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❘♦❜✉st ❱♦r♦♥♦✐✲❜❛s❡❞ ❈✉r✈❛t✉r❡ ❛♥❞ ❋❡❛t✉r❡

❊st✐♠❛t✐♦♥

◗✉❡♥t✐♥ ▼ér✐❣♦t ▼❛❦s ❖✈s❥❛♥✐❦♦✈ ▲❡♦♥✐❞❛s ●✉✐❜❛s

❏✉❧② ✷✽✱ ✷✵✵✾

❆❜str❛❝t

▼❛♥② ❛❧❣♦r✐t❤♠s ❢♦r s❤❛♣❡ ❛♥❛❧②s✐s ❛♥❞ s❤❛♣❡ ♣r♦❝❡ss✐♥❣ r❡❧② ♦♥

❛❝❝✉r❛t❡ ❡st✐♠❛t❡s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ s✉❝❤ ❛s ♥♦r♠❛❧s ❛♥❞ ❝✉r✲

✈❛t✉r❡✳ ■♥ ♠♦st s❡tt✐♥❣s✱ ❤♦✇❡✈❡r✱ ❝❛r❡ ♠✉st ❜❡ t❛❦❡♥ ❛r♦✉♥❞ ♥♦♥✲

s♠♦♦t❤ ❛r❡❛s ♦❢ t❤❡ s❤❛♣❡ ✇❤❡r❡ t❤❡s❡ q✉❛♥t✐t✐❡s ❛r❡ ♥♦t ❡❛s✐❧② ❞❡✜♥❡❞✳

❚❤✐s ♣r♦❜❧❡♠ ✐s ♣❛rt✐❝✉❧❛r❧② ♣r♦♠✐♥❡♥t ✇✐t❤ ♣♦✐♥t✲❝❧♦✉❞ ❞❛t❛✱ ✇❤✐❝❤

❛r❡ ❞✐s❝♦♥t✐♥✉♦✉s ❡✈❡r②✇❤❡r❡✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r❡s❡♥t ❛♥ ❡✣❝✐❡♥t

❛♥❞ r♦❜✉st ♠❡t❤♦❞ ❢♦r ❡①tr❛❝t✐♥❣ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s✱ s❤❛r♣ ❢❡❛t✉r❡s

❛♥❞ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥s ♦❢ ❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ s✉r❢❛❝❡ ❢r♦♠ ✐ts ♣♦✐♥t

❝❧♦✉❞ s❛♠♣❧✐♥❣✱ ✇✐t❤ t❤❡♦r❡t✐❝❛❧ ❣✉❛r❛♥t❡❡s✳ ❖✉r ♠❡t❤♦❞ ✐s ✐♥t❡❣r❛❧ ✐♥

♥❛t✉r❡ ❛♥❞ ✉s❡s ❝♦♥✈♦❧✈❡❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ♦❢ ❱♦r♦♥♦✐ ❝❡❧❧s ♦❢ t❤❡

♣♦✐♥t ❝❧♦✉❞ ✇❤✐❝❤ ♠❛❦❡s ✐t ♣r♦✈❛❜❧② r♦❜✉st ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦✐s❡✳

❲❡ s❤♦✇ ❛♥❛❧②t✐❝❛❧❧② t❤❛t ♦✉r ♠❡t❤♦❞ r❡❝♦✈❡rs ❝♦rr❡❝t ♣r✐♥❝✐♣❛❧ ❝✉r✈❛✲

t✉r❡s ❛♥❞ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s ✐♥ s♠♦♦t❤ ♣❛rts ♦❢ t❤❡ s❤❛♣❡✱

❛♥❞ ❝♦rr❡❝t ❢❡❛t✉r❡ ❞✐r❡❝t✐♦♥s ❛♥❞ ❢❡❛t✉r❡ ❛♥❣❧❡s ❛t t❤❡ s❤❛r♣ ❡❞❣❡s ♦❢

❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ s✉r❢❛❝❡✱ ✇✐t❤ t❤❡ ❡rr♦r ❜♦✉♥❞❡❞ ❜② t❤❡ ❍❛✉s❞♦r✛

❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥t ❝❧♦✉❞ ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ s✉r❢❛❝❡✳ ❯s✐♥❣

t❤❡ s❛♠❡ ❛♥❛❧②s✐s ✇❡ ♣r♦✈✐❞❡ t❤❡♦r❡t✐❝❛❧ ❣✉❛r❛♥t❡❡s ❢♦r ❛ ♠♦❞✐✜❝❛t✐♦♥

♦❢ ❛ ♣r❡✈✐♦✉s❧② ♣r♦♣♦s❡❞ ♥♦r♠❛❧ ❡st✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡✳ ❲❡ ✐❧❧✉str❛t❡

t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ❜♦t❤ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❢❡❛t✉r❡ ❡①✲

tr❛❝t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✈❛r②✐♥❣ ❧❡✈❡❧s ♦❢ ♥♦✐s❡ ❛♥❞ s❛♠♣❧✐♥❣ ❞❡♥s✐t②

♦♥ ❛ ✈❛r✐❡t② ♦❢ ♠♦❞❡❧s✳

✶



❋❡❛t✉r❡s ✭✐♥ r❡❞✮ ❝♦♠♣✉t❡❞ ❜② ♦✉r ❛❧❣♦r✐t❤♠ ❢r♦♠ ❛ ♣♦✐♥t ❝❧♦✉❞
s❛♠♣❧✐♥❣ ♦❢ t❤❡ s✉r❢❛❝❡ ✐♥ ②❡❧❧♦✇✳

✶ ■♥tr♦❞✉❝t✐♦♥

❊st✐♠❛t✐♥❣ s✉r❢❛❝❡ ♥♦r♠❛❧s✱ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❛♥❞ s❤❛r♣ ❡❞❣❡s ❢r♦♠ ❛
♥♦✐s② ♣♦✐♥t ❝❧♦✉❞ s❛♠♣❧✐♥❣✱ ❤❛s ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❝♦♠♣✉t❡r ❣r❛♣❤✐❝s✱ ❣❡✲
♦♠❡tr② ♣r♦❝❡ss✐♥❣ ❛♥❞ r❡✈❡rs❡ ❡♥❣✐♥❡❡r✐♥❣✳ Pr✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❛r❡ r♦t❛t✐♦♥✲
✐♥✈❛r✐❛♥t ❧♦❝❛❧ ❞❡s❝r✐♣t♦rs✱ ✇❤✐❝❤ t♦❣❡t❤❡r ✇✐t❤ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s
❤❛✈❡ ♣r♦✈❡♥ ✉s❡❢✉❧ ✐♥ ❞❡t❡❝t✐♥❣ str✉❝t✉r❛❧ r❡❣✉❧❛r✐t② ❬✷✶❪✱ ❣❧♦❜❛❧ ♠❛t❝❤✐♥❣ ❬✶❪✱
♠♦❞❡❧✐♥❣ ❛♥❞ r❡♥❞❡r✐♥❣ ♦❢ ♣♦✐♥t✲❜❛s❡❞ s✉r❢❛❝❡s ❬✶✶❪✱ ❛♥❞ ❛♥✐s♦tr♦♣✐❝ s♠♦♦t❤✲
✐♥❣ ❬✶✺❪ t♦ ♥❛♠❡ ❥✉st ❛ ❢❡✇✳ ❚❤❡ ❧♦❝❛t✐♦♥ ♦❢ s❤❛r♣ ❡❞❣❡s ❛♥❞ ❤✐❣❤❧② ❝✉r✈❡❞
❛r❡❛s ♦❢ t❤❡ s✉r❢❛❝❡ ✐s ❛ ♣r❡❝✐♦✉s ♣✐❡❝❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ✐♥ s❡tt✐♥❣s t❤❛t ✐♥❝❧✉❞❡
❢❡❛t✉r❡✲❛✇❛r❡ r❡❝♦♥str✉❝t✐♦♥ ❬✶✹❪✱ ♥♦♥ ♣❤♦t♦r❡❛❧✐st✐❝ r❡♥❞❡r✐♥❣ ❬✷✵❪✱ ❛♥❞ ✐♥✲
❞✉str✐❛❧ ♠❡tr♦❧♦❣②✳

■♥ ♣r❛❝t✐❝❡✱ ♦♥❡ ✐s ♦❢t❡♥ ✐♥t❡r❡st❡❞ ✐♥ r❡❝♦✈❡r✐♥❣ ❝✉r✈❛t✉r❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢
t❤❡ ✉♥❞❡r❧②✐♥❣ s✉r❢❛❝❡ ❢r♦♠ ♣♦✐♥t ❝❧♦✉❞ ❞❛t❛✳ ❚❤❡ ✐♥♣✉t ✐♥ t❤✐s s❡tt✐♥❣ ✐s ❛♥
✉♥str✉❝t✉r❡❞ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣♦✐♥t ❝♦♦r❞✐♥❛t❡s✱ ♦❜t❛✐♥❡❞ ❜② ❛ r❛♥❣❡ s❝❛♥♥❡r✳
❚❤❡s❡ ♣♦✐♥t ❝❧♦✉❞s ❝❛♥ ❜❡ ♥♦✐s②✱ ❛♥❞ ❝❛♥ ❡①❤✐❜✐t str♦♥❣ s❛♠♣❧✐♥❣ ❜✐❛s✳ ❚❤❡
❛❜✐❧✐t② t♦ r❡❧✐❛❜❧② ❡st✐♠❛t❡ s✉r❢❛❝❡ ♥♦r♠❛❧s✱ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s✱ ❛♥❞ ❝✉r✈❛✲
t✉r❡ ❞✐r❡❝t✐♦♥s ❛s ✇❡❧❧ ❛s s❤❛r♣ ❢❡❛t✉r❡s ❞✐r❡❝t❧② ♦♥ s✉❝❤ ♣♦✐♥t ❝❧♦✉❞s ❝❛♥ ❜❡
✉s❡❞ ✐♥ ❜♦t❤ ❣❡♦♠❡tr② ♣r♦❝❡ss✐♥❣ ❛❧❣♦r✐t❤♠s ❛♥❞ ✐♥ s✉r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥
t♦ ✐♠♣r♦✈❡ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♠❡s❤✳

❉❡✈✐s✐♥❣ ❛ r♦❜✉st ❝✉r✈❛t✉r❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞✱ ✇❤✐❝❤ ❝❛♥ ❤❛♥❞❧❡ ❜♦t❤
♥♦♥✲✉♥✐❢♦r♠ ♥♦✐s❡✱ s❛♠♣❧✐♥❣ ❜✐❛s ❛♥❞ s❤❛r♣ ❡❞❣❡s ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣ t❛s❦✳ ❚❤✐s
✐s ♠❛✐♥❧② ❜❡❝❛✉s❡ ❝✉r✈❛t✉r❡ ✐s ❛ s❡❝♦♥❞ ♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ q✉❛♥t✐t② ✇❤✐❝❤
✐s ❜② ♥❛t✉r❡ ✈❡r② s❡♥s✐t✐✈❡ t♦ ❧♦❝❛❧ ♣❡rt✉r❜❛t✐♦♥s✳ ❚❤❡ ❧❛❝❦ ♦❢ ❛ ♥❛t✉r❛❧
♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ ♣♦✐♥t ❝❧♦✉❞ ❞❛t❛ ✐♥tr♦❞✉❝❡s ❛♥♦t❤❡r ❝❤❛❧❧❡♥❣❡ ❜② ♠❛❦✐♥❣
✐t ❞✐✣❝✉❧t t♦ ❡st✐♠❛t❡ ❛♥❣❧❡s ❛♥❞ ❛r❡❛s ♦♥ t❤❡ s✉r❢❛❝❡✳ ❋✐♥❛❧❧②✱ ❞❡✈✐s✐♥❣
❛ ♠❡t❤♦❞ ✇✐t❤ t❤❡♦r❡t✐❝❛❧ ❣✉❛r❛♥t❡❡s ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ q✉❛❧✐t② ✐s ♥♦t
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❡❛s② ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦♥ ❛ ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦ t❤❛t ✇♦✉❧❞ ✐♥❝♦r♣♦r❛t❡ ❜♦t❤
♣♦✐♥t ❝❧♦✉❞s ❛♥❞ ♣✐❡❝❡✇✐s❡✲s♠♦♦t❤ s✉r❢❛❝❡s✳

■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❛❞❞r❡ss s♦♠❡ ♦❢ t❤❡s❡ ❝❤❛❧❧❡♥❣❡s ❜② ♣r❡s❡♥t✐♥❣ ❛
♠❡t❤♦❞ ❢♦r r♦❜✉st❧② ❡st✐♠❛t✐♥❣ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❛♥❞ ❝✉r✈❛t✉r❡ ❞✐r❡❝✲
t✐♦♥s✱ ❛s ✇❡❧❧ ❛s s❤❛r♣ ❡❞❣❡s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s✉r❢❛❝❡ ❢r♦♠ ♣♦✐♥t ❝❧♦✉❞ ❞❛t❛✳
❲❡ ♣r♦✈✐❞❡ t❤❡♦r❡t✐❝❛❧ ❣✉❛r❛♥t❡❡s ♦♥ t❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡ r❡s✉❧ts✱ ❜② ❞❡r✐✈✲
✐♥❣ ❛ ❜♦✉♥❞ ♦♥ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ t❤❡ ♣♦✐♥t ❝❧♦✉❞ ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ s✉r❢❛❝❡✳ ❲❡ ❛❧s♦ ❛❞❞r❡ss ❛ ❝❡r✲
t❛✐♥ ❝❧❛ss ♦❢ ♦✉t❧✐❡rs✳

Pr✐♦r ✇♦r❦ ♦♥ ❝✉r✈❛t✉r❡ ❛♥❞ ❢❡❛t✉r❡ ❡st✐♠❛t✐♦♥

❈✉r✈❛t✉r❡ ❡st✐♠❛t✐♦♥ ❊st✐♠❛t✐♥❣ ❝✉r✈❛t✉r❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✲
✐♥❣ s✉r❢❛❝❡ ❢r♦♠ ❛ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❡①t❡♥s✐✈❡❧② ♦✈❡r
t❤❡ ♣❛st s❡✈❡r❛❧ ❞❡❝❛❞❡s ✭s❡❡ ❡✳❣✳ ❬✶✽❪ ❢♦r ❛ s✉r✈❡② ❞❛t✐♥❣ ✷✵✵✷ ❛♥❞ ❬✶✼❪ ❢♦r
❛♥ ❡①t❡♥s✐✈❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ♠❡t❤♦❞s t♦ ❡st✐♠❛t❡ ●❛✉ss✐❛♥ ❛♥❞ ♠❡❛♥ ❝✉r✲
✈❛t✉r❡s✮✳ ◆❡❛r❧② ❛❧❧ ❡①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r r❡❧✐❛❜❧② ❡st✐♠❛t✐♥❣ ♣r✐♥❝✐♣❛❧ ❝✉r✲
✈❛t✉r❡s ❛♥❞ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s✱ ❤♦✇❡✈❡r✱ r❡❧② ♦♥ ♠❡s❤❡s✳ ❚❤❡s❡ ♠❡t❤♦❞s
❛r❡ ❞✐✣❝✉❧t t♦ ❡①t❡♥❞ t♦ t❤❡ ♣♦✐♥t ❝❧♦✉❞ s❡tt✐♥❣✱ ❜❡❝❛✉s❡ t❤❡ ♠❡s❤ ❞❡✜♥❡s ❛
❞✐s❝r❡t❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ ♠❛❦✐♥❣ ❛♥❣❧❡ ❛♥❞ ❛r❡❛ ❝♦♠♣✉t❛t✐♦♥s
❡❛s✐❡r✳

❖♥❧② r❡❝❡♥t❧② s❡✈❡r❛❧ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❢♦r ❝♦♠♣✉t✐♥❣ ❝✉r✲
✈❛t✉r❡ ✐♥❢♦r♠❛t✐♦♥ ❞✐r❡❝t❧② ♦♥ ♣♦✐♥t ❝❧♦✉❞s✳ ❨❛♥❣ ❛♥❞ ◗✐❛♥ ❬✷✽❪ ❞❡r✐✈❡ ❛♥✲
❛❧②t✐❝ ❡①♣r❡ss✐♦♥s ❢♦r ❝♦♠♣✉t✐♥❣ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❜❛s❡❞ ♦♥ t❤❡ ✐♠♣❧✐❝✐t
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ▼♦✈✐♥❣ ▲❡❛st ❙q✉❛r❡s ✭▼▲❙✮ s✉r❢❛❝❡ ❜② ❆♠❡♥t❛ ❛♥❞ ❑✐❧ ❬✹❪✳
■♥ ❬✷✺❪ t❤❡ ❛✉t❤♦rs ♣r♦♣♦s❡ ❛ s❛♠♣❧✐♥❣ ❢r❛♠❡✇♦r❦ t❤❛t ❛❧❧♦✇s s❛♠♣❧✐♥❣ ❝✉r✈❡s
♦♥ t❤❡ s✉r❢❛❝❡ t❤r♦✉❣❤ ❛ ❣✐✈❡♥ ♣♦✐♥t✳ ❚❤✐s ❤❡❧♣s t♦ r❡❧✐❛❜❧② ❡st✐♠❛t❡ ♥♦r♠❛❧
❝✉r✈❛t✉r❡s ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ✐♥ t✉r♥ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡
♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❛t t❤❡ ♣♦✐♥t✳ ▲❛♥❣❡ ❛♥❞ P♦❧t❤✐❡r ❬✶✺❪ ❛❞❛♣t ❛ ❢r❛♠❡✇♦r❦
❜② ❚❛✉❜✐♥ ❬✷✻❪ t♦ t❤❡ ♣♦✐♥t ❝❧♦✉❞ s❡tt✐♥❣ ❜② ✐♥❝♦r♣♦r❛t✐♥❣ ❛ ❞✐s❝r❡t❡ ❞✐r❡❝✲
t✐♦♥❛❧ ❞❡♥s✐t② ♠❡❛s✉r❡ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❞✐s❝r❡t❡ s❤❛♣❡ ♦♣❡r❛t♦r✳ ❚❤✐s r❡q✉✐r❡s
❡st✐♠❛t✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ s❛♠♣❧❡s ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✱ ✇❤✐❝❤ ✐s ❝❤❛❧❧❡♥❣✲
✐♥❣ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦✐s❡✱ s❛♠♣❧✐♥❣ ❜✐❛s ❛♥❞ r❡❣✐♦♥s ✇❤❡r❡ s❡♣❛r❛t❡ ♣❛rts
♦❢ t❤❡ s❤❛♣❡ ❝♦♠❡ ✐♥ ❝❧♦s❡ ❝♦♥t❛❝t✳ ❍✉❛♥❣ ❛♥❞ ▼❡♥q ❬✶✷❪ ♣r♦♣♦s❡ ❛ ❧❡❛st✲
sq✉❛r❡s s❝❤❡♠❡ ❜❛s❡❞ ♦♥ ❡st✐♠❛t✐♥❣ ♥♦r♠❛❧ ❝✉r✈❛t✉r❡s ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s
❛♥❞ ✉s✐♥❣ ❊✉❧❡r✬s t❤❡♦r❡♠ t♦ ❛♣♣r♦①✐♠❛t❡ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s✳ ❚♦♥❣ ❛♥❞
❚❛♥❣ ❬✷✼❪ s✐♠✐❧❛r❧② ❡st✐♠❛t❡ t❤❡ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❜② ✜rst ❡st✐♠❛t✐♥❣ t❤❡
♥♦r♠❛❧s ❛♥❞ ✉s✐♥❣ t❤❡♠ t♦ ❝♦♠♣✉t❡ ❞✐r❡❝t✐♦♥❛❧ ❝✉r✈❛t✉r❡s✳ ❚❤❡② ❛❝❤✐❡✈❡
r♦❜✉st♥❡ss t♦ ♦✉t❧✐❡rs ❜② ✉s✐♥❣ ❛ ✸✲st❡♣ t❡♥s♦r ✈♦t✐♥❣ ♣r♦❝❡❞✉r❡ ❛♥❞ ❝♦rr❡❝t✲
✐♥❣ t❤❡ ♣♦s✐t✐♦♥s ♦❢ ♠✐s❛❧✐❣♥❡❞ ♣♦✐♥ts✳ ❆❧❧ ♦❢ t❤❡ ❛❜♦✈❡ ❛❧❣♦r✐t❤♠s st❛rt ❜②

✸



❡st✐♠❛t✐♥❣ ♥♦r♠❛❧s t♦ t❤❡ s✉r❢❛❝❡✱ ❛♥❞ ❛♥② ❡rr♦r ♠❛❞❡ ✐♥ t❤✐s ❡st✐♠❛t✐♦♥
✐s ❛❣❣r❛✈❛t❡❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s✳ ❚❤✐s ✐s ❡s♣❡❝✐❛❧❧②
tr✉❡ ❛r♦✉♥❞ s❤❛r♣ ❡❞❣❡s ♦❢ t❤❡ s✉r❢❛❝❡ ❛♥❞ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦✐s❡✳ ❖✉r
❛♣♣r♦❛❝❤ ❝♦♠♣✉t❡s t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s s✐♠✉❧✲
t❛♥❡♦✉s❧② ❛♥❞ ❤❛♥❞❧❡s ❜♦t❤ s❤❛r♣ ❡❞❣❡s ❛♥❞ ♥♦✐s❡ ❣r❛❝❡❢✉❧❧②✱ ❜② ❢♦❧❧♦✇✐♥❣
t❤❡ ❢❡❛t✉r❡ ❞✐r❡❝t✐♦♥s ✇❤❡♥ t❤❡② ❛r❡ ♣r❡s❡♥t ❛♥❞ ❜❡✐♥❣ ♣r♦✈❛❜❧② r♦❜✉st✳

❚❤❡ ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞ ♠❡t❤♦❞s ❢♦r ❝♦♠♣✉t✐♥❣ ❝✉r✈❛t✉r❡s ♦♥ ♣♦✐♥t
❝❧♦✉❞s ✐♥ ♣r❛❝t✐❝❡✱ r❡❧② ♦♥ ♣♦❧②♥♦♠✐❛❧ ✜tt✐♥❣ ✭s❡❡ ❡✳❣✳ ❈❛③❛❧s ❛♥❞ P♦✉❣❡t ❬✻❪
❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❇② ♥❛t✉r❡✱ t❤❡s❡ ♠❡t❤♦❞s ❛r❡ ✈❡r② s❡♥s✐t✐✈❡ t♦ t❤❡
s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s✱ r❡q✉✐r✐♥❣ ❛ r❛t❤❡r ✉♥✐❢♦r♠ ❛♥❞ ♥♦✐s❡✲❢r❡❡ s❛♠♣❧✐♥❣ ♦❢
t❤❡ ✉♥❞❡r❧②✐♥❣ s✉r❢❛❝❡ ✇❤❡r❡❛s ❝♦♠♠♦♥ r❡❛❧✲✇♦r❧❞ ♣♦✐♥t ❝❧♦✉❞s ✖ ❧✐❦❡ ❧❛s❡r
s❝❛♥s ✖ ♦❢t❡♥ ❡①❤✐❜✐t str♦♥❣ s❛♠♣❧✐♥❣ ❜✐❛s ❛♥❞ ♥♦✐s❡✱ ❡✳❣✳ ❝❧✉st❡rs ♦❢ ♣♦✐♥ts
❛❧♦♥❣ ❤♦r✐③♦♥t❛❧ ❧✐♥❡s✳ ❘❡s❛♠♣❧✐♥❣ ❛♥❞ ❞❡♥♦✐s✐♥❣ ❛ ♣♦✐♥t ❝❧♦✉❞ ✇❤✐❧❡ ♥♦t
♦✈❡rs♠♦♦t❤✐♥❣ ✐s ♥♦t ❛♥ ❡❛s② t❛s❦✳ ❖✉r ❛♣♣r♦❛❝❤✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♠❛❦❡s
♥♦ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ s❛♠♣❧✐♥❣ ♦❢ t❤❡ s✉r❢❛❝❡✱ ❛s ❧♦♥❣ ❛s t❤❡
❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ t♦ t❤❡ ♣♦✐♥t ❝❧♦✉❞ ✐s s♠❛❧❧✳

❋❡❛t✉r❡ ❊st✐♠❛t✐♦♥ ❆❧t❤♦✉❣❤ ❡①tr❛❝t✐♥❣ s❤❛r♣ ❡❞❣❡s ❛♥❞ ❝♦r♥❡rs ✐s ❝❧♦s❡❧②
r❡❧❛t❡❞ t♦ ❝✉r✈❛t✉r❡ ❡st✐♠❛t✐♦♥✱ r❡s❡❛r❝❤ ✐♥ t❤❡s❡ ❛r❡❛s ❤❛s ❜❡❡♥ r❡❧❛t✐✈❡❧②
✐♥❞❡♣❡♥❞❡♥t✳ ❋❧❡✐s❤♠❛♥ ❡t ❛❧✳ ❬✶✵❪ ❞❡t❡❝t s❤❛r♣ ❡❞❣❡s ❛♥❞ ❝♦r♥❡rs ❜② s❡❣✲
♠❡♥t✐♥❣ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ ♣♦✐♥ts ✐♥t♦ r❡❣✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s❛♠❡ ♣❛rt
♦❢ t❤❡ s✉r❢❛❝❡✳ ❚❤❡② ❛❝❤✐❡✈❡ r♦❜✉st♥❡ss ❜② ✉s✐♥❣ ❛ ❢♦r✇❛r❞ s❡❛r❝❤ t❡❝❤♥✐q✉❡
✇❤✐❝❤ ✜♥❞s r❡❢❡r❡♥❝❡ ♣❧❛♥❡s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❛❝❤ s❡❣♠❡♥t✳ ❚❤✐s ✇♦r❦ ✐s
❡①t❡♥❞❡❞ ❜② ❉❛♥✐❡❧s ❡t ❛❧✳ ❬✶✸❪ t♦ ❡①tr❛❝t ❢❡❛t✉r❡✲❝✉r✈❡s✱ ❜② ❧♦❝❛❧❧② ♣r♦❥❡❝t✲
✐♥❣ ♦♥t♦ ❢❡❛t✉r❡ ♣♦✐♥ts✱ ❛♥❞ ❣r♦✇✐♥❣ s♠♦♦t❤ ♣♦❧②❧✐♥❡s t❤r♦✉❣❤ t❤❡ ♣r♦❥❡❝t❡❞
❝❧♦✉❞✳ ▲✐♣♠❛♥ ❛♥❞ ❝♦❧❧❡❛❣✉❡s ❬✶✻❪ ❡①tr❛❝t s❤❛r♣ ❡❞❣❡s ✇✐t❤✐♥ t❤❡ ▼♦✈✐♥❣
▲❡❛st ❙q✉❛r❡s ✭▼▲❙✮ ♣r♦❥❡❝t✐♦♥ ❢r❛♠❡✇♦r❦ ❜② ❞❡✜♥✐♥❣ ❛ ❙✐♥❣✉❧❛r✐t② ■♥❞✐✲
❝❛t♦r ❋✐❡❧❞ ✭❙■❋✮ ❜❛s❡❞ ♦♥ t❤❡ ❡rr♦r ♦❢ t❤❡ ▼▲❙ s✉r❢❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥✱
❛♥❞ ♣❡r❢♦r♠✐♥❣ ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ ❙■❋ t♦ ❛♣♣r♦①✐♠❛t❡ ❢❡❛t✉r❡
❝✉r✈❡s✳ ❏❡♥❦❡ ❡t ❛❧✳ ❬✶✹❪ ❞❡t❡❝t s❤❛r♣ ❢❡❛t✉r❡s ❜② r♦❜✉st❧② ✜tt✐♥❣ ❧♦❝❛❧ s✉r✲
❢❛❝❡ ♣❛t❝❤❡s ❛♥❞ ❝♦♠♣✉t✐♥❣ ✐♥t❡rs❡❝t✐♦♥s ♦❢ ♥❡❛r❜② ♣❛t❝❤❡s ✇✐t❤ ❞✐ss✐♠✐❧❛r
♥♦r♠❛❧s✳ ■♥ ❛ s✐♠✐❧❛r s♣✐r✐t✱ ❖③t✐r❡❧✐ ❡t ❛❧✳ ❬✶✾❪ ❞❡✜♥❡ ❛ ❢❡❛t✉r❡✲♣r❡s❡r✈✐♥❣
▼▲❙ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ❜② ♥♦t✐♥❣ t❤❛t ♥♦r♠❛❧ ✈❡❝t♦rs✱ r❛t❤❡r t❤❛♥ ♣♦✐♥t
❝♦♦r❞✐♥❛t❡s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞✐s❝❛r❞ ♣♦✐♥ts ❢r♦♠ ✉♥r❡❧❛t❡❞ ♣❛rts ♦❢ ❛ ♣✐❡❝❡✇✐s❡✲
s♠♦♦t❤ s✉r❢❛❝❡✳

❖✉r ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ s✐♠✐❧❛r ✐♥t✉✐t✐♦♥ ❛s ❬✶✹❪ ❛♥❞ ❬✶✾❪ t❤❛t ❢❡❛t✉r❡s
❝❛♥ ❜❡ ❡❛s✐❧② ❞❡t❡❝t❡❞ ✐♥ t❤❡ ♦✛s❡t ♦❢ t❤❡ s✉r❢❛❝❡✱ ❜✉t ❞✐✛❡rs ❢r♦♠ ❛❧❧ t❤❡
♣r❡✈✐♦✉s❧② ♣r♦♣♦s❡❞ t❡❝❤♥✐q✉❡s ✐♥ t❤❛t ✇❡ ♣r♦✈✐❞❡ t❤❡♦r❡t✐❝❛❧ ❣✉❛r❛♥t❡❡s ♦♥
t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❢❡❛t✉r❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ ♦✉r ♠❡t❤♦❞ ❛❧❧♦✇s t♦
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r❡❝♦✈❡r ♥♦t ♦♥❧② t❤❡ ♣♦s✐t✐♦♥s ♦❢ ❢❡❛t✉r❡ ♣♦✐♥ts✱ ❜✉t ❛❧s♦ t❤❡ ❞✐r❡❝t✐♦♥s ♦❢
s❤❛r♣ ❡❞❣❡s✳

❱♦r♦♥♦✐✲❇❛s❡❞ ◆♦r♠❛❧ ❊st✐♠❛t✐♦♥ ❖✉r ✇♦r❦ ✐s ❛❧s♦ r❡❧❛t❡❞ t♦ ❱♦r♦♥♦✐✲
❜❛s❡❞ ♥♦r♠❛❧ ❡st✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ ♣✐♦♥❡❡r❡❞ ❜② ❆♠❡♥t❛ ❛♥❞ ❇❡r♥ ❬✸❪✳
❚❤❡✐r ❛❧❣♦r✐t❤♠ ♣✐❝❦s t✇♦ ❱♦r♦♥♦✐ ✈❡rt✐❝❡s ❝❛❧❧❡❞ ♣♦❧❡s ♣❡r s❛♠♣❧❡ ♣♦✐♥t✱
✇❤✐❝❤ ❛r❡ t❤❡♥ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥✳ ❉❡② ❛♥❞ ❙✉♥ ❬✾❪
❡①t❡♥❞ t❤✐s ♠❡t❤♦❞ t♦ ❤❛♥❞❧❡ ♥♦✐s② ❞❛t❛✳ ❆s r❡♠❛r❦❡❞ ✐♥ ❬✷❪✱ t❤❡ ♠♦t✐✈❛t✐♦♥
❜❡❤✐♥❞ ❱♦r♦♥♦✐✲❜❛s❡❞ ♠❡t❤♦❞s ✐s t❤❛t t❤❡ s❤❛♣❡s ♦❢ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧s ♦❢ ❛
♣♦✐♥t ❝❧♦✉❞ ♣r♦✈✐❞❡ ♠❡❛♥✐♥❣❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥s ♦❢
t❤❡ ✉♥❞❡r❧②✐♥❣ s✉r❢❛❝❡✳ ❆❧❧✐❡③ ❛♥❞ ❝♦❧❧❡❛❣✉❡s ❬✷❪ ❡①t❡♥❞ t❤✐s ✐♥t✉✐t✐♦♥✱ ❜②
♥♦t✐♥❣ t❤❛t ♥♦✐s❡ ❝❛♥ ❝❛✉s❡ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧s t♦ ❜❡❝♦♠❡ ✐rr❡❣✉❧❛r✳ ❚❤❡②
r❡❝t✐❢② t❤✐s ❡✛❡❝t ❜② ❛❣❣r❡❣❛t✐♥❣ ♥❡❛r❜② ❝❡❧❧s✱ ❛♥❞ ❝♦♠♣✉t✐♥❣ t❤❡ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① ♦❢ ❛ ✉♥✐♦♥ ♦❢ ❱♦r♦♥♦✐ ❝❡❧❧s✳

❲❡ ❢♦r♠❛❧✐③❡ t❤✐s ✐♥t✉✐t✐♦♥ ❜② ♣r♦✈✐♥❣ t❤❛t ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦✲
r✐t❤♠ ✐♥ ❬✷❪ ✐s ❣✉❛r❛♥t❡❡❞ t♦ r❡t✉r♥ ♥♦t ♦♥❧② t❤❡ ❝♦rr❡❝t ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥s✱
❜✉t ❛❧s♦ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❛♥❞ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱
✇❡ ♥♦t❡ t❤❛t t❤✐s ♠❡t❤♦❞ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ♣♦✐♥ts ♦♥ s❤❛r♣ ❢❡❛t✉r❡s✱ s✉❝❤
❛s ❡❞❣❡s ❛♥❞ ❝♦r♥❡rs ♦❢ ❛ ♣✐❡❝❡✇✐s❡✲s♠♦♦t❤ s✉r❢❛❝❡✳

❚❤❡♦r❡t✐❝❛❧ ❣✉❛r❛♥t❡❡s ❲❡ ♠❡❛s✉r❡ t❤❡ r♦❜✉st♥❡ss ♦❢ ♦✉r ❝✉r✈❛t✉r❡ ❡st✐✲
♠❛t✐♦♥ ♠❡t❤♦❞ ❜② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡st✐♠❛t❡❞ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s
❛♥❞ ♣r✐♥❝✐♣❛❧ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s✉r❢❛❝❡✳ ❉❡s♣✐t❡ t❤❡ ♠✉❧t✐t✉❞❡ ♦❢
♠❡t❤♦❞s ❢♦r ❝♦♠♣✉t✐♥❣ ❝✉r✈❛t✉r❡s ✐♥ t❤❡ ❞✐s❝r❡t❡ s❡tt✐♥❣✱ ✈❡r② ❢❡✇ t❤❡♦r❡t✐❝❛❧
❣✉❛r❛♥t❡❡s ❛r❡ ❦♥♦✇♥✳ ■♥ ❬✽❪ ❈♦❤❡♥✲❙t❡✐♥❡r ❛♥❞ ▼♦r✈❛♥ ♣r♦✈❡ t❤❡ r♦❜✉st✲
♥❡ss ♦❢ t❤❡ ♥♦r♠❛❧ ❝②❝❧❡ ❢r♦♠ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r② ❛♥❞ s❤♦✇ t❤❛t ✐t ❝❛♥
❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ ❝✉r✈❛t✉r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❉❡❧❛✉♥❛② ♠❡s❤❡s✳ P♦tt♠❛♥♥
❡t ❛❧✳ ❬✷✸❪ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥t❡❣r❛❧✲❜❛s❡❞ ❝✉r✈❛t✉r❡ ❡st✐♠❛t♦r ♦♥ ♠❡s❤❡s✱ ✇❤✐❝❤
✉s❡s ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❜❛❧❧s ✇✐t❤ t❤❡ ✐♥t❡✲
r✐♦r ♦❢ t❤❡ ❞♦♠❛✐♥ D✳ ❚❤❡ r♦❜✉st♥❡ss ❤❡r❡ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✐♥t❡❣r❛❧
q✉❛♥t✐t✐❡s ❝♦♠♣✉t❡❞ ❢♦r t✇♦ ❞♦♠❛✐♥s D ❛♥❞ D′ ❝❛♥ r❡♠❛✐♥ ❝❧♦s❡ ❡✈❡♥ t❤♦✉❣❤
t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡s❡ ❞♦♠❛✐♥s ❛r❡ ❢❛r ✐♥ t❤❡ C1✲s❡♥s❡✳

❈♦♥tr✐❜✉t✐♦♥s

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s ❛ ❢r❛♠❡✇♦r❦ ❢♦r ❡st✐♠❛t✐♥❣ ❝✉r✈❛t✉r❡
❛♥❞ ❢❡❛t✉r❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s✉r❢❛❝❡ ❢r♦♠ ❛ ♣♦✐♥t ❝❧♦✉❞ C✱ ❜❛s❡❞
♦♥ ✐♥t❡❣r❛❧ q✉❛♥t✐t✐❡s✳ ❲❡ ♠♦❞✐❢② t❤❡ ♠❡t❤♦❞ ♦❢ ❆❧❧✐❡③ ❛♥❞ ❝♦❧❧❡❛❣✉❡s ❬✷❪✱
t♦ ❝♦♠♣✉t❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❱♦r♦♥♦✐ ❝❡❧❧s ✇✐t❤ t❤❡
♦✛s❡t CR ♦❢ t❤❡ ♣♦✐♥t ❝❧♦✉❞✱ r❛t❤❡r t❤❛♥ ✐ts ❜♦✉♥❞✐♥❣ ❜♦①✱ ❛s ❞♦♥❡ ✐♥ ❬✷❪✳
■♥t❡rs❡❝t✐♥❣ ✇✐t❤ ❛♥ ♦✛s❡t ❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥ ❧♦❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡
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✈❛r✐❛t✐♦♥ ✐♥ s❤❛♣❡ ❛♥❞ s✐③❡ ♦❢ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧✱ ✇❤✐❝❤ ✐s ❝r✉❝✐❛❧ ❢♦r ❝✉r✈❛t✉r❡
❡st✐♠❛t✐♦♥✳ ❲❡ ♣r❡s❡♥t t✇♦ ❛❧❣♦r✐t❤♠s ❢♦r ❝♦♠♣✉t✐♥❣ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ♦❢
t❤✐s ✐♥t❡rs❡❝t✐♦♥✿ ❛ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞✱ ❛♥❞ ❛ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❡ss❡❧❧❛t✐♥❣
t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ t❡tr❛❤❡❞r❛✳

❚❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛r❡ t✇♦❢♦❧❞✿ ✜rst✱ ❢♦r ❛♥② ❝♦♠♣❛❝t s❡t K✱ ✇❡ ❞❡✲
✜♥❡ ✐ts ❱♦r♦♥♦✐ ❈♦✈❛r✐❛♥❝❡ ▼❡❛s✉r❡ ✭❱❈▼✮✱ t❤r♦✉❣❤ t❤❡ ♣r♦❥❡❝t✐♦♥ ❢✉♥❝t✐♦♥

♦♥ K✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ st✉❞② t❤❡ ❞✐s❝r❡t❡ ❝❛s❡ ♦❢ ♣♦✐♥t ❝❧♦✉❞s ❛♥❞ t❤❡ ✉♥✲
❞❡r❧②✐♥❣ ❝♦♥t✐♥✉♦✉s ♣✐❡❝❡✇✐s❡✲s♠♦♦t❤ s✉r❢❛❝❡s ✐♥ ❛ s✐♥❣❧❡ ❢r❛♠❡✇♦r❦✳ ❲✐t❤
t❤✐s ♥♦t✐♦♥ ❛t ❤❛♥❞✱ ✇❡ ♣r♦✈❡ t❤❛t ✐❢ K ✐s ❛ ♣✐❡❝❡✇✐s❡✲s♠♦♦t❤ s✉❜♠❛♥✐❢♦❧❞
♦❢ R

d✱ t❤❡♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ♦❢ ✐ts ❝♦♥✈♦❧✈❡❞ ❱❈▼ ♣r♦✈✐❞❡
✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥s✱ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❛♥❞ ❞✐r❡❝t✐♦♥s✱
❞✐r❡❝t✐♦♥s ♦❢ s❤❛r♣ ❢❡❛t✉r❡s✱ ❛♥❞ ❞✐❤❡❞r❛❧ ❛♥❣❧❡s ❜❡t✇❡❡♥ ✐ts s♠♦♦t❤ ♣❛rts✳
■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ♣r♦✈❡ t❤❛t ✐❢ t❤❡ ♣♦✐♥t ❝❧♦✉❞ C ✐s ❛ ❣♦♦❞ ❍❛✉s❞♦r✛
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ K✱ t❤❡♥ t❤❡ ❝♦♥✈♦❧✈❡❞ ❱❈▼ ♦❢ C ❛♥❞ K ❛r❡ ❛❧s♦ ✉♥✐❢♦r♠❧②
❝❧♦s❡✳

❖✉t❧✐♥❡

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ✐♥ ❙❡❝t✐♦♥ ✷ ✇❡ ✐♥tr♦❞✉❝❡
t❤❡ ❱♦r♦♥♦✐ ❈♦✈❛r✐❛♥❝❡ ▼❡❛s✉r❡ ✭❱❈▼✮ ❛♥❞ t❤❡ ❝♦♥✈♦❧✈❡❞ ❱❈▼ ❢♦r ❛♥
❛r❜✐tr❛r② ❝♦♠♣❛❝t s❡t K✳ ❲❡ ❣✐✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❝♦♥✈♦❧✈❡❞ ❱❈▼
♦❢ ❛ ♣♦✐♥t ❝❧♦✉❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳ ■♥ ❙❡❝t✐♦♥s ✷✳✸ ❛♥❞ ✷✳✹ ✇❡ s❤♦✇ t❤❛t t❤❡
❝♦♥✈♦❧✈❡❞ ❱❈▼ ♦❢ ❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ s✉r❢❛❝❡ ♣r♦✈✐❞❡s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t
t❤❡ ♥♦r♠❛❧ ❛♥❞ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ✐♥ t❤❡ s♠♦♦t❤ ♣❛rts ❛♥❞ t❤❡ ❢❡❛t✉r❡
❞✐r❡❝t✐♦♥ ❛r♦✉♥❞ s❤❛r♣ ❡❞❣❡s✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ s❤♦✇ t❤❛t t❤❡ ❊❛rt❤♠♦✈❡r
❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♥✈♦❧✈❡❞ ❱❈▼ ❢♦r t✇♦ ❝♦♠♣❛❝t s❡ts ❝❛♥ ❜❡ ❜♦✉♥❞❡❞
❜② ❛ ♠✉❧t✐♣❧❡ ♦❢ t❤❡✐r ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡✱ ✐♠♣❧②✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡
❝♦♥✈♦❧✈❡❞ ❱❈▼ ♦❢ t❤❡ ♣♦✐♥t ❝❧♦✉❞ t♦ t❤❛t ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s✉r❢❛❝❡✳ ❲❡ ❛❧s♦
♥♦t❡ t❤❛t t❤❡ ❝♦♥✈♦❧✈❡❞ ❱❈▼ ♦❢ ❛ ♣♦✐♥t ❝❧♦✉❞ ✐s ♥♦t ✐♥✢✉❡♥❝❡❞ ❜② ❛ ❝❡rt❛✐♥
❝❧❛ss ♦❢ ♦✉t❧✐❡rs✳ ■♥ ❙❡❝t✐♦♥ ✹ ✇❡ ❞❡s❝r✐❜❡ t✇♦ ❛❧❣♦r✐t❤♠s ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡
❝♦♥✈♦❧✈❡❞ ❱❈▼ ♦❢ ❛ ♣♦✐♥t ❝❧♦✉❞ ✐♥ ♣r❛❝t✐❝❡✱ ❛ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞✱ ❛♥❞ ❛
♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❡ss❡❧❧❛t✐♥❣ t❤❡ ♦✛s❡t ✇✐t❤ t❡tr❛❤❡❞r❛✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✺ ✐s
❞❡❞✐❝❛t❡❞ t♦ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ ♦✉r ♠❡t❤♦❞ ♦♥ ❛ ✈❛r✐❡t② ♦❢ s✉r❢❛❝❡s✳

✷ ❱♦r♦♥♦✐ ❈♦✈❛r✐❛♥❝❡ ▼❡❛s✉r❡

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ r❡✈✐❡✇ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♥❡❝❡ss❛r② ❢♦r t❤❡
❛♥❛❧②s✐s ♦❢ ♦✉r ♠❡t❤♦❞✳ ❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡ ❱♦r♦♥♦✐ ❈♦✈❛r✐❛♥❝❡ ▼❡❛s✉r❡ ❛♥❞
❞❡r✐✈❡ ✐ts ♣r♦♣❡rt✐❡s ❢♦r ❛ ♣♦✐♥t ❝❧♦✉❞ ❛♥❞ ❢♦r ❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ s✉r❢❛❝❡✳
❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❝❛s❡s ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✸ ✐♥ t❤❡ ❢♦r♠ ♦❢

✻



x

Kr

K

B

pK(x)

p−1

K
(B)

M(K)

❋✐❣✉r❡ ✷✳✶✿ Pr♦❥❡❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ♠❡❞✐❛❧ ❛①✐s ♦❢ ❛ ❝♦♠♣❛❝t s❡t K ✇✐t❤
s♠♦♦t❤ ❜♦✉♥❞❛r②✳

❛ st❛❜✐❧✐t② t❤❡♦r❡♠✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s
❛♥❞ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣✐❡❝❡✇✐s❡✲s♠♦♦t❤ s✉r❢❛❝❡ ❝❛♥ ❜❡
❡st✐♠❛t❡❞ ❢r♦♠ ✐ts ♣♦✐♥t ❝❧♦✉❞ s❛♠♣❧✐♥❣✳

✷✳✶ ▼❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞
Pr♦❥❡❝t✐♦♥ ♦♥ ❛ ❝♦♠♣❛❝t s❡t ❛♥❞ ❱♦r♦♥♦✐ ❝❡❧❧s ■❢ K ⊆ R

d ✐s ❛ ❝♦♠♣❛❝t
s❡t✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② dK t❤❡ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ t♦ K✱ ✐✳❡✳ ❢♦r ❛♥② x ∈ R

d✱
dK(x) = min{‖x− y‖ ; y ∈ K}✳ ❚❤❡ ♥❡❛r❡st ♥❡✐❣❤❜♦rs ♦❢ x ✐♥ K ❛r❡ t❤❡
♣♦✐♥ts y ✇❤✐❝❤ r❡❛❧✐③❡ t❤✐s ♠✐♥✐♠✉♠✿ t❤❡ s❡t ♦❢ ♣♦✐♥ts ❢♦r ✇❤✐❝❤ t❤❡r❡ ❡①✐st
♠♦r❡ t❤❛♥ ♦♥❡ ♥❡❛r❡st ♥❡✐❣❤❜♦r ✐♥ K ✐s ❝❛❧❧❡❞ t❤❡ ♠❡❞✐❛❧ ❛①✐sM(K) ♦❢ K✳

❚❤❡ ♣r♦❥❡❝t✐♦♥ ❢✉♥❝t✐♦♥ ♠❛♣s ❛ ♣♦✐♥t x ∈ R
d \M(K) t♦ ✐ts ♦♥❧② ❝❧♦s❡st

♣♦✐♥t pK(x) ✐♥ K ⊆ R
d✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ♠❡❞✐❛❧ ❛①✐s ♦❢ ❛♥② ❝♦♠♣❛❝t

s❡t ❤❛s ③❡r♦ d✲✈♦❧✉♠❡✱ ✐♠♣❧②✐♥❣ t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ✇❡❧❧ ❞❡✜♥❡❞
❛❧♠♦st ❡✈❡r②✇❤❡r❡✳ ❙✐♥❝❡ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ ✐♥t❡❣r❛❧ ♣r♦♣❡rt✐❡s✱ t❤❡
✈❛❧✉❡ ♦❢ pK ♦♥ M(K) ❝❛♥ ❜❡ ❛r❜✐tr❛r②✱ ❛♥❞ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r pK ❛s ❜❡✐♥❣
❞❡✜♥❡❞ ♦♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡ R

d✳
■❢ K = {p1, . . . , pn} ✐s ❛ ♣♦✐♥t ❝❧♦✉❞✱ ❧❡t Vor(pi) ❞❡♥♦t❡ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧

♦❢ pi : Vor(pi) = {x : d(x, K) = ‖x− pi‖} ✐✳❡✳ t❤❡ s❡t ♦❢ ♣♦✐♥ts ♦❢ R
d t❤❛t

❛r❡ ❝❧♦s❡r t♦ pi t❤❛♥ t♦ ❛♥② ♦t❤❡r ♣♦✐♥t ♦❢ K✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ K ♠❛♣s ❛♥②
x ∈ R

d t♦ pi s✉❝❤ t❤❛t x ∈ Vor(pi)✱ ❡①❝❡♣t ♦♥ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❱♦r♦♥♦✐
❝❡❧❧s ✕ ✇❤✐❝❤ ❝♦♥st✐t✉t❡ t❤❡ ♠❡❞✐❛❧ ❛①✐s ♦❢ K✳ ❇② ❛♥❛❧♦❣②✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦
t❤❡ s❡t p−1

K (B) ❛s t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧ ♦❢ t❤❡ s❡t B ⊆ K✱ ❛♥❞ t♦ p−1
K ({x}) ❛s t❤❡

✐♥✜♥✐t❡s✐♠❛❧ ❱♦r♦♥♦✐ ❝❡❧❧ ♦❢ t❤❡ ♣♦✐♥t x ∈ K✱ ❢♦r ❛♥② ❝♦♠♣❛❝t K✳

❘✲♦✛s❡t ❛♥❞ t❤❡ ❘❡❛❝❤ ♦❢ ❛ ❝♦♠♣❛❝t s❡t K ⊆ R
d ❋♦r ❛♥② ❝♦♠♣❛❝t

s❡t K✱ ❛♥❞ ❛ ♣♦s✐t✐✈❡ s❝❛❧❛r R✱ t❤❡ R✲♦✛s❡t ♦❢ K ✐s ❞❡✜♥❡❞ ❛s KR = {x ∈
R

d : d(x, K) < R} ✕ t❤❡ s❡t ♦❢ ♣♦✐♥ts ♥♦ ♠♦r❡ t❤❛♥ R ❛✇❛② ❢r♦♠ K✳

✼



■❢ K ⊆ R
d t❤❡ r❡❛❝❤ ♦❢ K ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♠❛①✐♠✉♠ R s✉❝❤ t❤❛t ❢♦r ❛❧❧

x ∈ KR,pK(x) ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ reach(K) = d(K,M(K))✳

❙②♠♠❡tr✐❝ ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ❚❤❡ s②♠♠❡tr✐❝ ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ dH(K, K ′)
❜❡t✇❡❡♥ t✇♦ ❝♦♠♣❛❝t s❡ts K ❛♥❞ K ′ ✐s ❞❡✜♥❡❞ ❛s t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r R
s✉❝❤ t❤❛t K ′ ⊆ KR ❛♥❞ K ⊆ K ′R✳

❈♦✈❛r✐❛♥❝❡ ♠❛tr✐① ■❢ E ⊆ R
d ❤❛s ✜♥✐t❡ ✈♦❧✉♠❡✱ ✐ts ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s

❛ ✷✲t❡♥s♦r ✇❤♦s❡ ❡✐❣❡♥✈❡❝t♦rs ❝❛♣t✉r❡ t❤❡ ♣r✐♥❝✐♣❛❧ ❛①❡s ♦❢ E ✇✐t❤ r❡s♣❡❝t
t♦ ❛ ❜❛s❡ ♣♦✐♥t p✳

cov(E, p) =

∫

E
(x− p)(x− p)❚dx

✷✳✷ ❱♦r♦♥♦✐ ❈♦✈❛r✐❛♥❝❡ ▼❡❛s✉r❡

●❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ ❚❤❡ ❱♦r♦♥♦✐ ❈♦✈❛r✐❛♥❝❡ ▼❡❛s✉r❡ ✭♦r ❱❈▼✮ ✐s ❞❡✜♥❡❞
❢♦r ❛♥② ❝♦♠♣❛❝t s❡t K ♦❢ R

d✳ ❚❤✐s ❝❛♥ ❜❡ ❛ ✜♥✐t❡ ♣♦✐♥t ❝❧♦✉❞✱ ❛ ✭♣✐❡❝❡✇✐s❡✮
s♠♦♦t❤ ♠❛♥✐❢♦❧❞✱ ♦r ❛♥ ❡✈❡♥ ✇✐❧❞❡r ♦❜❥❡❝t✳ ❲❡ ❛❧s♦ ♥❡❡❞ ❛ s❝❛❧❡ ♣❛r❛♠❡t❡r
R✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❞❡✜♥❡ ❛♥ ♦✛s❡t KR ♦❢ K✳

❚❤❡ ❱♦r♦♥♦✐ ❈♦✈❛r✐❛♥❝❡ ▼❡❛s✉r❡ ♦❢ K ✇✐t❤ r❡s♣❡❝t t♦ KR ✐s ❛ t❡♥s♦r✲
✈❛❧✉❡❞ ♠❡❛s✉r❡ ❞❡♥♦t❡❞ ❜② VK,R✳ ❇❡✐♥❣ t❡♥s♦r✲✈❛❧✉❡❞ ♠❡❛♥s t❤❛t ✉♥❧✐❦❡ ❛
✉s✉❛❧ ♠❡❛s✉r❡ µ ✐♥ t❤❡ s❡♥s❡ ♦❢ ▲❡❜❡s❣✉❡✱ ✇❤✐❝❤ ♠❛♣s ❡❛❝❤ s✉❜s❡t B ♦❢ R

d t♦
❛ ♥♦♥✲♥❡❣❛t✐✈❡ ♥✉♠❜❡r µ(B)✱ t❤❡ ❱♦r♦♥♦✐ ❈♦✈❛r✐❛♥❝❡ ▼❡❛s✉r❡ ♠❛♣s ❡✈❡r②
s✉❝❤ B ⊆ R

d t♦ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① VK,R(B)✳ ❚❤✐s
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

VK,R(B) =

∫

KR∩p−1

K
(B∩K)

(x− pK(x))(x− pK(x))❚dx

❋✐❣✉r❡ ✷✳✷ ✐❧❧✉str❛t❡s t❤❡ ❞♦♠❛✐♥ ♦❢ ✐♥t❡❣r❛t✐♦♥ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ VK,R(B)
✇❤❡♥ K ✐s ❛ ♣♦✐♥t ❝❧♦✉❞ ❛♥❞ ✇❤❡♥ ✐t ✐s ❛ ❝✉r✈❡✳ ■♥t✉✐t✐✈❡❧②✱ t❤✐s ❞❡✜♥✐t✐♦♥
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ s❡t p−1

K (B ∩K) ∩KR✱ ❜✉t ✇✐t❤
❛ ✈❛r②✐♥❣ ❜❛s❡ ♣♦✐♥t ✿ ♦♥❡ ❝❛♥ t❤✐♥❦ ♦❢ ✐t ❛s t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r ❛❧❧ p ∈ B∩K ♦❢
t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❱♦r♦♥♦✐ ❝❡❧❧ p−1

K ({p}) ∩ E✱ ✇✐t❤
❜❛s❡ ♣♦✐♥t p✳

❚❤❡ s❡t ♦❢ ✈❡❝t♦rs Np,RK = {x−p; pK(x) = p ❛♥❞ x ∈ KR} ❝♦rr❡s♣♦♥❞s
✐♥ t♦ t❤❡ ♥♦r♠❛❧ ❝♦♥❡ ♦❢ K ❛t p✱ ❛t ❛ s❝❛❧❡ ❞❡✜♥❡❞ ❜② R✳ ■♥❞❡❡❞✱ ✐❢ K ✐s
s♠♦♦t❤ ❛♥❞ R < reach(K) t❤❡♥ Np,RK ✐s t❤❡ s❡❣♠❡♥t [−R~n(p), R~n(p)]
✭❋✐❣✉r❡ ✷✳✷✮✳ ■❢✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ K ⊆ R

3 ✐s ❛ ❝♦♥✈❡① ♣♦❧②❤❡❞r♦♥✱ Np,RK

✽



C

p−1

C
(B ∩ C) ∩ CR

B

pi

Vor(pi) ∩ CR

p−1

S
(B ∩ S) ∩ SR

B

S
x

pS(x)

❋✐❣✉r❡ ✷✳✷✿ ❱♦r♦♥♦✐ ❈♦✈❛r✐❛♥❝❡ ▼❡❛s✉r❡s VC,R(B) ♦❢ ❛ 2❉ ♣♦✐♥t ❝❧♦✉❞ C
❛♥❞ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❝✉r✈❡ S✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❛♠❡ ♣r♦❜✐♥❣ s❡t B✳

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✉s✉❛❧ ♥♦r♠❛❧ ❝♦♥❡ ❛t p✱ ✐♥t❡rs❡❝t❡❞ ✇✐t❤ KR❀ ✐t ✐s ❛ ✷✲
❞✐♠❡♥s✐♦♥❛❧ s✉❜s❡t ♦❢ R

3 ✇❤❡♥ p ❧✐❡s ♦♥ ❛ ❡❞❣❡ ❛♥❞ 3✲❞✐♠❡♥s✐♦♥❛❧ ✇❤❡♥ p ✐s
❛ ✈❡rt❡① ✭❝❢✳ ❋✐❣✉r❡ ✷✳✸✮✳

■❢ B ✐s ❛ s♠❛❧❧ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛ ♣♦✐♥t p ∈ K✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①
VK,R(B) ✐s t❤❡ s✉♠ ♦❢ ❛❧❧ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ♦❢ t❤❡ ♥♦r♠❛❧
❝♦♥❡s Np,RK✱ ✇✐t❤ p ∈ B✳ ❚❤❡r❡❢♦r❡✱ VK,R(B) ❝❛♣t✉r❡s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡
♥♦r♠❛❧ ❝♦♥❡ ♦❢ K ❛r♦✉♥❞ p✱ ✇❤✐❝❤ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❝✉r✈❛t✉r❡ ❛t p✱ ✇❤❡♥ K
✐s ❧♦❝❛❧❧② s♠♦♦t❤✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❢♦r♠❛❧✐③❡ t❤✐s ✐♥t✉✐t✐♦♥ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❱♦r♦♥♦✐
❈♦✈❛r✐❛♥❝❡ ▼❡❛s✉r❡ ❢♦r ♣♦✐♥t ❝❧♦✉❞s✱ s♠♦♦t❤ ❤②♣❡rs✉r❢❛❝❡s ❛♥❞ s❤❛r♣ ❡❞❣❡s
♦❢ ❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ s✉r❢❛❝❡✳

❈♦♥✈♦❧✈❡❞ ❱❈▼ ❈♦♥✈♦❧✈✐♥❣ t❤❡ t❡♥s♦r✲✈❛❧✉❡❞ ♠❡❛s✉r❡ VK,R ❜② ❛ ❝♦♥✲
t✐♥✉♦✉s ❛♥❞ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ χ : R

d → R t✉r♥s ✐t ✐♥t♦ ❛ ✭t❡♥s♦r✲✈❛❧✉❡❞✮
❞❡♥s✐t② ❢✉♥❝t✐♦♥ VK,R ∗ χ : R

d → Sym(Rd)✱ ❞❡✜♥❡❞ ❜②✿

VK,R ∗ χ(p) :=

∫

KR

(x− pK(x))(x− pK(x))❚χ(pK(x)− p)dx

❚❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❜❛❧❧ B(0, r) ✐s t❤❡ ❢✉♥❝t✐♦♥ χr ❞❡✜♥❡❞ ❜②
χr(p) = 1 ✐❢ x ∈ B(0, r) ❛♥❞ χr(p) = 0 ♦t❤❡r✇✐s❡✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ ♦♥❡
❤❛s✿

VK,R ∗ χr(p) = VK,R(B(p, r)) ✭✷✳✶✮

■♥ t❤✐s ✇♦r❦✱ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ ✐s ❛❧✇❛②s ❝❤♦s❡♥ t♦ ❜❡ ❛ ▲✐♣s❝❤✐t③ ❛♣✲
♣r♦①✐♠❛t✐♦♥ ♦❢ s✉❝❤ ❛♥ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥✱ ❧✐❦❡ t❤❡ ✏❤❛t ❢✉♥❝t✐♦♥✑ χ(p) =
max(0, r−‖p‖2)✱ ❢♦r ✇❤✐❝❤ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t VK′,R ∗χ ❝♦♥✈❡r❣❡s t♦ VK,R ∗χ

✾



❛s K ′ ❝♦♥✈❡r❣❡s t♦ K ✭s❡❡ ❙❡❝t✐♦♥ ✸✮✳ ❲❡ ❛❧s♦ ♦❢t❡♥ ✉s❡ t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥
✐ts❡❧❢ ❢♦r ✇❤✐❝❤ ✇❡ ❣❡t ❣♦♦❞ r❡s✉❧ts ❡✈❡♥ t❤♦✉❣❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ❣✉❛r❛♥t❡❡s
♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❞♦ ♥♦t ❛♣♣❧② ❞✐r❡❝t❧②✳

❱❈▼ ♦❢ ❛ ♣♦✐♥t ❝❧♦✉❞ ❆♣♣❧②✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❱❈▼ t♦ ❛ ♣♦✐♥t ❝❧♦✉❞
C = {p1, . . . , pn} ⊆ R

d ✇❡ ♦❜t❛✐♥✿

VC,R({pi}) =

∫

CR∩p−1

C
(pi)

(x− pi)(x− pi)
❚dx

❙✐♥❝❡ t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ p−1
C (pi) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧ Vor(pi)✱ ✇❡

❣❡t VC,R({pi}) = cov (Vor(pi) ∩ B(pi, R), pi)✳ ❯s✐♥❣ t❤❡ ❛❞❞✐t✐✈✐t② ♦❢ t❤❡
✐♥t❡❣r❛❧✱ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ VC,R(B) ❢♦r ❛♥ ❛r❜✐tr❛r② s❡t B ⊆ R

d ❛s VC,R(B) =
∑

pi∈B VC,R({pi}) ✭❝❢✳ ❋✐❣✉r❡ ✷✳✷✮✱ ♦r✿

VC,R(B) =
∑

pi∈B∩C

cov (Vor(pi) ∩ B(pi, R), pi) .

❈♦♥✈♦❧✈❡❞ ❱❈▼ ♦❢ ❛ ♣♦✐♥t ❝❧♦✉❞ ❯s✐♥❣ ❡q✉❛t✐♦♥ ✷✳✶✱ ❛♥❞ ❝❤♦♦s✐♥❣ t❤❡
❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ χ t♦ ❜❡ t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦❢ ❛ ❜❛❧❧ ✇✐t❤ r❛❞✐✉s r✱ ✇❡
♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥✿

VC,R ∗ χr(p) =
∑

pi∈B(p,r)∩C

cov (Vor(pi) ∩ B(pi, R), pi)

❲❡ ❞❡s❝r✐❜❡ t✇♦ ♣r❛❝t✐❝❛❧ ❛❧❣♦r✐t❤♠s t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦♥✈♦❧✈❡❞ ❱❈▼ ♦❢ ❛
♣♦✐♥t ❝❧♦✉❞ ✐♥ s❡❝t✐♦♥ ✹✳

✷✳✸ ❱❈▼ ♦❢ ❛ s♠♦♦t❤ ❤②♣❡rs✉r❢❛❝❡

❱❈▼ ♦❢ ❛ s♠♦♦t❤ ❤②♣❡rs✉r❢❛❝❡ ▲❡t S ❜❡ ❛ ❝♦♠♣❛❝t s♠♦♦t❤ ❤②♣❡rs✉r✲
❢❛❝❡ ❡♠❜❡❞❞❡❞ ✐♥ R

d✱ ~n ❛♥ ♦r✐❡♥t❡❞ ♥♦r♠❛❧ ✈❡❝t♦r ✜❡❧❞ ♦♥ S ❛♥❞ RS t❤❡
r❡❛❝❤ ♦❢ S✳ ❆s ❜❡❢♦r❡✱ SR ❞❡♥♦t❡s t❤❡ R✲♦✛s❡t ♦❢ S✳

▲❡t ✉s r❡❝❛❧❧ ❛ ❢❡✇ ❢❛❝ts ❛❜♦✉t t❤❡ ❝✉r✈❛t✉r❡ ♦❢ ❡♠❜❡❞❞❡❞ ❤②♣❡rs✉r❢❛❝❡s✳
❚❤❡ ♠❛♣ x ∈ S 7→ ~n(x) ✐s ❝❛❧❧❡❞ t❤❡ ●❛✉ss ♠❛♣ ♦❢ S✱ ✇❤✐❧❡ ✐ts ❞❡r✐✈❛t✐✈❡
d~n ✐s ❝❛❧❧❡❞ t❤❡ s❤❛♣❡ ♦♣❡r❛t♦r ♦❢ S✳ ■❢ κ1(x), . . . , κd−1(x) ❞❡♥♦t❡ t❤❡ (d− 1)
♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❛t x ❛♥❞ P1(x), . . . , Pd−1(x) ✐s ❛ s❡t ♦❢ ✈❡❝t♦rs ✐♥ t❤❡
t❛♥❣❡♥t ♣❧❛♥❡ s♣❛♥♥✐♥❣ t❤❡ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s✱ ✇✐t❤ ‖Pi(x)‖ = 1✱
♦♥❡ ❤❛s✿ ∀v ∈ TxS, d~n(x)(v) =

∑d−1
i=1 κi(x)〈Pi(x)|v〉Pi(x)✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❱♦r♦♥♦✐ ❈♦✈❛r✐❛♥❝❡ ▼❡❛s✉r❡ VS,R

❡✈❛❧✉❛t❡❞ ♦♥ ❛ s✉❜s❡t B ⊆ S ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① ♦❢ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦rs ~n(x), x ∈ B✿

✶✵



❚❤❡♦r❡♠ ✶✳ ■❢ R < RS , t❤❡ r❡❛❝❤ ♦❢ S✱ t❤❡♥ ❢♦r ❡✈❡r② B ⊆ S ♦♥❡ ❤❛s

VS,R(B) =
2

3
R3

[

1 + O(R2/R2
S)

]

∫

p∈B∩S
~n(p)~n(p)❚ dp

■❢ S ✐s ❛ ❝✉r✈❡ ✐♥ t❤❡ 2✲❞✐♠❡♥s✐♦♥❛❧ ♣❧❛♥❡✱ t❤❡ ❡rr♦r t❡r♠ ✈❛♥✐s❤❡s❀ ✐❢ S ✐s ❛

❤②♣❡rs✉r❢❛❝❡ ✐♥ 3✲❞✐♠❡♥s✐♦♥s✱ ✐t ✐s ❜♦✉♥❞❡❞ ♠♦r❡ ❡①♣❧✐❝✐t❧② ❜② 3
5

R2

R2

S

✳

Pr♦♦❢✳ ■❢ R ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ r❡❛❝❤ ♦❢ S✱ t❤❡ ♠❛♣ ϕ : S × [−R,R] →
SR, (p, t) 7→ p + t~n(p)✱ ✇❤❡r❡ SR ✐s t❤❡ R✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ S✱ ✐s ❛ ❞✐✛❡♦♠♦r✲
♣❤✐s♠✳ ❚❤✉s✱ t❤❡ ❝❤❛♥❣❡✲♦❢✲✈❛r✐❛❜❧❡ ❢♦r♠✉❧❛ ②✐❡❧❞s✿

VS,R(B) =

∫

SR∩p−1

S
(B∩S)

(x− pS(x))(x− pS(x))❚dx

=

∫

p∈B∩S

∫ R

−R
~n(p)~n(p)❚ t2 Jϕ(p, t) dt dp

✇❤❡r❡ |Jϕ(p, t)| ✐s t❤❡ ❏❛❝♦❜✐❛♥ ❞❡t❡r♠✐♥❛♥t ♦❢ ϕ ❛t (p, t) ∈ S × [−R,R]✳ ■♥
t❤❡ ❧♦❝❛❧ ❢r❛♠❡ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❣✐✈❡♥ ❜② t❤❡ d − 1 ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡
❞✐r❡❝t✐♦♥s P1(p), . . . , Pd−1(p)✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ϕ ✐s t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤
❝♦♠♣♦♥❡♥ts 1+tκ1(p), . . . , 1+tκd−1(p), 1✳ ❋r♦♠ t❤✐s✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡
t❤❡ ❏❛❝♦❜✐❛♥ ❞❡t❡r♠✐♥❛♥t✿

|Jϕ(p, t)| =
d−1
∏

i=1

(1 + tκi(p)) =

d−1
∑

i=0

tiσi(p)

■♥ t❤✐s ❡①♣r❡ss✐♦♥✱ σi(p) =
∑

j1<...<ji
κj1(p) . . . κji

(p) ✐s t❤❡ it❤ s②♠♠❡tr✐❝
♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❛t p✳ ❙✐♥❝❡ ❛❧❧ t❡r♠s ✇✐t❤ ♦❞❞ ♣♦✇❡rs
♦❢ t ✈❛♥✐s❤ ✇❤❡♥ ✇❡ ✐♥t❡❣r❛t❡ ❢r♦♠ −R t♦ R✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦❧②♥♦♠✐❛❧
❡①♣❛♥s✐♦♥ ❢♦r t❤❡ ❱❈▼✿

VS,R(B) =

⌊(d−1)/2⌋
∑

k=0

2R2k+3

2k + 3

∫

p∈B∩S
σ2k(p)~n(p)~n(p)❚ dp

❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❝✉r✈❡s ✐♥ ✷✲❞✐♠❡♥s✐♦♥❛❧ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡✿

VS,R(B) =
2R3

3

∫

p∈B∩S
~n(p)~n(p)❚ dp.

■♥ ❣❡♥❡r❛❧ ❞✐♠❡♥s✐♦♥✱ t❤❡ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ r❛❞✐✐ |κi(p)|−1 ❛r❡ ❣r❡❛t❡r
t❤❛♥ RS = reach(S) ❛t ❛♥② ♣♦✐♥t p ∈ S✳ ❯s✐♥❣ t❤✐s t♦ ❡✈❛❧✉❛t❡ t❤❡ ❡rr♦r
♠❛❞❡ ❜② tr✉♥❝❛t✐♥❣ t❤✐s ♣♦❧②♥♦♠✐❛❧ t♦ ✐ts ✜rst t❡r♠ ♦♥❧② ②✐❡❧❞s t❤❡ ❞❡s✐r❡❞
❢♦r♠✉❧❛✳

✶✶



❈♦♥✈♦❧✈❡❞ ❱❈▼ ❛t ❛ s♠♦♦t❤ ♣♦✐♥t ▲❡t ✉s r❡❝❛❧❧ t❤❛t ✐❢ χ ✐s t❤❡ ✐♥❞✐❝❛t♦r
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s r ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥✱ t❤❡♥ ❜② ❡q✉❛t✐♦♥ ✷✳✶
VS,R ∗ χ(p) = VS,R(B(p, r))✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦
s❤♦✇ t❤❛t t❤❡ ❜✐❣❣❡st ❡✐❣❡♥❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♠❛tr✐① VS,R(B(p, r)) ✐s ❝❧♦s❡ t♦
t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ ❛t p✱ ❛♥❞ t❤❡ (d− 1) s♠❛❧❧❡st ❡✐❣❡♥❞✐r❡❝t✐♦♥s ❛r❡ ❝❧♦s❡
t♦ t❤❡ (d− 1) ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s✳

❈♦♥✈♦❧✈❡❞ ❱❈▼ ♦❢ ❛ ♣♦✐♥t ♦♥ ❛ ❝✉r✈❡ ✐♥ ✷❉ ❲❡ ✜rst ❝♦♠♣✉t❡ t❤❡
❝♦♥✈♦❧✈❡❞ ❱❈▼ ♦❢ ❛ s♠♦♦t❤ ♣♦✐♥t ♦♥ ❛ ❝✉r✈❡ S ✐♥ ✷✲❞✐♠❡♥s✐♦♥❛❧ ❊✉❝❧✐❞❡❛♥
s♣❛❝❡✱ ✇❤❡♥ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ ✐s ❛♥ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦❢ ❛ ❜❛❧❧✳ ❋r♦♠
t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② B ⊆ R

2✿

VS,R(B) =
2R3

3

∫

p∈B∩S
~n(p)~n(p)❚ dp.

❇② ❡q✉❛t✐♦♥ ✷✳✶✱ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦♥✈♦❧✈❡❞ ❱❈▼ ♦❢ ❛ ♣♦✐♥t p0 ♦♥ t❤❡ ❝✉r✈❡✱
✇❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ VS,R(B(p0, r))✱ ✇❤❡r❡ r ✐s t❤❡ ❦❡r♥❡❧ r❛❞✐✉s✳ ▲❡t B̃(0, r)
❜❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ B(p, r) ♦♥ t❤❡ t❛♥❣❡♥t ❧✐♥❡ ❛t p0 : Tp0

S = s~t(p0), ✇❤❡r❡
s ∈ R ❛♥❞ ~t(p0) ✐s t❤❡ ✉♥✐t ✈❡❝t♦r ✐♥ t❤❡ t❛♥❣❡♥t ❞✐r❡❝t✐♦♥✳ ❚❤❡♥ ❢♦r s♠❛❧❧
r✱ ✇❡ ❤❛✈❡✿

VS,R(B(p0, r))

≃
2R3

3

∫

B̃(0,r)
(~n(p0) + d~n(p0)(p))(~n(p0) + d~n(p0)(p))❚dp

=
2R3

3

∫ r

−r

(

~n(p0) + sκ(p0)~t(p0)
) (

~n(p0) + sκ(p0)~t(p0)
)

❚

ds

=
4R3r

3

(

~n(p0)~n(p0)
❚ + κ2(p0)

r2

3
~t(p0)~t(p0)

❚

)

❙✐♥❝❡ t❤❡ ♥♦r♠❛❧ ❛♥❞ t❛♥❣❡♥t ✈❡❝t♦rs ❛r❡ ♦rt❤♦❣♦♥❛❧✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ~n(p0)
❛♥❞~t(p0) ❛r❡ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ VS,R(B(p0, r)) ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✲

✈❛❧✉❡s λ0 = 4
3R3r ❛♥❞ λ1 = 4

9R3r3κ2(p0). ■♥ ♣❛rt✐❝✉❧❛r✱ λ1

λ0
= r2

3 κ2(p0).

❈♦♥✈♦❧✈❡❞ ❱❈▼ ♦❢ ❛ ♣♦✐♥t ♦♥ ❛ s✉r❢❛❝❡ ✐♥ ✸❉ ❆ ♥❡❛r❧② ✐❞❡♥t✐❝❛❧
❝❛❧❝✉❧❛t✐♦♥ ❛s ❛❜♦✈❡ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❢♦r ❛ ❤②♣❡rs✉r❢❛❝❡ ✐♥ ✸❉✳ ◆♦✇ ❢♦r
❛ ♣♦✐♥t p0 ♦♥ t❤❡ s✉r❢❛❝❡ ❛♥❞ ❛ ❜❛❧❧ B(p0, r)✱ ✇❡ ❞❡♥♦t❡ ❜② B̃(0, r) t❤❡

✶✷



♣r♦❥❡❝t✐♦♥ ♦❢ t❤✐s ❜❛❧❧ ♦♥ t❤❡ t❛♥❣❡♥t ♣❧❛♥❡ Tp0
S = {~n(p0)}

⊥. ❚❤❡♥✱

VS,R(B(p0, r))

≃
2

3
R3

∫

v∈B̃(0,r)
(~n(p0) + d~n(p0)(v))(~n(p0) + d~n(p0)(v))❚ dv

❋♦r ❛ ❤②♣❡rs✉r❢❛❝❡ ✐♥ R
3, d~n(p0)(v) = κ1(p0)〈P1(x)|v〉P1+κ2(p0)〈P2(x)|v〉P2,

✇❤❡r❡ κi(p0) ❛♥❞ Pi(p0) ❛r❡ t❤❡ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❛♥❞ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛✲
t✉r❡ ❞✐r❡❝t✐♦♥s ❛t p0 r❡s♣❡❝t✐✈❡❧②✳ ■♥ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✿ d~n(p0)(r, θ) =
κ1(p0)r cos(θ)P1 + κ2(p0)r sin(θ)P2✳ ❙✐♥❝❡ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❛❜♦✈❡ ✐s ♦✈❡r ❛
❝✐r❝❧❡✱ ❛❧❧ t❡r♠s ✇✐t❤ sin(θ) ♦r cos(θ) ✇✐❧❧ ✈❛♥✐s❤✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ♣♦❧❛r ❝♦♦r❞✐✲
♥❛t❡s✿

VS,R(B(p0, r))

≃
2

3
R3

∫ r

s=0

∫ 2π

θ=0

[

n(p0)n(p0)
❚ + s2 cos2(θ)κ2

1(p0)P1P
❚

1

+s2 sin2(θ)κ2
2(p0)P2P

❚

2

]

s dθds

=
2π

3
R3r2

[

~n(p0)~n(p0)
❚ +

r2

4

2
∑

i=1

κ2
i (p0)Pi(p0)Pi(p0)

❚

]

■t ❢♦❧❧♦✇s ❢r♦♠ t❤✐s ❢♦r♠✉❧❛ t❤❛t ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♦✛s❡t r❛❞✐✉s
R ❛♥❞ ❝♦♥✈♦❧✉t✐♦♥ r❛❞✐✉s r✱ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ❱❈▼ ♥❡❛r ❛ s♠♦♦t❤
♣♦✐♥t ❛r❡ ❝❧♦s❡ t♦ t❤❡ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s ❛t t❤❛t ♣♦✐♥t✳

❆ s✐♠✐❧❛r ❢♦r♠✉❧❛ ✇✐t❤ ❞✐✛❡r❡♥t ❝♦♥st❛♥ts ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢♦r ❤✐❣❤❡r ❞✐✲
♠❡♥s✐♦♥❛❧ s♣❛❝❡s ❛s ✇❡❧❧✳

✷✳✹ ❱❈▼ ❛t ❛ ♣♦✐♥t ♦♥ ❛ s❤❛r♣ ❢❡❛t✉r❡

▲❡t S ❜❡ ❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ❤②♣❡r✲s✉r❢❛❝❡ ✐♥ R3✱ ❛♥❞ ❧❡t p0 ❜❡ ❛ ♣♦✐♥t ♦♥ ❛♥
❡❞❣❡ ❜❡t✇❡❡♥ t✇♦ s♠♦♦t❤ ♣❛rts ♦❢ t❤❡ s✉r❢❛❝❡✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ t❤❡ ✐♥✜♥✐t❡s✲
✐♠❛❧ ❱♦r♦♥♦✐ ❝❡❧❧ ♦❢ p0 ✐s tr✐❛♥❣❧❡ s❤❛♣❡❞ ✭❋✐❣✉r❡ ✷✳✸✮✮✱ ❛♥❞ t❤❡ tr✐❛♥❣❧❡ ✐s
♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❢❡❛t✉r❡ ❞✐r❡❝t✐♦♥✳ ■♥ t❤❡ ❆♣♣❡♥❞✐① ✇❡ ❢♦r♠❛❧✐③❡ t❤✐s ✐♥✲
t✉✐t✐♦♥ ❛♥❞ ❞❡r✐✈❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①
VS,R(B(p0, r))✳

❲❡ ✇♦r❦ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t pS(p0 + tv) = p0 ❢♦r ❛❧❧ ✉♥✐t ✈❡❝t♦rs
v ✐♥ t❤❡ ♥♦r♠❛❧ ❝♦♥❡ ❛t p0 ❛♥❞ ❛♥② 0 6 t < R✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❝❛♥ ❜❡ s❡❡♥
❛s ❛ ♦♥❡✲s✐❞❡❞ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❧♦❝❛❧ ❢❡❛t✉r❡ s✐③❡✳ ❚❤❡♥✱ ✐❢ ~u ❛♥❞ ~v ❞❡♥♦t❡
t❤❡ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ t✇♦ ♦✉t✇❛r❞ ♥♦r♠❛❧s t♦ S ❛t p0 ♦♥ t❤❡ ♦rt❤♦❣♦♥❛❧

✶✸



~u

~v

α

❋✐❣✉r❡ ✷✳✸✿ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❱♦r♦♥♦✐ ❝❡❧❧ p−1
C (x) ♦❢ ❛ ♣♦✐♥t x ♦♥ ❛ ❝✉❜❡ ✐s

♣❡♥❝✐❧✱ tr✐❛♥❣❧❡ ♦r ❝♦♥❡✲s❤❛♣❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧
❝♦♥❡✳

♣❧❛♥❡ t♦ t❤❡ ❢❡❛t✉r❡ ❞✐r❡❝t✐♦♥ ✭❝❢✳ ❋✐❣✉r❡ ✷✳✸✮✱

VS,R(B(p0, r)) =
R4r

8
[(α− sin(α)) e1e

❚

1

+ (α + sin(α)) e2e
❚

2 + O(r/R)]

✇✐t❤ ~e1 =
~u− ~v

‖~u− ~v‖
, ~e2 =

~u + ~v

‖~u + ~v‖
, ❛♥❞ cos(α) = 〈~u|~v〉

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡✐❣❡♥❞✐r❡❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡ ✐s
t❤❡ t❛♥❣❡♥t ❞✐r❡❝t✐♦♥ t♦ t❤❡ ❢❡❛t✉r❡✱ ✇✐t❤ ❛♥ ❡✐❣❡♥❣❛♣ ♦❢ O(R/r)✳

❙✐♠✐❧❛r ❝❛❧❝✉❧❛t✐♦♥s ❝❛♥ ❜❡ ❞♦♥❡ ✐❢ p0 ✐s ❛♥ ✐s♦tr♦♣✐❝ ❝♦r♥❡r ♦❢ t❤❡ s✉r❢❛❝❡✱
s✉❝❤ ❛s t❤❡ t✐♣ ♦❢ ❛ ❝♦♥❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ t✇♦ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡s ✇✐❧❧ ❜❡
❡q✉❛❧✱ ❛♥❞ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❝♦♥❡✳
❋✐❣✉r❡ ✷✳✸ s❤♦✇s ❤♦✇ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ ❱♦r♦♥♦✐ ❝❡❧❧s✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢
s♠❛❧❧ ❡✐❣❡♥✈❛❧✉❡s s ♦❢ t❤❡✐r ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ ❝❛♥ ❤❡❧♣ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥
❛ ♣♦✐♥t ♦♥ ❛ ❢❛❝❡ ✭s = 2✮✱ ♦♥ ❛ s❤❛r♣ ❡❞❣❡ ✭s = 1✮ ❛♥❞ ♦♥ ❛ ❝♦r♥❡r ✭s = 0✮✳

✸ ❘♦❜✉st♥❡ss ♦❢ ❱❈▼

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ r♦❜✉st♥❡ss ♦❢ t❤❡ ❱❈▼✳ ❇② r♦❜✉st♥❡ss
✇❡ ♠❡❛♥ t❤❛t ✐❢ t✇♦ ❝♦♠♣❛❝t s❡ts K ❛♥❞ K ′ ❛r❡ ✈❡r② ❝❧♦s❡ ✐♥ t❤❡ ❍❛✉s❞♦r✛
s❡♥s❡✱ t❤❡♥ t❤❡✐r ❝♦♥✈♦❧✈❡❞ ❱❈▼ ❛r❡ ❛❧s♦ ❝❧♦s❡✳ ■♥ ❛♣♣❧✐❝❛t✐♦♥s✱ K ✇✐❧❧ ❜❡
❛ s❛♠♣❧❡❞ s✉r❢❛❝❡✱ ❛♥❞ K ′ ✇✐❧❧ ❜❡ ❛ ♣♦✐♥t ❝❧♦✉❞❀ ❤♦✇❡✈❡r ✇❡ str❡ss t❤❛t t❤✐s
r❡s✉❧t ✐s ✈❡r② ❣❡♥❡r❛❧ ❛♥❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡s❡ ❝♦♠♣❛❝t
s❡ts✳

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt② ✐s ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ✭s②♠♠❡tr✐❝✮ ❍❛✉s❞♦r✛

❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣❛❝t s❡ts K ❛♥❞ K ′✱ ❞❡♥♦t❡❞ ❜② dH(K, K ′)✳ ❆

✶✹



♣♦✐♥t ❝❧♦✉❞ ✐s ❍❛✉s❞♦r✛✲❝❧♦s❡ t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ s✉r❢❛❝❡ ♣r♦✈✐❞❡❞ t❤❛t ✐t ✐s
s❛♠♣❧❡❞ ❞❡♥s❡❧② ❡♥♦✉❣❤ ❛♥❞ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ♦✉t❧✐❡rs✳ ◆♦t❡ t❤❛t t❤✐s ♥♦t✐♦♥
♦❢ ❞✐st❛♥❝❡ ✐s ♣✉r❡❧② ❣❡♦♠❡tr✐❝ ❛♥❞ ❞♦❡s ♥♦t ♠❛❦❡ ❛♥② ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡
✉♥✐❢♦r♠✐t② ♦❢ t❤❡ s❛♠♣❧✐♥❣✳

❲❡ ✇✐❧❧ ♣r♦✈❡ ❛ ❝♦♥t✐♥✉✐t② r❡s✉❧t ❢♦r t❤❡ ♠❛♣ K 7→ VK,R∗χ✱ ❢r♦♠ ❝♦♠♣❛❝t
s✉❜s❡ts ♦❢ R

d t♦ t❡♥s♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✱ ✇❤❡r❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦
❝♦♥✈♦❧✈❡❞ ❱❈▼ VK,KR ∗ χ ❛♥❞ VK′,K′R ∗ χ ✐s ♠❡❛s✉r❡❞ ❜②

‖VK,KR ∗ χ− VK′,K′R ∗ χ‖∞

:= sup
p∈Rd

∥

∥

∥
VK,KR ∗ χ(p)− VK′,K′R ∗ χ(p)

∥

∥

∥

op

❲❤❡r❡ t❤❡ ♦♣❡r❛t♦r ♥♦r♠ ‖ · ‖op ✐s t❤❡ st❛♥❞❛r❞ ♠❛tr✐① ♥♦r♠ ✐♥❞✉❝❡❞ ❢r♦♠
t❤❡ ✈❡❝t♦r ♥♦r♠ ‖ · ‖✳ ❚❤❡ ♠❛✐♥ t❤❡♦r❡t✐❝❛❧ r❡s✉❧t ✇❡ ✉s❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣
Pr♦❥❡❝t✐♦♥ ❙t❛❜✐❧✐t② ❚❤❡♦r❡♠ ❢r♦♠ ❬✼❪✿

❚❤❡♦r❡♠ ✷✳ ▲❡t K ❛♥❞ K ′ ❜❡ t✇♦ ❝♦♠♣❛❝t s❡ts ♦❢ R
n✱ ❛♥❞ E ❛♥ ♦♣❡♥ s❡t

✇✐t❤ r❡❝t✐✜❛❜❧❡ ❜♦✉♥❞❛r②✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C(d, K,E) s✉❝❤ t❤❛t✿

∫

E
‖pK(x)− pK′(x)‖dx 6 C(d, K,E)dH(K, K ′)1/2

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s t❤❡♦r❡♠✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❍❛✉s❞♦r✛✲r♦❜✉st♥❡ss
♦❢ t❤❡ ❝♦♥✈♦❧✈❡❞ ❱❈▼s ✇❤❡♥ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ χ : R

d → R ✐s k✲
▲✐♣s❝❤✐t③ ❛♥❞ ❜♦✉♥❞❡❞ ❜② 1 ✖ t❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛ k > 0 s✉❝❤
t❤❛t✿

∀(x, y), |χ(x)− χ(y)| 6 k ‖x− y‖ ❛♥❞ ∀x, |χ(x)| 6 1

❚❤❡♦r❡♠ ✸✳ ■❢ χ : R
d → R ✐s ❛ ❜♦✉♥❞❡❞ k✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥✱ ❢♦r ❡✈❡r②

❝♦♠♣❛❝t s❡t K ⊆ R
d ❛♥❞ R > 0✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C ′(d, K,R) s✉❝❤ t❤❛t

❢♦r ❡✈❡r② ♦t❤❡r K ′ ⊆ R
d✱

∥

∥VK,R ∗ χ− VK′,R ∗ χ
∥

∥

∞
6 C ′(d, K,R)dH(K, K ′)1/2

Pr♦♦❢✳ ❲❡ ❧❡t E ❜❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ KR ❛♥❞ K ′R✳ ❇② ❈♦r♦❧❧❛r② ■■✳✺
✐♥ ❬✼❪✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ✈♦❧✉♠❡ KR \ E ✐s O(dH(K, K ′))✳ ❍❡♥❝❡✱ ❧❡tt✐♥❣
δ(x) = x− pK(x)✱ ✇❡ ❝❛♥ ♠❛❦❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✱

VK,R ∗ χ(p) ≃

∫

E
δ(x)δ(x)❚χ(pK(x)− p)dx

✶✺



❚❤❡ ❣♦❛❧ ✐s ♥♦✇ t♦ ❜♦✉♥❞ t❤❡ ♦♣❡r❛t♦r ♥♦r♠ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡✿ M =
∫

E P (x)−P ′(x)dx✱ ✇❤❡r❡ P ✭r❡s♣✳ P ′✮ ✐s ❞❡✜♥❡❞ ❜② P (x) = δ(x)δ(x)❚χ(pK(x)−
p)✳ ❚❤❡♥✱

P (x)− P ′(x)

= χ(pK(x)− p)
(

δ(x)δ(x)❚ − δ′(x)δ′(x)❚
)

+ (χ(pK(x)− p)− χ(pK′(x)− p)) δ′(x)δ′(x)❚

❚❤❡ ✜rst t❡r♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

χ(pK(x)− p)
(

(pK(x)− x) (pK(x)− pK′(x))❚

+ (pK′(x)− pK(x)) (x− pK′(x))❚
)

◆♦✇ s✐♥❝❡ χ ✐s ❜♦✉♥❞❡❞ ❜② ✶✱ ‖pK(x) − x‖ < R, ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥✲
❡q✉❛❧✐t②✱ t❤❡ ♦♣❡r❛t♦r ♥♦r♠ ♦❢ t❤✐s ❡①♣r❡ss✐♦♥ ✐s ❜♦✉♥❞❡❞ ❜② 2R ‖pK′(x)− pK(x)‖ .

❇② t❤❡ k✲▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ♦❢ χ✱ t❤❡ ♥♦r♠ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ ❝❛♥ ❜❡
❜♦✉♥❞❡❞ ❜②

|χ(pK(x)− p)− χ(pK′(x)− p)|R2

6 kR2 ‖pK(x)− pK′(x)‖

❍❡♥❝❡✱
∥

∥P (x)− P ′(x)
∥

∥

op
6 (2R + kR2) ‖pK(x)− pK′(x)‖

■♥t❡❣r❛t✐♥❣ ❛♥❞ ✉s✐♥❣ t❤❡♦r❡♠ ✷ ②✐❡❧❞s t❤❡ ❜♦✉♥❞

‖M‖op 6 C(d, K,E)[2R + kR2]dH(K, K ′)1/2
�

❲❡ ♥♦✇ ❧❡t χr ❜❡ ❛ ▲✐♣s❝❤✐t③ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ❜❛❧❧ B(0, r)✳ ■❢ S ✐s ❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ s✉r❢❛❝❡✱ p ❛ ♣♦✐♥t ♦❢ S ❛♥❞
Cn ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥t ❝❧♦✉❞s ❝♦♥✈❡r❣✐♥❣ t♦ S ✐♥ t❤❡ ❍❛✉s❞♦r✛ s❡♥s❡✱ t❤❡
st❛❜✐❧✐t② t❤❡♦r❡♠ s❛②s t❤❛t VCn,R ∗ χr(p) ❝♦♥✈❡r❣❡s t♦ VS,R ∗ χr(p) ✇✳r✳t t❤❡
♦♣❡r❛t♦r ♥♦r♠✱ ❛♥❞ q✉❛♥t✐✜❡s t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳

❯s✐♥❣ t❤❡ st❛♥❞❛r❞ r❡s✉❧ts ♦❢ ♠❛tr✐① ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ✭s❡❡ ❡✳❣✳ ❬✷✹❪✮✱
♦♥❡ t❤❡♥ ♦❜t❛✐♥s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ♦❢
VCn,R ∗ χr(p) t♦ t❤♦s❡ ♦❢ VS,R ∗ χr(p)✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❤❛✈❡
♠✉❧t✐♣❧✐❝✐t② ♦♥❡✳ ❚❤❡ s♣❡❡❞ ♦❢ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❡✐❣❡♥❣❛♣✳

❙✐♥❝❡ ❛t ❛ s♠♦♦t❤ ♣♦✐♥t p ∈ S✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ VS,R ∗ χr ❛r❡ ♣r♦♣♦r✲

t✐♦♥❛❧ t♦ 1✱ κ2
1(p) r2

4 ❛♥❞ κ2
2(p) r2

4 ✱ ♦♥❡ ❝❛♥ ❡①♣❡❝t ❛ ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡ r❛t❡
❢♦r t❤❡ ❡st✐♠❛t❡❞ ♥♦r♠❛❧✱ ❛♥❞ ❛ ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t❡❞ ♣r✐♥✲
❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s ❛t ♣♦✐♥ts ✇❤❡r❡ t❤❡ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❛r❡ ✈❡r②
❞✐✛❡r❡♥t ✭✐✳❡✳ ✈❡r② ♥♦♥✲✉♠❜✐❧✐❝❛❧ ♣♦✐♥ts✮✳
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❘♦❜✉st♥❡ss t♦ s♦♠❡ ♦✉t❧✐❡rs ❖♥❡ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ✐♥
t❤❡ ❜♦✉♥❞ ❛❜♦✈❡✱ ✐s ✐ts s❡♥s✐t✐✈✐t② t♦ ♦✉t❧✐❡rs✳ ■♥❞❡❡❞✱ ❡✈❡♥ ✉♥❞❡r ❝♦♥tr♦❧❧❡❞
♥♦✐s❡✱ ♦✉t❧✐❡rs ❝❛♥ ❝♦♥t❛♠✐♥❛t❡ t❤❡ ♣♦✐♥t ❝❧♦✉❞✱ ❛♥❞ ✐♥✢✉❡♥❝❡ t❤❡ s❤❛♣❡s
♦❢ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛s ♣♦✐♥t❡❞ ♦✉t ❡❛r❧✐❡r✱ ✐♥t❡rs❡❝t✐♥❣ t❤❡
❱♦r♦♥♦✐ ❝❡❧❧s ✇✐t❤ ❛♥ ♦✛s❡t ❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥ ❧♦❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ✇❤✐❝❤ ✐s
✉♥❛✛❡❝t❡❞ ❜② ❛ ❝❡rt❛✐♥ ❝❧❛ss ♦❢ ♦✉t❧✐❡rs✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ s❤♦✇s t❤❛t
✐❢ t❤❡ ♦✉t❧✐❡rs ❛r❡ s✉✣❝✐❡♥t❧② ❢❛r ❛✇❛② ❢r♦♠ t❤❡ ♣♦✐♥t ❝❧♦✉❞✱ t❤❡ ❝♦♥✈♦❧✈❡❞
❱❈▼ ✇✐❧❧ r❡♠❛✐♥ t❤❡ s❛♠❡✳

▲❡♠♠❛ ✹✳ ●✐✈❡♥ ❛ ♣♦✐♥t ❝❧♦✉❞ C ❛♥❞ ❛ s❡t ♦❢ ♦✉t❧✐❡rs O✱ ✇✐t❤ mino∈0 d(o, C) >

2R > r✱ ❛♥❞ χ ✐s t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦❢ B(0, r) t❤❡♥ t❤❡ ❝♦♥✈♦❧✈❡❞ ❱♦r♦♥♦✐

❈♦✈❛r✐❛♥❝❡ ▼❡❛s✉r❡s ♦❢ C ❛♥❞ C ′ = C ∪O ❛❣r❡❡ ♦♥ C✿

∀ p ∈ C, VC,R ∗ χ(p) = VC′,R ∗ χ(p)

Pr♦♦❢✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t ❢♦r ❛♥② ♣♦✐♥t p ∈ C✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥
✐ts ❱♦r♦♥♦✐ ❝❡❧❧ ❛♥❞ ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s R r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞ ❛❢t❡r ✐♥tr♦❞✉❝✐♥❣
♣♦✐♥ts ❢r♦♠ O✳ ❋♦r t❤✐s✱ s✐♠♣❧② ♥♦t❡ t❤❛t t❤❡ ❜✐s❡❝t✐♥❣ ♣❧❛♥❡ ❢♦r♠❡❞ ❜❡t✇❡❡♥
p ❛♥❞ ❛♥② ♣♦✐♥t p′ ∈ O ✐s ❛t ❧❡❛st R ❛✇❛② ❢r♦♠ p✱ ❜❡❝❛✉s❡ ❜② ❛ss✉♠♣t✐♦♥
d(p, p′) > 2R✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✿

∀ pi ∈ C, VC,R({pi}) = VC′,R({pi})

❋✐♥❛❧❧②✱ s✐♥❝❡

VC′,R ∗ χ(p) =
∑

pi∈B(p,r)

cov
(

Vor(pi) ∩ C ′R, pi

)

❛♥❞ ❜❡❝❛✉s❡ ‖p− p′‖ > r t❤❡r❡ ✇✐❧❧ ❜❡ ♥♦ ♦✉t❧✐❡rs ✐♥ t❤❡ ❜❛❧❧ B(p, r)✱ ❛♥❞
t❤❡ ❞❡s✐r❡❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s✳

✹ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❱❈▼

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡s❝r✐❜❡ t✇♦ ❛❧❣♦r✐t❤♠s ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❱❈▼ ♦❢ ❛ ♣♦✐♥t
❝❧♦✉❞ ✐♥ ♣r❛❝t✐❝❡✳ ❚❤❡ ✜rst ♠❡t❤♦❞ ✐s ❡❛s② t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ ✐s ❛♣♣❧✐❝❛❜❧❡
✐♥ ❛♥② ❛♠❜✐❡♥t ❞✐♠❡♥s✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ❛❧❣♦r✐t❤♠ ✐s ♠✉❝❤ ❢❛st❡r✱ ❛♥❞ ✐s t❤❡
♦♥❡ ✇❡ ✉s❡❞ ❢♦r ❛❧❧ ♦❢ ♦✉r r❡s✉❧ts✳ ❲❡ t❤❡♥ ❞❡s❝r✐❜❡ ❛ str❛✐❣❤t❢♦r✇❛r❞ ✇❛②
t♦ ❝♦♥✈♦❧✈❡ t❤❡ ❱❈▼✳

❆s r❡♠❛r❦❡❞ ❡❛r❧✐❡r✱ t❤❡ ❱❈▼ ❛t ❛ s❝❛❧❡R ♦❢ ❛ ♣♦✐♥t ❝❧♦✉❞ C = {p1, . . . , pn} ⊆
R

3 ✐s t❤❡ t❡♥s♦r✲✈❛❧✉❡❞ ♠❡❛s✉r❡ VC,R ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡ ♣♦✐♥t ❝❧♦✉❞ C
❛♥❞ s✉❝❤ t❤❛t VC,R({pi}) ✐s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ Bi =
B(pi, R) ∩Vor(pi)✱ ✇❤❡r❡ Vor(pi) ✐s t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧ ♦❢ pi✳
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◆♦ s✐♠♣❧❡ ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥ s❡❡♠s t♦ ❡①✐st ❢♦r t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①
♦❢ Bi✳ ❆s r❡♠❛r❦❡❞ ✐♥ ❬✺❪✱ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥
♦❢ ❛ ❱♦r♦♥♦✐ ❝❡❧❧ ✇✐t❤ ❛ ❜❛❧❧✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ✐♥❝❧✉s✐♦♥✲❡①❝❧✉s✐♦♥ ❢♦r♠✉❧❛
t♦ r❡❞✉❝❡ t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦ ❛♥❞ t❤r❡❡ ❤❛❧❢✲♣❧❛♥❡s ✇✐t❤
t❤❡ s❛♠❡ ❜❛❧❧✳ ❚❤❡ s❛♠❡ ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① ♦❢ Bi✱ r❡❞✉❝✐♥❣ ✐t t♦ ✐♥t❡❣r❛❧s ♦❢ t❤❡ ❡❧❡♠❡♥t❛r② q✉❛❞r❛t✐❝ ♣♦❧②♥♦♠✐❛❧s
Pi,j(x1, x2, x3) = xixj ♦✈❡r t❤❡s❡ t✇♦ t②♣❡ ♦❢ ✐♥t❡rs❡❝t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✇❤❡r❡❛s
t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ P (x1, x2, x3) = 1 ❛❞♠✐ts ❛ ✭♣r❡tt②
✐♥tr✐❝❛t❡✮ ❝❧♦s❡❞ ❢♦r♠✱ t❤❡r❡ s❡❡♠s t♦ ❜❡ ♥♦ s✉❝❤ ❢♦r♠ ❢♦r t❤❡ Pi,j ✳

▼♦♥t❡✲❈❛r❧♦ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❱❈▼ ❚❤❡ ❱♦r♦♥♦✐ ❝♦✈❛r✐❛♥❝❡ ♠❡❛✲
s✉r❡ ✐s ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ♠❡❛s✉r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✼❪✳ ■♥ t❤✐s ✇♦r❦✱
✐♥st❡❛❞ ♦❢ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① cov(Bi)✱ ♦♥❡ ♦♥❧② ❝♦♥s✐❞❡r❡❞ ✐ts
✈♦❧✉♠❡✳ ❚❤❡ ▼♦♥t❡✲❈❛r❧♦ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❜♦✉♥❞❛r② ♠❡❛s✉r❡s
❝❛♥ ❜❡ ❡❛s✐❧② ❛❞❛♣t❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❱❈▼✿

❆❧❣♦r✐t❤♠ ✹✳✶ ▼♦♥t❡✲❈❛r❧♦ ❛❧❣♦r✐t❤♠ ❢♦r ❱❈▼

■♥♣✉t✿ ❛ ♣♦✐♥t ❝❧♦✉❞ C✱ ❛ s❝❛❧❛r R✱ ❛ ♥✉♠❜❡r N
❖✉t♣✉t✿ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢

VC,R

vold(CR)
≃ 1

N

∑

pi∈C Ciδpi

❧♦♦♣ ④N t✐♠❡s⑥
❬✶✳❪ ❈❤♦♦s❡ ❛ r❛♥❞♦♠ pi ✉♥✐❢♦r♠❧② ✐♥ C ❀
❬✷✳❪ ❈❤♦♦s❡ ❛ r❛♥❞♦♠ ♣♦✐♥t X ✉♥✐❢♦r♠❧② ✐♥ B(pi, R) ❀
❬✸✳❪ ❈♦♠♣✉t❡ k = #(B(X, R) ∩ C) ❀
❬✹✳❪ ❋✐♥❞ t❤❡ ❝❧♦s❡st ♣♦✐♥t pj ♦❢ X ✐♥ C✿

Cj ← Cj + 1
k (X − pj)(X − pj)

❚

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♦✉t♣✉t ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ t♦ t❤❡ r❡❛❧ ❱❈▼ ✇✐t❤
❤✐❣❤ ♣r♦❜❛❜✐❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❛r❣✉♠❡♥ts ♣r❡s❡♥t❡❞ ✐♥ ❬✼✱ ♣✳✻❪✳ ❚❤✐s ❛❧❣♦✲
r✐t❤♠ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜❡✐♥❣ ❡❛s② t♦ ✐♠♣❧❡♠❡♥t ✐♥ ❛♥② ❛♠❜✐❡♥t ❞✐♠❡♥✲
s✐♦♥✱ s✐♥❝❡ ✐t ♦♥❧② ✉s❡s ♥❡❛r❡st✲♥❡✐❣❤❜♦r q✉❡r✐❡s✳ ❍♦✇❡✈❡r ✐t ✐s t♦♦ s❧♦✇ ✐♥
♣r❛❝t✐❝❡ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❱❈▼ ♦❢ ♣♦✐♥t ❝❧♦✉❞s ✇✐t❤ ❤✉♥❞r❡❞s ♦❢ t❤♦✉s❛♥❞s
♦❢ ♣♦✐♥ts✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡s❝r✐❜❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦❛❝❤ t❤❛t ❝❛♥ ❜❡
✉s❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞ ✐♥ ❧♦✇ ❞✐♠❡♥s✐♦♥s✳

❆♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❱❈▼ ✐♥ ✸❉ ❲❡ ❜❛s❡ ♦✉r s❡❝♦♥❞ ♠❡t❤♦❞ ♦♥ t❤❡ ❢❛❝t
t❤❛t t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ ❛ t❡tr❛❤❡❞r♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛♥❛❧②t✐❝❛❧❧②
❬✷❪✳ ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ t❤❡ ❛❞❞✐t✐✈✐t② ♦❢ t❤❡ ✐♥t❡❣r❛❧✱ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡
t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛ ❱♦r♦♥♦✐ ❝❡❧❧ ✇✐t❤ ❛ ❜❛❧❧✱ ✐t ✐s
s✉✣❝✐❡♥t t♦ ❛♣♣r♦①✐♠❛t❡ ✐t ✇✐t❤ t❡tr❛❤❡❞r❛✳ ❋♦r t❤✐s✱ ✇❡ tr✐❛♥❣✉❧❛t❡ t❤❡

✶✽



❜♦✉♥❞❛r② ♦❢ t❤✐s ✐♥t❡rs❡❝t✐♦♥ ❛♥❞ ❜✉✐❧❞ t❡tr❛❤❡❞r❛ ❜② ❝♦♥♥❡❝t✐♥❣ ❡❛❝❤ ♦❢
t❤❡s❡ tr✐❛♥❣❧❡s t♦ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜❡❝❛✉s❡
t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✐s ❝♦♥✈❡①✳

❋✐❣✉r❡ ✹✳✹✿ ❚❤❡ t❡ss❡❧❧❛t❡❞ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛ ❱♦r♦♥♦✐ ❝❡❧❧ ✇✐t❤ ❛ ❜❛❧❧✳

❲❡ st❛rt ✇✐t❤ ❛♥ ❛r❜✐tr❛r② tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❱♦r♦♥♦✐
❝❡❧❧ ∂(Vor(pi))✳ ❖✉r ❣♦❛❧ ✐s s✉❜❞✐✈✐❞❡ ❡❛❝❤ tr✐❛♥❣❧❡ s♦ t❤❛t ✐ts ♣r♦❥❡❝t✐♦♥ ♦♥t♦
t❤❡ ❜❛❧❧ B(pi, R) ✐s ❛ s✉✣❝✐❡♥t❧② ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
s♣❤❡r✐❝❛❧ tr✐❛♥❣❧❡✳ ❋♦r t❤✐s✱ ✇❡ ♣r♦❝❡ss ❡❛❝❤ tr✐❛♥❣❧❡ t ✐♥ t❤❡ ♦r✐❣✐♥❛❧ tr✐❛♥✲
❣✉❧❛t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ r✉❧❡s✿

✶✳ t ✐s ❝♦♠♣❧❡t❡❧② ♦✉ts✐❞❡ t❤❡ ❜❛❧❧ B(pi, R)✿
❘❡❝✉rs✐✈❡❧② s✉❜❞✐✈✐❞❡ t ✐♥t♦ ❛ ❢❛♠✐❧② ♦❢ s♠❛❧❧❡r tr✐❛♥❣❧❡s {tk}✱ tk =
(ak, bk, ck)✱ ✉♥t✐❧ t❤❡ ❢❛♠✐❧② ♦❢ ♣r♦❥❡❝t❡❞ tr✐❛♥❣❧❡s t′k = (p(ak),p(bk),p(ck))
✐s ❛ ♣r❡❝✐s❡ ❡♥♦✉❣❤ t❡ss❡❧❧❛t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s♣❤❡r✐❝❛❧ ♣❛t❝❤✳ ❚❤❡♥
❛❞❞ ❡❛❝❤ t′k t♦ t❤❡ ✜♥❛❧ tr✐❛♥❣✉❧❛t✐♦♥ T ′✳

✷✳ t ✐s ❝♦♠♣❧❡t❡❧② ✐♥s✐❞❡ t❤❡ ❜❛❧❧ B(pi, R)✿
❙✐♠♣❧② ❛❞❞ t t♦ t❤❡ ✜♥❛❧ tr✐❛♥❣✉❧❛t✐♦♥ T ′✳

✸✳ t ❝r♦ss❡s t❤❡ s♣❤❡r❡ ∂B(pi, R)✿
❙✉❜❞✐✈✐❞❡ t ❜② ❛❞❞✐♥❣ ♣♦✐♥ts ❛❧♦♥❣ t❤❡ ❝✐r❝✉❧❛r ❛r❝ ♦❢ ✐♥t❡rs❡❝t✐♦♥✱ ❛♥❞
❛♣♣❧② ✶✳ ♦r ✷✳ t♦ t❤❡ ❝♦♥str✉❝t❡❞ tr✐❛♥❣❧❡s ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡②
❛r❡ ✐♥s✐❞❡ ♦r ♦✉ts✐❞❡ ♦❢ t❤❡ ❜❛❧❧✳

❚❤❡ ♦✉t♣✉t ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ②✐❡❧❞s ❛ t❡tr❛❤❡❞r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡rs❡❝✲
t✐♦♥ ♦❢ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧ ✇✐t❤ ❛ ❜❛❧❧ ♦❢ ❛ ❣✐✈❡♥ r❛❞✐✉s✱ ❝❡♥t❡r❡❞ ❛t t❤❡ s❛♠❡
♣♦✐♥t✳ ❲❡ t❤❡♥ ✉s❡ t❤❡ ❝❧♦s❡❞✲❢♦r♠ ❢♦r♠✉❧❛s ♦❢ ❬✷❪ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① ♦❢ t❤✐s ✐♥t❡rs❡❝t✐♦♥✳

❈♦♥✈♦❧✉t✐♦♥ ♦❢ ❱❈▼ ❈♦♥✈♦❧✈✐♥❣ t❤❡ ❱❈▼ ♦❢ ❛ ♣♦✐♥t ❝❧♦✉❞ ✉s✐♥❣ ❛ ❦❡r♥❡❧
❢✉♥❝t✐♦♥ χ s✉♣♣♦rt❡❞ ♦♥ ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s r ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❝♦♠♣✉t✐♥❣ ❢♦r ❡❛❝❤

✶✾



♣♦✐♥t pi ∈ C t❤❡ ✐♥t❡rs❡❝t✐♦♥ B(pi, r) ∩ C✱ ❛♥❞ t❤❡♥ s✉♠♠✐♥❣✿

VC,R ∗ χ(pi) =
∑

pj∈B(pi,r)∩C

χ(pj − pi)VC,R({pj})

❚❤❡ ♣♦✐♥ts ❜❡❧♦♥❣✐♥❣ t♦ B(pi, r)∩C ❛r❡ t❤❡ k ♥❡❛r❡st ♥❡✐❣❤❜♦r t♦ pi ✐♥ C ❢♦r
t❤❡ s✉✐t❛❜❧❡ ✈❛❧✉❡ ♦❢ k✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② ❛ ❜✐♥❛r② s❡❛r❝❤✱ ✉s✐♥❣ ❛
str✉❝t✉r❡ ❛❞❛♣t❡❞ t♦ k✲◆◆ q✉❡r✐❡s ✭❧✐❦❡ ❛ k❉✲tr❡❡✮✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥
✷✳✷✱ ✐♥ t❤✐s ✇♦r❦✱ ✇❡ ❛❧✇❛②s ✉s❡❞ χ = 1B(0,r).

■♠♣❧❡♠❡♥t❛t✐♦♥ ❲❡ ✐♠♣❧❡♠❡♥t❡❞ t❤❡ t✇♦ ❛❧❣♦r✐t❤♠s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳
❚❤❡ t❡ss❡❧❧❛t✐♦♥ ♦❢ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧s ✇❛s ❞♦♥❡ ✉s✐♥❣ t❤❡ ✸❉ ❉❡❧❛✉♥❛② ❚r✐❛♥✲
❣✉❧❛t✐♦♥ ♣❛❝❦❛❣❡ ♦❢ ❈●❆▲ ❬✷✷❪✳ ❘✉♥♥✐♥❣ t❤✐s ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧
❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ 15 r❛♥❞♦♠ ♣♦✐♥ts ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡✱ ✇✐t❤ R = 1✱ ②✐❡❧❞s ❛♥
❛✈❡r❛❣❡ ♦❢ 120 tr✐❛♥❣❧❡s ❢♦r t❡ss❡❧❧❛t✐♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢ Vor(pi) ∩ B(pi, R)✱
❢♦r ❛ t❛r❣❡t ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ♦❢ 1%✳ ❚❤❡ r✉♥♥✐♥❣ t✐♠❡s ♦❢ t❤✐s ❛❧❣♦r✐t❤♠
♦♥ ♠♦r❡ ❝♦♠♣❧❡① ♣♦✐♥t ❝❧♦✉❞s ❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✶✳

▼♦❞❡❧ ❉❡❧❛✉♥❛② ❚❡ss❡❧❧❛t✐♦♥ ❚♦t❛❧

❇❧❛❞❡ ✭✶✾✺❦✮ ✷✸✳✼✸ ✾✵✳✽✷ ✶✶✹✳✺✺

❇✐♠❜❛ ✭✺✵✷❦✮ ✼✾✳✵✹ ✸✵✺✳✹✷ ✸✽✹✳✹✻

◆✐❝♦❧ò ✭✾✹✼❦✮ ✾✺✳✵✽ ✹✻✺✳✺✸ ✺✻✵✳✻✶

❚❛❜❧❡ ✶✿ ❈♦♠♣✉t❛t✐♦♥ t✐♠❡s ❢♦r ❱❈▼ ♦❢ r❛♥❣❡✲s❝❛♥ ♠♦❞❡❧s ✭✐♥ s❡❝✳✱ ♦♥ ❛
✸●❍③ ❉✉❛❧ ❈♦r❡ ❈P❯✮

❚❤❡ ❝♦♥✈♦❧✉t✐♦♥ st❡♣ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ t❤❡ ❆◆◆ ❧✐❜r❛r② ✇❤✐❝❤ ✐♥✲
❝❧✉❞❡s ❛ q✉❡r② ❢♦r ✜♥❞✐♥❣ t❤❡ s❡t ♦❢ ♣♦✐♥ts ♦❢ ❛ ♣♦✐♥t ❝❧♦✉❞ ❝♦♥t❛✐♥❡❞ ✐♥
❛ ❣✐✈❡♥ ❜❛❧❧✳ ❚❤❡ t✐♠❡ ♦❢ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ st❡♣ ❞❡♣❡♥❞s ♦♥ t❤❡ r❛❞✐✉s ♦❢
❝♦♥✈♦❧✉t✐♦♥✱ ❜✉t st❛②s ✇✐t❤✐♥ ✶✵ s❡❝♦♥❞s ❢♦r ♠♦st ♠♦❞❡❧s✳

◆♦t❡ ❛❧s♦ t❤❛t ❜♦t❤ t❤❡ t❡ss❡❧❧❛t✐♦♥ ❛♥❞ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ st❡♣s ❝❛♥ ❜❡
❡❛s✐❧② ♣❛r❛❧❧❡❧✐③❡❞ ♦♥❝❡ t❤❡ ❉❡❧❛✉♥❛② tr✐❛♥❣✉❧❛t✐♦♥ ❛♥❞ k❉✲tr❡❡ ❤❛✈❡ ❜❡❡♥
❝♦♥str✉❝t❡❞✱ s✐♥❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❢♦r ❛ ❣✐✈❡♥ ♣♦✐♥t ♦❢ t❤❡ ❝❧♦✉❞ ❞♦ ♥♦t
✐♥✈♦❧✈❡ ❛❝❝❡ss t♦ ❛♥② s❤❛r❡❞ ❞❛t❛ str✉❝t✉r❡s✳

✺ ❘❡s✉❧ts

✺✳✶ P❛r❛♠❡tr✐❝ ❙✉r❢❛❝❡s

❚♦ ✈❛❧✐❞❛t❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ❣✉❛r❛♥t❡❡s ♣r❡s❡♥t❡❞ ❛❜♦✈❡✱ ✇❡ t❡st❡❞ ♦✉r ♠❡t❤♦❞
♦♥ ♣❛r❛♠❡tr✐❝ s✉r❢❛❝❡s ❢♦r ✇❤✐❝❤ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❛♥❞ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡
❞✐r❡❝t✐♦♥s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❡①❛❝t❧②✳
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✭❛✮ z = sin(3x) + cos(x) ✭❜✮ z = exp(−x2) + exp(−y2)

❋✐❣✉r❡ ✺✳✺✿ P❛r❛♠❡tr✐❝ s✉r❢❛❝❡s ✇✐t❤ ❡①❛❝t ✭✐♥ ❜❧✉❡✮ ❛♥❞ ❝♦♠♣✉t❡❞ ✭✐♥ r❡❞✮
♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s✳ ❆t t❤❡ ❜♦✉♥❞❛r②✱ t❤❡ ❝♦♠♣✉t❡❞ ❞✐r❡❝t✐♦♥s
❢♦❧❧♦✇ t❤❡ ❡❞❣❡s ♦❢ t❤❡ s✉r❢❛❝❡✳

❲❡ s❛♠♣❧❡❞ t✇♦ ❢✉♥❝t✐♦♥s z = sin(3x) + cos(y)✱ ✇❤❡r❡ 0 ≤ x, y ≤ 1
❛♥❞ z = exp(−x2) + exp(−y2)✱ ✇❤❡r❡ −1

2 ≤ x, y ≤ 1
2 ✳ ■♥ ❜♦t❤ ❡①❛♠♣❧❡s

✇❡ ✉s❡❞ ✶✵✵✱✵✵✵ ♣♦✐♥ts t❤❛t ✇❡r❡ ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠ ✇✐t❤✐♥ t❤❡
❞♦♠❛✐♥✳ ❋✐❣✉r❡ ✺✳✺ s❤♦✇s t❤❡s❡ t✇♦ s✉r❢❛❝❡s ✇✐t❤ t❤❡ ❡①❛❝t ❛♥❞ ❝♦♠♣✉t❡❞
♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s✱ ✉s✐♥❣ R = 1 ❛♥❞ r = 0.055✳ ❆s ❡①♣❡❝t❡❞✱
❛✇❛② ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② t❤❡ ❝♦♠♣✉t❡❞ ❛♥❞ t❤❡ ❡①❛❝t ❞✐r❡❝t✐♦♥s ♠❛t❝❤ ✈❡r②
❝❧♦s❡❧②✱ ❡①❝❡♣t ♣♦ss✐❜❧② ❛t ✉♠❜✐❧✐❝❛❧ ♣♦✐♥ts ✭t✐♣ ♦❢ t❤❡ s❡❝♦♥❞ s✉r❢❛❝❡✮✳ ◆❡❛r
t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥✱ t❤❡ ♣r✐♥❝✐♣❛❧ ❞✐r❡❝t✐♦♥s ❝♦♠♣✉t❡❞ ✉s✐♥❣ ♦✉r
♠❡t❤♦❞ ❢♦❧❧♦✇ t❤❡ ❡❞❣❡s ♦❢ t❤❡ s✉r❢❛❝❡✱ ✇❤✐❝❤ ❢♦r♠s t❤❡ ❜❛s✐s ♦❢ ♦✉r ❢❡❛t✉r❡
❞❡t❡❝t✐♦♥ ♠❡t❤♦❞✳

❚♦ ♠❡❛s✉r❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ♦✉r ♠❡t❤♦❞ ♦♥ t❤❡ ♦✛s❡t ❛♥❞ ❝♦♥✈♦❧✉t✐♦♥
r❛❞✐✐✱ ✇❡ ❝♦♠♣✉t❡❞ t❤❡ ❛✈❡r❛❣❡ ❞❡✈✐❛t✐♦♥ ✭✐♥ ❞❡❣r❡❡s✮ ♦❢ ♣r✐♥❝✐♣❛❧ ❞✐r❡❝t✐♦♥s
❢r♦♠ ❡①❛❝t ♦♥❡s✳ ❚♦ ♠✐♥✐♠✐③❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♣♦✐♥ts ❝❧♦s❡ t♦ t❤❡ ❜♦✉♥❞❛r②✱
✇❤❡r❡ t❤❡ ❞✐r❡❝t✐♦♥s ❛r❡ ♥♦t ❡①♣❡❝t❡❞ t♦ ♠❛t❝❤✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r❡❞ ✾✵ ♣❡r✲
❝❡♥t ♦❢ t❤❡ ❞❛t❛✲s❡t t❤❛t ✐s ❢❛rt❤❡st ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥✳ ❋✐❣✉r❡
✺✳✻ s❤♦✇s t❤❡ ❛✈❡r❛❣❡ ❞❡✈✐❛t✐♦♥ ❢♦r t❤❡s❡ t✇♦ ♣❛r❛♠❡tr✐❝ s✉r❢❛❝❡s✳ ❆s ❝❛♥
❜❡ s❡❡♥✱ t❤❡ r❡s✉❧ts ❛r❡ q✉✐t❡ st❛❜❧❡ ❢♦r ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳
■♥t❡r❡st✐♥❣❧②✱ ❛❧t❤♦✉❣❤ ♦✉r ❛♥❛❧②s✐s ❛❜♦✈❡ ❛♣♣❧✐❡s ♦♥❧② ✐❢ t❤❡ ♦✛s❡t ✐s s♠❛❧❧❡r
t❤❛♥ t❤❡ r❡❛❝❤✱ ✇❡ ❣❡t ❣♦♦❞ r❡s✉❧ts ❡✈❡♥ ✇❤❡♥ t❤❡ ❢♦r♠❡r ✐s ❧❛r❣❡r✳

✺✳✷ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ P♦❧②♥♦♠✐❛❧ ❋✐tt✐♥❣

❙❛♠♣❧✐♥❣ ❈♦♥❞✐t✐♦♥s ❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ♠♦st ❝♦♠✲
♠♦♥ ♠❡t❤♦❞ ♦❢ ❡st✐♠❛t✐♥❣ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❛♥❞ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐✲
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✭❛✮ z = sin(3x) + cos(x) ✭❜✮ z = exp(−x2) + exp(−y2)

❋✐❣✉r❡ ✺✳✻✿ ❆✈❡r❛❣❡ ❞❡✈✐❛t✐♦♥ ✭✐♥ ❞❡❣r❡❡s✮ ♦❢ ❝♦♠♣✉t❡❞ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡
❞✐r❡❝t✐♦♥s ❢r♦♠ ❡①❛❝t ♦♥❡s ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ♣❛r❛♠❡t❡rs R ❛♥❞ r✳

r❡❝t✐♦♥s ♦♥ ♣♦✐♥t ❝❧♦✉❞s ✐s t♦ ❧♦❝❛❧❧② ✜t ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❛ ❣✐✈❡♥ ❞❡❣r❡❡✱ ❛♥❞
t♦ ❛♥❛❧②t✐❝❛❧❧② ❝♦♠♣✉t❡ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ♦❢ t❤✐s ✜tt❡❞ ♣♦❧②♥♦♠✐❛❧ ❬✻❪✳

❆❧t❤♦✉❣❤ t❤❡s❡ ♠❡t❤♦❞s ✇♦r❦ ✇❡❧❧ ♦♥ ♥♦✐s❡❧❡ss ❛♥❞ r❡❣✉❧❛r❧② s❛♠♣❧❡❞
s✉r❢❛❝❡s✱ ♣♦❧②♥♦♠✐❛❧ ✜tt✐♥❣ ♣❡r❢♦r♠s ♣♦♦r❧② ✐❢ t❤❡ ❞❛t❛ ❤❛s str♦♥❣ ♥♦✐s❡ ❛♥❞
s❛♠♣❧✐♥❣ ❜✐❛s✳ ❖✉r ♠❡t❤♦❞✱ ❤♦✇❡✈❡r✱ ✐s ♦❜❧✐✈✐♦✉s t♦ t❤❡ s❛♠♣❧✐♥❣✱ ❛s ❛
❝♦♥s❡q✉❡♥❝❡ ♦❢ ❍❛✉s❞♦r✛✲r♦❜✉st♥❡ss ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s✱
✇❡ ❛❞❞❡❞ ✺✵✱✵✵✵ ♣♦✐♥ts ✐♥ ❛ s♠❛❧❧ ❜❛♥❞ ❛❧♦♥❣ t❤❡ ❞✐❛❣♦♥❛❧ ✭✐♥ t❤❡ ♣❛r❛♠❡t❡r
s♣❛❝❡✮ t♦ t❤❡ s❛♠♣❧✐♥❣ ♦❢ t❤❡ s✉r❢❛❝❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✺✭❛✮✳ ❚❤❡ r❡s✉❧ts
♦❜t❛✐♥❡❞ ✇✐t❤ ♦✉r ♠❡t❤♦❞ ❛♥❞ ✇✐t❤ t❤❡ st❛t❡ ♦❢ t❤❡ ❛rt ♣♦❧②♥♦♠✐❛❧ ❥❡t✲✜tt✐♥❣
❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈●❆▲ ❬✻❪ ❛r❡ r❡♣♦rt❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✼✳ ❲❡ ✉s❡❞
s❡❝♦♥❞ ♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ✜tt✐♥❣ ✇✐t❤ ❞✐✛❡r❡♥t ♥❡✐❣❤❜♦r❤♦♦❞ s✐③❡s k✱ ✇❤✐❝❤
❣❛✈❡ s❛t✐s❢❛❝t♦r② r❡s✉❧ts ❢♦r t❤❡ ♦r✐❣✐♥❛❧ s❛♠♣❧✐♥❣✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ ❡①tr❛
♣♦✐♥ts ❞♦ ♥♦t ❛✛❡❝t t❤❡ ❛❝❝✉r❛❝② ♦❢ ♦✉r ♠❡t❤♦❞✳ ❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤
❥❡t✲✜tt✐♥❣✱ ❤♦✇❡✈❡r✱ ❜❡❝♦♠❡ ✉♥r❡❧✐❛❜❧❡ ❛♥❞ str♦♥❣❧② ❜✐❛s❡❞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥
♦❢ t❤❡ ♦✈❡rs❛♠♣❧✐♥❣✳

❘♦❜✉st♥❡ss ❖t❤❡r ❛r❡❛s t❤❛t ❛r❡ ❝❤❛❧❧❡♥❣✐♥❣ ❢♦r ♣♦❧②♥♦♠✐❛❧ ✜tt✐♥❣ ❛❧❣♦✲
r✐t❤♠s ✐♥❝❧✉❞❡ ♣❛rts ♦❢ t❤❡ s❤❛♣❡ ✇✐t❤ ❤✐❣❤ ❝✉r✈❛t✉r❡✱ ❛♥❞ r❡❣✐♦♥s ✇❤❡r❡
s❡♣❛r❛t❡ ♣❛rts ♦❢ t❤❡ s❤❛♣❡ ❝♦♠❡ ✐♥ ❝❧♦s❡ ❝♦♥t❛❝t✱ t❤✉s ❛❞✈❡rs❡❧② ✐♥✢✉❡♥❝✲
✐♥❣ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ✜t✳ ❲❤✐❧❡ t❤❡ ✜rst ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❛❞❞r❡ss❡❞ ❜②
✜tt✐♥❣ ❤✐❣❤❡r ♦r❞❡r ♣♦❧②♥♦♠✐❛❧s✱ ❜♦t❤ ♦❢ t❤❡s❡ s❡tt✐♥❣s ❛r❡ s❡✈❡r❡❧② ❛❣❣r❛✲
✈❛t❡❞ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦✐s❡✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s✱ ✇❡ s❛♠♣❧❡❞ ❛ s✉r❢❛❝❡ ♠❛❞❡
❜② s♠♦♦t❤❧② ❥♦✐♥✐♥❣ ❛ s♠❛❧❧ ❝②❧✐♥❞❡r ❧②✐♥❣ ♣❛r❛❧❧❡❧ t♦ t❤❡ z ❛①✐s✱ ✇✐t❤ t✇♦
♣❧❛♥❡s ♦♥ ❡✐t❤❡r s✐❞❡ ♦❢ t❤❡ x ❛①✐s✳ ❲❡ ✉s❡❞ 0.1 ❛s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❝②❧✐♥❞❡r✱
s♦ t❤❡ ❝✉r✈❛t✉r❡ ❛t ♣♦✐♥ts ❛❧♦♥❣ t❤❡ z ❛①✐s ❡q✉❛❧s ✶✵✳ ❋✐❣✉r❡ ✺✳✽ s❤♦✇s t❤❡
♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s ♦❜t❛✐♥❡❞ ♦♥ t❤✐s ♠♦❞❡❧ ✇✐t❤ ✈❛r②✐♥❣ ❧❡✈❡❧s ♦❢
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✭❛✮ ❖✉r ♠❡t❤♦❞ ✭❜✮ ❋✐t ✇✐t❤ ❦❂✶✵✵ ✭❝✮ ❋✐t ✇✐t❤ ❦❂✷✵✵

❋✐❣✉r❡ ✺✳✼✿ Pr✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s ♦♥ ❛ ❜✐❛s❡❞ ❞❛t❛s❡t✳ ❏❡t ✜tt✐♥❣
✭❜✲❝✮ ♣r♦❞✉❝❡s ✉♥r❡❧✐❛❜❧❡ ❞✐r❡❝t✐♦♥s ✭✐♥ ❣r❡❡♥✮ ❢♦❧❧♦✇✐♥❣ ♦✈❡rs❛♠♣❧❡❞ ❛r❡❛s✳

✭❛✮ r = 0 ✭❜✮ r = 0.01 ✭❝✮ r = 0.04 ✭❞✮ r = 0.08

❋✐❣✉r❡ ✺✳✽✿ Pr✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s ❝♦♠♣✉t❡❞ ✇✐t❤ ♦✉r ♠❡t❤♦❞ ✭✐♥
r❡❞✮ ❛r❡ st❛❜❧❡ ✉♥❞❡r ♥♦✐s❡✳ ❉✐r❡❝t✐♦♥s ❝♦♠♣✉t❡❞ ❜② ❥❡t✲✜tt✐♥❣ ✭✐♥ ❜❧✉❡✮✱ ❛r❡
✉♥r❡❧✐❛❜❧❡✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ ♣♦✐♥ts ❢r♦♠ s❡♣❛r❛t❡ ♣❛rts ♦❢ t❤❡ s❤❛♣❡ ❜❡❣✐♥ t♦
♠✐① ✭❞✮✳

♥♦✐s❡✱ ✉s✐♥❣ ♦✉r ♠❡t❤♦❞ ❛♥❞ ✉s✐♥❣ ❥❡t✲✜tt✐♥❣ ✇✐t❤ ✷✵✵ ♥❡❛r❡st ♥❡✐❣❤❜♦rs ❛♥❞
s❡❝♦♥❞ ♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ✜tt✐♥❣✳ ◆♦t❡ t❤❛t ✇❤❡♥ ♣♦✐♥ts ❢r♦♠ ❞✐✛❡r❡♥t ♣❛rts
♦❢ t❤❡ s❤❛♣❡ ♠✐①✱ ❡✈❡♥ t❤❡ r♦❜✉st ❧♦✇ ♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ✜tt✐♥❣ ❢❛✐❧s✱ ✇❤✐❧❡
♦✉r ♠❡t❤♦❞ ♣r❡s❡r✈❡s r♦❜✉st♥❡ss

✺✳✸ ❉❡t❡❝t✐♦♥ ♦❢ ❙❤❛r♣ ❊❞❣❡s

❲❡ ❡✈❛❧✉❛t❡❞ t❤❡ s❤❛r♣ ❡❞❣❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ ✐ts r❡s✐❧✐❡♥❝❡ t♦ ♥♦✐s❡
♦♥ ❛ ✉♥✐t ✐❝♦s❛❤❡❞r♦♥✳ ❲❡ s❛♠♣❧❡❞ ✶✵✵❦ ♣♦✐♥ts r❛♥❞♦♠❧② ♦♥ ✐t✱ r❛♥ t❤❡
❝♦♠♣✉t❛t✐♦♥s ✇✐t❤ R = 20 ❛♥❞ ✈❛r✐♦✉s ❝♦♥✈♦❧✉t✐♦♥ ♣❛r❛♠❡t❡rs r✳ ❲❡ ❝♦♥✲
s✐❞❡r ❛ ♣♦✐♥t ❛s ❛ ❢❡❛t✉r❡ ✐❢ t❤❡ r❛t✐♦ ♦❢ t❤❡ s❡❝♦♥❞ s♠❛❧❧❡st t♦ t❤❡ s♠❛❧❧❡st
❡✐❣❡♥✈❛❧✉❡ ✐s ❣r❡❛t❡r t❤❛♥ s♦♠❡ t❤r❡s❤♦❧❞ ♣❛r❛♠❡t❡r✳ ❚❤✐s r❛t✐♦ ♠❡❛s✉r❡s
t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❱♦r♦♥♦✐ ❝❡❧❧✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹
❛♥❞ ♦♥ ❋✐❣✉r❡ ✷✳✸✳ ❚❤❡ r❡s✉❧ts ❞♦ ♥♦t s❡❡♠ t♦ ❜❡ s❡♥s✐t✐✈❡ t♦ t❤✐s t❤r❡s❤♦❧❞

✷✸



♣❛r❛♠❡t❡r✱ ✐❢ ✐t ✐s ✇✐t❤✐♥ t❤❡ r❛♥❣❡ 10✕40❀ ❢♦r ❛❧❧ t❤❡ ❡①♣❡r✐♠❡♥ts ❜❡❧♦✇✱ ✇❡
s❡t ✐t t♦ 20✳

❘❡s✐❧✐❡♥❝❡ t♦ ♥♦✐s❡ ■♥ ♦r❞❡r t♦ t❡st t❤❡ r❡s✐❧✐❡♥❝❡ ♦❢ ♦✉r ♠❡t❤♦❞ t♦ ♥♦✐s❡✱
✇❡ ♣❡rt✉r❜❡❞ t❤❡ ♦r✐❣✐♥❛❧ 100❦ ♣♦✐♥t ❝❧♦✉❞ ♦♥ t❤❡ ✐❝♦s❛❤❡❞r♦♥ ❜② ❛❞❞✐♥❣ t♦
❡❛❝❤ ♣♦✐♥t ❛ r❛♥❞♦♠ ✈❡❝t♦r ✉♥✐❢♦r♠❧② ❝❤♦s❡♥ ✐♥ ❛ ❜❛❧❧ ♦❢ ❣✐✈❡♥ r❛❞✐✉s ✭t❤❡
r❛❞✐✉s ♦❢ t❤❡ ♥♦✐s❡✮✳ ❋✐❣✉r❡ ✺✳✾ s❤♦✇s t❤❡ ❡st✐♠❛t❡❞ ❢❡❛t✉r❡ ❞✐r❡❝t✐♦♥s ♦♥
t❤❡ ✐❝♦s❛❤❡❞r♦♥✱ ❢♦r ❞✐✛❡r❡♥t ♥♦✐s❡ ❛♥❞ ❝♦♥✈♦❧✉t✐♦♥ r❛❞✐✐✳

❲❡ q✉❛♥t✐❢② t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✉s✐♥❣ t❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣
❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t✇♦ ♦r✐❡♥t❡❞ ♣♦✐♥t ❝❧♦✉❞s C1 = (p1

i , d
1
i ) ❛♥❞ C2 = (p2

i , d
2
i )✿

✶✳ t❤❡ ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ δ∞ ❜❡t✇❡❡♥ ❛ ♣♦✐♥t p2
i ✐♥ C2 ❛♥❞ ✐ts ♥❡❛r❡st

♥❡✐❣❤❜♦r ✐♥ C1 ✭t❤✐s ✐s t❤❡ ❤❛❧❢✲❍❛✉s❞♦r✛ ❞✐st❛♥❝❡✮❀

✷✳ t❤❡ ❛✈❡r❛❣❡ ❞✐st❛♥❝❡ δavg ❜❡t✇❡❡♥ ❛ ♣♦✐♥t p2
i ✐♥ C2 ❛♥❞ ✐ts ♥❡❛r❡st

♥❡✐❣❤❜♦r ✐♥ C1❀

✸✳ t❤❡ ❛✈❡r❛❣❡ ❛♥❣✉❧❛r ❞❡✈✐❛t✐♦♥ ✭✐♥ ❞❡❣r❡❡s✮ αavg ❜❡t✇❡❡♥ t❤❡ ❞✐r❡❝t✐♦♥
d2

i ♦❢ ❛ ♣♦✐♥t p2
i ✐♥ C2 ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✐ts ♥❡❛r❡st ♥❡✐❣❤❜♦r ✐♥ C1✳

❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ s②♠♠❡tr✐❝ q✉❛♥t✐t✐❡s ❜❡t✇❡❡♥ C2 ❛♥❞ C1✳ ❚❛❜❧❡
✷ s❤♦✇s t❤❡ ✈❛❧✉❡s ♦❢ t❤❡s❡ q✉❛♥t✐t✐❡s ❜❡t✇❡❡♥ t❤❡ r❡❛❧ ♦r✐❡♥t❡❞ ❢❡❛t✉r❡s
C1 ♦❢ t❤❡ ✐❝♦s❛❤❡❞r♦♥ ❛♥❞ t❤❡ ❡st✐♠❛t❡❞ ♦♥❡s C2✱ ❢♦r ✈❛r✐♦✉s ♥♦✐s❡ ❛♥❞
❝♦♥✈♦❧✉t✐♦♥ r❛❞✐✐✳ ❚❤❡ ✜rst ❧✐♥❡ ♦❢ ❡❛❝❤ ❡①♣❡r✐♠❡♥t ✐♥ t❤❡ t❛❜❧❡ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ❞✐st❛♥❝❡s ❢r♦♠ C1 t♦ C2 ✭❛s ❛❜♦✈❡✮✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ❞✐st❛♥❝❡s ❢r♦♠ C2 t♦ C1✳

❖♥ t❤❡ ✜rst ❧✐♥❡ ♦❢ ❡❛❝❤ ❡①♣❡r✐♠❡♥t✱ δ∞ ♠❡❛s✉r❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✐s♦✲
❧❛t❡❞ ♦✉t❧✐❡rs✱ ✇❤✐❧❡ δavg ♠❡❛s✉r❡s t❤❡ s♣r❡❛❞ ♦❢ t❤❡ ❡st✐♠❛t❡❞ ❢❡❛t✉r❡s✳ ❖♥❡
❝❛♥ s❡❡ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ r❛❞✐✉s r❡♠♦✈❡s ✐s♦❧❛t❡❞ ♦✉t❧✐❡rs✱ ❜✉t
✐♥❝r❡❛s❡s t❤❡ s♣r❡❛❞ ♦❢ ❢❡❛t✉r❡ ✭✐♥ ❢❛❝t ✐t s❡❡♠s t❤❛t δavg ≃ r/2✮✳

❖♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡✱ δ∞ ❛♥❞ δavg ❜♦t❤ ❡✈❛❧✉❛t❡ ❤♦✇ ❢❛r ❡✈❡r② ♣♦✐♥t ♦♥ ❛♥
❡❞❣❡ ♦❢ t❤❡ ✐❝♦s❛❤❡❞r♦♥ ✐s t♦ ❛♥ ❡st✐♠❛t❡❞ ❢❡❛t✉r❡✳ ▼♦st ♦❢ t❤❡ ❡rr♦r ❤❡r❡
❝♦♠❡s ❢r♦♠ t❤❡ ❝♦r♥❡rs✿ s✐♥❝❡ ✇❡ s❡❧❡❝t ❢❡❛t✉r❡ ♣♦✐♥ts ❜❛s❡❞ ♦♥ t❤❡ r❛t✐♦
❜❡t✇❡❡♥ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❡✐❣❡♥✈❛❧✉❡s✱ ♣♦✐♥ts ♥❡❛r❜② ❝♦r♥❡r ✕ ❛t ✇❤✐❝❤
t❤❡s❡ t✇♦ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ s♠❛❧❧ ✕ ❛r❡ ❞✐s❝❛r❞❡❞ ✭s❡❡ ✜❣✉r❡s ✷✳✸ ❛♥❞ ✺✳✾✮✳

❙❤❛r♣ ❡❞❣❡s ✇✐t❤ ❧♦✇ ❡①t❡r♥❛❧ ❛♥❣❧❡ ■♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❡✛❡❝t
♦❢ s❤❛r♣♥❡ss ♦❢ t❤❡ ❡❞❣❡ ♦♥ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❢❡❛t✉r❡ ❞❡t❡❝t✐♦♥✱ ✇❡ s❛♠♣❧❡❞
❛ s✉r❢❛❝❡ ♠❛❞❡ ♦❢ t✇♦ ♣❧❛♥❛r r❡❝t❛♥❣✉❧❛r ♣❛t❝❤❡s ❥♦✐♥❡❞ ❜② ❛ ❝♦♠♠♦♥ ❡❞❣❡
❛♥❞ ✇❤♦s❡ ♥♦r♠❛❧s ❞✐✛❡r ❜② ❛♥ ❛♥❣❧❡ ♦❢ 2α✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✶✵✱ t❤❡
❢❡❛t✉r❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✐s ❛❜❧❡ t♦ r❡❧✐❛❜❧② ❞❡t❡❝t s❤❛r♣
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✭❛✮ ♥♦ ♥♦✐s❡✱ r = 0.05 ✭❜✮ ♥♦✐s❡ 0.02✱ r = 0.1

✭❝✮ ♥♦✐s❡ 0.05✱ r = 0.1 ✭❞✮ ♥♦✐s❡ 0.1✱ r = 0.15

❋✐❣✉r❡ ✺✳✾✿ ❊st✐♠❛t❡❞ ❢❡❛t✉r❡ ❞✐r❡❝t✐♦♥s ♦♥ ❛♥ ✐❝♦s❛❤❡❞r♦♥ ♦❢ r❛❞✐✉s 1✱ ✇✐t❤
✈❛r✐♦✉s ❝♦♥✈♦❧✉t✐♦♥ r❛❞✐✐ r ❛♥❞ ♥♦✐s❡ ✈❛❧✉❡s✳

❡❞❣❡s ✇❤♦s❡ ❡①t❡r♥❛❧ ❞✐❤❡❞r❛❧ ❛♥❣❧❡ ✐s ❛s s♠❛❧❧❀ ❛❧❧ t❤❡ r❡s✉❧ts ✇❡r❡ ♣r♦❞✉❝❡❞
✉s✐♥❣ t❤❡ s❛♠❡ ❝♦♥✈♦❧✉t✐♦♥ r❛❞✐✉s ❛♥❞ t❤r❡s❤♦❧❞✳

✺✳✹ ❘❡s✉❧ts ♦♥ ♠♦r❡ ❝♦♠♣❧❡① ♣♦✐♥t ❝❧♦✉❞s

■♥ ♦r❞❡r t♦ ❢✉rt❤❡r ✐❧❧✉str❛t❡ t❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡ ❢❡❛t✉r❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞✱
✇❡ t❡st❡❞ ✐t ♦♥ ❛ ✸✵✵❦ ♣♦✐♥t ❝❧♦✉❞ s❛♠♣❧❡❞ ♦♥ t❤❡ st❛♥❞❛r❞ ❢❛♥❞✐s❦ ♠♦❞❡❧✳
❲❡ t❤❡♥ ♣❡rt✉r❜❡❞ ✐t ❜② ✉♥✐❢♦r♠ ♥♦✐s❡ ♦❢ r❛❞✐✉s 0.01δ✱ ✇❤❡r❡ δ ✐s t❤❡ r❛❞✐✉s ♦❢
t❤❡ ♠♦❞❡❧✳ ❋✐❣✉r❡ ✺✳✹✳✭❞✮ s❤♦✇s t❤❡ ❢❡❛t✉r❡s ❛♥❞ ❢❡❛t✉r❡ ❞✐r❡❝t✐♦♥s ♣r♦❞✉❝❡❞
❜② ♦✉r ❛❧❣♦r✐t❤♠✳ ❲❤✐❧❡ t❤❡ ❢❡❛t✉r❡s ❛r❡ ❞✐✛✉s❡❞ ✇✐t❤ ✈❡r② str♦♥❣ ♥♦✐s❡✱ t❤❡
❢❡❛t✉r❡ ❞✐r❡❝t✐♦♥s ❛r❡ q✉✐t❡ st❛❜❧❡ ❛♥❞ ❝❧♦s❡❧② ❢♦❧❧♦✇ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ♠♦❞❡❧✳
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◆♦✐s❡ r δ∞ δavg αavg

✵✳✵ ✵✳✵✺ ✵✳✸✺ ✵✳✵✸✼ ✸✳✷✺
✵✳✵✼✻ ✵✳✵✶✶ ✶✳✹✷

✵✳✵ ✵✳✶ ✵✳✶✶✽ ✵✳✵✺✶ ✵✳✸✸
✵✳✶✷✹ ✵✳✵✶✻ ✶✳✸✹

✵✳✵✷ ✵✳✶ ✵✳✷✷✻ ✵✳✵✹✾ ✶✳✻✺
✵✳✶✸✾ ✵✳✵✷✵ ✸✳✹✻

✵✳✵✺ ✵✳✶ ✵✳✷✷✵ ✵✳✵✺✵ ✷✳✽✷
✵✳✶✺✺ ✵✳✵✷✺ ✺✳✹✺

✵✳✶ ✵✳✶✺ ✵✳✷✼✶ ✵✳✵✻✾ ✸✳✶✷
✵✳✶✼✽ ✵✳✵✸✻ ✼✳✾✹

❚❛❜❧❡ ✷✿ ❉✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❡st✐♠❛t❡❞ ❢❡❛t✉r❡s ❛♥❞ r❡❛❧ ❢❡❛t✉r❡s ♦❢ ❛♥
✐❝♦s❛❤❡❞r♦♥✱ ✇✐t❤ ✈❛r②✐♥❣ ♥♦✐s❡ r❛❞✐✉s ❛♥❞ ❝♦♥✈♦❧✉t✐♦♥ r❛❞✐✉s

✭❛✮ α = 45
◦ ✭❜✮ α = 13

◦ ✭❝✮ α = 1.8
◦

❋✐❣✉r❡ ✺✳✶✵✿ ❊st✐♠❛t❡❞ ❢❡❛t✉r❡ ❞✐r❡❝t✐♦♥s ♦♥ ❛ ❢♦❧❞❡❞ r❡❝t❛♥❣❧❡✱ ❢♦r ❞✐✛❡r❡♥t
✈❛❧✉❡s ♦❢ t❤❡ ❡①t❡r♥❛❧ ❛♥❣❧❡ α✳

❖♥ ❧❛r❣❡r r❛♥❣❡ s❝❛♥ ♣♦✐♥t ❝❧♦✉❞s✱ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ ❞❡❝r❡❛s❡ ❜♦t❤ t❤❡
♦✛s❡t ❛♥❞ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ r❛❞✐✐ ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ❞❡t❡❝t❡❞ ❢❡❛t✉r❡s ❛❧♠♦st
♥♦✐s❡❧❡ss✳ ❚❤✐s ❡♥❛❜❧❡s t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❝❛♣t✉r❡ ✈❡r② s♠❛❧❧ ❛♥❞ ♥♦♥✲s❤❛r♣
❢❡❛t✉r❡s✱ ❧✐❦❡ t❤❡ ❤❛✐r ♦❢ ❈❛❡s❛r ♦r t❤❡ ❜r❛✐❞✐♥❣ ♦❢ ❇✐♠❜❛✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡
✺✳✹✳✭❛✲❝✮✳

✻ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❋✉t✉r❡ ❲♦r❦

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞ ❛ ♠❡t❤♦❞ ❢♦r ❝♦♠♣✉t✐♥❣ ♣r✐♥❝✐♣❛❧ ❝✉r✲
✈❛t✉r❡s ❛♥❞ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ❞✐r❡❝t✐♦♥s ❛♥❞ ❞❡t❡❝t✐♥❣ s❤❛r♣ ❢❡❛t✉r❡s ❛♥❞
❢❡❛t✉r❡ ❞✐r❡❝t✐♦♥s ♦♥ ♣♦✐♥t ❝❧♦✉❞ ❞❛t❛ ✐♥ ❛ ✉♥✐✜❡❞ ❢❛s❤✐♦♥✳ ❲❡ ❤❛✈❡ ♣r♦✈✐❞❡❞
t❤❡♦r❡t✐❝❛❧ ❣✉❛r❛♥t❡❡s ♦♥ t❤❡ r♦❜✉st♥❡ss ♦❢ ♦✉r ♠❡t❤♦❞✱ ❣✐✈✐♥❣ ❛ ❜♦✉♥❞ ♦♥
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✭❛✮ ❈❛❡s❛r ✭❜✮ ❇✐♠❜❛ ✭❝✮ ❇✐♠❜❛

✭❞✮ ❋❛♥❞✐s❦ ✭❡✮ ◆♦✐s② ❢❛♥❞✐s❦

❋✐❣✉r❡ ✺✳✶✶✿ ❘❡s✉❧ts ♦❢ t❤❡ ❢❡❛t✉r❡ ❞❡t❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ❏✉❧✐✉s ❈❛❡s❛r
✭❛✮✱ ❇✐♠❜❛ ✭❜✲❝✮ ❛♥❞ ❢❛♥❞✐s❦ ♣♦✐♥t ❝❧♦✉❞s ✇✐t❤ ♥♦ ❛♥❞ 0.01δ ♥♦✐s❡✱ ✇❤❡r❡ δ
✐s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ♠♦❞❡❧✳ ✭❞✲❡✮

t❤❡ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t❡❞ ❞✐r❡❝t✐♦♥s ❢r♦♠ t❤❡ r❡❛❧ ♦♥❡s ✐♥ t❡r♠s ♦❢ t❤❡
❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥t ❝❧♦✉❞ ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ s✉r❢❛❝❡✳ ❲❡
✐♠♣❧❡♠❡♥t❡❞ t❤❡ ♠❡t❤♦❞ ❛♥❞ t❡st❡❞ ✐t ♦♥ ♠✉❧t✐♣❧❡ s✉r❢❛❝❡s ✇✐t❤ ✈❛r②✐♥❣
❛♠♦✉♥ts ♦❢ s❛♠♣❧✐♥❣ ❜✐❛s ❛♥❞ ♥♦✐s❡✳

❖♥❡ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ ♦✉r ♠❡t❤♦❞ ✐s t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ❞✐r❡❝t✐♦♥s t❤❛t ✐t
♣r♦❞✉❝❡s ❛r❡ ♦♥❧② ❞❡✜♥❡❞ ✉♣ t♦ ❛ s✐❣♥✱ ❛♥❞ t❤✉s ❧❛❝❦ ❝♦♥s✐st❡♥t ♦r✐❡♥t❛t✐♦♥✳
❖♥❡ ♣♦ss✐❜❧❡ ✇❛② ♦❢ ♦❜t❛✐♥✐♥❣ ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥s ✇♦✉❧❞
❜❡ t♦ ✐♥t❡rs❡❝t t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧s ✇✐t❤ ❤❛❧❢ s♣❤❡r❡s ♦♥ ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ s✉r❢❛❝❡✱
❛♥❞ r❡s♦❧✈❡ ❛♠❜✐❣✉✐t✐❡s ❛t t❤❡ ❢❡❛t✉r❡s✱ ✇❤❡r❡ ♦♥❡ ♦❢ t❤❡ s✐❞❡s t♦✉❝❤❡s t❤❡
♠❡❞✐❛❧ ❛①✐s✳

■♥ t❤❡ ❢✉t✉r❡✱ ✇❡ ❛❧s♦ ✐♥t❡♥❞ t♦ ♣❛r❛❧❧❡❧✐③❡ ♦✉r ❛❧❣♦r✐t❤♠ ❛♥❞ ♠❛❦❡ t❤❡
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❝♦♠♣✉t❛t✐♦♥s ♣✉r❡❧② ❧♦❝❛❧✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❛♣♣❧② ♦✉r
♠❡t❤♦❞ t♦ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ s✉r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❜❧❡♠s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❉✳ ❆✐❣❡r✱ ◆✳ ❏✳ ▼✐tr❛✱ ❛♥❞ ❉✳ ❈♦❤❡♥✲❖r✳ ✹✲♣♦✐♥ts ❝♦♥❣r✉❡♥t s❡ts ❢♦r
r♦❜✉st ♣❛✐r✇✐s❡ s✉r❢❛❝❡ r❡❣✐str❛t✐♦♥✳ ❆❈▼ ❚r❛♥s✳ ●r❛♣❤✳✱ ✷✼✭✸✮✱ ✷✵✵✽✳

❬✷❪ P✳ ❆❧❧✐❡③✱ ❉✳ ❈♦❤❡♥✲❙t❡✐♥❡r✱ ❨✳ ❚♦♥❣✱ ❛♥❞ ▼✳ ❉❡s❜r✉♥✳ ❱♦r♦♥♦✐✲❜❛s❡❞
✈❛r✐❛t✐♦♥❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ✉♥♦r✐❡♥t❡❞ ♣♦✐♥t s❡ts✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢

❙●P✱ ♣❛❣❡s ✸✾✕✹✽✱ ✷✵✵✼✳

❬✸❪ ◆✳ ❆♠❡♥t❛ ❛♥❞ ▼✳ ❇❡r♥✳ ❙✉r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ❜② ✈♦r♦♥♦✐ ✜❧t❡r✐♥❣✳
❉✐s❝r❡t❡ ❛♥❞ ❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦♠❡tr②✱ ✷✷✿✹✽✶✕✺✵✹✱ ✶✾✾✾✳

❬✹❪ ◆✳ ❆♠❡♥t❛ ❛♥❞ ❨✳❏✳ ❑✐❧✳ ❉❡✜♥✐♥❣ ♣♦✐♥t✲s❡t s✉r❢❛❝❡s✳ ❆❈▼ ❚r❛♥s✳

●r❛♣❤✳✱ ✷✸✭✸✮✿✷✻✹✕✷✼✵✱ ✷✵✵✹✳

❬✺❪ ❉✳ ❆✈✐s✱ ❇✳ ❑✳ ❇❤❛tt❛❝❤❛r②❛✱ ❛♥❞ ❍✳ ■♠❛✐✳ ❈♦♠♣✉t✐♥❣ t❤❡ ✈♦❧✉♠❡ ♦❢
t❤❡ ✉♥✐♦♥ ♦❢ s♣❤❡r❡s✳ ❚❤❡ ❱✐s✉❛❧ ❈♦♠♣✉t❡r✱ ✸✭✻✮✿✸✷✸✕✸✷✽✱ ✶✾✽✽✳

❬✻❪ ❋✳ ❈❛③❛❧s ❛♥❞ ▼✳ P♦✉❣❡t✳ ❊st✐♠❛t✐♥❣ ❞✐✛❡r❡♥t✐❛❧ q✉❛♥t✐t✐❡s ✉s✐♥❣ ♣♦❧②✲
♥♦♠✐❛❧ ✜tt✐♥❣ ♦❢ ♦s❝✉❧❛t✐♥❣ ❥❡ts✳ ■♥ ❈♦♠♣✳ ❆✐❞❡❞ ●❡♦♠✳ ❉❡s✐❣♥✱ ♣❛❣❡s
✶✷✶✕✶✹✻✱ ✷✵✵✺✳

❬✼❪ ❋✳ ❈❤❛③❛❧✱ ❉✳ ❈♦❤❡♥✲❙t❡✐♥❡r✱ ❛♥❞ ◗✳ ▼ér✐❣♦t✳ ❙t❛❜✐❧✐t② ♦❢ ❜♦✉♥❞❛r②
♠❡❛s✉r❡s✳ ❆r①✐✈ Pr❡♣r✐♥t ❛r❳✐✈✿✵✼✵✻✳✷✶✺✸✱ ✷✵✵✼✳

❬✽❪ ❉✳ ❈♦❤❡♥✲❙t❡✐♥❡r ❛♥❞ ❏✳▼✳ ▼♦r✈❛♥✳ ❘❡str✐❝t❡❞ ❞❡❧❛✉♥❛② tr✐❛♥❣✉❧❛t✐♦♥s
❛♥❞ ♥♦r♠❛❧ ❝②❝❧❡✳ ❆❈▼ ❙②♠♣✳ ❈♦♠♣✳ ●❡♦♠✳✱ ♣❛❣❡s ✸✶✷✕✸✷✶✱ ✷✵✵✸✳

❬✾❪ ❚✳ ❑✳ ❉❡② ❛♥❞ ❏✳ ❙✉♥✳ ◆♦r♠❛❧ ❛♥❞ ❢❡❛t✉r❡ ❡st✐♠❛t✐♦♥s ❢r♦♠ ♥♦✐s②
♣♦✐♥t ❝❧♦✉❞s✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ❖❙❯✲❈■❙❘❈✲✼✴✺✵✲❚❘✺✵✱ ❖❤✐♦ ❙t❛t❡
❯♥✐✈❡rs✐t②✱ ✷✵✵✺✳

❬✶✵❪ ❙✳ ❋❧❡✐s❤♠❛♥✱ ❉✳ ❈♦❤❡♥✲❖r✱ ❛♥❞ ❈✳ ❚✳ ❙✐❧✈❛✳ ❘♦❜✉st ♠♦✈✐♥❣ ❧❡❛st✲
sq✉❛r❡s ✜tt✐♥❣ ✇✐t❤ s❤❛r♣ ❢❡❛t✉r❡s✳ ❆❈▼ ❚r❛♥s✳ ●r❛♣❤✳✱ ✷✹✭✸✮✿✺✹✹✕✺✺✷✱
✷✵✵✺✳

❬✶✶❪ ❏✳ P✳ ●♦✐s✱ ❊✳ ❚❡❥❛❞❛✱ ❚✳ ❊t✐❡♥❡✱ ▲✳ ●✳ ◆♦♥❛t♦✱ ❆✳ ❈❛st❡❧♦✱ ❛♥❞ ❚✳ ❊rt❧✳
❈✉r✈❛t✉r❡✲❞r✐✈❡♥ ♠♦❞❡❧✐♥❣ ❛♥❞ r❡♥❞❡r✐♥❣ ♦❢ ♣♦✐♥t✲❜❛s❡❞ s✉r❢❛❝❡s✳ ■♥
❇r❛③✳ ❙②♠♣✳ ❈♦♠♣✳ ●r❛♣❤✳ ■♠❛❣✳ Pr♦❝✱ ♣❛❣❡s ✷✼✕✸✻✱ ✷✵✵✻✳
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❬✶✷❪ ❏✳ ❍✉❛♥❣ ❛♥❞ ❈✳ ❍✳ ▼❡♥q✳ ❈♦♠❜✐♥❛t♦r✐❛❧ ♠❛♥✐❢♦❧❞ ♠❡s❤ r❡❝♦♥str✉❝✲
t✐♦♥ ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ❢r♦♠ ✉♥♦r❣❛♥✐③❡❞ ♣♦✐♥ts ✇✐t❤ ❛r❜✐tr❛r② t♦♣♦❧♦❣②✳
❈♦♠♣✳ ❆✐❞❡❞ ●❡♦♠✳ ❉❡s✐❣♥✱ ✸✹✭✷✮✿✶✹✾✕✶✻✺✱ ✷✵✵✷✳

❬✶✸❪ ❏✳ ❉❛♥✐❡❧s ■■✱ ❚✳ ❖❝❤♦tt❛✱ ▲✐♥❤ ❑✳ ❍✳✱ ❛♥❞ ❈❧á✉❞✐♦ ❚✳ ❙✳ ❙♣❧✐♥❡✲❜❛s❡❞
❢❡❛t✉r❡ ❝✉r✈❡s ❢r♦♠ ♣♦✐♥t✲s❛♠♣❧❡❞ ❣❡♦♠❡tr②✳ ❚❤❡ ❱✐s✉❛❧ ❈♦♠♣✉t❡r✱
✷✹✭✻✮✿✹✹✾✕✹✻✷✱ ✷✵✵✽✳

❬✶✹❪ P✳ ❏❡♥❦❡✱ ▼✳ ❲❛♥❞✱ ❛♥❞ ❲✳ ❙tr❛ÿ❡r✳ P❛t❝❤✲❣r❛♣❤ r❡❝♦♥str✉❝t✐♦♥ ❢♦r
♣✐❡❝❡✇✐s❡ s♠♦♦t❤ s✉r❢❛❝❡s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ❱✐s✐♦♥✱ ▼♦❞❡❧✐♥❣ ❛♥❞ ❱✐s✉✲

❛❧✐③❛t✐♦♥✱ ✷✵✵✽✳

❬✶✺❪ ❈✳ ▲❛♥❣❡ ❛♥❞ ❑✳ P♦❧t❤✐❡r✳ ❆♥✐s♦tr♦♣✐❝ s♠♦♦t❤✐♥❣ ♦❢ ♣♦✐♥t s❡ts✳ ❈♦♠♣✳

❆✐❞❡❞ ●❡♦♠✳ ❉❡s✐❣♥✱ ✷✷✭✼✮✿✻✽✵✕✻✾✷✱ ✷✵✵✺✳

❬✶✻❪ ❨✳ ▲✐♣♠❛♥✱ ❉✳ ❈♦❤❡♥✲❖r✱ ❛♥❞ ❉✳ ▲❡✈✐♥✳ ❉❛t❛ ✲ ❞❡♣❡♥❞❡♥t ♠❧s ❢♦r
❢❛✐t❤❢✉❧ s✉r❢❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥ ❊✉r♦❣r❛♣❤✐❝s ❙②♠♣✳ ●❡♦♠✳ Pr♦❝✳✱
♣❛❣❡s ✺✾✕✻✼✱ ✷✵✵✼✳

❬✶✼❪ ❊✳ ▼❛❣✐❞✱ ❖✳ ❙♦❧❞❡❛✱ ❛♥❞ ❊✳ ❘✐✈❧✐♥✳ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ ●❛✉ss✐❛♥ ❛♥❞ ♠❡❛♥
❝✉r✈❛t✉r❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞s ♦♥ tr✐❛♥❣✉❧❛r ♠❡s❤❡s ♦❢ r❛♥❣❡ ✐♠❛❣❡ ❞❛t❛✳
❈❱■❯✱ ✶✵✼✭✸✮✿✶✸✾✕✶✺✾✱ ✷✵✵✼✳

❬✶✽❪ ❏✳✲▲✳ ▼❛❧tr❡t ❛♥❞ ▼✳ ❉❛♥✐❡❧✳ ❉✐s❝r❡t❡ ❝✉r✈❛t✉r❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ✿ ❛
s✉r✈❡②✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ▲❛❜♦r❛t♦✐r❡ ❞❡s ❙❝✐❡♥❝❡s ❞❡ ❧✬■♥❢♦r♠❛t✐♦♥ ❡t
❞❡s ❙②st❡♠❡s✱ ✷✵✵✷✳

❬✶✾❪ ❈✳ ❖③t✐r❡❧✐✱ ●✳ ●✉❡♥♥❡❜❛✉❞✱ ❛♥❞ ▼✳ ●r♦ss✳ ❋❡❛t✉r❡ ♣r❡s❡r✈✐♥❣ ♣♦✐♥t s❡t
s✉r❢❛❝❡s ❜❛s❡❞ ♦♥ ♥♦♥✲❧✐♥❡❛r ❦❡r♥❡❧ r❡❣r❡ss✐♦♥✳ ■♥ ❊✉r♦❣r❛♣❤✐❝s✱ ✷✵✵✾✳

❬✷✵❪ ▼✳ P❛✉❧②✱ ❘✳ ❑❡✐s❡r✱ ❛♥❞ ▼✳ ●r♦ss✳ ▼✉❧t✐✲s❝❛❧❡ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥
♦♥ P♦✐♥t✲❙❛♠♣❧❡❞ ❙✉r❢❛❝❡s✳ ■♥ ❈♦♠♣✉t❡r ●r❛♣❤✐❝s ❋♦r✉♠✱ ✈♦❧✉♠❡ ✷✷✱
♣❛❣❡s ✷✽✶✕✷✽✾✳ ❇❧❛❝❦✇❡❧❧ ❙②♥❡r❣②✱ ✷✵✵✸✳

❬✷✶❪ ▼✳ P❛✉❧②✱ ◆✳ ❏✳ ▼✐tr❛✱ ❏✳ ❲❛❧❧♥❡r✱ ❍✳ P♦tt♠❛♥♥✱ ❛♥❞ ▲✳ ❏✳ ●✉✐❜❛s✳
❉✐s❝♦✈❡r✐♥❣ str✉❝t✉r❛❧ r❡❣✉❧❛r✐t② ✐♥ ✸❞ ❣❡♦♠❡tr②✳ ❆❈▼ ❚r❛♥s✳ ●r❛♣❤✳✱
✷✼✭✸✮✱ ✷✵✵✽✳

❬✷✷❪ ❙✳ P✐♦♥ ❛♥❞ ▼✳ ❚❡✐❧❧❛✉❞✳ ✸❞ tr✐❛♥❣✉❧❛t✐♦♥s✳ ■♥ ❈●❆▲ ❊❞✐t♦r✐❛❧ ❇♦❛r❞✱
❡❞✐t♦r✱ ❈●❆▲✲✸✳✷ ❯s❡r ❛♥❞ ❘❡❢❡r❡♥❝❡ ▼❛♥✉❛❧✳ ✷✵✵✻✳

❬✷✸❪ ❍✳ P♦tt♠❛♥♥✱ ❏✳ ❲❛❧❧♥❡r✱ ◗✳ ❍✉❛♥❣✱ ❛♥❞ ❨✳▲✳ ❨❛♥❣✳ ■♥t❡❣r❛❧ ✐♥✈❛r✐❛♥ts
❢♦r r♦❜✉st ❣❡♦♠❡tr② ♣r♦❝❡ss✐♥❣✳ ❈♦♠♣✳ ❆✐❞❡❞ ●❡♦♠✳ ❉❡s✐❣♥✱ ✷✻✿✸✼✕✻✵✱
✷✵✵✾✳
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❬✷✹❪ ●✳❲✳ ❙t❡✇❛rt ❛♥❞ ❏✳ ❙✉♥✳ ▼❛tr✐① ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✳ ❈♦♠♣✉t❡r ❙❝✐✲

❡♥❝❡ ❛♥❞ ❙❝✐❡♥t✐✜❝ ❈♦♠♣✉t✐♥❣✱ ✶✾✾✵✳

❬✷✺❪ ❳✳ ❚❛♥❣✳ ❆ s❛♠♣❧✐♥❣ ❢r❛♠❡✇♦r❦ ❢♦r ❛❝❝✉r❛t❡ ❝✉r✈❛t✉r❡ ❡st✐♠❛t✐♦♥ ✐♥
❞✐s❝r❡t❡ s✉r❢❛❝❡s✳ ■❊❊❊ ❚r❛♥s✳ ❱✐s✳ ❈♦♠♣✳ ●r❛♣❤✳✱ ✶✶✭✺✮✿✺✼✸✕✺✽✸✱ ✷✵✵✺✳

❬✷✻❪ ●✳ ❚❛✉❜✐♥✳ ❊st✐♠❛t✐♥❣ t❤❡ t❡♥s♦r ♦❢ ❝✉r✈❛t✉r❡ ♦❢ ❛ s✉r❢❛❝❡ ❢r♦♠ ❛
♣♦❧②❤❡❞r❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■❊❊❊ ■♥t✳ ❈♦♥❢✳ ♦♥ ❈♦♠♣✳ ❱✐s✳✱ ♣❛❣❡s ✾✵✷✕
✾✵✼✱ ✶✾✾✺✳

❬✷✼❪ ❲✳✲❙✳ ❚♦♥❣ ❛♥❞ ❈✳✲❑✳ ❚❛♥❣✳ ❘♦❜✉st ❡st✐♠❛t✐♦♥ ♦❢ ❛❞❛♣t✐✈❡ t❡♥s♦rs ♦❢
❝✉r✈❛t✉r❡ ❜② t❡♥s♦r ✈♦t✐♥❣✳ ■❊❊❊ ❚r❛♥s✳ P❛tt❡r♥ ❆♥❛❧✳ ▼❛❝❤✳ ■♥t❡❧❧✳✱
✷✼✭✸✮✿✹✸✹✕✹✹✾✱ ✷✵✵✺✳

❬✷✽❪ P✳ ❨❛♥❣ ❛♥❞ ❳✳ ◗✐❛♥✳ ❉✐r❡❝t ❝♦♠♣✉t✐♥❣ ♦❢ s✉r❢❛❝❡ ❝✉r✈❛t✉r❡s ❢♦r ♣♦✐♥t✲
s❡t s✉r❢❛❝❡s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ ❙❇●✱ ✷✵✵✼✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t S ✐s ❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ❤②♣❡r✲s✉r❢❛❝❡ ✐♥
R3✱ ❛♥❞ p0 ✐s ❧②✐♥❣ ♦♥ ❛♥ ❡❞❣❡ s❡♣❛r❛t✐♥❣ t✇♦ s♠♦♦t❤ ♣❛rts ♦❢ t❤❡ s✉r❢❛❝❡✳
❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❡❞❣❡ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ❞✐✛❡r❡♥t✐❛❜❧❡
❝✉r✈❡ γ(t) ♣❛r❛♠❡t❡r✐③❡❞ ❜② ❛r❝✲❧❡♥❣t❤✱ ✇✐t❤ γ(0) = p0✳

❈♦♥✈♦❧✈❡❞ ❱❈▼ ❢♦r ❛ ❢❡❛t✉r❡ ♣♦✐♥t ▲❡t S ❜❡ ❛♥ ❡♠❜❡❞❞❡❞ ♣✐❡❝❡✇✐s❡
s♠♦♦t❤ s✉r❢❛❝❡ ✐♥ R

3✳ ❚❤❡ ♥♦r♠❛❧ ❝♦♥❡ ❛t ❛ ♣♦✐♥t p ∈ S ✐s ❜② ❞❡✜♥✐t✐♦♥

NpS = {λ(x− p) ; λ > 0 ❛♥❞ pS(x) = p}

❆t ❛ s♠♦♦t❤ ♣♦✐♥t p ♦❢ S✱ NpS ✐s s✐♠♣❧② t❤❡ r❛② ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♥♦r♠❛❧
❛t p✳ ■♥ ❣❡♥❡r❛❧✱ ✐❢ t❤❡ ❧♦❝❛❧ ❢❡❛t✉r❡ s✐③❡ ♦❢ S ❛t ❛ ♣♦✐♥t p ✐s ❣r❡❛t❡r t❤❛♥ R✱
t❤❡♥ p−1

K ({p}) ∩ B(p, R) = p + (NpS ∩ B(0, R))✿ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❱❈▼
VS,SR ❛t t❤❛t ♣♦✐♥t ✐s ❢✉❧❧② ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♥♦r♠❛❧ ❝♦♥❡✳ ❙✐♥❝❡ t❤❡ ❧♦❝❛❧
❢❡❛t✉r❡ s✐③❡ ✈❛♥✐s❤❡s ❛t ❛♥② ♣♦✐♥t ♦♥ ❛ s❤❛r♣ ❡❞❣❡✱ ✇❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡ ❛
✇❡❛❦❡r ♥♦t✐♦♥ ♦❢ ❢❡❛t✉r❡ s✐③❡✳ ❚❤❡ 1✲s✐❞❡❞ ❧♦❝❛❧ ❢❡❛t✉r❡ s✐③❡✱ ♦r ❧❢s1✱ ♦❢ ❛ ♣♦✐♥t
p ✐s ❞❡✜♥❡❞ ❛s✿

lfs1S(p) = inf{R ; ∀n ∈ NpS, ‖n‖ 6 1 =⇒ pS(p + Rn) = p}

Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t S ❜❡ ❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ s✉r❢❛❝❡ ❡♠❜❡❞❞❡❞ ✐♥ R
3✱ ❛♥❞

p0 ❜❡ ❛ ♣♦✐♥t ♦♥ ❛ s❤❛r♣ ❡❞❣❡ ♦❢ S✱ ✇✐t❤ lfs1S(p0) > R✳ ▲❡t ~t ❜❡ t❤❡ t❛♥❣❡♥t
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p

α

u

S
R

M

v

l′+

l(t)

x
l′−

✭❛✮

p

α

u

R v

d

β

r cos(θ− β)

r

θ

✭❜✮

❋✐❣✉r❡ ❆✳✶✷✿ P❧❛♥❛r ✈✐❡✇ ♦❢ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧ ♦❢ ❛ ♣♦✐♥t ♦♥ ❛♥ ❡❞❣❡ ♦❢ ❛
♣✐❡❝❡✇✐s❡ s♠♦♦t❤ s✉r❢❛❝❡

t♦ t❤✐s ❡❞❣❡ ❛t p0✱ ❛♥❞ ~u✱ ~v ❜❡ t❤❡ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ t✇♦ ♦✉t✇❛r❞ ♥♦r♠❛❧s t♦

S ❛t p0 ♦♥ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣❧❛♥❡ t♦ ~t✳ ❚❤❡♥✱

VS,SR(B(p0, r)) =
R4r

8
[(α− sin(α)) e1e

❚

1

+ (α + sin(α)) e2e
❚

2 + O(r/R)]

✇❤❡r❡ ~e1 = ~u−~v
‖~u−~v‖ ✱ ~e2 = ~u+~v

‖~u+~v‖ ✱ ❛♥❞ cos(α) = 〈~u|~v〉✳

❚♦ ❞❡s❝r✐❜❡ t❤❡ ❱❈▼ ♦❢ S ♥❡❛r p0✱ ✇❡ ✜rst ♥❡❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡
❱♦r♦♥♦✐ ❝❡❧❧ p−1

S (p0) = {x ∈ R
3|pS(x) = γ(t)}✳

▲❡♠♠❛ ✺✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❱♦r♦♥♦✐ ❝❡❧❧ p−1
S (p0) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣♦s✐t✐✈❡

❝♦♥❡ Q ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✈❡❝t♦rs ~u ❛♥❞ ~v✱ ✐✳❡✳

p−1
S ({p0}) ⊆ Q := {p0 + a~u + b~v ; a, b > 0}

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛♥② ♣♦✐♥t x ∈ R
d ✇✐t❤ pS(x) = p0✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡

♣r♦❥❡❝t✐♦♥✱ t❤❡ ♦♣❡♥ ❜❛❧❧ B(x,d(x, p0)) ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ♣♦✐♥ts ✐♥ S ❛♥❞
✐♥ ♣❛rt✐❝✉❧❛r ♣♦✐♥ts ♦❢ t❤❡ ❝✉r✈❡ γ✳ ❍❡♥❝❡✱ ✐t ♠✉st ❜❡ t❛♥❣❡♥t t♦ γ ❛t p0❀
t❤✐s ❝❛♥ ❜❡ r❡♣❤r❛s❡❞ ❛s 〈x − p0|~t〉 = 0✳ ▲❡t P ❞❡♥♦t❡ t❤❡ ♣❧❛♥❡ p0 + {~t}⊥✳
❚❤❡ ♣♦✐♥t x ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s x = γ(t) + a~u + b~u✳

❲❡ ❧❡t ℓ ❜❡ ❛ ✭❧♦❝❛❧✮ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ P ∩ S✱ ✇✐t❤
ℓ(0) = p0✱ ❛♥❞ ℓ′−(0) ❛♥❞ ℓ′−(0) ❜❡ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ❞❡r✐✈❛t✐✈❡s ♦❢ ℓt ❛t 0✳
❲❡ s✉♣♣♦s❡ t❤❛t ℓ ✐s ♦r✐❡♥t❡❞ s♦ t❤❛t 〈ℓ′−(0)|~u〉 > 0 ❛♥❞ 〈ℓ′+(0)|~v〉 < 0✳ ❙✐♥❝❡
❜② ❤②♣♦t❤❡s✐s✱ x ♣r♦❥❡❝ts ♦♥t♦ p0✱ ✇❡ ❤❛✈❡ 〈ℓ(t)−p0|x−p0〉 6 0 ❢♦r ❛❧❧ ✈❛❧✉❡s
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♦❢ t✳ ❋♦r t < 0✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ℓ(t) = p0 + tℓ′−(0) + o(t)❀
✉s✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡ ❛♥❞ 〈ℓ′−(0)|~u〉 = 0✱ ✇❡ ❞❡❞✉❝❡ b〈ℓ′−(0)|~v〉 > 0✱
❛♥❞ ✜♥❛❧❧② b > 0✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ♣r♦✈❡s t❤❛t a > 0✳

❇❡❝❛✉s❡ ♦❢ t❤❡ 1✲❧❢s ❛ss✉♠♣t✐♦♥✱ ❡✈❡r② ♣♦✐♥t ✐♥ Q ✇✐t❤✐♥ ❞✐st❛♥❝❡ R ♦❢ p0

♣r♦❥❡❝ts ♦♥t♦ S ❛t p0✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐❢ SR ❞❡♥♦t❡s t❤❡ R✲♥❡✐❣❤❜♦r❤♦♦❞
♦❢ S✱ ♦♥❡ ❤❛s p−1

S ({p0}) ∩ SR = Q ∩ SR✿ t❤✐s ✐♥t❡rs❡❝t✐♦♥ ✐s ❛ ❝✐r❝✉❧❛r s❧✐❝❡
✇✐t❤ r❛❞✐✉s R ❛♥❞ ❛♥❣❧❡ α ✇❤✐❝❤ ❡q✉❛❧s t❤❡ ❞✐❤❡❞r❛❧ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ t✇♦
s♠♦♦t❤ ♣❛rts ♦❢ t❤❡ s❤❛♣❡ ✭❋✐❣✉r❡ ❆✳✶✷✭❛✮✮✳

▲❡♠♠❛ ✻✳ ▲❡t ~u, ~u ❜❡ t✇♦ ✉♥✐t ✈❡❝t♦rs ✐♥ t❤❡ ♣❧❛♥❡✱ ❛♥❞ Q = {a~u + b~v} ∩
B(0, R)✳ ❚❤❡ ❡✐❣❡♥♣❛✐rs ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① cov(Q, 0) ❛r❡✿

λ1 =
R4

8
(α− sin(α)) , e1 = ~u− ~v ❛♥❞

λ2 =
R4

8
(α + sin(α)) , e2 = ~u + ~v

✇❤❡r❡ cos(α) = 〈~u|~v〉✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❝♦✈❛r✐❛♥❝❡ ✐♥ s♦♠❡ ✜①❡❞ ✉♥✐t ❞✐r❡❝t✐♦♥ ~d ✇❤✐❝❤ ✐s ❛t
❛♥❣❧❡ β ❢r♦♠ v ✭❋✐❣✉r❡ ❆✳✶✷✭❜✮✮✳ ❚❤❡♥✱ ✇✐t❤ M = cov(Q, 0)✱

~d❚M~d =

∫ α

θ=0

∫ R

r=0
r2 cos2(θ − β)rdrdθ

=
R4

4

∫ α

0

cos(2(θ − β)) + 1

2
dθ

=
R4

8

(

sin(2(α− β)) + sin(2β)

2
+ α

)

✭❆✳✷✮

❚♦ ✜♥❞ t❤❡ ❞✐r❡❝t✐♦♥ ~d ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ❡✐❣❡♥✈❡❝t♦r ♦❢ M ✇❡ ♥❡❡❞ t♦ ✜♥❞
t❤❡ ♠✐♥✐♠✐③❡r✴♠❛①✐♠✐③❡r ♦❢ t❤❡ ❛❜♦✈❡ q✉❛♥t✐t② ✇✐t❤ r❡s♣❡❝t t♦ β✳ ❋♦r t❤✐s✱
✇❡ s❡t t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ β t♦ ✵✱ ❛♥❞ ❣❡t✿

− cos(2(α− β)) + cos(2β) = 0⇐⇒ β =
α

2
♦r β =

α− π

2

❚♦ ❝♦♠♣✉t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡s❡ ❡✐❣❡♥✈❡❝t♦rs✱ ✇❡ ♣❧✉❣ ✐♥ t❤❡
✈❛❧✉❡s ✐♥t♦ ✭❆✳✷✮ t♦ ❣❡t λ1 = R4

8 (α− sin(α)) ❛♥❞ λ2 = R4

8 (α + sin(α))✳
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Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✶✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡✱ ✇✐t❤ B = B(p0, r)✿

VS,E(B(p0, r)) =

∫

E∩p−1

K
(B∩S)

(x− pS(x))(x− pS(x))❚dx

=

∫

E∩p−1

K
(B∩e(t))

(x− pS(x))(x− pS(x))❚dx ✭❆✳✸✮

+

∫

E∩p−1

K
(B∩(S1∪S2))

(x− pS(x))(x− pS(x))❚dx ✭❆✳✹✮

✇❤❡r❡ S1 ❛♥❞ S2 ❛r❡ t❤❡ t✇♦ s♠♦♦t❤ ♣❛rts ♦❢ t❤❡ s✉r❢❛❝❡ ♦♥ ❡✐t❤❡r s✐❞❡
♦❢ t❤❡ ❡❞❣❡ γ(t)✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ❢♦r t❤❡ s♠♦♦t❤ ❝❛s❡ ♣r♦✈❡ t❤❛t t❤❡ ♦r❞❡r
♦❢ ❆✳✹ ✐s O(R3r2)✱ ✇❤❡r❡❛s t❤❡ ✐♥t❡❣r❛❧ ❛❧♦♥❣ t❤❡ ❝✉r✈❡ ❆✳✸ ❤❛s ❛♥ ♦r❞❡r ♦❢
O(R4r)✳

∫

SR∩p−1

K
(B∩Imγ)
(x− pS(x))(x− pS(x))❚dx

≃

∫ r

−r

∫

SR∩p−1

K
(γ(t))

(x− pS(x))(x− pS(x))❚dxdt

≃ 2r

∫

SR∩p−1

K
(p0)

(x− pS(x))(x− pS(x))❚dx

❲❡ ❝♦♥❝❧✉❞❡ ✉s✐♥❣ t❤❡ t✇♦ ♣r❡✈✐♦✉s ❧❡♠♠❛s✳

✸✸
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