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Application du flux DFLU aux systemes de lois de conservation

Résure : Le flux numérique DFLU a été introduit afin de résoudre s de conservation scalaires
hyperbolique avec des fonctions de flux discontinues encespdlous montrons comment ce flux peut
étre utilisé pour résoudre des systemes de lois de paatgmn. On obtient ainsi un flux numérique tres
proche du flux de Godunov. Comme exemple on considere uarsgsinodélisant I'injection de polymere
en ingéniérie de réservoir pétrolier.

Mots-clés : Volumes finis, différences finies, solveurs de Riemanntésges de lois de conservation,
écoulements en milieu poreux, injection de polymeéres.



Applications of the DFLU flux to systems of conservation laws 3

1 Introduction

The main difficulty in the numerical solution of systems ofiservation laws is the complexity of con-
structing the Riemann solvers. One way to overcome thiscdlffi is to consider centered schemes as in
[15,[18,/22] 23] 3]. However, in general these schemes are diffusive than Godunov type methods
based on exact or approximate Riemann solvers when thinaliee is available. Therefore in this paper
we will consider Godunov type methods. Most often the nucabsolution requires the calculation of
eigenvalues or eigenvectors of the Jacobian matrix of teery. This is even more complicated when the
system is non-strictly hyperbolic, i.e. eigenvectors arelinearly independent. In this paper we present a
new approach which do not require such eigenvalue and edgancalculations.
Let us consider a system of conservation laws in consep/&iivn

Ut+(F(U))$:07 U:(u1,~~-,u']), F:(fla"'vf.])'
A conservative finite volume method reads

Uttt —up N Filrge —Flyp

At h
WhereF?H/2 is a numerical flux calculated using an exact or approxima&eBnn solver. In a first order
scheme this numerical flux is calculated using the left agttrvaluesUy and U}, ;. If we solve the

equation field by field thg-th equation reads

0

i1 ; g i
wl" " N Fiye —Filys 0
At h
where thej-th numerical flux is a function oU} andU?, ;:
j,m _ i/ 1n j,m Jn 1n ,m J,n .
Fz:7+1/2_FJ(ui ,...,u‘z 7...,ui ,ui+1,...,u‘z+1,...7ui+1), j_17)J

This flux function can be calculated by solving the scalaniian problem fot > ¢,,:

ug + (fj,n(uj, x)):v =0, (2)

ul (2, t,) = uZ" if o <219, ul (2, t,) = uffl if x> 2419,
where the flux functiorf?, discontinuous at the point= Tit1/2, IS defined by

7 PN j i1 j—1 S| Jny
P z) = [0 w) = Pl u] ] T ) i < g,

£i, j — £ j i(,,1 j—1, j j+1, J, ;
f]'”(u],x) = fljzn(u]) = f](ui-ﬁ-nl’ c 7u£+1 n’uj’ug-i—l n’ c ’ui-i—nl> if z > Tit1/2

(@)

(L and R refer to left and right of the point_; /5).

Scalar conservation laws like equatidn (1) with a flux fumetdiscontinuous in space have been the
object of many studie§ [7, 17, 114,[8,110] 13}, [24,[25, 6| 20, P, Ih6articular, in [2] a Godunov type finite
volume scheme was proposed and convergence to a propgreatnadition was proved, provided that the
left and right flux functions have exactly one local maximumad ghe same end points (the case where the
flux functions has exactly one local minimum can be treatespoyetry). At the discontinuity the interface
flux, that we call the DFLU flux, is given by the formula

Ffyy (s, ur) = min{ fr(minfuz, 0,}), fr(max{ur, 6c}) . ©

if f denotes the scalar flux function afigd =argmaxf;), 0r =argmaxfr). Whenf. = fx this formula
is equivalent to the Godunov flux so formuld (3) can be seemasxtension of the Godunov flux to the
case of a flux function discontinuous in space. In the casgsitms formulal(3) can be applied to the
fluxes f7"™ and f".

To illustrate the method we consider the system of conservéws arising for polymer flooding in
reservoir simulation which is described in secfion 2. Thyistam, or similar systems of equations, is non-
strictly hyperbolic and is studied in several papers [23,/112[9]. For example ir [12] the authors solve
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4 Adimurthi & G. D. Veerappa Gowda & J. Ja#fr

Riemann problems associated to this system when gravitggteated and therefore the fractional flow
function is an increasing function of the unknown. In thiseathe eigenvalues of the corresponding Jaco-
bian matrix are positive and hence it is less difficult to ¢nmg Godunov type schemes which turn out to
be upwind schemes. When the above model with gravity effectsnsidered, then the flux function is not
necessarily monotone and hence the eigenvalues can chigngélsis makes the construction of Godunov
type schemes more difficult as it involves exact solution®Rigmann problems with a nonmonotonous
fractional flow function. Therefore in secti@h 3 we solve Riemann problems in the general case when
gravity terms are taken into account so the flux function isargymore monotone. This will allow to
compare our method with that using an exact Riemann solvesettior # we consider Godunov type
finite volume schemes. We present the DFLU scheme for themysf polymer flooding and compare
it to the Godunov scheme whose flux is given by the exact swiutf the Riemann problem. We also
present several other possible numerical fluxes, centiueetdax-Friedrichs or Force, or upstream like the
upstream mobility flux commonly used in reservoir engineg{#,[5/16]. Finally in sectionl5 we compare
numerically the DFLU method with these fluxes.

2 A system of conservation laws modeling polymer flooding

A polymer flooding model for enhanced oil recovery in petumleengineering was introduced [n [19] as
the following2 x 2 system of conservation laws

St + f(S, C):c =0

(sc+a(e)s + (cf(s,0)e = 0 (4)

wheret > 0 andz € R, (s,¢) € I x I with I =0,1]. s = s(z,t) denotes the saturation of the wetting
phase, sd — s is the saturation of the oil phase.= ¢(z, t) denotes the concentration of the polymer in
the wetting phase which we have normalized. Here the pgrasis set to 1 to simplify notations. The flux

function f is the Darcy velocity of the wetting phagg and is determined by the relative permeabilities
and the mobilities of the wetting and oil phases, and by tieénce of gravity:

A1(s,¢)

fs,0) =1 = A1(s,¢) + Aa(s, ¢

)[<P+ (91 — g2)Xa(s; 0)]. (5)

The quantities\,, ¢ = 1,2 are the mobilities of the two phases, with= 1 referring to the wetting phase
and/ = 2 referring to the oil phase:

Kk
Ae(s,¢) = is),f =1,2,
tu(c)
where K is the absolute permeability, arkd, and i, are respectively the relative permeability and the
viscosity of the phasé kr; is an increasing function of such thatr; (0) = 0 while kr» is a decreasing
function of s such thakr, (1) = 0. Therefore\,, ¢ = 1, 2 satisfy

A1 = M (s, ¢)is an increasing functions ef A;(0,¢) =0 Ve € [0, 1], (6)
A2 = Aa(s, ¢) is a decreasing functions ef A\2(1,¢) =0 Ve € [0,1].
The idea of polymer flooding is to dissolve a polymer in thedat¢d water in order to increase the viscosity
of the injected wetting phase. Thus the injected wettingsplvaill not be able to bypass oil so one obtains
a better displacement of the oil by the injected phase. Therg; (c) is increasing withc while o will
be taken as a constant assuming there is no chemical rebetimeen the polymer and the oil. Therefore
f will decrease with respect © The functiona = a(c) models the adsorption of the polymer by the rock
and is increasing with.

p is the total Darcy velocity, that is the sum of the Darcy véles of the two phaseg; andy,:

A2
A1+ A

A1
A1+ A

o=p1+p2, @1= [+ (91 —g2)A2], 2= [+ (g2 — g1) A1)

INRIA



Applications of the DFLU flux to systems of conservation laws 5

 is a constant in space since we assume that the flow is incesipl® The gravity constanis, g» of
the phases are proportional to their density.
To equation[(4) we add the initial condition

(s(x,0), ¢(x,0)) = (s0(), co())- (7)

Since the case whehis monotone was already studiedlin[12], 11], we concentrate@nonmonotone
case which is more complicated and corresponds to takingaitdount gravity. Therefore we assume that
¢ = 0 so for the nonlinearities of the systel (4). We will assunse #that phase 1 is heavier than phase 2
(91 > g2) so we can assume the following properties:

(i) f(s,c) >0,f(0,¢)=f(l,c)=0forallceI.
(i) The functions — f(s, ¢) has exactly one global maximum irwith 6§ =argmaxf).
(iii) fe(s,c) <0V se(0,1)andforallc e I

(iv) The adsorbtion term = a(c) satisfies

da d*a
a(0) =0, h(c)—%(c)>07 ﬁ(c)<0forallcel.
Typical shapes of functionsanda are shown in Fig: 1. We expand the derivatives in equatidran(d we
f('a C) a
. \
0 0
0 0 1s 0 c

Figure 1: Shapes of flux function— f(s, ¢) (left) and adsorption functioa — a(c) (right).

plug the resulting first equation into the second one. Theobtain the system in nonconservative form

St—l—fs(S,C)Sw—i-fc(S,C)Cw = 0,
(s+d(e)er + f(s,¢))ce = 0.

Let U denote the state vectdt = (s, ¢) and introduce the upper triangular matrix

fs fe
AU =1, f
s+ad(c)

and the systenfi{4) can be read in matrix form as
Ui+ AU)U, = 0.
f

The eigenvalues ofl are\* = f, and\¢ = P with corresponding eigenvectars = (1,0), e® =
S a

(fe, A= X)) if 0 < s < 1ande® = (0,1) if s = 0,1. The eigenvalue® may change sign whereas the
eigenvalue\© is always positive. One can observe that for eaeh! there exists a unique’ = s*(c¢) €
(0,1) such that

A(s%,¢) = A¥(s*,¢)

(see Fid.R). For this couples*,c), A = )%, hence eigenvectors are not linearly independent and the
problem is nonstrictly hyperbolic.

RR n° 7009



6 Adimurthi & G. D. Veerappa Gowda & J. Ja#fr

Any weak solution of[(¥) has to satisfy the Rankine-Hugojiatp conditions given by
f(sr,cr) — f(sL, CL) = o(sp—sL), (8)

crf(sr,cr) —cnf(sp,c) = o(sger+ alcr) — sper — aler)),

where(sy, cr), (sr, cr) denote the left and right values of the coufdec) at a certain point of disconti-
nuity.
Whenci = ¢r, the second equation reduces to the first equation and tleel sfehe discontinuity
o is given by the first equation only. Now we are interested ndhsecg # cr. By combining the two
equations[(iB) we may write
(cr —cr)f(sL,cr) = o(cr —cp)s +o(alcr) — alcr))

where

sp+ar(cr)’

a\c) —al\c .
o — f(sr,cr) an(c) = M if c¢#cp,
a'(c) if c=cy.
Plugging this into first equation dfl(8), we obtain
o(sg +ar(cr)) = o(sc +ac(cr)) + f(sr.cr) — f(sL,cn) = f(srscr).
Hence where;, # cr the Rankine-Hugoniot conditiohl(8) reduces to

flsrier) _ flswer) _ ©)

sp+ar(cr) sp+ar(cr)

3 Riemann problem

In this section we solve the Riemann problems associatédawit system, that we solve systdm (4) with
the initial condition

_f s it 2z <0, e it z<O,
“%m—{sRifx>0’ d%m_{cRifx>0' (10)

Solution to [I0) is constructed by using elementary wavesaated with the system. There are two
families of waves, refered to as thendc families. s waves consist of rarefaction and shocks (or contact
discontinuity) across whick changes continuously and discontinuously respectiveiyabross which:
remains constant.waves consist solely of contact discontinuities, acrosshvboths andc changes such
f(s,0)
that———
s+a'(c
First define a functioa, by

~ {M if c+#cr

a'(c) if c=cy.

remains constant in the sense[df (9).

We will restrict to the case;, > cr. The case; < cg can be treated similarly.

Whency > cg the flux functions for the first equatiohl(4) — f(s,cr) ands — f(s,cgr) are as
represented in Figl]2, that i8(s,c) < f(s,cr) Vs € (0,1). Letdr andfp be the points at which
f(,cr)andf(.,cr) reach their maxima respectively.

Let s* € (0,1) be a point at whichyf,(s*,cr) = *ff_i’c(“) Now draw a line through the points

S ar\Cr
(—ar(cr),0) and(s*, f(s*, cr) which intersects the curvg(s, cg) at a pointd > s* (see Fig[R).

INRIA



Applications of the DFLU flux to systems of conservation laws 7

f(SaCR)
f(sch)

Figure 2: Two flux functiond (s, c¢z.) and f (s, cr) with ¢z, > cg.

Our study of Riemann problems separates into two cages s* ands; > s* which themselves
separate into several subcases.

e Case 1:sy, < s*.
Draw a line passing through the poirts.,, f (s, cr)) and(—ar(cg),0). This line intersects the

curvef (s, cgr) at pointss and B (see Fig[B ). Now we divide this into two subcases.

e Caselaisg < B
(a) Connectsy,, cr,) to (5, cr) by c-wave with a speed
f(sp,cL) f(3.cr)

Oc = = =" )
sp+ar(cr) S+ar(cr)

(b) Next connecfs, cg) to (sg, cr) by as-wave, along the curvé(s, cr) (see Fig[B).

For example ifsp > 5 and f(s,c) and f(s,cr) are concave functions then the solution of the
Riemann problem is given by

(sp,cn) if x <o,
(s(z,t),c(z,t)) =< (S,cr) if ot <z <ost, (11)
(sr,cr) i x> o4t

where

f(spser)  f(3,cr) ” ~ f(B,cr) = f(sr,cRr)

Oe = = s = .

SL+ZLL(CR) E—I—ZLL(CR)’ S§— SR
Note thatd < 0. < 0.
T = 0.t
3 T = 04t
(3,¢cr) -
(sz,cr) 7" (sr.cR)
*aL(CR) S SI, s* A sgpB (SL,CL) 0 (SR,CR)

Figure 3: Solution of Riemann problein {10) with < s* andsp < B.
* Case 1lb:sp > B.

Draw a line passing through the poirftsz, f(sr,cr)) and(—ar(cr),0). This line intersects the
curvef(s,cr) at a points (see Fig[4).

RR n° 7009



Adimurthi & G. D. Veerappa Gowda & J. Ja#fr

(a) Connectsy, cr,) to (5, cr) by as-wave along the curvé(s, cr,).
(b) Next connects, c1,) to (sg, cr) by ac-wave with a speed

f(sr,cRr) f(5,cr)

T, = = .
" sgp+ar(cg) S+ar(cr)

For example iff (s, ¢, ) and f (s, cg) are concave functions then the solution is given by

(sp,cn) if < ost,
(s(z,t),c(z,t)) =< (S,en) 0 ost <z <oet (12)
(sr,cr) if x>0t

where

f(sr,er)  f(3,cL) - ~ fGByen) = f(sp,cr)

o, = = = .
¢ SR—l—dL(CR) g—l—dL(CR), s S — Sy,

Note thato; < o. and(sy,cy,) is connected t@s, ¢;,) by as-shock wave ands, c;,) is connected
to (sgr, cr) by ac-shock wave.

(sL,cr) (8rsCR)

—dL(CR) sp, s* A B s sp (SL,CL) 0 (SR,CR)

Figure 4: Solution of Riemann problefn{10) with < s* andsy > B.

Case 2:sy, > s*.

Case 2aisp < A.

(a) Connectsy, cr) to (s*, cr.) by as-wave along the curvé(s, cr,).

(b) Connect{s*, c) to (5, cr) by ac-wave.

(c) Connecis, cg) to (sg, cr) by as-wave along the curvé(s, cg) (see Fig[h).

For example ifsg < s, then the solution is given by

(sL,cr) if x<oit,
((fs) H(%,cn),e) i o1t <a < oat,
(s(z,t),c(z,t)) =< (5,¢cr if oot <z <ost,
((fs)_l(%,CR),CR) if o3t <z <out,
(Sr,cr) if x> o4t
where
f(S*aCL)

01 :fS(SchL)a JQZfS(S*ch): ) 03:f5(§acR)a 0—4:f5(svaR)'

s* +ar(cr)
Here(sy, cy) is connected tds*, c;,) by as-rarefaction wave(s*, ¢;,) is connected tds, cr) by a

c-shock wave and (see Figl 5).df; > 5 then(s, cg) would be connected tGs, cg) by as-chock
wave.

INRIA



Applications of the DFLU flux to systems of conservation laws 9

T = o1t T = oot

r = o3t

x = oyt
SR,CR)

*aL(CR) SR S s* 0, A s (SL,CL) 0 (SR,CR)

(sL.cr)

Figure 5: Solution of Riemann problem {10) with > s* andsyr < A.

e Case2b:sp > A

Draw a line passing through the poirtsz, f(sr,cr)) and(—ar(cr),0). This line intersects the
curvef(s, cr) at a points (see Fig[h).

xr = o’st xr = O'Ct
\‘, (gv CL)
(sp,cr) (SR, CR)
(s,cr) 0 (sRr,CR)

Figure 6: Solution of Riemann problem {10) wikh < s* andsg > A.

() Connectsy, cr) to (3, cr) by as-wave along the curvé(s, cr,),
(b) Next connects, c1,) to (sr, cr) by ac-wave with a speed

o - f(sricr) _ _f(S,c)
" sgp+ar(cg) F+ar(cr)

For example ifs;, < 5 then the solution is given by
(sp,cn) if x<ost,
(s(z,t),c(z,t)) =< (S,cr) 0f o5t <z <o, (13)
(sr,cr) If x>0,

where

~ fGsmser) f(G,cer) _ f(Byen) = f(sp,cr)
O, = ~ = o5 = - .
sp+ar(cr) s+ ar(cr)’ §—SL

Note thato; < o. and(sy,cy,) is connected t@s, ¢;,) by as-shock wave ands, c;,) is connected
to (sgr, cr) by ac-shock wave.

RR n° 7009



10 Adimurthi & G. D. Veerappa Gowda & J. Ja#fr

4 Conservative finite volume schemes for the system of polym#ood-
ing
Leth > 0 and define the space grid points_, /» = ih,i € Z and forAt > 0 define the time discretization

pointst,, = nAt for all non-negative integer. Let A = %. A numerical scheme which is in conservative
form for equation[(¥) is given by

(s7Hh —s7) + N(F e~ Flp) =0,

1/2 14
(c?+15y+1 +a(cft) = st —a(e) + MGy — Gy jy) =0 (14)

where the numerical flu¥?' , , andG7, , , are associated with the flux functiorfigs, c) andg(s, ¢) =
cf (s, c), and are functions of the left and right values of the saitomatand the concentrationatz; ; /»:

mn _ n n .n n
F+1/2 = F(s, 'y 81, i) Gi+1/2 = G(si, ' 81, i)

The choice of the functiong’ and G determines the numerical scheme. We first present the new flux
that we call DFLU, which is constructed as presented in thmduction. We compare it with the exact
Riemann solver and sho#w> estimates for the associate scheme. Then we recall three sithemes to
which to compare: the upstream mobility flux and two centesattbmes, Lax-Friedrichs’'s and FORCE.

4.1 The DFLU numerical flux

The DFLU flux is an extension of the Godunov scheme that we qweg and analyze inl[2] for scalar
conservations laws with a flux function discontinuous incepas the second eigenvaldg of the system
is always non-negative we define

G?+1/2 i F+1/2 (15)
. Now the choice of the numerical scheme depends on the chbiEg , ,,. To do so we treat(z, ¢) in

f(s,¢) as a known function which may be discontinuous at the spamatization points. Therefore on
the border of each rectangle; 12, z;11/2) X (tn, tny1), We consider the conservation law:

st + f(s,¢i')z =0 (16)

with initial conditions(xz,0) = s? for z;_; o < @ < x;41/2. (See Fig.4l1).

t= tn+1
¢7St + f(57 C?)l =0 ¢St + f(S, C?—Q—l)ﬂ? = 0
s(tn) = s} s(tn) = Sita
t=1t,
Ti—1/2 Tiy1/2 Tiy3/2

Figure 7: The flux functiong (-, ¢) is discontinuous in ¢ at the discretization points.
Extending the idea of [2],we define the DFLU flux as

F’IZ

A FDFLU(

517677 z+17 1+1) (17)
= min{f(min{s}, 07"}, ¢'), f(max{s}, , 07 1 }, ¢} 1)}

whered? = argmaxf (-, c}).

Remarks:
1) Suppose] = ¢, a constant for all,then it is easy to see thegt+1 = ¢ for all 4.

INRIA



Applications of the DFLU flux to systems of conservation laws 11

2) Suppose — f (s, c) is an increasing function (case without gravity) tf#n= 1 for all ¢ and from [1¥)

we haver | , = f(s}, ;') and the finite difference schenie[14) becomes

-

which is nothing but the standard upwind scheme.

P — sP—A(f(s

K2
st pa(c!t) = s? +alc

)
N F(5h ) — ey fpp ey B

’IZ
Z
g2
K2

4.2 Comparison of the DFLU flux with the flux given by an exact Remann solver

Now we would like to compare the exact Godunov flE% 2 with our DFLU flux FL %Y defined by
(I7). For sake of brevity we considered only the cése> c}', ;. The opposite case can be considered
similarly. We discuss the cases considered in setiion 3.

Case las; < s*,s;41 < B. See Fig[B. In this casEJrl/2 f(si,ci) = lfz?rf/g’f.

Case 1b:s; < s*, 5,11 > B. See Fig[4.

a fGye) i os<0 f(3,ei) = f(si,¢i)
ThenF7, , = { Flsic) if 0,>0 whereo = 5 s . On the other hand the DFLU
flux gives 71 )7 = min{f(si, ¢;), f(max{sit1,0i+1}, ci1)}. Therefore in this case the Godunov flux
may not be same as the DFLU flux.

Case 2a:s; > s*,s;41 < A. See Fig.b. Then
f 91', Ci if s; > 0; .
Fz+1/2 { fESi, Ci; it s <0, = f(min{s;, 0;}, ¢;) = Flgf/LQU.

Case 2bs; > s*, 5,11 > A. See Fid.b.

a fG,e) if o0,<0 [ e) = f(si,¢)
ThenFZJrl/2 { Flsic) if 0.>0 whereo; = 3 s .
The DFLU flux |sF€’rf/L2U = min{ f(min{s;, 0;},¢;), f(max{s;+1,0i+1},ci+1)}. In this case these two

fluxes are not equal, for example when< 0.

One can actually observe that the Godunov flux can actualbalmilated with the following compact
formula:
Case 1:s; < s

: f(si41,Cit1) f(si i)
Siy Ci if fs(sit1,civ1) >00r — > — ;
cmjr1/2 = A ) folsies, cita) Sit1+ar(cit1) — si+ar(cit1)
min(f(s;, ¢), f(Si,¢;)) otherwise

f(sit1,¢ip1) f(5i,ci)

wheres; is given by — = — .
’ Sit1 +ar(civ1)  Si+arn(citr)

Case 2:s; > s].

: : f(sit1,¢iv1) f(sf,ci)
min(s;, 0;), ¢; if fs(siv1,c; >0or — > — ,
Fz+1/2 I ( he) Jolsirs, civ) Siv1 +ar(cit1) s+ ar(cit1)
min(f(s;,¢), f(8i,¢i)) otherwise

wheres; is given by f(s”lj Cit1) — f(fi;ci) .
Sit1 +ar(civ1)  Si+arn(cit1)

4.3 L[° and TVD bounds for the DFLU scheme

We show firstZ>® bounds, and TVD bounds will follow immediately. L&f = sup{ fs(s, ¢), %
s,c S a'\c

}.
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12 Adimurthi & G. D. Veerappa Gowda & J. Ja#fr

Lemma 1 Letsg andcy € L*°(R,[0,1]) be the initial data and lef s} and {c"} be the corresponding
solution calculated by the finite volume schemé (14) usiadRLU flux [I5),[(1V). WheAM < 1 then

0<s?<1 foralli,n
Z bz n— ’ § n n 19
1l < Jle" 1o Wherel[e]|oo = sup, e (19)
Proof: Since0 < sy < 1 and hence for all, 0 < s? < 1. By induction, assume thdt{119) holds for all

Let o
Si = 8- )‘(Fﬁ-lﬂ - Fin—1/2)

p— n n n ' T T
= H(Si—lv 8i98i+1:Ci—1,C; 7Ci+1>

By (7).t is easy to check that XM < 1, thenH = H (sy, s9, s3, 1, C2, c3) iS @an increasing function in
s1, s2, s3 and by the hypothesis offH (0, 0,0, ¢1,c2,c3) =0, H(1,1,1,¢1,co,c3) = 1. Therfore

T T T
0 H(Ovoaovci—lvci 7Ci+1) 11
n n n ' n ' —_ n
H(s} 1, 8] »Si+1,Ci—1, 6 sz'+1) =95

H(lv 15 17 Cn—lv C?v C?—f—l) =1

K2

INIA

This proved) < s < 1.

To prove the boundness efconsider

(C?—HS?—H + a(C?H) —ci'sy —alc})) + )‘(G?+1/2 - G?—1/2) =0.
By adding and subtracting the tezrjﬁs?*l to the second equation @f{14) and by substituting first éqoat
we can rewrite the second equation as
n n n+1/2 n/.n n+1/2 n n n
Ci+1(5i+1 +d' (& Y ) — i (s Tt a'(§; Y )+ )‘F‘i71/2(0i —¢q1)=0

wherea(c? 1) — a(c?) = o/ (€M) (P — ) for somet? ! between?t! andc?. This is equivalent
to
ntl _on ) Fiaye
(sp (&)

(ci' —citq)

which is the scheme written in the non-conservative form.ble= A

(7 @ (€)
A= (1 =M + 0Py < max{cl, ! }if b < 1.
This proves the second inequality. |

Sincec ™! is a convex combination of? andc? , if AM < 1, then we obtain the following total
variation diminishing property fof}:

Lemma 2 Let{c}'} be the solution calculated by the finite volume schéme (1B), (17). When\M < 1
then
Z eptt — gt < Z | — ¢ | foralln.

Note that the saturation itself is not TVD because of theatisiauity of f, and that the above proof applies
also to the usptream mobility flux presented below.

4.4 The upstream mobility flux

Petroleum engineers have designed, from physical coradides, another numerical flux called the up-
stream mobility flux. It is an ad-hoc flux for two-phase flow iarpus media which corresponds to an

INRIA



Applications of the DFLU flux to systems of conservation laws 13

approximate solution to the Riemann problem. For this fﬂlle/z is given again by[(15) amﬁ;}kl is
given by

FH% = FUM (st ¢} S ) = 5 SYEBY: [q+ (c1 — c2)A3],
Ae(s?, ) if g+ (90— g)A; >0,i=1,2,i#¢,

A= . {=1,2.
Ae(siyr,cii) a4+ (ge—gi)A, <0, i=1,2,i £,

4.5 The Lax-Friedrichs flux

In this case fluxes are given by

n n n n .n (STLZ 1 S?)
Fi+1/2 = %[f(si-ﬁ-l? civq) + f(stel) — +7]
(cfi1sia Talelyy) — st —alc}))

Glap = slefif (st i) + e (st ef) — h ]

4.6 The FORCE flux

This flux [22,[3], introduced by E. F. Toro, is an average oflthg-Friedrichs and Lax-Wendroff flux. Itis
defined by

Py = AF(sen) + f(spen) + 2pn ) - G 2o,
G?+1/2 = i[C?Jrlf(S?Jrlv ciyr) e fs) o) + 20?“/2]0(5?“/27 C?Hm)
(st Faleyy) —of'sy — G(C?))]
A
where
s < Bt s Xpen ey — plan,en)
and
s?+1/20?+1/2 " a(c?+1/2) _ (styiciyr +sic) | (alcfyy) +ald}))

2 2
%(C?+1f(5?+17 0?4-1) - C?f(S?, C?))

5 Numerical experiments

To evaluate the performance of the DFLU scheme we first comiparesults to an exact solution and
evaluate convergence rates, and then compare it with d#nedtad numerical schemes already mentioned
in the previous section, that are the Godunov, upstreamlityphix-Friedrichs and FORCE schemes.

5.1 Comparison with an exact solution

In this section we compare the calculated and exact sokitidtwo Riemann problems. We consider the
following functions

f(s,e)=s(4—3)/(1+¢), alc)=c (20)

Note thatf(0,c) = f(4,¢) = 0 for all ¢ and the interval fo is [0, 4] instead of[0, 1]. This choice of
f, which does not correspond to any physical reality, was doroeder to try to have a large difference
between the Godunov and the DFLU flux (see second experinaéawh

In a first experiment the initial condition is

= (21)

2.5 if x<.5 |5tz < B,
5(5‘5’0)—{1 it z>5 @ @0 {0 it > 5.

RR n° 7009



14 Adimurthi & G. D. Veerappa Gowda & J. Ja#fr

Thesef and initial data correspond to the case 2a in secfibns B-@hwihere the DFLU flux coincides with
the Godunov fluxFPFLY (s; s cr,cr) = F9(s1, sRr, cr,cr) With s* = 1.236, A = 2.587,5 = .394.
The exact solution of the Riemann problem at a tinegiven by

2.5 if z<.54+01t,
s(a.t) = 1(4—15(22)) if 5b+ot<z<.5+o.t ( 0)_{ 5 if © < .5+ ot
’ 5=.394 if S4+o.t<x<.b+o9t ’ ’ 0. if x> .5+ 0.t
1 if > oot + 5
( ) (5, cr) 22
. f(s*, cr f(s,cr
whereo, = fs(sp,cr) 2/3, 0. = fs(s*,cr) s+ arlcn) St as(ca) 1.018 and o
fG.cr) = f(sm.cr) _ 606
S — SR T '

Figs.[8 andD verify that the DFLU and Godunov schemes giveoiding results. As expected both
schemes are diffusive atshocks as well as at-shocks but as the mesh size goes to zero calculated
solutions are getting closer to the exact solution (seéFidgiabldl showd.; errors fors andc and the
convergence rate. Calculations are done with= i(M = 4), that is the largest time step allowed by the
CFL condition.

° 1
* 0.8
DFLU ——
’ GODUNQV -
0.6 EXACT eeeeee
1.5
0.4
1
0.5 ) 02 \
° 0
0 0.5 1 1.5 2 0 05 ] 2 )

Figure 8: Comparison with exact solution of Riemann prob@f)), (21): s (left) andc (right) att = .5
forh =1/100, A\ = 1/4.

° 1
29 DFLU = 08
GODUNOV ~vveee
EXACT e DFLU
: GODUNQV +eeerr
06 EXACT oo

15 \
\\ 04
1
05 X 0.2 \
0 0

0 0.5 1 1.5 2 0 0.5 1 1.5 2

Figure 9: Comparison with exact solution of Riemann prob@8), (21): s (left) andc (right) att = .5
for h = 1/800, A\ = 1/4.
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h Godunov|s — sp||11 « DFLU,||s — snl|11 «
1/50 .2373 2372
1/100 0.15134 0.6489 0.1506 0.655

1/200 9.6868x 102 0.6437 9.6868x 102 0.6366
1/400 6.4228x 1072 0.5928 6.4228x 1072 0.5928

1/800 4.2198x102 0.606 4.2197x1072 0.606
h Godunov|c — ¢ || 1 « DFLU,||c — ¢p]| 11 «
1/50 6.3796x 1072 6.3796x 102

1/100 4.1630x1072 0.6158 4.1630x10~2 0.6158
1/200 2.6669x 102 0.6424 2.6669x10~2 0.6424
1/400 1.7398x 1072 0.6162 1.7398x10? 0.6162
1/800 1.1522x10~? 0.5945 1.1522x10~2 0.5945

Table 1: Riemann probleri (R0), (21)!-errors between exact and calculated solutiorts=at5
Now we want to have an experiment where the DFU flux differeiftbe Godunov flux. Therefore we
now consider the Riemann problem with initial data

2.3 if x<.5 [ Btz < B,
s(f""o)—{ 32 if x5 ° C(x’o)—{ 0 if x> .5 (23)

This initial data corresponds to case 2b of sectidns JanavidlPcy = 0, s* = 1.236. In this case, the
exact solution of the Riemann problem at a titrie given by

ot

s, = 2.3 if z<.54+04t
s(z,t) =< 5=2.7536 if S+ost<az<.5+4ot, , c(z0)= {
sp=3.2 if ©>o0.4+.5

S < .5+ ot
0. if x>.54 0.,

whereos = flsw.en) = f(S’CL) = —.702, ando, = 7‘/:(51?’ Cr) = 0.609.
S, — S sp+ar(cr
Figs.[10 and 11 show the comparison of the results obtaingdtie DFU and Godunov fluxes with
the exact solution. The solution obtained with the DFU and@mv flux are very close even if they do
not coincide actually. Tablg 2 showis errors fors andc and the convergence rate Calculations are

done withA = 1(M = 4), that is the largest time step allowed by the CFL condition.

1

3.4
> 08
DFLU ——
) GODUNOQV s
0.6 EXACT o
28 I
ot [ 04 R
DFLU ——
24 GODUNOQV s
) EXACT v o
22 \
’ 0
0 05 1 15 2 0 05 1 e )

Figure 10: Comparison with exact solution of Riemann prob(@0), [23):s (left) andc (right) att = .5
for h = 1/100, A = 1/4.
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3.4
> 0.8
DFLU ——
i GODUNQV ===
0.6 EXACT e
2.8 )
2.6 0.4
DFLU ——
24 GODUNQV -
I EXACT -eer 02
22
° 0
0 0.5 1 15 2 0 0.5 1 15 2

Figure 11: Comparison with exact solution of Riemann prob{0), [23):s (left) andc (right) att = .5
for h = 1/800, A = 1/4.

h Godunow|s — sp||r: « DFLU,||s — sp||r2 !
1/50 0.10246 0.10373

1/100 5.7861x 1072 0.8243 5.8731x 1072 0.8206
1/200 3.2849x 1072 0.81674| 3.3259x10~2 0.8203
1/400 1.9152x 1072 0.7785 1.9353x10? 0.7811
1/800 1.1489x10 2 0.7370 || 1.1571x10 2 | 0.7420
h Godunovc — ¢p |11 « DFLU,||c — cpl|z1 «
1/50 4.8407x10* 4.8486x10

1/100 3.0161x 1072 0.6825| 3.0201x10~2 0.6829
1/200 1.9307x10~2 0.6435 1.9328x10~? 0.6439
1/400 1.2618x 1072 0.6136 1.2628x10? 0.6140
1/800 8.4125¢10~3 0.5848| 8.4173x1073 0.5851

Table 2: Riemann probleri(P0), (23)!-errors between exact and calculated solutiorts-at5.

5.2 Comparison of the DFU, upstream mobility, FORCE and LaxFriedrichs fluxes

In the previous section, we have seen that Godunov and DFIXddlgive schemes with very close per-
formances. In this section we compare the DFLU flux with theeofluxes that we mentioned in sectidn 4
which are the upstream mobility, FORCE and Lax-Friedrictsdt. We take now

_ )‘1(‘970)
(s, 0) + Aa(ss e
2

a)\Q(SaC) = (1 - 5)27 g1 = 2591 = 17§0 = 07

f(s,¢)=¢1 )[90 + (g1 — g2)A2(s,0)],

S 2
Ai(s, c) = S1c (24)

a(c) = 25c¢.

In all following experiments the discretization is suchtta = 1/125 andh = 1/100.
We first consider a pure initial value problem. Initial caimah (see top of Fig_12) is given by

9 if x<.5, 9 it z< b,
5(“7’0){.1 it x> 5 c(x,()){.?) it 2>5 (25)

With this initial condition we haveF PV (sp sp,cr,cr) = FC(s1,sRr,cr,cr) With s, = .9,sg =
.1,cr, = 1. andcgr = 0. Boundary data are such that

s(0,t) = .9, s(2,t) =.1, ¢(0,t)=.9, ¢(2,t)=.3 Vt>0. (26)

INRIA



Applications of the DFLU flux to systems of conservation laws 17

Calculated solutions at time levels t=1 and 1.5 are showigiE. They show that, as expected, the DFLU
flux, which is the closest to a Godunov scheme, performs bttéan the other schemes. The upstream
mobility flux, which is an upwind scheme, performs bettemtltlae two central difference schemes, the
FORCE and Lax-Friedrichs schemes.

0.8 0.8
satt=0 —— catt=0 ——
0.6 0.6
0.4 0.4
0.2 0.2
0 0
0 0.5 1 1.5 2 0 0.5 1 1.5 2
1 1
0.8
' DFLUS
G\ DFLU LAX-FRIED -
LAX-FRIED - FORCE -
0.6 FORCE - ; 06 UPSTREAM e o
: M UPSTREAM v
0.4 0.4
0.2 0.2
0 0
0 0.5 1 1.5 2 0 0.5 1 1.5 2
1 1
0.8 0.8
: DFLU DFLU —
. LAX-FRIED - LAX-FRIED -
0.6 FORCE - 1 o6 FORGCE -
' UPSTREAM e : UPSTREAM -
0.4 0.4
0.2 0.2
0 0
0 0.5 1 1.5 2 0 0.5 1 1.5 2

Figure 12:s (left) andc (right) calculated at t=0., t=1. and t=1.5 for ddial (24)))(ZZ8).

To confirm these first observations we consider now a boundaie problem. We just changed
the boundary functions, so instead of boundary conditi@8$ {ve consider now a problem with closed
boundaries, that is fluxes are zero at the boundary:

f=0atx=0andx =2 forall t > 0. (27)
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They show that, as expected, the DFLU scheme, which is tisesido a Godunov scheme, performs better
than the upstream mobility, the FORCE or the Lax-Friedrati®emes.

0.8
DFLU —— DFLU ——
LAX-FRIED - LAX-FRIED -
FORCE - 06 FORCE -
UPSTREAM e : UPSTREAM e
0.4
0.2
;!
0 0
0 0.5 1 1.5 2 0 0.5 1 1.5 2
1 1
0.8 0.8
DFLU —— DFLU ——
LAX-FRIED - LAX-FRIED -
0.6 FORCE - 06 FORCE
' UPSTREAM e : UPSTREAM e
0.4 0.4
; 0.2
0
0.5 1 1.5 2 0 0.5 1 15 2
1 1
0.8 0.8
DFLU —— DFLU ——
LAX-FRIED - LAX-FRIED -
0.6 FORCE 06 FORCE
' UPSTREAM e : {PSTREAM v
0.4 0.4
0.2 0.2
0 == 0
0 0.5 1 1.5 2 0 0.5 1 1.5 2

Figure 13:s (left) andc (right) calculated at t=1., t=2. and t=3. for ddtal(24)] (ZZ8).

The purpose of the last experiment whose results are sholig .4 is to show the effect of polymer
flooding. In this experiment we remove polymer flooding arietta= 0 at all time. By comparing with
the solution shown in Fig._13 bottom left we observe that gmeeted the saturation front is moving faster
since there is no retardation due to the increase of vigco$ithe wetting fluid caused by the polymer
injection. We also observe that the structure of the safisdess complex.
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5

0.8
DFLU —— DFLU ——
LAX-FRIED ---------- LAX-FRIED ----------
06 I % FORCE - 06 FORCE -
al: \\ UPSTREAM oo : UPSTREAM e
0.4 T 0.4 7

T

0.2

/J'f
=
&

0.2 I

0 0.5 1 1.5 2 0 0.5 1 1.5 2

Figure 14:s (left) calculated at t=1. and t=3. for same data as in [Eij. ututhout polymer injection.

6 Conclusion

The DFLU flux defined in[[2] for scalar conservation laws wasdi® construct a new scheme for a class
of system of conservation laws. It was applied to a systenpétymer flooding. It is very close to the
flux given by an exact Riemann solver and the correspondiitg fimlume scheme compares favorably to
other schemes using the uptream mobility, the Lax-Fribédrand the FORCE fluxes. The DFLU is also
very easy to implement. The extension to the case with a @&ahgock type is straightforward since
the DFLU flux was built to solve this case. It will work even inses where the upstream mobility fails
[16]. In a separate paper [1] we show how to use the DFLU fluxoteesHamilton-Jacobi equations with
a discontinuous Hamiltonian.
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