Analytical solution for waves propagation in hetero-
geneous acoustic/porous media. Part II: the 3D case
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Abstract. We are interested in the modeling of wave propagation in an infinite bilay-
ered acoustic/poroelastic media. We consider the biphasic Biot’s model in the poroe-
lastic layer. The first part was devoted to the calculation of analytical solution in two
dimensions, thanks to Cagniard de Hoop method. In this second part we consider the
3D case.
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1 Introduction

The computation of analytical solutions for wave propagation problems is of high impor-
tance for the validation of numerical computational codes or for a better understanding
of the reflexion/transmission properties of the media. Cagniard-de Hoop method [1, 2]
is a useful tool to obtain such solutions and permits to compute each type of waves (P
wave, S wave, head wave...) independently. Although it was originally dedicated to
the solution of elastodynamic wave propagation, it can be applied to any transient wave
propagation problem in stratified media. However, as far as we know, few works have
been dedicated to the application of this method to poroelastic medium. In [3] the ana-
lytical solution of poroelastic wave propagation in an homogeneous 2D medium is pro-
vided and in [4] the authors compute the analytical expression of the reflected wave at
the interface between an acoustic and a poroelastic layer in two dimension but they do
not explicit the expression of the transmitted waves. The coupling between acoustic and
poroelastic media is of high interest for the simulation of wave propagation for seismics
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problem in sea bottom or for ultrasound wave propagation in biological tissues, when
the human skin can regarded as a fluid and the bones as a porous medium.
In order to validate computational codes of wave propagation in poroelastic media, we
have implemented the codes Garémore 2D [5] and Garémore 3D [6] which provide the
complete solution (reflected and transmitted waves) of the propagation of wave in strati-
fied 2D or 3D media composed of acoustic/acoustic, acoustic/elastic, acoustic/poroelastic
or poroelastic/poroelastic The 2D code and the 3D code are freely downloadable at
http://www.spice-rtn.org/library/software/Garbmore2D.
and
http://www.spice-rtn.org/library/software/Gar6émore3D.
In previous studies [7, 8] we have presented the 2D acoustic/poroelastic and poroe-
lastic/poroelastic cases and we focus here on the 3D acoustic/poroelastic case,the 3D
poroelastic/poroelastic case will be the object of forthcoming papers. We first present the
model problem we want to solve and derive the Green problem from it (section 1). Then
we present the analytical solution of wave propagation in a stratified 3D medium com-
posed of an acoustic and a poroelastic layer (section 2) and we detail the computation of
the solution (section 3). Finally we illustrate our results through numerical applications
(section 4).

2 The model problem

We consider an infinite three dimensional medium (Q = R®) composed of an homo-
geneous acoustic layer Q% = R?x]0,+co[ and an homogeneous poroelastic layer Q= =
R?x]—00,0[ separated by an horizontal interface ' (see Fig./1). We first describe the equa-
tions in the two layers (§2.1 and §2.2/) and the transmission conditions on the interface T
(§2.3), then we present the Green problem from which we compute the analytical solution

(§2.4).
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Figure 1: Configuration of the study
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2.1 The equation of acoustics

In the acoustic layer we consider the second order formulation of the wave equation with
a point source in space, a regular source function f in time and zero initial conditions:

(Pt VAPt =6,6,6. ,f(t), inQFx]0,T],

u' = —%vpt in O %]0,T],
0
P*(x,y,0)=0,P"(x,y,0)0=0, inQF,

2.1)

U'(x,y,0)=0,U"(x,y,0)0=0, inQT,
where

e P is the pressure;

e U is the displacement field;

e V7 is the celerity of the wave;

e pT is the density of the fluid.

2.2 Biot’s model

In the second layer we consider the second order formulation of the poroelastic equa-
tions [9-11]

p U +p; W —V.2" =0, in O~ x]0,T],
pJ?US_%—p;W_—F%W_—FVP_:O, in O~ x]0,T],
ST =A"V-U; ;+2u e(U;)—p P I, inQ x]0,T],
1 (2.2)
——P 4 VU VW =0, in Q= x]0,T],
U; (x,0)=0,W (x,0)=0, inQ-,
U, (x,00=0,W (x,0)=0, inQ-,
with
3 0%
(V.27);= Z ax? Vi=1,3, I5 is the usual identity matrix of M3(IR),
=1 9%

and e(U, ) is the solid strain tensor defined by:

1 /9u; au;
gl](u)_2<ax]' +axi>'




In (2.2), the unknowns are:
e U the displacement field of solid particles;

o W =¢~ (LIJ? —U; ), the relative displacement, U; being the displacement field of
fluid particle and ¢~ the porosity;

e P~, the fluid pressure;
e Y7, the solid stress tensor.
The parameters describing the physical properties of the medium are given by:
° o =¢ p;+(1—¢")ps is the overall density of the saturated medium, with pg" the
density of the solid and oF the density of the fluid;

® Py =0 ps /¢~ , where a~ the tortuosity of the solid matrix;

o K~ =x"/n",x is the permeability of the solid matrix and 7 is the viscosity of the
fluid;
e m~ and B~ are positive physical coefficients: B~ =1—-K, /K

and m~ = [4)‘ / Ky + (B~—¢7)/K; ] , where K is the bulk modulus of the solid,

KJ? is the bulk modulus of the fluid and K is the frame bulk modulus;

e yu~ is the frame shear modulus, and A~ =K,” —2p~ /3 is the Lamé constant.

2.3 Transmission conditions

Let n be the unitary normal vector of I' outwardly directed to. The transmission condi-
tions on the interface between the acoustic and porous medium are [12] :

Wn=U"—U.)n,
p-=p-, 2.3)
Y n=—Pn.

2.4 The Green problem

We won't compute directly the solution to (2.1:2.212.3) but the solution to the following
Green problem:

pr—V T Apt =6.6,6._461, in Q" x]0,T], (2.4a)

it=——vp", in 0 x]0,T], (2.4b)



o iy o w —V.o =0, in O~ x]0,T], (2.5a)
p;u;+p;w—+%w—+vp—:0, in O~ x]0,T), (2.5b)
o =A"Veu, Is+2u e(u; )—p p I3, in Q™ x]0,T], (2.5¢)
%P‘%‘V-us”rv'w‘:o, inQ-x]0,T],  (2.5d)
w o n=(ut—u;)n, onT, (2.6a)
pi :er, onT, (26b)
o n=—phn, onT. (2.6¢)

The solution to (2.152.2+2.3) is then computed from the solution of the Green Problem
thanks to a convolution by the source function. For instance we have :

P (x,yt)=p*(x,y,.)*f(.) /p Xy, T)f(t=T)dT

(we have similar relations for the other unknowns). We also suppose that the poroelastic
medium is non dissipative, i.e the viscosity 7~ =0. Using the equations (2.5¢,2.5d) we
can eliminate ¢~ and p~ in (2.5) and we obtain the the equivalent system:

p*il;—l—p]?z'b*—zx*V(V«u;)—i—y*Vx(qu;)—m*ﬁ*V(V-w*)zo, z2<0,
2.7)
pj:ii;—i—p;z’b‘—m‘ﬁ‘V(V-u;)—m‘V(V-w_)zo, z<0,

witha™ =A~ 42~ +m B>

And using the equation (2.4b) the transmission conditions (2.6) on z =0 are rewritten
as:

1
s, T, = —Eazpﬂ (2.8a)
—m B~ V-u; —m V-w =pt, (2.8b)
0zUg +0xu,, =0, (2.8¢)
0z, +0ytty, =0, (2.8d)

A +m BV eug 420 dug +m BV ow=—p". (2.8¢)
7



We split the displacement fields u; and w™ into irrotationnal and isovolumic fields (P-
wave and S-wave):

u, =VO, +Vx¥,,w =VO,+VxY¥,. (2.9)
The vectors ¥, and ¥, are not uniquely defined since:
Vx (¥, +VC)=VxY,, Vlc{uw},

for all scalar field C. To define a unique ¥, we impose the gauge condition:

V¥, =0.
The vectorial space of ¥, verifying this last condition is written as:
dy 02,
- — 2 —
¥y =] 0« Tt ayz T
0 —03,— 0y,

where ¥, and ¥, are two scalar fields. The displacement fields u#; and w™ are written
in the form:

02, 9y
u; =V0O, + 9 Y- | —0x |AY,,
—9%,— 9y, 0
(2.10)
02, 9y
w =VO,+ CA Yo1—| —0x |AY,,
— 93, — 97, 0

Using this last change of variables, we can then rewrite the system (2.7) in the following

form: -
AO™ —BA®™ =0, z<0,

(T _2 _
¥, -V AY,, =0, z<0,

u,

¥, ,— Vs PAY,,=0, z<0, (2.11)
Y
Y=Ly 2<0,

0w

where © =(0,,0,)!, A and B are 2 x 2 symmetric matrices:

P pf <A+2u+m(ﬁ)2 rnﬁ>
A= ; B=
Pr P m- B~ m-



and
- HPw
Vg = - “ 2
Y Pw_pf

is the S-wave velocity.

We multiply the first equation of the system (2.11) by the inverse of A. The matrix
A" 1B is diagonalizable: A71B=PDP~!, where P is the change-of-coordinate matrix,

D= diag(VP*ﬁ,Vp’sz) is the diagonal matrix similar to A~!B, Vs and Vp, are respectively
the fast P-wave velocity and the slow P-wave velocity (Vps < Vpy).
Using the change of variables

P =(0p,Pp) =P O, (2.12)

we obtain the uncoupled system on fast P-waves, slow P-waves and S-waves:

&~ —DADP™ =0, z<0
T 72 _ .
Y, —VsAY,; =0, i=12, z<Q0, (2.13)
P
Yo =Ly 2<0.
w
Using the transmission conditions (2.8¢)-(2.8d), we obtain:
20,0, +09x(92,—A L)Y, —9,.AY, , =0, onT, (2.14a)
20;,0, +9,(07,—A L)Y, +0%.AY,,=0, onT, (2.14b)

with A} =92, +8§y. Applying the derivative 9, to the equation (2.14a), 9, to the equation
(2.14b) and subtracting the first obtained equation from the second one, we get:

(0:A1)AY,,=0, onT, (2.15)
moreover, using that ‘I’; , satisfies the wave equation:
Y., Vs AY,,=0,2<0,
and that u; and w™ satisfy, at t =0, u; =i, =w~ =w~ =0, we obtain:
‘I’; ,=0,z<0,
and from we deduce the transmission condition equivalent to (2.8c) and(2.8d):
2020, +(02,—A,)¥; =0, onT. (2.16)



Finally, we obtain the Green problem equivalent to (2.4,2.5/2.6):

pr =V Apt =6,8,6. 10, z>0,
&~V 2AD; =0, ie{Pf,Ps,S}, z<0, (2.17)
B(p", ®pp, ®p, Pg) =0, z=0,

where we have set ®; =Y | in order to have similar notations for the Pf, Ps and S waves.
The operator B represents the transmission conditions on I':

1 oy 1.
Taz (7)11“‘7)21)83& (73124’7)22)83& (*{— )a%tAl PJ“
N Y Pw
P e . _
sl @ || 1 m- (B 7’}12+7’21)a%t m— (B 733§+P22)3%t 0 Ppy
cDIjs VPf VPs o
s 0 2P0, 2P0, 2 A, Ps
@5
i 1 842 843 —Zy_aZAL i B -

where Pjj, i,j = 1,2 are the components of the change-of-coordinates matrix P, B4, and
Ba3 are given by:

A +m B Pu4m B P _
5’42:( )P P 2%+ 2 PndZ,

_2
Vis
A +m= B ) Pro+m B~ P _
Byy—_ P ;_;2 P P22 4oy Piak.
Ps

To obtain this operator we have used the transmission conditions (2.8a,2.8b,2.16,2.8e), the
change of variables and the uncoupled system (2.13).

Moreover, we can determine the solid displacement u; by using the change of variables
(2.9) and the fluid displacement ™ by using (2.4b).
3 Expression of the analytical solution

Since the problem is invariant by a rotation around the z-axis, we will only consider the
case y =0 and x >0, so that the y-component of all the displacements are zero. The



solution for y #0 or x <0 is deduced from the solution for y =0 by the relations

p('x’y’zlt):p(\/ x2+y2rolzzt)l (31)
x
usx(x,y,2,t) = 7f+y2 usx(\/ﬁyz,O,Z,t), (3.2)

usy(x,y,2,t) = \/x2y+7y2usx0 [x2+12,0,z,1), (3.3)

Usz(x,y,2,t) =us; (/ x2+y2,0,z,1). (3.4)

To state our results, we need the following notations and definitions:

1. Definition of the complex square root. For g, € C\IR™, we use the following defi-

nition of the square root g(q,) =qL/%:

g(qx)*=qx and Re[g(qx)]>0.

The branch cut of g(gx) in the complex plane will thus be the half-line defined by
{gx €IR™} (see Fig.2). In the following, we'll use the abuse of notation g(gx) =

iy/—gx for g, €IR".

Sm(g A

) R
—ﬂ\ J Re(q)

Figure 2: Definition of the function x+ (x)/2

2. Definition of the fictitious velocities For a given g € IR, we define the fictitious
velocities V' (q) and V" (q) for i€ {Pf,Ps,S} by

1 1
VE=VHg) =V [ ————and V=V () =V [ ————.
@) v T =Y 14V, 2
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These fictitious velocities will be helpful to turn the 3D-problem into the sum of
2D-problems indexed by the variable 4. Note that V*(0) and V;(0) correspond to
the real velocities V" and V.

. Definition of the functions «* and «; . For i€ {Pf,Ps,S} and (qx,9,) € C XIR, we

define the functions

1 2 2 1z 1 2 i
Ti=x" (g qy) = +q3+ > = + -
K=" (gugy) <V+2 g +ay Vg "

. 1/2 ) 1/2
K = (Gudy) = <_z+fl§+¢7§> = <_z+lﬁ> :
|4 Vi (ay)

and

. Definition of the reflection and transmission coefficients. For a given (q.,q,) €

C xIR, we denote by R(qx,qy), Tpf(q9x,9y), Tps(4x,qy) and Ts(qx,qy) the solution of
the linear system

_ _ ro .+ b
R (G2, K (9x4y)
o+
%f(ﬂlxﬂy) 1 1
A(gx,qy) - ) (3.5)
%s(ﬂx%’y) 2K+ (Qquy)V_‘—z 0
L Ts(qx.9y) | I 1 |

where the matrix A(qy,qy) is defined by:

A(qx/”ly):
o ) ) = _
—(Ziqy) (Pr1+Po1)rpr(4x,qy)  (Pr2+Pa)rps(4x,qy) (1—!){> (73+4y)
1 m,z (B~ Pu+Pn) % (B~ P12+Pn) 0 ’
Pf VPs 5
0 2P11xp s (92.0y) 2P12Kpy (Gx,4y) K5 (qxy) + a3 +a;
I 1 Aa2(9x,9y) Ay3(9x,9y) 2p (g3 +43)%s (9x.9y) |
with
(/\_+m_ﬁ_2) P11 +m‘5‘7321 5
A (qx,qy) = o2 +2p Kps (G2,Gy) P11,

pf
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()\_ +m_ﬁ_2> Pro+m~ B~ Py

_2
VPs

_ _2
Ay3(qx,9y) = +24" Kkpy (qx,qy) Pro-

We also denote by Viax the greatest velocity in the two media: Vinax :max(VJr,VP_f, Vo Vs ).

We can now present the expression of the solution to the Green Problem :

Theorem 3.1. The pressure and the displacement in the top medium are given by

+

pt(x,0,z,t) = pﬂlc(x,z,t) + drtef (x,z,t) and u™ (x,0,z,t) :u;}lc(x,z,r)dr%—u;ref(x,y,r)dr,

and the displacement in the bottom medium is given by

u; (x,0,z,t)= u;f(x,z,t) +up,(x,z,t) +ug (x,2,t)
where

e p” and u. _ are respectively the pressure and the displacement of the incident
inc inc
wave and satisfy:

S(t—to)
+ R
Pinc(at) = 4vV+3
_ xtH(t—to)
tinea V)=
(2= R)tH(t— 1)
ine: (121 = AmTV+2spt

where ¢ and H respectively denote the usual Dirac and Heaviside distributions.
Moreover we set r = (x2+(z—h)?)1/2 and to=r/V+ denotes the time arrival of the
incident wave at point (x,0,z).

) C;“e ¢ and u;fe ¢ are respectively the primitive of the pressure with respect to the time
and the displacement of the reflected wave and satisfy :

. (0 Sm [k (0(6,0) R(v(t,0)) |
(xzt) = - : g,
ref
0 2 4 +q5(t)
. () Sm|iv(t.q)x* (v(t9))R(v(E)|
urefx(x’z’t) - _/ - a4,
’ ’ et a5(t)
. () S| (0(6.0) R (v(t9))]
urefz(x’z’t) - _/ _ .
’ ‘ 2oty /a2 +a5(t)



V+

1fth <t<ty and >
r

Vmax
e 0S8 [w(v(t,q»mv(nq )
Cref( = /qo(t) 2r\ /2 —g3(t) i
Re |k (y(t,q))R(v(t,
I (1 Re i (1(£,0)) R ((£,q) ]dq/
0 ry/a5(t) — 4
Wt iv(t,g)x(v(t,q))R(v
o ) = - /m [ o CeREED)]
’ (1) 2oty /a2 —q5(t)
Re|i Kkt L0))R
N /<> (bt (1(80)) R (v(tq >>]dq,
: o\ (E)
1(t %m R ’
o) = - /»7() [ (0(t,0) R(v(tq )]dq
e wl ety g2 g3 (1)
() Re |2 (y(D)R(7(1)) ]
+ / dq,
’ 2oty /a5 (t) — g
lft()<t<th and 1’>‘;1/n:><
( %0(1) %e_KWv(t/q))R(v(t'q )]
;ref(x’z’t) - /0 q%(t) 2 a4,
(o) Re w( e (v (L) R(1 (1))
u;“ef,x(x,z,t) - /0 7T27’p+\/m .

/qom Re it (1 (1) R¥(1))]
‘ ety /a5 (t) —q

ut . (x,zt) =

refy dq,

]

\

+

. x V ) x VT
1fth2<tand;> oriftg<tand — < and

max max

Cref(x,y,t)=0and u . (x,y,t) =0 else .

We set here r = (x2+(z+h)?)/2 and ty =r/V™* denotes the arrival time of the re-
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flected body wave at point (x,0,z),

= (z+h) |x| (3.6)
max max

denotes the arrival time of the reflected head-wave at point (x,0,z) and

,/ V+2 (3.7)

denotes the time after which there is no longer head wave at point (x,0,z), (contrary
to the 2D case, this time does not coincide with the arrival time of the body wave).
We also define the functions 7, v, qo and q; by

,x z—|—h 1
telR|t >ty xIR—C: t
v:{teR|t>1o} =7(tqy) = VT
[ z+h 1 2 x
v.{tEIR\thl<t<th2}><IRr—>C.—v(t,qy)_—1( P V+2(qy)—ﬂ+r2t>,
t2 1
qo.lR—>]R._qo(t)_ 7_W

and

2
1 1 1 1

max max

Remark 3.1. For the practical computation of the pressure, we won't have to explic-
itly compute the derivative of the function §1erf (which would be rather tedious),
since

ref wf = Gl ref wf = gref f

Therefore, we’ll only have to compute the derivative of the source function f.
o u;f(x,z,t) is the displacement of the transmitted Pf wave and satisfies:

[ e vl T ot 5 ) s,

Upy (%,2,t) =

o 2t) = 2 [ e 00D oot S )|
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if tp, <t<tgand |Im[y(ty,0)]| > Vl ,
) Py T d
i) = = 2 [ e i) Topl ) S|
P e vt Tortota) S )
— —F e|1vlt, U\, —\I, P
R I e T B
) P o) [ d
wpgaat) = 2 [ Re g () T () G )| d
7)11 Q1(t) [ _ av
v T[N e g (vl Tag o) 5 ()] i,

if fp<t< ty, and |Sm [’y(tQ,O)] ’ >

7
Vmax

_ P qo(t) . oy
g zt) == T2 [ e i) Ty e) S ) |
) Py (o0 [ ?
gty = 23 [ e 00 Ty ) 5 ) |
. 1 . 1
if tp, <t and |Sm[y(ty,0)]| > Vot if to <tand |Sm[y(to,0)]| < v

and u;f(x,z,t) =0 else.

to denotes here the arrival time of the Pf body wave at point (x,0,z) (we recall in
appendix the computation of ty),

11 11 x|
e = hy|—s— 2z -t 3.8
" \/V+2 Vr%ax J Vl;fz Vr%lax Vinax ( )

denotes the arrival time of the Pf head wave at point (x,0,z),

P2 —hz (242 )+
- 1 @
by = h_z

1 C2

(3.9)

denotes the time after which there is no longer head wave at point (x,0,z), where

c —1 —1 and ¢ —1 —1
V+2 Vr%ax Vlg )i Vr%ax
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The function go:[to; +oc0]—IR™ is the reciprocal function of fo:IR " +—:[to, +co0], where
to(q) is the arrival time at point (x,0,z) of the fictitious Pf body wave, propagating
at a velocity V' (g) in the top layer and at velocity V, f(q) in the bottom layer (we

recall in appendix the computation of £y(g)).

The function g1 : [t1;to] — IR T is defined by

g () 1 fiz 1 1 L 1 1 1
1= | = — T = - - :
X2 VP_fZ Vr%ax V+2 Vr%max Vr%ax

The function 7: {(t,q) € IRT xIR" |t > Fy(g) } — C is implicitly defined as the only
root of the function

1 1
F(y,qt)=—=2 42 +h ( —l—’yz) +iyx—t
V2 (9) V+3(q)

whose real part is positive.
The function v: E;UE; — C is implicitly defined as the only root of the function

1/2 12
1 , 1 , .
F(uqt)=—z >—+v +h > U +ivx—t
Vo, () V*i(q)

such that Sm[o;v(t,q9)] <0, with

E1={(t,q) eIR* xIR" |t;, <t <tpand 0<g<qo(t)}

and
Ey={(t,q) eIR* xIR" |ty <t <ty, and qo(t) <qg<q1(t)}.

up,(x,z,t) is the displacement of the transmitted Ps wave and satisfies:

_ P () T dv
tponlet) == [ e fio(e) ool G (1) i,

_ Py [0 _ dv
(2 =22 [ e, (00, 0) Tl 5 (),

1
if ty, <t<toand [Im[y(to,0)]| > 37—

max
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tpozt) = = 22 "Rt Top ) S ) |
= 22 " e (e Tttt G 1)
wront) = 2 [ :xpswu,q)ms(v(t,q))‘i,j(w)} dq
\ + % %(())ER e san(o010) T (o(t0) g ()| d

if to <t <ty, and |Im[y(to,0)]| >

VmaX’
_ Pra [0 T, d
(2 =22 [ e i 1) o) ) |
_ P [90(t) B d
Up(vzt)=—7 | Re [Kps(v(t,q))%s(v(t,q))dZ(t,q)] dg,

1 1
if tp, <t and |Sm[y(ty,0)]| > orif tg<tand |Sm|[y(t,0)]] <
Vmax Vmax
and u,,(x,z,t) =0 else. ty denotes here the arrival time of the Ps body wave at point

(x,0,2),
/ / IX\
3.10
Vr%ax Vr%ax max ( )

denotes the arrival time of the Ps head wave at point (x,0,z) and

h2+z2—hz(g+%)+x2
th, = T (3.11)

€1 2

denotes the time after which there is no longer head wave at point (x,0,z), where

=\ / V2 and c; = VZ
max Ps max

The function go: [fo; +00]—IR ™ is the reciprocal function of fy:IR " +:[to,+00], where
to(q) is the arrival time at point (x,0,z) of the fictitious Ps body wave, propagating
at a velocity V' (g) in the top layer and at velocity V;.(g) in the bottom layer.
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The function g1 : [t1;to] — IR T is defined by

ql (t - ‘xz <t + V max v Vr%ax ) max ‘

The function 7: {(t,q) € IR* xIR" |t >fy(g) } — C is implicitly defined as the only
root of the function

1 1/2 1 1/2
F(v.qt)=—z ( +72) +h ( +72> Fiyx—t
Vi (@) v+ (g)

whose real part is positive.
The function v: E;UE; — C is implicitly defined as the only root of the function

. 1/2 . 1/2
f(v,q,t):—z< 5 —1—02) —|—h< 5 +vz> +ivx—t
V. (9) V*+(q)

such that Sm[d;v(t,q)] <0, with
Er={(t,q) eIR* xIR" |t;, <t <tpand 0<g<qo(t)}

and
Ey={(t,q) eIR" xIR" |ty <t <ty, and qo(t) <qg<qi1(t)}.

o ug (x,z,t) is the displacement of the transmitted S wave and satisfies:

1(t)
o [ e ot (o) TaColoa) G )| an,

ugfx(xfzft): 2 0

oozt = 2 [ e[ 6a) ) w0 B )] i,

1
if ty, <t<toand [Sm[y(to,0)]| > 3 —,
max

o) T
unazt) = = o [M e s ()Tl e s
[ e v (o) Te(wl0) G ) | d

waa) = o [U R P AT ) g

e (02(00) + ) Ts0(0) 5 )|,
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if to <t <ty, and |Sm[y(to,0)]| >

max

usazt) == [ e [ir(ta)ns o0 ot 5L ) g

1 /9(t)

s ezt =g [ Re | (P L)+ AT ) G ()| dn,

and

1 1
if tp, <t and |Sm[y(ty,0)]| > orif tg<tand |Sm|[y(t,0)]] <
Vmax Vmax
up,(x,z,t) =0 else. ty denotes here the arrival time of the S body wave at point

(x,0,z) (we recall in appendix the computation of #y),

/ / IX|
(3.12)
Vr%ax V]’%\ax max

denotes the arrival time of the S head-wave at pomt x,0, z and

h? 22 hz( —|—C2)—|—x2

tyy, = — (3.13)

1 2

denotes the time after which there is no longer head wave at point (x,0,z), where

= / and ¢p = \ /
Vr%ax Vr%ax

The function go: [to; +o0]—IR™" is the reciprocal function of fy: IR +:[ty,+o0], where

to(q) is the arrival time at point (x,0,z) of the fictitious S body wave, propagating

at a velocity V*(gq) in the top layer and at velocity Vs (g) in the bottom layer (we
recall in appendix the computation of £y(g)).

The function g1 : [t1;t9] — IR" is defined by

1 (t = t+z .
1 ( V Vr%mx \/ Vr%mx > max

The function 7: {(t,q) € IR" xIR* [t > fy(g) } — C is implicitly defined as the only
root of the function

. 1/2 . 1/2
f('y,q,t):—z< —|—72> —i—h( + ) +iyx—t
Vs2(q) V+3(q)
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whose real part is positive.
The function v: E; UE; — C is implicitly defined as the only root of the function

1 1/2 1 1/2
J—“(u,g,t):—z( 5 +u2> +h< 5 +u2> +ivx—t
Vs (q) V(q)

such that Sm[o;v(t,q)] <0, with

Ei={(tq) eIR" xIR" |t),, <t <tpand 0<g<qo(t)}

and
Ey={(t,q) eIR" xIR" |ty <t <ty, and qo(t) <qg<q1(t)}.

4 Proof of the theorem

To prove the theorem, we use the Cagniard-de Hoop method (see [1, 2, 13-15]), which
consists of three steps:

1. We apply a Laplace transform in time,

o0
ﬁ(x,y,z,s):/ u(x,y,z,t)e *dt,
0

and a Fourier transform in the x and y variables,
—+o0 “+o00 .
i (ky,ky,z,8) :/ / i(x,y,s)e ) dydy

to (2.17) in order to obtain an ordinary differential system whose solution g (kx,ky,z,s)
can be explicitly computed (§/4.1);

2. we apply an inverse Fourier transform in the x and y variables to G (we recall that
we only need the solution at y =0:

5 1 too e —ikyx
g(x,O,z,s):R/_m /_oo G (ky,ky,z,5)e " dkydk,.

And, using tools of complex analysis, we turn the inverse Fourier transform in the
x variable into the Laplace transform of some function H(x,ky,z,t) (§4.2):

_ +o0 +o0
g(x,O,z,s):ﬁ [ OO /O H(x kg2, t)e dtdk,; (4.1)



20

3. the last step of the method consists in inverting the order of integration in (4.1) to

obtain

5 1 e/ ptal®) i
G(x025)= 1 5 /O < [ h H(x,ky,z,t)dky>e dt.

Then, using the injectivity of the Laplace transform, we identify G(x,0,z,t) to

L /ﬂ(t)H( k2 b)dk
x/ /Z/
4m? Jq) ! g

(see § 4.3).

4.1 The solution in the Laplace-Fourier plane

Let us first apply a Laplace transform in time and a Fourier transform in the x and y

variables to (2.17) to obtain

2 25+
5 2 2\t 0P 6(z—h)
(V+2+kx+ky>p o2~y y>0,

52 2 12 &— anBZf .
—5 itk | D — 5 =0,i€{Pf,Ps,S} y<0,

B(p*,&ps 0pp &5 ) =0 y=0,

where B is the Laplace-Fourier transform of the operator B.

(4.2)

From the two first equations of (4.2), we deduce that the solution (pT,(d; ) Pf,Ps,S})

is such that
At st At
P _pinc+pref’

]5+ _ 1 e*S\Z*h‘K*(%f%),ﬁ:—ef:R(kx’kyls)efsz;ﬁ(%'%y),

& =Ti<kx,ky,s)e‘s<z“f <k?xk?”>>, i€ {Pf,Ps,S},

where the coefficients R and T; are computed by using the last equation of (4.2):
dp, &5 ) =—B(p; 0,0,0),

B(Pop Pps

or, from(/4.3):

,shKJr(Lx,kl)
N R e s’s
B [R(kx,ky,S),Tpf(kx,ky,s),Tps(kx,ky,s),TS (kx,ky,s)] = —B (kk>,0,0,0) .
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After some calculations that we don’t detail here, we obtain that R(ky,ky,s), Tps(kx,ky,s),

Tps(kx,ky,s), and Ts(ky,ky,s)) are solution to

R(ky,ky,s)

A(kx ky> SZTpf(kx,ky,S)
2 Tps (ky,ky,s)

I 3T (kx,ky,s)

1 L (44

From the definition of the reflection and transmission coefficients we deduce that

i R(ky,ky,s)
% Tpf(kx,ky,s)

$2Tps (ky,ky,s)

$3Ts (ky ky,s)

Finally, we obtain:

e=shet () (4.5)
k ky —S(Z+h)K+(kTX kTy)
S 7
(4.6)
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and T
(47 = Yinc +uref’
ks et (5 %)
ui+nc,x - pFs2 pi+nc’ uiJrnc,zZSIgn(h_Z)TpiJrnc’
ks x (k /ksy)
ﬁ;ref,x =i pts? ﬁ;ref’ ﬁ;ref,z - ﬁ (4.7)

:—lk Pllq)pf—lk Plzcbps isk KS (ksx>

- ky ky ky ky B
usz—SKPf< >7711<I>Pf+51cp5< S >7312<I>Ps+(k +k2)®

\

In the following we only detail the computation of 7 —ik P12 CTDES, since the compu-

tation of the other terms is very similar.

sX, Ps —

4.2 The Laplace transform of the solution

We apply an inverse Fourier transform in the x and y variable to iI__
and k, =qys to obtain (we recall that we consider y=0)

sx,Ps and we set ky =5

+oo  pioc0 - i
e (2025) = = [ [ W” Tos(Gagy)e (0l o) +i03) gg g

sx,Ps
'P +oo +oo'_‘
= i/ [ Eeadads,

with
E(qxsy) =1qx Tos (g, Gy e > (e @0 £ (@unn)) Higex)

Let us now focus on the integral over g, for a fixed g,

400 400 B )
[ E(qx,qy)dgx = / iqxq}s(qx,qy)E*S(*ZKps(qxlquhﬁ(qmqy))ﬂqxx)dqx (4.8)

This integral is very similar to the one we have obtained in 2D [7], therefore, using the
same method, we have:

1
o if to)| < ——
|’Y(qy 0)’ Vmax(ﬂy)

o o A
[ maua)dn=2 [ " Re(ivlay 0 To (w100 ) TG e tat
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1

o if |y (qy.Fo(qy))| > Vimax(9y)

+oo fo(qy) ] av( ,t) B
/ E(gxay)dex = 2 / ?Re<w(qy,t)7ps(qy,v(qy,t)) gy >e tdt
- En(qy) t

+o00

. 9y (gy,t s
=2 e (19000 ol 10 T )t
fo(qy) t

where Vnmay is greatest fictitious velocity defined by:

1
Vinax := Vmax =Vimax(| ——=
@) \ 15 Vinar22

fo is the fictitious arrival time of the Ps body wave we have defined in the theorem, #;(gy)
the fictitious arrival time of the Ps head wave defined by

SETRERY S Sy i s
v+ (Q) Vmax(q) VI;S (E]) Vmax(q) Vmax(‘])

Let us recall [16] that the condition |y (qy,0(qy))| is equivalent to

> -
VmaX(‘Jy)

1
|7(0,t0)| > v and |qy| < gmax,

max

with

72 1

Jmax = - Vo2
max
h o z
1 1 1 1
v+2  Vmax? Vpe 2 Vmax?2
s

Moreover, f}, is bijective from [0; gmax] to [to; f;,(dmax)] and we denote its inverse by g;:

2
1 1 1 1 1 1
W= | = | t+z, [ —————h - —
! ( Vol Ve NV Vi) Via

Let us also recall that for q, =qmax, the arrival times of the fictitious head and body waves
are the same: fj,(gmax) = fo(gmax)- As an illustration, we represent the functions fy (the
dotted line) and #;, (the solid line) in Fig. 3.

We then deduce that
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Y

Jmax

Figure 3: Functions fj (dotted line) and #;, (solid line)

o if [7(0,t0)| < -

T (s 9 (qy.t)\ -
E XYy d Xd 1y :2/ / % < It T 7 /t Y ) Stdtd ;
/]R2 (9x00) 8380y =2 frp fo oy TN Ty 7 (90,0)) =57 o dtdg

o if [7(0,t0)| > -

_ +max  Fo(qy) . av(qy,t)\ _
JeZanodnda, = 2" [ e (i0(q, 00 Tou g 00,00 0 Y ey,
th(Qy)

—fmax

oo . 0 (qy,t)\ _
2/ / %( ) Tps(qy,7(q,t J ) stdtdag,.
+ R Jh () e 1’7(% )Ip (’7y 'Y(% ) ot e dy

4.3 Inversion of the integrals

The key point of the method is the inversion of the integral with respect to g, with the
integral with respect to t. For the body wave we have (see Figs.|4 and 5), after having



25

remark that the integrand is even with respect to g,

oo +oo . a’)/(q ’t) —S
/ / e (w(qy,t)%s(qw(w/t)) ay >e ‘dtdg,
J—oo JEy(qy) t

+oo  rqo(t) : oY(qyt)\ .
- Z/t 0 Jee <1’Y(qyft>TPS<‘7yf’Y<4y,t)) aqty ) e *'dq,dt;
0

and for the head wave (see Figs.|6/and[7):

+max t(J "]1/ aU( ,t) B
/ /t Jte <1v Qy.t)Tps(qy,v(qy.t)) ;’ty )e ' dtdg,

Jmax

to pan(t av(q ,t) s
/t / (w 9y:t) Tos (3, 0(qy,t)) — )e Ydadt
hy
(

tny  ran(t w(qy,t)\
b2 [ [ e (10l Tl 0l0,0) ) ) i,

Al T Al
to . fo qo(t)
fo(qy)
> >
Figure 4: Integration first over g, then ove?yt for Figure 5: Integration first over t then over[% for
the body wave the body wave
We thus have:

+o0
ﬁ;c,Ps(xlOIZIS) :/0 usixlps(xlozz,t)eistdt

and we conclude by using the injectivity of the Laplace transform.

5 Numerical illustration

To illustrate our results, we have computed the green function and the analytical solution
to the following problem: we consider an acoustic layer with a density p™ =1020kg/m?
and a celerity V" =1500m/s on top of a poroelastic layer whose characteristic coefficients
are:
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th, tn(qy)
>
) . . Jmax q
Figure 6: Integration first over gy, then over /
for the head wave for the head wave

e the solid density p; =2500kg/m?;

o the fluid density p =1020kg/ m3;

o the porosity ¢~ =0.4;

e the tortuosity a— =2;

e the solid bulk modulus K; =16.0554 GPa;

e the fluid bulk modulus KJZ =2.295GPa;

e the frame bulk modulus K,/ =10GPa;
o the frame shear modulus y~ =9.63342 GPa;
so that the celerity of the waves in the poroelastic medium are:
e for the fast P wave, VP_f =3677m/s
e for the slow P wave, V,.=1060m/s
e for the i wave, Vg =2378m/s.

The source is located in the acoustic layer, at 500m from the interface. It is a point source
in space and a fifth derivative of a Gaussian of dominant frequency fo=15Hz:
T
flt)y=2—

2 1\2 4 1\4] -2 (1)
S [3+12% (t—> +47 <t—) ;alh)
fo fo fo fo fo
We compute the solution at two receivers, the first one is in the acoustic layer, at 533 m
from the interface; the first one is in the poroelastic layer, at 533 m from the interface; both

2




27

are located on a vertical line at 400m from the source (see Fig.[8). To compute the inte-
grals over g and the convolution with the source function, we used a classical mid-point
quadrature formula.

We represent the z component of the green function associated to the displacement from
t=0to t=1.2s on Fig9and the displacement in Fig.[10l The left picture represents the
solution at receiver 1 while the right picture represents the solution at receiver 2. As all
the types of waves are computed independently, it is easy to distinguish all of them, as it
is indicated in the figures. solution.

Receiver 1
Source 1
400m
Ot 533
500m m
O~ 533m
Rece‘i'ver 2

Figure 8: Configuration of the experiment

-17 -18

4 Reflected
"l AN

Incident

N

0 0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1 1.2
t t

Figure 9: The z component of the green function associated to the displacement at receiver 1 (left picture) and
2 (right picture).
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of | lieﬂec’;ed | | 1 2 | p K | |

il ] o Ps

] \A | J N
— "
(N I —

- Incident

L L L L L L L L L L
0 0.2 0.4 0.6 0.8 1 12 0 0.2 0.4 0.6 0.8 1 12
t t

Figure 10: The z component of the displacement at receiver 1 (left picture) and 2 (right picture).

6 Conclusion

In this paper we have provided the complete solution (reflected and transmitted wave)
of the propagation of wave in a stratified 3D medium composed of an acoustic and a
poroelastic layer. In a forthcoming paper we will extend the method to the propagation
of waves in bilayered poroelastic medium in three dimensions.
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A Definition of the fictitious and real arrival times of the body
waves.

We detail in this section the computation of the fictitious and real arrival times of the
transmitted Ps wave at point (x,0,z). For a given qy €IR, we first determine fastest path
of the wave from the source to the point (x,0,z), travelling at a velocity V*(g,) in the
upper layer and at a velocity V, (qy) in the bottom layer: we search a point ¢y on the
interface between the two media which minimizes the function

RV VA C ot Y
V*(qy) Vp(qy)

(see Fig.[11). This leads us to find ¢ such that

‘:0 go_x
T =0.
V+(‘7y)\/§%+7 Vljs(%) (x—&p)%+22

£(¢)

t'(8o) = (A1)
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From a numerical point of view, the solution of this equation is done by computing the
roots of the following fourth degree polynomial

( 21 — 21 ) X442« ( 21 — 21 ) x3
V&) Vi (gy) Vi (gy) VT (4y)

2,2 21,2 2 212

< x+;|—z B x_;i—h >X2—|— _xzh Xt iczh ,

V+(qy) Vo, (ay) Vi, (qy) Vs (4y)

Co is thus the only real root of this polynomial located between 0 and x which is also
solution of (A.1). Once ¢y is computed, we can define

\/ C2+h2 _
i €0+ + (x 60)2_’_22 and i'o:fo(O).

foldy)= V*(ay) Vs (4ay)

Let us remark that

Property A.1. Since the fictitious velocities are smaller than the real one, the fictitious
arrival times are greater than the real one. Moreover, since the fictitious velocities are
even functions decreasing on IR", fy is an even function, increasing on IR,

Corollaire A.1. The function fj is bijective from IR to IR".

Source )
(0,0,h) Medium 1

V¥ (qy
(¢,0,0)

Vi (qy)
Medium 2

(x,0,z)

Figure 11: Path of the transmitted i wave
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