
HAL Id: inria-00415762
https://inria.hal.science/inria-00415762v1

Submitted on 10 Sep 2009

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Advective vertex-centered Reconstruction Scheme on
unstructured Meshes

Hilde Ouvrard, Tatiana Kozubskaya, Ilia Abalakin, Bruno Koobus, Alain
Dervieux

To cite this version:
Hilde Ouvrard, Tatiana Kozubskaya, Ilia Abalakin, Bruno Koobus, Alain Dervieux. Advective vertex-
centered Reconstruction Scheme on unstructured Meshes. [Research Report] RR-7033, INRIA. 2009,
pp.23. �inria-00415762�

https://inria.hal.science/inria-00415762v1
https://hal.archives-ouvertes.fr


IS
S

N
02

49
-6

39
9

IS
R

N
IN

R
IA

/R
R

--
70

33
--

F
R

+
E

N
G

Thème NUM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Advective vertex-centered Reconstruction Scheme on
unstructured Meshes

H. Ouvrard, T. Kozubskaya, I. Abalakin, B. Koobus, A. Dervieux

N° 7033

Avril 2009

in
ria

-0
04

15
76

2,
 v

er
si

on
 1

 - 
10

 S
ep

 2
00

9

http://hal.inria.fr/inria-00415762/fr/
http://hal.archives-ouvertes.fr


in
ria

-0
04

15
76

2,
 v

er
si

on
 1

 - 
10

 S
ep

 2
00

9



Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

Adve
tive vertex-
entered Re
onstru
tion S
heme onunstru
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Abstra
t: We propose and experiment a re
onstru
tion �nite-volume s
heme for vertex-
enteredunstru
tured meshes. The re
onstru
tion is quadrati
 and 2-exa
t with respe
t to mean 
ell values.The quadrature formulas for �uxes are also exa
t for quadrati
 polynomial. The resulting s
hemeis third-order a

urate. We evaluate its a

ura
y on adve
tion test 
ases. We apply this method tothe linearised Euler model and 
ompare it to a super
onvergent mixed-element-volume s
heme.Key-words: Computational Fluid Dynami
s, �nite volume, re
onstru
tion, upwind, unstru
turedmeshes, a
ousti
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S
héma adve
tif de re
onstru
tion 
entrée-sommet sur desmaillages non-stru
turésRésumé : On propose et on expérimente un s
héma adve
tif aux volumes �nis ave
 re
onstru
tion
entrée s'appliquant à des maillages non-stru
turés. La re
onstru
tion est quadratique et 2-exa
tpar rapport aux valeurs moyennes sur les 
ellules. Les formules de quadrature pour les �ux adve
tifssont aussi exa
tes en quadratique. On évalue la pré
ision sur des 
as tests d'adve
tion. On applique
ette méthode d'approximation aux équations d'Euler lin℄'earisées et on 
ompare le s
héma ave
un s
héma mixte-élément-volume super
onvergent.Mots-
lés : Mé
anique des Fluides Numérique,volumes �nis, re
onstru
tion, de
entrage, mail-lages non-stru
turés, a
oustique
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Vertex-
entered Re
onstru
tion S
heme 31 Introdu
tionDeriving an approximation of Euler �ows and, more generally of non-linear hyperboli
 models is adeli
ate problem whi
h has given business to many resear
hers. The main di�
ulties are shortlylisted now:(i)- High-order methods, with spa
e and time order more than 3, are probably required.(ii)- But many high-order methods are not su�
iently spatially stable for 
omputing highlynon-homogeneous or even singular solution �elds, or similarly for applying irregular meshes.(iii)- Many problems of interest involve also 
omplex geometries, and many high-order methods
annot address this requirement.(iv)- For 3D appli
ations, high-order methods are interesting to apply on medium-size meshesonly if the CPU 
onsumption by degree of freedom is su�
iently small.Due to the di�
ulty in stability, many investigations rely on dis
ontinuous solution represen-tation 
ombined with Riemann solvers. We distinguish two families of high-order methods, bothapplying on unstru
tured meshes in order to address di�
ulty (iv).- In (Weighted or not) Essentially Non Os
illating (ENO/WENO) methods, the unknown on 
ellis a spatial mean, but a high-order re
onstru
tion in the 
ell is built with neighboring 
ell means.- In Dis
ontinuous Galerkin (DG) methods, the approximation relies on a 
anoni
 interpolationde�ned in ea
h �nite element.Finite volume methods using re
onstru
tion, like ENO, are more easy to introdu
e in existingsoftware. The purpose of this paper is to develop a third-order a

urate �nite-volume s
heme usingunstru
tured grids. We shall follow some features of the ENO method. However, in order to haveCPU e�
ien
y, we shall introdu
e several simpli�
ations.The ENO (Essentially Non-Os
illatory) s
hemes, developed by Harten, Osher Engquist andChakravarthy for two-dimensional unstru
tured grids are based on the 
onstru
tion of a polyno-mial approximation of the solution using several sten
ils and 
hoosing the sten
il whi
h generatethe smoothest polynomial. The smoothless of a polynom 
hara
terizes its os
illations. The WENO(Weighted Essentially Non-Os
illatory) s
hemes is obtained 
onstru
ting a polynomial approxima-tion in ea
h sten
ils and using a weighted sum of all polynomials to 
onstru
t a new polynom. Itwas design by Liu, Osher and Chan for one-dimensional problems is well adapted to 
apture sho
ks.Later improvement of Jiang and Shu in [?℄ leads to a WENO s
heme twi
e as fast as 
lassi
al ENOs
heme by modifying the measure of smoothness .However, be
ause of the measure of smoothness on every sten
il, the 
omputational 
ost ofWENO methods are still too high to be routinely applied to three-dimensional problems. Barthand Frederi
kson presented �rst in [?℄ the polynomial re
onstru
tion using a �xed sten
il, frommany extension of basi
 ideas used on stru
tured grids. Their high order a

urate s
hemes havebeen designed to solve the Euler equations requiring a k-exa
t re
onstru
tion. Barth in [?℄ im-proved this methods by de
reasing the number of 
ells in the used sten
il but it remains some
onditioning problems for highly stret
hed grids. Delanaye and Essers in [?℄ presented a quadrati
re
onstru
tion with a high-order a

urate �ux evaluation with Gauss quadrature. This s
heme hasthe 
hara
teristi
 to be high order a

urate on very distorded grids so that adaptatived grids 
ouldbe used.The presented s
heme is an adaptation of simpli�ed ENO s
hemes of Carpentier. In [?℄, optimal
hoi
e for �xed order of a

ura
y are obtained for stru
tured two-dimensional quadrangle grids.Another important feature of our work is its vertex-
entered formulation. Indeed, the degrees offreedom are atta
hed to verti
es and represent the mean of the unknown over the dual 
ell around
RR n° 7033
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4 Ouvrard et al.this vertex. This has some pros and 
ons whi
h we shall dis
uss in the sequel. An easy-to-seeadvantage is that the number of degres of freedom (and therefore the number of re
onstru
tions)is as small as possible for a given triangulation or, in 3D, tetrahedrization.We introdu
e �rst the method by re
alling the �nite-volume method 
onstru
tion and the ap-proximation pro
ess whi
h 
onsists of three steps, the re
onstru
tion, the �ux integration, and thetime evolution. We then pro
eed to the numeri
al study of the s
heme with two test 
ases of steadyand unsteady 
onve
tion and 
ompare it to some s
heme derived from another prin
iple.2 Simpli�ed ENO re
onstru
tionWe 
onsider the hyperboli
 equation:
∂u

∂t
(x, y, t) + ∇. ~f(u(x, y, t)) = 0 (1)with boundary and initial 
onditions given by:

{

u(x, y, t) = φ(x, y, t) for (x, y) ∈ ∂Ω

u(x, y, 0) = u0(x, y)where (x, y) ∈ Ω with Ω open set of R
2, t ≥ 0.

u : Ω × R
∗
+ → R and

~f(u(x, t)) = (f1(u(x, y, t), f2(u(x, y, t))t where fi ∈ C1(R, R)The spatial domain Ω is sub-divided into vertex 
entered 
ontrol volumes or 
ells Ci 
onstru
tedby 
onne
ting the midpoint of the edges and the 
enter of gravity of the triangles 
ontaining thevertex i (see �gure ??).
i2

i3

i5

i1

i4

i

Figure 1: Constru
tion of vertex-
entered 
ell CiFinite-Volume MethodIntegrating on every 
ontrol volume Ci and using the Green's formula, one obtain:
d

dt

∫

Ci

u(x, y, t)dxdy +

∫

∂Ci

~f(u(x, y, t)).~nds = 0 INRIA
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Vertex-
entered Re
onstru
tion S
heme 5where n is the lo
al exterior normal of the 
ell Ci. The boundary of the 
ell Ci is polygonal and
an be de
omposed in the following way:
d

dt

∫

Ci

u(x, y, t)dxdy +
∑

k∈V (i)

∫

∂Ci∩∂Ck

~f(u(x, y, t)).~nds = 0with V (i) the set of neighbors of the vertex i.Polynomial Re
onstru
tionOn ea
h 
ontrol volume Ci and ea
h timestep, we seek to approximate the solution u(x, y, tn) =
u(x, y)n by re
onstru
ting a quadrati
 polynomial Pn

i .It is required that the average of the polynomial Pn
i and of the solution on the 
ell Ci are equal.This 
ondition 
an be written:

Pn
i,i = un

i (2)with
Pn

i,i =
1

area(Ci)

∫

Ci

Pn
i (x, y)dxdyand

un
i =

1

area(Ci)

∫

Ci

un(x, y)dxdyThe polynomial Pn
i,i is de�ned by:

Pn
i = un

i +
∑

α∈I

cn
i,α

[

(X − X0,i)
α − (X − X0,i)α

] (3)where
(X − X0,i)α =

1

area(Ci)

∫

Ci

(X − X0,i)
αdxdy

I = {α = (α1, α2) ∈ N × N, |α| = α1 + α2 ∈ [1, 2]} is the set of multi-indi
es,
(X − X0,i)

α = (x − x0,i)
α1(y − y0,i)

α2 where (x0,i, y0,i) represents the 
enter of gravity of the 
ells
Ci.In this way, the 
ondition (??) is guaranteed.To 
onstru
t the polynomial Pn

i we need to de�ne the sten
il Si formed from the 
ells around thevertex i in order to take enough values of the solution around i. The 
onstru
tion of the sten
il Sidepends on the number of neighbors and on the logi
 boundary 
onditions of i. Si always 
ontainsthe 
ells Ck where k is a neighbor of i. To 
ompute the 5 
oe�
ients of the polynomial, we need atleast 5 nodes. Consider an internal vertex i. If i has 5 and more neighbors, the sten
il Si is formedfrom the 
ells 
entered on the neighbors of i. Otherwise the sten
il Si 
ontains the 
ells Ck and the
ells Cl too, where l is a neighbor of k and k a neighbor of i (see Figure ??).The 5 
oe�
ients unknown cn
i,α of the re
onstru
ted polynomial have to be found so that the

L2 distan
e between the average of the polynomial on a 
ell Ck and the average of the solution un
k

RR n° 7033
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6 Ouvrard et al.

Figure 2: Constru
tion of an internal Sten
il Siis minimum for ea
h vertex k in
luded in the sten
il Si. It amounts to minimising the followingfon
tion,
Hi =

∑

k∈N (i)

(Pn
k,i − un

i )2 (4)where Pn
k,i represents the average of the polynomial Pn

i on the 
ell k.
Pn

k,i =
1

area(Ck)

∫

Ck

Pn
i (x, y)dxdyBy 
onstru
tion of Ck, it 
an be written:

Hi =
∑

k∈N (i)

(
1

area(Ck)

∑

T∈Ck

∫

T

Pn
i (x, y)dxdy − un

i )2This leads to the least square problem:
Mic

n
i = bn

i

Mi is a symmetri
 5 × 5 matrix with,
(Mi)1≤p,q≤5 =

∑

Ck∈Ni

Di,k,pDi,k,q

Di,k,α =
1

area(Ck)

∑

T∈Ck

∫

T

(X − X0,i)
αdxdy − 1

area(Ci)

∑

T∈Ci

∫

T

(X − X0,i)
αdxdy

INRIA
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Vertex-
entered Re
onstru
tion S
heme 7
cn
i is the 
olumn ve
tor of the unknown 
oe�
ients:

cn
i =















cn
i,(1,0)

cn
i,(0,1)

cn
i,(1,1)

cn
i,(2,0)

cn
i,(0,2))













The right hand side bn
i is a 
olumn ve
tor depending on the average of the solution un

k on theneighborhood of the vertex i with:
bn
i,p =

∑

k∈N(i)

(un
k − un

i )Di,k,p for p = 1..5 (5)The integrals of the monomials ∫

T

(X −X0,i)
α 
ontained in the matrix are 
omputed by Gausspoint quadrature.On the referen
e triangle formed from the nodes (0, 0), (0, 1) and (1, 0), the weighted sum onthe points (0, 1

2 ), (1
2 , 0) and (1

2 , 1
2 ) with weights equal to 1

3 yields an exa
t approximation of themonomials.
f

(1,0)(0,0)

(0,1)

Tref

M (x2,y2)

G (x3,y3)

N (x1,y1)

TFigure 3: A�ne transformation fThe a�ne transformation f (see �gure ??) whi
h transform the triangle Tref into a triangle Tformed from a node N(x1, y1), a midpoint M(x2, y2) of a segment and a 
enter of gravity G(x3, y3)of a triangle of the grid is de�ned by:
f :

(

x′

y′

)

→
(

f1(x
′, y′)

f2(x
′, y′)

)

=

(

x2 − x1 x3 − x1

y2 − y1 y3 − y1

) (

x′

y′

)

+

(

x1 − x0,i

y1 − y0,i

)Applying the substitution rule to 
ome down to the integral on the triangle Tref yields:
∫

T

(X − X0,i)
α = 2area(T )

∫

Tref

f1(x
′, y′)α1f2(x

′, y′)α2dx′dy′

RR n° 7033
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8 Ouvrard et al.sin
e the absolute value of the Ja
obian determinant of the transformation f is 2vol(T ). Thenapplying a 3-points Gauss quadrature rule gives:
∫

T

(X − X0,i)
α = area(T )

3
∑

g=1

ωgf1(x
′(g), y′(g))α1f2(x

′(g), y′(g))α2where (x′(g), y′(g)) are the 
oordinates of the gauss points in the triangle T for g ∈ {1, 2, 3}.As the used unstru
tured grid is �xed, the value of the integrals doesn't depend on timestep andthus the matrix Mi have to be 
omputed on
e for ea
h node i. In order to use the symmetry, itsinverse M−1
i is 
omputed with the Bun
h-Kaufman algorithm at the �rst time step and is storedfor the next steps.Flux EvaluationOur next obje
tive is to evaluate the �ux at the time t on the interfa
es between the 
ell Ci andits neighbors Ck for all k in V (i) using a Gauss quadrature.

i

k

(1)

(2)

Figure 4: Interfa
es between Ci and Ck, (1) : ∂C
(1)
ik and (2) : ∂C

(2)
ikReminding that the �ux on the boundary of the 
ell Ci 
an be written:

∫

∂Ci

~f(u(x, y, t)).~nds =
∑

k∈V (i)

∫

∂Ci∩∂Ck

~f(u(x, y, t)).~ndsthe interfa
es ∂Ci ∩ ∂Ck 
an be de
omposed in two segments ∂C
(1)
ik and ∂C

(2)
ik , see �gure ??.

∫

∂Ci∩∂Ck

~f(u(x, y, t)).~nds =
∑

l=1,2

∫

∂C
(l)
ik

~f(u(x, y, t)).~ndsThe solution u(x, y, t) on the 
ell Ci is approximated by the polynomial Pi 
onstru
ted in theprevious se
tion:
∫

∂C
(l)
ik

~f(u(x, y, t)).~nds ≈
∫

∂C
(l)
ik

~f(Pi(x, y, t)).~nds INRIA
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Vertex-
entered Re
onstru
tion S
heme 9Then, the integral on ea
h segments C
(l)
ik is evaluated by a Gauss quadrature with 2 points

(x
(l)
g1,ik, y

(l)
g1,ik) and (x

(l)
g2,ik, y

(l)
g2,ik).On the referen
e segment [−1, 1], the gauss points +

−

1√
3
give an exa
te approximation of aquadrati
 polynomial with weights ω1,2 = 1/2. After an a�ne transformation on the referen
esegment and a 2-points Gauss quadrature rule, one obtain:

∫

∂C
(l)
ik

~f(Pi(x, y, t)).~nds =
∑

m=1,2

ωm
~f(Pi(x

(l)
gm ,ik, y

(l)
gm,ik, t)) ~νik

(l)with ν
(l)
ik =

∫

∂C
(l)
ik

~n(x, y)dsBe
ause two distin
t polynomials Pi and Pk have been 
onstru
ted, the solution on the Gausspoints of the boundary is not unique. So, the �ux on the interfa
e ∂C
(l)
ik is approximate by anumeri
al �ux fon
tion Φ :

~f(Pi(x
(l)
gm,ik, y

(l)
gm,ik, t)).~n ≈ Φ(Pi(x

(l)
gm ,ik, y

(l)
gm,ik, t), Pk(x

(l)
gm,ik, y

(l)
gm,ik, t), ~νik)where ~νik =

∫

∂Ci∩∂Ck

~n(x)dx is a 
onstant ve
tor sin
e the grid is �xed.We have to 
hoose the numeri
al �ux Φ su
h as the resulting s
heme is stable, for exemple the Roes
heme:
Φ(u1, u2, ~ν) =

~f(u1) + ~f(u2)

2
.~ν − γ

2

∣

∣

∣

∣

∣

∂ ~f

∂u

(

u1 + u2

2

)

.~ν

∣

∣

∣

∣

∣

(u2 − u1)

γ ∈ [0, 1] is a parameter we are able to 
ontrol the numeri
al vis
osity with.2.1 EvolutionThe semi-dis
retization in spa
e of the equation (??) leads to the following ODE system:
dui(t)

dt
+ Ψi(u(t)) = 0 (6)where the fun
tion Ψi(u(t)) approximates ∇. ~f(u(x, y, t)) at point (xi, yi) and {u(t)} is the set ofthe averages un

k where k is in the neighborhood of i, refering to expression (??) and to the righthand side (??) of the least square matrix.We 
hoose the N-step expli
ite Runge Kutta method for the dis
retisation in time:














u
(0)
i = un

i

u
(α)
i = u

(0)
i − ∆t

N + 1 − α
Ψi(u

(α−1)
i ) for α = 1..N

un+1
i = uN

i3 Analysis of the s
heme3.1 Trun
ation analysisOne 
onsiders the two-dimensional linear adve
tion equation:RR n° 7033
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10 Ouvrard et al.
∂u

∂t
(x, y, t) + a

∂u

∂x
(x, y, t) + b

∂u

∂y
(x, y, t) = 0 (7)We apply the s
heme to a Cartesian mesh of Friedri
hs-Keller type, that is made of squares split intriangles with diagonals of only one dire
tion, see Fig. ??. A spa
e-wise modi�ed equation analysis

Figure 5: Friedri
hs-Keller 
artesian triangulationgives:
a
∂u

∂x
+ b

∂u

∂y
=

−|a| 1

12

∂4u

∂x4
∆x3 − |a| 1

12

∂4u

∂x3∂y
∆x2∆y − |a| 1

12

∂4u

∂x2∂y2
∆x∆y2

−|b| 1

12

∂4u

∂y4
∆y3 − |b| 1

12

∂4u

∂x∂y2
∆x∆y2 − |b| 1

12

∂4u

∂y2∂x2
∆x2∆y

+O(∆x4, ∆y4)Trun
ation error is of order three independantly of the ratio between ∆x and ∆y. This 
an beput in 
ontrast with the analogous analysis of the Mixed-Element-Volume s
heme of [?℄ for whi
hun
onsistent terms appear for high aspe
t ratio.3.2 Stability study in 1D 
aseOne 
onsiders the unidimensional adve
tion equation:
∂u

∂t
(x, t) +

∂

∂x
(f(u(x, t))) = 0 (8)This study is restri
ted to the 
ase

f(u(x, t) = vu(x, t)with v the adve
tion velo
ity, using a regular mesh: xj+1 − xj = ∆x, ∀j. The 
onve
tive term isdis
retized with a �nite-volume method. The 
ontrol 
ell Cj asso
iated to the node j is de�ned by
Cj = [xj− 1

2
; xj+ 1

2
] with xj± 1

2
=

xj+xj±1

2 . INRIA
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Vertex-
entered Re
onstru
tion S
heme 11Integrating equation (??) gives for ea
h nodes i:
d

dt

∫

Cj

u(x, t) +

∫

∂Cj

v.u(x, t)~ndσ = 0We seek to approximate the 
onve
tif term by an operator L depending of the mean values at nodes
j and its neighbors.
∫

∂Cj

v.u(x, t)~ndσ =
1

∆x
(Φx

j+ 1
2

−Φx
j− 1

2

) =
1

∆x

[

Φ(Pj(x j+1
2

), Pj+1(x j+1
2

)) − Φ(Pj−1(x j−1
2

), Pj(x j−1
2

))
]

Φx
j+ 1

2

and Φx
j+ 1

2

approximating the �ux at the interfa
es between the 
ell Cj and its neighoring
ells Cj−1 and Cj+1, Φ is the Roe �ux as des
ribed previously and Pk the re
onstru
ted polynomialin the 
ell Ck.As explain previously, the quadrati
 polynomial must verify the 
riteria (??) and minimize thefon
tional (??), whi
h leads to a matri
ial equation where the unknowns cj = (cj1, cj2) are the
oe�
ient of the polynomial Pj to be found. Solving this equation yields for ea
h nodes j:
Pj(x) = uj +

1

2∆x
(uj−1 − uj+1)(x − xj) +

1

2∆x2
(−uj−1 + 2uj − uj+1

[

(x − xj)
2 − 1

12
∆x2

]Thus the operator L 
an be written:
L =

v

2∆x

[

1

6
(uj+2 − uj−2) +

2

3
(uj+1 − uj−1)

]

− γv

2∆x

[

1

6
(uj+2 + uj−2) +

4

3
(uj+1 + uj−1) − 3uj

]3.3 Expli
it time advan
ingThe stability of the quasi-ENO s
heme is studied using the Von Neumann stability analysis. In-
luding a Fourier mode ûn
j = un

keijθk in equation (??) gives:
L =

v

6∆x

[

− γ [cos(2θ) + 8cos(θ) − 9] + i [sin(2θ) + 4sin(θ)]
]

ûjLet us de�ne the gain fon
tion Gθ = g(zθ) with zθ = λθ∆t.
g is the 
hara
teristi
 polynomial of the Runge Kutta 4 method:

g(z) = 1 + z +
z2

2
+

z3

6
+

z4

24

λθ is a linear operator verifying L = −λθû
n
j and ∆t the time step. We introdu
e the 
ourantnumber ν. The �gure ?? shows the behaviour of the fun
tion g(ν) = max

θ∈[0,π]
‖Gθ‖ for di�erent valuesof γ. In both 
ase, we determinate the maximum value νmax whi
h verify the stability 
riterion,that is: g(ν) < 1.

νmax is equal to 1 and 3.1 for γ respe
tively equal to 1 and 0.3.For both value of γ and 
orresponding νmax value, �gure ?? presents the behaviour of the ampli�-
ation fun
tion |G(θ)| for di�erent frequen
es θ ∈ [0, 2π].
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12 Ouvrard et al.
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Figure 6: Stability of the s
heme
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Figure 7:3.4 First order impli
it time advan
ingConsidering the �rst order impli
it Steger Warming time stepping, dis
retization of equation ??
an be written:
T nδU

n+1
= ∆tnL(U

n
)
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Vertex-
entered Re
onstru
tion S
heme 13where δU
n+1

= U
n+1 − U

n and T n is the tridiagonale matrix of the impli
it Steger Warmings
heme.With a 
lassi
al Fourier analysis, one obtain an ampli�
ation fa
tor equal to:
G(∆t) =

tθ + zθ

tθwith zθ dis
ribed as previously and tθ = 1 + ν(1 − cos(θ)) + iνsin(θ).We observe in �gure ?? the behaviour of this ampli�
ation fa
tor when the time step ∆t goes to ∞.In parti
ular, we are interested by the value whi
h maximize this limit max
θ

∣

∣

∣ lim
∆t→∞

G(∆t)
∣

∣

∣. Thismaximum is equal to 0.53 and 0.34 for γ respe
tively equal to 1 and 0.3.
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(∆
 t)

 ∆
,  
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> 

∞

Figure 8: Limit of ampli�
ation fa
tor, impli
it 
ase4 Numeri
al resultsIn this se
tion we present some numeri
al results in order to 
on�rm the a

ura
y order of thes
heme des
ribed in the previous se
tion.4.1 Unsteady 
onve
tionThe �rst test problem 
onsists of a two dimensional adve
tion equation in the square Ω = [0, 1] ×
[0, 1]:

∂u

∂t
(x, y, t) + ∇.(~V u(x, y, t)) = 0
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14 Ouvrard et al.with a steady velo
ity �eld ~V = (1, 0)t.The boundary 
onditions and initial 
onditions are given by:
{

u(x, y, t) = 1 for (x, y) ∈ ∂Ω

u(x, y, 0) = 1 + e−75((x− 1
2 )2+(y− 1

2 )2)a

ording to the notation in the previous se
tion, u0(x, y) is a Gaussian fun
tion 
entered on thepoint of 
oordinates (0.5, 0.5).The Gaussian translation test 
ase is 
omputed on several unstru
tured and stru
tured grids(see Table ?? and Table ??). G2uns, G3uns and G4uns and respe
tively G2s, G3s and G4s are
onstru
ted using grid divisions of G1uns and respe
tively G1s, see Figure ??.

Figure 9: Meshes G1uns and G1sThe analyti
al solution of this problem is: u(x, y, t) = 1 + e−75((x−t− 1
2 )2+(y− 1

2 )2). Using a grid�ne enough, we noti
e that the shape of the translated Gaussian is rather well preserved (see Figure?? ). INRIA
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Vertex-
entered Re
onstru
tion S
heme 15
G1uns G2uns G3uns G4unsnodes 535 2057 8065 31937Table 1: Nodes number of the unstru
tured grids

G1s G2s G3s G4snodes 400 1521 5929 23409Table 2: Nodes number of the stru
tured grids

Figure 10: Translated Gaussian using G3unsTo verify that the expe
ted third-order a

ura
y is obtained, we need to quantify the a

ura
yof the 
omputation. We evaluate the L1-error between the averaged exa
t and averaged 
omputedsolution using the di�erents grids, with CFL = 0.1 (non-optimized), a numeri
al vis
osity γ = 1and 4-step Runge Kutta expli
ite for the dis
retization in time. The plots on Figure ?? shows 
learlythat the order of a

ura
y of both 
ases is quite 
lose. The a
tual order of a

ura
y 
omputed usingthe two �nest grids is 2.90 for the unstru
tured 
ase and 2.95 for the stru
tured 
ase.
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16 Ouvrard et al.

Figure 11: Convergen
e of the s
heme5 Appli
ation to a
ousti
sThe quadrati
 re
onstru
tion �nite volume s
heme, whi
h we denote in short QRFV, is now 
om-pared to a few variants of the Mixed-Element-Volume (MEV) approximation. This approximationis des
ribed in [?℄ and is used for a
ousti
s[?℄,[?℄, as well as for Large Eddy Simulation [?℄, [?℄. Thiss
heme is also vertex-
entered and 
an be applied with two kinds of dual 
ells. Either the median
ells already des
ribed in this paper are used. Or 
ells 
an be built, a

ording to [?℄, by joining the
enter of 
ir
um
enter 
ir
le. The MEV s
hemes are also experimented under two versions. MEV3is third-order a

urate on regular meshes and involves a dissipative term designed on fourth-orderspatial derivatives. MEV5 is �fth-order a

urate on regular meshes and involves a dissipative termdesigned on sixth-order spatial derivatives.The test 
ase 
hoosen addresses a
ousti
 wave propagation. The 
hallenge is to get a gooda

ura
y for a rather large mesh size. We solve the linearized unsteady Euler equations in the 2Dplane, with a stagnating referen
e �ow of uniform density and pressure. Further details on this test
ase 
an be found in [?℄.
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Vertex-
entered Re
onstru
tion S
heme 17The initial 
onditions are as follows:
ρ(x, y, 0) = Ae−

ln(2)

b2
(x2+y2)

p(x, y, 0) = Ae−
ln(2)

b2
(x2+y2)

u(x, y, 0) = v(x, y, 0) = 0.The parameter b de�nes the thi
kness of the Gaussian pro�le and is refered as the half-width.Starting from this perturbation, the linearised Euler equations are solved from time 0 to 40 in asquare. At boundaries a non-re�e
ting boundary 
ondition is applied. The numeri
al 
onvergen
eorder is evaluated from two di�erent domain dis
retizations, with 100 × 100 
ells (grid G1) and
200 × 200 
ells (grid G2) and by 
omparison to the exa
t solution.An example of density �eld obtained for this test 
ase is depi
ted in Fig. ??.

Figure 12: Density �eld of test 
ase solution at time T = 40.
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18 Ouvrard et al.5.1 Comparison on a Cartesian mesh

Figure 13: The Cartesian Friedri
hs-Keller triangulation (left) with the median-based dual partitionin 
ells (
enter) and the 
ir
um
enter dual partition (right).Mesh 1 ("Cartesian")S
heme QRFV MEV3 MEV3 MEV5 MEV5Cells median median 
ir
um
enter median 
ir
um
enterImpulse half-width b = 3G1: Error L1 2.003D-3 2.028D-3 1.282D-3 1.228D-3 9.734D-4G2: Error L1 7.49405D-4 7.50928D-4 2.26015D-4 1.75957D-4 1.01179D-4Order L1 1.42 1.43 1.65 2.80 3.27G1: Error L2 5.10226D-3 5.12218D-3 2.78384D-3 3.11130D-3 2.44941D-3G2: Error L2 2.17870D-3 2.16434D-3 5.36623D-4 5.71060D-4 3.10311D-4Order L2 1.23 1.24 1.48 2.45 2.98Impulse half-width b = 6G1: Error L1 1.30452D-3 1.28290D-3 1.75270D-3 2.72683D-4 1.51895D-4G2: Error L1 2.38422D-4 2.26015D-4 5.58635D-4 1.22426D-5 6.16242D-6Order L1 2.45 2.50 2.65 4.48 4.62G1: Error L2 2.85611D-3 2.78384D-3 4.49207D-3 6.65695D-4 3.40103D-4G2: Error L2 5.73216D-4 5.36623D-4 1.60635D-3 3.26011D-5 1.36763D-5Order L2 2.32 2.38 2.58 4.35 4.64Table 3: Numeri
al 
onvergen
e, Cartesian meshesIn Fig.??, the regularity of the mesh allows in prin
iple for a nominal 
onvergen
e of the di�erents
hemes, i.e. third order for QRFV, third order for MEV3, �fth order for MEV5. We have a
on�rmation that QRFV is 
lose to third order, and of quality equivalent to MEV3.
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Vertex-
entered Re
onstru
tion S
heme 195.2 Comparison on quasi-uniform a
ute mesh

Figure 14: A quasi-uniform triangulation made of triangles 
lose to unilateral ones (left), with themedian-based dual partition in 
ells (
enter) and the 
ir
um
enter dual partition (right).Mesh 2 ("a
ute")S
heme QRFV MEV3 MEV3 MEV5 MEV5Cells median median 
ir
um
enter median 
ir
um
enterImpulse half-width b = 3G1: Error L1 2.05374D-3 2.07351D-3 2.05986D-3 1.26700D-3 1.25677D-3G2: Error L1 6.94321D-4 7.08137D-4 7.05450D-4 1.50916D-4 1.50259D-4Order L1 1.57 1.55 1.55 3.07 3.06G1: Error L2 5.12439D-3 5.14155D-3 5.10924D-3 3.10037D-3 3.07297D-3G2: Error L2 1.92410D-3 1.94878D-3 1.94248D-3 4.24572D-4 4.25115D-4Order L2 1.41 1.40 1.40 2.87 2.85Impulse half-width b = 6G1: Error L1 1.27860D-3 1.25865D-3 1.26898D-3 3.37566D-4 3.73845D-4G2: Error L1 1.99956D-4 1.93435D-4 1.95818D-4 4.28240D-5 5.07241D-5Order L1 2.68 2.70 2.70 2.98 2.88G1: Error L2 2.63185D-3 2.55384D-3 2.57485D-3 7.14735D-4 8.18106D-4G2: Error L2 4.34542D-4 4.14520D-4 4.20722D-4 9.66220D-5 1.22168D-4Order L2 2.60 2.62 2.61 2.89 2.74Table 4: Numeri
al 
onvergen
e, quasi-equilateral meshes.Now the mesh is not stri
tly regular. Further, the mean triangle is about equilateral. In Fig.??,we observe that QRFV performs even better than with the 
artesian one. The 
onvergen
e orderis 
lose to the one of MEV3, yet less good than the one of MEV5.
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20 Ouvrard et al.5.3 Comparison on a quasi-uniform obtuse mesh

Figure 15: A quasi uniform triangulation with obtuse angles (left) with the median-based dualpartition in 
ells (
enter) and the 
ir
um
enter dual partition (right)Mesh 3 ("Obtuse")S
heme QRFV MEV3 MEV3 MEV5 MEV5Cells median median 
ir
um
enter median 
ir
um
enterImpulse half-width b = 3G1: Error L1 2.95893D-3 2.55823D-3 1.96222D-3 1.92949D-3 1.46617D-3G2: Error L1 1.17969D-3 1.09861D-3 7.73606D-4 5.99179D-4 3.72206D-4Order L1 1.33 1.22 1.34 1.69 1.98G1: Error L2 6.98447D-3 6.17985D-3 4.85346D-3 4.55210D-3 3.63613D-3G2: Error L2 3.13408D-3 2.88078D-3 2.10095D-3 1.62155D-3 1.05712D-3Order L2 1.16 1.10 1.21 1.49 1.78Impulse half-width b = 6G1: Error L1 3.10978D-3 2.08162D-3 1.14894D-3 8.41003D-4 6.76269D-4G2: Error L1 4.90752D-4 3.84567D-4 2.25708D-4 2.04542D-4 1.10057D-4Order L1 2.66 2.44 2.35 2.04 2.62G1: Error L2 5.92167D-3 4.07593D-3 2.31742D-3 1.67667D-3 1.45982D-3G2: Error L2 1.09605D-3 8.10726D-4 4.86342D-4 4.37973D-4 2.44700D-4Order L2 2.43 2.33 2.25 1.94 2.58Table 5: Numeri
al 
onvergen
e, obtuses meshesIn Fig. ??, we observe that MEV s
hemes are penalized by the irregular mesh. the new s
hemeprodu
e still about the same 
onvergen
e order, 
on�rming its toleran
e to mesh irregularity andto obtuse angles.
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Vertex-
entered Re
onstru
tion S
heme 216 Con
lusionWe have 
onstru
ted and tested a vertex-
entered �nite-volume s
heme with quadrati
 re
onstru
-tion. The s
heme is theoreti
ally 2-exa
t. Its trun
ation analysis shows a 
omplete 
onsisten
y, i.e.a mu
h better behavior than usual vertex-
entered �nite volume s
hemes.We have applied it to several two-dimensional adve
tion test 
ases. The new s
heme is aboutthree times more expansive than the se
ond-order vertex-
entered �nite volume s
heme. The s
hemeshows third-order asymptoti
al a

ura
y.This s
heme has been also applied to a 
lassi
al 2D test 
ase in a
ousti
s. Quasi-regular meshesare used. On these meshes, another family of s
hemes has been spe
ially adapted. As 
an beexpe
ted, the new s
heme is not better, but shows a reasonable a

ura
y.On strongly non-uniform meshes, the vertex-
entered �nite volume s
hemes gives os
illatorysolutions while the proposed s
heme keeps some quality.
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