡rs
❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛♥ ✐♥✐t✐❛❧ s❡❡❞✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❤❡♥ r✉♥♥✐♥❣ ♦♥❡ s✐♥❣❧❡
❊❈▼ ❝✉r✈❡ ✐t ✐s ❛ ▼♦♥t❡ ❈❛r❧♦ ❛❧❣♦r✐t❤♠✿ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ✐s ❞❡t❡r♠✐♥✐st✐❝✱
❜✉t t❤❡ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t② ✐s r❛♥❞♦♠ ✭✵ ♦r ✶✮✳ ■❢ r✉♥♥✐♥❣ s❡✈❡r❛❧ ❝✉r✈❡s ✉♥t✐❧ ❛
❢❛❝t♦r ✐s ❢♦✉♥❞✱ ✇❡ ❣❡t ❛ ▲❛s ❱❡❣❛s ❛❧❣♦r✐t❤♠✳
■♥ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s✱ ♦♥❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❜❡ ❛❜❧❡ t♦ r❡♠♦✈❡ ❛❧❧ ♣r✐♠❡ ❢❛❝t♦rs ✉♣
t♦ ❛ ❣✐✈❡♥ ❜♦✉♥❞ M ✱ ❢r♦♠ ❛ ❣✐✈❡♥ ✐♥♣✉t ♥✉♠❜❡r n✱ ✇❤✐❝❤ ♠✐❣❤t ❤❛✈❡ t❤♦✉s❛♥❞s
♦❢ ❞✐❣✐ts✱ ❛❢t❡r ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ n✳ ❚❤✐s ✐s ✇❤❛t
✇❡ ❝❛❧❧ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❢❛❝t♦r✐♥❣ ❛❧❣♦r✐t❤♠✳
❖✉r ❣♦❛❧ ✐s t♦ ♣r♦✈✐❞❡ ❛ ❢✉❧❧② ❞❡t❡r♠✐♥✐st✐❝ ❊❈▼✳ ❆ ❜♦✉♥❞ M ❜❡✐♥❣ ❣✐✈❡♥✱ ❛❢t❡r
s♦♠❡ ♣r❡♣r♦❝❡ss✐♥❣ ✇♦r❦ ✐♥✈♦❧✈✐♥❣ ♦♥❧② M ✱ ❛♥ ❛❧❣♦r✐t❤♠ ✐s ✐ss✉❡❞✱ ✇❤✐❝❤ ❣✐✈❡♥
❛♥ ✐♥t❡❣❡r n✱ ♦✉t♣✉ts ❛❧❧ ♣r✐♠❡ ❢❛❝t♦rs ♦❢ n ❧❡ss t❤❛♥ M ✭❛♥❞ ♣♦ss✐❜❧② ❧❛r❣❡r
♣r✐♠❡ ❢❛❝t♦rs✮✳ ❖❢ ❝♦✉rs❡ t❤❡ ❣♦❛❧ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ ♥✉♠❜❡r ♦❢ ❛r✐t❤♠❡t✐❝
♦♣❡r❛t✐♦♥s ✭♠♦❞✉❧❛r ❛❞❞✐t✐♦♥s✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛♥❞ ❣❝❞s✮ ✐♥✈♦❧✈✐♥❣ n✱ ❡✐t❤❡r
✐♥ t❤❡ ✇♦rst✲❝❛s❡✱ ♦r ✐♥ t❤❡ ❛✈❡r❛❣❡ ✭❝♦♥s✐❞❡r✐♥❣ ❛❧❧ ♣r✐♠❡s ❧❡ss t❤❛♥ M ❛s
❡q✉✐♣r♦❜❛❜❧❡✮✳

✷ ❊❧❧✐♣t✐❝ ❝✉r✈❡s ♦♥ ❛ ✜♥✐t❡ ✜❡❧❞

✷✳✶ ❉❡✜♥✐t✐♦♥

❚❤❡ ❡q✉❛t✐♦♥ ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r t❤❡ ✜❡❧❞ ♦❢ r❡❛❧ ♥✉♠❜❡rs ❝❛♥ ❜❡
✇r✐tt❡♥ ✐♥ t❤❡ s✐♠♣❧❡ ❢♦r♠ ♦❢ ❲❡✐❡rstr❛ss✿

y2 = x3 + Ax + B

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts A ❛♥❞ B ❛r❡ t❛❦❡♥ ✐♥ t❤❡ ❜❛s❡ ✜❡❧❞✳
❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤❡ ❝✉r✈❡ ∆ = −16(4A3 + 27B2) ♥❡❡❞s ❜❡ ♥♦♥✲③❡r♦✱ t❤❡
♣r❡❝❡❞✐♥❣ ❡q✉❛t✐♦♥ t❤❡♥ ❞❡✜♥❡s ❛ ♥♦♥✲s✐♥❣✉❧❛r ❝✉r✈❡✳ ❚❤❡ ♣♦✐♥ts ♦❢ t❤❡ ❝✉r✈❡
❛r❡ ❛❧❧ t❤♦s❡ ✇❤♦s❡ ❝♦♦r❞✐♥❛t❡s ✈❡r✐❢② t❤❡ ❡q✉❛t✐♦♥✱ ♣❧✉s ❛ ♣♦✐♥t ❛t ✐♥✜♥✐t②✳ ❚❤✐s
♣♦✐♥t ❛t ✐♥✜♥✐t② ✐s ❡ss❡♥t✐❛❧ ❢♦r ✐t ✇✐❧❧ ❜❡ t❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t✱ t❤❡ ✏③❡r♦✏ ❢♦r t❤❡
❛❞❞✐t✐♦♥ ❧❛✇ ♦❢ ♣♦✐♥ts ♦❢ t❤❡ ❝✉r✈❡✳ ■♥t✉✐t✐✈❡❧②✱ ✐t ❝❛♥ ❜❡ ✐♠❛❣✐♥❡❞ ❛s t❤❡ ♣♦✐♥t
❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛❧❧ ✈❡rt✐❝❛❧ ❧✐♥❡s✳

■◆❘■❆



❋✉❧❧② ❉❡t❡r♠✐♥✐st✐❝ ❊❈▼ ✺

✷✳✷ ❈✉r✈❡ ❡q✉❛t✐♦♥s

✷✳✷✳✶ ▼♦♥t❣♦♠❡r②✬s ❢♦r♠

❊❧❧✐♣t✐❝ ❝✉r✈❡s ✐♥ ❲❡✐❡rstr❛ss ❢♦r♠ ❛r❡ ♥♦t ✈❡r② ❡✣❝✐❡♥t ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❝♦st✳ ❚❤❡ ▼♦♥t❣♦♠❡r② ❢♦r♠ ✐s ✉s❡❞ ✐♥st❡❛❞ ❬✼❪✳ ❆♥ ❊❧❧✐♣t✐❝ ❝✉r✈❡ E ✐♥
▼♦♥t❣♦♠❡r②✬s ❢♦r♠ ❤❛s ❡q✉❛t✐♦♥✿

by2 = x3 + a x2 + x.

❚❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ❝✉r✈❡ ❜❡ ♥♦♥s✐♥❣✉❧❛r ✐s t❤❛t δ = 4/b6 − a2/b6 6= 0 ✇✐t❤
b 6= 0✳ ■t t❤❡♥ s✉✣❝❡s t❤❛t a2 6= 4 ❛♥❞ b 6= 0✳ ■♥ ❤♦♠♦❣❡♥♦✉s ❢♦r♠ ✇❡ ❤❛✈❡ t❤❡
❡q✉❛t✐♦♥

by2z = x3 + a x2z + xz2.

P♦✐♥ts ♦♥ t❤❡ ❝✉r✈❡ ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ♣r♦❥❡❝t✐✈❡ ❝♦♦r❞✐♥❛t❡s (x : y : z) s♦ ❛s
t♦ ❛✈♦✐❞ ✐♥✈❡rs✐♦♥s ✇❤✐❝❤ ❛r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❝♦st❧② ❛♥❞ ✇❡ ❞✐sr❡❣❛r❞ t❤❡ y✲
❝♦♦r❞✐♥❛t❡ s✐♠♣❧② ♥♦t✐♥❣ P = (x :: z) ✇❤✐❝❤ s✐♠♣❧② ♠❡❛♥s t❤❛t ✇❡ ✐❞❡♥t✐❢② ❛
♣♦✐♥t ✇✐t❤ ✐ts ♦♣♣♦s✐t❡✳ ❆ ♣♦✐♥t (x : y : z) ✐♥ ♣r♦❥❡❝t✐✈❡ ❝♦♦r❞✐♥❛t❡s ❝❛♥ ❜❡
❝♦♥✈❡rt❡❞ t♦ (x/z, y/z) ✐♥ ❛✣♥❡ ❝♦♦r❞✐♥❛t❡s ✇❤❡♥❡✈❡r z 6= 0 ❛♥❞ ❛ ♣♦✐♥t (x, y)
✐♥ ❛✣♥❡ ❝♦♦r❞✐♥❛t❡s ✐s s✐♠♣❧② t❤❡ ♣♦✐♥t (x : y : 1) ✐♥ ♣r♦❥❡❝t✐✈❡ ❝♦♦r❞✐♥❛t❡s✳
❚❤❡ tr✐♣❧❡ts (x : y : z) ✇✐t❤ z = 0 ❞♦ ♥♦t ❝♦rr❡s♣♦♥❞ t♦ ❛♥② ❛✣♥❡ s♦❧✉t✐♦♥s
❛♥❞ ❛r❡ t❤❡ ♣♦✐♥t ❛t ✐♥✜♥✐t② ♦❢ t❤❡ ❝✉r✈❡ (0 : 1 : 0)✳ ▼♦♥t❣♦♠❡r②✬s ❢♦r♠ ❝❛♥ ❜❡
♦❜t❛✐♥❡❞ ❢r♦♠ ❲❡✐❡rstr❛ss ❢♦r♠ ❜② t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s X = (3x+a)/3b, Y =
y/b,A = (3 − a2)/3b2, B = (2a3/9 − a)/3b2✳

✷✳✸ ●r♦✉♣ str✉❝t✉r❡

❚❤❡ s❡t E(K) ♦❢ ♣♦✐♥ts ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ❤❛s ❛♥ ❛❜❡❧✐❛♥ ❣r♦✉♣ str✉❝t✉r❡ ❢♦r
❛ ❧❛✇ ⊕ ❢♦r ✇❤✐❝❤ ♣♦✐♥t O ❛t ✐♥✜♥✐t② ✐s t❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t✱ ❛♥❞ s✉❝❤ t❤❛t t❤❡
✐♥✈❡rs❡ ♦❢ ❛ ♣♦✐♥t P = (x, y) ♦❢ E ✐s −P = (x,−y) ∈ E✳ ❖♥❧② ❛ss♦❝✐❛t✐✈✐t② ✐s
♥♦t ✐♠♠❡❞✐❛t❡ t♦ ♣r♦✈❡✳ ❚❤✐s ❣r♦✉♣ ❧❛✇ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❣❡♦♠❡tr✐❝❛❧❧②✱ ✇❤✐❝❤
❛❧❧♦✇s ❢♦r ❣r❛♣❤✐❝❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s✉♠ ♦❢ t✇♦ ♣♦✐♥ts ♦♥ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡✳

✷✳✹ ❈❛r❞✐♥❛❧✐t② ♦❢ t❤❡ ❣r♦✉♣ E(Fq )

▲❡t N ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ r❛t✐♦♥❛❧ ♣♦✐♥ts ♦♥ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ♦♥ ❛ q✲❡❧❡♠❡♥t
✜♥✐t❡ ✜❡❧❞✱ ✇❡ ❤❛✈❡

|N − (q + 1)| ≤ 2
√

q.

❚❤✐s ✐s ❛♥ ✉s❡❢✉❧ r❡s✉❧t ❢♦r ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ r❛t✐♦♥❛❧ ♣♦✐♥ts ♦♥
❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐s ❤❛r❞ ✇❤❡♥ q ✐s ❛ ❧❛r❣❡ ✐♥t❡❣❡r✱ t❤✐s t❤❡♦r❡♠ ❜② ❍❛ss❡ ❣✐✈❡s
❛♥ ✐♥t❡r❡st✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ♦r❞❡r ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡✳

✷✳✺ P♦✐♥t ❛❞❞✐t✐♦♥ ❧❛✇s

✷✳✺✳✶ ❲❡✐❡rstr❛ss ❢♦r♠

■♥ ♦r❞❡r t♦ ✇♦r❦ ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✱ ✇❡ ♥❡❡❞ t♦ ❜❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ ♣♦✐♥t ❛❞❞✐✲
t✐♦♥s✳ ❲❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r ✜♥✐t❡ ✜❡❧❞s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐✛❡r❡♥t ♦❢ ✷ ❛♥❞ ✸✳
▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐♥ ❲❡✐❡rstr❛ss ❢♦r♠ ♦♥ ❛ ✜♥✐t❡ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝

❘❘ ♥➦ ✼✵✹✵



✻ ❈❤❡❧❧✐

❞✐✛❡r❡♥t ♦❢ ✷ ❛♥❞ ✸ ❛♥❞ ❧❡t P = (xp, yp) ❛♥❞ Q = (xq, yq) ❜❡ t✇♦ ♣♦✐♥ts ♦♥ t❤❛t
❝✉r✈❡ ❛♥❞ R = (xr, yr) t❤❡ ♣♦✐♥t s✉❝❤ t❤❛t P + Q = R✳

▲❡t α =
yq − yp

xq − xp
❛♥❞ β =

3x2
p + a

2yp
✳

❋✐rst ❝❛s❡✿ ❉✐st✐♥❝t ❛♥❞ ♥♦♥✲♦♣♣♦s✐t❡ ♣♦✐♥ts ■❢ xp 6= xq t❤❛t ✐s✱ P ❡t Q
❛r❡ ❞✐✛❡r❡♥t ❛♥❞ ♥♦t t❤❡ ✐♥✈❡rs❡ ♦❢ ♦♥❡ ❛♥♦t❤❡r✱ t❤❡♥ ✇❡ ❤❛✈❡

{

xr = α2 − xp − xq

yr = −yp + α(xp − xr).

❙❡❝♦♥❞ ❝❛s❡✿ ❖♣♣♦s✐t❡ ♣♦✐♥ts ■❢ xp = xq ❛♥❞ yp 6= yq t❤❡♥ R = O✳

■♥ t❤❛t ❝❛s❡ ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ yp = −yq ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝✉r✈❡ ❡q✉❛t✐♦♥✳ P♦✐♥ts
P = (xp, yp) ❛♥❞ Q = (xq,−yp) ❛r❡ s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ x✲❛①✐s✳ ❚❤❡
♣♦✐♥t R t❤❡♥ ✐s ♣♦✐♥t ❛t ✐♥✜♥✐t②✳

❚❤✐r❞ ❝❛s❡✿ P♦✐♥t ❉♦✉❜❧✐♥❣ ✇✐t❤ ♥♦♥③❡r♦ y ❝♦♦r❞✐♥❛t❡ ■❢ xp = xq ❛♥❞
yp = yq 6= 0 t❤❛t ✐s P = Q ✇✐t❤ yp 6= 0✱ t❤❡♥ R = P + P = 2P ❛♥❞

{

xr = β2 − 2xp

yr = −yp + β(xp − xr).

❋♦✉rt❤ ❝❛s❡✿ P♦✐♥t ❉♦✉❜❧✐♥❣ ✇✐t❤ ③❡r♦ y ❝♦♦r❞✐♥❛t❡ ■❢ xp = xq ❛♥❞
yp = yq = 0 t❤❛t ✐s P = Q ✇✐t❤ xp = 0✱ t❤❡♥ R = O✳

❚❤❡ ♣♦✐♥t ✐s ♦♥ t❤❡ x✲❛①✐s✳ ❚❤❡ t❛♥❣❡♥t t♦ t❤❡ ❝✉r✈❡ ❛t t❤✐s ♣♦✐♥t ✐s ✈❡rt✐❝❛❧✳
❚❤❡ ♣♦✐♥t P + P = 2P ✐s t❤✉s ♣♦✐♥t ❛t ✐♥✜♥✐t②✳

✷✳✺✳✷ ▼♦♥t❣♦♠❡r②✬s ❢♦r♠

❚❤❡ ❛❞❞✐t✐♦♥ ❛♥❞ ❞♦✉❜❧✐♥❣ ❧❛✇s ❛r❡ ❛s ❢♦❧❧♦✇s✿ ▲❡t P = (xP :: zP ) ❛♥❞ Q =
(xQ :: zQ) ❜❡ t✇♦ ❞✐st✐♥❝t ♣♦✐♥ts ❛♥❞ ❧❡t P − Q = (xP−Q :: zP−Q) ❜❡ t❤❡✐r
❞✐✛❡r❡♥❝❡❀ t❤❡♥ t❤❡✐r s✉♠ P + Q ✐s ❝♦♠♣✉t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✱

xP+Q = 4zP−Q ∗ (xP xQ − zP zQ)2, zP+Q = 4xP−Q ∗ (xP zQ − zP xQ)2.

❚❤❡ ❞♦✉❜❧✐♥❣ ✐s ❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s✿

x2P = (x2
P − z2

P )2, z2P = 4xP zP [(xP − zP )2 + 4d xP zP ].

✇❤❡r❡ d = (a + 2)/4 ❛♥❞ a ✐s t❤❡ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❡q✉❛t✐♦♥ ✐♥
▼♦♥t❣♦♠❡r②✬s ❢♦r♠✳

✷✳✻ ❈♦♠♣✉t❛t✐♦♥ ♦❢ kP

❚❤❡ ❊❈▼ ❛❧❣♦r✐t❤♠ ♥❡❡❞s ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♣♦✐♥t kP ❢r♦♠ ❛ ❣✐✈❡♥ ✐♥t❡❣❡r k ❛♥❞
♣♦✐♥t P ✳ ❲❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢♦r❡♠❡♥t✐♦♥❡❞ ♣♦✐♥t✲❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s✳

■◆❘■❆



❋✉❧❧② ❉❡t❡r♠✐♥✐st✐❝ ❊❈▼ ✼

✷✳✻✳✶ ❉♦✉❜❧❡ ❛♥❞ ❛❞❞

❊①❝❡♣t ❢♦r t❤❡ ❞♦✉❜❧✐♥❣ ✇❤✐❝❤ ✐s s✐♠♣❧② ❛❞❞✐♥❣ ❛ ♣♦✐♥t t♦ ✐ts❡❧❢✱ ✇❡ ❤❛✈❡ ♥♦
✏♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛♥ ✐♥t❡❣❡r✑ ❢♦r♠✉❧❛✳ P♦✐♥t nP ✐s ❝♦♠♣✉t❡❞ ❜② ♠❡❛♥s ♦❢ r❡✲
♣❡❛t❡❞ ❛❞❞✐♥❣s ❛♥❞ ❞♦✉❜❧✐♥❣s ❢r♦♠ t❤❡ ❜✐♥❛r② ❡①♣❛♥s✐♦♥ ♦❢ ✐♥t❡❣❡r n✳ ❚❤✐s ✐s
❝❛❧❧❡❞ t❤❡ ✏❞♦✉❜❧❡✲❛♥❞✲❛❞❞✑ ❛❧❣♦r✐t❤♠✳

❆❧❣♦r✐t❤♠ ❉♦✉❜❧❡ ❛♥❞ ❆❞❞ ✭▲❡❢t t♦ ❘✐❣❤t✮✿
■◆P❯❚✿ P♦✐♥t P ❢r♦♠ E(Fp) ❛♥❞ n > 1

❖❯❚P❯❚✿ P♦✐♥t R = nP
✶✳ ❙❡t Q = P
✷✳ ❧♦♦♣ ❢♦r i = (⌈log2(n)⌉ − 2) ❞♦✇♥ t♦ 0

s❡t Q = 2Q
✐❢ ❇✐ti(n) = 1 s❡t Q = Q + P

✸✳ r❡t✉r♥ Q ✭✇❤✐❝❤ ❡q✉❛❧s nP ✮

❊①❛♠♣❧❡✿ ❈♦♠♣✉t❡ ❛❞❞✐t✐♦♥ ❛♥❞ ❞♦✉❜❧✐♥❣ ❢♦r♠✉❧❛ ❢♦r k = 100 = (1100100)2

100P = 2(2(P + 2(2(2(P + 2P )))))

❈♦♠♣✉t✐♥❣ 100P t❛❦❡s ✻ ❞♦✉❜❧✐♥❣s ✭❧❡♥❣t❤ ♠✐♥✉s ♦♥❡ ♦❢ t❤❡ ❜✐♥❛r② ❡①♣❛♥s✐♦♥
♦❢ ✶✵✵✮ ❛♥❞ ✷ ❛❞❞✐t✐♦♥s ✭♥✉♠❜❡r ♠✐♥✉s ♦♥❡ ♦❢ ♦♥❡s ✐♥ t❤❡ ❡①♣❛♥s✐♦♥✮✳

✷✳✻✳✷ ▲✉❝❛s ❝❤❛✐♥s

▲✉❝❛s ❝❤❛✐♥s ❛r❡ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛❞❞✐t✐♦♥ ❝❤❛✐♥s ✐♥ ✇❤✐❝❤ t❤❡ s✉♠ ♦❢ t✇♦ t❡r♠s
❝❛♥ ❛♣♣❡❛r ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡✐r ❞✐✛❡r❡♥❝❡ ❛❧s♦ ❛♣♣❡❛rs✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥❡❡❞❡❞
✇❤❡♥ t❤❡ ♣♦✐♥t ❛❞❞✐t✐♦♥ ❧❛✇s ✐♥ ▼♦♥t❣♦♠❡r② ❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡s ❛r❡ t♦
❜❡ ✉s❡❞✳ ■t ✐s st✐❧❧ ♣♦ss✐❜❧❡ t♦ ✏❞♦✉❜❧❡✑ ❛ ♣♦✐♥t ✭✐✳❡✳✱ ❝♦♠♣✉t✐♥❣ ±2P ✮ ❛♥❞ ✐❢
t❤❡ ❞✐✛❡r❡♥❝❡ ± (P − Q) ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥ts ✐s ❦♥♦✇♥ t❤❡♥ ✇❡ ❝❛♥ ❝♦♠♣✉t❡
t❤❡✐r s✉♠ ± (P + Q)✿ t❤✐s ♦♣❡r❛t✐♦♥ ✐s ❝❛❧❧❡❞ ♣s❡✉❞♦✲❛❞❞✐t✐♦♥✳ ❚♦ ❝♦♠♣✉t❡ t❤❡
♠✉❧t✐♣❧❡ ♦❢ ❛ ♣♦✐♥t ✇❡ ♥❡❡❞ t♦ ✜♥❞ ❝❤❛✐♥s ♦❢ ❞♦✉❜❧✐♥❣ ❛♥❞ ♣s❡✉❞♦✲❛❞❞✐t✐♦♥s
✇❤✐❝❤ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛❞❞✐t✐♦♥ ❝❤❛✐♥s ❝❛❧❧❡❞ ✏▲✉❝❛s ❈❤❛✐♥s✑ ❬✻❪✳ ❋♦r ✐♥st❛♥❝❡

1 → 2 → 3 → 4 → 7 → 10 → 17

✐s ❛ ▲✉❝❛s ❝❤❛✐♥ ❢♦r 17✳ ❖♥❡ ✇❛② t♦ ✜♥❞ s✉❝❤ ❝❤❛✐♥s ✐s t♦ ♥♦t❡ t❤❛t ✐❢ ✇❡ ❦♥♦✇
[n]P ❛♥❞ [n + 1]P t❤❡♥ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ [2n]P ✱ [2n + 1]P ❛♥❞ [2n + 2]P ✳ ❍❡♥❝❡
✇❡ ❤❛✈❡ ❜✐♥❛r② ❝❤❛✐♥s✿ ❛t ❡❛❝❤ st❡♣ ✇❡ ❝❤♦♦s❡ t❤❡ ♣♦✐♥t t♦ ❞♦✉❜❧❡ ❛❝❝♦r❞✐♥❣ t♦
t❤❡ ❜✐♥❛r② ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❡r✳ ❋♦r ✐♥st❛♥❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛✐♥ ✐s t❤❡
❜✐♥❛r② ❝❤❛✐♥ ❢♦r 17✿

1 → 2 → 3 → 4 → 5 → 8 → 9 → 17.

❚❤✐s ❡①❛♠♣❧❡ s❤♦✇s t❤❛t ❜✐♥❛r② ❝❤❛✐♥s ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② t❤❡ s❤♦rt❡st ❝❤❛✐♥s ♦❢
❞♦✉❜❧✐♥❣ ❛♥❞ ♣s❡✉❞♦✲❛❞❞✐t✐♦♥✳ ▼♦♥t❣♦♠❡r②✬s P❘❆❈ ✐s ❛♥ ❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠
❞❡s✐❣♥❡❞ t♦ ✜♥❞ s❤♦rt ▲✉❝❛s ❝❤❛✐♥s ❬✻❪✳ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❜❡②♦♥❞
t❤❡ s❝♦♣❡ ♦❢ t❤✐s ✇♦r❦✱ ❜✉t t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s s❤♦✇ ♠♦r❡ ❝❛s❡s ✇❤❡r❡
✇❡ ❤❛✈❡ ❛ ▲✉❝❛s ❝❤❛✐♥ t❤❛t ✐s s❤♦rt❡r t❤❛♥ ✐ts ❜✐♥❛r② ❝♦✉♥t❡r♣❛rt✿

k = 9 1 → 2 → 3 → 4 → 5 → 9

❘❘ ♥➦ ✼✵✹✵



✽ ❈❤❡❧❧✐

1 → 2 → 3 → 6 → 9

k = 13 1 → 2 → 3 → 4 → 6 → 7 → 13

1 → 2 → 3 → 5 → 8 → 13.

✸ ❚❤❡ ❊❈▼ ♠❡t❤♦❞

❊❈▼ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ P♦❧❧❛r❞✬s p − 1 ❛❧❣♦r✐t❤♠✿ ✐♥st❡❛❞ ♦❢ ✇♦r❦✐♥❣ ✐♥ F∗
p✱

✇❡ ✇♦r❦ ✐♥ t❤❡ ❣r♦✉♣ ♦❢ ♣♦✐♥ts ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡✳
❚❤❡ ♥✉♠❜❡r t♦ ❜❡ ❢❛❝t♦r❡❞ ❜❡✐♥❣ n✱ ✇❡ ✇♦r❦ ♦✈❡r Z/nZ ❛s ✐❢ ✐t ✇❡r❡ ❛ ✜❡❧❞✳
❚❤❡ ♦♥❧② ♦♣❡r❛t✐♦♥ t❤❛t ♠✐❣❤t ❢❛✐❧ ✐s r✐♥❣ ✐♥✈❡rs✐♦♥ ✇❤✐❝❤ ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣
t❤❡ ❊✉❝❧✐❞❡❛♥ ❛❧❣♦r✐t❤♠✳ ■❢ ❛♥ ✐♥✈❡rs✐♦♥ ❢❛✐❧s✱ t❤❡♥ n ✐s ♥♦t ❝♦♣r✐♠❡ ✇✐t❤ t❤❛t
♥✉♠❜❡r ❛♥❞ ✇❡ ✜♥❞ ❛ ❢❛❝t♦r ♦❢ n ❜② ❝♦♠♣✉t✐♥❣ t❤❡✐r ❣❝❞✳

✸✳✶ ❙♠♦♦t❤♥❡ss ❝r✐t❡r✐❛

▲❡t n ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✱ ✇✐t❤ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥✿ n =
∏m

i=1 pαi

i ❛♥❞ ❧❡t B
❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳

n ✐s s❛✐❞ t♦ ❜❡ ❇✲s♠♦♦t❤ ✐❢ ❛❧❧ ♦❢ ✐ts ♣r✐♠❡ ❢❛❝t♦rs pi ✈❡r✐❢② pi 6 B✳
■t ✐s s❛✐❞ t♦ ❜❡ ❇✲♣♦✇❡rs♠♦♦t❤ ✐❢ ❢♦r ❛❧❧ i ✇❡ ❤❛✈❡✱ pαi

i 6 B✳

❋♦r ❡①❛♠♣❧❡ 72900000000 = 283658 ✐s ✺✲s♠♦♦t❤ s✐♥❝❡ ✺ ✐s ✐ts ❧❛r❣❡st ♣r✐♠❡
❢❛❝t♦r✱ ❛♥❞ ✐s 58 ✲ ♣♦✇❡rs♠♦♦t❤✳

❆♥ ✐♥t❡❣❡r n ✇✐❧❧ ❜❡ s❛✐❞ t♦ ❜❡ ✭B1, B2✮✲s♠♦♦t❤ ✐❢ ✐t ✐s B1✲♣♦✇❡rs♠♦♦t❤ ❢♦r ❛❧❧
❜✉t ✐t✬s ❧❛r❣❡st ♣r✐♠❡ ❢❛❝t♦r pm✱ ❛♥❞ ✇❡ ❤❛✈❡ αm = 1 ❛♥❞ pm 6 B2✳

✸✳✷ ❊❈▼ ❛❧❣♦r✐t❤♠

❚❤❡ ❊❈▼ ♠❡t❤♦❞ st❛rts ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ r❛♥❞♦♠ ♥♦♥s✐♥❣✉❧❛r ❡❧❧✐♣t✐❝ ❝✉r✈❡
E ♦✈❡r Z/nZ✱ n ❜❡✐♥❣ t❤❡ ♥✉♠❜❡r t♦ ❜❡ ❢❛❝t♦r❡❞✱ ❛♥❞ ❛ ♣♦✐♥t P ♦♥ ✐t✳ ❲❡ s❡❡❦
❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k s✉❝❤ t❤❛t [k]P = O ♠♦❞✉❧♦ ❛♥ ✭✉♥❦♥♦✇♥✮ ♣r✐♠❡ ❞✐✈✐s♦r
p ♦❢ n ❜✉t ♥♦t ♠♦❞✉❧♦ n✳ ❚❤❡♥✱ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Q = [k]P ♠♦❞ n t❤❡
❛tt❡♠♣t❡❞ ✐♥✈❡rs✐♦♥ ♦❢ ❛♥ ❡❧❡♠❡♥t ♥♦t ❝♦♣r✐♠❡ t♦ n r❡✈❡❛❧s t❤❡ ❢❛❝t♦r p ❜②
s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❣❝❞✭xQ✱n✮✳ ❋♦r t❤✐s t♦ ❤❛♣♣❡♥ k ♥❡❡❞s t♦ ❜❡ ❝❤♦s❡♥ ❛
♠✉❧t✐♣❧❡ ♦❢ gp = #E (Fp) ✇❤✐❝❤ ✐s ❛❧s♦ ✉♥❦♥♦✇♥✳ ◆♦t✐❝❡ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t
k ❛❧s♦ ❤❛♣♣❡♥s t♦ ❜❡ ❛ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ❣r♦✉♣ ♦r❞❡r gq ❢♦r ❛♥♦t❤❡r ♣r✐♠❡ ❢❛❝t♦r
q✱ ❡s♣❡❝✐❛❧❧② ✐❢ k ✐s ❝❤♦s❡♥ t♦♦ ❤✐❣❤ ♦r ✇❤❡♥ ❣r♦✉♣ ♦r❞❡rs gp ❛♥❞ gq ❛r❡ ❝❧♦s❡✳
■♥ t❤❛t ❝❛s❡ t❤❡ ●❈❉ ✇✐❧❧ ❜❡ ❛ ❝♦♠♣♦s✐t❡ ❢❛❝t♦r pq ♦❢ n ❛♥❞ ✐♥ t❤❡ ✇♦rst ❝❛s❡
t❤❡ ●❈❉ ✇✐❧❧ ❜❡ t❤❡ ✐♥♣✉t ♥✉♠❜❡r n ✐ts❡❧❢✳ ❚❤❡ ❊❈▼ ♠❡t❤♦❞ ❤❛s t✇♦ ❞✐✛❡r❡♥t
st❛❣❡s✿ ❙t❛❣❡ 1 ✇✐❧❧ ❝♦♠♣✉t❡ Q = [k]P ❛♥❞ ❜❡ s✉❝❝❡ss❢✉❧ ✐❢ t❤❡ ♦r❞❡r g ♦❢ t❤❡
❝✉r✈❡ ✐s B1✲♣♦✇❡rs♠♦♦t❤ ✭✐✳❡✳✱ ♠✉❧t✐♣❧❡ ♦❢ ♣r✐♠❡ ♣♦✇❡rs ❡❛❝❤ ❧❡ss t❤❛♥ B1✮ ❢♦r
s♦♠❡ ❜♦✉♥❞ B1✳ ❙t❛❣❡ 2 ✐s ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ✐♥✐t✐❛❧ ❊❈▼ ❛❧❣♦r✐t❤♠ t♦
❝❛t❝❤ ♣r✐♠❡s p ❢♦r ✇❤✐❝❤ #E (Fp) ✐s ❝❧♦s❡ t♦ ❜❡✐♥❣ B1✲♣♦✇❡rs♠♦♦t❤✱ t❤❛t ✐s✱
t❤❡ ♣r♦❞✉❝t ♦❢ ❛ B1✲♣♦✇❡rs♠♦♦t❤ ♥✉♠❜❡r ❜② ❥✉st ♦♥❡ ♣r✐♠❡ ❝♦❢❛❝t♦r ❡①❝❡❡❞✐♥❣
B1 ❛♥❞ ❧❡ss t❤❛♥ ❛ B2 ❜♦✉♥❞✱ t❤❛t ✐s✱ ✭B1✱B2✮✲s♠♦♦t❤✳ ■❢ t❤✐s ❞♦❡s♥✬t ②✐❡❧❞
❛ ❢❛❝t♦r✱ ✇❡ ❝❛♥ st✐❧❧ tr② ❛♥♦t❤❡r ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✇❤✐❝❤ ♦r❞❡r ♠✐❣❤t t❤✐s t✐♠❡ ❜❡
B1✲s♠♦♦t❤✱ ❛ ♣♦ss✐❜✐❧✐t② ♥♦t ❛✈❛✐❧❛❜❧❡ ✐♥ P♦❧❧❛r❞ p−1 ❢♦r ✇❤✐❝❤ t❤❡ ❣r♦✉♣ ♦r❞❡r

■◆❘■❆



❋✉❧❧② ❉❡t❡r♠✐♥✐st✐❝ ❊❈▼ ✾

✐s ✜①❡❞✳
❊❈▼ ✐s ❛ ♣r♦❜❛❜✐❧✐st✐❝ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❤❡✉r✐st✐❝ ❡①♣❡❝t❡❞ r✉♥♥✐♥❣ t✐♠❡ t♦ ✜♥❞
❛ ❢❛❝t♦r p ♦❢ ❛ ♥✉♠❜❡r n

O(L(p)
√

2+o(1)M(log(n)))

✇❤❡r❡ L(p) = e
√

log(p) log(log(p)) ❛♥❞ M(log(n)) ✐s t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♠✉❧t✐♣❧✐❝❛✲
t✐♦♥s ♠♦❞✉❧♦ n✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❊❈▼ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ s✐③❡ ♦❢ t❤❡ s♠❛❧❧❡st
❢❛❝t♦r p ♦❢ n r❛t❤❡r t❤❛♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♥✉♠❜❡r n t♦ ❜❡ ❢❛❝t♦r❡❞✳ ❍♦✇❡✈❡r✱ ❊❈▼
❞♦❡s ♥♦t ❛❧✇❛②s ✜♥❞ t❤❡ s♠❛❧❧❡st ❢❛❝t♦r✳

✸✳✷✳✶ ❙t❛❣❡ ✶

❙t❛❣❡ 1 ✇✐❧❧ ②✐❡❧❞ ❛ ♣r✐♠❡ ❢❛❝t♦r ✐❢ t❤❡ ♦r❞❡r g ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ✐s B1✲
♣♦✇❡rs♠♦♦t❤✳ ❲❡ ❝♦♠♣✉t❡ Q = [k]P ✇❤❡r❡ k =

∏

π6B1
π[log(B1)/ log(π)] =

lcm (1, 2, . . . , B1) s♦ t❤❛t ❛❧❧ B1✲♣♦✇❡rs♠♦♦t❤ ♥✉♠❜❡rs ❞✐✈✐❞❡ k✳ ❚❤❡ ♠❛✐♥ ❝♦st
♦❢ st❛❣❡ 1 ✐s t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❛r✐t❤♠❡t✐❝✳

✸✳✷✳✷ ❙t❛❣❡ ✷

❲❤❡♥ t❤❡ ♦r❞❡r g ✐s ♥♦t B1✲s♠♦♦t❤ ❜❡❝❛✉s❡ ♦❢ ❛ s✐♥❣❧❡ ♣r✐♠❡ ❢❛❝t♦r q ❛❜♦✈❡
B1✱ ❛ ❜♦✉♥❞ B2 > B1 ✐s s❡t s♦ t❤❛t ✇❡ ❤❛✈❡ ❛ ❝❤❛♥❝❡ t❤❛t t❤✐s ♣r✐♠❡ ❢❛❝t♦r q ✐s
❜❡❧♦✇ B2 ❛♥❞ t❤✉s g ✐s (B1, B2)✲s♠♦♦t❤✳ Pr✐♠❡ q ✇✐❧❧ t❤❡♥ ❜❡ ❢♦✉♥❞ ✐♥ st❛❣❡ ✷✳

✸✳✸ ❇r❡♥t✲❙✉②❛♠❛✬s ♣❛r❛♠❡tr✐③❛t✐♦♥

❚❤✐s ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ✉s❡s ❛ s✐♥❣❧❡ ✐♥t❡❣❡r σ > 5✱ ✐t ✐s s✐♠♣❧❡ ❛♥❞
♦❢ ✇✐❞❡s♣r❡❛❞ ✉s❡✱ t❤✐s ❝❤♦✐❝❡ ✇✐❧❧ t❤❡r❡❢♦r❡ ❛❧❧♦✇ ❢♦r ❡❛s② r❡♣r♦❞✉❝t✐♦♥ ♦❢ t❤❡
r❡s✉❧ts ♦❜t❛✐♥❡❞✱ ✇❤✐❝❤ ✐s ♦❢ ❝r✉❝✐❛❧ ✐♠♣♦rt❛♥❝❡ ✇❤❡♥ ♣❡r❢♦r♠✐♥❣ ❞❡t❡r♠✐♥✐st✐❝
❊❈▼✳ ❆ r❛♥❞♦♠ ✐♥t❡❣❡r σ > 5 ✐s ❝❤♦s❡♥✳ ❍❡r❡ ✇❡ ✇✐❧❧ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ ❛
r❛♥❞♦♠ ✻✹✲❜✐t ✈❛❧✉❡✳ ❋r♦♠ t❤✐s ♣❛r❛♠❡t❡r ✇❡ t❤❡♥ ❝♦♠♣✉t❡✿

u = σ2 − 5✱ v = 4σ✱
x0 = u3 (mod n)✱ z0 = v3 (mod n)✱
a = (v − u)3(3u + v)/(4u3v) − 2 (mod n)✱ b = u/z0 ❛♥❞✱
y0 = (σ2 − 1)(σ2 − 25)(σ4 − 25)✳
▲❡t p ❜❡ ❛ ♣r✐♠❡ ❢❛❝t♦r ♦❢ n✱ ❍❛ss❡✬s t❤❡♦r❡♠ st❛t❡s t❤❛t t❤❡ ♦r❞❡r g ♦❢ ❛♥
❡❧❧✐♣t✐❝ ❝✉r✈❡ E ♦✈❡r Fp s❛t✐s✜❡s

|g − (p + 1)| < 2
√

p.

❲❤❡♥ ❝✉r✈❡ ❝♦❡✣❝✐❡♥ts a✱b ✈❛r②✱ g ❡ss❡♥t✐❛❧❧② ❜❡❤❛✈❡s ❛s ❛ r❛♥❞♦♠ ✐♥t❡❣❡r ✐♥ t❤❡
✐♥t❡r✈❛❧ ❬p+1− 2

√
p✱ p+1+2

√
p❪✱ ✇✐t❤ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s ✐♠♣♦s❡❞ ❜②

t❤❡ t②♣❡ ♦❢ ❝✉r✈❡ ❝❤♦s❡♥✳ ❙✉②❛♠❛✬s ❛♥❞ ▼♦♥t❣♦♠❡r②✬s ❢♦r♠ ♣❛r❛♠❡tr✐③❛t✐♦♥s
❜♦t❤ ❡♥s✉r❡ ✶✷ ❞✐✈✐❞❡s g ♦✈❡r Fq ❬✾❪✳ ❚❤✐s ✐s ♦❢ ✐♥t❡r❡st s✐♥❝❡ t❤✐s ✐♥❝r❡❛s❡s t❤❡
♣r♦❜❛❜✐❧✐t② t❤❛t g ✐s ✐♥❞❡❡❞ s♠♦♦t❤✱ g = 12 ∗ g′❛♥❞ t❤✉s ❛✛❡❝ts t❤❡ ♣r♦❜❛❜✐❧✐t②
♦❢ s✉❝❝❡ss ♦❢ ❊❈▼ ❢♦r ✜①❡❞ ❣✐✈❡♥ ♣❛r❛♠❡t❡rs✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❦♥♦✇♥ ❢❛❝t♦r
✶✷ ❝❛♥ ❜❡ ❢✉rt❤❡r t❛❦❡♥ ❛❞✈❛♥t❛❣❡ ♦❢ ✐❢ ✇❡ r❡❧❛① t❤❡ s♠♦♦t❤♥❡ss ❝r✐t❡r✐♦♥ ❢♦r
st❛❣❡ ✶ ❜② ✐♥❝r❡❛s✐♥❣ ν2✱ t❤❡ ♠❛①✐♠✉♠ ♣♦✇❡r ♦❢ ✷ s✉❝❤ t❤❛t 2ν2 6 B1 ❜② ✷✱ ❛♥❞
ν3✱ t❤❡ ♠❛①✐♠✉♠ ♣♦✇❡r ♦❢ ✸ s✉❝❤ t❤❛t 3ν3 6 B1 ❜② ♦♥❡✳

❘❘ ♥➦ ✼✵✹✵



✶✵ ❈❤❡❧❧✐

✹ ❇✉✐❧❞✐♥❣ σ✲❝❤❛✐♥s t❤❛t ②✐❡❧❞ ❛❧❧ ♣r✐♠❡s ✉♣ t♦ ❛

❣✐✈❡♥ ❜♦✉♥❞ B

✹✳✶ ❯s✐♥❣ ❊❈▼ ✇✐t❤ ♣r✐♠❡ ✐♥♣✉t ♥✉♠❜❡rs

◆♦r♠❛❧❧②✱ ❊❈▼ ✐s r✉♥ ♦♥ ❛ ❝♦♠♣♦s✐t❡ ✐♥♣✉t ♥✉♠❜❡r n t❤❛t ✇❡ ❛r❡ tr②✐♥❣ t♦
❢❛❝t♦r✳ ❍❡r❡ ✇❤❛t ✇❡ ✇❛♥t t♦ ❞❡t❡r♠✐♥❡ ✐s ✇❤❡t❤❡r ❛ ❣✐✈❡♥ ♣r✐♠❡ p ✇✐❧❧ ❜❡ ❢♦✉♥❞
❜② ❊❈▼ ✇❤❡♥ ✐t ✐s ✉s❡❞ ♦♥ ❛♥ ✐♥♣✉t ♥✉♠❜❡r n s✉❝❤ t❤❛t p|n✱ ❜✉t t❤❡ ❝♦❢❛❝t♦r ✐s
✉♥❞❡t❡r♠✐♥❡❞✳ ❲❡ t❤✉s r✉♥ ❊❈▼ ✐♥ ❛♥ ✉♥✉s✉❛❧ ✇❛②✱ ✇❤❡r❡ t❤❡ ✐♥♣✉t ♥✉♠❜❡r
p ✐s ♣r✐♠❡✱ ❛♥❞ ❊❈▼ r❡t✉r♥s p ✐❢ g = #E (Fp) ✐s (B1, B2)✲s♠♦♦t❤ ❛♥❞ ❢❛✐❧s ✐❢
♥♦t✳ ❚❤✐s ❝♦♥tr❛sts ✇✐t❤ t❤❡ ✉s✉❛❧ ❊❈▼ ✉s❛❣❡ ✇❤❡r❡ ❤❛✈✐♥❣ t❤❡ ✐♥♣✉t ♥✉♠❜❡r
r❡t✉r♥❡❞ ✐s ♥♦t s❛t✐s❢❛❝t♦r② ❛s t❤✐s ♠❡❛♥s ♥♦ ❢❛❝t♦r ❤❛s ❜❡❡♥ ❢♦✉♥❞✳

❲❡ ✇✐❧❧ ❜❡❣✐♥ ❜② r✉♥♥✐♥❣ t❡sts ♦♥ t❤❡ ♣r✐♠❡s ✉♣ t♦ B = 232✳ ❖✉r ❣♦❛❧ ✐s
✜rst t♦ ✜♥❞ ❛ s❡t ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ♦r σ✲❝❤❛✐♥ t❤❛t ✇✐❧❧ ❡♥s✉r❡ ❛❧❧ ♦❢ t❤♦s❡ ♣r✐♠❡s
❛r❡ ❢♦✉♥❞✳ ❲❡ ✇✐❧❧ t❤❡♥ tr② t♦ ♦♣t✐♠✐③❡ ❜♦t❤ t❤❡ ❛✈❡r❛❣❡ ❝♦st ♦❢ ✜♥❞✐♥❣ ❛ ♣r✐♠❡
❛♥❞ t❤❡ ✇♦rst ❝❛s❡ ❝♦st✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s ✇❡ ✜rst ❝♦♥str✉❝t ❛ ♣r❡❝♦♠♣✉t❡❞ t❛❜❧❡
♦❢ ❛❧❧ ♣r✐♠❡s ✉♣ t♦ 232✳

✹✳✷ ❊❈▼ ❚❡st✐♥❣ ✐♠♣❧❡♠❡♥t❛t✐♦♥

❚♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ♣r✐♠❡s ❛r❡ ❢♦✉♥❞ ❜② ❛ ❣✐✈❡♥ ❝✉r✈❡ ✇✐t❤ ❣✐✈❡♥ ♣❛r❛♠❡t❡rs✱
✇❡ ✉s❡ ❛ t❡st✐♥❣ ♣r♦❣r❛♠ ✏❡❝♠❴❝❤❡❝❦✑ ❜❛s❡❞ ♦♥ ●▼P✲❊❈▼✱ ❛ ❢r❡❡ ❛♥❞ ✇❡❧❧
♦♣t✐♠✐③❡❞ ❊❈▼ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❤✐❝❤ ♦✉t♣✉ts ♣r✐♠❡s ♥♦t ❢♦✉♥❞ ❜② ❊❈▼ ❢♦r
❣✐✈❡♥ B1✱ B2✱ ❛♥❞ σ✳ ❲❡ ✇✐❧❧ ❧❛t❡r ❞✐s❝✉ss ✇❡t❤❡r t❤✐s ♠❡t❤♦❞♦❧♦❣② ❝❛♥ ❜❡ r❡❧✐❡❞
✉♣♦♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ✇❤✐❝❤ ❛✐♠s ❛t ♣❡r❢♦r♠✐♥❣ ❞❡t❡r♠✐♥✐st✐❝

❊❈▼✳

✺ ❈❤♦♦s✐♥❣ t❤❡ ❜❡st ♣❛r❛♠❡t❡rs ❢♦r ❊❈▼

✺✳✶ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ B1✱ B2 ❜♦✉♥❞s

❚❤❡ ❝❤♦✐❝❡ ♦❢ B1 ❛♥❞ B2 ❜♦✉♥❞s ✐s ♦❢ ❣r❡❛t ✐♠♣♦rt❛♥❝❡ s✐♥❝❡ ✐t ✐♠♣❛❝ts ❜♦t❤
t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❊❈▼ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣r✐♠❡s ❢♦✉♥❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✳
❲❤❡♥ ❝❤♦s❡♥ t♦♦ ❤✐❣❤ ❊❈▼ ❣❡ts s❧♦✇❡r✱ ❛♥❞ ✇❤❡♥ ❝❤♦s❡♥ t♦♦ ❧♦✇ ❢❡✇❡r ♣r✐♠❡s
❛r❡ ❢♦✉♥❞✳ ❚❤❡ ♣❛r❛♠❡t❡rs t❤✉s ♥❡❡❞ t♦ ❜❡ ✜♥❡✲t✉♥❡❞ ❢♦r ♦♣t✐♠❛❧ r❡s✉❧ts✳ ❖❢
❝♦✉rs❡ ✇❡ ✇❛♥t t♦ ♠✐♥✐♠✐③❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ✇❤✐❧❡ s✐♠✉❧t❛♥❡♦✉s❧② ♠❛①✐♠✐③✐♥❣
t❤❡ ♥✉♠❜❡r ♦❢ ♣r✐♠❡s ❢♦✉♥❞✳ ❲❡ ❞❡t❡r♠✐♥❡ t❤❡ ❜❡st B1✱ B2 ✈❛❧✉❡s t❤❛t ♠✐♥✐♠✐③❡
t❤❡ t✐♠❡ ♦✈❡r ❢♦✉♥❞ ♣r✐♠❡s r❛t✐♦ ♦r t✐♠❡ ♣❡r ♣r✐♠❡ ❤✐t✳

✺✳✶✳✶ ▼♦st ❡✣❝✐❡♥t B1✱ B2 ❜♦✉♥❞s ♦♥ ❛ s❛♠♣❧❡ ♦❢ ♣r✐♠❡s ♦❢ ❣✐✈❡♥
❜✐t❧❡♥❣t❤

❲❡ ❤❛✈❡ ❞❡t❡r♠✐♥❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ✇❤✐❝❤ ❛r❡ t❤❡ ♠♦st ❡✣❝✐❡♥t B1✱ B2 ❜♦✉♥❞s
♦♥ ❛ s❛♠♣❧❡ ♦❢ ♣r✐♠❡s ♦❢ ❣✐✈❡♥ ❜✐t❧❡♥❣t❤✳ ❲❡ ❤❛✈❡ t❡st❡❞ t❤❡ ♠✐❧❧✐♦♥ ♣r✐♠❡s
❥✉st ❜❡❧♦✇ 2α ❢♦r α = 27..32✳

❚❤❡ ❜❡st t✐♠❡ ♣❡r ♣r✐♠❡ ✐s ❛❝❤✐❡✈❡❞ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ B1✱ B2 ❜♦✉♥❞s ❢♦r t❤❡
♠✐❧❧✐♦♥ ♣r✐♠❡s ❜❡❧♦✇✿

■◆❘■❆



❋✉❧❧② ❉❡t❡r♠✐♥✐st✐❝ ❊❈▼ ✶✶

2
27✿ B1 = 140✱ B2 = 7600✱ t✐♠❡✭s❡❝✳✮✿ ✷✾✳✺✾ ❤✐ts✿ ✷✹✼✻✻✼ ❘❛t✐♦✿ 119µs✳

2
28✿ B1 = 140✱ B2 = 9200✱ t✐♠❡✭s❡❝✳✮✿ ✸✶✳✹✹ ❤✐ts✿ ✷✵✽✺✻✷ ❘❛t✐♦✿ 151µs✳

2
29✿ B1 = 220✱ B2 = 10400✱ t✐♠❡✭s❡❝✳✮✿ ✹✵✳✻ ❤✐ts✿ ✷✶✶✻✶✼ ❘❛t✐♦✿ 192µs✳

2
30✿ B1 = 220✱ B2 = 8800✱ t✐♠❡✭s❡❝✳✮✿ ✸✽✳✼✶ ❤✐ts✿ ✶✻✸✷✻✵ ❘❛t✐♦✿ 237µs✳

2
31✿ B1 = 260✱ B2 = 11600✱ t✐♠❡✭s❡❝✳✮✿✹✽✳✻✸ ❤✐ts✿ ✶✻✶✹✷✹ ❘❛t✐♦✿ 301µs✳

2
32✿ B1 = 260✱ B2 = 11600✱ t✐♠❡✭s❡❝✳✮✿✹✽✳✽✸ ❤✐ts✿ ✶✸✵✶✹✹ ❘❛t✐♦✿ 375µs✳

✻ Pr✐♠❡s ❢♦✉♥❞ ✇✐t❤ ✉♥s♠♦♦t❤ ❝✉r✈❡ ♦r❞❡r

✻✳✶ ❊❈▼ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❖♣t✐♠✐③❛t✐♦♥s ❛♥❞ ♥♦♥ t♦t❛❧❧②

❞❡t❡r♠✐♥✐st✐❝ ❜❡❤❛✈✐♦r

❲❡ ♥♦✇ ❤❛✈❡ t♦ t❛❦❡ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t❤❛t t❤❡ ❊❈▼ ❢❛❝t♦r✐s❛t✐♦♥ ♣r♦❣r❛♠
✏❡❝♠❴❝❤❡❝❦✑ ♠❛② ✜♥❞ ♣r✐♠❡s p ❢♦r ✇❤✐❝❤ E(p) ✐s ♥♦t B1✲B2 s♠♦♦t❤✳ ❚❤✐s ✐s ❞✉❡
t♦ t❤❡ ❢❛❝t t❤❛t ✇❤❡♥ ❛❞❞✐♥❣ ❛♥❞ ❞♦✉❜❧✐♥❣ ♣♦✐♥ts ♦♥ t❤❡ ❝✉r✈❡ ✐t ♠❛② ❤❛♣♣❡♥
t❤❛t t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t✇♦ ♣♦✐♥ts t❤❛t ✇❡ t❤✐♥❦ ❛r❡ ❞✐st✐♥❝t ❢❛✐❧s ❜❡❝❛✉s❡ t❤❡② ❛r❡
❛❝t✉❛❧❧② t❤❡ s❛♠❡ ♣♦✐♥t ❛♥❞ t❤✉s t❤❡ ❞♦✉❜❧✐♥❣ ❢♦r♠✉❧❛ s❤♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ✉s❡❞✳
❚❤✐s ❤❛♣♣❡♥s ❜❡❝❛✉s❡ ✐♥ t❤✐s ❊❈▼ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♣♦✐♥ts ❛r❡ ♥♦t s②st❡♠❛t✐❝❛❧❧②
t❡st❡❞ t♦ ❜❡ ❞✐✛❡r❡♥t ❢♦r t❤❡ s❛❦❡ ♦❢ s♣❡❡❞ ✐♠♣r♦✈❡♠❡♥t✳ ❆❧t❤♦✉❣❤ t❤✐s ✐s
❣❡♥❡r❛❧❧② ♥♦t ❛ ♣r♦❜❧❡♠ ✇❤❡♥ ❢❛❝t♦r✐♥❣ ✇✐t❤ ❊❈▼ ❜❡❝❛✉s❡ ✐t ✜♥❞s ❡①tr❛ ♣r✐♠❡s
t♦ t❤♦s❡ ❢♦r ✇❤✐❝❤ t❤❡ ❝✉r✈❡ ♦r t❤❡ ♣♦✐♥t ♦r❞❡r ✐s s♠♦♦t❤✱ ✐t ❤❛s t♦ ❜❡ ❛✈♦✐❞❡❞
❢♦r ❛ ❞❡t❡r♠✐♥✐st✐❝ ❛❧❣♦r✐t❤♠ ❜❡❝❛✉s❡ ❛❞❞✐t✐♦♥s ❛♥❞ ❞♦✉❜❧✐♥❣s ❛r❡ ♦♣t✐♠✐③❡❞
❛♥❞ ❝♦♠♣✉t❡❞ ❢r♦♠ ❛ ▲✉❝❛s✲❝❤❛✐♥ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥
❜❡❢♦r❡✱ s❡✈❡r❛❧ ▲✉❝❛s✲❝❤❛✐♥s ❡①✐st ❛♥❞ ✇❡ ❤❛✈❡ ❛❜s♦❧✉t❡❧② ♥♦ ❣✉❛r❛♥t❡❡ t❤❛t t✇♦
❞✐✛❡r❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✇✐❧❧ ❝♦♠♣✉t❡ t❤❡ s❛♠❡ ❝❤❛✐♥ ♥♦r ✜♥❞ t❤❡ s❛♠❡ ❡①tr❛
♣r✐♠❡s✳ ❲❡ t❤✉s ❝❤❡❝❦ t❤❛t t❤❡ ♦r❞❡rs ♦❢ t❤❡ ❝✉r✈❡s ♠♦❞✉❧♦ t❤❡ ♣r✐♠❡s ❢♦✉♥❞
❛r❡ ✐♥❞❡❡❞ s♠♦♦t❤✱ ❛♥❞ ❤❛✈❡♥✬t ❜❡❡♥ ❢♦✉♥❞ ❜❡❝❛✉s❡ ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲s♣❡❝✐✜❝
♠❡❝❤❛♥✐s♠s✳ ❋♦r σ = 11 ✇❡ ♦❜t❛✐♥ 4691719 ♦✉t ♦❢ 7603553 ♣r✐♠❡s ❢♦r ✇❤✐❝❤
t❤❡ ❝✉r✈❡ ♦r❞❡r ✐s ♥♦t s♠♦♦t❤ ❢♦r ❜♦✉♥❞s ❇✶❂✸✶✺ ❛♥❞ ❇✷❂✺✸✺✺ ❛♥❞ s❤♦✉❧❞♥✬t
❜❡ ❤✐t ❜② t❤❡ ❝✉r✈❡ ✇❤❡♥ r✉♥♥✐♥❣ ❊❈▼✱ ✇❤✐❧❡ ✉s✐♥❣ t❤❡ ❡❝♠❴❝❤❡❝❦ ♣r♦❣r❛♠
✇✐t❤ t❤❡ s❛♠❡ ❝✉r✈❡ ❛♥❞ ♣❛r❛♠❡t❡rs 4574155 ♣r✐♠❡s ❛r❡ r❡♣♦rt❡❞ ♥♦t ❢♦✉♥❞✳
❚❤❛t ✐s 117564 ❛❞❞✐t✐♦♥❛❧ ♣r✐♠❡s ❢♦✉♥❞ ❜② t❤❡ ❊❈▼ ♣r♦❣r❛♠ ❛♥❞ t❤❛t ❛r❡ ✈❡r②
✐♠♣❧❡♠❡♥t❛t✐♦♥✲❞❡♣❡♥❞❡♥t✳ ❚❤❡r❡ ❡①✐sts ❛ ♣♦ss✐❜✐❧✐t② t❤♦✉❣❤ t❤❛t t❤❡s❡ ♣r✐♠❡s
❣❡t ❢♦✉♥❞ ❜② s✉❜s❡q✉❡♥t ❝✉r✈❡s ❜✉t t❤✐s ❤❛s t♦ ❜❡ ❝❛r❡❢✉❧❧② ❝❤❡❝❦❡❞✳
❆❝t✉❛❧❧②✱ ♣r✐♠❡ p = 95062837 ❞♦❡s♥✬t ❣❡t ❢♦✉♥❞ ❜② ❛♥② ♦❢ t❤❡ s✉❜s❡q✉❡♥t ❝✉r✈❡s
♦❢ t❤❡ s❡❝♦♥❞ ♦♣t✐♠✐③❡❞ σ✲❝❤❛✐♥ ✉♥t✐❧ s❡❝♦♥❞ t♦ ❧❛st ❡❧❡♠❡♥t ❛♥❞ ♦♥❡ ❝❛♥ ✈❡r✐❢②
t❤❛t g = #E(Fp) ✐s ♥❡✈❡r (B1, B2)✲s♠♦♦t❤ ❢♦r ❛♥② ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ s✐❣♠❛s ❛♥❞
(B1, B2) ❜♦✉♥❞s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛♥♦t❤❡r ❝❛s❡ ❝❛♥ ❜❡ ❡♥❝♦✉♥t❡r❡❞ ✇❤❡r❡ ❛ ♣r✐♠❡
✐s ❢♦✉♥❞ ✇❤✐❧❡ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❝✉r✈❡ ✐s ♥♦t s♠♦♦t❤ ♠♦❞✉❧♦ t❤❛t ♣r✐♠❡✳ ❚❤✐s
❝❛♥ ❤❛♣♣❡♥ ❞✉r✐♥❣ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❊❧❧✐♣t✐❝ ❝✉r✈❡ ♦r t❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦♥ ✐t✳
❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r σ = 11 ❛♥❞ p = 31 ❢♦r ❡①❛♠♣❧❡✳ ❍♦✇❡✈❡r ✐♥ t❤✐s ❝❛s❡ t❤❡
♣r✐♠❡ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦✉♥❞ ❜② ❊❈▼✳

✻✳✷ ❚❡st✐♥❣ ❢♦✉♥❞ ♣r✐♠❡s ❢♦r s♠♦♦t❤♥❡ss ♦❢ ❝✉r✈❡ ♦r❞❡r

■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ ♠♦st ✐♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t r❡s✉❧ts ♦♥ ❊❈▼✱ ✇❡ ✇✐❧❧
❝❤❡❝❦ t❤❡ σ✲❝❤❛✐♥s ✇❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❡❝♠✲❝❤❡❝❦ ✇✐t❤ ▼❛❣♠❛ ❬✷❪ ❝♦♥s✐❞❡r✐♥❣
s♠♦♦t❤♥❡ss ♦❢ t❤❡ ❝✉r✈❡ ♦r❞❡r g = #E(Fp) ❢♦r ❡✈❡r② ♣r✐♠❡ ❢♦✉♥❞ p t♦ ♠❛❦❡

❘❘ ♥➦ ✼✵✹✵



✶✷ ❈❤❡❧❧✐

s✉r❡ ✐t ✇✐❧❧ ✐♥❞❡❡❞ ❜❡ ❢♦✉♥❞ ❜② ❛♥② r❡❧❛t✐✈❡❧② ✏st❛♥❞❛r❞✑ ❊❈▼ ✐♠♣❧❡♠❡♥t❛t✐♦♥
s✐♥❝❡ t❤✐s ✇♦✉❧❞ ❡♥s✉r❡ ✐t ✇❛s r❡❛❧❧② ❢♦✉♥❞ ❜② t❤❡ ❊❈▼ ♠❡❝❤❛♥✐s♠ ✐ts❡❧❢ ❛♥❞
♥♦t ❜② ❛♥② ♦♣t✐♠✐③❛t✐♦♥ ♦r ✐♠♣❧❡♠❡♥t❛t✐♦♥ s✐❞❡✲❡✛❡❝t✳

✻✳✸ ❈♦♥s✐❞❡r✐♥❣ st❛rt✐♥❣ ♣♦✐♥t ♦r❞❡r ✐♥st❡❛❞ ♦❢ ♦♥❧② ❝✉r✈❡

♦r❞❡r

❙t✐❧❧✱ ✇❡ ❝❛♥ ❞♦ s❧✐❣❤t❧② ❜❡tt❡r ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦r❞❡r ✐♥st❡❛❞
♦❢ t❤❡ ❝✉r✈❡ ♦r❞❡r✱ s✐♥❝❡ t❤✐s ✐s ❛ ❞✐✈✐s♦r ♦❢ t❤❡ ❝✉r✈❡ ♦r❞❡r ✐t ❤❛s s✐❣♥✐✜❝❛♥t❧②
❤✐❣❤❡r ♣r♦❜❛❜✐❧✐t② t♦ ❜❡ s♠♦♦t❤ ✇✐t❤ t❤❡ s❛♠❡ B1, B2 ♣❛r❛♠❡t❡rs✳ ❲❡ ❛r❡
❛❧❧♦✇❡❞ t♦ ❞♦ t❤✐s ✇✐t❤♦✉t s❛❝r✐✜❝✐♥❣ t♦ ❣❡♥❡r❛❧✐t② ❜❡❝❛✉s❡ t❤❡ st❛rt✐♥❣ ♣♦✐♥t P
✐s ❢✉❧❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ σ✳ ◆♦t✐♥❣ g t❤❡ ♦r❞❡r ♦❢ t❤❡ st❛rt✐♥❣ ♣♦✐♥t
P ✱ t❤❡ ♠✉❧t✐♣❧✐❡r✱ ♥♦t❡❞ e✱ ✐s ♣r❡❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❝❤♦s❡♥ B1 ✈❛❧✉❡ ♦❢ st❛❣❡
♦♥❡✳ ❲❡ t❤❡♥ ❝♦♠♣✉t❡ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♣♦✐♥t ②✐❡❧❞❡❞ ❛t t❤❡ ❡♥❞ ♦❢ st❛❣❡ ♦♥❡
e P ✱ ✇❤✐❝❤ ✐s g′ = g/(g, e)✳ ■❢ g′ = 1 t❤❡♥ st❛❣❡ ♦♥❡ ✇❛s s✉❝❝❡ss❢✉❧✳ ❖t❤❡r✇✐s❡ ✐❢
g′ ✐s ♣r✐♠❡ ❛♥❞ B1 < g′ 6 B2 t❤❡♥ ✐t ✇✐❧❧ ❜❡ ❢♦✉♥❞ ✐♥ st❛❣❡ t✇♦✳ ❚❤✐s ❛❧❣♦r✐t❤♠
❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❛s ❛ ▼❛❣♠❛ s❝r✐♣t ✇❤✐❝❤ ♦✉t♣✉ts ♣r✐♠❡s ❢♦r ✇❤✐❝❤ t❤❡
st❛rt✐♥❣ ♣♦✐♥t ♦r❞❡r ❞♦❡s ♥♦t ✈❡r✐❢② ❛♥② ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦♣r❡t✐❡s✳ ❚❤❡ ♦✉t♣✉t ✜❧❡
✐t ②✐❡❧❞s ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ♣r✐♠❡s ♥♦t ❢♦✉♥❞ ❜② ❛ st❛♥❞❛r❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
❊❈▼✳

✼ ❚❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ ❦♥♦✇♥ ❝✉r✈❡ ♦r❞❡r ❞✐✈✐✲

s♦rs

✼✳✶ ❈✉r✈❡s ✇✐t❤ t♦rs✐♦♥ s✉❜❣r♦✉♣ ♦✈❡r Q ♦❢ ♦r❞❡r ✶✷ ♦r

✶✻ ❛♥❞ ❦♥♦✇♥ ✐♥✐t✐❛❧ ♣♦✐♥t

▼♦♥t❣♦♠❡r② ❬✽❪ s❤♦✇❡❞ ❤♦✇ t♦ s❡❧❡❝t ❛ ❝✉r✈❡ ✇❤♦s❡ t♦rs✐♦♥ s✉❜❣r♦✉♣ ♦✈❡r Q

❤❛s ♦r❞❡r ✶✷ ♦r ✶✻ ❛♥❞ ✇✐t❤ ❦♥♦✇♥ ✐♥✐t✐❛❧ ♣♦✐♥t✳ ❋✉rt❤❡r♠♦r❡✱ ▼❛③✉r ❬✺❪ s❤♦✇❡❞
t❤❛t t❤✐s ✐s t❤❡ ❧❛r❣❡st ♣♦ss✐❜❧❡ t♦rs✐♦♥ s✉❜❣r♦✉♣ ❢♦r ❛♥❞ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r Q✳

✼✳✶✳✶ ❘❡❞✉❝t✐♦♥ ♦❢ ❝✉r✈❡s ✇✐t❤ ❦♥♦✇♥ t♦rs✐♦♥ s✉❜❣r♦✉♣s ♦✈❡r Fp

■❢ ❛ ❝✉r✈❡ E ❤❛s t♦rs✐♦♥ s✉❜❣r♦✉♣ ♦❢ ♦r❞❡r ✶✷ ✭r❡s♣✳ ✶✻✮ ♦✈❡r Q t❤❡♥ ✐ts r❡✲
❞✉❝t✐♦♥ Ep ♠♦❞ p ❛❧s♦ ❤❛s ♦r❞❡r ❞✐✈✐s✐❜❧❡ ❜② ✶✷ ✭r❡s♣✳ ✶✻✮ ✉♥❧❡ss p ❞✐✈✐❞❡s t❤❡
❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤❡ ❝✉r✈❡ ✐✳❡✳✱ Ep ✐s s✐♥❣✉❧❛r ♠♦❞ p✳ ❚❤❡r❡❢♦r❡ ❢♦r ❛❧❧ ❜✉t ✜♥✐t❡❧②
♠❛♥② ♣r✐♠❡s p t❤❡ r❡❞✉❝❡❞ ❝✉r✈❡ Ep ✇✐❧❧ ❤❛✈❡ ❛ ❦♥♦✇♥ ❞✐✈✐s♦r✳ ❊❈▼ ✇✐❧❧ ✇♦r❦
✐❢ #Ep/12 ✭r❡s♣ #Ep/16✮ ✐s s✉✣❝✐❡♥t❧② s♠♦♦t❤✳ ❚❤❡ ❤✐❣❤❡r t❤❡ ❦♥♦✇♥ ❞✐✈✐s♦r✱
t❤❡ ♠♦r❡ ✐t ✐s ❧✐❦❡❧② t♦ ❜❡ s♠♦♦t❤✳ ❚❤✉s t♦rs✐♦♥ ✶✻ ❝✉r✈❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✏❜❡tt❡r✑
❢♦r ❊❈▼✳

✽ ❊①t❡♥s✐♦♥ t♦ ❤✐❣❤❡r ♣♦✇❡rs

❯s✐♥❣ t❤❡ s❛♠❡ str❛t❡❣② ❛s ❜❡❢♦r❡✱ ✇❡ ❡①t❡♥❞ t❤✐s ✇♦r❦ t♦ ♣r✐♠❡s ✉♣ t♦ 232✳ ❲❡
❞♦ t❤✐s ❜② ✐♥t❡r✈❛❧s ♦❢ s❛♠❡ ❜✐t❧❡♥❣t❤ ✇❤✐❝❤ ❛r❡ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ✇♦r❦ ✇✐t❤✳
❊①❝❧✉❞✐♥❣ t❤❡ ✜rst ♦♥❡✱ t❤❡ s✐③❡ ♦❢ ❡❛❝❤ ✐♥t❡r✈❛❧ ✐s ❛♣♣r♦①✐♠❛t❡❧② t❤❡ ❞♦✉❜❧❡ ♦❢
t❤❡ ♣r❡❝❡❞✐♥❣✳ ❲✐t❤ ❛ ✜①❡❞ ❝♦st✲♣❡r✲♣r✐♠❡✱ t❤❡ ❊❈▼ r✉♥♥✐♥❣ t✐♠❡ t❤❡♥ ❛❧s♦
✇♦✉❧❞ ❛♣♣r♦①✐♠❛t❡❧② ❞♦✉❜❧❡ ❢♦r ❡❛❝❤ ✐♥t❡r✈❛❧✳

■◆❘■❆



❋✉❧❧② ❉❡t❡r♠✐♥✐st✐❝ ❊❈▼ ✶✸

❲❡ ❝♦✉♥t 98182656 ♣r✐♠❡s ✐♥ t❤❡ ✐♥t❡r✈❛❧ 231 − 232✱ 50697537 ♣r✐♠❡s ✐♥ t❤❡
✐♥t❡r✈❛❧ 230 − 231✱ 26207278 ♣r✐♠❡s ✐♥ t❤❡ ✐♥t❡r✈❛❧ 229 − 230✱ 13561907 ♣r✐♠❡s
✐♥ t❤❡ ✐♥t❡r✈❛❧ 228 − 229✱ 7027290 ♣r✐♠❡s ✐♥ t❤❡ ✐♥t❡r✈❛❧ 227 − 228✱ ❛♥❞ 7603553
♣r✐♠❡s ❜❡❧♦✇ 227✳

❇✉t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✜❣✉r❡s s❤♦✇♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ ❝♦st✲♣❡r✲
♣r✐♠❡ ✐s ♥♦t ✜①❡❞ ❛s t❤❡ ❊❈▼ r✉♥♥✐♥❣ t✐♠❡ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥♣✉t
❢❛❝t♦r ❛♥❞ s✐③❡ ♦❢ B1 − B2 s♠♦♦t❤♥❡ss ❜♦✉♥❞s✱ ❛♥❞ ✇❡ ♦❜s❡r✈❡ ❛♥ ✐♥❝r❡❛s❡ ♦❢
❜❡t✇❡❡♥ ✷✹ ❛♥❞ ✷✽ ♣❡r❝❡♥t ❢♦r ♦♣t✐♠❛❧ B1 − B2 ❢♦r ❡❛❝❤ s✉❜s❡q✉❡♥t ✐♥t❡r✈❛❧✳
❲❤❡♥ ❡①t❡♥❞✐♥❣ t♦ ❤✐❣❤❡r ♣♦✇❡rs✱ ♣r♦❝❡ss✐♥❣ ♣r✐♠❡s ✐♥ t❤❡ ♥❡①t ❤✐❣❤❡r ❜✐♥❛r②
✐♥t❡r✈❛❧ ✐♥❞✉❝❡s ❛♥ ✐♥❝r❡❛s❡ ✐♥ t✐♠❡ ❜② ❛ 2.5 ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢❛❝t♦r ♦♥ ❛✈❡r❛❣❡
❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s✱ ✇❤✐❝❤ ✐s s✐❣♥✐✜❝❛t✐✈❡❧② ♠♦r❡ t❤❛♥ s✐♠♣❧② ❞♦✉❜❧✐♥❣
❢♦r ❛♥ ✐♥t❡r✈❛❧ t✇✐❝❡ ❛s ❧❛r❣❡✳

✽✳✶ ❯s✐♥❣ ♦♣t✐♠❛❧ B1✱ B2 ❜♦✉♥❞s ❢♦r ❡❛❝❤ s✉❜s❡t ♦❢ ♣r✐♠❡s

❲❡ ♥♦✇ ❝♦♠♣✉t❡ σ✲❝❤❛✐♥s ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ B1✱ B2 ❜♦✉♥❞s ✇❡ ❤❛✈❡ ❞❡t❡r♠✐♥❡❞
✐♥ s❡❝t✐♦♥ ✺✳✶✳✶✳

❼ Pr✐♠❡s p ✉♣ t♦ 227✿ B1 = 140✱ B2 = 7600✿

❲❡ ❤❛✈❡ ❜✉✐❧t ❛ ✺✵✲❡❧❡♠❡♥t σ✲❝❤❛✐♥ ✇❡ ❤❛✈❡ ❜✉✐❧t t❤❛t ❛❧❧♦✇s t♦ ✜♥❞ ❛❧❧
♣r✐♠❡s ✉♣ t♦ 227✳

❼ Pr✐♠❡s p✱ 227 < p < 228✿ B1 = 140✱ B2 = 9200✿

❲❡ ❤❛✈❡ ❜✉✐❧t ❛ ✻✶✲❡❧❡♠❡♥t σ✲❝❤❛✐♥ ✇❡ ❤❛✈❡ ❜✉✐❧t t❤❛t ❛❧❧♦✇s t♦ ✜♥❞ ❛❧❧
♣r✐♠❡s p✱ 227 < p < 228✳

❼ Pr✐♠❡s p✱ 228 < p < 229✿ B1 = 220✱ B2 = 10400✿

❲❡ ❤❛✈❡ ❜✉✐❧t ❛ ✻✷✲❡❧❡♠❡♥t σ✲❝❤❛✐♥ ✇❡ ❤❛✈❡ ❜✉✐❧t t❤❛t ❛❧❧♦✇s t♦ ✜♥❞ ❛❧❧
♣r✐♠❡s p✱ 228 < p < 229✳

❼ Pr✐♠❡s p✱ 229 < p < 230✿ B1 = 220✱ B2 = 8800✿

❲❡ ❤❛✈❡ ❜✉✐❧t ❛ ✽✻✲❡❧❡♠❡♥t σ✲❝❤❛✐♥ ✇❡ ❤❛✈❡ ❜✉✐❧t t❤❛t ❛❧❧♦✇s t♦ ✜♥❞ ❛❧❧
♣r✐♠❡s p✱ 229 < p < 230✳

❼ Pr✐♠❡s p✱ 230 < p < 231✿ B1 = 260✱ B2 = 11600✿

❲❡ ❤❛✈❡ ❜✉✐❧t ❛ ✾✷✲❡❧❡♠❡♥t σ✲❝❤❛✐♥ ✇❡ ❤❛✈❡ ❜✉✐❧t t❤❛t ❛❧❧♦✇s t♦ ✜♥❞ ❛❧❧
♣r✐♠❡s p✱ 230 < p < 231✳

❼ Pr✐♠❡s p✱ 231 < p < 232✿ B1 = 260✱ B2 = 11600✿

❚❛❜❧❡ ✺ ❡①❤✐❜✐ts ❛ ✶✷✵✲❡❧❡♠❡♥t σ✲❝❤❛✐♥ ✇❡ ❤❛✈❡ ❜✉✐❧t t❤❛t ❛❧❧♦✇s t♦ ✜♥❞
❛❧❧ ♣r✐♠❡s p✱ 231 < p < 232✳

✽✳✷ ■♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ♦♣t✐♠✐③❡❞ σ✲❝❤❛✐♥s

✇✐t❤ ▼❛❣♠❛

❇② ✐♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t ✇❡ ♠❡❛♥ ❛ σ✲❝❤❛✐♥ t❤❛t ❤❛s ❜❡❡♥ ✈❡r✐✜❡❞ t♦
✜♥❞ ❛❧❧ t❛r❣❡t ♣r✐♠❡s r❡❧②✐♥❣ s♦❧❡❧② ♦♥ t❤❡ ✜①❡❞ s♠♦♦t❤♥❡ss ❝r✐t❡r✐♦♥ ❛♥❞ ✜①❡❞
B1✱B2 ❜♦✉♥❞s✳ ■t ✐s t❤✉s ❢✉❧❧② ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t✳
■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ ❛❧s♦ ❜✉✐❧t ❡❛❝❤ ❝❤❛✐♥ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ ✉s✐♥❣

❘❘ ♥➦ ✼✵✹✵



✶✹ ❈❤❡❧❧✐

♥♦♥✲❞❡❝r❡❛s✐♥❣ B1✱B2 ❜♦✉♥❞s s♦ t❤❛t ❢♦r ❡①❛♠♣❧❡ ❛ ❝❤❛✐♥ ✇❤✐❝❤ ✜♥❞s ❛❧❧ ♣r✐♠❡s
p s✉❝❤ t❤❛t 231 < p < 232 ❛❝t✉❛❧❧② ✜♥❞s ❛❧❧ ♣r✐♠❡s p < 232✱ ✇❤✐❝❤ ✐s t❤❡ ❣♦❛❧
✇❤✐❝❤ ✇❡ ❤❛❞ s❡t t♦ ❛❝❤✐❡✈❡✱ ✜♥❞✐♥❣ ❛❧❧ ♣r✐♠❡s ✉♣ t♦ ❛ ❣✐✈❡♥ ❜♦✉♥❞ M ✳ ❈❤❛✐♥s
❤❛✈❡ ❜❡❡♥ ♦♣t✐♠✐③❡❞ ✉s✐♥❣ ♠❛♥② ❞✐✛❡r❡♥t t♦♦❧s✿ s❤❡❧❧ s❝r✐♣ts✱ ✉♥✐① t♦♦❧s s✉❝❤ ❛s
✇❝✱ ❣r❡♣✱ ❝✉t❀ ▼❛❣♠❛ s❝r✐♣ts ❛♥❞ ❡❝♠❴❝❤❡❝❦✳ ❲❡ ❜❡❣✐♥ ❜② σ = 11✱ t❤❡♥ t❤❡
r❛t✐♦♥❛❧ σs✳ ❚❤❡♥ ❛ s❝r✐♣t r❛♥❞♦♠❧② ❣❡♥❡r❛t❡s σs✱ ✇❡ r✉♥ ❛ ❧♦♦♣ ❛♥❞ ✇❡ ❦❡❡♣
❣❡♥❡r❛t✐♥❣ σs ✉♥t✐❧ ❛ ❞❡s✐r❡❞ t❤r❡s❤♦❧❞ ✐s ❛tt❛✐♥❡❞ t❤❡♥ ✇❡ s❛✈❡ t❤❡ σ ✈❛❧✉❡✳ ❚❤❡
♦✉t♣✉t ✜❧❡ ✭♣r✐♠❡s ♥♦t ❢♦✉♥❞✮ ✐s t❤❡♥ t❛❦❡♥ ❛s ✐♥♣✉t ❛♥❞ ✇❡ ❝♦♥t✐♥✉❡ ♦♣t✐♠✐③✐♥❣
♥❡①t σ ✈❛❧✉❡ ✉♥t✐❧ ❛❧❧ ✐♥♣✉t ♣r✐♠❡s ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞✳

❼ Pr✐♠❡s p ✉♣ t♦ 227✿ B1 = 140✱ B2 = 7600

❲❡ ❤❛✈❡ ❜✉✐❧t ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t ✺✷✲❡❧❡♠❡♥t σ✲❝❤❛✐♥ ✇❤✐❝❤
❛❧❧♦✇s t♦ ✜♥❞ ❛❧❧ ♣r✐♠❡s ✉♣ t♦ 227✳ ❚❤✐s ✐s t✇♦ ❛❞❞✐t✐♦♥❛❧ ❝✉r✈❡s ❝♦♠♣❛r❡❞
t♦ ♣r❡✈✐♦✉s❧② ❢♦✉♥❞ ❝❤❛✐♥✳

❼ Pr✐♠❡s p✱ 227 < p < 228✿ B1 = 140✱ B2 = 9200

❲❡ ❤❛✈❡ ❜✉✐❧t ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t ✻✼✲❡❧❡♠❡♥t σ✲❝❤❛✐♥ ✇❤✐❝❤
❛❧❧♦✇s t♦ ✜♥❞ ❛❧❧ ♣r✐♠❡s p < 228✳ ❚❤✐s ✐s s✐① ❛❞❞✐t✐♦♥❛❧ ❝✉r✈❡s ❝♦♠♣❛r❡❞
t♦ ♣r❡✈✐♦✉s❧② ❢♦✉♥❞ ❝❤❛✐♥✳ ❘❡s✉❧ts s❤♦✇♥ ❛r❡ ❢♦r ♣r✐♠❡s 227 < p < 228✳

❼ Pr✐♠❡s 228 < p < 229✿ B1 = 220✱ B2 = 10400

❲❡ ❤❛✈❡ ❜✉✐❧t ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t ✻✽✲❡❧❡♠❡♥t σ✲❝❤❛✐♥ ✇❤✐❝❤
❛❧❧♦✇s t♦ ✜♥❞ ❛❧❧ ♣r✐♠❡s p < 229✳ ❚❤✐s ✐s s✐① ❛❞❞✐t✐♦♥❛❧ ❝✉r✈❡s ❝♦♠♣❛r❡❞
t♦ ♣r❡✈✐♦✉s❧② ❢♦✉♥❞ ❝❤❛✐♥✳ ❘❡s✉❧ts s❤♦✇♥ ❛r❡ ❢♦r ♣r✐♠❡s 228 < p < 229✳

❼ Pr✐♠❡s 229 < p < 230✿ B1 = 220✱ B2 = 10400

❲❡ ❤❛✈❡ ❜✉✐❧t ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t ✾✵✲❡❧❡♠❡♥t σ✲❝❤❛✐♥ ✇❤✐❝❤
❛❧❧♦✇s t♦ ✜♥❞ ❛❧❧ ♣r✐♠❡s p < 230✳ ❚❤✐s ✐s ❢♦✉r ❛❞❞✐t✐♦♥❛❧ ❝✉r✈❡s ❝♦♠♣❛r❡❞
t♦ ♣r❡✈✐♦✉s❧② ❢♦✉♥❞ ❝❤❛✐♥✳ ❘❡s✉❧ts s❤♦✇♥ ❛r❡ ❢♦r ♣r✐♠❡s 229 < p < 230✳

❼ Pr✐♠❡s 230 < p < 231✿ B1 = 260✱ B2 = 11600

❲❡ ❤❛✈❡ ❜✉✐❧t ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t ✾✻✲❡❧❡♠❡♥t σ✲❝❤❛✐♥ ✇❤✐❝❤
❛❧❧♦✇s t♦ ✜♥❞ ❛❧❧ ♣r✐♠❡s p < 231✳ ❚❤✐s ✐s ❢♦✉r ❛❞❞✐t✐♦♥❛❧ ❝✉r✈❡s ❝♦♠♣❛r❡❞
t♦ ♣r❡✈✐♦✉s❧② ❢♦✉♥❞ ❝❤❛✐♥✳ ❘❡s✉❧ts s❤♦✇♥ ❛r❡ ❢♦r ♣r✐♠❡s 230 < p < 231✳

❼ Pr✐♠❡s 231 < p < 232✿ B1 = 260✱ B2 = 11600

❚❛❜❧❡ ✻ ❡①❤✐❜✐ts ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t ✶✷✹✲❡❧❡♠❡♥t σ✲❝❤❛✐♥ ✇❡
❤❛✈❡ ❜✉✐❧t ✇❤✐❝❤ ❛❧❧♦✇s t♦ ✜♥❞ ❛❧❧ ♣r✐♠❡s p < 232✳ ❚❤✐s ✐s ❢♦✉r ❛❞❞✐t✐♦♥❛❧
❝✉r✈❡s ❝♦♠♣❛r❡❞ t♦ ♣r❡✈✐♦✉s❧② ❢♦✉♥❞ ✭✉♥✈❡r✐✜❡❞✮ ❝❤❛✐♥✳ ❚❤❡ ✜❣✉r❡s s❤♦✇♥
✏♣r✐♠❡s ♥♦t ❤✐t✑ ❛r❡ ❢♦r ♣r✐♠❡s p✱ 231 < p < 232✳

❼ Pr✐♠❡s p < 232

❚❛❜❧❡ ✼ s✉♠♠❛r✐③❡s t❤❡ r❡s✉❧ts ❢♦✉♥❞ ✐♥ ❡❛❝❤ ✐♥t❡r✈❛❧ ❢♦r t❤❡ ✸✾ ✜rst σ
✈❛❧✉❡s✳ ❚❤✐s t❛❜❧❡ ❣✐✈❡s ❛ s②♥♦♣t✐❝ ✈✐❡✇ ♦❢ t❤❡ r❡s✉❧ts ❛❝❤✐❡✈❡❞✳

✽✳✸ ❇✉✐❧❞✐♥❣ σ✲❝❤❛✐♥s ❢♦r s❡ts ♦❢ ♥♦♥✲❝♦♥s❡❝✉t✐✈❡ ♣r✐♠❡s

❲❡ ♥♦✇ ❤❛✈❡ ❛ s❡t ♦❢ ❝✉r✈❡s ♦r σ✲❝❤❛✐♥s t❤❛t ❣✉❛r❛♥t❡❡s t♦ ✜♥❞ ❛❧❧ ♣r✐♠❡s
✉♣ t♦ 232✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣r✐♠❡s ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛r❡
♥♦t ❝♦♥s❡❝✉t✐✈❡✳ ❋♦r ❡①❛♠♣❧❡ ✐♥ ◆❋❙✱ ❣✐✈❡♥ ❛♥ ❛❧❣❡❜r❛✐❝ ♣♦❧②♥♦♠✐❛❧ f(x)✱ t❤❡

■◆❘■❆



❋✉❧❧② ❉❡t❡r♠✐♥✐st✐❝ ❊❈▼ ✶✺

♣r✐♠❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ f(a/b) ❛r❡ t❤♦s❡ ❢♦r ✇❤✐❝❤ f(x) ❤❛s
❛ r♦♦t ♠♦❞ p✱ ✇❤✐❝❤ ✐s ❛ s✉❜s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ♣r✐♠❡s✳ ■t ✐s t❤✉s ♣♦ss✐❜❧❡ t♦
❛❞❛♣t t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ♣♦❧②♥♦♠✐❛❧ f(x)✳ ❍❡r❡ ✇❡ ❛r❡ ❣♦✐♥❣ t♦
❢♦❝✉s ♦♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ t❤❛t ✇❛s ✉s❡❞ ✐♥ t❤❡ ❢❛❝t♦r✐♥❣ ♦❢ ❘❙❆✷✵✵ ❜② ●◆❋❙✳
❚❤❡ ♣♦❧②♥♦♠✐❛❧ ✐s ✿ f(x) = X5 ∗ x5 + X4 ∗ x4 + . . . + X0✱ ✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts
❛r❡ ✿
X5 = 374029011720✱
X4 = 2711065637795630118✱
X3 = 19400071943177513865892714✱
X2 = −33803470609202413094680462360399✱
X1 = −120887311888241287002580512992469303610✱
X0 = 38767203000799321189782959529938771195170960✳

❚❤✐s ♣♦❧②♥♦♠✐❛❧ ❞♦❡s ❤❛✈❡ ❛ r♦♦t ❢♦r ❛ s✉❜s❡t ♦❢ ✶✷✽✼✹✵✷✼✶ ❡❧❡♠❡♥ts ♦❢ t❤❡
s❡t ♦❢ ✷✵✸✷✽✵✷✷✶ ♣r✐♠❡s ❧❡ss t❤❛♥ 232✳ ❲❡ ✇✐❧❧ r❡❢❡r t♦ t❤❡s❡ s✉❜s❡ts ❛s ♣✷✸✷ ❛♥❞
❘❙❆✷✵✵ ❢r♦♠ ♥♦✇ ♦♥✳ ❆❧t❤♦✉❣❤ t❤❡ ❘❙❆✷✵✵ s✉❜s❡t ❤❛s ❛ s✐❣♥✐✜❝❛♥t❧② s♠❛❧❧❡r
❝❛r❞✐♥❛❧ ❜❡✐♥❣ ❛❜♦✉t 63, 3 ♣❡r❝❡♥t ♦❢ t❤❡ s✐③❡ ♦❢ ♣✷✸✷✱ t❤✐s ❞♦❡s ♥♦t ❧❡❛❞ t♦ ❛
s❤♦rt❡r ❝❤❛✐♥ t❤❛♥ t❤❡ ♦♥❡ ❜✉✐❧t ♣r❡✈✐♦✉s❧② ❢♦r ♣✷✸✷ ❛s ❛❧❧ ✶✷✹ s✐❣♠❛ ✈❛❧✉❡s ♥❡❡❞
❜❡ t❛❦❡♥ t♦ ✜♥❞ ❛❧❧ ♣r✐♠❡s ♦❢ ❘❙❆✷✵✵✳ ❚❤✐s ✐s ♥♦t r❡❛❧❧② ❛ s✉♣r✐s❡ s✐♥❝❡ ❚❛❜❧❡ ✽
s❤♦✇s t❤❛t ❡❛❝❤ ❝✉r✈❡ ❦❡❡♣s ✜♥❞✐♥❣ ❛❜♦✉t t❤❡ s❛♠❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♣r✐♠❡s ✇✐t❤
❘❙❆✷✵✵ ❛s ✐t ❞✐❞ ✇✐t❤ ✇✐t❤ ♣✷✸✷✳ ❚❤✉s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❝✉r✈❡s t♦ ❝♦✈❡r
❜♦t❤ s❡ts r❡♠❛✐♥s ❛❧♠♦st ✉♥❝❤❛♥❣❡❞✳ ■❢ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♣r✐♠❡s ♥♦t ❢♦✉♥❞ ✐s
♥♦t❡❞ p✱ t❤❡♥ ✇❡ ♥❡❡❞ ❛❜♦✉t k ❝✉r✈❡s t♦ ✜♥❞ N ♣r✐♠❡s✿

N pk = 1

N = (1/p)k

log(N) = k log(1/p)

k = log(N)/ log(1/p)

❲✐t❤ t❤✐s ❢♦r♠✉❧❛ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❝✉r✈❡s t♦ ✜♥❞ ✾✽✶✽✷✻✺✻ ♣r✐♠❡s
✇♦✉❧❞ ❜❡✿

log(98182656)/ log(100/87) ≈ 122.

✇❤✐❝❤ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ✜❣✉r❡ ♦❢ ✶✷✹ ✇❡ ❛❝❤✐❡✈❡❞ ❬❚❛❜❧❡ ✻❪✳

❙♦ ✐❢ ✇❡ ❤❛✈❡ ❛ str✐❝t❧② s♠❛❧❧❡r s❡t ♦❢ ❝❛r❞✐♥❛❧ aN ✇✐t❤ a < 1 ✇❡ ❣❡t✿

log(aN)/ log(1/p) = log(N)/ log(1/p) + log(a)/ log(1/p).

❚❤❡ t❤❡♦r✐❝❛❧ ❣❛✐♥ ✐s t❤✉s log(a)/ log(1/p)✿

log(63.3/100)/ log(100/87) ≈ −3.23.

❙♦ ✇❡ ❝❛♥ ❡①♣❡❝t ❛ t❤❡♦r❡t✐❝❛❧ ✐♠♣r♦✈❡♠❡♥t ♦❢ ❛❜♦✉t ✸ ❝✉r✈❡s ❢♦r t❤❡ ❘❙❆✷✵✵
s✉❜s❡t✳ P♦ss✐❜❧❡ ✐♠♣r♦✈❡♠❡♥ts ♦♥ t❤❡ σ✲❝❤❛✐♥ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♥❡①t
s❡❝t✐♦♥✳

❘❘ ♥➦ ✼✵✹✵



✶✻ ❈❤❡❧❧✐

✽✳✸✳✶ ■♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t σ ❝❤❛✐♥ ❢♦r t❤❡ ❘❙❆✷✵✵ s✉❜s❡t

❚❛❜❧❡ ✽ ❡①❤✐❜✐ts ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t ✶✷✹✲❡❧❡♠❡♥t σ✲❝❤❛✐♥ ✇❡ ❤❛✈❡
❜✉✐❧t ✇❤✐❝❤ ❛❧❧♦✇s t♦ ✜♥❞ ❛❧❧ ♣r✐♠❡s ✐♥ t❤❡ ❘❙❆✷✵✵ s❡t s✉❝❤ t❤❛t p < 232✳ ❚❤❡
✜❣✉r❡s s❤♦✇♥ ✏♣r✐♠❡s ♥♦t ❤✐t✑ ❛r❡ ❢♦r ♣r✐♠❡s p✱ 231 < p < 232✳ ❆s ✐♥❞✐❝❛t❡❞
❛❜♦✈❡✱ t❤✐s ❝❤❛✐♥ ✐s t❤❡ s❛♠❡ ✇❡ ❤❛❞ ❜✉✐❧t ❢♦r ❚❛❜❧❡ ✻ ❛♥❞ ❛❧❧ ♦❢ ✐ts ❡❧❡♠❡♥ts
♥❡❡❞ t♦ ❜❡ ✉s❡❞✳

✾ ❖♣t✐♠✐③❛t✐♦♥s ❢♦r ❉❊❈▼

✾✳✶ ❯s✐♥❣ ❘❛t✐♦♥❛❧ ✈❛❧✉❡s ❢♦r σ

❆s ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥✱ σ = 11 ❛♣♣❡❛rs t♦ ♣❡r❢♦r♠ ♥♦t✐❝❡❛❜❧② ❜❡tt❡r t❤❛♥
r❛♥❞♦♠ ❝✉r✈❡s ❢♦r ✜♥❞✐♥❣ ♣r✐♠❡s✳ ❖t❤❡r ❝✉r✈❡s ♦❢ t❤❡ ✐♥✜♥✐t❡ ❢❛♠✐❧② ♦❢ σ =
11 ♣❡r❢♦r♠ s✐♠✐❧❛r❧② ✇✐t❤ ❛♥ ❛❜♦✈❡✲❛✈❡r❛❣❡ ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡② ❤❛✈❡ r❛t✐♦♥❛❧
s✐❣♠❛s✳ ❲❡ ❤❛✈❡ ❣❛t❤❡r❡❞ ✶✽ ❝✉r✈❡s ✇✐t❤ ❛ r❡❧❛t✐✈❡❧② s♠❛❧❧ ❞❡♥♦♠✐♥❛t♦r ❬✶❪✳
❆♥♦t❤❡r ✐♥✜♥✐t❡ ❢❛♠✐❧② ♦❢ ❝✉r✈❡s✱ t❤♦s❡ ❢♦r σ = 9/4 ❛♣♣❡❛r t♦ s❤♦✇ t❤❡ s❛♠❡
t②♣❡ ♦❢ ❜❡❤❛✈✐♦✉r✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡✐♥❣ t❤❛t t❤❡ ✜rst ❢❛♠✐❧② ❛♣♣❡❛rs t♦
❢❛✈♦✉r ♣r✐♠❡s p ❝♦♥❣r✉❡♥t t♦ 1 mod 4 ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ❢❛✈♦✉rs ♣r✐♠❡s ✐♥
t❤❡ ♦t❤❡r ❝♦♥❣r✉❡♥❝❡ ❝❧❛ss✱ 3 mod 4✳ ❲❡ ❤❛✈❡ ❣❛t❤❡r❡❞ ✼ ❝✉r✈❡s ♦❢ t❤❡ s❡❝♦♥❞
❢❛♠✐❧② ✇✐t❤ ♥♦t t♦♦ ❧❛r❣❡ ❞❡♥♦♠✐♥❛t♦r✳ ❆❞❞✐♥❣ t❤❡ ✈❛❧✉❡ ✶✶ t♦ t❤✐s ❝❤❛✐♥✱ t❤✐s
r❡s✉❧ts ✐♥ ❛♥ ♦♣t✐♠✐③❡❞ ✷✻✲❡❧❡♠❡♥t r❛t✐♦♥❛❧ ❝❤❛✐♥ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❜❡st r❡s✉❧ts
t❤❛t ✇❡ ❤❛✈❡ ❛❝❤✐❡✈❡❞ s♦ ❢❛r ✭❚❛❜❧❡ ✾✮✳ ❚❤❡ ❝❤❛✐♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

✶✶✱ ✶✶✴✶✸✱ ✶✺✴✹✼✱ ✷✶✼✶✴✼✶✾✱ ✷✸✾✴✷✹✶✱ ✶✹✾✼✻✸✴✶✼✷✼✾✱ ✹✻✵✼✾✴✹✵✸✷✶✱
✻✼✸✸✻✽✶✴✾✽✹✸✻✵✶✱ ✶✵✺✶✻✾✻✾✶✴✸✻✷✸✼✻✶✱ ✾✶✹✷✵✷✽✾✸✷✼✴✷✾✻✽✾✽✺✵✽✼✼✱
✶✵✻✼✷✵✵✺✻✼✾✹✼✸✼✶✴✶✹✻✶✾✵✹✷✸✶✵✸✷✵✶✱ ✶✸✻✾✼✼✸✶✾✻✽✼✼✺✵✺✵✷✹✸✴✹✸✻✷✵✵✽✵✻✸✹✽✹✻✼✶✾✱
✷✵✶✻✷✷✾✽✻✹✽✻✷✺✺✶✸✾✶✻✸✷✽✶✶✴✻✸✸✹✵✵✷✾✹✷✾✺✷✼✹✼✹✶✹✻✷✷✸✾✱
✹✹✷✶✷✽✽✷✽✻✽✻✸✷✼✹✼✻✽✵✾✵✻✵✻✸✼✹✽✼✴✻✽✼✼✼✷✷✼✸✻✵✼✼✶✶✾✼✷✸✶✽✽✾✵✶✸✼✻✸✱
✷✾✸✺✹✵✸✶✸✹✾✴✸✵✸✻✶✹✽✾✾✸✸✱ ✶✷✵✹✸✸✺✻✶✽✺✻✶✻✶✴✾✹✻✼✻✼✵✵✻✵✾✶✷✶✱
✷✵✶✾✶✸✸✷✺✸✺✽✾✵✼✸✾✶✾✴✸✾✵✼✹✵✻✷✻✺✷✼✸✻✵✼✻✽✶✱
✷✵✺✻✵✽✷✹✶✽✶✸✽✶✽✽✺✽✷✸✼✺✾✾✴✷✷✷✶✽✸✽✶✵✻✻✼✻✸✼✵✷✹✾✽✼✵✹✶✱
✶✻✶✹✶✹✹✹✸✶✽✹✽✻✷✼✼✽✹✹✻✽✺✵✶✶✵✼✸✶✴✶✶✻✹✾✼✷✵✹✷✽✼✹✶✶✾✻✺✶✾✽✵✸✸✶✽✵✶✼✸✱

✾✴✹✱ ✶✷✶✴✶✻✾✱ ✷✺✾✷✶✴✶✹✹✱ ✺✷✹✽✻✽✶✴✹✵✷✵✵✷✺✱ ✻✶✾✼✸✶✵✼✷✾✴✷✻✷✵✽✷✺✻✸✻✱
✾✵✽✽✼✽✸✽✽✼✶✷✶✴✶✾✸✹✸✵✹✻✶✶✸✸✷✾✱ ✹✺✶✺✽✻✺✽✶✽✷✼✻✾✵✷✹✶✴✶✵✵✸✵✷✷✻✵✵✺✽✸✷✷✺✻✳

✾✳✷ ❙✇✐t❝❤✐♥❣ ❢r♦♠ ❊❈▼ t♦ ❣❝❞ ♦r tr✐❛❧ ❞✐✈✐s✐♦♥ ❛♥❞ ✇❤❡♥

❆s ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s t❛❜❧❡s✱ t❤❡ ❧❛st t❤✐r❞ ♦❢ t❤❡ ❝✉r✈❡s ✐♥✈❛r✐❛♥t❧②
❛❝❝♦✉♥ts ❢♦r ❛ ✈❡r② s♠❛❧❧ ♣r♦♣♦rt✐♦♥ ✱✐✳❡✳✱ ❧❡ss t❤❛♥ ✶✴✶✵✵✵ t❤✱ ♦❢ t❤❡ ♣r✐♠❡s
❢♦✉♥❞✳ ■t t❤✉s ✇♦✉❧❞ ❜❡ ❧❡ss ❝♦st❧② t♦ ✜♥❞ t❤❡s❡ ❜② t❛❦✐♥❣ ❛ ❣❝❞ ♦❢ t❤❡ ♥✉♠❜❡r
✇❡ ✇❛♥t t♦ ❢❛❝t♦r ✇✐t❤ t❤❡ ♣r♦❞✉❝t ♦❢ t❤♦s❡ ♣r✐♠❡s ♦r s✐♠♣❧② tr✐❛❧✲❞✐✈✐❞❡ t❤❡
✐♥♣✉t ♥✉♠❜❡r ❜② t❤❡ r❡♠❛✐♥✐♥❣ ♣r✐♠❡s ❛❢t❡r ❊❈▼ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞✳ ❙t✐❧❧ ✐t
❤❛s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ✇❤✐❝❤ ✐s ❢❛st❡r ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥♣✉t ♥✉♠❜❡r
t♦ ❢❛❝t♦r ❛♥❞ ✇❤❡♥ ✐t ✐s ❜❡st t♦ s✇✐t❝❤ ❢r♦♠ ❊❈▼ t♦ ❣❝❞ ♦r tr✐❛❧ ❞✐✈✐s✐♦♥✱
t❤❛t ✐s✱ t❤❡ t❤r❡s❤♦❧❞ ❛❢t❡r ✇❤✐❝❤ r✉♥♥✐♥❣ ❛♥ ❊❈▼ ❝✉r✈❡ ❤❛s ❛ ❣r❡❛t❡r ❝♦st
♣❡r ♣r✐♠❡ t❤❛♥ ♣❡r❢♦r♠✐♥❣ ❛ ❣❝❞ ♦r tr✐❛❧ ❞✐✈✐s✐♦♥✳ ❲❡ ✇✐❧❧ t✐♠❡ t❤✐s ✇✐t❤ t❤r❡❡
❞✐✛❡r❡♥t❧② s✐③❡❞ ✐♥♣✉t ♥✉♠❜❡rs✿ ❛ ✶✵✵✲❞✐❣✐t ♣r✐♠❡✱ ❛ ✶✵✵✵✲❞✐❣✐t ♣r✐♠❡ ❛♥❞ ✜♥❛❧❧②
❛ ✶✵✵✵✵✲❞✐❣✐t ♣r✐♠❡ ♥♦t❡❞ ◆✶✵✵✱ ◆✶✵✵✵✱ ❛♥❞ ◆✶✵✵✵✵ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❤❛✈❡
✐♠♣❧❡♠❡♥t❡❞ t❤❡ ●❈❉ ❛♥❞ tr✐❛❧ ❞✐✈✐s✐♦♥ ✐♥ ❈ ✉s✐♥❣ t❤❡ ●▼P ❧✐❜r❛r②✳ ❚❤❡ ❤✉❣❡

■◆❘■❆



❋✉❧❧② ❉❡t❡r♠✐♥✐st✐❝ ❊❈▼ ✶✼

♣r♦❞✉❝t ♦❢ s❡✈❡r❛❧ ♠✐❧❧✐♦♥s ♦❢ ♣r✐♠❡s ♥❡❡❞❡❞ ❢♦r t❤❡ ●❈❉ ✜rst ❞♦♥❡ ♥❛✐✈❡❧②
✇❛s ❡①❝❡ss✐✈❡❧② s❧♦✇ ❛♥❞ t❤✉s ❤❛s ❜❡❡♥ ♠♦❞✐✜❡❞ t♦ ❜❡ ❝♦♠♣✉t❡❞ ❜② ♠❡❛♥s ♦❢
❛ ♣r♦❞✉❝t tr❡❡✳ ❚✐♠✐♥❣s ❢♦r ❊❈▼ ❤❛✈❡ ❜❡❡♥ ♠❡❛s✉r❡❞ ✇✐t❤ ●▼P✲❊❈▼ ❬✹❪
❛♥❞ ♥♦t ✇✐t❤ ❡❝♠❴❝❤❡❝❦ s✐♥❝❡ t❤❡ ❧❛tt❡r ✐s ❧✐♠✐t❡❞ t♦ t✇♦ ♠❛❝❤✐♥❡ ✇♦r❞s ❢♦r
✐♥♣✉t✳ ❆s ●▼P✲❊❈▼ ✇❛s ❞❡s✐❣♥❡❞ ❛♥❞ ♦♣t✐♠✐③❡❞ ❢♦r ❛ ❞✐✛❡r❡♥t ✉s❛❣❡ ✇✐t❤
s✉❜st❛♥t✐❛❧❧② ❧❛r❣❡r B1✱B2 ❜♦✉♥❞s t♦ ✜♥❞ ❢❛❝t♦rs ✇❡❧❧ ❧❛r❣❡r t❤❛♥ 232✱ ✐t ✐♥❞✉❝❡s
s♦♠❡ ♦✈❡r❤❡❛❞ ✇❤❡♥ ✉s❡❞ ✇✐t❤ s✉❝❤ ✉♥✉s✉❛❧❧② s♠❛❧❧ B1✱B2✳ ❲❡ ❝❛♥ t❤✉s ❡①♣❡❝t
❊❈▼ t♦ ❜❡ ♠❛❞❡ s✐❣♥✐✜❝❛♥t❧② ❢❛st❡r t❤❛♥ t❤❡ r❡s✉❧ts s❤♦✇♥ ✇✐t❤ s♦♠❡ s♣❡❝✐❛❧✲
♣✉r♣♦s❡ ❊❈▼ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦r ✐❢ ❡①t❡♥❞✐♥❣ ❡❝♠❴❝❤❡❝❦ t♦ s✉♣♣♦rt s❡✈❡r❛❧
♠♦r❡ ♠❛❝❤✐♥❡ ✇♦r❞s ✐♥♣✉t✳ ❚❤❡ t✐♠✐♥❣s ❢♦r tr✐❛❧ ❞✐✈✐s✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡
✶✳ ❚❤❡ ❝♦st ♣❡r ♣r✐♠❡ ❢♦r ●❈❉s ✐s ✐♥✈❛r✐❛❜❧② ✐♥❢❡r✐♦r t♦ t❤❛t ♦❢ tr✐❛❧ ❞✐✈✐s✐♦♥✳
❲❡ ✇✐❧❧ t❤✉s s✇✐t❝❤ t♦ ●❈❉ ❛❢t❡r ❊❈▼✳ P❡r❢♦r♠✐♥❣ ❛ ●❈❉ ♣r❡s❡♥ts t❤❡ ♠✐♥♦r
❞r❛✇❜❛❝❦ ♦❢ ♣♦t❡♥t✐❛❧❧② r❡t✉r♥✐♥❣ ❛ ❝♦♠♣♦s✐t❡ ♥✉♠❜❡r ♣r♦❞✉❝t ♦❢ s❡✈❡r❛❧ ♦❢ t❤❡
♣r✐♠❡ ❞✐✈✐s♦rs ♦❢ ✐♥♣✉t ♥✉♠❜❡r n✳ ❚❤✐s ✐s ♥♦t ❛ ❝♦♥❝❡r♥ s✐♥❝❡ ✐♥ t❤✐s ✇♦r❦ ♦✉r
❣♦❛❧ ✐s s✐♠♣❧② t♦ r❡♠♦✈❡ ❢❛❝t♦rs ❢r♦♠ t❤❡ ✐♥♣✉t ♥✉♠❜❡r ✉♣ t♦ ❛ ❜♦✉♥❞ N ❛♥❞ ♥♦t
r❡t✉r♥✐♥❣ ❛ ❢❛❝t♦r✐③❛t✐♦♥✳ ❖❢ ❝♦✉rs❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ❛r❡ ✈❡r② ♣❧❛t❢♦r♠ ❛♥❞
✐♠♣❧❡♠❡♥t❛t✐♦♥ ❞❡♣❡♥❞❡♥t ❛♥❞ ❤❛✈❡ t♦ ❜❡ ✜♥❡✲t✉♥❡❞ ❢♦r ❡❛❝❤ ✉s❡r✬s ♣❛rt✐❝✉❧❛r
s✐t✉❛t✐♦♥✳ ❚❤❡ t❡st✐♥❣ ♣❧❛t❢♦r♠ ✐s ❛♥ ■♥t❡❧✭❘✮ ❈♦r❡✭❚▼✮✷ ◗✉❛❞ ❈P❯ ◗✻✻✵✵ ❅
✷✳✹✵●❍③✳

❘❘ ♥➦ ✼✵✹✵



✶✽ ❈❤❡❧❧✐

✐♥♣✉t ♥✉♠❜❡r s✐③❡ ✐♥ ❞✐❣✐ts t✐♠❡ ♣❡r ❞✐✈✐s✐♦♥ 10
−8 s❡❝♦♥❞s

✶✵✵ ✸✳✾✽

✶✵✵✵ ✷✼✳✼

✶✵✵✵✵ ✷✼✸✵

❚❛❜❧❡ ✶✿ ❈♦sts ♣❡r ♣r✐♠❡ ♦❢ tr✐❛❧ ❞✐✈✐s✐♦♥ ❢♦r ❞✐✛❡r❡♥t ✐♥♣✉t ♥✉♠❜❡r s✐③❡s

σ✲❝❤❛✐♥ ❚✐♠❡

❝✉r✈❡ ♥♦t ❢♦✉♥❞ ❢♦✉♥❞ ❜② ❝✉r✈❡ ❊❈▼ ♣❡r ♣r✐♠❡ ●❈❉ ♣❡r ♣r✐♠❡

10
−3s✳ 10

−8s✳ 10
−2s✳ 10

−8s✳

✷✻ ✷✾✺✻✷✷✽ ✹✽✷✹✹✽ ✹✳✶✸✺ ✵✳✽✻ ✻✳✺✾ ✷✳✷✸

✷✼ ✷✺✹✶✽✹✺ ✹✶✹✸✽✸ ✧ ✶✳✵✵ ✺✳✻✺ ✷✳✷✷

✷✽ ✷✶✽✻✹✵✸ ✸✺✺✹✹✷ ✧ ✶✳✶✻ ✹✳✾✸ ✷✳✷✺

✷✾ ✶✽✽✷✼✷✵ ✸✵✸✻✽✸ ✧ ✶✳✸✻ ✹✳✶✾ ✷✳✷✷

✸✵ ✶✻✷✷✷✵✹ ✷✻✵✺✶✻ ✧ ✶✳✺✾ ✸✳✺✾ ✷✳✷✶

✸✶ ✶✸✾✼✾✷✾ ✷✷✹✷✼✺ ✧ ✶✳✽✹ ✸✳✷✷ ✷✳✸✵

✸✷ ✶✷✵✹✵✾✷ ✶✾✸✽✸✼ ✧ ✷✳✶✸ ✷✳✻✻ ✷✳✷✶

✸✸ ✶✵✸✽✸✸✽ ✶✻✺✼✺✹ ✧ ✷✳✹✾ ✷✳✸ ✷✳✷✶

✸✹ ✽✾✺✶✻✶ ✶✹✸✶✼✼ ✧ ✷✳✽✾ ✶✳✾✹ ✷✳✶✼

✸✺ ✼✼✷✸✻✶ ✶✷✷✽✵✵ ✧ ✸✳✸✼ ✶✳✻✾ ✷✳✶✾

✸✻ ✻✻✻✺✻✶ ✶✵✺✽✵✵ ✧ ✸✳✾✶ ✶✳✹✶ ✷✳✶✶

✸✼ ✺✼✺✻✹✷ ✾✵✾✶✾ ✧ ✹✳✺✺ ✶✳✷ ✷✳✵✽

✸✽ ✺✵✵✶✷✼ ✼✺✺✶✺ ✧ ✺✳✹✼ ✶✳✵✸ ✷✳✵✻

✸✾ ✹✸✷✵✸✷ ✻✽✵✾✺ ✧ ✻✳✵✼ ✵✳✽✻ ✶✳✾✾

❚❛❜❧❡ ✷✿ ❈♦♠♣❛r❡❞ ❝♦sts✲♣❡r✲♣r✐♠❡ ♦❢ ❊❈▼ ❛♥❞ ●❈❉ ✇✐t❤ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲
✐♥❞❡♣❡♥❞❡♥t σ✲❝❤❛✐♥✿ ✶✵✵ ❞✐❣✐t ♣r✐♠❡ ✐♥♣✉t✱ B1 = 260✱ B2 = 11600

❚❛❜❧❡ ✷ s❤♦✇s t❤❛t ❢♦r ❛ ✶✵✵ ❞✐❣✐t ✐♥♣✉t ♥✉♠❜❡r✱ ❝✉r✈❡ ✸✸ ✐s ♠♦r❡ ❡①♣❡♥s✐✈❡
t❤❛♥ ❣❝❞ ✇❡ st♦♣ ❛t ❝✉r✈❡ ✸✷ ❛♥❞ t❤❡♥ s✇✐t❝❤ t♦ ❣❝❞✳ ❚❤❡ ♣r❡❝♦♠♣✉t❡❞ ♣r♦❞✉❝t
♦❢ ♣r✐♠❡s ♥♦t ❢♦✉♥❞ ♦✉t♣✉t ❜② ❝✉r✈❡ ✸✷ ✐s s❛✈❡❞ t♦ ✜❧❡ ✐♥ ●▼P ❘❆❲ ❢♦r♠❛t✱
s✐♥❝❡ t❤✐s ✇✐❧❧ ❜❡ ✉s❡❞ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡✐r ❣❝❞ ✇✐t❤ ❛♥② ❣✐✈❡♥ ✶✵✵ ❞✐❣✐t ✐♥♣✉t
♥✉♠❜❡r✳ ❚❤❡ ✜❧❡ r❡q✉✐r❡s ✹✳✻▼❇ ♦❢ ❞✐s❦ s♣❛❝❡✳

σ✲❝❤❛✐♥ ❚✐♠❡

❝✉r✈❡ ♥♦t ❢♦✉♥❞ ❢♦✉♥❞ ❜② ❝✉r✈❡ ❊❈▼ ♣❡r ♣r✐♠❡ ●❈❉ ♣❡r ♣r✐♠❡

10
−2s✳ 10

−8s✳ 10
−2s✳ 10

−8s✳

✶✼ ✶✶✽✷✾✺✷✷ ✷✵✶✽✽✾✾ ✼✳✺✶ ✸✳✼✷ ✽✶✳✽ ✻✳✾✶

✶✽ ✶✵✶✶✸✸✽✽ ✶✼✶✻✶✸✹ ✧ ✹✳✸✽ ✼✵✳✶ ✻✳✾✸

✶✾ ✽✻✺✷✵✽✶ ✶✹✻✶✸✵✼ ✧ ✺✳✶✹ ✻✵✳✶ ✻✳✾✺

✷✵ ✼✹✵✻✺✷✾ ✶✷✹✺✺✺✷ ✧ ✻✳✵✸ ✺✵✳✶ ✻✳✼✻

✷✶ ✻✸✹✹✷✽✼ ✶✵✻✷✷✹✷ ✧ ✼✳✵✼ ✹✶✳✶ ✻✳✹✽

✷✷ ✺✹✸✾✸✺✾ ✾✵✹✾✷✽ ✧ ✽✳✸✵ ✸✺✳✺ ✻✳✺✸

❚❛❜❧❡ ✸✿ ❈♦♠♣❛r❡❞ ❝♦sts✲♣❡r✲♣r✐♠❡ ♦❢ ❊❈▼ ❛♥❞ ●❈❉ ✇✐t❤ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲
✐♥❞❡♣❡♥❞❡♥t σ✲❝❤❛✐♥✿ ✶✵✵✵ ❞✐❣✐t ♣r✐♠❡ ✐♥♣✉t✱ B1 = 260✱ B2 = 11600

❚❛❜❧❡ ✸ s❤♦✇s t❤❛t ❢♦r ❛ ✶✵✵✵ ❞✐❣✐t ✐♥♣✉t ♥✉♠❜❡r✱ ❝✉r✈❡ ✷✶ ✐s ♠♦r❡ ❡①♣❡♥✲
s✐✈❡ t❤❛♥ ❣❝❞ ✇❡ st♦♣ ❛t ❝✉r✈❡ ✷✵ ❛♥❞ t❤❡♥ s✇✐t❝❤ t♦ ❣❝❞✳ ❚❤❡ ♣r❡❝♦♠♣✉t❡❞
♣r♦❞✉❝t ♦❢ ♣r✐♠❡s ♥♦t ❢♦✉♥❞ ♦✉t♣✉t ❜② ❝✉r✈❡ ✷✶ ✐s s❛✈❡❞ ✐♥ ●▼P ❘❆❲ ❢♦r♠❛t✱

■◆❘■❆



❋✉❧❧② ❉❡t❡r♠✐♥✐st✐❝ ❊❈▼ ✶✾

s✐♥❝❡ t❤✐s ✇✐❧❧ ❜❡ ✉s❡❞ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡✐r ❣❝❞ ✇✐t❤ ❛♥② ❣✐✈❡♥ ✶✵✵✵ ❞✐❣✐t ✐♥♣✉t
♥✉♠❜❡r✳ ❚❤❡ ✜❧❡ r❡q✉✐r❡s ✷✹▼❇ ♦❢ ❞✐s❦ s♣❛❝❡✳

σ✲❝❤❛✐♥ ❚✐♠❡

❝✉r✈❡ ♥♦t ❢♦✉♥❞ ❢♦✉♥❞ ❜② ❝✉r✈❡ ❊❈▼ ♣❡r ♣r✐♠❡ ●❈❉ ♣❡r ♣r✐♠❡

s✳ 10
−8s✳ 10

−2s✳ 10
−8s✳

✼ ✺✾✻✷✹✺✼✺ ✶✵✽✾✷✽✼✵ ✷✳✾✹ ✷✻✳✾✾ ✸✵✳✾✾s ✺✶✳✾✼

✽ ✺✵✹✼✽✷✵✼ ✾✶✹✻✸✻✽ ✧ ✸✷✳✶✹ ✷✻✳✷✽s ✺✷✳✵✻

✾ ✹✷✼✾✵✷✽✽ ✼✻✽✼✾✶✾ ✧ ✸✽✳✷✹ ✷✷✳✷✾s ✺✷✳✵✾

✶✵ ✸✻✸✶✼✵✾✵ ✻✹✼✸✶✾✽ ✧ ✹✺✳✹✷ ✶✽✳✾✷s ✺✷✳✶✵

✶✶ ✸✵✽✺✶✽✻✺ ✺✹✻✺✷✷✺ ✧ ✺✸✳✼✾ ✶✻✳✶✶s ✺✷✳✷✷

✶✷ ✷✻✷✸✻✸✸✺ ✹✻✶✺✺✸✵ ✧ ✻✸✳✼ ✶✸✳✼✸s ✺✷✳✸✸

❚❛❜❧❡ ✹✿ ❈♦♠♣❛r❡❞ ❝♦sts✲♣❡r✲♣r✐♠❡ ♦❢ ❊❈▼ ❛♥❞ ●❈❉ ✇✐t❤ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲
✐♥❞❡♣❡♥❞❡♥t σ✲❝❤❛✐♥✿ ✶✵✵✵✵ ❞✐❣✐t ♣r✐♠❡ ✐♥♣✉t✱ B1 = 260✱ B2 = 11600

❚❛❜❧❡ ✹ s❤♦✇s t❤❛t ❢♦r ❛ ✶✵✵✵✵ ❞✐❣✐t ✐♥♣✉t ♥✉♠❜❡r✱ ❝✉r✈❡ ✶✶ ✐s ♠♦r❡ ❡①♣❡♥✲
s✐✈❡ t❤❛♥ ❣❝❞ ✇❡ st♦♣ ❛t ❝✉r✈❡ ✶✵ ❛♥❞ t❤❡♥ s✇✐t❝❤ t♦ ❣❝❞✳ ❚❤❡ ♣r❡❝♦♠♣✉t❡❞
♣r♦❞✉❝t ♦❢ ♣r✐♠❡s ♥♦t ❢♦✉♥❞ ♦✉t♣✉t ❜② ❝✉r✈❡ ✶✵ ✐s s❛✈❡❞ ✐♥ ●▼P ❘❆❲ ❢♦r♠❛t✱
s✐♥❝❡ t❤✐s ✇✐❧❧ ❜❡ ✉s❡❞ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡✐r ❣❝❞ ✇✐t❤ ❛♥② ❣✐✈❡♥ ✶✵✵✵✵ ❞✐❣✐t
✐♥♣✉t ♥✉♠❜❡r✳ ❚❤❡ ✜❧❡ r❡q✉✐r❡s ✶✸✹▼❇ ♦❢ ❞✐s❦ s♣❛❝❡✳

❆s ✇❡ ❤❛✈❡ s❡❡♥✱ s✇✐t❝❤✐♥❣ t♦ ●❈❉ ✐♥❞✉❝❡s ❛♥ ✐♥❝r❡❛s❡ ✐♥ s♣❡❡❞ ❛t t❤❡ ❝♦st
♦❢ ❞✐s❦ s♣❛❝❡ ✉s❛❣❡✳

❲❡ ❛❧s♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❜✐❣❣❡r t❤❡ ✐♥♣✉t ♥✉♠❜❡r ✐s✱ t❤❡ ❡❛r❧✐❡r t❤❡ s✇✐t❝❤
t♦ ●❈❉✳ ❆s t❤❡ s✐③❡ ♦❢ t❤❡ ♠♦❞✉❧✉s ✐♥❝r❡❛s❡s t❤❡ ♠♦❞✉❧❛r r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❜✐❣
♣r♦❞✉❝t ♠♦❞✉❧♦ t❤❡ ✐♥♣✉t ♥✉♠❜❡r ❜❡❝♦♠❡s r❡❧❛t✐✈❡❧② ❢❛st❡r✳

❆❝❦♥♦✇❧❡❞❣♠❡♥t

❚❤❡ ❛✉t❤♦r ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ P❛✉❧ ❩✐♠♠❡r♠❛♥♥ ❛♥❞ t❤❡ ❈❆❈❆❖ t❡❛♠ ❛t
▲❖❘■❆✳

✶✵ ❆♣♣❡♥❞✐①✿

❘❘ ♥➦ ✼✵✹✵



✷✵ ❈❤❡❧❧✐

❈✉r✈❡s σ ♣r✐♠❡s ♥♦t ❤✐t ❈✉r✈❡s σ ♣r✐♠❡s ♥♦t ❤✐t

✵ ✾✽✶✽✷✻✺✻
✶✶ ✽✸✵✶✶✹✾✽ ✶✶✾✷✶ ✶✵✺✶✸
✷✸✺ ✼✶✶✵✼✾✹✻ ✷✹✻✹✺ ✾✶✷✼
✷✹✺ ✻✵✾✶✷✾✶✽ ✷✵✻✸✶ ✼✾✸✺
✶✹✺✶ ✺✷✷✶✵✵✹✺ ✷✾✺✽✽ ✻✽✻✼
✶✽✷✽ ✹✹✼✻✷✷✷✹ ✶✷✾✹✶ ✻✵✹✾
✷✾✼✻✶ ✸✽✸✽✸✺✶✾ ✷✺✻✹✶ ✺✷✹✺
✷✶✹✽✸ ✸✷✾✷✽✵✷✾ ✶✼✻✶✶ ✹✺✼✾

✶✺✾✻✻✼✾✼✷ ✷✽✷✺✸✹✵✵ ✶✼✶✵✵ ✸✾✾✾
✹✽✹✵✷✽✼✻ ✷✹✷✹✾✺✶✼ ✼✵ ✶✾✽ ✸✹✽✷

✶✵ ✾✶✼✷✵✸✺✷✹ ✷✵✽✷✶✼✺✷ ✷✾✽✸✺ ✸✵✺✶
✶✷✺✺✽✹✶✼✵ ✶✼✽✽✶✵✶✺ ✶✸✹✽✸ ✷✻✹✷
✺✷✻✷✽✺✽✵✼ ✶✺✸✺✾✻✷✸ ✶✹✷✼✾ ✷✸✶✼
✺✹✸✵✾✹✵✹✵ ✶✸✶✾✼✸✶✺ ✾✹✽✷ ✷✵✷✼
✺✷✷✾✵✷✸✸✹ ✶✶✸✹✸✺✾✹ ✸✶✽✷ ✶✼✺✼
✼✷✶✵✼✹✺✵✽ ✾✼✺✶✺✸✸ ✺✽✸✹ ✶✺✶✽
✹✵✷✸✽✹✸✽✹ ✽✸✽✹✷✹✾ ✶✾✸✵✹ ✶✸✷✾
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✺✽ ✸✸✷✸✸ ✷✻✻✻✸ ✶✷✵ ✶✼✹✽ ✹
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✻✵ ✼✹✸ ✷✵✸✹✻ ✶✷✷ ✶✵✵✶ ✷

✻✶ ✶✼✹✽✼✻✶ ✶✼✽✵✺ ✶✷✸ ✶✵✾✾✾ ✶

✻✷ ✶✸✹✽ ✶✺✺✸✹ ✶✷✹ ✺✼✶✻✻ ✵

❚❛❜❧❡ ✻✿ ■♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t ❝❤❛✐♥ ❢♦r ♣r✐♠❡s p < 232✿ B1 = 260✱
B2 = 11600

❘❘ ♥➦ ✼✵✹✵



✷✷ ❈❤❡❧❧✐

❈✉r✈❡ ♥♦t ❢♦✉♥❞ ❢♦✉♥❞ ❜② ❝✉r✈❡

✵ ✷✵✸✷✽✵✷✷✶

✶ ✶✻✼✸✸✼✷✺✻ ✸✺✾✹✷✾✻✺

✷ ✶✹✵✷✷✶✷✸✶ ✷✼✶✶✻✵✷✺

✸ ✶✶✼✼✷✸✼✷✶ ✷✷✹✾✼✺✶✵

✹ ✾✾✵✼✼✸✷✾ ✶✽✻✹✻✸✾✷

✺ ✽✸✺✷✷✽✼✹ ✶✺✺✺✹✹✺✺

✻ ✼✵✺✶✼✹✹✺ ✶✸✵✵✺✹✷✾

✼ ✺✾✻✷✹✺✼✺ ✶✵✽✾✷✽✼✵

✽ ✺✵✹✼✽✷✵✼ ✾✶✹✻✸✻✽

✾ ✹✷✼✾✵✷✽✽ ✼✻✽✼✾✶✾

✶✵ ✸✻✸✶✼✵✾✵ ✻✹✼✸✶✾✽

✶✶ ✸✵✽✺✶✽✻✺ ✺✹✻✺✷✷✺

✶✷ ✷✻✷✸✻✸✸✺ ✹✻✶✺✺✸✵

✶✸ ✷✷✸✸✷✽✻✽ ✸✾✵✸✹✻✼

✶✹ ✶✾✵✷✾✹✵✹ ✸✸✵✸✹✻✹

✶✺ ✶✻✷✷✺✾✻✵ ✷✽✵✸✹✹✹

✶✻ ✶✸✽✹✽✹✷✶ ✷✸✼✼✺✸✾

✶✼ ✶✶✽✷✾✺✷✷ ✷✵✶✽✽✾✾

✶✽ ✶✵✶✶✸✸✽✽ ✶✼✶✻✶✸✹

✶✾ ✽✻✺✷✵✽✶ ✶✹✻✶✸✵✼

✷✵ ✼✹✵✻✺✷✾ ✶✷✹✺✺✺✷

✷✶ ✻✸✹✹✷✽✼ ✶✵✻✷✷✹✷

✷✷ ✺✹✸✾✸✺✾ ✾✵✹✾✷✽

✷✸ ✹✻✻✹✹✷✶ ✼✼✹✾✸✽

✷✹ ✹✵✵✸✵✶✷ ✻✻✶✹✵✾

✷✺ ✸✹✸✽✻✼✻ ✺✻✹✸✸✻

✷✻ ✷✾✺✻✷✷✽ ✹✽✷✹✹✽

✷✼ ✷✺✹✶✽✹✺ ✹✶✹✸✽✸

✷✽ ✷✶✽✻✹✵✸ ✸✺✺✹✹✷

✷✾ ✶✽✽✷✼✷✵ ✸✵✸✻✽✸
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✸✷ ✶✷✵✹✵✾✷ ✶✾✸✽✸✼

✸✸ ✶✵✸✽✸✸✽ ✶✻✺✼✺✹

✸✹ ✽✾✺✶✻✶ ✶✹✸✶✼✼

✸✺ ✼✼✷✸✻✶ ✶✷✷✽✵✵

✸✻ ✻✻✻✺✻✶ ✶✵✺✽✵✵

✸✼ ✺✼✺✻✹✷ ✾✵✾✶✾

✸✽ ✺✵✵✶✷✼ ✼✺✺✶✺

✸✾ ✹✸✷✵✸✷ ✻✽✵✾✺

❚❛❜❧❡ ✼✿ ❙②♥♦♣t✐❝ ✈✐❡✇ ♦❢ t❤❡ r❡s✉❧ts ❛❝❤✐❡✈❡❞✿ ✸✾ ✜rst σ✬s ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲
✐♥❞❡♣❡♥❞❡♥t ❝❤❛✐♥ ❢♦r ❛❧❧ ♣r✐♠❡s p < 232 ✇✐t❤ ♦♣t✐♠❛❧ B1✱ B2
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❈✉r✈❡s σ ♣r✐♠❡s ♥♦t ❤✐t ✐♥ ❬231✱ 2
32❪ ❈✉r✈❡s σ ♣r✐♠❡s ♥♦t ❤✐t

✵ ✻✷✶✽✸✵✻✵

✶ ✶✶ ✺✷✾✼✹✹✻✸ ✻✸ ✾✾✾✶✶✸✼✷ ✽✺✼✷

✷ ✷✸✺ ✹✺✻✾✺✸✽✷ ✻✹ ✻✹✹✹✹✺✷✷✶✸✽✼ ✼✹✾✻

✸ ✷✹✺ ✸✾✹✶✺✽✽✺ ✻✺ ✻✻✻✷✻ ✻✺✻✽

✹ ✶✹✺✶ ✸✹✵✶✻✸✵✾ ✻✻ ✾✹✸✼✽✻✹✹✶✶✾✶✺ ✺✼✸✷

✺ ✶✽✷✽ ✷✾✸✻✹✾✵✽ ✻✼ ✽✹✹✹✸✻✺✶✺✻ ✺✵✸✺

✻ ✷✾✼✻✶ ✷✺✸✺✸✹✷✻ ✻✽ ✻✺✷✷✶✸✽✼ ✹✹✶✸

✼ ✷✶✹✽✸ ✷✶✽✾✼✾✻✷ ✻✾ ✼✼✹✹✺✹✺✹✹✹✹ ✸✽✺✽

✽ ✶✺✾✻✻✼✾✼✷ ✶✽✾✶✽✸✼✸ ✼✵ ✾✻✹ ✸✸✻✶

✾ ✹✽✹✵✷✽✼✻ ✶✻✸✹✼✸✸✼ ✼✶ ✹✺✺✻✽✼ ✷✾✻✾

✶✵ ✾✶✼✷✵✸✺✷✹ ✶✹✶✸✷✻✵✺ ✼✷ ✷✸✶✸✷✶✷✸✶✷ ✷✺✽✼

✶✶ ✶✷✺✺✽✹✶✼✵ ✶✷✷✶✼✹✵✵ ✼✸ ✶✶✶✶✶✹ ✷✷✺✸

✶✷ ✺✷✻✷✽✺✽✵✼ ✶✵✺✻✹✽✺✾ ✼✹ ✽✽✼✸ ✶✾✽✼

✶✸ ✺✹✸✵✾✹✵✹✵ ✾✶✸✾✷✶✷ ✼✺ ✻✶✻✷✻ ✶✼✺✷

✶✹ ✺✷✷✾✵✷✸✸✹ ✼✾✵✼✽✵✻ ✼✻ ✶✾✹✸✻✹✹✶✶✾✶✺ ✶✺✷✹

✶✺ ✼✷✶✵✼✹✺✵✽ ✻✽✹✷✷✸✵ ✼✼ ✶✽✹✹✹✸✻✺✻ ✶✸✷✸

✶✻ ✹✵✷✸✽✹✸✽✹ ✺✾✷✷✻✸✾ ✼✽ ✻✶✷✷✶✸✽✼ ✶✶✸✽

✶✼ ✷✺✷✾✸✾✹✾✹ ✺✶✷✽✸✺✸ ✼✾ ✼✼✹✹✺✶✷✷✶✹✹ ✶✵✵✼

✶✽ ✶✽✹✺✵✵✼✾✻ ✹✹✹✶✷✺✼ ✽✵ ✾✻✶✹ ✽✽✹

✶✾ ✺✸✼✷✸✹✾✵✷ ✸✽✹✻✽✾✸ ✽✶ ✹✺✶✺✶✻✽✼ ✼✼✾

✷✵ ✸✹✺✹✼✸✹✾✽ ✸✸✸✷✷✹✻ ✽✷ ✶✶✶✷✸✶✷ ✻✼✼

✷✶ ✷✹✻✹✸✸✸✵✷ ✷✽✽✽✸✾✾ ✽✸ ✶✶✸✶✹ ✺✼✽

✷✷ ✸✼✷✺✶✵✼✻✷ ✷✺✵✸✸✶✽ ✽✹ ✽✼✽✼✸ ✺✵✷

✷✸ ✶✸✶✼✺✵✺✹✹✵ ✷✶✻✾✻✻✾ ✽✺ ✻✶✻✷✻✶✸ ✹✺✹

✷✹ ✸✾✶✹✻✼✵✹✻✷ ✶✽✽✶✵✶✸ ✽✻ ✶✾✹✸✻✹✹✶✶✾✶✺✶✸ ✹✵✺

✷✺ ✾✷✷✽✸✷✹✼✻ ✶✻✸✶✾✵✼ ✽✼ ✶✽✹✹✹✸✻✺✻✶✸✸ ✸✺✵

✷✻ ✷✻✷✾✶✼✸✺✺✼ ✶✹✶✻✸✶✷ ✽✽ ✻✶✷✷✶✸✽✼✶✸ ✷✾✽

✷✼ ✶✼✼✵✹✶✾✶✻✵ ✶✷✷✽✾✷✻ ✽✾ ✼✼✹✹✺✶✷✷✶✹✹✸✶ ✷✹✼

✷✽ ✶✹✺✾✽✾✻✵✵✶ ✶✵✻✻✽✸✹ ✾✵ ✻✽✶✶✸✹✽✻✹✽✻✹ ✷✶✽

✷✾ ✺✻✶✸✹✹✵✶✷✼ ✾✷✻✹✺✹ ✾✶ ✶✵✵✵ ✶✾✶

✸✵ ✽✽✺✼✹✺✻✶✹ ✽✵✹✽✷✼ ✾✷ ✾✸✾✸✾✸ ✶✻✺

✸✶ ✶✽✻✹✷✽✹ ✻✾✾✶✸✼ ✾✸ ✶✵✵✵✵ ✶✹✺

✸✷ ✻✺✹✾✽✹✺✸ ✻✵✼✸✻✷ ✾✹ ✸✽✼✽✾ ✶✷✹

✸✸ ✾✽✹✻✺✹✸✽ ✺✷✼✽✻✷ ✾✺ ✸✷✶✾✽ ✶✵✾

✸✹ ✻✺✹✸✺✹✶✽✽✹ ✹✺✽✼✾✻ ✾✻ ✾✽✾✼✾✻ ✾✼

✸✺ ✻✸✺✹✸✽✺✹✸✹✸✽ ✸✾✽✺✹✾ ✾✼ ✺✽✹✻✻✽ ✽✼

✸✻ ✾✾✾✾✾✾✾✾ ✸✹✻✷✸✽ ✾✽ ✷✶✷✸✺✼✹✶ ✼✸

✸✼ ✸✻ ✸✵✶✶✼✷ ✾✾ ✹✶✽✺✺✺✼✹✻✸✹✶ ✻✸

✸✽ ✶✵ ✷✻✸✷✽✾ ✶✵✵ ✻✽✽✽✽✽✹✹ ✺✺

✸✾ ✶✸ ✷✷✽✽✽✷ ✶✵✶ ✹✹✹✽✾✹✶✶✶✸✺ ✺✷

✹✵ ✷✼ ✶✾✾✵✷✻ ✶✵✷ ✹✾✽✹✶✽✻ ✹✽

✹✶ ✶✼ ✶✼✸✷✽✹ ✶✵✸ ✹✹✾✽✻✹✾✻✽✾ ✹✸

✹✷ ✺✹✽✻✼✸✸✹✶ ✶✺✵✾✹✷ ✶✵✹ ✹✺✹✶✺✸✸✸✸✶✶✶ ✸✸

✹✸ ✷✸✺✺✹✻✽✹✻ ✶✸✶✹✺✻ ✶✵✺ ✽✻✹✶✻✽✼✽✾ ✸✵

✹✹ ✾✾✽✼✸✸✺✹ ✶✶✹✸✾✼ ✶✵✻ ✸✷✸✶✸✺✹ ✷✽

✹✺ ✸✺✹✽✽✷✹✷✺✼✽✻✸✼ ✾✾✺✽✹ ✶✵✼ ✽✽✼✹ ✷✻

✹✻ ✼✼✽✽✼✹✺✸ ✽✻✼✻✵ ✶✵✽ ✾✽✼✹✶✸✺✺✺✺ ✷✸

✹✼ ✶✷✸✶✷ ✼✺✸✶✾ ✶✵✾ ✹✶✻✸✸✸✸✸✸✸✽✼✽✾✻✽✺✺✺✺ ✷✵

✹✽ ✼✺✹✽✸✹ ✻✺✻✶✶ ✶✶✵ ✻✻✻✻✻✻✹✽✽✽✹✸ ✶✽

✹✾ ✷✺✼✹✻ ✺✼✹✵✵ ✶✶✶ ✻✸✽✹✼✼✽✼✹✽✼✼✼ ✶✼

✺✵ ✻✸✽✼✸ ✺✵✵✷✸ ✶✶✷ ✻✹✽✺✻✺✷✶✸✷✹✸ ✶✺

✺✶ ✶✼✶✶✾✶✶✽ ✹✸✻✹✵ ✶✶✸ ✺✸✹✽✻ ✶✹

✺✷ ✸✸✷✸✶✷✸ ✸✽✵✼✵ ✶✶✹ ✺✹✸✼✽✾ ✶✷

✺✸ ✽✽✼✽✽✸✹✹✷ ✸✸✶✹✹ ✶✶✺ ✷✸✺✹✸✶✶✷✷✸ ✶✶

✺✹ ✼✸✼✶✼✷✻✺✽ ✷✾✵✵✺ ✶✶✻ ✷✻✸✻✻✻✻✻ ✶✵

✺✺ ✾✽✼✹✻✺✺✺✷✺ ✷✺✸✷✼ ✶✶✼ ✺✶✺✽✼ ✽

✺✻ ✾✽✼✻✺✺✷✺ ✷✷✵✻✸ ✶✶✽ ✸✹✺✸✹✽✺✾✹✵✺ ✻

✺✼ ✶✽✽✽ ✶✾✷✶✸ ✶✶✾ ✺✹✻ ✺

✺✽ ✸✸✷✸✸ ✶✻✼✺✷ ✶✷✵ ✶✼✹✽ ✸

✺✾ ✷✷✸✷✷✸ ✶✹✻✷✾ ✶✷✶ ✶✸✷✼ ✸

✻✵ ✼✹✸ ✶✷✽✸✵ ✶✷✷ ✶✵✵✶ ✷

✻✶ ✶✼✹✽✼✻✶ ✶✶✷✶✻ ✶✷✸ ✶✵✾✾✾ ✶

✻✷ ✶✸✹✽ ✾✼✽✻ ✶✷✹ ✺✼✶✻✻ ✵

❚❛❜❧❡ ✽✿ ■♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t ❝❤❛✐♥ ❢♦r ❘❙❆✲✷✵✵ s✉❜s❡t ♦❢ ♣r✐♠❡s p <
232✿ B1 = 260✱ B2 = 11600

❘❘ ♥➦ ✼✵✹✵



✷✹ ❈❤❡❧❧✐

❈✉r✈❡ ♣r✐♠❡s ♥♦t ❤✐t

✵ ✾✽✶✽✷✻✺✻

✶ ✽✸✻✹✹✼✶✵

✷ ✼✶✷✽✷✻✼✵

✸ ✻✵✼✻✼✷✸✺

✹ ✺✶✽✶✻✷✹✹

✺ ✹✹✷✵✵✽✾✸

✻ ✸✼✼✶✵✽✻✽

✼ ✸✷✶✽✺✼✼✹

✽ ✷✼✹✼✼✼✵✽

✾ ✷✸✹✻✻✵✻✼

✶✵ ✷✵✵✹✻✼✾✻

✶✶ ✶✼✶✷✾✷✶✸

✶✷ ✶✹✻✸✾✸✽✼

✶✸ ✶✷✺✶✼✻✾✼

✶✹ ✶✵✼✵✺✵✽✸

✶✺ ✾✶✻✵✶✺✷

✶✻ ✼✽✸✾✸✻✺

✶✼ ✻✼✶✵✷✵✹

✶✽ ✺✼✹✻✺✵✼

✶✾ ✹✾✷✶✶✵✹

✷✵ ✹✷✶✼✾✻✾

✷✶ ✸✻✶✻✽✶✵

✷✷ ✸✶✵✷✸✷✺

✷✸ ✷✻✻✷✶✶✹

✷✹ ✷✷✽✹✵✼✸

✷✺ ✶✾✺✾✽✼✻

✷✻ ✶✻✽✷✻✻✷

❚❛❜❧❡ ✾✿ ■♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t r❛t✐♦♥❛❧ ❝❤❛✐♥ ❢♦r ♣r✐♠❡s 231 < p < 232✿
B1 = 260✱ B2 = 11600

■◆❘■❆



❋✉❧❧② ❉❡t❡r♠✐♥✐st✐❝ ❊❈▼ ✷✺

❈✉r✈❡ ♣r✐♠❡s ♥♦t ❤✐t

✵ ✻✷✶✽✸✵✻✵

✶ ✺✷✾✼✹✹✻✸

✷ ✹✺✶✹✺✵✾✾

✸ ✸✽✹✽✺✾✶✺

✹ ✸✷✽✶✾✶✻✵

✺ ✷✼✾✾✻✻✾✻

✻ ✷✸✽✽✻✾✵✺

✼ ✷✵✸✽✼✻✾✵

✽ ✶✼✹✵✽✹✼✽

✾ ✶✹✽✻✼✸✾✻

✶✵ ✶✷✼✵✶✵✸✾

✶✶ ✶✵✽✺✹✼✷✻

✶✷ ✾✷✼✻✼✸✻

✶✸ ✼✾✸✶✺✷✽

✶✹ ✻✼✽✸✸✾✾

✶✺ ✺✽✵✸✼✺✺

✶✻ ✹✾✻✼✷✾✽

✶✼ ✹✷✺✶✸✾✹

✶✽ ✸✻✹✶✶✷✼

✶✾ ✸✶✶✽✺✶✹

✷✵ ✷✻✼✷✾✷✺

✷✶ ✷✷✾✷✶✹✽

✷✷ ✶✾✻✺✾✹✶

✷✸ ✶✻✽✻✾✷✾

✷✹ ✶✹✹✼✽✶✵

✷✺ ✶✷✹✷✺✹✽

✷✻ ✶✵✻✻✾✶✼

❚❛❜❧❡ ✶✵✿ ■♠♣❧❡♠❡♥t❛t✐♦♥✲✐♥❞❡♣❡♥❞❡♥t r❛t✐♦♥❛❧ ❝❤❛✐♥ ❢♦r ❘❙❆✲✷✵✵ s✉❜s❡t ♦❢
♣r✐♠❡s 231 < p < 232✿ B1 = 260✱ B2 = 11600

❘❘ ♥➦ ✼✵✹✵



✷✻ ❈❤❡❧❧✐

❘❡❢❡r❡♥❝❡s

❬✶❪ ❘✳ ❇❛r❜✉❧❡s❝✉✳ ❋❛♠✐❧❧❡s ❞❡ ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ❛❞❛♣té❡s à ❧❛ ❢❛❝t♦r✐s❛t✐♦♥
❞❡s ❡♥t✐❡rs✳ ✷✵✵✾✳ ▼❛st❡r✬s t❤❡s✐s✱ ▲❖❘■❆✳

❬✷❪ ❲✐❡❜ ❇♦s♠❛✱ ❏♦❤♥ ❈❛♥♥♦♥✱ ❛♥❞ ❈❛t❤❡r✐♥❡ P❧❛②♦✉st✳ ❚❤❡ ▼❛❣♠❛ ❛❧❣❡❜r❛
s②st❡♠✳ ■✳ ❚❤❡ ✉s❡r ❧❛♥❣✉❛❣❡✳ ❏✳ ❙②♠❜♦❧✐❝ ❈♦♠♣✉t✳✱ ✷✹✭✸✲✹✮✿✷✸✺✕✷✻✺✱ ✶✾✾✼✳

❬✸❪ P❛✉❧ ❩✐♠♠❡r♠❛♥♥ ❡t✳ ❛❧✳ ❚❤❡ ❊❈▼◆❊❚ Pr♦❥❡❝t✳ ❤tt♣✿✴✴✇✇✇✳❧♦r✐❛✳❢r✴
⑦③✐♠♠❡r♠❛✴r❡❝♦r❞s✴❡❝♠♥❡t✳❤t♠❧✳

❬✹❪ P✐❡rr✐❝❦ ●❛✉❞r②✱ ❇r✐❛♥ ●❧❛❞♠❛♥✱ ❏✐♠ ❋♦✉❣❡r♦♥✱ ▲❛✉r❡♥t ❋♦✉ss❡✱ ❆❧❡①❛♥✲
❞❡r ❑r✉♣♣❛✱ ❉❛✈❡ ◆❡✇♠❛♥✱ ❏❛s♦♥ P❛♣❛❞♦♣♦✉❧♦s✱ ❛♥❞ P❛✉❧ ❩✐♠♠❡r♠❛♥♥✳
●▼P✲❊❈▼✱ ✻✳✷✳✸ ❡❞✐t✐♦♥✱ ✷✵✵✾✳ ❤tt♣✿✴✴❣❢♦r❣❡✳✐♥r✐❛✳❢r✴♣r♦❥❡❝ts✴❡❝♠✳

❬✺❪ ❇✳ ▼❛③✉r✳ ❘❛t✐♦♥❛❧ ✐s♦❣❡♥✐❡s ♦❢ ♣r✐♠❡ ❞❡❣r❡❡✳ ■♥✈❡♥t✐♦♥❡s ▼❛t❤✳✱ ✹✹✿✶✷✾✕
✶✻✷✱ ✶✾✼✽✳

❬✻❪ P✳ ▲✳ ▼♦♥t❣♦♠❡r②✳ ❊✈❛❧✉❛t✐♥❣ r❡❝✉rr❡♥❝❡s ♦❢ ❢♦r♠ xm+n = f (xm, xn, xm−n)
✈✐❛ ▲✉❝❛s ❝❤❛✐♥s✱ ✶✾✽✸✳ ❆✈❛✐❧❛❜❧❡ ❛t ❢t♣✳❝✇✐✳♥❧✴♣✉❜✴♣♠♦♥t❣♦♠✴▲✉❝❛s✳♣s✳❣③✳

❬✼❪ P✳ ▲✳ ▼♦♥t❣♦♠❡r②✳ ❙♣❡❡❞✐♥❣ t❤❡ P♦❧❧❛r❞ ❛♥❞ ❊❧❧✐♣t✐❝ ❈✉r✈❡ ▼❡t❤♦❞s ♦❢
❋❛❝t♦r✐③❛t✐♦♥✳ ▼❛t❤✳ ❈♦♠♣✳✱ ✹✽✭✶✼✼✮✿✷✹✸✕✷✻✹✱ ❏❛♥✳ ✶✾✽✼✳

❬✽❪ P✳ ▲✳ ▼♦♥t❣♦♠❡r②✳ ❆♥ ❋❋❚ ❊①t❡♥s✐♦♥ ♦❢ t❤❡ ❊❧❧✐♣t✐❝ ❈✉r✈❡ ▼❡t❤♦❞ ♦❢

❋❛❝t♦r✐③❛t✐♦♥✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛✱ ▲♦s ❆♥❣❡❧❡s✱ ✶✾✾✷✳ ❢t♣✳
❝✇✐✳♥❧✿✴♣✉❜✴♣♠♦♥t❣♦♠✴✉❝❧❛❞✐ss❡rt❛t✐♦♥✳♣s❧✳❣③✳

❬✾❪ P✳ ❩✐♠♠❡r♠❛♥♥ ❛♥❞ ❇✳ ❉♦❞s♦♥✳ ✷✵ ②❡❛rs ♦❢ ❊❈▼✳ ■♥ ❆◆❚❙ ❱■■✱ ✈♦❧✉♠❡
✹✵✼✻ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t✳ ❙❝✐✳✱ ♣❛❣❡s ✺✷✺✕✺✹✷✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✻✳

■◆❘■❆

http://www.loria.fr/~zimmerma/records/ecmnet.html
http://www.loria.fr/~zimmerma/records/ecmnet.html
http://gforge.inria.fr/projects/ecm
ftp.cwi.nl:/pub/pmontgom/ucladissertation.psl.gz
ftp.cwi.nl:/pub/pmontgom/ucladissertation.psl.gz


Centre de recherche INRIA Nancy – Grand Est
LORIA, Technopôle de Nancy-Brabois - Campus scientifique

615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Centre de recherche INRIA Bordeaux – Sud Ouest : Domaine Universitaire - 351, cours de la Libération - 33405 Talence Cedex
Centre de recherche INRIA Grenoble – Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier

Centre de recherche INRIA Lille – Nord Europe : Parc Scientifique de la Haute Borne - 40, avenue Halley - 59650 Villeneuve d’Ascq
Centre de recherche INRIA Paris – Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex
Centre de recherche INRIA Rennes – Bretagne Atlantique : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex

Centre de recherche INRIA Saclay – Île-de-France : Parc Orsay Université - ZAC des Vignes : 4, rue Jacques Monod - 91893 Orsay Cedex
Centre de recherche INRIA Sophia Antipolis – Méditerranée : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)

❤tt♣✿✴✴✇✇✇✳✐♥r✐❛✳❢r

ISSN 0249-6399


	Introduction
	Elliptic curves on a finite field
	Definition
	Curve equations
	Montgomery's form

	Group structure
	Cardinality of the group  E(Fq ) 
	Point addition laws
	Weierstrass form
	Montgomery's form

	Computation of  kP 
	Double and add
	Lucas chains


	The ECM method
	Smoothness criteria
	ECM algorithm
	Stage 1
	Stage 2

	Brent-Suyama's parametrization

	Building -chains that yield all primes up to a given bound B
	Using ECM with prime input numbers
	ECM Testing implementation

	Choosing the best parameters for ECM
	The influence of B1, B2 bounds
	Most efficient B1, B2 bounds on a sample of primes of given bitlength


	Primes found with unsmooth curve order
	ECM implementation Optimizations and non totally deterministic behavior
	Testing found primes for smoothness of curve order
	Considering starting point order instead of only curve order

	Taking advantage of known curve order divisors
	Curves with torsion subgroup over Q of order 12 or 16 and known initial point
	Reduction of curves with known torsion subgroups over Fp


	Extension to higher powers
	Using optimal B1, B2 bounds for each subset of primes
	Implementation-independent and optimized -chains with Magma 
	Building -chains for sets of non-consecutive primes
	Implementation-independent  chain for the RSA200 subset


	Optimizations for DECM
	Using Rational values for 
	Switching from ECM to gcd or trial division and when

	Appendix: 

