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Méthode de Conception Compositionelle avec les
Chaines de Markov avec Contraintes

Résumé :Une théorie de spécification combine les notions de spéiiicat implé-
mentation avec des relations de satisfaction et raffingreenh ensemble d’opérateurs
qui permettent une conception incrémentale. Nous propgasoanouvelle abstraction,
les chaines de Markov avec contraintes, et les utilisons powstruire une théorie
de spécification pour les chaines de Markov. Les chaines deoMavec contraintes
généralisentd’autres abstractions plus anciennes ensarnbdes contraintes arbitraires
sur les distributions de probabilité. Notre théorie esténmiéere théorie de spécification
pour les chaines de Markov close sous conjonction, conmipogtralléle et synchro-
nisation. De plus, tous les opérateurs et relations initedont calculables.

Mots-clés : Raisonnement Compositionel, Probabilités, CMC
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1 Introduction

Modern systems are big and complex, resulting from asseagbiultiple components.
The components are designed by teams, working indepegdaritith a common
agreement on what the interface of each component should\bea consequence,
mathematical foundations that allow to reason at the atiskesel of interfaces in
order to infer global properties are an active research kmesan ascompositional
design[17]. Within this area specification theories provide a niimdglanguage that
allows designing, evolving and advisedly reusing compéseith formal guarantees.
In a logical interpretation, interfaces are specificatiand systems/components that
implement a specification are models/implementations.rd ilean agreement that a
good theory should support the following requirements:

1. Consistency and Satisfactiorit should be decidable whether a specification
admits at least one implementation, and whether a systemeingnts a specifi-
cation.

2. Refinement. Refinemaitspecification expresses inclusion of sets of implemen-
tations, and therefore allows to compare richness andgioeadf specifications.

3. Structural composition.A theory should provide a combination operator on
specifications, reflecting the standard composition ofesgstby,e.g. parallel
product.

4. Logical composition/conjunctionDifferent aspects of systems are often spec-
ified by different teams. The issue of dealing with multipkpects of mul-
tiple viewpoints is thus essential. It should be possibledpresent several
specfications (viewpoints) for the same system, and to coerthiem in a logi-
cal/conjunctive fashion.

5. Incremental Design.A theory should allow incremental design (composing /
conjoining specifications in any order) and independenteémgentability (com-
posable specifications can always be refined separately) [10

For functional analysis of discrete-time non-probabidislystems, the theory of
Modal Transition Systems (MTS) [26] provides a specificatiormalism supporting
refinement as well as conjunction and parallel compositibias been recently ap-
plied to construct interface theoriés[30] 27], which areesions of classical interface
automata proposed by de Alfaro et al.[[9] 12, 6].

As soon as systems include randomized algorithms, prasgbibrotocols, or in-
teract with physical environment, probabilistic modele aequired to reason about
them. This is exacerbated by requirements for fault tolegawhen systems need to
be analyzed quantitatively for the amount of failure they tderate, or for the delays
that may appear. As Henzinger and Sifakis| [17] point outoithicing probabilities
into design theories allows assessing dependability of/fesns in the same manner
as commonly practiced in other engineering disciplines.

Generalizing the notion of MTSs to the non-functional aseyof probabilistic
systems, the formalism of Interval Markov Chains (IMCs) viesoduced [[28]; with
notions of satisfaction and refinement generalizing praiséib bisimulation. Infor-
mally, IMCs extend Markov Chains by labeling transitionghnintervals of allowed
probabilities rather than concrete probability values.plementations of IMCs are
Markov Chains (MCs) whose probabily distributions matah ¢tbnstraints induced by
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H <190 H > 160
W <90 H <190
W > 60 H > 160
W < 90 @ 24 ) W > 60

Figure 1: IMCs showing non-closure under conjunction

the intervals. IMCs is known to be an efficient model on whietimrement and compo-
sition can be performed with efficient algorithms from linalyebra. Unfortunately, as
we shall now see, the expressive power of IMCs is inadeqoatagport both logical

and structural composition.

Consider two IMCs,S; and Ss, in Figure[1 specifying different probability con-
straints related to the height and weightV of a given person. Attempting to express
the conjunctionS; A S, as an IMC by a simple intersection of bounds gives< 1,
<2z <3, 3 <z andg < z. However, this naive construction is too coarse:
whereas(z1, 22, 23,24) = (3. %, 3, 5) Satisfies the constraints the resulting overall
probability of reaching a state satisfyirdg > 160, i.e. z; + 2o = % violates the up-
per bound% specified inS;. What is needed is the ability to express dependencies
between the probabilities, 25, 23, z4 besides that of being a probability distribution
(z1+22+23+24 = 1). The correct conjunctive combination is expressed byetfioe
lowing constraints, exceeding the expressive power of IMEs- 2o < % % < z3+24,

% < z9+z4. A similar example shows that IMCs are also not closed undealfel
composition, either.

One way to approach this problem could be to work with two $ypespecifica-
tions: IMCs for refinement and structural composition, amt@babilistic logic such
as PCTLI[[16] on which a logical conjunction is naturally defin Such a solution is
clearly not satisfactory. Indeed, it is not clear how one santhesize a MC (an im-
plementation) that satisfies two PCTL formulas. It is alsbpussible to structurally
compose two logical PCTL formulas.

The solution promoted in this paper is to enrich the modeWtiE$. More precisely,
we introduceConstraint Markov Chain6CMCs) as a foundation for component-based
design of probabilistic systems. CMCs are a further extansf IMCs allowing rich
constraints on the next-state probabilities from any st&ereas linear constraints
suffice for closure under conjunction, polynomial constigiare necessary for clo-
sure under parallel composition. We provide constructadéfinement, consistency
checking, logicahndstructural composition of CMC specifications — all indispaile
ingredients of a compositional design methodology.

In CMCs, each state is also labelled with a set of subsetsoofiiatpropositions.
Those propositions represent properties that should sfigdtby the implementation.
The idea being that the satisfaction relation ensures thahplementation matches at
least one of the subsets. This allows the specification tceradkitional assumptions
on the behaviors of the implementation. Hence, at the lvabecification, our model
thus presents choices on subsets of actions. However thegges are independent
from the probabilistic ones in the sense that any CMC whatestre labelled with a
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Compositional Design Methodology with Constraint Markdweihs 5

set of subsets of atomic propositions can be turned to avaeut (in terms of set of
implementations) CMC whose states are labeled with a ssudieet of atomic proposi-
tions. There, choices between the subsets of actions diaagpis thus not surprising
that our notion of parallel composition is following the weigl acceptegrinciple of
separation of concernsThe idea is to separate parallel composition of probabilit
distributions from synchronization on sets of actions. sTégparation can be found
in probabilistic specification theories that have prohafid automata as an underly-
ing semantic model 31,715, 22,120]. In fact, we show how philisic automata can
be represented as CMCs, and how the traditional notions raflphcomposition on
such model can be derived in our framework with precongregmoperties obtained
for free. This latter result shows that CMCs capture contpartal structure of known
models and operators, laying down a basis for studying shpreperties of many
probabilistic automata based languages. As already nresttjove exemplify this by
showing how precongruence properties for composition obabilistic automata and
known refinements can be obtained by reductions to CMCs.

The notions of satisfaction and strong/weak refinement€MCs conservatively
extend similar notions for IMC§[1.8, 23]. We characterizesth relations in terms of
implementation set inclusion. In particular, in the maiedtem, we prove that for
deterministic CMCs weak and strong refinements are compligierespect to imple-
mentation set inclusion. In addition, we provide a congtoan; which for any CMC
S returns a deterministic CM@(S) containing the models of. Refinement relations
are not complete for non-deterministic CMCs, but one canvahat the weak refine-
ment is more likely to coincide with implementation set irgibn in such a context.
We show that refinement between CMCs with polynomial comggaan be decided
in essentially single exponential time.

Structure of the paper. In Sectior 2, we introduce the concept of CMCs and a satis-
faction relation with respect to Markov Chains. Consisyenefinement and conjunc-
tion are discussed in Sectibh 3. Structural compositionti®duced in Sectiof 4. In
Section b, we introduce deterministic CMCs and show thatftis class of CMCs,
strong and weak refinements coincide with inclusion of impatation sets. Section
discusses the class of polynomial CMCs, which is the sistadlass of CMCs closed
under all the compositional design operations. Se¢fonrgloales the paper with re-
lated and future work. Due to space constraints, some #hgasiand proofs are given

in an appendix.

2 Constraint Markov Chains

Let A, B be sets of propositions witdh C B. Therestriction of /W C B to A is
given byWia= WnNA. If T C 2B, thenT| = {Wla| W € T}. ForWw C A
define theextension of to B asW 8= {V C B | V 4= W}, so the set of
sets whose restriction td is W. Lift it to sets of sets as follows: " C 24 then
TB={W C B|Wla€ T}. LetM, A € [0,1]"** be two matrices and € [0, 1]1**
be a vector. We writé/;; for the cell inith row andjth column ofM, M, for thepth
row of M, andx; for theith element ofr. Finally, A is acorrespondence matriif
0<SF Ay <tforalll <i<n.

Definition 1 (Markov Chain) P = ({1,...,n},0, M, A, V) is a Markov Chainif
{1,...,n} is a set of states containing the initial staieA is a set of atomic propo-
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e1()(z) = (222>0.7) w2(1)(y) = (ys >0.2)
ANzo +25 =1) Ay2 +ysz =1)

(a) CMC S, the customer specification (b) CMC Sz, The manufacturer
of the optical relay specification of the relay

(c) Markov ChainP; (d) Markov ChainP»
satisfyingS1 andSs satisfyingS1 and.Sa

Figure 2: Two specifications (CMCs) and two implementatid€s) of an optic relay

sitions,V : {1,...,n} — 24 is a state valuation, and/ < [0,1]"*" is a probability
transition matrix:> ", M;;=1fori=1,...,n.

We now introduceConstraint Markov ChainéCMCs for short), a finite representation
for a possibly infinite set of MCs. Roughly speaking, CMCseyatize MCs in that,
instead of specifying a concrete transition matrix, thely aonstrain probability values
in the matrix. Constraints are modelled usingharacteristic functionwhich for a
given source state and a distribution of probabilities alviag the state evaluates to
1 iff the distribution is permitted by the specification. Samly, instead of a concrete
valuation function for each state canstraint on valuationss used. Here, a valuation
is permitted iff it is contained in the set of admissible alans of the specification.

Definition 2 (Constraint Markov Chain) A Constraint Markov Chairs a tupleS =
({1,...,k},0,0,A, V), where{l, ..., k} is a set of states containing the initial state
o, A is a set of atomic propositiond] : {1,...,k} — 22" is a set of admissible
state valuations angb: {1,...,k} — [0,1]* — {0,1} is a constraint functiorsuch
that if ¢(j)(x) = 1 then thex vector is a probability distribution:z € [0, 1]* and

Zf:l z; = 1.

An Interval Markov Chain(IMC for short) [23] is a CMC whose constraint functions
are represented by intervals, so foriak i < k there exist constants;, 3; such that
e()(x) =1iff V1 <i <k, z; € oy, Bi].

Example 1 Two parties, a customer and a vendor, are discussing a dedigirelay
for an optical telecommunication network. The relay is gaed to amplify an optic
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Compositional Design Methodology with Constraint Markdwaihs 7

signal transmitted over a long distance over an optic fibehe Telay should have
several modes of operation, modelled by four dynamicalgnging properties and
specified by atomic propositionasb, ¢, ande:

Atomic propositions in the optic relay specifications

a ber< 10~° bit error rate lower than 1 per billion bits transmitted
b | br> 10Gbits/s | The bit rate is higher than 10 Gbits/s.

c P < 10W Power consumption is less than 10 W.

e Standby The relay is not transmitting.

The customer presents CM&; (Figure[2a) specifying the admissible behaviour of
the relay from their point of view. States are labelled widhmfiulas characterizing sets
of valuations. For instancé€,(a + b+ ¢ > 2) A (e = 0)” at state2 of S; represents
V1(2) = {{a,b},{b,c},{a,c},{a,b,c}}, wherea, b, ¢, ande range over Booleans.
State 1 specifies a standby mode, where no signal is emittedrdy marginal power
is consumed. State 2 is the high power mode, offering a hggiaknoise ratio, and
hence a high bit-rate and low error rate, at the expense ofgh fliower consumption.
State 3 is the low power mode, with a low power consumptian blid-rate and high
error rate. The customer prescribes that the probabilityhaf high power mode (state
2) is higher thar0.7. The vendor replies with CMG; (Figure[2B), which represents
possible relays that they can build. Because of thermatditioins, the low power mode
has a probability higher than.2.

A statew of S is (directly) reachablefrom a statei if there exists a probability
distributionz € [0, 1]* with a nonzero probability.,,, which satisfiesp(i)(x).

We relate CMC specifications to MCs implementing them, byeding the def-
inition of satisfaction presented in [23] to observe theuatibn constraints and the
full-fledged constraint functions. Crucially, like [23]enabstract from syntactic struc-
ture of transitions—a single transition in the implemeioatMC can contribute to
satisfaction of more than one transition in the specificatiy distributing its proba-
bility mass against several transitions. Similarly many Mé&hsitions can contribute
to satisfaction of just one specification transition.

Definition 3 (Satisfaction Relation) Let P={{1,...,n},

op, M,Ap,Vp)beaMCandS=({1,...,k},o0s,¢, As,

Vs) be a CMC withAg € Ap. ThenR C {1,...,n} x {1,...,k} is asatisfaction
relationbetween states d? and S iff whenevep R u then

1. Vp(p)las€ Vs(u), and
2. there exists a correspondence mathixc [0, 1]"** such that

« forall 1 <p’ < nwith My, #0,55 Ay; =1
* p(u)(M, x A) holds, and ifA,,,, # 0 thenp’ R’

We write P |= S iff there exists a satisfaction relation relating andog, and callP an
implementatiorof S. The set of all implementations 6fis given by[S] = {P | P =
S}. Rows ofA that correspond to reachable statesPoflways sum up to 1. This is
to guarantee that the entire probability mass of implentemaransitions is allocated.
For unreachable states, we leave the corresponding rodsuinconstrained P may
have a richer alphabet tha# in order to facilitate abstract modelling: this way an
implementation can maintain local information using in&rvariables. Algorithms
to decide satisfaction are particular cases of algorittondetiderefinemenbetween
CMCs. See the next section.

RR n° 6993
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(a+b+c>2)A(e=0)

p3(1,1)(Z) = (Vj. z1,; =0)

[(a+b+c<1)V

((a=0)A(b=c=1))] A (22,2 + 223 2 0.7)
Ae=0) A (z2,2422,3+232+233 =1)
pa(1)(x) = (x1 = 0) A (z2 > 0.7) A (Vi 21 =0) A (22,3 + 23,3 > 0.2)
A(zz > 0.2) A (z2 + a3 =1)
(a) CMC S; generalizing S3, so (b) S3 = S1 A S2. Constraints on propositions,
S3 =< Sy pairwise conjunctions of constraints 6f and
Sa, are left out to avoid clutter

0 0

o o o o
o = e
= o o

0 0 0
0 1 0
0 v 1—v
0 0 1
0 0 1

. (d) Weak refinement for initial states 6§ andS,
Figure 3: Examples of refinement, conjunction and satigfador CMCs

Example 2 We illustrate the concept of correspondence matrix betvgatification
S (given in Figurd 2h) and Implementatidf (given in Figurd 28). The CMG, has
three outgoing transitions from state 1 but, due to conatrhinction inl, the transition
labelled withz; cannot be taken (the constraint implies = 0). The probability
mass going from state 1 to states 2 and 3ncorresponds to the probability allowed
by S; from its statel to its state2; The redistribution is done with the help of the
matrix A given in Figurd3t. Théth column inA describes how big fraction of each
transition probability (for transitions leaving 1) is assiated with probabilityz; in .S;.
Observe that the constraint functign (1)(0,0.8,0.2) = ¢1(1)((0,0.7,0.1,0.2) x A)

is satisfied.

CMC semantics follows the Markov Decision Process (MDRJitian [32,[7]. The
MDP semantics is typically opposed to the Uncertain Markbai@ semantics, where
the probability distribution from each state is fixed a prior

States of CMCs are labeled with set of subsets of atomic [@itipns. A single set
of propositions represents properties that should befigatisy the implementation. A
set of sets models a choice of properties, with the idea hibiaigthe satisfaction re-
lation ensures that an implementation matches at leastfahe subsets. This allows
the specification to make additional assumptions on thewhetseof the implementa-

INRIA



Compositional Design Methodology with Constraint Markdweihs 9

tion. For an implementation, in each state the discretecehmii proposition set and the
probabilistic choice of successor are independent.

It turns out that any CMC whose states are labelled with afssilosets of atomic
propositions can be turned into an equivalent (in terms t& e implementations)
CMC whose states are labeled with sets that contains a Snogket of atomic propo-
sitions. Hence working with sets of subsets of valutatieres kind of modeling sugar
that can be removed with a transformation to sivgle valuation normal form

Definition 4 We say that a CMC is in Single Valuation Normal Forrif all its admis-
sible valuation sets are singleton8{(i)| = 1 for eachl < i < k).

More precisely every consistent CMC (except those that hawe than one admissi-
ble valuation in the initial state) can be transformed ifte hormal form preserving
its implementation set. A polynomial time normalizatiogalithm can be found in
AppendixC9.

3 Consistency, Refinement and Conjunction

ConsistencyA CMC S is consistentf it admits at least one implementation. We now
discuss how to decide consistency. A statEf S is valuation consisteniff V (u) # 0;

it is constraint consisteriff there exists a probability distribution vecterc [0, 1]***
such thatp(u)(z) = 1. Itis easy to see thatéach statef S is both valuation and con-
straint consistent thefi is also consistent. However, inconsistency of a state does n
imply inconsistency of the specification. Indeed, an ingstest state could be made
unreachable by forcing the probabilities to reach it to zéroe operations presented
later in this paper may introduce inconsistent states,ihgaa& question if a resulting
CMC is consistent. In order to decide whetlteis inconsistent, state inconsistencies
are propagated throughout the entire state-space usgimgréng operators that re-
moves inconsistent states frofh The result3(S) is a new CMC, which may still
contain some inconsistent states. The operator is appéieatively, until a fixpoint is
reached.S is consistent if the resulting CMB*(.S) contains at least one state. The
formal definition is given in Appendix]12.

It can be shown (see Appendi} .3) that pruning preservesathaf smplementations.

Proposition 5 Let.S be a CMC. We have th§s] = [5(9)].

The fixpoint of 8, and thus the entire consistency check, can be computed asin
guadratic number of state consistency checks. The contpleeach check depends
on the constraint language chosen.

Refinement. Comparing specifications is central to stepwise design ouetlogies.
Systematic comparison enables simplification of specifinat(abstraction) and adding
details to specifications (elaboration). Usually spediiices are compared usingre-
finementelation. Roughly, ifS; refinesSs, then any model of; is also a model of
Sa.

We will now introduce two notions of refinement for CMCs thatend two well
known refinements for IMCs$[28,713]. We not only generalizesth refinements, but,
unlike [23,[13], we also characterize them in terms of immatation set inclusion -
also calledhorough refinementand computational complexity.

The strong refinement between IMCs, by Jonsson and Larsén ¢2&nds to
CMCs in the following way:

RR n° 6993
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Definition 6 (Strong Refinement) Let 51 = ({1,...,k1}, 01,41, 41, V1) and Sy =
({1,...,ka}, 02, 02, A2, Vo) be CMCs withAd; C A;. ArelationR C {1,...,k 1} x
{1,...,k2} is astrong refinement relatiobetween states &f; and .S, iff whenever
v R u then

1. Vi(v){a, < Va(u), and

2. there exists a correspondence matkixc [0, 1]%+**2 such that for all probability
distribution vectorse € [0, 1)1 if o (v)(z) holds then

e« Forall 1 <i<ky,a#0= Y2 Ay =1,
* wo(u)(z x A) holds and
e jf Av’u’ # 0 thenv' Ru'.

We say that5; strongly refinesSs iff o1 R os.

Strong refinement imposes a “fixed-in-advance” correspocelenatrix regardless
of the probability distribution satisfying the constrafnhction. In contrast, theveak
refinementwhich generalizes the one proposed(in| [13] for IMCs, all@heosing a
different correspondence matrix for each probability rilisttion satisfying the con-
straint:

Definition 7 (Weak Refinement) Let S = ({1,...,k1}, 01,01, 41,V1) and Sy =
({1,...,ka}, 02,2, As, Vo) be CMCs withdy C A;. TherelationR C {1,... k1 }x
{1,...,k2} is aweak refinement relatioiff v R « implies:

1. Vi(v){a, < Vao(u) and

2. for any distributionz € [0, 1]***+ satisfyingy; (v)(z), there exists a matrid €
[0, 1]F1F2 such that

e Forall 1 <i<ky,z;#0 = Zf;Aij -1
* wo(u)(z x A) holds and
e Ay #0= v Ru'.

CMC S; (weakly) refinesss, written S; < .Ss, iff o1 R 0s.

Example 3 Figure[3d illustrates a family of correspondence matricesgmetrized
by ~, witnessing the weak refinement between initial states;adnd .S, (defined in
Figured3aE3b). The actual matrix used in proving the weéikeenent depends on the
probability distribution vector that satisfies the constraint functign of state(1, 1).
Takey = 07;% if 200 <0.7andy = 08;% otherwise £2o < 0.8 by definition). It
is easy to see thats((1,1))(2) impIies<p4fl)(z x A).

Both weak and strong refinements imply implementation selugion (see Ap-
pendix_.10). In Sectionl5, we shall see that the conversestfolda particular class of
CMCs. However, this is not the case in general: strong refamgns strictly stronger
than weak refinement, which is strictly stronger than immatation set inclusion.
Formally, we have the following proposition.

Proposition 8 There exist CMC$,, Sy, S. and.S; such that

e S, weakly refines;, and.S, does not strongly refing;

INRIA
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e [Sc] € [Sa], and S, does not weakly refing,.

So our refinement relations for CMCs can be ordered from fioesiarsest: the strong
refinement, the weak refinement, and the implementatiomsktsion. As the imple-
mentation set inclusion is thdtimaterefinement, checking finer refinements is used
as a pragmatic syntax-driven, but sound, way of decidinglgorithms for checking
strong and weak refinements are discussed in Appéndix .ChbseTalgorithms are
polynomial in the number of state, but the treatment of egate slepends on the com-
plexity of the constraints. Finally, let us mention that Ewbounds for the strong and
weak refinement checking remain open problems.

Conjunction. Conjunction also calledogical compositioncombines requirements
of several specifications.

Definition 9 (Conjunction) LetS; = ({1,...,k1}, 01, ¢1,

Ay, Vi) and Sy = ({1,...,ka}, 02,2, A2, Vo) be two CMCs. The conjunction 6
andS,, written Sy A Sy, isthe CMCS = ({1, ..., k1 } x{1,..., k2}, (01,02),0, A, V)
with A = A3 U Ag, V((u,v)) = Vi (u)t? NVz(v)14, and

@((U, 1)))(371,17 T1,25 -5 T2,15 -+, xkl’kz) =
k k
wl(u)(zj'il LLjyeees Zjil Ty )N
P2(0) (0L, @i,y 0L Tiky)-

Conjunction may introduce inconsistent states and thussiésshould normally be fol-
lowed by applying the pruning operatgt. As already stated in the introduction, the
result of conjoining two IMCs is not an IMC in general, but a CMvhose constraint
functions are systems of linear inequalities. Fidurke 3hidds@ CMC.S; expressing
the conjunction of IMCsS; andS; (see FigurelS28=Pb). The constraifg + z3 3>0.2
in state(1, 1) cannot be expressed as an interval.

As expected, conjunction of two specifications coincideb wheir greatest lower
bound with respect to the weak refinement (also cadleared refinemeht

Theorem 10 Let Sy, S, and S5 be three CMCs. We have (&)S; A S3) < S1) and
((S1 A S2) < S2) and (b) if(S3 < S1) and(S3 < S2), thenSs < (S A Ss).

In fact, as follows from the later results of Sect[dn 5, theafémplementations of a
conjunction of twodeterministicspecificationsS; and.S, coincides with the intersec-
tion of implementation sets of; and S: (the greatest lower bound in the lattice of
implementation sets).

4 Compositional Reasoning using the Principle of Sep-
aration of Concerns

Let us now turn tostructural composition. In our theory, as we already said in the
introduction and after presenting CMCs, choices regarthegset of valuations and
stochastic choices are independent from each others. Tdypepy of the model nat-
urally leads to a definition of the parallel composition aggier based on the principle
of separation of concerng he idea is that probabilistic behaviours are composed sep
arately from the synchronization of the sets of state vanat This allows realizing
probabilistic composition as a simple product of independéstributions.
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Figure 4: Parallel composition and synchronization of CMCs

Remark 1 The principle of separation of concerns is intensively usdate definition
of parallel composition for many systems that mix stochaemtid non-deterministic
choices. Among them, one can cite many theories for prabtbiprocess algebra
[81},[22]. Similar principles are also applied for continustime stochastic models, in
a slightly different setting based on CTMCs[20]. In Secfforwe shall see that our
structural composition covers the one of probabilisticauata.

Following the separation of concerns principle, composiant composed first into
a product (or effectively just a vector of independent &g}t and then synchronized
by constraining their behaviour. This design is both singrid expressive: it allows
applying diverse synchronization mechanisms, beyondjasthing inputs to outputs.
Moreover it elegantly exploits the prior knowledge on ladicomposition, as the syn-
chronization operator turns out to be realizable usingucetjon.

We start by discussing how systems and specifications caarbpased in a non-
synchronizing way, then we introduce a notion of synchratian. The non-synchronizing
independentomposition is largely just a product of two MCs (or CMCs).

Definition 11 (Parallel Composition of MCs) Let Py =
<{1,...,n1},01,]V[’,A1,V1> and P2 = <{1,...,n2},02,]V[”,
Ay, V) be two MCs withA; N As = (. The parallel composition of; and P, is
the MC P, || P, = <{1, . ,nl} X {1, . ,ng}, (01702),M,A1 U Ag, V> where:
M € [0,1](mxn2)x(mxn2) s such thatM, g (s) = M, - M/, andV((p,q)) =
Vi(p) U Va(q).

This definition extends to the general case of CMCs.

Definition 12 (Parallel Composition of CMCs) Let S1 =
<{1,...,k1},01,§01,A1,‘/1> and So = <{1,...,k2},02,<p2,
Ay, V3) be CMCs withA; N Ay = (. The parallel composition of; and Ss is
the CMC S, || Sy = <{1, ceey kl} X {1, ey kg}, (01, 02), ©, Al U AQ, V>, where
go((u, 'U))(Zl,l, 21,2y - 22,15 - azlﬁ,kz) = dxq,... s Thys Y1y -5 Yy € [0, 1] such that
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V(Z,]) S {1, .. .,kl} X {1, .. .,kQ}We haveziyj =T Y andgpl(u)(zl, Ce 7$k1) =
2(v) (Y1, - - -, Yk,) = 1. Finally, V((u,v)) = {Q1 U Q2 | @1 € Vi(u), Q2 € V2(v)}.

It is worth mentioning that IMCs are not closed under comjpmsi Consider IMCsS
and S’ given in Figurd 4k and their compositioh|| S’ given in Figurd4b. Assume
firstthatS || S”is an IMC. As a variable;; is the product of two variables andy;, if

S || S”is an IMC, then one can show that the interval fgris obtained by computing
the products of the bounds of the intervals over whiglandy; range. Hence, we can
show thatz1; € [0, 1/2], 212 € [0, 1/3], 291 € [1/6, 1], Z99 € [0, 2/3] Let [a, b] be the
interval for the constraing;;, it is easy to see that there exist implementatibnsf 5,
andl, of Sy such thatl; || I, satisfies the constraint; = a (resp.z;; = b). However,
while each bound of each interval can be satisfied indepélydeome points in the
polytope defined by the intervals and the constraiht;; = 1 cannot be reached. As
an example, consider; = 0, z10 = 1/3, 221 = 1/3, 200 = 1/3. Itis clearly inside the
polytope, but one cannot find an implementatioof S || S’ satisfying the constraints
given by the parallel composition. Indeed, having = 0 implies thatz; = 0 and
thus thatz1, = 0.

Theorem 13 If 57, S}, S1, So are CMCs thenS] < Sy and S} < Sy implies S7 ||
Sy =< Sy || Sz, so the weak refinement is a precongruence with respect w@llpar
composition. Consequently, for any M@sand P, we have thaP’, =51 A Py =55
impliesPy || P, = Sy || Sa.

As alphabets of composed CMCs have to be disjoint, the coitiosloes not
synchronize the components on state valuations like ifgeafly done for other (non-
probabilistic) models. However, synchronization can bleoiuced by conjoining the
composition with aynchronizer—a single-state CMC whose valuation function relates
the atomic propositions of the composed CMCs.

Example 4 CMC S || S’ of Figure[4D is synchronized with the synchronisgnc
given in Figure4L.Sync removes fronS || S’ all the valuations that do not satisfy
(a = d) A (b = —c). The result is given in Figule4d. Observe that an inconaisge
appears in Statél, 1). Indeed, there is no implementation of the two CMCs that can
synchronize in the prescribed way. In general inconsiséeniike this one can be un-
covered by applying the pruning operator, which would ratan empty specification.
So synchronizers enable discovery of incompatibilitigsveen component specifica-
tions in the same way as it is known for non-probabilisticcsfieation models.

Synchronization is associative with respect to compasitichich means that the order
of synchronization and composition is inessential for finalkctionality of the system.

Theorem 14 Let Sy, S, and .S3 be three CMCs with pairwise disjoint sets of propo-
sitions A;, A, and As. LetSync,,5 be a synchronizer oved; U As U A3 and let
Sync,, be the same synchronizer with its set of propositions &stlitoA; U A,. The
following holds][((:S; || S2)ASyncys) || S3]ASyncigs] = [(S1 || Sz || S3) ASyncygs].

Finally, synchronized composition also supports compthased refinement in
the style of Theorefn 13:

Theorem 15 If 57, S5, S, So are CMCs Sync is a synchronizer and] <51 A S5 =<
S then(S] || S5) A Sync =< (51| S2) A Sync.

Consequently, a modeller can continue independent refineafespecifications un-
der synchronization, knowing that the original synchredizpecification will not be
violated.
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5 Deterministic CMCs

Clearly, if all implementations of a specificati¢h also implement a specificatidiy,
then the former is a proper strengthening of the latter. édds, specifies imple-
mentations that break no assumptions that can be made ahplennentations obs.
Thus implementation set inclusids a desirable refinement for specifications. Un-
fortunately, this problem is still open, and, as we have,stie weak and the strong
refinement soundly approximate it. Had that approximatieerbcomplete, we would
have had an effective decision procedure for implemematét inclusion. In this sec-
tion, we argue that this indeed is the case for an importantlass of specifications:
deterministic CMCs A CMC S is deterministiciff for every statei, states reachable
from i have pairwise disjoint admissible valuations:

Definition 16 LetS = ({1,...,k},0,¢, A, V) be a CMC.S is deterministidff for all
statesi,u,v € {1,...,k}, if there existse € [0, 1]¥ such that(¢(i)(x) A (2, # 0))
andy € [0, 1]* such that(¢(i)(y) A (v, # 0)), then we have that (u) NV (v) = 0.

In Figured2h anf2b, botl; and S, are deterministic specifications. In particular
state2 and3, reachable from in both CMCs, have disjoint constraints on valuations.
On the other hand, the CMC given in Figure[b is non-deterministic. Indeed, for
State2 and3, which can both be reached from Stateve have that/z-(2) N Vr(3) =
{{a,c}} #0.

Deterministic CMCs are less expressive than non-detestigrones, in the sense
that the same implementation sets cannot sometimes besseple Consider again
the CMCT given in Figureb. It is such that its set of implementatioasrwt be
represented by a deterministic CMC. Indeed, any mergingai€S2 and3 in 7" would
result in a CMC that accepts models where one can loop onti@tug, ¢} and then
accept valuatioa } with probability1. Such a model cannot be acceptediby

Proposition 17 Conjunction and composition preserve determinism.

In AppendiX_0.2, we present a determinization algorithat ttan be applied to any
CMC S whose initial state is a single valuation set. The resulhefalgorithm is a new
CMC weakly refined bys. Consequently the implementation set of the result indude
the one ofS (see Appendikd8). This character of determinization régeathe known
determinization algorithms for modal transition systeBis [

We now state one of the main theorems of the paper: the wealeneéint is com-
plete with respect to implementation set inclusion for detaistic CMCs:

Theorem 18 Let Sl = <{1, ceey kl}, 01, L1, Al, V1> and SQ = <{1, ceey kQ}, 02, 2,
As, Vo) be two consistent single valuation normal form determiniSMCs withA,; C
Al. We haVEﬁSl]] - [[Sg]] = Sl = SQ.
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Proof:

We present a sketch of the proof and refer to Appelndix .11€taild. We construct
the refinement relation by relating all pairs of statess3f and S, for which imple-
mentation inclusion holds. L& C {1,...,k1} x {1,..., k2} such that R v iff for
all MC I and statep of I we havep = v = p = u. As we consider pruned CMCs,
there exist implementations for all states. Then the usalbgit complex and long in
this case, coinductive proof technique is applied, shovlagthis relation is indeed a
weak refinement relation. The crucial point of the argumistin proving the closure
property —i.e. that if & stateu advances possibly @, then indeed the correspond-
ing statev of S, can also advance to’ and the(w’,v") pair is in R. In other words
that implementation inclusion of predecessors impliesritgementation inclusion of
successors. This is proven in an ad absurdum argument. Rougsume that there
would exist an implementatiof of «’ which is not an implementation ef. Then
one can construct an implementatiéh of . which evolves ag'. This implementation
would not implement’ but could implement some other stateSef This case is ruled
out by requiring determinism and a normal form ®f. Then the only way fof” to
evolve is to satisfy’ which contradicts the assumption thtis not an implementation
ofv’.

Since any consistent CMC with a single valuation in initiglts can be normalized,
Theoren{IB holds even #; and.S; are not in single valuation normal form. Thus,
weak refinement and the implementation set inclusion cdaon the class of deter-
ministic CMCs with at most single valuation in the initiahst. Finally, Theorerin 18
also holds for strong refinement. Indeed, the following teeostates that weak and
strong refinements coincide on the class of deterministi€©SM

Theorem 19 Let S, = <{1, ey kl}, 01, ©1, A, ‘/1> and Sy = <{1, ceey kg}, 02, 2,
A, V3) be two deterministic CMCs in normal form. If there exists akveefinement
relation R such thatS; R S3, thenR is also a strong refinement relation.

Finally, the above results on completeness for deterninsgtecifications carry
over to refinements of [23] and [113], which are special casesiorefinements. Com-
pleteness properties for these refinements were open prshistil now.

Discussion: A weaker Definition of Determinism. Our notion of determinism may
look too strong. Indeed, it assumes that, from a given stab@e cannot reach two
statesu andv that share common sets of valuations. The assumption is mdepen-
dently of the distributions used to reach the two statesii.may be the case that there
exists no distribution in where bothandv can be reached simultaneously. A natural
way to solve the problem would be to consider a weaker vexsfideterminism. More
precisely, we say thata CMS = ({1,...,k}, 0,0, A, V} is weakly deterministic if
whenever there exists € [0, 1]* and states, u, v such thatp(i)(z) andx, > 0 and

x, > 0, we haveV (u)NV (v) = 0. This version of determinism is weaker than the one
given in DefinitioI6. Indeed, only states that can be redtlyehe same distribution
should have disjoint sets of valuations. Though this nosieems reasonable, one can
show (see AppendIx].4 for a proof) that there exist two wedlierministic CMCsS..
and S, such thatS. thoroughly but not weakly refineS,;. Hence working with this
weaker, but natural, version of determinism does not closayap between weak and
thorough refinements.
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6 Polynomial CMCs

It is not surprising that CMCs are closed under both logical atructural composi-
tions. Indeed, CMCs do not make any assumptions on constuaictions. There are
however many classes of constraints that are practicdligdtable. While this paper is
mainly concerned with the development of the theoreticahftations for CMCs, we
now briefly study classes of CMCs for which operations on trairgs required by our
algorithms can be managed quite efficiently.

A first candidate could be linear constraints, which is theialis generalization
of interval constraints. Unfortunately, linear consttai€@MCs are not closed under
structural composition. Indeed, as we have seen in Secttbe domposition of two
linear constraints leads to a polynomial constraint. H@vewhat is more interesting
is that polynomial constraintse closed under both logical and structural composition
and that these operations do not increase the quantifienaliens since they only
introduce existential quantifiers. Hence, one can clainh @4Cs with polynomial
constraints and only existential quantifiers are certaimysmallest extension of IMCs
closed under all operations.

From the algorithmic point of view, working with polynomiabnstraints should
not be seen as an obstacle. First, we observe that algorithitgyical and structural
composition do not require any complex operations on patyiats. The refinements
algorithms (presented in the appendix) are polynomialémtilmber of states, and each
iteration requires a quantifier elimination. This procezlisrknown to be double ex-
ponential in general, but there exist efficient single exgutial algorithms[[4,5] when
quantifier alternations are fixed. Those algorithms areémginted in Maple [33]. The
pruning operation is polynomial in the number of states dawt iteration also requires
an exponential treatment as one has to decide whether ttstraimts have at least a
solution. Again, such problem can be solved with efficiegbathms. Finally, deter-
minizing a CMC can be performed with a procedure that is sind the determiniza-
tion procedure for finite-state automata. Such a procedunaturally exponential in
the number of states.

7 Discussion of Refinement and Composition

CMCs are a newcomer in a long series of probabilistic moddimguages and ab-
stractions for them. Throughout the paper we have indicétadmany of our results

directly translate to simpler abstractions, like IMCs. Walsnow further discuss this

foundational aspect of CMCs, showing how they subsume a $¢abkshed notions of

refinement and composition for probabilistic automata (@ngbrocess algebra based
on them).

Below we write DistS) for the set of all probability distributions over a finite
setS. Given two setsS and7 and a probability distributiomx € Dist(S x T'), we
denote the marginal distribution ovérasa, r = ZteT as¢, and similarly forT'.
We say thatp is anon-deterministic distribution constraimtver set/ if all solutions
x of ¢ are point distributions; s@i.z; = 1. Write [;] to denote a particular point
distribution for which[g]l. = 1. Notice that non-deterministic distribution constraints
model a non-deterministic choice of an element fr8mThey will be used to encode
non-determinism in CMCs.

A probabilistic automaton (PA for shorf) [B1] is a tuiile= (S, Act, —, s1), where
S is a finite set of states>C S x Actx Dist(S) is a finite transition relation and
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Figure 6: Reducing a PA to CMC. Thefedenotes a distribution constraint, which has
a unique solutiorr.

s1 € S is the initial state. Thelerived combined transition relatioof S is given by
—¢ € S xActxDist(S). If = € Dist(S) andg € Dist(T") thent®o denotes the unique
independent product distribution such tha® g)s ; = 75 - 0;.

We say that-2s.¢ iff ¢ is a convex linear combination of vectors fram= {o; |
t-%50;}, 800 = @ x \, where\ is a distribution vecton € [0, 1]'¢l. We interpretp as
a matrix, whereth column is a distributiom;.

Consider two PAS = (S,Act —°,s9) andT = (T,Act —7T,ty). For a binary
relationR C S x T we define a derived relatioR* C Dist(S) x Dist(T") such that
mR* o iff there exists a distributiom € Dist(S x T') and (1)ag,r =7, forall g € S,
(2) as =0y forall reT and (3)a, . #0 implies s Rt.

Definition 20 (Simulation [31]) A relation R C S x T is a simulationiff (s,t) € R
implies that wheneves—2s7 for a distribution, thent-~s, for distribution ¢ such
thatmTR* p.

R is aprobabilisticsimulation iff(s, ) € R implies that ifs—2s7 thent-2 .o for
some distributiorp, andw R* o.

Let A C Actbe the subset of actions on whiShandT should synchronize. The
parallel compositiorof S andT is a PAS || T = (S x T, Act, —, (so, o)), where— is
the largest transition relation such thjatt) 257 ® g if:

a € Aands—“%7 andt-237p, or
a ¢ Aands—297 andp = [ 1], or
a ¢ Aandr = [¢]andt-27p.

We now propose a linear encoding of PAs into CMCs, which redwgmulation
and composition of PAs to refinement and composition of CM&= (Figlh). Let
S=({s1,...,sx},Act —, sp) be a PA. And let be the number of reachable action-
distribution pairs, sd2s = {(a1,m1),..., (a;,m)} = {(a,7) | Is € S.s-2s7w}. The
corresponding CMC i§ = ({1,...,2k+l},1,5,ActUL, V}) , whereL ¢ Act S
has three kinds of states. Type-1 states, .k, correspond directly to states Sf
Distributions leaving these states model a non-detertiinihioice. Type-2 states,
k +1,...,2k, model a possibility that a component remains idle in a staygpe-3
states2k+1, ..., 2k+1 model the actual distributions &f

V assigns valug(} to type-1 states and valyg L } } to type-2 states. For type-3:

V(2k + ") = {{as}} for 1 <4’ <. The distribution constraints are as follows:
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o(2)(x) if i is type-1 and
o=[ 50 Tors;i Sy Aw=[ R+ Tfor 1</ <1,
Gk + i) (x) if k+iis type-2 andr=[, ,,].
P2k +1i')(x) if 2k 4 ¢’ is type-3 ande = 7/
We can now relate simulation of PA to refinement of CMCs:
Theorem 21 T simulatesS iff S strongly refinedL.

Another, very similar, but slightly more complicated, ediog exists, for which
weak refinement coincides withobabilisticsimulation. See Appendix_]L4 for details.

The same encoding is used to characterize parallel congrosit PAs using par-
allel composition of CMCs.

Theorem 22 For two PAsSS andT over the same set of synchronizing actions Act and
a setA C Act we have tha$ || T is isomorphic to

(S || T[/alacac) A Sa) [¢/(@.a); ¢/(@17); 410" 4epq
whereS 4 is a synchronizer over Actx Act, defined by
Va€eA.a<=d )N (Vag¢ A (a= L')A(d = 1))

ExpressionS[ai/a1;. .. ; %/an]as.....an cact dENOtES a substitution, substituting a primed
version of name; for each occurrence im;, for all actions inAct

Interestingly, the precongruence property for the pdralenposition of PAs is
obtained for free as a corollary of the above two reducti@etems and Thri13. Simi-
larly, we obtain precongruence with probabilistic simigdatusing a suitable encoding—
a good example how CMCs can be used to study properties ofesitapguages in a
generic way.

8 Related Work and Concluding Remarks

We have presented CMCs—a new model for representing a posasibite family of
MCs. Unlike the previous attempfs]23,]13], our model is etbsinder many design
operations, including composition and conjunction. Weehstudied these operations
as well as several classical compositional reasoning ptiepeshowing that, among
others, the CMC specification theory is equipped with a ceteplefinement relation
(for deterministic specifications), which naturally irdets with parallel composition,
synchronization and conjunction. We have also demonstiates our framework can
be used to obtain properties for less expressive langubgesing reductions.

Two recent contribution5[13, 25] are related to our workches et al.[[13] pro-
pose a model checking procedure for PCTIL [8] and IntervalkdarChains (other
procedures recently appear in [7] 14]), which is based orkweftnement. However,
our objective is not to use CMCs within a model checking pdaee for probabilistic
systems, but rather as a specification theory.

Very recently Katoen and coauthors [25] have extended Fisalverk to Interac-
tive Markov Chains, a model for performance evaluation [18, Zlfeir abstraction
uses the continuous time version of IMCsl|[24] augmented wily and must transi-
tions, very much in the spirit of [26]. Parallel compositisndefined and studied for
this abstraction, however conjunction has been studigteran [13] nor in [25].
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Over the years process algebraic frameworks have beengedpar describing and
analyzing probabilistic systems based on Markov ChainsgM@d Markov Decision
Processes [20,] [, 29]. Also a variety of probabilistic legi@ave been developed for
expressing properties of such systems, e.g., PCTL [16]r Batitions support refine-
ment between specifications using various notions of pritisad simulation [13] 23]
and, respectively, logical entailment[19]. Whereas thecpss algebraic approach
favors structural composition (parallel compositiong thgical approach favors logi-
cal composition (conjunction). Neither of the two suppdash structural and logical
composition.

As a future work, it would be of interest to design, implemamd evaluate efficient
algorithms for procedures outlined in this paper. We w#lcastudy the decidability of
the set inclusion problem. We would also like to define a aamtrelation for CMCs,
presumably building on results presentedin [28]. The gumithg operation is of par-
ticular importance for component reuse. One could alsostiyate applicability of
our approach in model checking procedures, in the same atyleecher and coau-
thors have used IMCs for model checking PCTL[13]. Finallyyould be interesting
to extend our composition operation by considering praglattlependent probability
distributions in the spirit of [11].
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The following appendix contains proofs of the most esseot@é@ms. It also con-
tains algorithms that had to be removed from the main text@plaper. The appendix
is to be reviewed at the discretion of the programme comaitte

.0.1  An Algorithm for Checking Refinement

We now briefly discuss algorithms for checking weak and gfn@finements between
two CMCsS; = <{1, ceey kl}, 01,1, Al, V1> andSQ = <{1, ceey kQ}, 02, 2, AQ, ‘/2>
with k1, ka<n. Checking whether a relatioR C {1,...,k} x {1,...,ko} is a
strong (resp. weak) refinement relation reduces to checkomgall (i,j) € R),
the validity of the followingrefinement formulas3A, Vz, p1(i)(z) = ¢2(j)(z X
DAY AN (X Avyr = 1) ANy ("Rj"V Ay = 0) for the strong refinement, and
v, 1 (1) () = 30, o2 () (@ x )AN (D50 Airgr = AN 1 ("R = 0) for
the weak refinement. Strong and weak refinements can be ddnjdierated strength-
ening of R with refinement formulas, starting froRy = {(7, j)|V1(7) 44,< Va(j)},
until either (o1, 02) € R, in which case5; does not strongly (resp. weakly) refife,
or R is found to be a strong (resp. weak) refinement.

The exact complexity of the algorithm depends on the typeootraints that are
used in the specifications. As an example, consider thdtabionstraints iy, andSs
are polynomial of degreé with less thank bound variables — we shall see that poly-
nomial constraints is the least class under which CMCs ased. There, deciding
refinement formulas can be done by quantifier eliminationeWine number of quan-
tifier alternations is constant, tleglindrical algebraic decomposition algorithfd, 5],
implemented in Maple[[33], performs this quantifier elintipa in time double ex-
ponential in the number of variables. Consequently, refam@ncan be checked in
O(n222"2) time.

However, considering constraintscontain only existential quantifiers, quantifier
alternation is either one or two for strong refinement anctéyxane for weak refine-
ment. There are quantifier elimination algorithms that haweorst case complexity
single exponential only in the number of variables, althotitey are double exponen-
tial in the number of quantifier alternations [2]. Thankshege algorithms, deciding
whetherR is a strong (resp. weak) refinement relation can be done i $imgle ex-
ponential in the number of statesandk, the number of bound variables appearing in
the constraintsO (n?s”("*) ¢F(":k)) whereP is a polynomial.

.0.2 A Determinisation Algorithm
The determinization algorithm in Sectibh 5 is presenteth@following definition.

Definition 23 Let S = {{1,...,k},0,0, A, V) be a consistent CMC in the single
valuation normal form. Letn < kandh : {1,...,k} — {1,...,m} be a surjection
such that (11,...,k} = Uyeqr,..mph ' (v) and (2) foralll < i # j < k, if there
existsl < u < kandz,y € [0,1]* such thatp(u)(x) Az; # 0) and (p(u)(y) Ay; #
0), then(h(i) = h(j) < V(i) = V(j)); otherwiseh(i) # h(j). A deterministic
CMC for S'is the CMCpo(S) = ({1,...,m}, 0, ¢, A, V') whereo’ = h(0),V1 <i <
k,V'(h(i)) = V (i), and for eachl < i < m,

(pl(i)(yh cee 7ym) = 3551, ey Ty
v’lLGh*l(’L')[(V1 S .7 S m, y; = Z’Uehfl(j) .TU)
No(u) (@1, ..., ap)]-
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.1 Correspondence matrices

Definition 24 Define the following operations:

. IfA €[0,1]F*7 andA’ € [0, 1]**" are two correspondence matrices, we define

A" =A @A byA” € [0, and A = Ay - Al
A € [0,1]F*7 andA’ € [0, 1)< are two correspondence matrices, we define
A" =A®A byA” €[0,1]*r)x(as) andAf; ., ) = Din - A,

Lemma25 1. LetA € [0,1]**2andA’ € [0,1]?*" be two correspondence matri-
ces. The matrib)\” = A x A’ is a correspondence matrix;

2. LetA € [0,1]**9 and A’ € [0,1]**" be two correspondence matrices. The
matrix A” = A ® A’ is a correspondence matrix;

3. LetA € [0,1]**¢ and A’ € [0,1]"** be two correspondence matrices. The
matrix A” = A ® A’ is a correspondence matrix;

Proof:

1. Letl <i<kandl <j <7 Wehaved; = SRAT Y A7;. Thus,

]—,1 n=1 n=1j=1
Yo ZA

q

St

y y " —_ PR /
2. _II:ﬁtjlsg i<kand(j,n) € {1,...q} x{1,...7r}. We haveNj(, = A;;-Aj.

> Aijm) = ZZ i(G.m)

(7,m)e{1,...q} x{1,...r} Jj=1n=1

Zii%'ﬁ'

j=1n=1
q T
=D A AL <1
j=1 n=1

3. Let(z J)e{l,...k} x{1,...r}and(n,p) € {1,...q} x {1,...s}. We have

I
(”)(n p) = Am A . Thus,
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q s
/Ii )(n,p) — Ain . AI‘
(n,p)e{l,Zq}x{l,...s} (L)) r;;; "
q s
- (Z Ain) - (Z Ap)
n=1 p=1

<1.

.2 Formal Definition of the Pruning Operator
We defines formally. LetS = ({1,...,k}, 0,0, A, V).

If o is locally inconsistent then lgt(.S) = (.

If S does not contain locally inconsistent states thefi) = S.

* Else proceed in two steps. First fof < k define a function : {1,...,k} —

{L,1,...,k"}, which will remove inconsistent states. All inconsistetgtss
are mapped talL. Foralll < i < ktakev(i) = Liff [(V(i) = 0)V
(Vo € [0,1]%, ¢(i)(x) = 0)]. All remaining states are mapped injectively into
{L,.., K} v(i) # L = Vj#i, v(j) # v(i). Thenletd(S) = ({1,...,k'},
v(0),¢', A, V'}, whereV'(i) = V(v~1(i)) and for alll < j < k' the constraint
()1, -, yx)is: Jxq, ...,z such that

V(@)=L = 2q=0] A [VISI<E : yr=2,-1(]
A ™ @) (1, )]

The constraint makes the inconsistent states unreaclzagéhenl is dropped
as a state.

.3 Pruning Preserves Implementations

On pagéP we claim that that pruning preserves the set of imgi¢ations. Below we
formalize and prove that claim.

Theorem 26 LetS = ({1,...,k},0,0, A, V)} bea CMC andB*(S) = lim,, o, 87(5)
be the fixpoint of3. For any MCP, we have (1P = S < P E §(S) and (2)
[S] = [8*(S)].

Proof:

LetS = ({1,...,k}, 0,0, A, V) be a CMC (with at least an inconsistent state) and
P ={{1,...,n},op, M, Ap,Vp) be a MC. LetS’ = ({1,...,k'},0o, ¢, A, V') =
B(S). If B(S) is empty, then botly and 5(.S) are inconsistent.

Consider a functiom for removing inconsistent states (one exists because énere

inconsistent states), such thidt< kandforalll <i <k, v(i) = 1L < [(V(i) =
0) Vv (Vo € [0,1]%, —p(i)(x))] andv(i) # L = Vj # 14, v(j) # v(i). We first prove
thatP = S <= P = 5(9).

= Suppose thaP = S. Then there exists a satisfaction relatiGh such that

op Ro. Define the relatiolR’ C {1,...,n} x {1,...,k'} such thatpR' v
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iff there existsu € {1,...,k} such thatp Ru andv(u) = v. Itis clear that
op R o’. We prove thaR’ is a satisfaction relation. Let, u, v such thatp R u
andv(u) = v.

— Asv(u) # L, we have by definition that’ (v) = V(u), thusVp(p)lac
V'(v).

— Let A € [0,1]"** be the correspondence matrix witnessin® u. Let
A’ € [0,1]"*F such thatA[,, = Ay, -1(w)- Itis clear thatA’ is a corre-
spondence matrix. We first show that

Vu' e {1,... k}, (v(u')=1)=
(Vg e{1,...,n}, Agw =0).

Letw € {1,...,k} such thatv(u') = L, and suppose that there exists
qg € {1,....,n}, Ay # 0. ASA is a correspondence matrix, we have
gRu'. ThusVp(q)la€ V(u'), which means that' (u’) # (), and there
existsA” such thatp(u') (M, x A”). Thus, there exists € [0, 1]'** such
that o(u’)(z). As a consequence, we cannot haye’) = 1, which is a
contradiction, thus[{1).
We now prove thaR’ satisfies the axioms of a satisfaction relation.
1. Letp’ € {1,...,n} such thatM,, # 0. This implies, by definition,
k K
thath:1 Ay =1. We hav{jj.:1 A%;j = Zre{l,...,k} | v(r) L Apiy.
By Cll),Zre{l,...,k} | v(r)#L Apr = Zr:l Apy=1.

2. Lety = M, x A’ € [0,1]"*¥ andz = M, x A € [0,1]'*F. We
know thaty(u)(z) holds. Moreover, byi{1), if(¢) = L, thenz, = 0,
andforalll € {1,...,k'}, yi = x,-1(;y. Clearly, this implies that
¢'(v)(M, x A’) holds.

3. Letp’,v" € {1,...,n} x {1,..., Kk} such thatA’, , # 0. We have
Al = Ay # 0, thus there exista’ € {1,...,k} such that
p' R andv(u') =o'. Finally p’ R’ v'.

1)

Finally, R is a satisfaction relation such tha> R' o', thusP = 3(S).

< Conversely, the reasoning is the same, except that we ndavAdiom A’ say-
ing thatA,, = 0if v(v) = LandA,, = A;U(U) otherwise.

We have proved that is implementations-conservative, thus the fixpoirit @éri-

fies the same property.

.4 Proof of Proposition[8

In sectior 8, we claim that there is a strict ordering betwibendifferent refinement
relations in the general case. We now give constructiortgtioae this fact:
There exist CMCs,, Sy, S. andS,; such that

* S, weakly refinesS,, andS, does not strongly refing;

e [Sc] € [Sq], andS. does not weakly refing;.
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1 0 0 0 0
A, = 0 1 0 0 0
00y (I-9) 0
0 0 0 0 1
1 0 0 0 0
A 0 1 0 0 0
0 0a (1—a) O
0 0 O 0 1

Figure 7: Correspondence matrices for=< S;

Proof:

« Consider the CMCsS, and S, given in Figures 8a anfl 8b respectively. Call
X, (resp. X;) StateX in S, (resp. Sp). We first show that there exists a weak
refinement relatiork such thatS, < S, with1, R 1,. We then show that there
exists no strong refinement relation betweégrans.s;,.

1. LetR = {(14,1s), (24, 25), (34, 3b), (3as4s), (44, 5p) }. We show thaR is
a weak refinement relation. We first focus on building theespondence
matrix for the couplé1,, 1;). Letx be a “valid” valuation of the outgoing
transitions ofl,. Lety = &7 =2 if 2y < 0.7 and 0-8-z2 gtherwise. As:
satisfiesp,(1,), we have) < v < 1. Consider the correspondence matrix
A, given in Figurd ¥
Itis easy to see that for all valuationsatisfyingy, (14), ¢s(1s)(x x Ay)
also holds. The correspondence matrices for the other raiRsare trivial
since there are no outgoing transitions from those statbsisR is a weak
refinement relation betwees), and.S,.

2. Suppose that there exists a strong refinement rel®icguch thatl, R’ 1,,.
Let A be the correspondence matrix associated f&R’ 1,. Since2,, 3,
and4, can all be reached front, with an admissible transition, the sum
of the elements in the corresponding rowsAnmust be one. From the
valuations of the states, we obtain thatis of the type given in Figufe 7,
witha > 0.

Moreover, if R’ is a strong refinement relation, then we have that for all
valuationz satisfyingp, (1,), ¢»(15)(x x A) also holds.

Letz! = (0,0.6,0.1,0.3) andz? = (0,0.8,0.1,0.1). Bothz! andz? sat-
isfy o, (1). If there exists a strong refinement, this implies thatl) (z! x

A) and g, (1)(z? x A) also hold. Howeverkp,(1)(zt x A) = 1 implies
thata > 1 andyp,(1)(2? x A) implies thata < 0.

Itis thus impossible to find a unique correspondence matoiking for all
the “valid” valuations of the outgoing transitions df,. As a consequence,
there cannot exist a strong refinement relati®hsuch thatl, R’ 1,.
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{1 (o {1}
wa(1)(z1, T2, 3, T4) = (1 = 0)A
(:EQ + x3 > 07) AN (13 + x4 > 0.2)/\
(x2 + 23 + 24 =1)

(@) CMC S,
{43}
Y2 Ys
Y: Ya

s {cy oy {ph

eo(1) (Y1592, y3, Y1, 95) = (y1 = 0)A
(y2 +ys > 0.7) A (ya +ys > 0.2)A
(y2+ys +ys+ys=1)

(b) CMC S,,

Figure 8: CMCsS,, and.S;
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HAn

{1} {{p}}
pe(2)(z1, 2, 23, 24) = (z1 = 2 = 0)A
((:E3:1/\:E4:0)\/(:E3:0/\I4:1))

(a) CMC S,

(D) 1n
Y2

Y3

() ()
1 1
OO

{1} {1}
ea(1)(y1,y2,y3,y4,¥s5) = (Y1 = ya = ys = 0)A
(y2=1Ay3=0)V (y2=0Ay3 =1))

(b) CMC S,
Figure 9: CMCsS, andS,

 Consider the CMC$. andS; given in Figure§ 9a anld 9b.It is easy to see tHat
and S, share the same set of implementations. However, due to tigramts,
State2 of S. cannot refine any state of;. As a consequencs$, cannot refine
Sq.
.5 Proof of Theorem[10

LetS; = <{1, .. .,/{31},01, @1,141,‘/1), Sy = <{1, Ceey kQ},OQ,(pQ,AQ, ‘/2> andS; =
<{1, ey k/’3}, 03,
3, As, V3) be three CMCs. We want to prove that

1. ((S1 A S2) = 51) A((S1 A S2) = Ss);
2. (Sg = Sl) A\ (Sg = 52) = Sg =< (Sl A\ SQ)

Proof:

We separately prove the two items of the theorem.

1. LetS1 A Sy =85 = <{1,,]{31} X {1,...,k2},0,(,9,A,V>.

LetR C ({1,...,k1} x{1,...,ko}) x {1,..., k1 } such thatlu,v) Rw <=
u = w. We will prove thafR is astrong refinement relation. Lei € {1,...k;}
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andv € {1,...k2}. We have(u,v)Ru. By definition ofS, we also have
V((w,0))a, = (Vi(u)t nVa(o)t4)la, C Vi(u).

Let A € [0, 1]Fk2xM such thatA g ;) ; = 1 and A ), = 0if k # i. By
definition, we have/(i, j), S5%, A e = 1. As a consequence is cor-
respondence matrix. We now prove that it satisfies the axafrassatisfaction
relation for (u, v) R u.

(@) If z € [0,1]t*k17*2 s such thatp((u,v))(z), it implies by definition that
1 (u) (052 1,5,
LR @k ) = 1 (u)(@ x A) holds.
(b) If Aqr oy, wr # 0, we have by definition’ = w" and (v, v") Ru'.

From (a) and (b), we conclude th& is a strong refinement relation.
Since(o1, 02) R 01, we haveS; ASy < Sq. By symmetry, we also ha$eA Sy <
Sa.

2. Suppose that; < S; and S3 < S;. By definition, there exist two refine-
ment relationsR; C {1,...,ks} x {1,...,k1} andRo C {1,...,ks} x
{1, ey kQ} such thabg R101 andOg Ro 0. LELS;ASy =5 = <{1, ceey kl} X
{1,...,ka}, 0,0, A, V).

LetR C{1,...,ks} x ({1,...,k1} x {1,...,k2}) such thatu R(v,w) <=
uRq vandu Ry w. We now prove thak is a weak refinement relation.

Consideru, v, w such thatu R (v, w).

(a) By definition, we hav&s(u)la, C Vi(v) and Vs(u)la,C Va(w). As a
consequencé/s(u)laC V((v, w)).

(b) Letz € [0,1]**ks suchthatps(u)(z). Consider the correspondence matri-
cesA € [0, 1]F*k1 and A’ € [0, 1]*2**2 given byu Ry v andu Ry w for
the transition vector. LetA” € [0, 1]ks>F1k2 = A @ A’. By Lemma25,
A"is a correspondence matrix. We now prove that it satisfiegtems
of a refinement relation fot R (v, w).

i. Letl < < kg such thatr; # 0. By definition ofA andA’, we have
S Ay =1andYh?, Al = 1. By construction,
Z(j,q)e{l,...,kl}X{l,...,kz} z(] q) (Z AU) ’ (252:1 A;q) =1

ii. By definition ofA andA’, bothy; (v)(xx A) andps (w)(zx A”) hold.
Leta’ = xx A”. Itisclearthatrx A = (Y52 24 ..., 3% 2 )
andzx A’ = (Zf;l Tiges Zf;l 5 1,). As aconsequence((v, w))(zx
A") holds.

iii. Let u/,v",w" such thatAZ,(U,M,) # 0. By construction, this implies
Ay #0andAl, , # 0. As a consequence, R, v’ andu’ Ry v/,
thusu' R(v', w’).

From (i) - (iii), we conclude thaR is a weak refinement relation. SinggR (01, 02),
we haveSs < (51 A S2).
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.6 Proof of Theorem[13

Let 57 = ({1,... K1}, 00, 00, AL VYD), S5 = ({1, kb 05,905, 45, V3), S1 =
({1,...,k1},01,01, A1, V1), So = ({1,...,ka}, 02, 2, As, V) be four CMCs. Sup-
poseS; < 51 A S, < Sy, We prove thaS] || S5 < Sp || Sa.

Proof:

LetS = <{1, ceey kl}X{l, ceey kQ}, (017 02)7 ©, A, V> =5 H Sy andsS’ = <{1, ceey k’l}x
{1,.., ka}, (01, 05), ¢, A, V') = S1 || Ss.

By definition, there exist two weak refinement relatifisand R, such that| R; o,
and ol Ry 02. DefineR such that(v’,v") R(u,v) <= v Ryu andv’ Ryv. Con-
sider now sucliu’, v’) and (u, v). We prove thaR satisfies the axioms of a refinement
relation betweerfu’, v") and (u, v).

1. We haveV'((v/,v"))da= {Q C 24" | 3Q, € V{('), Q2 € V4(v'), Q =
Q1UQ2Ha={Q C24|3Q1 € V/(v), Q2 € VJ(v'), @ = Q1la, UQ2la,}.
Thus(V'((w/,v")))daC V((u,v)).

2. Letz e [0,1]"*F1"*2 such thaty'(u/,v’)(z"). We now build the correspon-
dence matrixA witnessing(u’, v") R(u,v). Consider the correspondence ma-
trices A1 and A, given byu’ R v andv’ R4 v for the transition vector’. De-
fineA = Ay ® Ay € [0,1]F*2xkk2 - By | emm&25A is a correspondence
matrix. Moreover, since’(v/,v')(z') holds, there exists’ € [0,1]'** and
y' € [0,1]'*F2 such thatvi, j, z(; ) = % - y; andyy (u') (") and gy (V) (y').

(@) Let(u”,v") € {1,...,k1} x {1,...,k5} such thatz, ) # 0. By
definition ofz’ andy’, this implies thatr!,, # 0 andy,, # 0. Thus

S Agyry =1and Y52 Agyy = 1.

A(u”,’u”)(r,s) -
(r,s)e{l,...,k1 }x{1,....k2}

Z A1u”r : AQU”S
(rys)e{l,....,k1 } x{1,...,k2}
ki k2
= Z Z A1u”7' ! A21}”5
r=1s=1

k1 ko
= (Z Avyrry) - (Z Agyrs) = 1.
r=1 s=1

(b) Letz =2/ x A € [0, 1]"*F1'F2, Remark that = (2’ x A1) ® (3 x As).
Letz = 2/ x A; andy = 3’ x A,. Sinceu’ Ry u andv’ Ry v, we have
1 (u)(z) andys (v)(y). Thusp(u, v)(z" x A).

(c) Letu”, v, u""v"" such thatA i, iy iy # 0. By definition, it implies
thatAy v # 0andAsq,. . # 0, and as a consequente”’, v’ ) R(u",v"").

From (a),(b),(c), we conclude th& is a weak refinement relation. Sin@é, of,) R(o1, 02),

we haveS’ < S.
The proof of the second part of the theorem is similar, artddethe reader.
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.7 Proof of Theorem[14

Let 51, S2 andS; be three CMCs with disjoint sets of atomic propositiohs As and
As. LetSynciog = ({1}, 1,7 Az.x = 17, A1 U Az U Ag, Vsync) be a synchronizer be-
tweenA;, A; andAs. ConsideSync,, = ({1},1,” Az.x = 17, A1 U As, Voyncl 4,04,

). We want to prove thaf[((S1 || S2) A Syncys) || Ss] A Syncigs] = [[S1 1] Sz ||
S3] A Syncygs].

Proof:

We first prove the following statement. l%tand.S; be two CMCs with disjoint
sets of atomic propositiond; and As. LetSync, be a synchronizing vector on
A, We have{Sl H SQ) N Sync1 = (51 A\ Syncl) || Ss.

First, remember that synchronizers are single state CM@t, avsingle transi-
tion taken with probabilityl. As a consequence, computing the conjunction with
a synchronizer preserves the structure of any CMC. The drdyge lies in the
sets of valuations.

Let p be a state ofS; and ¢ be a state ofS;. We have(Vi(p) U Va(q)) N
Vayne, T41942=" (V1 (p) N Vsync,) U Va(q). As a consequence, the valuations
of (S1 A Sync,) || S2 are the same as the valuations(¢f; || S2) A Sync;,.

By monotony of conjunction, we ha\& || S2)ASyncy, < (S || S2). By Theorem
E, it ImplleS that[((51 H SQ) /\Sync12) || 53] /\Sync123 = [Sl || Sy || 53] A\ Sync123,
and finally[[((S1 || S2) A Syncyo) || S3] A Syneygs] € [[S [ Sa || S3] A Sias]-

We now prove thatS; || Sz || Ss] A Syncyys = [((S1 || S2) A Syncyy) || Ss] A
Sync,,5. By monotony of conjunction, we ha\® || Sz || Ss] A Syncias =< [S1 ||
Sa |l Ss] A Syncyy A Syncy,s. Moreover, by the statement proved above, we have
[S1 || S2 || S3] A Syncys = ((S1 || S2) A Syncyy) || S3. As a consequence, we
have[Sy || S2 || S3] A Syncyas =< [((S1 || S2) A Syncys) || Ss] A Syncyos, and thus

[[S1 |l S2 || S3] A Syncyas] € [[((S1 || S2) A Syncyy) || S3] A Syncyas].

.8 Determinization is Weakening

On page_ 1K we claimed that the determinization algorithmeiages the set of the
implementations of the transformed CMC. Below comes thefuwbthis fact.

Theorem 27 Let S be a CMC insingle valuation normal forfrwe haveS < o(.5).

Proof:
LetS = ({1,...,k},0,0,A, V) be a CMC in single valuation normal form. Let
o(S) = ({1,...,m},o, ¢, A, V') be a determinization of andh : {1,...,k} —
{1,...,m} the associated projection.

DefineR C {1,...,k} x {1,...,m} suchthatu Rv <= h(u) = v. We will
show thatR is a strong refinement relation. Letv such that: R v.

1. By definition, we havi(u) = v, thusV’(v) = V (u).

2. LetA € [0,1]%*™ such thatA, ; = 1if k(i) = j and0 else. A is clearly a
correspondence matrix.
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(@) Letz € [0,1]% such thatp(u)(z). Forall 1 < j < m, we havey; =
Yien—1(j) i andp(u)(z), thusy’(v)(z x A). Moreover, for alll < i <
k,> 270, A j = 1 by construction.

(b) If Ay # 0, thenh(v') = o' and thusu’ Rv'.

Finally, R is a strong refinement relation andR o/, thusS strongly refines(S). As
strong refinement implies weak refinement, we also Bawep(.5).

.9 Normalization

The normalization algorithm basically separates eacle statith m possible valu-
ations intom statesu, ..., u,,, each with a single admissible valuation. Then the
constraint function is adjusted, by substituting sums obgbilities going to the new
states in place of the old probabilities targeting Finally, a mutual exclusion con-
straint is added so that it is not allowed to have positiveophility of reaching more
than one ofu; states from the same source state. The transformationdsdod syn-
tax based. It can be performed in polynomial time and it ontreases the size of the
CMC polynomially. We will write A/(.S) for a result of normalization of'.

Definition 28 (Normalization) LetS = ({1,...,k},0,9, A, V) be a CMC. If there
exists a functioaV : {1, ..., k} — 2{1»m} such that

1. {15 < 'am} = UlE{l,,k}N(Z)'
2. Foralll <i#j <k, NG NN(G) =0
3.V <i <k, NG| =|V(H)|;

If, moreover|V (0)| = 1, the normalization of is the CMCN/(S) = ({1, ...,m},d,
¢', A, V') such that\V' (o) = o’ and

LVYL<j<m V()| =1;
2.V1<i<k V@)= UueN(i)Vl(u);
3.VI<i<kVu,veN@G),u#v < V'(u)#V'(v);

4. V1 <j<m,

o ()@, ) =

NGNS s 3 ).
(

ueN (1) ueN (k)

By construction)\'(S) is in single valuation normal form. Moreover,Sfis consistent,
then a functionV satisfying the conditions above exists.

Theorem 29 Let S = ({1,...k},0,¢, A, V) be a consistent CMC. IV (0)| = 1,
then for all MCP, we haveP = S <= P = N(9).

Proof:
LetS = ({1,...,k},0,¢,A,V) be a consistent CMC such th@af(o)| = 1. LetS’ =

function.
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= LetP = ({1,...,n},op, M, Ap,Vp) be a MC such thaP = S. LetR be
the associated satisfaction relation. LB C {1,...,n} x {1,...,m} such
thatpRu <= Vp(p) € V'(u) andp RN ~1(u). We will show thaiR’ is a
satisfaction relation. Lep, v such thap R’ w.

1. By definition, we havEpr (p) € V'(u).

2. We havep RN ~1(u). LetA € [0,1]"** be the associated correspon-
dence matrix. Define\’ € [0,1]"*™ such thatA] , = Ay n—1(y) if
Vo(q) € V'(v) and0 else. As every coefficient &f appears once and
only once in the same row df’, it is clear thatA’ is a correspondence
matrix. Moreover,

(@) If gis such thath,, # 0, then> " | AL =50 Ag;=1;

(b) Forall 1 < i < k, 3 icn)([Mp x A];) = [Mp x A;. As a
consequencey (u)(M, x A’) = (N~ (u))(M, x A) holds.

(c) If g,v are such thatA] , # 0, thenA, -1,y # 0 andVp(q) €
V'(v), thusg R’ v.

Finally, R’ is a satisfaction relation. It is easy to see thgtR’' o’. As a conse-
quence, we hav® = N(S).

< LetP = ({1,...,n},0p, M, Ap,Vp) be a MC such tha” = N (S). LetR
be the associated satisfaction relation. /Rt C {1,...,n} x {1,...,k} such
thatpR'u <= 3j € N(u) s.t. pRj. We will show thaR’ is a satisfaction
relation. Letp, v such thap R’ w.

1. We havd/p(p) € V(u) = Uje/\/(u)v/(j).

2. Letj € N(u) such thatpR j, and letA € [0,1]**™ be the associ-
ated correspondence matrix. Defile e [0,1]"** such thatA] , =
Yient(w) Dq.i- Itis clear that for allg, S AL, =" Ay Thus
A’ is a correspondence matrix. Moreover,

(@) If g is such thath,, # 0, theny ;| A/ . =S Ay, =1;

(b) Forall 1 < i <k, [M, x A}y = 3, iy ([Mp x Alp). As a
consequences(u) (M, x A) = ¢'(j)(M, x A’) holds.

(c) If ¢,v are such thatA] , # 0, then there exists € N(v) such that
Agr # 0, thusg R v.

Finally, R’ is a satisfaction relation. It is easy to see thatR' 0. As a conse-
quence, we hav® |= S.

It is easy to see that normalization preserves determinism.
.10 Soundness of weak refinement
LetS, = <{1, ceey kl}, 01,1, Aq, V1> andS; = <{1, ey k/’g}, 09, P2, As, Vv2> be two
CMCs. Assumeéb; =< Sy, we prove thafs;] C [S2].

Proof:
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SinceS; < S, there exists aweak refinementrelati®rC {1,..., ki1 }x{1,... ka}
such thato; R 05. ConsiderP = ({1,...n},op, M, Ap,Vp) such thatP = S;. By
definition, we have, = o; and there exists a satisfaction relati®{ C {1,...,n} x

{1,...,k1} suchthabp R’ o;.

LetR” C {1,...,n} x {1,...,ke} suchthap R" v <= Fv € {1,...,k1} with
pR vandvRu. Let's show thatR” is a satisfaction relation. First, it is clear that
Ay T A C Ap.

Now, considep, « such thatp R” «. By definition, there exists such thatp R’ v and
vRu. SinceVp (p)la, € Vi(v) andVi(v)la, € Va(u), we havelp(p)la, € Va(u).

We now build a correspondence matfiX that satisfies the axioms of Definitigh 3.
Letz = M, € [0,1]'*™ and A’ € [0,1]"**1 be a correspondence matrix witnessing
p | v. Lety = 2 x A’ € [0,1]'*F1. By definition ofA’, we havep; (v)(y). Let
A € [0,1]***2 pe the correspondence matrix witnessing< u and defineA” =
A x A € ]0,1]"%F2, By Lemm&25A" is also a correspondence matrix. We prove
that A” satisfies the axioms of Definitibh 3.

1. Letl < p’ < n such thatM,, # 0. As a consequenc@fi1 AL =1 We
want to prove thab 2| A7, =1

ko ka k1
Z Ay = Z(Z Aprg - Bgj)
j=1 j=1 g¢=1

k1 ko
= ZA;)’(; : (Z Al]j)
q=1 j=1

/! i /!
Letq such thatA],  # 0. Itis then clear thaty, > My, - A}, > 0. As

A'is a witness ob < u, we haveri1 Ag; = 1. Finally, this implies that
ka
Yl Ay, =1
2. By constructiongs (u) (M, x A”) holds.

3. Letp’,« such thatA”, . # 0. By construction, it is clear that there exists

P
such thatA],,, # 0 and A, # 0. By definition ofA” and A, this implies that

p' R v andv' R/, thusp’ R” u'.
From 1-3, we can conclude th&” is a satisfaction relation. Sinag>- R” 05, we have

P e [[SQ]] and[[Sl]] - [[SQ]]

.11 Completeness of Weak Refinement (Thri,_18)

We suppose that the CMCs we consider in this proof are prulkxdieover we only
consider CMCs in single valuation normal form. Given two C84G andS; such that
[S1] € [S2], we prove thafS; < Ss. The proof is structured as following.

1. * We define the relatioR betweenS; andsS,.

R={(v,u) |[VI,Vpel, pEv=pEu}

We consider: andv such that R « and prove thaR satisfies Axiom(1)
of the refinement relations.
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» Axiom (2) of the weak refinement relations : Given a distributi&non
the outgoing transitions of, we must find a correspondence matrix
satisfying Axioms2(a), 2(b) and2(c) of the refinement relation :

— We consider a distributioX’ on the outgoing transitions fromand
we build a MCI satisfyingS; such that the outgoing probabilities of
the statev; are exactlyX.

— This leads tav; = u and gives a correspondence matfix, which
we will take as our correspondence mattix

— By definition, A satisfies the axiont(a) and2(b) of the weak refine-
ment relations.

2. As A comes from a satisfaction relation, the axi@ge) of the refinement rela-
tion is not so immediate. It tells us that if a coefficient ,,, is not0, then there
exists an implementatiohand a state; such that/, |= v’ andv} = «'. What
we need is that for all implementatiofisand state’ such thap’ = v/, we have
p’ | «'. The rest of the proof is dedicated to proving that this staterent
being false leads to a contradiction

Assuming there exists’ andp’ such thap’ | v’ andp ¥ u’, we build an im-
plementation from I and!’ such that the state of T is syntactically equivalent
to the statey’. We then prove that this staté of T still satisfies the state’ of
Ss because it is a successorwand.S, is deterministic. As the stat€ of I is
syntactically equivalent to the stgtéof I’, this means that’ = «’, which is a
contradiction.

We now go through the mathematical foundations of this proof
Proof:

LetS; = <{1, ey kl}, 01, L1, Al, ‘/1> andS2 = <{1, ey kg}, 02, P2, AQ, ‘/2> be
two consistent and deterministic CMCs in single valuatiommal form such thatly, C
Al and IISl]] - [[SQ]]
First, remark thatS; < Sy < S{ = ({1,...,k1},01,01, A2, Vila,) = Sa. Itis
thus safe to suppose thag = A,. Similarly, if 7 = (...,, A7, V;) is a MC, we have
IS <« I'=(..,,A1,Vila,) E Si. As a consequence, it is also safe to
suppose that implementations have the same set of atongiogitions asS; and.Ss.

1. LetR C{1,...,k } x{1,..., ko} such that R v iff for all MC I and statep of
I,p E v = p = u. As we consider pruned CMCs, there exist implementations
for all states.

Considerv andw such that R w.

(a) By definition ofR, there exists a M@ and a statep of I such thap = v
andp = u. ThusVi(p) € Vi(v) andVi(p) € Va(u). AsS; and S,
are in single valuation normal forni/; (v) and V2(u) are singletons, so
Vi(v) = Va(u).

(b) Considerr € [0, 1]1**1 such thatp, (v)(z) and build the MO = ({1, ...,k },
o1, M, A1, V) such that for alll < w < ki,

RR n° 6993



36 B. Caillaud, B. Delahaye, K.G. Larsen, A. Legay, M.L. Pedrr& A. Wasowski

* V/(w) is the only valuatiod” such thatV; (w) = {T'};
e If w # v, the lineM,, is any solution ofp; (w). One exists because
S1 is pruned;
e M, = .
When necessary, we will address statef I asw; to differentiate it from
statew of S1. We will now build the correspondence matfix
I clearly satisfiesS; with a satisfaction relatiorR; = Identity, andv; |
v. By hypothesis, we thus have = . ConsiderR, the satisfaction rela-
tion such thaty; R, u and A, the corresponding correspondence matrix.
LetA = As.
(c) Asaconsequence,
i. V1 Sigkl,wi #0@2?2:1AU =1,
ii. p2(u)(x x A) holds;

2. Letv’ be a state ob; such that Ifz, # 0 andA,,» # 0. By definition off and
A, we havev; = v andv) = u’. We want to prove that for all implementations
I’ and statey’ in I, p’ =o' impliesp’ = u/.

Suppose this is not the case. There exists an implemenfatied{1,...,n}, o,

M’ , A1, V') and a statey’ of I’ such thaty’ = v" andp’ [~ «'. LetR’ be the
correspondence matrix witnessipg= v’

Consider the MCI = {1, kb + 1,0k + n},of,ﬁ, A1,17>. Intu-
itively, the firstk; states correspond tband the next. states tal’. The state);

will be the link between the two and its outgoing transitianils be the ones of
p’. Define

« My =M, if1<ij<k andi# v

'Mv/j:()lflg_]gkl
-]\Zj:Oiflgigklandi7év’andj>k1

—~

° M’U’j = m;/7j7k1 |fj > kl

'Mj:0|fl>kland1§j§k1

)

o Mij=mi_y, iy, iTi>kiandj > k.
)= Vi(i)ifi < ks

e V(i) =
V(i) =V'(i— k) ifi >k

We want to prove that% satisfiesu’. This should imply that’,, also satisfies/,
which is absurd.

Consider the relatiorR between the states éfand the states aof; defined as
follows :

R ={(q,w) € Ry | ¢ #v'}U
{(q,w) | (g — k1) R w}U
{(v',w) | p' R w}
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k1
M 0
V77 | v
M i 0
—————————————————— e
0 M

(a) The transition matrid/

2
NGV

M,

(b) The MCT

Intuitively,ﬁ is equal toR; for the stateg < ky, except’, and equal taR’ for
the states; > k. The states related to% are the ones that were related to

with R’.
We will show thaiR is a satisfaction relation betwednand Si.

Let ¢, w such thatqf%w. For all the pairs where; # v%, the conditions of the
satisfaction relation obviously still hold because the{;jh‘er Ryif g < kyand
for R’ otherwise. It remains to check the conditions for the painereq = v%.

Considerw such thatv%f%w.

(a) Becausgv}) and (p},) are both implementations af, it is clear that
V(ve) = V(). Asp' R w, we know that”’ (p') € Vi (w). Thus,V (v%) €
V1 (w).

(b) Consider the correspondence matikgiven by’ R’ w. LetA € [0, 1](kiFn)xk

suchthatA;; = 0if i < ki, andA;; = A’(Fkl)j otherwise.

i. We want to show that M(v%)(u,/) # 0, theny "2 Ay = 1. We
know thatM(v%)(u,/) = 0if w < k. Takew’ > k; such that
M(v’f)(w’) 7é 0. Then we know thdt/[(v%)(w/) = Mz/)’(w’—kl)'
R’ is a satisfaction relation, it implies thaf>}" | A

k1 N kl
ThUS,Zj:1 Aw’j = Zj:l A/(w’fkl)j =1.

ii. We want to show now tha&l(w)(MU% X ﬁ) holds. Letl < j < kj.

We have

Because

w—ky)j L.
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ki+n
MMU% X Atj = Z M(v’f)l . Alj
=1
ki+n e
=0+ Y Myy-Ay
I=k1+1

= My, - Ajy = [My, x A
=1

As a consequencé//fv% x A = M, x A’. SinceA’ is a witness of
P R w, p1(w)(M], x A) holds. So doe@l(w)(]\/fv% x A).

iii. We want to show that iﬂ\/I(v%)q # 0 and ﬁqw/ # 0, then qﬁw’.
We only need to consider> k; (since otherwisdw(v%)q = 0) and
w’ such thatA,,, # 0. In this case,M(v/f)q = ;'(q—kl) # 0
andA{, ., # 0. AsA’is awitness op’ R w, it has to be that
(¢ — k1) R' w', which implies, by definition 6%, thatqRuw'.

Finally 7 satisfiesS;, and in particularyz = v. Asv R u, itimplies thatv; |= u.

As a consequence, there exigt§ ¢ [0, 1](F1+)xk2 such that@Q(u)(leA X
A/I).

(A) Consideru” # v’ such thatV,(u”) = Va(u’). Due to determinism ofs,
and to the fact that/’ is accessible from, we have[MUf x Ay = 0.
SinceM(Uf)(U}) #0and M(u;)(u%) . A/(IU%)“,, is part of [MUIA x A"y, we
must haveAf, , ., = 0.

I

(B) Considen,” suchthat/(u"”') # V(u'). Itis clear thatA{ ,, ., = 0 since
I
A" is witnessing satisfaction betweémnd S;.

X7 k
(C) Moreover, we know thdw(vf)(v%) # 0. Thus,> .2, A;’,fj =1
According to (A) and (B), the only non-zero value in the sunfj must be
Al - SinceA” is witnessing’ = S5, this means that?. = u'.
I

By constructionp% andp’ only differ by state names. This contradicts the as-
sumption thap’ |~ «/. Thusy’ R v/, andR is a weak refinement relation.

Finally, we have by hypothesis thi; ] C [S2], which implies thab; R o0s.

.12  Proof of Theorem 19

We start with the following lemma, which is a direct consemeeeof the notion of
determinism. It states that correspondence matricesiasgsd¢o a satisfaction relation
for a deterministic CMC have at most one non-zero value per ro

Lemma 30 Let S = ({1,...,k},0s,¢,A,Vs) be a deterministic” M C' in single
valuation normal form. LeP = ({1,...,n},op, M, A, Vp) € [S] and a satisfaction
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relation R such thabp Rog. Letp € {1,...,n} andu € {1,...,k} such thap R v,
and letA be the associated correspondence matrix. We have

vp' e {l,...,n}, My, #0=
Hu' €{1,....k} | Apw # 0} = 1.

Let S, = <{1, ceey kl}, 01, L1, A, ‘/1> andS; = <{1, ceey kQ}, 02, 2, A, ‘/2> be
two deterministic CMCs in normal form such thélt < S, with a weak refinement
relationR. We prove thaR is in fact a strong refinement relation.

Proof:

Letv € {1,...,ki}andu € {1,...,k2} such that R u.
1. By hypothesid/; (v) C Va(u);

2. We know that for alt: € [0, 1]** satisfyingy; (u), there exists a correspondence
matrix A* satisfying the axioms of a (weak) refinement relation. Webwild a
correspondence matria® that will work for all z. Letp € {1,... k1 }.

« Ifforall € [0,1]%, 1 (v)(z) = x, = 0, then letA) = (0,...,0).

« Else, consider € [0,1]* such thatp; (v)(z) andz, # 0. By hypothesis,
there exists a correspondence matfiiX¥ associated ta R u. Let Ag =
Ay. By Lemma30, there is a singlé € {1,..., k2} such thatA? , # 0.
Moreover, by definition oA”, we know thagfil Ay, =1,thusAf , =
1.

Suppose there exists # = € [0,1]* such thaty; (v)(y) andy, # 0.

Let AY be the associated correspondence matrix. Asafothere exists
a uniqueu” € {1,...,k2} such thatA? , # 0. MoreoverA’ , = 1.

Leta’ = = x A andy’ = y x AY. By definition, bothps(v)(2') and

¢2(y’) hold, z;, # O andy,, # 0. AsSA? , = AY , = 1, we have
Va(u') N Va(u") # (. By hypothesis$, is deterministic, thus' = u”.

As a consequence, we ha¥¢ = AY, soVz € [0,1]", (p1(v)(2) A (2, #

0)) = Az = A,

Finally, considerA® defined as above. Letc [0, 1]t such thatp; (u)(x).

We have

xT k2 _ .
(@ 2 #£0= A = A7 = YF A0 =1
(b) z x AY =2 x A%, thusps(v)(x x A%) holds;
(c) If AY, . # 0, then there existg € [0, 1]** such thaty; (v)(y) and
AY = AY, . thus’ R/

Finally, R is a strong refinement relation.

.13 Reduction from Simulation (SeclTr)

We will now prove Theorerh 21. This section contains sketasfgsroofs, with in-
formation sufficient to reconstruct them without diligernk. In the next section we
present the second encoding, which is actually slightlgiea and present a complete
correctness proof for it. We have chosen to present thaf pratetail, because due to
its use of linear combinations, it is much harder to recarcstiiuring review.
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We begin by demonstrating a lemma about non-determinissicilslition con-
straints.

We say that a constraint is a single-point constraint, & @nly satisfied by a unique
distribution. Observe that all constraints in the encogingsented in Sectidd 7 are
non-deterministic distribution constraints or singléf@onstraints.

Lemma 31 Lety and+ be single-point constraints. If for each < [0, 1]'** such
that(z) holds, there exists a correspondence matyix< [0, 1] **2 such thaty (z x
A.) holds then there exists a correspondence makig [0, 1]%1**2 such that for all
x € [0,1]1*%1 we have thap(z) = ¥(z x A).

The lemma holds trivially because there is only one distidusatisfyingy.

Lemma 32 Let ¢ (respectivelyy) is a non-deterministic distribution constraint over
{1,...,k1} (respectively{1,...,k2}). Then if for each distribution vectar satisfy-
ing ¢ there exists a correspondence matdy, < [0, 1]%1**2 such thaty)(z x A,)
holds then there exists a correspondence matyixc [0, 1]***2 such that for all
x € [0,1]1*%1 we have thap(z) = ¥(z x A).

Proof:
Letz be such thato(x) holds (then there exists < i < k; such thatz; = 1). There
is a finite number of such vectors. Letdenote the one that has 1 on tHk position.
TakeA such thatd; = (A,:); (the witness from the lemma assumptionyisatisfies
pandA; = 0'**2 otherwise.

Now for each:? satisfyingy we have that’ x A = z¢ x A_: and thenp(z?) =
P(at x Ayi) <= P(at x A).

Corollary 33 For any two probabilistic automat& and T we have thaS strongly
refinesT iff S weakly refineq .

Lemma 34 For any two probabilistic automat& and T such thatT simulatesS we
have thatS weakly refined.

Proof:
(sketch) LetR C S x T be the relation witnessing the simulation®by T. Consider
a relation@ as follows:

Q1={0,5) |ie{l,....;k1},j€{1,... ka},
(si,t;) € R}
Qo ={(k1+i,ka+j)liec{l,...;ki},j€{l,... ka},
(Si—ky tj—ky) € R}
Qs = {(2k1 + 7,2k +j) |7 € {1,.... lu},
Je{l,... o}, (ai,m) € Qs, (aj, 05) € Qr,
a; = aj, (mi,0;) € R"}
Q =Q1UQ2UQ3
Itis easy to show tha is a weak refinement. First observe that valuations always

match for pairs inQ. The valuation is empty for botsiand7 in @, itis { L} in Q2,
and {ai} in Qg.
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Figure 10: An attempt to visualize the second encodirfydenotes a constraint ex-
pressing a probability vector that is a linear combinatiballopprobability distributions
labeled bya. Below this is formalized ag(2k + i')(z).

For a pair in (i, j) € @ a distribution vectorz satisfying the constraint of is
always a point distribution. Iy, +; = 1, take Ay, 44 1,+; = 1 and zero otherwise.
If 2o, 1 = 1 take Aoy, i 28,45 = 1 and zero otherwise, wherg is such that
ﬁj/L)Qj/ andm/R*gj/.

For a pair (k1 + 4, k2 + j) € Q2 takeA; ; = 1, and zero otherwise.

For a pair (2k; + 4, 2ks + j') € Q3 take A such that for(i, j) € {1,...,k1} X
{1,...,k2} we haveA;; = «;;/z;, or zero ifz; = 0, wherea is the distribution
witnessingry R* ;.

Lemma 35 For any two probabilistic automatd andT such tha strongly refined’
we have thafl simulatesS.

Proof:
(sketch) Assume thﬁtstrongly refinedT is witnessed by a relatioR C {1,...,2k; +
I1} x{1,...,2ks + l2}. Show that arelatio) = {(s;,t;) € S x T'| (i,j) € R,i €

{1,...,k1},5 €{1,...,ko}} is a simulation relation.

In the crucial point of the proof consider,, ;, = A;; - mi(s;), wherery is a
distribution being the only solution of a point constraiot statei’ € {2k, ..., 2ks +
Ii}.

Theoren 211 follows as a corollary from the above two lemmathadCorollary 3B.

.14 Encoding Probabilistic Simulation

We now present another encoding of PAs into CMCs, which atnesturing proba-
bilistic simulation (as opposed to simulation).

Considera P& = (S,Act —, s1), whereS = {sy,...,s;}. Let{(s',a1),..., (s}, a))} =
{(s,a) | s€S A acAct}. The corresponding CMC is

S=({1,...,2k+1},1,¢,Act U L, V}) ,

where_L is a fresh symbol not il\ct. We have three types of states (see Fidiute 10).
Type-1 states{1,...,k}, correspond directly to stat€s, ..., s; }—their distribu-
tion constraints encode the non-deterministic choice tibac Type-2 states{k +
1,...,2k}, represent ability of a state to be idle. We will use them irafj@l compo-
sition. Type-3 stateg2k + 1, ..., 2k + [}, encode choice of a probability distribution
as a linear combination of distributions allowed by the audton.
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The valuation functions are given by:

V(i) = {0} forl <i<k
V(k+i)={{L}} for1 <i<k
V(2k+i) = {{av}} for1 <4 <1

and

B(i)(z)iswpy; =10rIN< ' <1 2oppir=1 A s = S;
for1<i<k (type-1 states)

Pk +i)(x)isax; =1
for1<i<k (type-2 states)

@2k + ') (x) isIX € Dist(1, ..., |w|).x = wA
for1<i' <l (type-3 states)

wherewr = {n | s/-%sx}. Technically speakingr is a matrix, whose columns
are distributionsr. We write || for the number of columns imr. Additionally « is
implicitly required to be a probability distribution ovét, ..., 2k + [}.

Observe tha$ is only polynomially larger thass.

Lemma 36 (Soundness)For any two probabilistic automat& and T such thatS
weakly refined. We have thal’ probabilistically simulates§.

Proof:
LetS = (S,Act —%,s1) andT = (T,Act —7,t;), with S = {s1,..., s, } and
T = {ti1,...,tx, }. Inthe proof we writes to refer to the constraint function &f and

o to refer to the constraint function &F. Alsol; and!, are used to refer to the number
of combinations of state-action of respectivélgnd T. Finally ¢; and r; are used to
range over states i¥ (respectively iril"), whens; andt; are bound to some concrete
value.

LetR € {1,...,2k1+1: } x{1,..., 2ko+I>} be a weak refinement relation between
S andT, witnessing the assumption of the lemma. The proof prodeesisowing that

Q:{(Si,tj)|(i,j)ER/\lgiSkl/\lngk’g}

is a probabilistic simulation relation betwe&handT.

We apply the usual coinductive proof technique. Taket;) € Q. Letw € Dist(S)
be such that;—%s7, and(s”, ay) = (s;,a)ll

By construction of the encoding we know that any probaldigyributionz satisfy-
ing (i) (x) is a point distribution, and: such thatrsy 1+ = 1 is possible. So consider
such a distributionz. Since(i, j) € R we know that there exists a correspondence
matrix A € [0, 1]2k1 0 x2k2+l2 gych thaty(j) (z x A) holds. Moreover x A must be
a point distribution by construction of the encoding. §0x A)ag,+;» = 1 for some
1 < j’ <l,. And, by refinement again, we get that valuation functionbéoh 2% + ¢’
and for2ks + 5’ both return{{a}} and that(2k; + i’, 2ks + j') € R.

1The equality binds’ to be the index of s;, a) on the list of state-action pairs in the encodingof
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But T is also constructed using the encoding, so it necessarillyast ; o for
someyp € Dist(T').

Observe thatp(2k, + i) (7) holds, because is always a convex linear combina-
tion of a set of vectors containing it. Sin¢&k; + i, 2ks + j') € R, there exists a
correspondence matrid’ € [0, 1)21+lix2ka+le gych that)(2ks + 5) (7 x A’) holds.
The latter implies that x A’ is a linear combinations of vectors ;= {o | t; 5 0}.

It remains to show that R*(m x A’). Takeay, q = m - Aj;. We first argue

thata € Dist(S x T'). Clearlym; A}, € [0, 1] for all 4, 5. Alsoz Z _ A
Zfl 1 i = 1 (the former because each row of a correspondence matrix spmsl).

Considerag, r = Zf; Qg t; = ;‘2:1 mi- AL = Zf; A’ij = m; as required
bymR*(m x A').

Now considers,, = Zf;l Qs ry = Zfl i Al = (7 x A'); as required by
TR*(m x A').

Now if ag, »;, # 0 thenAl, # 0, which in turn with refinement dfk, + ;" by
2k, + ¢/ implies that(z, j) € R, and furthermore(s;, s;) € @ by construction, as
required byr R*(m x A’). This finishes the proof.

ij

Lemma 37 (Completeness)or any two probabilistic automaté and T such thatT
probabilistically simulate§, we have tha® weakly refinedl.

Proof:
LetS = (S,Act —°,s;) andT = (T,Act =7, t;), with S = {s1,...,s,} and
T ={t1,...,tx, }. LetQ C S x T be the probabilistic simulation relation betwegn
andT, witnessing the assumption of the lemma.

The proof proceeds by showing thatarelat®rC {1,..., 2k +1}x{1,...,2ko+
l,} is a weak refinement relation betwe®and T.

Take the following candidate fdk:

Ry ={(4,5) | (si,t;) € Q}
Ry = {(k1 +i,k2 +7) | (si,t5) € Q}
R3 = {(2k1 +4',2ka + j") | (si,t;) € RA

Si:Si//\tj:tj,}
R=RiURyUR3

We apply the usual coinductive proof technique.

Case 1. Takéi, j) € Ry andz satisfyinge(i)(z). We know that: can only be a
point-distribution. Ifzy, +; = 1 then we takeA such thatAy, 1 k,+; = 1 (@nd A is
zero for all other cells). ClearhA is a correspondence matrix. Moreover< A is a
point distribution with 1 or{ks + j)th position, sa)(j)(x x A) holds by construction
of the encoding (see first case in encoding of constrainisp ¢, + i, ks + j) € Ro
since(s;, t;) € Q

If 22,4+ = 1 then it means thas; Y@ . for somer and actionV (i). But
then, since(s;, t;) € Q it is possible that]%cg for some distributiorp. Letj’
be such that; = ¢/ anda; = V(i). Take a correspondence matrix such that
Agklﬂ/’%ﬂ/ = 1 (and A is zero for all other cells). We have thatx A is a point
distribution with 1 on2ks + j’th position, soy(j)(x x A) holds by construction of
encoding resulting i (see first case in encoding of constraints). Al3b; + ', 2ks +
j') € Rz C R by definition ofR;.
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Case 2. Takék; + i,k + j) € Ro. The argument is almost identical to the first
subcase in Case 1. We omit it here.

Case 3. Takd2k, + i’,2ks + j') € R3 andz satisfyingp(2k1 + i')(x). Let
s; = s and tg' :ﬂ'. By R3 we know thalgsi,tj;g € @Q. By construction of the
encodingsiMm and furthermoretjv(k—””h:g, wherep = g x A for some
probability distribution)\ € Dist(1, ..., |g|). Clearly(2ks + j')(0) = 1. It remains
to check thatr can be correspondence to

To this end consider a correspondence mafxisuch that

A Jas /e e F0andi < kg < ks
Y0 if otherwise

Now(z x A); = 2 Ay = S g, Joi = S, = sy, =
0; by zR* ¢ (this discussion only holds fgr < k,, but the remaining cells are zero,
which is easy to argue for. Also somewhat sloppily we igntregossibilty of division
by zero — indeed it cannot happen since fgr= 0 we said thatA;; is simply zero).
Effectivelyz x A = p, so it satisfies)(2k2 + j'). Valuations obviously match.

Moreover ifA;; # 0 thenay, ¢, # 0. then(s;, t;) € Q and then(i, j) € R1 C R,
which finishes the proof.

Theoreni 3B is a corollary from the following two lemmas.

Theorem 38 T probabilistically simulate§ iff S weakly refine.
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