♥ ❜❡t 
  
✱ ❱✉✕❉✉❝ ❚r❛♥ 
  

✶✳✶ ❊♥❑❋ ❛s ❛♥ ✐♠♣•❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❑❛•♠❛♥ ✜•t❡r ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥ ❈♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ •✐♥❡❛r •❛✉ss✐❛♥ s②st❡♠ X k = F k X k-1 + W k ✇✐t❤ W k ∼ N(0, Q k ) Y k = H k X k + V k ✇✐t❤ V k ∼ N(0, R k ) , ✇✐t❤ ❛❞❞✐t✐✈❡ •❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡s ❛♥❞ ✇✐t❤ •❛✉ss✐❛♥ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ X 0 ∼ N(m 0 , Σ 0 )✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① R k ✐s ✐♥✈❡rt✐❜•❡✳ ❈•❡❛r•②✱ t❤❡ ❝♦♥❞✐t✐♦♥❛• ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❤✐❞❞❡♥ st❛t❡ X k ❣✐✈❡♥ t❤❡ ♣❛st ♦❜s❡r✈❛t✐♦♥s Y 0:k = (Y 0 , • • • , Y k ) ✐s •❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r X k ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P k ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❑❛•♠❛♥ ✜•t❡r ❡q✉❛t✐♦♥s ✿ ✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ✭❢♦r❡❝❛st✮ st❡♣ X - k = F k X k-1 ❛♥❞ P - k = F k P k-1 F * k + Q k , ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ✭❛♥❛•②s✐s✮ st❡♣ X k = X - k + K k (Y k -H k X - k ) ❛♥❞ P k = (I -K k H k ) P - k , ✇✐t❤ t❤❡ ❑❛•♠❛♥ ❣❛✐♥ ♠❛tr✐① ❞❡✜♥❡❞ ❜② K k = P - k H * k (H k P - k H * k + R k ) -1 , ❛♥❞ ✐♥✐t✐❛••② X - 0 = m 0 ❛♥❞ P - 0 = Σ 0 ✳ ■❢ t❤❡ ❞✐♠❡♥s✐♦♥ m ♦❢ t❤❡ ❤✐❞❞❡♥ st❛t❡ ✐s •❛r❣❡✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s P k-1 ❛♥❞ P - k ❛r❡ ✈❡r② •❛r❣❡ m × m s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✱ ❤❡♥❝❡ st♦r✐♥❣ s✉❝❤ ♠❛tr✐❝❡s ✐♥ ♠❡♠♦r② ✭❛♥❞ st♦r✐♥❣ t❤❡ m × m ♠❛tr✐① F k ❛s ✇❡••✮ ✐s ❛•♠♦st ✐♠♣♦ss✐❜•❡✱ ❛♥❞ t❤❡ ♠❛tr✐① ♣r♦❞✉❝ts ✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡q✉❛t✐♦♥ P - k = F k P k-1 F * k + Q k , || ♥➦ ✼✵✶✹ ✷ ▲❡ ••❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥ ❛r❡ ❡✈❡♥ ♠♦r❡ ♣r♦❜•❡♠❛t✐❝ t♦ ✇♦r❦ ♦✉t✳ ❯s✉❛••②✱ t❤❡ ❞✐♠❡♥s✐♦♥ d ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ✐s ♠✉❝❤ •❡ss✱ ❛♥❞ t❤❡ ♠❛tr✐① ♣r♦❞✉❝ts ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❑❛•♠❛♥ ❣❛✐♥ ♠❛tr✐① K k = P - k H * k (H k P - k H * k + R k ) -1 , ♦r ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ❡q✉❛t✐♦♥ P k = (I -K k H k ) P - k = P - k -P - k H * k (H k P - k H * k + R k ) -1 H k P - k , ❛r❡ ♠✉❝❤ •❡ss ♣r♦❜•❡♠❛t✐❝ t♦ ✇♦r❦ ♦✉t✳ ❚❤❡ ✐❞❡❛ ❬✸✱ ✷✱ ✶✵( ❜❡❤✐♥❞ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r ✭❊♥❑❋✮ ✐s t♦ ✉s❡ ▼♦♥t❡ ❈❛r•♦ s❛♠♣•❡s ❛♥❞ t♦ ✉s❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐♥st❡❛❞ ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳ ■♥ ♣r❛❝t✐❝❡✱ ❣✐✈❡♥ ❛♥ ❛♥❛•②s✐s ❡♥s❡♠❜•❡ (X 1,a k-1 , • • • , X N,a k-1 ) ♦❢ N ❡•❡♠❡♥ts✱ ❡❛❝❤ ❡♥s❡♠❜•❡ ❡•❡♠❡♥t ✐s ♣r♦♣❛❣❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t•② ❛❝❝♦r❞✐♥❣ t♦ X i,f k = F k X i,a k-1 + W i k ✇✐t❤ W i k ∼ N(0, Q k ) . ◆♦t✐❝❡ t❤❛t t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs (W 1 k , • • • , W N k ) ❛r❡ s✐♠✉•❛t❡❞ ❤❡r❡✱ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ❛❞❞✐t✐✈❡ •❛✉ss✐❛♥ ♥♦✐s❡ W k ✐♥ t❤❡ ♦r✐❣✐♥❛• st❛t❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ✐♥✐t✐❛• ❡♥s❡♠❜•❡ (X 1,f 0 , • • • , X N,f 0 ) ✐s s✐♠✉•❛t❡❞ ❛s ✐✳✐✳❞✳ •❛✉ss✐❛♥ r❛♥❞♦♠ ✈❡❝t♦rs ✇✐t❤ ♠❡❛♥ m 0 ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ 0 ✱ ✐✳❡✳ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ X 0 ✳ ❚❤❡ ❡♠♣✐r✐❝❛• ♠❡❛♥ ✈❡❝t♦r ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❢♦r❡❝❛st ❡•❡♠❡♥ts (X 1,f k , • • • , X N,f k ) ❛r❡ ❞❡✜♥❡❞ ❛s m N k = 1 N N i=1 X i,f k ❛♥❞ P N k = 1 N N i=1 (X i,f k -m N k ) (X i,f k -m N k ) * , r❡s♣❡❝t✐✈❡•②✳ ❚❤✐s ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s t❤❡♥ ✉s❡❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ st❡♣ ❛s ❢♦••♦✇s X i,a k = X i,f k + K N k (Y k -H k X i,f k -V i k ) ✇✐t❤ V i k ∼ N(0, R k ) , ✇✐t❤ t❤❡ ❡♠♣✐r✐❝❛• ❑❛•♠❛♥ ❣❛✐♥ ♠❛tr✐① ❞❡✜♥❡❞ ❜② K N k = P N k H * k (H k P N k H * k + R k ) -1 . ◆♦t✐❝❡ t❤❛t t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs (V 1 k , • • • , V N k )
P N k u = ( 1 N N i=1 (X i,f k -m N k ) (X i,f k -m N k ) * ) u = 1 N N i=1 λ i k (X i,f k -m N k ) , ✇✐t❤ λ i k = (X i,f k -m N k ) * u ❢♦r ❛♥② i = 1, • • • , N ✳ ■♥ ♣❛rt✐❝✉•❛r✱ H k ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦••❡❝t✐♦♥ ♦❢ d ✭r♦✇✮ ✈❡❝t♦rs ♦❢ ❞✐♠❡♥s✐♦♥ m✱ ❛♥❞ t♦ ❡✈❛•✉❛t❡ t❤❡ ♠❛tr✐① ♣r♦❞✉❝ts P N k H * k ❛♥❞ H k P N k H * k ✱ ♦♥•② N × d s❝❛•❛r ♣r♦❞✉❝ts ♥❡❡❞ t♦ ❜❡ ❡✈❛•✉❛t❡❞✱ s✐♥❝❡ P N k H * k = ( 1 N N i=1 (X i,f k -m N k ) (X i,f k -m N k ) * ) H * k = 1 N N i=1 (X i,f k -m N k ) (h i k ) * , ❛♥❞ H k P N k H * k = H k ( 1 N N i=1 (X i,f k -m N k ) (X i,f k -m N k ) * ) H * k = 1 N N i=1 h i k (h i k ) * , ✇✐t❤ h i k = H k (X i,f k -m N k ) ❢♦r ❛♥② i = 1, • • • , N ✳ ❚❤❡ q✉❡st✐♦♥ t❤❛t ♥❛t✉r❛••② ❛r✐s❡s ❤❡r❡ ✐s ✇❤❡t❤❡r t❤❡ ❡♠♣✐r✐❝❛• ♠❡❛♥ ♦❢ ❢♦r❡❝❛st ❡•❡♠❡♥ts ❛♥❞ ❛♥❛•②s✐s ❡•❡♠❡♥ts ❝♦♥✈❡r❣❡ t♦ t❤❡ ❑❛•♠❛♥ ♣r❡❞✐❝t♦r ❛♥❞ ❑❛•♠❛♥ ✜•t❡r r❡s♣❡❝t✐✈❡•②✱ ✐✳❡✳ ✇❤❡t❤❡r 1 N N i=1 X i,f k -→ X - k ❛♥❞ 1 N N i=1 X i,a k -→ X k , ✐♥ s♦♠❡ s❡♥s❡✱ ❛s N ↑ ∞✳ ■◆|■❆ ▲❛r❣❡ ❙❛♠♣•❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜•❡ ❑❛•♠❛♥ ❋✐•t❡r ✸ ✶✳✷ ❊♥❑❋ ❛s ❛ ♣❛rt✐❝•❡ s②st❡♠ ✇✐t❤ ♠❡❛♥✕✜❡•❞ ✐♥t❡r❛❝t✐♦♥s ❚❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r ✐❞❡❛ ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ ❛♥② s②st❡♠ ♦❢ t❤❡ ❢♦r♠ X k = f k (X k-1 ) + W k ✇✐t❤ W k ∼ N(0, Q k ) Y k = H k X k + V k ✇✐t❤ V k ∼ N(0, R k ) , ✇✐t❤ ❛❞❞✐t✐✈❡ •❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡s ❛♥❞ ✇✐t❤ ♥♦♥✕♥❡❝❡ss❛r✐•② •❛✉ss✐❛♥ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ X 0 ∼ η 0 ✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✷✱ ❙❡❝t✐♦♥ ✹(✳ ■♥ ♣r❛❝t✐❝❡✱ ❣✐✈❡♥ ❛♥ ❛♥❛•②s✐s ❡♥s❡♠❜•❡ (X 1,a k-1 , • • • , X N,a k-1 ) ♦❢ N ❡•❡♠❡♥ts✱ ❡❛❝❤ ❡♥s❡♠❜•❡ ❡•❡♠❡♥t ✐s ♣r♦♣❛❣❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t•② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦••♦✇✐♥❣ s❡t ♦❢ ❞❡❝♦✉♣•❡❞ ❡q✉❛t✐♦♥s X i,f k = f k (X i,a k-1 ) + W i k ✇✐t❤ W i k ∼ N(0, Q k ) . ✭✶✮ ◆♦t✐❝❡ t❤❛t t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs (W 1 k , • • • , W N k ) ❛r❡ s✐♠✉•❛t❡❞ ❤❡r❡✱ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ❛❞❞✐t✐✈❡ •❛✉ss✐❛♥ ♥♦✐s❡ W k ✐♥ t❤❡ ♦r✐❣✐♥❛• st❛t❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ✐♥✐t✐❛• ❡♥s❡♠❜•❡ (X 1,f 0 , • • • , X N,f 0 ) ✐s s✐♠✉•❛t❡❞ ❛s ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ✇✐t❤ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ η 0 ✱ ✐✳❡✳ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ X 0 ✳ ❚❤❡ ❡♠♣✐r✐❝❛• ♠❡❛♥ ✈❡❝t♦r ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❢♦r❡❝❛st ❡•❡♠❡♥ts (X 1,f k , • • • , X N,f k ) ❛r❡ ❞❡✜♥❡❞ ❛s m N k = 1 N N i=1 X i,f k ❛♥❞ P N k = 1 N N i=1 (X i,f k -m N k ) (X i,f k -m N k ) * , r❡s♣❡❝t✐✈❡•②✳ ❚❤✐s ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s t❤❡♥ ✉s❡❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ st❡♣ t♦ ♣r♦❞✉❝❡ ❛ ♥❡✇ ❛♥❛•②s✐s ❡♥s❡♠❜•❡ (X 1,a k , • • • , X N,a k )✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❡t ♦❢ ❡q✉❛t✐♦♥s ✇✐t❤ ♠❡❛♥✕✜❡•❞ ✐♥t❡r❛❝t✐♦♥ X i,a k = X i,f k + K k (P N k ) (Y k -H k X i,f k -V i k ) ✇✐t❤ V i k ∼ N(0, R k ) , ✭✷✮ ✇❤❡r❡ t❤❡ m × d ♠❛tr✐① K k (P ) ✐s ❞❡✜♥❡❞ ❜② K k (P ) = P H * k (H k P H * k + R k ) -1 , ✭✸✮ ❢♦r ❛♥② m × m ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P ✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs (V 1 k , • • • , V N k ) ❛r❡ s✐♠✉•❛t❡❞ ❤❡r❡✱ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ❛❞❞✐t✐✈❡ •❛✉ss✐❛♥ ♥♦✐s❡ V k ✐♥ t❤❡ ♦r✐❣✐♥❛• ♦❜s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥✳ ❚❤❡ q✉❡st✐♦♥ t❤❛t ♥❛t✉r❛••② ❛r✐s❡s ❤❡r❡ ✐s ✇❤❡t❤❡r t❤❡ ❡♠♣✐r✐❝❛• ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ✭✉♥✐❢♦r♠ ♠✐①t✉r❡ ♦❢ ❉✐r❛❝ ♠❛ss❡s✮ ♦❢ ❢♦r❡❝❛st ❡•❡♠❡♥ts ❛♥❞ ❛♥❛•②s✐s ❡•❡♠❡♥ts ❝♦♥✈❡r❣❡ t♦ t❤❡ ❇❛②❡s✐❛♥ ♣r❡❞✐❝t♦r ❛♥❞ ❇❛②❡s✐❛♥ ✜•t❡r r❡s♣❡❝t✐✈❡•②✱ ✐✳❡✳ ✇❤❡t❤❡r µ N,f k = 1 N N i=1 δ X i,f k -→ µ - k ❛♥❞ µ N,a k = 1 N N i=1 δ X i,a k -→ µ k , ✐♥ s♦♠❡ s❡♥s❡✱ ❛s N ↑ ∞✱ ✇❤❡r❡ µ - k (dx) = P[X k ∈ dx | Y 0:k-1 ] ❛♥❞ µ k (dx) = P[X k ∈ dx | Y 0:k ] , ❜② ❞❡✜♥✐t✐♦♥✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❛♥❛•②s✐s ❡q✉❛t✐♦♥✱ ✐t ✐s ❝•❡❛r t❤❛t ❡❛❝❤ ❛♥❛•②s✐s ❡•❡♠❡♥t ❞❡♣❡♥❞s ♦♥ t❤❡ ✇❤♦•❡ ❢♦r❡❝❛st ❡♥s❡♠❜•❡ (X 1,f k , • • • , X N,f k )✱ ✇❤✐❝❤ r❡s✉•ts ✐♥ ❞❡♣❡♥❞❡♥t ❛♥❛•②s✐s ❡•❡♠❡♥ts (X 1,a k , • • • , X N,a k )✳ ◆♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t ❞❡♣❡♥❞❡♥❝❡ ❢♦••♦✇s ❤❡r❡ ❢r♦♠ ♠❡❛♥✕✜❡•❞ ✐♥t❡r❛❝t✐♦♥✱ ✐✳❡✳ ♦♥•② t❤r♦✉❣❤ t❤❡ ❡♠♣✐r✐❝❛• ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ N,f k ♦❢ ❢♦r❡❝❛st ❡•❡♠❡♥ts✱ ❛♥❞ ❡✈❡♥ ♠♦r❡ ❡①♣•✐❝✐t•②✱ ♦♥•② t❤r♦✉❣❤ t❤❡✐r ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P N k ✳ ■♥t✉✐t✐✈❡•②✱ s♦♠❡ •❛✇ ♦❢ •❛r❣❡ ♥✉♠❜❡rs s❤♦✉•❞ ❤♦•❞ ✇❤❡♥ t❤❡ ❡♥s❡♠❜•❡ s✐③❡ N ✐♥❝r❡❛s❡s t♦ ✐♥✜♥✐t② ❛♥❞ ✐❢ t❤❡ ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P N k ✇♦✉•❞ ❜❡ r❡♣•❛❝❡❞ ❜② ✐ts ❞❡t❡r♠✐♥✐st✐❝ •✐♠✐t✱ t❤❡♥ t❤❡ ❡♥s❡♠❜•❡ ❡•❡♠❡♥ts ✇♦✉•❞ ❜❡❝♦♠❡ ✐♥❞❡♣❡♥❞❡♥t ❛t t❤❡ •✐♠✐t ✿ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❦♥♦✇♥ ❛s ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❤❛♦s ❬✶✺✱ ✷✵(✳ ❚♦ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❡♠♣✐r✐❝❛• ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s µ N,f k = 1 N N i=1 δ X i,f k ❛♥❞ µ N,a k = 1 N N i=1 δ X i,a k , ♦❢ t❤❡ ❢♦r❡❝❛st ❡•❡♠❡♥ts ❛♥❞ ❛♥❛•②s✐s ❡•❡♠❡♥ts✱ r❡s♣❡❝t✐✈❡•②✱ t❤❡ ✐❞❡❛ ❬✷✵✱ ❙❡❝t✐♦♥ ■✳✶( ✐s t♦ ❝♦♥s✐❞❡r s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡s❡ ✈❡❝t♦rs ❛r❡ ♣r♦♣❛❣❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t•② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦••♦✇✐♥❣ s❡t ♦❢ ❞❡❝♦✉♣•❡❞ ❡q✉❛t✐♦♥s Xi,f k = f k ( Xi,a k-1 ) + W i k ✇✐t❤ W i k ∼ N(0, Q k ) , ✭✹✮ || ♥➦ ✼✵✶✹ ✹ ▲❡ ••❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥ ❛♥❞ Xi,a k = Xi,f k + K k ( Pk ) (Y k -H k Xi,f k -V i k ) ✇✐t❤ V i k ∼ N(0, R k ) , ✭✺✮ ✇❤❡r❡ Pk ❞❡♥♦t❡s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r Xi,f k ✱ ❛♥❞ ✐♥✐t✐❛••② Xi,f 0 = X i,f 0 ✱ ✐✳❡✳ t❤❡ ✐♥✐t✐❛• s❡t ♦❢ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ❝♦✐♥❝✐❞❡s ❡①❛❝t•② ✇✐t❤ t❤❡ ✐♥✐t✐❛• ❡♥s❡♠❜•❡✳ ❇② ❞❡✜♥✐t✐♦♥ mk = E[ Xi,f k ] ❛♥❞ Pk = E[( Xi,f k -mk ) ( Xi,f k -mk ) * ] , r❡s♣❡❝t✐✈❡•②✳ ❋♦r •❛t❡r ♣✉r♣♦s❡s✱ t❤❡ ❡♠♣✐r✐❝❛• ♠❡❛♥ ✈❡❝t♦r ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ( X1,f k , • • • , XN,f k ) ❛r❡ ❞❡✜♥❡❞ ❛s mN k = 1 N N i=1 Xi,f k ❛♥❞ P N k = 1 N N i=1 ( Xi,f k -mN k ) ( Xi,f k -mN k ) * , r❡s♣❡❝t✐✈❡•②✳ ■♥t✉✐t✐✈❡•②✱ ❡❛❝❤ r❛♥❞♦♠ ✈❡❝t♦r Xi,f k ♦r Xi,a k ✐♥❞✐✈✐❞✉❛••② ✐s ❝•♦s❡ ✭❝♦♥t✐❣✉♦✉s✮ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡•❡♠❡♥t X i,f k ♦r X i,a k ✐♥ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r✱ ❜❡❝❛✉s❡ ✐t st❛rts ❢r♦♠ ❡①❛❝t•② t❤❡ s❛♠❡ ✐♥✐t✐❛• ✈❛•✉❡ Xi,f 0 = X i,f 0 ❛♥❞ ✐t ✉s❡s ❡①❛❝t•② t❤❡ s❛♠❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs (W i 0 , • • • , W i k ) ❛♥❞ (V i 0 , • • • , V i k ) ❛•r❡❛❞② s✐♠✉•❛t❡❞ ❛♥❞ ✉s❡❞ ✐♥ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r✳ ❈♦••❡❝t✐✈❡•②✱ t❤❡ •❛r❣❡ s❛♠♣•❡ ❛s②♠♣t♦t✐❝s ♦❢ t❤❡ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ✐s s✐♠♣•❡ t♦ ❛♥❛•②s❡✱ ❜❡❝❛✉s❡ ♦❢ ✐♥❞❡♣❡♥❞❛♥❝❡✱ ❜✉t ✐♥ ❝♦✉♥t❡r♣❛rt t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Pk ✐s ✉♥❦♥♦✇♥ ✐♥ ❣❡♥❡r❛•✱ ❛♥❞ s♦ ❛r❡ t❤❡ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs t❤❡♠s❡•✈❡s✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ❡•❡♠❡♥ts ✐♥ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r ❛r❡ ❞❡♣❡♥❞❡♥t✱ ❜❡❝❛✉s❡ t❤❡② ❛•• ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P N k ✇❤✐❝❤ r❡s✉•ts ✐♥ ♠❡❛♥✕✜❡•❞ ✐♥t❡r❛❝t✐♦♥✱ ❜✉t ✐♥ ❝♦✉♥t❡r♣❛rt t❤✐s ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s r❡❛❞✐•② ❝♦♠♣✉t❛❜•❡✱ ❛♥❞ s♦ ❛r❡ t❤❡ ❡•❡♠❡♥ts ✐♥ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r✳ ▲❡t μf k ❛♥❞ μa k ❜❡ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s✉s❜t✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs Xi,f k ❛♥❞ Xi,a k r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ❝♦♥s✐sts ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❛♥s✇❡rs t♦ t❤❡ q✉❡st✐♦♥s r❛✐s❡❞ ❛❜♦✈❡ • ❢♦r •✐♥❡❛r s②st❡♠s ✇✐t❤ ❛❞❞✐t✐✈❡ •❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡s ❛♥❞ ✇✐t❤ •❛✉ss✐❛♥ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥✱ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s μf k ❛♥❞ μa k ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❑❛•♠❛♥ ♣r❡❞✐❝t♦r ❛♥❞ ✇✐t❤ t❤❡ ❑❛•♠❛♥ ✜•t❡r✱ r❡s♣❡❝t✐✈❡•②✱ • ❤♦✇❡✈❡r✱ ❢♦r ♥♦♥•✐♥❡❛r s②st❡♠s ✇✐t❤ ❛❞❞✐t✐✈❡ •❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡s ❛♥❞ ✇✐t❤ ♥♦♥✕♥❡❝❡ss❛r✐•② •❛✉ss✐❛♥ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥✱ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s μf k ❛♥❞ μa k ❞✐✛❡r ❢r♦♠ t❤❡ ❇❛②❡s✐❛♥ ♣r❡❞✐❝t♦r µ - k ❛♥❞ ❢r♦♠ t❤❡ ❇❛②❡s✐❛♥ ✜•t❡r µ k ✱ r❡s♣❡❝t✐✈❡•②✱ • ✉♥❞❡r s✉✐t❛❜•❡ ▲✐♣s❝❤✐t③ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ f k ❛♥❞ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐✲ t✐♦♥ X 0 ✱ t❤❡ ❡♠♣✐r✐❝❛• ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ N,f k ♦❢ t❤❡ ❢♦r❡❝❛st ❡•❡♠❡♥ts ❛♥❞ t❤❡ ❡♠♣✐r✐❝❛• ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ N,a k ♦❢ t❤❡ ❛♥❛•②s✐s ❡•❡♠❡♥ts ❝♦♥✈❡r❣❡ t♦ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ μf k ❛♥❞ μa k ✱ r❡s♣❡❝t✐✈❡•②✱ ✐✳❡✳ ❢♦r ❛♥② φ ✐♥ ❛ •❛r❣❡ ❡♥♦✉❣❤ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s 1 N N i=1 φ(X i,f k ) = R m φ(x) µ N,f k (dx) -→ R m φ(x) μf k (dx) , ❛♥❞ 1 N N i=1 φ(X i,a k ) = R m φ(x) µ N,a k (dx) -→ R m φ(x) μa k (dx) , ❛•♠♦st s✉r❡•② ❛♥❞ ✐♥ L p ✱ ❛s N ↑ ∞✳ ❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦••♦✇s✳ ❚❤❡ •✐♠✐t✐♥❣ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ✐♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❑❛•♠❛♥ ✜•t❡r ♦r t❤❡ ❇❛②❡s✐❛♥ ✜•t❡r✱ ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts✳ Pr❡•✐♠✐♥❛r② ❡st✐♠❛t❡s ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ✇❤✐❝❤ ❡st❛❜•✐s❤ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s P N k ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❛✐♥ ♠❛tr✐❝❡s K k (P N k )✳ ❈♦♥t✐❣✉✐t② ❜❡t✇❡❡♥ ❡•❡♠❡♥ts ✐♥ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ✐s ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❚❤❡s❡ t✇♦ s❡❝t✐♦♥s ❛r❡ r❛t❤❡r t❡❝❤♥✐❝❛•✱ ❛♥❞ t❤❡ ✐♠♣❛t✐❡♥t r❡❛❞❡r ❝♦✉•❞ •✉♠♣ t♦ ❙❡❝t✐♦♥ ✺ ❞✐r❡❝t•②✱ ✇❤❡r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r ✐s ❞❡❞✉❝❡❞✱ ✇✐t❤ t❤❡ ❝•❛ss✐❝❛• r❛t❡ 1/ √ N ✳ ❈♦♥❝•✉❞✐♥❣ r❡♠❛r❦s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s ❢♦r ❢✉t✉r❡ ✇♦r❦ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✱ ✇❤✐❝❤ ✐♥❝•✉❞❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ♣❛rt✐❝•❡ ✜•t❡rs ❛♥❞ ✇✐t❤ t❤❡ ✇❡✐❣❤t❡❞ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r✳ ❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱ t❤❡ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ✜①❡❞ ❛♥❞ ❛♥② ❡st✐♠❛t❡ ✐♥✈♦•✈✐♥❣ ♠❛t❤❡✲ ♠❛t✐❝❛• ❡①♣❡❝t❛t✐♦♥s ♦r ❛♥② ❛•♠♦st s✉r❡ st❛t❡♠❡♥t ❞♦❡s ❛♣♣•② t♦ t❤❡ s✐♠✉•❛t❡❞ r❛♥❞♦♠ ✈❡❝t♦rs ♦♥•②✳ ■◆|■❆ ▲❛r❣❡ ❙❛♠♣•❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜•❡ ❑❛•♠❛♥ ❋✐•t❡r ✺ ✷ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ •✐♠✐t✱ ❛♥❞ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❚❤❡ •✐♠✐t✐♥❣ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s μf k ❛♥❞ μa k ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs Xi,f k ❛♥❞ Xi,a k r❡s♣❡❝t✐✈❡•②✱ ❛♥❞ ❛r❡ ❝♦♠♣•❡t❡•② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐♥t❡❣r❛•s ♦❢ ❛♥ ❛r❜✐tr❛r② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥ φ✳ ❇② ❞❡✜♥✐t✐♦♥ R m φ(x ′ ) μf k (dx ′ ) = E[φ( Xi,f k )] = R m R m φ(f k (x) + w) p W k (dw) μa k-1 (dx) , ✇❤❡r❡ p W k (dw) ❞❡♥♦t❡s t❤❡ •❛✉ss✐❛♥ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ③❡r♦ ♠❡❛♥ ✈❡❝t♦r ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Q k ✱ ✐✳❡✳ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r W i k ✱ ✇❤✐❝❤ ❝♦♠♣•❡t❡•② ❝❤❛r❛❝t❡r✐③❡s μf k ✐♥ t❡r♠s ♦❢ μa k-1 ✳ ❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✸ ❜❡•♦✇✱ ✉♥❞❡r ✇❤✐❝❤ μf k ❤❛s ❛ ✜♥✐t❡ s❡❝♦♥❞ ♦r❞❡r ♠♦♠❡♥t✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Pk ✐s ✜♥✐t❡✱ ❛♥❞ ❜② ❞❡✜♥✐t✐♦♥ R m φ(x ′ ) μa k (dx ′ ) = E[φ( Xi,a k )] = R m R d φ(x + K k ( Pk ) (Y k -H k x -v)) q V k (v) dv μf k (dx) , ✇❤❡r❡ q V k (v) ❞❡♥♦t❡s t❤❡ •❛✉ss✐❛♥ ❞❡♥s✐t② ✇✐t❤ ③❡r♦ ♠❡❛♥ ✈❡❝t♦r ❛♥❞ ✐♥✈❡rt✐❜•❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① R k ✱ ✐✳❡✳ t❤❡ ♣r♦❜❛❜✐•✐t② ❞❡♥s✐t② ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r V i k ✱ ✇❤✐❝❤ ❝♦♠♣•❡t❡•② ❝❤❛r❛❝t❡r✐③❡s μa k ✐♥ t❡r♠s ♦❢ μf k ✱ ❛♥❞ ✐♥✐t✐❛••② R m φ(x) μf 0 (dx) = E[φ( Xi,f 0 )] = R m φ(x) η 0 (dx) , ✇❤✐❝❤ ✐♠♣•✐❡s μf 0 = η 0 ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❇❛②❡s✐❛♥ ✜•t❡r s❛t✐s✜❡s R m φ(x ′ ) µ - k (dx ′ ) = E[φ(X k ) | Y 0:k-1 ] = R m R m φ(f k (x) + w) p W k (dw) µ k-1 (dx) , ✇❤✐❝❤ ❝♦♠♣•❡t❡•② ❝❤❛r❛❝t❡r✐③❡s µ - k ✐♥ t❡r♠s ♦❢ µ k-1 ✱ ❛♥❞ R m φ(x ′ ) µ k (dx ′ ) = E[φ(X k ) | Y 0:k ] = R m φ(x ′ ) q V k (Y k -H k x ′ ) µ - k (dx ′ ) R m q V k (Y k -H k x ′ ) µ - k (dx ′ ) , ✇❤✐❝❤ ❝♦♠♣•❡t❡•② ❝❤❛r❛❝t❡r✐③❡s µ k ✐♥ t❡r♠s ♦❢ µ - k ✱ ❛♥❞ ✐♥✐t✐❛••② R m φ(x) µ - 0 (dx) = E[φ(X 0 )] = R m φ(x) η 0 (dx) , ✇❤✐❝❤ ✐♠♣•✐❡s µ - 0 = η 0 ✳ ✷✳✶ ❈♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❑❛•♠❛♥ ✜•t❡r ♦r t❤❡ ❇❛②❡s✐❛♥ ✜•t❡r ❈♦♥s✐❞❡r t❤❡ •✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ T k ❛♥❞ t❤❡ t✇♦ ♥♦♥•✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s T KF k (•) ❛♥❞ T BF k (•) ❞❡✜♥❡❞ ♦♥ t❤❡ s♣❛❝❡ ♦❢ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s✱ ❛♥❞ ❝♦♠♣•❡t❡•② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐♥t❡❣r❛•s ♦❢ ❛♥ ❛r❜✐tr❛r② ❜♦✉♥❞❛r② ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥ φ✱ ❛s R m φ(x) T k µ(dx) = R m R m φ(f k (x) + w) p W k (dw) µ(dx) , R m φ(x) T KF k (µ)(dx) = R m R d φ(x + K k (P (µ)) (Y k -H k x -v)) q V k (v) dv µ(dx) , ✇❤❡r❡ P (µ) ❞❡♥♦t❡s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ✱ ❛♥❞ R m φ(x) T BF k (µ)(dx) = R m φ(x) q V k (Y k -H k x) µ(dx) R m q V k (Y k -H k x) µ(dx) , r❡s♣❡❝t✐✈❡•②✳ || ♥➦ ✼✵✶✹ ✻ ▲❡ ••❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥ ▲❡♠♠❛ ✷✳✶ ■❢ f k (x) = F k x ❛♥❞ ✐❢ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s •❛✉ss✐❛♥ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r m ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ✱ t❤❡♥ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ T k µ ✐s •❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r F k m ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① F k Σ F * k + Q k ✳ ■❢ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s •❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r m ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ✱ t❤❡♥ t❤❡ t✇♦ tr❛♥s✲ ❢♦r♠❡❞ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s T KF k (µ) ❛♥❞ T BF k (µ) ❛r❡ •❛✉ss✐❛♥✱ ✇✐t❤ t❤❡ s❛♠❡ ♠❡❛♥ ✈❡❝t♦r m + K k (Σ) (Y k - H k m) ❛♥❞ t❤❡ s❛♠❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① (I -K k (Σ) H k ) Σ✳ Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ T k µ ✐s t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥✲ ❞♦♠ ✈❡❝t♦r X ′ ✐♥ t❤❡ ♠♦❞❡• X ′ = f k (X) + W k ✇✐t❤ X ∼ µ ❛♥❞ W k ∼ N(0, Q k ) , ✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs X ❛♥❞ W k ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ■❢ f k (x) = F k x ❛♥❞ ✐❢ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s •❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r m ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ✱ t❤❡♥ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X ′ ✐s •❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r F k m ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① F k Σ F * k + Q k ✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ T BF k (µ) ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛• ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X ❣✐✈❡♥ Y k ✐♥ t❤❡ ♠♦❞❡• Y k = H k X + V k ✇✐t❤ X ∼ µ ❛♥❞ V k ∼ N(0, R k ) , ✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs X ❛♥❞ V k ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ■❢ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s •❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r m ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ✱ t❤❡♥ t❤✐s ❝♦♥❞✐t✐♦♥❛• ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ✐s •❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r m + K k (Σ) (Y k -H k m) ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① (I -K k (Σ) H k ) Σ✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ T KF k (µ) ✐s t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X ′ ✐♥ t❤❡ ♠♦❞❡• X ′ = X + K k (P (µ)) (Y k -H k X -V k ) ✇✐t❤ X ∼ µ ❛♥❞ V k ∼ N(0, R k ) , ✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs X ❛♥❞ V k ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ❛♥❞ ✇❤❡r❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ Y k ✐s ❝♦♥s✐❞❡r❡❞ ❛s ✜①❡❞✳ ■❢ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ✱ ✇❤❡t❤❡r ✐t ✐s •❛✉ss✐❛♥ ♦r ♥♦t✱ ❤❛s ♠❡❛♥ ✈❡❝t♦r m ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P (µ) = Σ✱ t❤❡♥ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X ′ ❤❛s ♠❡❛♥ ✈❡❝t♦r m + K k (Σ) (Y k -H k m) ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① (I -K k (Σ) H k ) Σ (I -K k (Σ) H k ) * + K k (Σ) R k K * k (Σ) = (I -K k (Σ) H k ) Σ , ❛♥❞ ✐❢ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s •❛✉ss✐❛♥✱ t❤❡♥ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X ′ ✐s •❛✉ss✐❛♥✳ ✷ ■❢ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s ♥♦t •❛✉ss✐❛♥✱ t❤❡♥ t❤❡ t✇♦ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s T KF k (µ) ❛♥❞ T BF k (µ) ❞✐✛❡r ✐♥ ❣❡♥❡r❛• ✿ ❝♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡ t❤❡ ❝❛s❡ ✇❤❡r❡ µ ✐s ❛ ✜♥✐t❡ ♠✐①t✉r❡ ♦❢ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s✱ ❛s ✐••✉str❛t❡❞ ✐♥ ❊①❛♠♣•❡ ✷✳✷ ❜❡•♦✇✳ ■t ❢♦••♦✇s ❢r♦♠ t❤❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥ t❤❛t μf 0 = µ - 0 ✱ ❛♥❞ ✐❢ μa k-1 = µ k-1 t❤❡♥ ♥❡❝❡ss❛r✐•② μf k = T k μa k-1 ❝♦✐♥❝✐❞❡s ✇✐t❤ µ - k = T k µ k-1 ✱ ❜✉t ✐♥ ❣❡♥❡r❛• μf k = µ - k ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐•② ✐♠♣•② t❤❛t μa k = T KF k (μ f k ) ❝♦✐♥❝✐❞❡s ✇✐t❤ µ k = T BF k (µ - k )✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✐♥ ❣❡♥❡r❛• t❤❡ •✐♠✐t✐♥❣ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s μf k ❛♥❞ μa k ❞♦ ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s µ - k ❛♥❞ µ k ❞❡✜♥✐♥❣ t❤❡ ❇❛②❡s✐❛♥ ✜•t❡r✳ ❍♦✇❡✈❡r✱ ❢♦r •✐♥❡❛r s②st❡♠s ♦❢ t❤❡ ❢♦r♠ ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✱ ✇✐t❤ ❛❞❞✐t✐✈❡ •❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡s ❛♥❞ ✇✐t❤ •❛✉ss✐❛♥ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥✱ t❤❡ ✭♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s ❞❡✜♥✐♥❣ t❤❡✮ ❇❛②❡s✐❛♥ ✜•t❡r ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ✭•❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡✮ ❑❛•♠❛♥ ✜•t❡r✱ ✐✳❡✳ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ - k ✐s •❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r X - k ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P - k ✱ ❛♥❞ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ k ✐s •❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r X k ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P k ✳ ■t ✐s t❤❡♥ ❡❛s② t♦ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t μf k = µ - k ❛♥❞ μa k = µ k ✿ ✐♥❞❡❡❞✱ ✐t ❢♦••♦✇s ❢r♦♠ t❤❡ ❣❡♥❡r❛• ❝❛s❡ t❤❛t μf 0 = µ - 0 ✱ ❛♥❞ ✐t ❢♦••♦✇s ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t μf k = T k μa k-1 ❝♦✐♥❝✐❞❡s ✇✐t❤ µ - k = T k µ k-1 ✱ ❛♥❞ s✐♥❝❡ μf k = µ - k ✐s •❛✉ss✐❛♥✱ t❤❡♥ ✐t ❢♦••♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✶ t❤❛t μa k = T KF k (μ f k ) ❝♦✐♥❝✐❞❡s ✇✐t❤ µ k = T BF k (µ - k )✳ ❊①❛♠♣•❡ ✷✳✷ ■❢ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s ❛ ✜♥✐t❡ ♠✐①t✉r❡ ♦❢ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦rs (x i , i ∈ I)✱ ❛•• ✇✐t❤ t❤❡ s❛♠❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ✱ ❛♥❞ ✇✐t❤ ♣♦s✐t✐✈❡ ♠✐①t✉r❡ ✇❡✐❣❤ts (p i , i ∈ I)✱ t❤❡♥ ✐ts ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s ❞❡✜♥❡❞ ❜② P (µ) = Σ + i∈I p i (x i -m) (x i -m) * ✇✐t❤ m = i∈I p i x i . ■◆|■❆ ▲❛r❣❡ ❙❛♠♣•❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜•❡ ❑❛•♠❛♥ ❋✐•t❡r ✼ ❚❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ T KF k (µ) ✐s ❛ ✜♥✐t❡ ♠✐①t✉r❡ ♦❢ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦rs (x KF i , i ∈ I)✱ ❛•• ✇✐t❤ t❤❡ s❛♠❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P KF = (I -K k (P (µ)) H k ) Σ (I -K k (P (µ)) H k ) * + K k (P (µ)) R k K * k (P (µ)) , ❛♥❞ ✇✐t❤ ✉♥❝❤❛♥❣❡❞ ♠✐①t✉r❡ ✇❡✐❣❤ts (p KF i , i ∈ I)✱ ❞❡✜♥❡❞ ❜② x KF i = x i + K k (P (µ)) (Y k -H k x i ) ❛♥❞ p KF i = p i ❢♦r ❛♥② i ∈ I✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ T BF k (µ) ✐s ❛ ✜♥✐t❡ ♠✐①t✉r❡ ♦❢ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦rs (x BF i , i ∈ I)✱ ❛•• ✇✐t❤ t❤❡ s❛♠❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P BF = (I -K k (Σ) H k ) Σ✱ ❛♥❞ ✇✐t❤ ✉♣❞❛t❡❞ ♠✐①t✉r❡ ✇❡✐❣❤ts (p BF i , i ∈ I)✱ ❞❡✜♥❡❞ ❜② x BF i = x i + K k (Σ) (Y k -H k x i ) ❛♥❞ p BF i = p i w i j∈I p j w j ❢♦r ❛♥② i ∈ I✱ ✐♥ t❡r♠s ♦❢ t❤❡ •✐❦❡•✐❤♦♦❞ ✇❡✐❣❤ts w i = exp{-1 2 (Y k -H k x i ) * Ξ -1 k (Y k -H k x i )} ❢♦r ❛♥② i ∈ I ✇❤❡r❡ Ξ k = H k Σ H * k + R k . ■♥ ❋✐❣✉r❡s ✶ ❛♥❞ ✷✱ t❤❡ ♣r✐♦r ❞❡♥s✐t② ✭✐♥ ❜•❛❝❦✮✱ t❤❡ •✐♠✐t✐♥❣ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r ✭❊♥❑❋✮ ❞❡♥s✐t② ✭✐♥ ❜•✉❡✮ ❛♥❞ t❤❡ ❇❛②❡s✐❛♥ ✜•t❡r ❞❡♥s✐t② ✭✐♥ r❡❞✮ ❛r❡ ❞✐s♣•❛②❡❞ ❢♦r ❛ ♦♥❡✕❞✐♠❡♥s✐♦♥❛• ❡①❛♠♣•❡ ✇❤❡r❡ • t❤❡ ❜✐✕♠♦❞❛• ♣r✐♦r ❞❡♥s✐t② ❤❛s ❛ ❤❡❛✈② ♠♦❞❡ •♦❝❛t❡❞ ❛t x 1 = +2 ✇✐t❤ ✇❡✐❣❤t p 1 = 0.8✱ ❛♥❞ ❛ •✐❣❤t ♠♦❞❡ •♦❝❛t❡❞ ❛t x 2 = -2 ✇✐t❤ ✇❡✐❣❤t p 2 = 0.2✱ r❡s♣❡❝t✐✈❡•②✱ ❜♦t❤ ✇✐t❤ t❤❡ s❛♠❡ ✈❛r✐❛♥❝❡ Σ = 0.25✱ • t❤❡ ♦❜s❡r✈❛t✐♦♥ ❝♦❡✣❝✐❡♥t ✐s H k = 1 ❛♥❞ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♥♦✐s❡ ✈❛r✐❛♥❝❡ ✐s R k = 1✳ ❋✐❣✉r❡ ✶ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ♦❜s❡r✈❡❞ ✈❛•✉❡ Y k = +0.5 ✐♥ t❤❡ ❤❡❛✈② ♠♦❞❡✱ ✇❤✐•❡ ❋✐❣✉r❡ ✷ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ♦❜s❡r✈❡❞ ✈❛•✉❡ Y k = -1.5 ✐♥ t❤❡ •✐❣❤t ♠♦❞❡✳ ❈•❡❛r•②✱ t❤❡ ❊♥❑❋ ❛♥❞ t❤❡ ❇❛②❡s✐❛♥ ✜•t❡r ❤❛✈❡ ❞✐✛❡r❡♥t str❛t❡❣✐❡s t♦ ❝♦♠❜✐♥❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❜r♦✉❣❤t ❜② t❤❡ ❜✐✕♠♦❞❛• ♣r✐♦r ❞❡♥s✐t② ❛♥❞ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❜r♦✉❣❤t ❜② ❛♥ ♦❜s❡r✈❡❞ ✈❛•✉❡ ✐♥ ❡✐t❤❡r ♦♥❡ ♠♦❞❡ ♦r t❤❡ ♦t❤❡r✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡ t✇♦ •❛✉ss✐❛♥ ❝♦♠♣♦♥❡♥ts ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡ ❊♥❑❋ ❞❡♥s✐t② ❤❛✈❡ ❛ ✈❛r✐❛♥❝❡ s♦ •❛r❣❡ t❤❛t t❤❡ ❊♥❑❋ ❞❡♥s✐t② ❤❛s ♦♥•② ♦♥❡ ♠♦❞❡ ❛♥❞ ❛♥ ❡✈❡♥ •❛r❣❡r ✈❛r✐❛♥❝❡✳ ✷✳✷ ❆ ♣r✐♦r✐ ❡st✐♠❛t❡s ✭❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts✮ ❚✇♦ ❞✐✛❡r❡♥t ❛ss✉♠♣t✐♦♥s ❛r❡ ✐♥tr♦❞✉❝❡❞ ❢♦r t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ✿ ❆ss✉♠♣t✐♦♥ ❆ ✐s s✉✣❝✐❡♥t t♦ ❤❛♥❞•❡ t❤❡ •✐♥❡❛r ❝❛s❡✱ ✇❤❡r❡❛s ❆ss✉♠♣t✐♦♥ ❇ ❛••♦✇s t♦ ❤❛♥❞•❡ ♠♦r❡ ❣❡♥❡r❛• ❝❛s❡s✱ ✐♥❝•✉❞✐♥❣ t❤❡ ✭❞✐s❝r❡t✐③❡❞✮ ▲♦r❡♥③ ♠♦❞❡• ❢♦r ✐♥st❛♥❝❡✳ ❆ss✉♠♣t✐♦♥ ❆ ❚❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ✐s ❣•♦❜❛••② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ ✐✳❡✳ |f k (x) -f k (x ′ )| ≤ L |x -x ′ | , ❢♦r ❛♥② x, x ′ ∈ R m ✳ ❆ss✉♠♣t✐♦♥ ❇ ❚❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ✐s •♦❝❛••② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ ✇✐t❤ ❛t ♠♦st ♣♦•②♥♦♠✐❛• ❣r♦✇t❤ ❛t ✐♥✜♥✐t②✱ ✐✳❡✳ |f k (x) -f k (x ′ )| ≤ L |x -x ′ | (1 + |x| s + |x ′ | s ) , ❢♦r ❛♥② x, x ′ ∈ R m ❛♥❞ ❢♦r s♦♠❡ s ≥ 0✳ ❈•❡❛r•②✱ ❆ss✉♠♣t✐♦♥ ❆ ✐s ❛ s♣❡❝✐❛• ❝❛s❡ ♦❢ ❆ss✉♠♣t✐♦♥ ❇✱ ❢♦r s = 0✳ ◆♦t✐❝❡ t❤❛t ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ❆✱ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ❤❛s ❛t ♠♦st •✐♥❡❛r ❣r♦✇t❤ ❛t ✐♥✜♥✐t②✱ ✐✳❡✳ |f k (x)| ≤ M (1 + |x| ) , ❢♦r ❛♥② x ∈ R m ✱ ✇❤❡r❡❛s ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ❇✱ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ❤❛s ❛t ♠♦st ♣♦•②♥♦♠✐❛• ❣r♦✇t❤ ❛t ✐♥✜♥✐t②✱ ✐✳❡✳ |f k (x)| ≤ M (1 + |x| s+1 ) , || ♥➦ ✼✵✶✹ ✽ ▲❡ ••❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥ !4 !2 0 2 4 prior distribution EnKF distribution Bayesian distribution ❋✐❣✉r❡ ✶✿ ❖❜s❡r✈❡❞ ✈❛•✉❡ Y k = +0.5 ✐♥ t❤❡ ❤❡❛✈② ♠♦❞❡ ❢♦r ❛♥② x ∈ R m ✱ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ②✐❡•❞s t❤❡ ❢♦••♦✇✐♥❣ ❛s②♠♠❡tr✐❝ ❢♦r♠ ♦❢ t❤❡ •♦❝❛• ▲✐♣s❝❤✐t③ ❝♦♥❞✐t✐♦♥ |f k (x) -f k (x ′ )| ≤ L |x -x ′ | (1 + |x| s ) + L |x -x ′ | s+1 , ❢♦r ❛♥② x, x ′ ∈ R m ✱ ✇✐t❤ ❛♥♦t❤❡r ❝♦♥st❛♥t L✳ ■♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ ♥♦t❛t✐♦♥s ❢♦r t❤❡ ♠♦♠❡♥ts M p,f k = (E| Xi,f k | p ) 1/p = ( R m |x| p μf k (dx) ) 1/p , ❛♥❞ M p,a k = (E| Xi,a k | p ) 1/p = ( R m |x| p μa k (dx) ) 1/p , ❛♥❞ s✐♠✐•❛r•② ❢♦r t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♣❡rt✉r❜❡❞ r❡s✐❞✉❛•s R p k = (E|Y k -H k Xi,f k -V i k | p ) 1/p , ❛♥❞ ♥♦t✐❝❡ t❤❛t t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ②✐❡•❞s R p k ≤ ( R m |Y k -H k x| p μf k (dx) ) 1/p + (E|V i k | p ) 1/p ≤ |Y k | + H k M p,f k + c p λ 1/2 max (R k ) , ✇❤❡r❡ λ max (R k ) ❞❡♥♦t❡s t❤❡ •❛r❣❡st ❡✐❣❡♥✈❛•✉❡ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① R k ✳ Pr♦♣♦s✐t✐♦♥ ✷✳✸ ■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦•❞s✱ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X 0 ✱ ♦r ❡q✉✐✈❛•❡♥t•② t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉✲ t✐♦♥ η 0 ✱ ❤❛s ✜♥✐t❡ ♠♦♠❡♥t ♦❢ ♦r❞❡r p ❢♦r s♦♠❡ p ≥ 2✱ t❤❡♥ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs Xi,f k ❛♥❞ Xi,a k ✱ ♦r ❡q✉✐✈❛•❡♥t•② t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s μf k ❛♥❞ μa k ✱ ❤❛✈❡ ✜♥✐t❡ ♠♦♠❡♥ts ♦❢ t❤❡ s❛♠❡ ♦r❞❡r p✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉•❛r t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Pk ✐s ✜♥✐t❡✳ ■◆|■❆ ▲❛r❣❡ ❙❛♠♣•❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜•❡ ❑❛•♠❛♥ ❋✐•t❡r ✾ !4 !2 0 2 4 prior distribution EnKF distribution Bayesian distribution ❋✐❣✉r❡ ✷✿ ❖❜s❡r✈❡❞ ✈❛•✉❡ Y k = -1.5 ✐♥ t❤❡ •✐❣❤t ♠♦❞❡ ■❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s✱ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X 0 ✱ ♦r ❡q✉✐✈❛•❡♥t•② t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ η 0 ✱ ❤❛s ✜♥✐t❡ ♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r✱ t❤❡♥ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs Xi,f k ❛♥❞ Xi,a k ✱ ♦r ❡q✉✐✈❛•❡♥t•② t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s μf k ❛♥❞ μa k ✱ ❤❛✈❡ ✜♥✐t❡ ♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉•❛r t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Pk ✐s ✜♥✐t❡✳ Pr♦♦❢ ✭❜② ✐♥❞✉❝t✐♦♥✮✳ ■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦•❞s✱ t❤❡♥ | Xi,f k | ≤ M (1 + | Xi,a k-1 |) + |W i k | , ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ②✐❡•❞s ( E| Xi,f k | p ) 1/p ≤ M (1 + ( E| Xi,a k-1 | p ) 1/p ) + ( E|W i k | p ) 1/p , ❤❡♥❝❡ M p,f k ≤ M (1 + M p,a k-1 ) + c p λ 1/2 max (Q k ) , ✇❤❡r❡❛s ✐❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s✱ t❤❡♥ | Xi,f k | ≤ M (1 + | Xi,a k-1 | s+1 ) + |W i k | , ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ②✐❡•❞s ( E| Xi,f k | p ) 1/p ≤ M (1 + ( E| Xi,a k-1 | p (s+1) ) 1/p ) + ( E|W i k | p ) 1/p , ❤❡♥❝❡ M p,f k ≤ M (1 + ( M p (s+1),a k-1 ) s+1 ) + c p λ 1/2 max (Q k ) , ✇❤❡r❡ λ max (Q k ) ❞❡♥♦t❡s t❤❡ •❛r❣❡st ❡✐❣❡♥✈❛•✉❡ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Q k ✳ ■♥ ♣❛rt✐❝✉•❛r u * Pk u ≤ R m |u * x| 2 μf k (dx) ≤ |u| 2 R m |x| 2 μf k (dx) , || ♥➦ ✼✵✶✹ ✶✵ ▲❡ ••❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥ ❤❡♥❝❡ Pk = sup u =0 u * Pk u |u| 2 ≤ R m |x| 2 μf k (dx) = ( M 2,f k ) 2 < ∞ . ■♥ ❛♥② ❝❛s❡ | Xi,a k | ≤ | Xi,f k | + K k ( Pk ) |Y k -H k Xi,f k + V i k | , ✇❤❡t❤❡r ❆ss✉♠♣t✐♦♥ ❆ ♦r ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s ♦r ♥♦t✱ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ②✐❡•❞s ( E| Xi,a k | p ) 1/p ≤ ( E| Xi,f k | p ) 1/p + K k ( Pk ) ( E|Y k -H k Xi,f k + V i k | p ) 1/p , ❤❡♥❝❡ M p,a k ≤ M p,f k + K k ( Pk ) R p k ≤ M p,f k + K k ( Pk ) ( |Y k | + H k M p,f k + c p λ 1/2 max (R k )) , ✇❤❡r❡ λ max (R k ) ❞❡♥♦t❡s t❤❡ •❛r❣❡st ❡✐❣❡♥✈❛•✉❡ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① R k ✳ ✷ ■♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ ♥♦t❛t✐♦♥ ❢♦r t❤❡ ❡♠♣✐r✐❝❛• ♠♦♠❡♥ts M N,p,f k = ( 1 N N i=1 | Xi,f k | p ) 1/p ❛♥❞ M N,p,a k = ( 1 N N i=1 | Xi,a k | p ) 1/p , ❛♥❞ s✐♠✐•❛r•② ❢♦r t❤❡ ❡♠♣✐r✐❝❛• ♠♦♠❡♥ts ♦❢ t❤❡ ♣❡rt✉r❜❡❞ r❡s✐❞✉❛•s R N,p k = ( 1 N N i=1 |Y k -H k Xi,f k -V i k | p ) 1/p . ■t ❢♦••♦✇s ❢r♦♠ t❤❡ str♦♥❣ •❛✇ ♦❢ •❛r❣❡ ♥✉♠❜❡rs t❤❛t ✿ ✐❢ t❤❡ ♠♦♠❡♥t M p,f k ✐s ✜♥✐t❡✱ t❤❡♥ M N,p,f k -→ M p,f k ❛♥❞ R N,p k -→ R p k , ❛•♠♦st s✉r❡•② ❛s N ↑ ∞✱ ❛♥❞ ✐❢ t❤❡ ♠♦♠❡♥t M p,a k ✐s ✜♥✐t❡✱ t❤❡♥ M N,p,a k -→ M p,a k , ❛•♠♦st s✉r❡•② ❛s N ↑ ∞✱ ✸ ❈♦♥tr♦• ♦❢ t❤❡ ❑❛•♠❛♥ ❣❛✐♥ ♠❛tr✐① ❚❤❡r❡ ✐s ♦♥•② ♦♥❡ ✈✐s✐❜•❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❡q✉❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮ ❢♦r t❤❡ ❡•❡♠❡♥ts ✐♥ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r✱ ❛♥❞ ❡q✉❛t✐♦♥s ✭✹✮ ❛♥❞ ✭✺✮ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ✿ ✐♥❞❡❡❞✱ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ t❤❡ s❛♠❡ ❛♥❞ t❤❡ s❛♠❡ r❛♥❞♦♠ ✐♥♣✉t ✈❡❝t♦rs ❛r❡ ✉s❡❞✱ ❤♦✇❡✈❡r t❤❡ ❑❛•♠❛♥ ❣❛✐♥ ♠❛tr✐① K k (P N k ) ✐♥ ❡q✉❛t✐♦♥ ✭✷✮ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P N k ✱ ✇❤✐❝❤ ✐s r❡s♣♦♥s✐❜•❡ ❢♦r ♠❡❛♥✕✜❡•❞ ✐♥t❡r❛❝t✐♦♥ ❛♥❞ ❞❡♣❡♥❞❡♥❝❡✱ ✇❤❡r❡❛s t❤❡ ❑❛•♠❛♥ ❣❛✐♥ ♠❛tr✐① K k ( Pk ) ✐♥ ❡q✉❛t✐♦♥ ✭✺✮ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ •✐♠✐t✐♥❣ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Pk ✱ ✇❤✐❝❤ ✐s r❡s♣♦♥s✐❜•❡ ❢♦r ❞❡❝♦✉♣•✐♥❣ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥❝❡✳ ❚♦ ❛ss❡ss t❤❡ ✐♠♣❛❝t ♦❢ t❤✐s s✉❜st✐t✉t✐♦♥✱ ♥♦t✐❝❡ t❤❛t ✐❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦•❞s✱ t❤❡♥ ❜② ❞✐✛❡r❡♥❝❡ |X i,f k -Xi,f k | ≤ L |X i,a k-1 -Xi,a k-1 | , ✭✻✮ ✇❤❡r❡❛s ✐❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s✱ t❤❡♥ ❜② ❞✐✛❡r❡♥❝❡ |X i,f k -Xi,f k | ≤ L |X i,a k-1 -Xi,a k-1 | (1 + | Xi,a k-1 | s ) + L |X i,a k-1 -Xi,a k-1 | s+1 . ✭✼✮ ❙✐♠✐•❛r•②✱ ❜② ❞✐✛❡r❡♥❝❡ X i,a k -Xi,a k = X i,f k + K k (P N k ) (Y k -H k X i,f k -V i k ) -Xi,f k -K k ( Pk ) (Y k -H k Xi,f k -V i k ) = (I -K k ( Pk ) H k ) (X i,f k -Xi,f k ) -(K k (P N k ) -K k ( Pk )) H k (X i,f k -Xi,f k ) + (K k (P N k ) -K k ( Pk )) (Y k -H k Xi,f k + V i k ) , ■◆|■❆ ▲❛r❣❡ ❙❛♠♣•❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜•❡ ❑❛•♠❛♥ ❋✐•t❡r ✶✶ ❤❡♥❝❡ |X i,a k -Xi,a k | ≤ I -K k ( Pk ) H k |X i,f k -Xi,f k | + K k (P N k ) -K k ( Pk ) H k |X i,f k -Xi,f k | ✭✽✮ + K k (P N k ) -K k ( Pk ) |Y k -H k Xi,f k + V i k | . ❚❤❡ ✜rst st❡♣ ❛❞❞r❡ss❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✐s t♦ ♣r♦✈❡ s♦♠❡ •♦❝❛• ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♠❛♣♣✐♥❣ P → K k (P ) ✐♥ ♦r❞❡r t♦ ❝♦♥tr♦• t❤❡ ❞✐✛❡r❡♥❝❡ K k (P N k )-K k ( Pk ) ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ P N k -Pk ✱ ✇❤✐❝❤ ✐s t❤❡♥ ❞❡❝♦♠♣♦s❡❞ ❛s (P N k -P N k ) + ( P N k -Pk )✳ ❚❤❡ s❡❝♦♥❞ st❡♣ ❛❞❞r❡ss❡❞ ✐♥ ▲❡♠♠❛ ✸✳✷ ✐s t♦ st✉❞② t❤❡ ❝♦♥t✐❣✉✐t② ♦❢ t❤❡ ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✿ t❤❡ ❞✐✛❡r❡♥❝❡ P N k -P N k ❝❛♥ ❜❡ ❝♦♥tr♦••❡❞ ✐♥ t❡r♠s ♦❢ ∆ N,2,f k = ( 1 N N i=1 |X i,f k -Xi,f k | 2 ) 1/2 , ✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❡ ♦❢ ❝♦♥t✐❣✉✐t② ❜❡t✇❡❡♥ ❡•❡♠❡♥ts ✐♥ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ∆ N,2,f k t♦ ③❡r♦ ❛•♠♦st s✉r❡•② ❛♥❞ ✐♥ L p ❛s N ↑ ∞✱ ✐s ♣r♦✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥s ✹✳✷ ❛♥❞ ✹✳✹✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ t❤✐r❞ ❛♥❞ •❛st st❡♣ ❛❞❞r❡ss❡❞ ✐♥ ▲❡♠♠❛ ✸✳✸ ✐s t♦ ♣r♦✈❡ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❢♦r t❤❡ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ✿ ❜❡❝❛✉s❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥❝❡✱ t❤❡ ❞✐✛❡r❡♥❝❡ P N k -Pk ❣♦❡s t♦ ③❡r♦ ❛•♠♦st s✉r❡•② ❛♥❞ ✐♥ L p ❛s N ↑ ∞✱ ❜② t❤❡ str♦♥❣ •❛✇ ♦❢ •❛r❣❡ ♥✉♠❜❡rs ❛♥❞ ❜② t❤❡ ▼❛r❝✐♥❦✐❡✇✐❝③✕)②❣♠✉♥❞ ✐♥❡q✉❛•✐t② ❬✶✸✱ ❈❤❛♣t❡r ✸✱ ❙❡❝t✐♦♥ ✽(✱ r❡s♣❡❝t✐✈❡•②✳ ✸✳✶ ▲♦❝❛• ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❑❛•♠❛♥ ❣❛✐♥ ♠❛tr✐① ■❢ t❤❡ d × d ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① R k ✐s ✐♥✈❡rt✐❜•❡✱ t❤❡♥ ✐ts s♠❛••❡st ❡✐❣❡♥✈❛•✉❡ λ min (R k ) ✐s ♣♦s✐t✐✈❡✱ ❛♥❞ ✐t ✐s ♣♦ss✐❜•❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ♠❛♣♣✐♥❣ P → K k (P ) ❞❡✜♥❡❞ ✐♥ ✭✸✮ ❤❛s ❛t ♠♦st •✐♥❡❛r ❣r♦✇t❤ ❛♥❞ ✐s •♦❝❛••② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ ❛s ❢♦••♦✇s✳ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ■❢ t❤❡ d × d ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① R k ✐s ✐♥✈❡rt✐❜•❡✱ t❤❡♥ K k (P ) ≤ H k λ min (R k ) P , ❛♥❞ K k (P ) -K k (P ′ ) ≤ I -K k (P ′ ) H k H k λ min (R k ) P -P ′ , ✭✾✮ ❢♦r ❛♥② ✭♥♦t ♥❡❝❡ss❛r✐•② ✐♥✈❡rt✐❜•❡✮ m × m ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s P ❛♥❞ P ′ ✳ Pr♦♦❢✳ ❙✐♥❝❡ H k P H * k +R k ✐s ❛ s②♠♠❡tr✐❝ ♠❛tr✐①✱ t❤❡r❡ ❡①✐st ❛♥ ♦rt❤♦❣♦♥❛• ♠❛tr✐① O ❛♥❞ ❛ ❞✐❛❣♦♥❛• ♠❛tr✐① D s✉❝❤ t❤❛t H k P H * k + R k = O D O * ✱ ❤❡♥❝❡ (H k P H * k + R k ) -1 = O D -1 O * = O D -1/2 O * O D -1/2 O * = T * T ✱ ✇✐t❤ T = O D -1/2 O * ❜② ❞❡✜♥✐t✐♦♥✱ ❛♥❞ (H k P H * k + R k ) -1 = sup u =0 u * (H k P H * k + R k ) -1 u |u| 2 = sup u =0 |T u| 2 |u| 2 = sup v =0 |v| 2 |T -1 v| 2 . ❈•❡❛r•② T -1 = O D 1/2 O * ✱ ❤❡♥❝❡ |T -1 v| 2 = v * O D 1/2 O * O D 1/2 O * v = v * O D O * v = v * (H k P H * k + R k ) v , ❛♥❞ (H k P H * k + R k ) -1 = sup v =0 |v| 2 v * (H k P H * k + R k ) v ≤ sup v =0 |v| 2 v * R k v = 1 λ min (R k ) . ❚❤❡r❡❢♦r❡ K k (P ) ≤ H k λ min (R k ) P , || ♥➦ ✼✵✶✹ ✶✷ ▲❡ ••❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥ s✐♥❝❡ H * k = H k ❢♦r t❤❡ ♥♦r♠ ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❊✉❝•✐❞❡❛♥ ♥♦r♠✱ ❛♥❞ ❜② ❞✐✛❡r❡♥❝❡ K k (P ) -K k (P ′ ) = P H * k (H k P H * k + R k ) -1 -P ′ H * k (H k P ′ H * k + R k ) -1 = P H * k (H k P H * k + R k ) -1 -P ′ H * k (H k P H * k + R k ) -1 + P ′ H * k ((H k P H * k + R k ) -1 -(H k P ′ H * k + R k ) -1 ) = (P -P ′ ) H * k (H k P H * k + R k ) -1 -P ′ H * k (H k P ′ H * k + R k ) -1 H k (P -P ′ ) H * k (H k P H * k + R k ) -1 = (P -P ′ ) H * k (H k P H * k + R k ) -1 -K k (P ′ ) H k (P -P ′ ) H * k (H k P H * k + R k ) -1 = (I -K k (P ′ ) H k ) (P -P ′ ) H * k (H k P H * k + R k ) -1 , ❤❡♥❝❡ K k (P ) -K k (P ′ ) ≤ I -K k (P ′ ) H k H k λ min (R k ) P -P ′ . ✷ ✸✳✷ ❈♦♥t✐❣✉✐t② ❝♦♥tr♦• ♦❢ t❤❡ ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ▲❡♠♠❛ ✸✳✷ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s s❛t✐s✜❡s P N k -P N k ≤ 2 |∆ N,2,f k | 2 + 4 M N,2,f k ∆ N,2,f k .

✭✶✵✮

Pr♦♦❢✳ ◆♦t✐❝❡ t❤❛t ≤ ( E|ε N k | p q ) 1/p q ( E|∆ N,p,f k + RN,p k | p q ′ ) 1/p q ′ ≤ ( E|ε N k | p q ) 1/p q (( E|∆ N,p,f k | p q ′ ) 1/p q ′ + ( E| RN,p k | p q ′ ) 1/p q ′ ) , ✇❤❡r❡ q, q ′ ❛r❡ ❝♦♥•✉❣❛t❡ ❡①♣♦♥❡♥ts✱ ✐✳❡✳ 1/q + 1/q ′ = 1✱ ♦r ✐♥ ♦t❤❡r ✇♦r❞s 

P N k = 1 N N i=1 X i,f k (X i,f k ) * -( 1 N N i=1 X i,f k ) ( 1 N N i=1 X i,f k ) * , ❛♥❞ s✐♠✐•❛r•② P N k = 1 N N i=1 Xi,f k ( Xi,f k ) * -( 1 N N i=1 Xi,f k ) ( 1 N N i=1 Xi,f k ) * . ❯s✐♥❣ t❤❡ ✐❞❡♥t✐t② a 2 -b 2 = (a -b) 2 + 2 b (a -b) ②✐❡•❞s u * (P N k -P N k ) u = = 1 N N i=1 |u * X i,f k | 2 - 1 N N i=1 |u * Xi,f k | 2 -| 1 N N i=1 u * X i,f k | 2 + | 1 N N i=1 u * Xi,f k | 2 = 1 N N i=1 |u * (X i,f k -Xi,f k )| 2 + 2 1 N N i=1 (u * Xi,f k ) (u * (X i,f k -Xi,f k )) -| 1 N N i=1 u * (X i,f k -Xi,f k )| 2 -2 ( 1 N N i=1 u * Xi,f k ) ( 1 N N i=1 u * (X i,f k -Xi,f k )) , ■◆|■❆ ▲❛r❣❡ ❙❛♠♣•❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜•❡ ❑❛•♠❛♥ ❋✐•t❡r ✶✸ ❢♦r ❛♥② u✱ ❤❡♥❝❡ P N k -P N k = sup u =0 |u * (P N k -P N k ) u| |u| 2 ≤ 1 N N i=1 |X i,f k -Xi,f k | 2 + 2 1 N N i=1 | Xi,f k | |X i,f k -Xi,f k | + ( 1 N N i=1 |X i,f k -Xi,f k |) 2 + 2 ( 1 N N i=1 | Xi,f k |) ( 1 N N i=1 |X i,f k -Xi,f k |) ≤ 2 1 N N i=1 |X i,f k -Xi,f k | 2 + 4 ( 1 N N i=1 | Xi,f k | 2 ) 1/2 ( 1 N N i=1 |X i,f k -Xi,f k | 2 ) 1/2 , ♦r ✐♥ ♦t❤❡r ✇♦r❞s P N k -P N k ≤ 2 |∆ N,2,f k | 2 + 4 M N,2,f k ∆ N,2,f k . ✷ ✸✳✸ ❈♦♥s✐st❡♥❝② ♦❢ t❤❡ ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ▲❡♠♠❛ ✸✳✸ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ❛♥❞ t❤❡✐r ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① s❛t✐s✜❡s ε N k = P N k -Pk -→ 0 , ❛•♠♦st s✉r❡•② ❛s N ↑ ∞✱ ❛♥❞ sup N ≥1 √ N ( E|ε N k | p ) 1/p < ∞ , ❢♦r ❛♥② ♦r❞❡r p ≥ 2✳ Pr♦♦❢✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ❤♦•❞s P N k = 1 N N i=1 ( Xi,f k -mN k ) ( Xi,f k -mN k ) * = 1 N N i=1 ( Xi,f k -mk -( mN k -mk )) ( Xi,f k -mk -( mN k -mk )) * = 1 N N i=1 ( Xi,f k -mk ) ( Xi,f k -mk ) * -( 1 N N i=1 Xi,f k -mk ) ( mN k -mk ) * -( mN k -mk ) ( 1 N N i=1 Xi,f k -mk ) * + ( mN k -mk )( mN k -mk ) * = 1 N N i=1 ( Xi,f k -mk ) ( Xi,f k -mk ) * -( mN k -mk )( mN k -mk ) * , ❤❡♥❝❡ u * ( P N k -Pk ) u = u * ( 1 N N i=1 ( Xi,f k -mk ) ( Xi,f k -mk ) * -Pk ) u -|u * ( 1 N N i=1 Xi,f k -mk )| 2 , ❢♦r ❛♥② u✱ ❛♥❞ ε N k = P N k -Pk = sup u =0 |u * ( P N k -Pk ) u| |u| 2 ≤ 1 N N i=1 ( Xi,f k -mk ) ( Xi,f k -mk ) * -Pk + | 1 N N i=1 Xi,f k -mk | 2 . || ♥➦ ✼✵✶✹ ✶✹ ▲❡ ••❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥ ❋✐♥❛••②✱ ♥♦t✐❝❡ t❤❛t |u * M u| = | m j,j ′ =1 u j M jj ′ u j ′ | ≤ max j=1,••• ,m |u j | 2 m j,j ′ =1 |M jj ′ | ≤ |u| 2 m j,j ′ =1 |M jj ′ | ❤❡♥❝❡ M = sup u =0 |u * M u| |u| 2 ≤ m j,j ′ =1 |M jj ′ | , ❢♦r ❛♥② s②♠♠❡tr✐❝ m × m ♠❛tr✐① M ✳ ❚❛❦✐♥❣ M = 1 N N i=1 ( Xi,f k -mk ) ( Xi,f k -mk ) * -Pk , ❣✐✈❡s M jj ′ = 1 N N i=1 ( Xi,j,f k -mj k ) ( Xi,j ′ ,f k -mj ′ k ) -P j,j ′ k , ❛♥❞ ✐t ❢♦••♦✇s ❢r♦♠ t❤❡ •❛✇ ♦❢ •❛r❣❡ ♥✉♠❜❡rs t❤❛t ε N k ≤ m j,j ′ =1 | 1 N N i=1 ( Xi,j,f k -mj k ) ( Xi,j ′ ,f k -mj ′ k ) -P j,j ′ k | + m j=1 | 1 N N i=1 Xi,j,f k -mj k | 2 -→ 0 , ❛•♠♦st s✉r❡•② ❛s N ↑ ∞✱ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡♥ t❤❡ ▼❛r❝✐♥❦✐❡✇✐❝③✕)②❣♠✉♥❞ ✐♥❡q✉❛•✐t②✱ ②✐❡•❞s ( E|ε N k | p ) 1/p ≤ m j,j ′ =1 ( E| 1 N N i=1 ( Xi,j,f k -mj k ) ( Xi,j ′ ,f k -mj ′ k ) -P j,j ′ k | p ) 1/p + m j=1 ( E| 1 N N i=1 Xi,j,f k -mj k | 2 p ) 1/p ≤ c p √ N m j,j ′ =1 ( E|( Xi,j,f k -mj k ) ( Xi,j ′ ,f k -mj ′ k ) -P j,j ′ k | p ) 1/p + c 2 2p N m j=1 ( E| Xi,j,f k -mj k | 2 p ) 1/p , ❢♦r ❛♥② ♦r❞❡r p ≥ 2✳ ✷ ✹ ❈♦♥t✐❣✉✐t② ♦❢ t❤❡ ❡•❡♠❡♥ts ■♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ∆ N,p,f k = ( 1 N N i=1 |X i,f k -Xi,f k | p ) 1/p ❛♥❞ ∆ N,p,a k = ( 1 N N i=1 |X i,a k -Xi,a k | p ) 1/p , ❛s ♠❡❛s✉r❡s ♦❢ ❝♦♥t✐❣✉✐t② ❜❡t✇❡❡♥ ❡•❡♠❡♥ts ✐♥ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs✳ ❚❤❡s❡ q✉❛♥t✐t✐❡s s❛t✐s❢② t❤❡ ❢♦••♦✇✐♥❣ r❡❝✉rr❡♥❝❡ ✐♥❡q✉❛•✐t✐❡s✱ ✇❤✐❝❤ ❛r❡ t❤❡♥ ✉s❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥s ✹✳✷ ❛♥❞ ✹✳✹ t♦ ♣r♦✈❡ ❛•♠♦st s✉r❡ ❝♦♥t✐❣✉✐t② ❛♥❞ L p ❝♦♥t✐❣✉✐t②✱ r❡s♣❡❝t✐✈❡•②✳ ▲❡♠♠❛ ✹✳✶ ■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦•❞s✱ t❤❡♥ ∆ N,p,f k ≤ L ∆ N,p,a k-1 , ✭✶✶✮ ■◆|■❆ ▲❛r❣❡ ❙❛♠♣•❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜•❡ ❑❛•♠❛♥ ❋✐•t❡r ✶✺ ✇❤❡r❡❛s ✐❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s✱ t❤❡♥ ∆ N,p,f k ≤ L ∆ N,p r,a k-1 (1 + | M N,s p r ′ ,a k-1 | s ) + L |∆ N,p (s+1),a k-1 | s+1 , ✭✶✷✮ ✇❤❡r❡ r, r ′ ❛r❡ ❝♦♥•✉❣❛t❡ ❡①♣♦♥❡♥ts✱ ✐✳❡✳ 1/r + 1/r ′ = 1✱ ❛♥❞ ✐♥ ❛♥② ❝❛s❡ ∆ N,p,a k ≤ C k (∆ N,p,f k + (2 |∆ N,2,f k | 2 + 4 M N,2,f k ∆ N,2,f k + ε N k ) (∆ N,p,f k + RN,p k )) , ✭✶✸✮ ✇❤❡t❤❡r ❆ss✉♠♣t✐♦♥ ❆ ♦r ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s ♦r ♥♦t✳ Pr♦♦❢✳ ■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦•❞s✱ t❤❡♥ ✐t ❢♦••♦✇s ❢r♦♠ ✭✻✮ t❤❛t ( 1 N N i=1 |X i,f k -Xi,f k | p ) 1/p ≤ L ( 1 N N i=1 |X i,a k-1 -Xi,a k-1 | p ) 1/p , ♦r ✐♥ ♦t❤❡r ✇♦r❞s ∆ N,p,f k ≤ L ∆ N,p,a k-1 , ✇❤❡r❡❛s ✐❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s✱ t❤❡♥ ✉s✐♥❣ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ✐t ❢♦••♦✇s ❢r♦♠ ✭✼✮ t❤❛t ( 1 N N i=1 |X i,f k -Xi,f k | p ) 1/p ≤ L ( 1 N N i=1 |X i,a k-1 -Xi,a k-1 | p (1 + | Xi,a k-1 | s ) p ) 1/p + L ( 1 N N i=1 |X i,a k-1 -Xi,a k-1 | p (s+1) ) 1/p , ❛♥❞ ✉s✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡♥ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ❛❣❛✐♥ t♦ ❝♦♥tr♦• t❤❡ ✜rst t❡r♠✱ ②✐❡•❞s ( 1 N N i=1 |X i,a k-1 -Xi,a k-1 | p (1 + | Xi,a k-1 | s ) p ) 1/p ≤ ( 1 N N i=1 |X i,a k-1 -Xi,a k-1 | p r ) 1/p r ( 1 N N i=1 (1 + | Xi,a k-1 | s ) p r ′ ) 1/p r ′ ≤ ( 1 N N i=1 |X i,a k-1 -Xi,a k-1 | p r ) 1/p r (1 + ( 1 N N i=1 | Xi,a k-1 | s p r ′ ) 1/p r ′ ) , ✇❤❡r❡ r, r ′ ❛r❡ ❝♦♥•✉❣❛t❡ ❡①♣♦♥❡♥ts✱ ✐✳❡✳ 1/r + 1/r ′ = 1✱ ♦r ✐♥ ♦t❤❡r ✇♦r❞s ∆ N,p,f k ≤ L ∆ N,p r,a k-1 (1 + | M N,s p r ′ ,a k-1 | s ) + L |∆ N,p (s+1),a k-1 | s+1 . ❙✐♠✐•❛r•②✱ ✐t ❢♦••♦✇s ❢r♦♠ ✭✽✮ ❛♥❞ ✭✾✮ t❤❛t ✐♥ ❛♥② ❝❛s❡ |X i,a k -Xi,a k | ≤ I -K k ( Pk ) H k |X i,f k -Xi,f k | + K k (P N k ) -K k ( Pk ) H k |X i,f k -Xi,f k | + K k (P N k ) -K k ( Pk ) |Y k -H k Xi,f k + V i k | ≤ I -K k ( Pk ) H k |X i,f k -Xi,f k | + I -K k ( Pk ) H k H k 2 λ min (R k ) P N k -Pk |X i,f k -Xi,f k | + I -K k ( Pk ) H k H k λ min (R k ) P N k -Pk |Y k -H k Xi,f k -V i k | ≤ C k ( |X i,f k -Xi,f k | + P N k -Pk ( |X i,f k -Xi,f k | + |Y k -H k Xi,f k -V i k | )) , || ♥➦ ✼✵✶✹ ✶✻ ▲❡ ••❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥ ✇❤❡t❤❡r ❆ss✉♠♣t✐♦♥ ❆ ♦r ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s ♦r ♥♦t✱ ✇❤❡r❡ C k = I -K k ( Pk ) H k max(1, H k λ min (R k ) , H k 2 λ min (R k ) ) , ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ②✐❡•❞s ( 1 N N i=1 |X i,a k -Xi,a k | p ) 1/p ≤ C k ( ( 1 N N i=1 |X i,f k -Xi,f k | p ) 1/p + P N k -Pk ( 1 N N i=1 |X i,f k -Xi,f k | p ) 1/p + P N k -Pk ( 1 N N i=1 |Y k -H k Xi,f k -V i k | p ) 1/p ) , ♦r ✐♥ ♦t❤❡r ✇♦r❞s ∆ N,p,a k ≤ C k (∆ N,p,f k + P N k -Pk (∆ N,p,f k + RN,p k )) , ❛♥❞ ✐t ❢♦••♦✇s ❢r♦♠ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ❛♥❞ ❢r♦♠ ✭✶✵✮ t❤❛t P N k -Pk ≤ P N k -P N k + P N k -Pk ≤ 2 |∆ N,2,f k | 2 + 4 M N,2,f k ∆ N,2,f k + ε N k , ❤❡♥❝❡ ∆ N,p,a k ≤ C k (∆ N,p,f k + (2 |∆ N,2,f k | 2 + 4 M N,2,f k ∆ N,2,f k + ε N k ) (∆ N,p,f k + RN,p k )) . ✷ ✹✳✶ ❆•♠♦st s✉r❡ ❝♦♥t✐❣✉✐t② ♦❢ t❤❡ ❡•❡♠❡♥ts Pr♦♣♦s✐t✐♦♥ ✹✳✷ ■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦•❞s✱ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X 0 ❤❛s ✜♥✐t❡ ♠♦♠❡♥t ♦❢ ♦r❞❡r p ❢♦r s♦♠❡ p ≥ 2✱ t❤❡♥ ∆ N,p,f k -→ 0 ❛♥❞ ∆ N,p,a k -→ 0 , ❢♦r t❤❡ s❛♠❡ ♦r❞❡r p✱ ❛•♠♦st s✉r❡•② ❛s N ↑ ∞✳ ■❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s✱ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X 0 ❤❛s ✜♥✐t❡ ♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r✱ t❤❡♥ ∆ N,p,f k -→ 0 ❛♥❞ ∆ N,p,a k -→ 0 , ❢♦r ❛♥② ♦r❞❡r p✱ ❛•♠♦st s✉r❡•② ❛s N ↑ ∞✳ Pr♦♦❢ ✭❜② ✐♥❞✉❝t✐♦♥✮✳ ■♥✐t✐❛••② ∆ N,p,f 0 = ( 1 N N i=1 |X i,f 0 -Xi,f 0 | p ) 1/p = 0 . ■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦•❞s✱ t❤❡♥ ❡st✐♠❛t❡ ✭✶✶✮ ❤♦•❞s✱ ✐✳❡✳ ∆ N,p,f k ≤ L ∆ N,p,a k-1 , ❛♥❞ ✐t ❢♦••♦✇s ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t ∆ N,p,f k -→ 0 ❛•♠♦st s✉r❡•② ❛s N ↑ ∞✱ ✇❤❡r❡❛s ✐❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s✱ t❤❡♥ ❡st✐♠❛t❡ ✭✶✷✮ ❤♦•❞s✱ ✐✳❡✳ ∆ N,p,f k ≤ L ∆ N,p r,a k-1 (1 + | M N,s p r ′ ,a k-1 | s ) + L |∆ N,p (s+1),a k-1 | s+1 , ❛♥❞ s✐♥❝❡ M N,s p r ′ ,a k-1 -→ M s p r ′ ,a k-1 ❛•♠♦st s✉r❡•② ❛s N ↑ ∞✱ ✇✐t❤ ❛ ✜♥✐t❡ •✐♠✐t M s p r ′ ,a k-1 ✱ t❤❡♥ ✐t ❢♦••♦✇s ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t ∆ N,p,f k -→ 0 ❛•♠♦st s✉r❡•② ❛s N ↑ ∞✳ ■♥ ❛♥② ❝❛s❡ ❡st✐♠❛t❡ ✭✶✸✮ ❤♦•❞s✱ ✐✳❡✳ ∆ N,p,a k ≤ C k (∆ N,p,f k + (2 |∆ N,2,f k | 2 + 4 M N,2,f k ∆ N,2,f k + ε N k ) (∆ N,p,f k + RN,p k )) , ✇❤❡t❤❡r ❆ss✉♠♣t✐♦♥ ❆ ♦r ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s ♦r ♥♦t✱ ❛♥❞ s✐♥❝❡ M N,2,f k -→ M 2,f k ❛♥❞ R N,p k -→ R p k ❛•♠♦st s✉r❡•② ❛s N ↑ ∞✱ ✇✐t❤ ✜♥✐t❡ •✐♠✐ts M 2,f k ❛♥❞ R p k ✱ ❛♥❞ s✐♥❝❡ ε N k -→ 0 ❛•♠♦st s✉r❡•② ❛s N ↑ ∞ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✸✳✸✱ t❤❡♥ ✐t ❢♦••♦✇s ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t ∆ N,p,a k -→ 0 ❛•♠♦st s✉r❡•② ❛s N ↑ ∞✳ ✷ ■◆|■❆ ▲❛r❣❡ ❙❛♠♣•❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜•❡ ❑❛•♠❛♥ ❋✐•t❡r ✶✼ ✹✳✷ L p ✕❝♦♥t✐❣✉✐t② ♦❢ t❤❡ ❡•❡♠❡♥ts ❚❤❡ q✉❛♥t✐t✐❡s D N,p,f k = ( E|X i,f k -Xi,f k | p ) 1/p ❛♥❞ D N,p,a k = ( E|X i,a k -Xi,a k | p ) 1/p , ✇❤✐❝❤ st✐•• ❞❡♣❡♥❞s ♦♥ N ✱ s✐♥❝❡ t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ ❛♥ ❡•❡♠❡♥t ✐♥ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r ❞❡♣❡♥❞s ♦♥ t❤❡ ❡♥s❡♠❜•❡ s✐③❡✱ ❛r❡ ✉s❡❞ t♦ ❝♦♥tr♦• t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♠❡❛s✉r❡s ♦❢ ❝♦♥t✐❣✉✐t②✳ ▲❡♠♠❛ ✹✳✸ ( E|∆ N,p,f k | q ) 1/q ≤ D N,p∨q,f k ❛♥❞ ( E|∆ N,p,a k | q ) 1/q ≤ D N,p∨q,a k , ❛♥❞ ( E| M N,p,f k | q ) 1/q ≤ M p∨q,f k ❛♥❞ ( E| M N,p,a k | q ) 1/q ≤ M p∨q,a k , ✇❤❡r❡❛s ❡q✉❛•✐t✐❡s ❤♦•❞ ✐❢ p = q✳ Pr♦♦❢✳ ❚❤r♦✉❣❤♦✉t t❤❡ ♣r♦♦❢✱ •❡t t❤❡ s✉♣❡rs❝r✐♣t • ✐♥❞❡① ❡✐t❤❡r ❢♦r❡❝❛st✕r❡•❛t❡❞ ♦r ❛♥❛•②s✐s✕r❡•❛t❡❞ q✉❛♥t✐t✐❡s✳ ❈•❡❛r•② E|∆ N,p,• k | p = E( 1 N N i=1 |X i,• k -Xi,• k | p ) = E|X i,• k -Xi,• k | p = |D N,p,• k | p , s✐♥❝❡ (X i,• k , Xi,• k ) ❤❛✈❡ t❤❡ s❛♠❡ •♦✐♥t ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ❢♦r ❛♥② i = 1, • • • , N ✱ ❜② s②♠♠❡tr②✱ ❤❡♥❝❡ ( E|∆ N,p,• k | p ) 1/p = D N,p,• k , ✇❤✐❝❤ ♣r♦✈❡s t❤❡ r❡s✉•t ❢♦r q = p✳ ■❢ q ≥ p✱ t❤❡♥ t❤❡ ♠❛♣♣✐♥❣ x → x q/p ✐s ❝♦♥✈❡① ❛♥❞ ✐t ❢♦••♦✇s ❢r♦♠ t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛•✐t② t❤❛t |∆ N,p,• k | q = ( 1 N N i=1 |X i,• k -Xi,• k | p ) q/p ≤ ( 1 N N i=1 |X i,• k -Xi,• k | q ) = |∆ N,q,• k | q , ❤❡♥❝❡ ( E|∆ N,p,• k | q ) 1/q ≤ ( E|∆ N,q,• k | q ) 1/q = D N,q,• k . ■❢ q ≤ p✱ t❤❡♥ t❤❡ ♠❛♣♣✐♥❣ x → x q/p ✐s ❝♦♥❝❛✈❡ ❛♥❞ ✐t ❢♦••♦✇s ❢r♦♠ t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛•✐t② t❤❛t E|∆ N,p,• k | q = E(|∆ N,p,• k | p ) q/p ≤ ( E|∆ N,p,• k | p ) q/p = |D N,p,• k | q , ❤❡♥❝❡ ( E|∆ N,p,• k | q ) 1/q ≤ D N,p,• k . ❙✐♠✐•❛r•② E| M N,p,• k | p = E( 1 N N i=1 | Xi,• k | p ) = E| Xi,• k | p = | M p,• k | p , s✐♥❝❡ Xi,• k ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❢♦r ❛♥② i = 1, • • • , N ✱ ❤❡♥❝❡ ( E| M N,p,• k | p ) 1/p = M p,• k , ✇❤✐❝❤ ♣r♦✈❡s t❤❡ r❡s✉•t ❢♦r q = p✱ ❛♥❞ t❤❡ r❡s✉•t ❢♦r t❤❡ t✇♦ ❝❛s❡s q ≥ p ❛♥❞ q ≤ p ❝❛♥ ❛❣❛✐♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② s✐♠♣•❡ ❝♦♥✈❡①✐t② ❛r❣✉♠❡♥ts✳ ✷ Pr♦♣♦s✐t✐♦♥ ✹✳✹ ■❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s✱ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X 0 ❤❛s ✜♥✐t❡ ♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r✱ t❤❡♥ sup N ≥1 √ N D N,p,f k < ∞ ❛♥❞ sup N ≥1 √ N D N,p,a k < ∞ , ❢♦r ❛♥② ♦r❞❡r p✳ || ♥➦ ✼✵✶✹ ✶✽ ▲❡ ••❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥ Pr♦♦❢ ✭❜② ✐♥❞✉❝t✐♦♥✮✳ ■♥✐t✐❛••② ∆ N,p,f 0 = ( 1 N N i=1 |X i,f 0 -Xi,f 0 | p ) 1/p = 0 . ■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦•❞s✱ t❤❡♥ ❡st✐♠❛t❡ ✭✶✶✮ ❤♦•❞s✱ ✐✳❡✳ ∆ N,p,f k ≤ L ∆ N,p,a k-1 , ❤❡♥❝❡ ( E|∆ N,p,f k | p ) 1/p ≤ L ( E|∆ N,p,a k-1 | p ) 1/p , ♦r ✐♥ ♦t❤❡r ✇♦r❞s D N,p,f k ≤ L D N,p,a k-1 , ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✹✳✸✱ ❛♥❞ ✐t ❢♦••♦✇s ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t √ N D N,p,f k ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✇✳r✳t✳ N ✱ ✇❤❡r❡❛s ✐❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s✱ t❤❡♥ ❡st✐♠❛t❡ ✭✶✷✮ ❤♦•❞s✱ ✐✳❡✳ ∆ N,p,f k ≤ L ∆ N,p r,a k-1 (1 + | M N,s p r ′ ,a k-1 | s ) + L |∆ N,p (s+1),a k-1 | s+1 , ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ②✐❡•❞s ( E|∆ N,p,f k | p ) 1/p ≤ L ( E(|∆ N,p r,a k-1 | p (1 + | M N,s p r ′ ,a k-1 | s ) p ) ) 1/p + L ( E|∆ N,p (s+1),a k-1 | p(s+1) ) 1/p , ❛♥❞ ✉s✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡♥ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ❛❣❛✐♥ t♦ ❝♦♥tr♦• t❤❡ ✜rst t❡r♠✱ ②✐❡•❞s ( E(|∆ N,p r,a k-1 | p (1 + | M N,s p r ′ ,a k-1 | s ) p ) ) 1/p ≤ ( E|∆ N,p r,a k-1 | p r
D N,p,a k ≤ C k D N,p,f k + 2 C k D N,2∨(p r),f k (D N,2∨(p r ′ ),f k + 2 M 2∨(p r ′ ),f k ) (D N,p r ′′ ,f k + Rp r ′′ k ) + C k ( E|ε N k | p q ) 1/p q (D N,p q ′ ,f k + Rp q ′ k ) , ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✹✳✸✱ ❛♥❞ s✐♥❝❡ M 2∨(p r ′ ),f k ✱ Rp r ′′ k ❛♥❞ Rp q ′ k ❛r❡ ✜♥✐t❡✱ ❛♥❞ s✐♥❝❡ √ N ε N k ✐s ❜♦✉♥❞❡❞ ✐♥ L p q ✉♥✐❢♦

  ❛r❡ s✐♠✉•❛t❡❞ ❤❡r❡✱ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ❛❞❞✐t✐✈❡•❛✉ss✐❛♥ ♥♦✐s❡ V k ✐♥ t❤❡ ♦r✐❣✐♥❛• ♦❜s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥✳ ❚❤❡ r❛t✐♦♥❛•❡ ❜❡❤✐♥❞ t❤❡ s✐♠✉•❛t✐♦♥ ♦❢ t❤❡s❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ✐s ❡①♣•❛✐♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✶✳ ■♥ ♣r❛❝t✐❝❡ ❤♦✇❡✈❡r✱ t❤❡ ❡♠♣✐r✐❝❛• ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P N k ✐s ♥❡✈❡r ❝♦♠♣✉t❡❞ ♦r st♦r❡❞ ✿ ✐♥❞❡❡❞✱ t♦ ❡✈❛•✉❛t❡ t❤❡ ♠❛tr✐①✕✈❡❝t♦r ♣r♦❞✉❝t P N k u ✇❤❡r❡ u ✐s ❛ ✭❝♦•✉♠♥✮ ✈❡❝t♦r ♦❢ ❞✐♠❡♥s✐♦♥ m✱ ♦♥•② N s❝❛•❛r ♣r♦❞✉❝ts ♥❡❡❞ t♦ ❜❡ ❡✈❛•✉❛t❡❞✱ s✐♥❝❡

  ) 1/p r ( E(1 + | M N,s p r ′ ,a k-1 | s ) p r ′ ) 1/p r ′ ≤ ( E|∆ N,p r,a k-1 | p r ) 1/p r (1 + ( E| M N,s p r ′ ,a k-1 | s p r ′ ) 1/p r ′ ) , ✇❤❡r❡ r, r ′ ❛r❡ ❝♦♥•✉❣❛t❡ ❡①♣♦♥❡♥ts✱ ✐✳❡✳ 1/r + 1/r ′ = 1✱ ♦r ✐♥ ♦t❤❡r ✇♦r❞s ♦❢ ▲❡♠♠❛ ✹✳✸✱ ❛♥❞ s✐♥❝❡ M s p r ′ ,a k-1 ✐s ✜♥✐t❡✱ t❤❡♥ ✐t ❢♦••♦✇s ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t √ N D N,p,f k ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✇✳r✳t✳ N ✳ ■♥ ❛♥② ❝❛s❡ ❡st✐♠❛t❡ ✭✶✸✮ ❤♦•❞s✱ ✐✳❡✳ t✐♦♥ ❆ ♦r ❆ss✉♠♣t✐♦♥ ❇ ❤♦•❞s ♦r ♥♦t✱ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ②✐❡•❞s ( E|∆ N,p,a k | p ) 1/p ≤ C k ( E|∆ N,pk | p ) ) 1/p + C k ( E(|ε N k | p |∆ N,p,f k + RN,p k | p ) ) 1/p , ■◆|■❆ ▲❛r❣❡ ❙❛♠♣•❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜•❡ ❑❛•♠❛♥ ❋✐•t❡r ✶✾ ❛♥❞ ✉s✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡♥ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ❛❣❛✐♥ t♦ ❝♦♥tr♦• t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ t❡r♠s✱ ②✐❡′ ) 1/p r ′ ( E|∆ N,p,f k + RN,p k | p r ′′ ) 1/p r ′′ ≤ ( E|∆ N,2,f k | p r ) 1/p r (( E|∆ N,2,f k | p r ′ ) 1/p r ′ + 2 ( E| M N,2,f k | p r ′ ) 1/p r ′ ) (( E|∆ N,p,f k | p r ′′ ) 1/p r ′′ + ( E| RN,p k | p r ′′ ) 1/p r ′′ ) , ✇❤❡r❡ r, r ′ , r ′′ ❛r❡ ❝♦♥•✉❣❛t❡ ❡①♣♦♥❡♥ts✱ ✐✳❡✳ 1/r + 1/r ′ + 1/r ′′ = 1✱ ❛♥❞ ( E(|ε N k | p |∆ N,p,f k + RN,p k | p ) ) 1/p

  r♠•② ✇✳r✳t✳ N ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✸✳✸✱ t❤❡♥ ✐t ❢♦••♦✇s ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t √ N D N,p,a k ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✇✳r✳t✳ N ✳ ✷ ✺ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r ■♥ ✈✐❡✇ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ μ• k (dx) ) , ✇❤❡r❡ t❤❡ s✉♣❡rs❝r✐♣t • ✐♥❞❡①❡s ❡✐t❤❡r ❢♦r❡❝❛st✕r❡•❛t❡❞ ♦r ❛♥❛•②s✐s✕r❡•❛t❡❞ q✉❛♥t✐t✐❡s✱ ✐t ✐s ✐♥t✉✐t✐✈❡•② ❝•❡❛r t❤❛t ❛•♠♦st s✉r❡ ❝♦♥t✐❣✉✐t② ♦❢ t❤❡ ❡•❡♠❡♥ts✱ ♣r♦✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✷✱ ❛♥❞ t❤❡ str♦♥❣ •❛✇ ♦❢ •❛r❣❡ ♥✉♠❜❡rs ❢♦r t❤❡ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ❝♦✉•❞ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♠♣✐r✐❝❛• ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡•❡♠❡♥ts ♦❢ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r✱ ❛•♠♦st s✉r❡•②✳ ❙✐♠✐•❛r•②✱ L p ✕❝♦♥t✐❣✉✐t② ♦❢ t❤❡ ❡•❡♠❡♥ts✱ ♣r♦✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✹✱ ❛♥❞ t❤❡ ▼❛r❝✐♥❦✐❡✇✐❝③✕)②❣♠✉♥❞ ✐♥❡q✉❛•✐t② ❬✶✸✱ ❈❤❛♣t❡r ✸✱ ❙❡❝t✐♦♥ ✽( ❢♦r t❤❡ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ❝♦✉•❞ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♠♣✐r✐❝❛• ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡•❡♠❡♥ts ♦❢ t❤❡ ❡♥s❡♠❜•❡ ❑❛•♠❛♥ ✜•t❡r✱ ✐♥ L p ✕♠❡❛♥✳ ❚❤❡s❡ st❛t❡♠❡♥ts ❛r❡ ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠s ✺✳✶ ❛♥❞ ✺✳✷✱ r❡s♣❡❝t✐✈❡•②✳ ✺✳✶ ❆•♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ ✺✳✶ ▲❡t φ ❜❡ ❛ •♦❝❛••② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ ✇✐t❤ ❛t ♠♦st ♣♦•②♥♦♠✐❛• ❣r♦✇t❤ ❛t ✐♥✜♥✐t②✱ ✐✳❡✳ |φ(x) -φ(x ′ )| ≤ L |x -x ′ | (1 + |x| σ + |x ′ | σ ) , ❢♦r ❛♥② x, x ′ ∈ R m ❛♥❞ ❢♦r s♦♠❡ σ ≥ 0✳ || ♥➦ ✼✵✶✹

■♥ t❤❡ ✇❡✐❣❤t✐♥❣ st❡♣✱ ❡❛❝❤ ✇❡✐❣❤t ✐s ✉♣❞❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦