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Abstract: Interacting particle methods are increasingly used to sample from complex high-dimensional
distributions. They have found a wide range of applications in applied probability, Bayesian statistics
and information engineering. Understanding rigorously these new Monte Carlo simulation tools leads
to fascinating mathematics related to Feynman-Kac path integral theory and their interacting par-
ticle interpretations. In these lecture notes, we provide a pedagogical introduction to the stochastic
modeling and the theoretical analysis of these particle algorithms. We also illustrate these meth-
ods through several applications including random walk confinements, particle absorption models,
nonlinear filtering, stochastic optimization, combinatorial counting and directed polymer models.
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Méthodes particulaires : Une introduction avec applications

Résumé : Les méthodes particulaires en interaction sont de plus en plus utilisées pour simuler
des mesures de probabilités complexes dans des espaces de grandes dimensions. Leurs domaines
d’applications sont diverses et variés en probabilités appliquées, en statistique bayesienne et dans
les sciences de l'ingénieur. L’analyse rigoureuse de ces nouvelles techniques de simulation de type
Monte Carlo conduit & des techniques mathématiques fascinantes liées a la théorie des intégrales de
Feynman et leurs interprétations particulaires.

Nous présentons dans ces notes une introduction pédagogique a la modélisation stochastique et
I’analyse théorique de ces algorithmes particulaires. Nous illustrons aussi ces modeles avec différentes
applications, telles le confinement de marches aléatoires, des modeles d’évolutions de particules
dans des milieux absorbants, des modeles de filtrage non linéaire, des probléemes d’optimisation
stochastique, des questions de comptage combinatoire et des modeles de polymeres dirigés.

Mots-clés : Algorithmes génétiques, filtres particulaires, modeles de champ moyen, formules de
Feynman-Kac, mesures de Boltzmann-Gibbs, chaines de Markov non linéaires, processus en interac-
tion, modeles d’arbres généalogiques, recuit simulé, théorémes limites. measures, nonlinear Markov.
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Introduction

Interacting particle methods are a class of Monte Carlo methods to sample from complex high-
dimensional probability distributions and to estimate their normalizing constants. This class of
algorithms approximate the target probability distributions by a large cloud of random samples
termed particles. Practically, the particles evolve randomly around the space independently and
to each particle is associated a positive potential function. Periodically we duplicate particles with
high potentials at the expense of particles with low potentials which die. This intuitive genetic
mutation-selection type mechanism has appeared in numerous applications ranging from nonlinear
filtering [3), [8, [I8] 16, 17, 23], 28], 20], Bayesian statistics [7}, [0 19} 29], combinatorial counting [II,
molecular and polymer simulation [24], rare events simulation [6, Bl 2I], quantum Monte Carlo
methods [2, 25 BI] and genetic algorithms [22] 26] among others.

From a mathematical point of view, these methods can be interpreted as stochastic numerical
approximations of Feynman-Kac measures. Feynman-Kac measures represent the distribution of the
paths of a reference Markov process, weighted by a collection of potential functions. These func-
tional models are natural mathematical extensions of the traditional change of probability measures,
commonly used in importance sampling. The particle interpretation consists in evolving a popula-
tion of particles mimicking natural evolution mechanisms. During the mutation stage, the particles
evolve independently of one another, according to the same probability transitions as the ones of the
reference Markov chain. During the selection stage, each particle evaluates the potential value of its
location. The ones with small relative values are killed, while the ones with high relative values are
multiplied. The corresponding genealogical tree occupation measure converges, as the population
size tends to infinity, to the complete Feynman-Kac distribution on path space.

The two authors and their collaborators started working on the design and the mathematical
analysis of these algorithms in the mid 90’s (see for instance [8| [16], and references therein). Over the
past few years, the popularity of these computationally intensive methods has dramatically increased
thanks to the availability of cheap powerful computers. In particular in signal processing and machine
learning, these algorithms are now widely used to solve nonlinear filtering problems. In this context,
they are known as particle filters. The mathematical analysis of these algorithms offers a rigorous
and unifying framework to analyze the convergence of numerous heuristic-like algorithms currently
used in physics, statistics and engineering. It applies to any problem which can be translated in
terms of functional Feynman-Kac type measures.

In this set of lecture notes, we provide a pedagogical introduction to the stochastic modeling
and the theoretical analysis of these interacting particle algorithms. In a first section, section [1} we
present several application areas and provide a detailed description of the corresponding interacting
particle algorithms. Section [2| provides a brief treatise on Feynman-Kac modeling techniques. The
last section, section@ gives an overview of some convergence results, including variance and L,-mean
error estimates, fluctuations and concentration properties. We have tried to give a brief ”exposé”
of the modern mathematical theory that is useful for the analysis of the asymptotic behavior of
Feynman-Kac and particle models. To simplify the presentation and to clarify the main ideas behind
these stochastic models, we have chosen to restrict these lectures notes to finite or countable state
space models, avoiding any measure theory irrelevancies. In this simplified framework, we develop a
rigorous mathematical analysis only involving vector and matrix operations. We emphasize that all
of these particle models and the associated convergence results can be extended to general state-space
models, including path-space models and excursion spaces on measurable state spaces.

We undertook this project for two main reasons:

First, we felt that there was no accessible and pedagogical treatment on stochastic particle models
and their application areas. One objective in writing these lecture notes is to throw some new light
on some interesting links between physical, engineering, statistical and mathematical domains which
appear disconnected at first glance.

INRIA
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Second, the mathematical concepts and models are now at a point where they provide a very
natural and unifying mathematical basis for a large class of Monte Carlo algorithms. We hope that
this unifying point of view will help to develop fruitfully this field further.

1 Examples

The list of applications discussed here is by no means exhaustive and it just reflects the scientific
interests of the authors.

1.1 Random walks confined in a set

We consider a symmetric random walk X, on the integers Z starting at the origin Xy, = 0. More
formally, we take independent random variables U,, where P(U,, =1) = P(U, = —1) = 1/2 and
we set X, = Xo+ > 1<pcy Upr Wefix A= {—a+1,—-a+2,..,a—1}, with a € N. We want to
compute the conditional distributions

Law ((Xo,...,Xp) |[V0O<p<n, X, € A) (1.1)

as well as the quantities
Z, =PM0<p<n, X,€cA)

This problem can be solved by simulation using the following particle algorithm. We start with N
particles at the origin denoted by &) = 0, with i = 1,..., N. Each of them evolve &} ~ &i according
to one transition of the random walk; more formally, we sample N independent copies (Uf)1<;<n of
the random variables Uy, and we set £ = & + U{. We denote

1 , 1 .
() =5 D 1al@) = yCard{1<i<N : g ea}

1<i<N
the proportion of points & in the set A. We define from the sample population (fi)l jon @ Dew
population of N individuals (E}) cien as follows. For each i =1,..., N, we perform the following
1<i<

operation: If £ € A, we set E} = ¢ If ¢ ¢ A, we pick randomly an individual 5} among those 5{ in
the set A and we set E; = 5; In other words, individuals within A do not move, while the individuals
outside A are replaced by a randomly chosen individual among those in the set A. It may happen
that all individuals ¢! are outside of the set A. In this case, the algorithm stops and we set 7¥ =1
to report the time of this event. If the algorithm has not stopped, we have a new configuration

(E{) i of N individuals in the set A. We evolve E{ ~ &4 according to one transition of the
1<i<

random walk; that is we sample N independent copies (Uj)1<;<n of the random variables Us, we
set & = £ + UL and we define

m (1a) = NK;Nu(Q) = Card{1<i<N : gea}.

As before, we define from the sample population (Eé) a new population of N individuals

1<i<N

(%) : individuals within A do not move, while the individuals outside the desired set are
1<i<N ‘

replaced by a randomly chosen individual among those in the set A. If all individuals &4 fall are

outside of the set A, we set 7%V = 2. Iterating this stochastic process, for every time n (< 7V), we

define a sequence of genetic type populations

mutation

. selection = ~ ~
&= (6)1ciaw €2Y —— &= (&) __ €LY == G ez (12)

RR n° 6991
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This stochastic algorithm can be interpreted as a genetic type model with mutation transitions
given by the one of a symmetric random walk and an acceptance-rejection selection type transition
associated with the potential indicator type function 14. Several estimates can be extracted from
this interacting sampling algorithm.

First, we mention that the stopping time 77V tends to infinity as the size of the population N — oc.
More precisely, the probability that the algorithm stops at a given time n tends to zero exponentially
fast, as N tends to infinity. More interestingly, the product of the proportions of surviving particles

at each time step
zY¥ = ] »)aa
0<p<n

is asymptotically a consistent estimate of the quantity P, (A) and it is unbiased; that is we have
Jim zN =2, and E(Z2))=2, (1.3)

The convergence on the lL.h.s. is an almost sure asymptotic convergence. It can be made precise by
non asymptotic estimates including non asymptotic variance estimates and more refined exponential
type deviations. If we interpret the selection transition as a birth and death process, then the
important notion of the ancestral line of a current individual arises. More precisely, when a particle

i | — & evolves to a new location &, we can interpret § _, as the parent of ¢!. Looking

backwards in time and recalling that the particle E;‘H has selected a site §n71 in the configuration

at time (n — 1), we can interpret this site fi_l as the parent of Efl_l and therefore as the ancestor
§h—1.n at level (n — 1) of §}. Running back in time we can construct the whole ancestral line

)

of each current individual. The occupation measures of the corresponding N-genealogical tree model
converge as N — oo to the conditional distribution ([1.1)). In a sense to be given, for any function f
on the set Z"*!, we have the convergence, as N — oo,

Jim fogOn,g“,,...,gm) Liven =E(f(Xo,..., X,) |[YO<p<n, X,cA) (1.5)

This convergence result can be refined in various directions. For instance, we can prove that the
ancestral lines are “almost” independent with a common distribution given by the limiting conditional
distribution. This property is often called the propagation of chaos property in applied probability.
It refers to the fact that the initial population consists of independent and identically distributed
random variables and that this property “propagates” approximately despite the introduction of
interactions. Many other results can be derived including the fluctuations and the exponential
concentration of the occupation measures of the genealogical tree around the limiting conditional
distribution.

Besides the fact that the particle model approximate the (rare event) probabilities and the
conditional distributions in path spaces, it also contains some information about the top of the
spectrum of the matrix ) defined below

V(I7y) € {70‘7 —a+ 17 vy @ — 170’} Q(I7y) = G(’I) M(CC,y)
with

Glx) = 1a(x) and M(2,9) = 5 1ea(®) + 5 Lo (0)

Indeed, if we let A the top eigenvalue of () and we denote by h the corresponding eigenvector s.t.
> h(z) =1, then we have

lim lim — Z 1og17p 14) =log A

N—ocon—oon
0<p<n

INRIA
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In addition, the value h(z) coincides with the long time proportion of visits of the algorithm to the
state . In other words, h(x) can be interpreted as the limiting distribution of the individuals within
the set A; that is

im =S LY L@ s =h@) = m L@ L,
0<p<n 1<i<N ’ 1<i<N

The particle approximation model discussed above is far from unique. Many other interacting
sampling strategies can be introduced by a simple change of probability measure. For instance, we
can replace the mutation or the free evolution of the individuals in the previous algorithm by local
moves restricted to the desired set A. These mutation type transitions &,_1 ~~ &, can also be seen as
transitions of a simple random walk on Z reflected at the boundaries of the set A. By construction
all the individuals ¢! at any time horizon n and for any index i = 1,..., N are in the desired set A.

The corresponding selection transition &, ~~ En is now defined as follows: Each individual ¢! = x
on the boundary x € 0A = {—a+1, (a—1)} of the set A has a probability G(x) := 1/2 to stay in A,
while the other individuals & (which are in the set A) have a probability G(z) = 1 to stay in A. The
population &, is now defined as follows. For every index i, with a probability G (€1), we set 2;’,, =¢,
otherwise we replace ¢, be a new individual E; = ¢J randomly chosen in the whole population with
a probability proportional to G(&7). If we now write 7Y (G) = % > 1<,«y G(&)), all the previous
particle approximation results (corresponding to G(x) = 14(x)) we have presented remain valid for
this new particle algorithm.

1.2 Particle absorption models

The sampling techniques described in section [I.1] are far from being restricted to random walks mod-
els confined to a set. These strategies apply to a variety of application areas including computational
physics, nonlinear filtering, biology, as well as in rare event analysis. From the pure mathematical
point of view, they correspond to interacting particle approximation models of Feynman-Kac mea-
sures in path spaces.

To introduce these models, we recall that the conditional distributions discussed in can be
represented in terms of the distributions of the free path evolutions

P, (xo,...,x,) = Proba ((Xq,..., Xn) = (xo,..., %))
= 10(370) M1 (xo,xl) NN Mn (Jin_l, xn) (16)

of the simple random walk starting at the origin with elementary transitions given by the matrix
M,, == (M, (z,y))s yez with entries given by

Lo—1(y) + ! Leg1(y)

1
Afn(xay)zzzi 2

2

More formally, if we set
Qn(zg, ..., 2zy) :==Proba((Xo,...,Xn) = (0,...,2n) |VO<p<n, X,€A)

then we have

1
Qn(z0, .-+ 70) = z II Golap) p Pulzo,... 2n) (1.7)
0<p<n
with the indicator potential functions G, (z) = 14(z) and P, (xq, ..., z,) being the distribution of a

free path of length n of the symmetric random walk. In (|1.7)), Z,, is the normalizing constant given
by

Z,=P(V0<p<n, X,c A)=E| [[ G»(Xp)
0<p<n

RR n° 6991



8 Del Moral €& Doucet

These path integration type models are called Feynman-Kac measures in reference to Feynman
path integral formulation of quantum mechanics where the classical notion of a single deterministic
trajectory for a system is replaced by a sum over all possible trajectories weighted by the contributions
of all the histories in configuration space. The Feynman-Kac measures presented in can be
regarded as the distribution of the paths of a Markov particle evolving using the Markov transitions
M, in an environment with absorbing obstacles related to potential functions G,,, and starting with
some initial distribution Law(Xo) = 19 with o (z0) = 1o(z) in (1.6). To be more precise, we
consider an auxiliary coffin or cemetery state ¢ and we set E. = F U {c}. We define an E.-valued
Markov chain X¢ with two separate killing/exploration transitions:

killing ~ _ exploration

x¢ bl Xo (L8)

This killing/exploration mechanism are defined as follows:

o Killing: If X¢ = ¢, we set )?ﬁ = ¢. Otherwise the particle X¢ is still alive. In this case, with
a probability G, (X¢), it remains in the same site so that X¢ = X¢, and with a probability
— Gp(XE) it is killed and we set X& = c.

° Exploratlon Once a particle has been killed, it cannot being brought back to life so if X c=c

then we set XC = X, = c for any p > n. Otherwise, the particle Xc € E evolves to a new
location X, = in E randomly chosen according to the distribution M, (X, ).

In this physical interpretation, the measure Q, represent the conditional distributions of the
paths of a non absorbed Markov particle. To see this claim, we denote by 7' the time at which the
particle has been killed N

T=inf{n>0; X, =c}

By construction, we have

Proba(T >n —1)

=Proba(XS € E,..., X | € E)
:/( . no(dxo) Go(xo) Mi(xo,dxr) ... My_1(Tn—2,dxn—1)Grn_1(Tn-1)
E n

=E (nl_[ Gp(Xp)>
p=0

This also shows that the normalizing constants Z, represent respectively the probability for the
particle to be alive at time n — 1. In other words, we have that

Z, =Proba(T >n—1)

Similar arguments yield that is the distribution of a particle conditional upon being alive at time
n—1
Qn(zo,...,zn) =Proba ((X§,..., X)) = (xo,...,zp) | T >n—1)

The particle sampling technique of any distribution @Q,, associated with some Markov transition
M,, and some sequence of [0, 1]-valued potential function G,, on some (countable) state space E is
defined as before in terms of a genetic type algorithm with M,,-mutations and G,-selection type
transitions. More precisely, at every time step n, we sample the mutation-selection transitions as
follows: During the mutation step, every individual performs a local random move according to
the Markov transition M,. During the selection step, every individual evaluates its potential value
Gn(€)), with 1 <4 < N. For every index i, with a probability G, (£!), we set & = £! otherwise

INRIA
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we replace & be a fresh new individual 2; = &) random chosen in the whole population with a
probability proportional to G, (&2).
More precisely, for any time horizon n and any function f on the set E"*!, we have

N—o0

N

) 1

lim ﬁz; fOn,El oo &) Livsy, = Z f (o, ... xn) Qn(zo, ..., 2n) (1.9)
i—

Furthermore, the N-particle approximation of the normalizing constants Z,, are given by

1 .
N . N ,_ i
I I My (Gp) with YneN n)(G,) = N E Gr(&) (1.10)
0<p<n 1<i<N

For time homogeneous models (G, M,,) = (G, M) associated with a reversible matrix M w.r.t.
to some measure A on E, i.e. A(x) M (z,y) = A (y) M (y, ), the corresponding particle model also
contains information about the top of the spectrum of the matrix ¢ defined through

Y(z,y) € B Qx,y) := G(x) M(x,y)

More precisely, if we let A the top eigenvalue of @ in Ly(A) and we denote by h the corresponding
eigenvector s.t. »__ A(z)h(z) =1, then we have

]\}E}noonlirr;oﬁ Z lognp =log A
0<p<n
as well as
. 1 o~
grgoon Z D 1a(&) Lovsn = A@)h(@) = | lim = 3 L(&) Lovsn
O<p<n 1<i<N 1<i<N

For further details on this subject, we refer the reader to [8, [13] [I4] and references therein.

1.3 Nonlinear filtering problems

We discuss here the application of these particle model to filtering problems. Suppose that at every
time step the state of the Markov chain X, is partially observed according to the following schematic
picture

Xo — X1 — X2 —

! ! !
Yo Y Ys

with some random variables Y,, whose values only depend on the current state of the chain
Proba (Y, =y, | Xo =z,) = G(zn,yn)
We consider the following pair of events
Ap(z) ={(Xo,...,Xn) = (zg,...,2,)} and Bo-1(y) ={(Yo,..., Y1) = (Wo,---,Yn—-1)}

The filtering problem consists of computing the conditional distributions of the state variables
A, (z) given the observations B, (y). By construction, given A, (z), the random variables are inde-
pendent and identically distributed with a distribution given by

Proba (B,_1(y) |[An(z)) = H G(zp, yp)

0<p<n

RR n° 6991
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By direct application of Bayes’ rule we have the following formula

Proba (An (.T) N Bn—l (y)) = Proba (Bn—l (y) |An(z) ) x Proba (An (x))

= H G(xp,Yp) ¢ Pu(z0,-..,20) (1.11)
0<p<n
from which we conclude that
1
Proba (An(z) | Bn-1(y)) = Z.(y) H G(@p, yp) ¢ Pulo, ..., 2n)
n\Y) | ozp<n

with the normalizing constants

Zu(y) := Proba(B,-1(y) = Y [T G@pyp) p Palao,... )

T0,.-Tn | 0<p<n

These Feynman-Kac formulae express the conditional distributions of the path sequence (X, ..., X,)
as the distribution of the signal paths (Xo,...,X,) = (zo,...,2,) weighted by the product of the
likelihood functions G(zp,¥,) from the origin p = 0 up to time p = n. If we fix the observation
sequence Y, = y, and set G,(x,) := G(zn, yn), these measures have exactly the same form as the
one presented in . The corresponding particle approximations are often referred as particle
filters in signal processing and statistics (see for instance [16], and references therein). These particle
algorithms can also be used to approximate the log-likelihood functions using ; that is the
log-likelihood
Ly(y) :=log Z,(y)

is approximated using
LY (y) :==log ZN (y Z log np

0<p<n

1.4 Stochastic optimization algorithms

Suppose we want to compute the global minima of a given non negative cost function V' on some
finite state space F equipped with the counting measure A(x) := Car &) From the probabilistic
point of view, this problem amounts of sampling random states according to the Boltzmann-Gibbs

distributions associated with a large inverse temperature parameter 3 and given below

1
pug(x) = z, e V@ N(x) with Zjg:= Ze V@) \(x

There is no loss of generality to assume that inf, V(z) = 0 and for any state z € V; := V~1({0}),
V(z) > ¢ for some § > 0. It follows that we have

Card(Vp) < Z5 < Card(Vp) + Card(VE) e — 4100 Card(Vp)

and therefore
Jim p5(2) = jaoe(@) 1= Ly (2)/Card (V)
This simple observation shows that sampling according to p is roughly equivalent to that of sampling

randomly an unknown state variable with minimal cost. For very large state spaces, it is typically
impossible to sample from g directly.

INRIA
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The celebrated simulated annealing algorithm to sample from ., consists of sampling approxi-
mately from a sequence of distributions pg, where 3, is a non-decreasing sequence going to co. The
rationale is that it is “easier” to sample from pg when 3 is small; if 3 = 0 then pg is the uniform
counting measure on F from which it is trivial to sample. For 3,, > 0, we sample approximately from
each intermediate distribution pg, using Markov chain Monte Carlo (MCMC) sampling techniques;
that is we select a transition matrix Mg, = (Mg, (2,y)), ,cp With left eigenvector 115, associated
with the eigenvalue 1, that is

The probabilistic interpretation of the above equation is as follows: pick randomly a state x with
distribution pg, (z) and take a random transition x ~» y from the distribution Mg, (z,y), then the
probability of being at state y is again ug, (y). The literature on MCMC methods discusses numerous
choices of transitions Mpg, satisfying this property. The most famous is the Metropolis-Hastings
transition associated to a symmetric transition matrix K (z,y) = K(y,z) and defined by

Mg, (2,y)
= K(z,y) min (1)e—ﬂn,(V(y)—V(af))) + (1=, K(z,2) min (1’e—ﬂn(V(2)—V(9¢)))) 1.(y)

Using the fundamental ergodic theorem for regular Markov chains, starting from any initial state
2, the n-th step of a run of the Markov chain with transitions Mg, has a probability very close to
ug, (y) of being at the site y, for a large n. Practically, we select 1 and we run the chain starting
at Xog = xo for a large enough number of runs n; such that the law of the state X,,, is close to ug,

Mg, Mg, Mg,
Xo =129 — X1 — ... — X,,, with n; large enough s.t. Law(X,,,) =~ pug,

Notice that the choice of n; depends on B;: the larger 8; is, the “peakier” ug, is and the larger ng
is. When the chain is stabilized, we choose a $ > 1 and we run the chain starting at X,,, for a
new large enough number of time steps ny such that the law of the state X, n, is close to pg,

MBQ M/32 .
Xn, Moy 41 — .. — Xy 4n, with no large enough s.t. Law(Xy, 4n,) > (g,

The theoretical “optimal” inverse temperature parameter ensuring convergence in some sense of the
Markov chain to s is logarithmic. This amounts to say that we change by one unit the parameter
(B on every time interval with exponential length. This is unrealistic from a practical point of view.

We present now an alternative particle strategy for sampling random states according to the
sequence of measures (g, associated with a given non decreasing sequence of inverse temperature
parameters [3,. We suppose that Gy = 0 so that g, coincides with the uniform counting measure on

the set E. We start with N independent individuals &y := (58) 1<;< randomly chosen in E according

to pg,. We perform a selection transition &, ~» a) = (EZ)) using the potential functions Gg
1<i<N
defined by
Go(z) = exp (=(b1 — o)V (2))
In other words, every individual evaluates its potential value Ggo(&}). For every index i, with a
probability Go(&), we set & = &, otherwise we replace & be a new individual & = &) randomly
chosen in the whole population with a probability proportlonal to Go(fo) During the mutation
step &y ~ & = (€1),<;<n» every selected individual & performs a local random move & ~ i
(independently of one another) according to the Markov transition Mg, . Then, we perform another

selection transition &; ~~ 51 = (E{) i using the fitness functions G; defined below:
Gi(x) = exp (=(B2 — $1)V(2))
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After this selection stage we mutate each selected individual using the Markov transition Mpg,, and
so on. Iterating these transitions, we define a simple genetic model with mutations transitions Mg,
and selection fitness functions G,,:

selection = ~ mutation

€n = (SZ)ISiSN €EY —— &= ( 31)1<2<N €EY —— & eBY (112)

This algorithm was first proposed in [9]. A variety of convergence results can be established for this
algorithm. For instance, for any function f on E and any time horizon, we have

Jm 3D =% na @)

In addition, if we set 72 (Gp) = % Y1 <;«n Gn(&l), the unbiased N-particle approximation Zé\; of
the normalizing constants Zg, is given by

zh = T ' (Gp) — - 25,
0<p<n

1.5 Combinatorial counting and sampling

Suppose we want to compute the cardinality of a given subset A of some finite state space F
equipped with the counting measure A(z) := Car I Once again, from a probabilistic point of

view, this problem is equivalent to compute the normalizing constant of the following Boltzmann-
Gibbs distribution
pala) = Zi La(z) Mz) with Z4:=)  1a(z) A(z)
A x

To sample from p4 and compute Z4, the idea consists of selecting a judicious sequence of de-
creasing subsets A, in such a way that it is easy to sample states in A,, starting from the set A,,_1.
We suppose that Ag = E so that p4, coincide with the uniform counting measure on the set E. The
algorithm is thus very similar to the one described above for optimization.

For any set A,,, we introduce an MCMC transition matrix Ma, = (Ma,(,9)), ,cp With left
eigenvector 114, associated with the eigenvalue 1, that is

D na,(@)Ma, (2,y) = pa, (y)

A simple Metropolis-Hasting type transition associated with a symmetric transition matrix K (x,y) =
K(y,x) is given by

Ma, (z,y) = K(z,y) 1a,( <1ZK$Z ) 1a,( )) L. (y)

The N-particle stochastic algorithm is defined as follows. We start with IV independent random
individuals & = (&) randomly chosen in E with p4,. We perform a selection transition &y ~

Eo = (Eé) using the fitness functions Gg = 14,. In other words, every individual in the set A;
<N

1<i<N

stays in the same place 50 = &}, otherwise we replace &} be a fresh new individual 50 = fo random
chosen among the individuals 50 € A;. When no individuals {0 are in the set Ay, the algorithm
stops and we set 7V = 0. Assuming that 7V > 0, during the mutation step & ~ & = (1) <ien
every selected individual & performs a local random move & ~ ¢! (independently of one another) in
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Particle methods: An introduction with applications 13

the set A; according to the Markov transition M4,. Then, we perform another selection transition

& El = (E{) using the fitness functions G; = 14,. When no individuals E{ are in the
1<i<N

set Ag, the algorithm stops and we set 7 = 1. After this selection stage we mutate each selected
individual using the Markov transition M4,, and so on. For any function f on E and any time
horizon n, we have

tm Y A€ v = 3 ) F()

N —o00
1<i<N T

In addition, if we set 7} (Grn) = % Y1<;<n Gn(&}), the proportion of individuals in A4 after
the n-th mutation, the unbiased N -particileiapproximation Zﬁi . of the normalizing constants Z,,, is
given by

2zl = ][ n)(Gp) —nN—o Za, = Card(4,)/Card(E)

0<p<n

1.6 Genetic search algorithms

We consider an energy function or a cost criteria V' : x € E +— (z) on some finite state space E where
we assume inf, V' (z) = 0 without loss of generality. The objective is to find the global minima points
x* € E s.t. V(2*) =infyep V(x). Let V* denote the set of these points. We describe in Section
an interacting particle algorithm to solve this problem which relies on interacting simulated annealing
type chains. We present here the more standard genetic algorithm with mutation and proportional
selection.

To construct this algorithm, we introduce a collection of Markov transitions M, (z,y) from E into
itself. This collection of transition matrices represents the probability M, (z,y) that a individual at
site = evolves to a new state x during the n-th mutation transition.

The genetic algorithm with N individuals is defined as follows. We start with N independent

random individuals & := (58)1 <;<y Tandomly chosen in E with some distribution, say 9. We

perform a proportional type selection transition &y ~~ on = (26) using the potential functions
1<i<N

Go (&) = exp (—BoV (&) ), where By > 0 is an inverse temperature parameter. In other words, with
probability Go(£}) every individual stays in the same place 26 = &}; otherwise, we replace & by a
new individual 56 = fg randomly chosen among the individuals {8 with a probability proportional
to its weight G(&)). Formally, we set

G=c &+ (1-e) &

where € stands for a sequence of independent {0, 1}-valued Bernoulli random variables with distri-
butions 4 ‘ 4
Go(&) :==Proba(ef =1 | &) =1—Proba (e, =0 | &)

and 50 = (gé)l<i<N are independent, identically distributed and {fé, 1<j <N }—valued random

variables with common distributions given for any index 1 <i < N by

VI<G<N - Proba(8h=8 |&)=Go(&)/ Y Gu(&)

1<j<N
During the mutation step 20 s £y = (a)lgigN’ every selected individual Zg‘) performs a local

random move g(i) ~ €% (independently of one another) according to the Markov transition M;. Then,

we perform another proportional type selection transition &; ~~ 21 = (5{) cien using the potential
1<i<

functions Gy (€}) = exp (—61V (&%) ), where 8 > 0 is another inverse temperature parameter, and
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14 Del Moral €& Doucet

so on. We define in this way a sequence of genetic type populations §n7§An, as in || and the
corresponding genealogical tree model (|1.4]) associated with the ancestral lines (f;, n) 0<p<n of every
i-th individuals after the n-th mutation. In the same way, running back in time we have the whole

ancestral line N N N N
of every i-th individual after the n-th selection.
For any function f on E("*1Y and any time horizon n, we can prove that

E (fn(X07 o Xn) exp (_ Zogpgn Bp V(Xp)>)

hm ~ Zf 50”’51 SR ’@’n) B E (exp (7 20<p<n Op V(Xp)))

In other words, the proportion of paths (Egm,ﬁ,n, e ,E;m) taking some value (zo,...,x,) is given

o~ 1
lim *Zl(mo, on) fOn,fln,...,gn,n):ZJrl exp | — Z Bp V(zp) | Pu(zo,. .., n)

0<p<n
with the probability of a free evolution path involving only mutation transitions
]Pn(xo, e ,J}n) = 7’]0(.’1}0)M1(J}0, .731) . Mn(xn_l, .Tn)

and Z, 4 is a normalizing constant.
Suppose that every free evolution path has the same chance to be sampled, in the sense that

]P)n(an s 7xn) = IP)n(yOa cee 7yn)

for any paths admissible pair of paths (zo,...,2,) and (yo,-..,yn). This condition is satisfied if 79
is the uniform counting measure on £ and the mutation transitions M, (x,y) correspond to local
random choices of the same number of neighbors, starting from any state x. In this case, for any
admissible path (zg,...,z,) we have that

Hm 721(%» rn)(£0nyfln»~~~,@7n) 7/ exp Z By V

N N
% 0<p<n

for some normalizing constant Z;. When the inverse temperature parameter 3, increases the r.h.s.
probability mass quantity only charges admissible paths (zo, . .., z,) that minimize the path potential
function

Vo(Zo,...,xn) = inf : Z V(yp)

(Y0se-sYn

In other words at low temperature, the ancestral lines of the simple genetic model described above
converge to the uniform measure on all the paths (zo,...,2,) of length n that minimize the en-
ergy function V,. For time homogenous mutation transitions associated with stochastic matrices
M, (x,y) = M(z,y) satisfying the following condition for some integer m > 1 and any pair (z,y) € E?

M(z,z) >0 and M™(z,y) > eM™(x,z)

we also have the convergence result
lim lim — E 1V* =
n—oo N—oo [N
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as soon as 3, = C log(n+ 1) for some constant C' that depends on m and on the oscillations of
the function V. This convergence result is also true for 3, = C (n + 1), with any « €]0, 1, as soon
as the above condition is met for m = 1. Further details on these concentration properties can be
found in [II]. Related convergence results for fixed population sizes can be found in [4]. To give
a flavor of these results, let us suppose that the mutation transitions M, (z,y) also depend on the
inverse temperature parameter and

My (2,y) —nooo 1o(y) as Bn 100

Intuitively speaking, the genetic mutations become rare transitions at low temperature. In this
situation, we can prove that there exists a “critical population size” N* that depends on the energy
function as well as on the free evolution model such that

n—oo

YNZN* lim Proba(VI<i<N & ev)=1

1.7 Directed polymers and self avoiding walks

In biology and chemistry, flexible polymers describe the kinetic structure of macromolecules in a
given chemical solvent. The polymer chain at time n is regarded as a sequence of random variables

Xn=(X},...,.X)€EE,=Ex...xE
N————’
(n+1) times

taking values in some finite or countable state space E. Of course, in concrete situations the state
space is not a finite set but some Euclidian state space E = R?, for some d > 1. This countable
state space condition is only made to avoid unnecessary technicalities in the presentation of these
stochastic models in path spaces. The following discussion is mainly taken from section 12.5 in the
book [§].

The elementary states XT’, represent the different directed monomers of the macromolecules X,,.
The length parameter n represents the degree of polymerization. The monomers are connected by
chemical bonds and interact with one another as well as with the chemicals in the solvent. The
energy of a polymerization sequence

is defined in terms of a Boltzmann potential

exp (—BZVP(X{),...,XZ’,)> (1.14)
p=0

The parameter § € R represents the inverse temperature of the solvent, and each potential function
Vit (xoy .-y 2p) € Ep — Vi(xo, ..., 2pn) € Ry

reflects the local intermolecular energy between the monomer X/, = x,, in the polymer chain X,, 1 =
(zo,...,Tp—1) during the nth polymerization

Xn—l - (1‘07 e 71771,—1) — Xn == ((SC(), e 7In—1)7xn)

The potential functions V,, depend on the nature of the solvent and the physico-chemical structure
of the polymer. At low temperature, 5 T oo, the interaction between monomers may be strongly re-
pulsive at short distances and attractive or repulsive at larger ones. For instance, the monomers may
tend to avoid being closed on each other. These excluded volume effects and repulsive interactions
can be modeled by choosing a potential function satisfying the following condition:

Va(zo,y ... xn) =0 <= 2, &€ {20,...,Tn_1} (1.15)
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16 Del Moral €& Doucet

In this situation, every self-interaction is penalized by a factor e ?V» so that the energy of an
elementary polymerization is minimal if and only if the new monomer differs from the previous ones.
In this context, the inverse temperature parameter [ is sometimes called the strength of repulsion.

In the opposite case, at high temperature, 3 — 0, the interaction forces disappear. In this
situation, it is commonly assumed that X/ is an E-valued Markov chain with elementary transitions
M), and initial distribution n{. By the definition of the chain X,, = (X{,..., X)), this Markovian
hypothesis implies that the Markov transitions M, have the form

Mn((x()» e a$n71)7 (yOa cee 7yn717yn)) = 1(z0,...,zn_1)(y07 s vynfl) Mrll(ynfla dyn)

for any paths (zg,...,2n—1) € En_1 and (yo,...,yn) € E, and for some Markov transition M, from
E into F.

The Boltzmann-Gibbs measures associated with these directed polymer models are the measures
in the product spaces F,, defined below

n—1
1
Qn(zo,...,zpn) = Z - exXp (—b’ Z Vp(zo, ... ,acp)> P.(zo,...,xxn)
n p=0

with the distribution of the free paths of the monomer chain

P, (zo, ... xn) = no(w0) My (z0,21) - .. M) (21, 20)
These measures can alternatively be rewritten in the following form

n—1

Qn(xoy ..., xp) = ZL {H Gp(xo,...,xp)} P.(zo, ... xn)
n =0

with the exponential weight functions
Yn >0 Gn(zo,...,zpn) :=exp (—BV,(zo, ..., x,))

To illustrate these models, let us suppose that X/, is a simple random walk on the d-dimensional
lattice Z? starting at the origin and set

Gn(xoy ..., 2y) = 1zd,{m0’.“’mn71}($n)

In this situation, we have that
Qn =Law (X{,..., X, V0<p<qg<n X, #X])

and
Z, =Proba (V0 <p < q<n X, # X,) = Card (S,,—1) /(2d)" "

where S,,_1 is the set of self-avoiding walks of length n — 1 starting at the origin.
The N particle approximation of these quantities is nothing but a simple genetic type evolution
model with NV path-valued particles

S (S S

&= (&€ En) € B
During the selection stage, with a probability G, (£%) every path-valued individual stays in the same
place & = ffl; otherwise, we replace &/ be a new individual &, = ¢ randomly chosen among the

individuals & with a probability proportional to its weight G,,(£}). This mechanism is intended
to favor minimal energy polymerizations. For instance, in the case of repulsive interaction (1.15)),
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Particle methods: An introduction with applications 17

a given polymer with degree n, say (féyn, . @fhn), has more chance of being selected if the last
monomer §;n added during the nth sampled polymerization differs from the previous ones; that

is, if &, & {€6.n,- -+, &1} Each selected polymer is a path-valued individual ¢ . During the

mutation transition, 5; evolves randomly according to the transition M, of the path-valued Markov
chain X,,.

;+1 = ((58,n+17 v ’£;,n+1)7 f;+1,n+1)
= (( é,n’ """ 75;,”)’&%—‘,—1,”-‘,—1) € En+1 = (Eﬂ X E) (116)

~
2

where £/, ., is a random variable with distribution M, (&},

.). Various asymptotic estimates can
be derived. For instance, for any function f on E, = E™T1D and any time horizon n, we have

N—o0

N

1 i i i

lim NZf(go,nvgl,'m"~a€n,n) = Z Qn(lﬁo,...,In)f(ito,...,xn)
i=1 Z05--,Tn

and unbiased estimates of the normalizing constants
2= T 0¥ () o 2
0<p<n
where 771],\' (Gp) is the empirical mean value of the potential functions after the mutation stage

1 ) . )
>0 0y (Gu) =5 D GG i Enn)

1<i<N

2 A brief treatise on Feynman-Kac modeling

2.1 Stochastic matrices and Markov semigroups

We let E be a finite set. A Markov chain X = (X,),>0 is defined by a matrix M with positive
entries M (x1,x2) > 0 s.t. 212 M(x1,x2) =1 for each state z1. Such matrices are called transition
matrices or stochastic matrices or in the literature on Markov chains. For instance, for finite state
spaces E = {1,...,d}, with cardinality d > 1, we can identify a Markov transition M (z,y) from E
into itself with a d x d matrix

M(1,1) -~ M(1,d)

M(d,1) --- M(d,d)

Starting from x; we sample the chain transition by choosing randomly a state zo with distribution
M(z1,x2). The outcomes Xy = xg, X1 = x1, Xo = xa, ... are referred as a realization of the chain
X starting from Xy = zg. By construction, we have

P(Xn = Tn | anl = xnfl) = M(xnflyxn)
and more generally
P(Xl = 171’X2 = T2y 7X'IL = Tn ‘ Xo = ZL‘o) = M(l}o,$1)M(iE1,l’2) .. 'M(xn—lamn)

These simple observations already show that the law of the random state X, at time n starting from
Xo = x¢ is given by the n-th power of the matrix M; that is we have

P(Xn=an| Xo=20)= M=o, z1)M(x1,22)... M(zn_1,2n) = M" (20, 2)

L1y Tn—1
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Identifying functions f : © € E — f(z) € R with column type vector f = (f(z)).cr, the conditional
expectations of he random variable f(X,,) given X = xo are also given by a matrix operation

E(f(Xn) |Xo=20) =Y M"(wo,xn)f(zn) = M"(f)(x0)

Tn

where M"(f) stands for the function given by the column vector M"(f) = (M"(f)(20)),,cp- For
instance, for finite state spaces £ = {1,...,d}, functions
fl@) =" f(i) Li(x)
i=1

are identify with the column vector

f()

f=0Q),.... fd)" = : (2.1)
f(d)

In this situation, the function M (f) defined by
M(f)(@) :==E(f(Xn) | Xn1 =2)

is given by the finite sum

d

Vi<i<d M@ =Y M(ij5) f)-

Jj=1

Using the vector notation we find that the function M (f) can alternatively be defined by the following
matrix operation:

M(f)(1) M(L1) e M(Ld)\ [ f()
M(f) = : = | =y
M(f)(d) M(d1) - M(dd) )\ f(d)

In the same way, identifying probability measures 1y on E with row type vectors ng = (10(20))z.cE
s.t. no(zg) > 0 and Zmo no(zo) = 1, the distribution 7, of the state X, of the chain starting
randomly from X, with distribution 7 is given by

N (2n) =P (X, = ) = Zno(ffo)Mn(on»xn) =noM"(zn)

where 19M™" stands for the probability on E given by the row vector ngM"™ = (T]OM”(:ETL))IHGE.
Furthermore, we have

M (f) = Z M (zn) f(zn) = E (f(Xn))
In matrix notation, we simply have that

= 10M"™ and -, (f) = (noM")(f) = no([M"(f)])

For instance, for instance, for finite state spaces E = {1,...,d}, the sum 7,(f) can be rewritten as
f) d
M (f) =t = (1), 7 (d)) o =)0 F6) mai).
f(d) =t
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and we have

(noM) :=[(noM)(1), ..., (noM)(d)]

M1,1) -+ M(,d)
= [no(1), ..., m0(d)] : : : = oM.
M(d,1) --- M(d,d)
In much the same way, we find that
Nn = 1M = (Nu_oM)M =1, _osM? = ... =M™

By construction, the law of the random states X, and X,,, with 0 < p < n are given by the following
matrix operation
M = an(n—p)

The collection of matrices M™, with n > 0, is called the Markov semigroup associated with the
transition probabilities M. For n = 0, we use the convention M? = Id the identity matrix with zero
off-diagonal elements and unit diagonal elements.

For instance, if E = {1,2} then the Markov transition M is given by the 2 x 2-matrix

o (ML) M)
T\ M(2,1) M(2,2)
We further assume that the entries M (4, j) € [0, 1] are chosen s.t. ¢:= M(1,2)+ M (2,1) > 0. Using
an elementary induction on the time parameter n, we prove

L1 M(2,1) M(L2) 1—c™ [ M(1,2) —M(1,2)
M= (M(2,1) M(1,2) >+ p (—M(Q,l) M(2,1) )

Nevertheless, except in some very particular cases, the matrix semigroup M" has no explicit expres-
sion.

Time nonhomogenous models can be studied in the same line of arguments. For non homogeneous
Markov transitions M,,, we have

P(Xn = Tn | anl = xnfl) = Mn(xnfly xn)
The law of the chain X, is now given by the following matrix composition
M = 770M1M2 . Mn

The semigroup M, ,, associated with this sequence of measures is now given by the following formulae

N = NpMp,n  with the matrix M, := Mpp1Mpio... M, (2.2)

2.2 The Bayes-Boltzmann-Gibbs transformation

We consider a non negative potential function G and a probability measure 7 on a finite or countable
state space E. We recall that n(G) is the quantity defined by the sum

(@) =) n(x)G(x)

For indicator potential functions G = I 4, sometimes we slightly abuse notation and we set

n(1a) =Y n@)lalz) =D nlx) :=n(A)

z€A
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Definition 2.1 We let U (n) be the probability measure on E defined by

Note that this probability measure Ve(n) is well-defined if and only if n(G) > 0. The transfor-
mation V¢ s called the Bayes-Boltzmann-Gibbs transformation (abbreviate BBG-transformation)
associated to the potential function G.

When G = 14, we notice that U (n) is the restriction of the measure 1 to the set A;

W, () () = nalx) = @ 1a() ().

In this case, we have

ACB= ‘1’1A(‘I’13(7I)) = ‘IllB(lplA (Tl)) =TNAnB = \IllAﬂB (77)

In nonlinear filtering problems discussed in section the measure 7 represents the conditional
law of a Markov chain X,, given a series of observations (Yj,...,Y,_1) and G is the likelihood
function G(x,,) = gn(yn, x,) associated with an observation Y, = y, delivered by some sensor. In
this context the BBG transformation describes the way a new observation is incorporated into the
filtering distribution

n= LaW(XTL | (Y07 e 7Yn—1)) ~ \Pgn(yn,-)(n) = LaW(X" ‘ (YOa cety Y71—17Yn))

We shall return more precisely to this BBG transformation in the further developments of the article.
In matrix notation, if the state space is given by E = {1,...,d} we can also identify the multiplicative
potential function G with the following diagonal matrix

G(1) 0 0 0
0 G(2) 0 0 0
G = : : : :
0 0 o Gd=1) 0
0 0 0 G(d)

Using the row and column vector identifications, we find that
ng = (n),...,n(d) G = n(1)G(1),...,n(d)G(d))
with the normalizing constant given by the L;-norm of the vector ng

1
d d
(@) =Gl = m9)(H) =nG(1) =nG | : | = wlw:)CGlz:).
i=1 1 i=1
In this matrix notation, the BBG transformation takes the following form

1
InG 1l

We end this section with a nonlinear Markov interpretation of the BBG-transformation.

Va(n) ng.

Proposition 2.2 For any collection of non negative parameters e(n, G) that may depend on G and
on n, and such that

en,G) G(x) <1 forevery z€FE st. nx)>0
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we have the following decomposition

VyeE  Wan)(y) = Sy)(y) =Y _nlx) Syz.y) (2.3)

with the collection of selection type Markov transitions on E defined by

Sy(z,y) = €e(n,G) G(z) 1:(y) + (1 —€(n,G) G(x)) Ya(n)(y).

Before getting into the details of the proof of this proposition, for finite state spaces £ =
{1,...,d}, the BBG-transformation takes the following matrix form

(nSy) == [(nSy)(1), ..., (nSy)(d)]
Sﬂ(lvl) S77<1’d)
S, (d1) - S,(dd)

Proof:
To check this assertion, we choose a function f on E and observe that

Sy(H)(@) =) Su(w.y) W)
= 6(:/7,6‘) G(z) f(x) + (1 —e(n, G) G(x)) Ya(n)(f)
from which we find that
0 (Sy() =Y n(x)S,(f)(x)
= 6(;7 G) n(Gf)+ (1 —€(n, G) n(G)) Ya(n)(f)
=€(n,G) n(Gf) +¥a(n)(f) —en, G) n(G) =VYa(n)(f)-

This ends the proof of the proposition. [

2.3 Positive matrices and Feynman-Kac measures

Let E be a finite set. We consider a collection of matrices Qn, := (Qn(2,9)), ,cp With non negative
entries @ (z,y) > 0. To simplify the presentation, we further assume that the entries are strictly
positive. Given a probability measure 19 on E, we denote by I',, the measure on E(*+1) defined for
any path (z,,)o<p<n € E™+D) of length n by the following formula:

(2o, 2n) = no(x0) Q1(wo, 1) Q2(x1,22) .. Qun(Tn-1,7n)
Notice that I';, can alternatively be defined by the following recursive formula
n >1 Fn(-r07 s 7-7;71) = Fn—l(x(); s 7xn—1) X Qn(ajn—lwxn)

with T'o(xo) = no(zo). We choose a function f, on path space E®+D) and we set

To(fn) =Y. Tul(@o,...,2n) fol2o,. .., Tn) (2.4)

Z0,.eyTn
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Feynman-Kac models provide a precise meaning of these sums. To be more precise, we set

_ Qu(z,y)
3. Qulz,2)

The r.h.s. term in the above formula expresses the sum in terms of a matrix type operation with the
unit function 1, defined by 1(x) = 1 for any = € E. By construction, it is readily checked that

M, (z,y) := and  Gp(z) = ZQnH(%Z) = Qn(1)(x)

z

Lo(wo, ... 2n) :=no(x0) H Qp(1)(zp—1) p X H @p(Tp-1,7p)

1<p<n 1<p<n P()(xp 0
= H Gp(zp) p X S Mmolx0) H My(xp—1,xp)
0<p<n 1<p<n

We conclude that

To(zo,.. . 2n) =< [ Golap) p X Pulzo,... 70)

0<p<n

with the law of the path (z,)o<p<n 0f a non homogeneous Markov chain X,, with initial distribution
no = Law(Xy) and local Markov transitions M,

P, (xo, ..., xn) = no(xo) H Mp(zp_1,xp)

1<p<n

In this interpretation, the quantities (2.4]) can alternatively be rewritten in terms of a Feynman-Kac
formula

Do(fn) =E | fu(Xo,....Xn) [ Go(X

0<p<n

It is also important to observe that

To(1)= Y Tulwe,....zn)=E[ J[ Gn(X)

Lo,y Tn 0<p<n

The above constructions clearly works for any decomposition of @Q,, in the following form

(Qn($7y)::(;n*1<lﬂ A4ﬁ($>y)

for some Markov transition M, and some potential function G,,_1. Note that in this case we have
ZQn (z,) ZM (#,y) = Gn1(2)

Definition 2.3 We let X,, be a Markov chain with Markov transitions M,, on some finite or count-
able state space E, and we consider a sequence of [0, 1]-valued potential functions G,, on the set E.
The Feynman-Kac path measure associated to the pairs (M, G,) is the measure Q,, defined for any
fn on B by the following formulae

Fn(fn)
I'n(1)

Qn(fn) = with T (fn) =E [ fu(Xo,.-

LX) T G (2.5)

0<p<n
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Notice that Q,, can alternatively be defined by the following formulation:

Qu(osvtn) = = 4 [ Golar) p Pulros...an)

- Z
n 0<p<n

with the normalizing constant Z, = T, (1), and the distribution of the free path evolution of the
reference Markov chain X,, given by:

P (20, ..., 2n) = no(z0) H My(zp_1,xp)

1<p<n

We also consider the measure @n on EM*Y defined as Q,, by taking a product of potential functions
from the origin p =0, up to the final time horizon p =n

~

Qn(wo, ... an) = I Go@p) ¢ Balao,....zn)

0<p<n

3[\1)‘ —

with the normalizing constant ZAn =Zn41-

Another important quantities are the n-th marginals 7,, and 7,, of the measure Q,, and @n defined
by

nn(xn) = Z Qn(iﬂo, sy Tp—1, xn) and ﬁn(zn) = Z @n(l’o, sy Tn—1, xn) (26)
O,y Tp—1 TOyee s Tn—1

It is important to observe that this pair of measures can be alternatively defined for any function f
on E by the following formulae

M(f) =1 ()/1m(1) with () =E | f(Xn) [[ Go(Xp) (2.7)
and
M (f) =3 (f)/An(1) with F,(f) =E | f(Xy) H Gp(Xp) (2.8)
0<p<n

For n = 0, we use the convention [, = 1, so that 19 = Law(Xj). The above assertions can be proved

directly from the definitions of the measures Q,, and @n In reference to filtering, the measure 7,, is
often called the prediction measure at time n, while 7),, is referred as the updated measure at time
n.

We end this section with the following elementary observation connecting the pair of measures

Qn and Qn.

H Gp(zp) ¢ Pu(zo, ..., 20) = no(z0) Go(o) H Mp(zp—1,2p) Gp(zp)

0<p<n 1<p<n
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and the pair (ép, M\p) of potential and transitions given by

— _ Mp(zp—1,2p)Gp(2y)
My(@p—120) = =0 F e S 1)

and @p<xp) = Mpy1(Gpy1)(xp)

These formulae imply that

N 1 N N
Qn(an“'axn) = ? H Gp(xp) Pn(wa“amn)

n 0<p<n

with some normalizing constant ZA,’L In other words @n coincides with the measure defined as @,
by replacing the pair (G, M,) by the pair of updated type quantities (@n,JT/[\n) From the pure
mathematical point of view, this rather elementary observation shows that the two models Q,, and
Q,, are equivalent.

2.4 Examples as Feynman-Kac models

We illustrate the rather abstract models presented in section [2.3] in the examples discussed in sec-
tion [
1. Random walks confined to a set

We let M, (z,y) be the transitions of a symmetric random walk X,, on the integers Z starting
at the origin Xy = 0. we also fix a interval A = {—a+1,—a+2,...,a — 1}, with a > 0, and
we set G, := 14. In this situation, we have

Qn =Law ((Xo,...,Xn) |[VO<p<n, X, €A)
and R
Qn =Law ((Xo,...,Xpn) |[V0O<p<n, X, €A)
2. Particle absorption models

For any [0, 1]-valued potential functions G,, and any Markov transitions M,,, the measures Q,,
have the following interpretations

Q, =Law ((X§,...,X5) | T >n)
and R
Q, =Law ((X§,...,X5) | T >n)

where X¢ is the particle absorption model defined in (1.8), and 7" the random absorption time
of the particle with M, -free evolution and absorption rates G,,.

3. Nonlinear filtering problems

A given Markov chain X, with transitions M, is partially observed at every time step n by
some noisy sensor that delivers a random observation Y,, = y,, with distribution

Proba (Yn = Yn | X, = .%‘n) = G(xnayn)

For every fixed sequence of observations Y,, = y,, we set G,,(z) = G(z,y,). In this situation,
the measures QQ,, and their normalizing constants Z,, have the following interpretations

Q. =Law ((Xo,...,Xpn) |[VO<p<n, Y,=1y,)

and
Zn = ]P)((Y()v .. 7Yn71) = (y07 .. 7yn71))

In the same way, we have

Q, = Law ((Xo,...,X,) |[Y0<p<n, Y, =y,)
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4. Stochastic optimization algorithms

We consider a collection of MCMC transitions Mg(x,y), indexed by some inverse temperature
parameter 4 > 0, on some finite state space E equipped with the counting measure A\(x) :=
1/Card(E). We assume that Mg(z,y) is a Markov transition with an invariant Boltzmann-
Gibbs distribution pg associated with a non negative cost function V on E

1
pp(x) = z, e V@ N(x) with Zjg:= Ze‘ﬁv(m) A(z) (2.9)

The genealogical tree model associated with the genetic search model defined in (|1.12)), sec-
tion is defined by the line of ancestors of each individual & in the current population:

Vi<i< N E(Z),n — gi,n AT S g’fL—l,n — fﬁ,n = g:L (210)

We recall that this stochastic algorithm is defined in terms of a genetic type model with
mutations transitions Mg, and selection fitness functions G, = e~ (#n+1=6:)V " For a more
precise description of these ancestral lines we refer the reader to . In this situation, we
can prove that Q,, coincide with the limiting distribution of the ancestral lines of the genetic
search algorithm, in the sense that

VI<i<N  Qu= lim Law (&nr&imr - Eon) (2.11)

In addition, Q,, can also be interpreted as the limiting occupation measure of the genealogical
tree, in the sense that:

N

) 1 . , .
ngnooﬁzgfﬂ(génﬂginvvfz,n) (212)

i=1
Much more is true, we can prove that the ancestral lines are “almost” independent and iden-
tically distributed random paths with common distribution Q. In much the same way, the
measures Q,, are approximated using the ancestral lines of the selected individuals &}, at time
n.

In the end of section we shall prove that the n-th marginal measures 7,, defined in ([2.7)
also coincide with the Boltzmann-Gibbs measures (2.9)) associated with an inverse temperature
parameter (,; that is, we have that

1 — T
() = pg, (2) = — VD Ma) and 25, = ] 1(Gp) =m(1) (2.13)
Bn 0<p<n

5. Combinatorial counting and sampling

Our next objective is to provide an interpretation of the measures Q,, in terms of the genetic
particle models presented in section These models are defined as above by replacing in
the exponential Boltzmann-Gibbs measures by the measure A restricted to a given non
increasing sequence of subsets A,, C A,_1 C E; that is, by the measures p 4, defined below

1 .
pa, () = =—1a,(z) Mz) with Z4, = Z 1a,(z) A(x)
Za, ~
We recall that the corresponding stochastic algorithm is defined in terms of a genetic type
model with mutations transitions M4, and selection potential functions Gy, = 14,,,, where
M 4, stands for a sequence of MCMC transitions with invariant measures 4, . The genealogical

tree model associated with this genetic model is defined as in (2.10]) and the pair of convergence
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results (2.11)) and (2.12) are satisfied for the measures Q,, associated with the Markov tran-
sitions M4, and the potential functions G, = 14, ,. Furthermore, the n-th time marginals
measures 7, defined as in (2.7) are given by

M (f) = ()/11) with () =E | (X)) [ 14,0 (Xp)

0<p<n

In the end of section we shall also prove that

o) = 1, (2) = 5 L, @ Ma) and Za, = [] mlla,) =) @10
" 0<p<n

. Genetic search algorithms

The interpretation of the measures Q,, in terms of simple genetic models has already been
developed in section [1.6] In this example, we recall that @, can be seen as the asymptotic
distribution of the ancestral lines of a simple genetic model with mutation transitions M,, and
selection potential functions G,,. The n-th time marginal 7, of the measures Q,, defined in
or in can be regarded as the asymptotic distribution of an individual as the size of
the population N tends to infinity. We can also interpret 7,, as the limiting occupation measure
of the genetic population at time n. These measures are often called the infinite population
model in the literature on theoretical aspects of genetic models.

. Directed polymers and self avoiding walks

The interpretation of the measures Q,, in terms of directed polymer models has already been
developed in section We simply notice that the probability measures 7,, defined in (2.12])
can be extended to path-valued Markov chains

X, =(X},...,.X)eEE,=Ex...xE
N————
(n+1) times

where X, stands for an auxiliary E-valued Markov chain. In this situation, we observe that the
potential functions G,, are defined on the path space F,,. Whenever X, is the simple random
walk on the d-dimensional lattice E = Z%, for the choice of potential functions

Vn Z 0 Gn(Xn) = Gn(X(g, PN ,XTIL) = 1Zd—{X6,---,X;L,1}(X;L)

we have that
Qn = Law ((X{,....X,) | V0<p<g<n X,#X])

and
Qn =Law (Xp,..., X)) [Y0<p<q<n X, #X])

In this situation, we recall that
Yn(1) = Proba (V0 < p < ¢ <n X, # X;) = Card (S,—1) /(2d)" 1

where S,,_1 is the set of self-avoiding walks of length (n — 1) starting at the origin.
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2.5 Nonlinear recursive equations

This section is concerned with the analysis of the flow of probability measures 7, and 7, defined
respectively in (2.7) and (2.8). First, using the Markov property of the signal, we readily prove that

'Vn(f):]E E f(Xn) H Gp(Xp)|X0a-~-7Xn—1

0<p<n

:]E ]E(.f(XrL) |X05"'aX’n—1) H GP(X[))
0<p<n
from which we conclude that
() =E|E(f(Xn) | Xo1) [ Go(Xy)

0<p<n

Recalling that E (f(X,,) | Xn—1) = My (f)(Xn—-1), we conclude that v, (f) = Jpn—1 My (f). In matrix
notation, we conclude that

Tn = Fn_1Mp (2.15)
On the other hand, we have
T (f) =E [ [f(Xn)Gn(Xn)] H Gp(Xp) | = (fGh) (2.16)
0<p<n

with the multiplicative function (fG,)(z,) = f(2n)Gn(x,). Our next objective is to derive the
nonlinear recursions of the sequence of measures 7, and 7j,,. From previous formulae, we find that

() = Y (G f) _ Yo (Gnf)/ (1) _ (G f)
" Yn(Grn) Yn(Gn)/¥n (1) M0 (G)

This shows that 7, is deduced from 7),, using the following formula

M= VYa, (Nn)

with the BBG transformation:
1

Y n)(Tp) i = Gn(xn) Mn(Tn
G (M) () G (zn) M (2n)
On the other hand, we have
:Y\n—an(f) ~
n = =/ " IIn- Mn
from which we conclude that
M = ﬁn—an

From these expressions, it is not difficult to establish the following proposition.
Proposition 2.4 The measures 1, and 7, satisfy the following equations:

Nn = \I]anl(nnfl)Mn and ﬁn = ‘I]Gn (ﬁnfan)
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Another important observation is that the unnormalized distributions -, can be expressed in
terms of the sequence of normalized measures from the origin up to the current time horizon. To be

more precise, we have

_ 'Yn(Gn)
Yn(1)

This multiplicative recursion yields the following integration exchange formula.

Yn+1(1) = 10 (Gn) Yn(1) = 10(Gn) (1)

Tnt+1(1) = E H Gp(Xp) | = H Mp (Gp)

0<p<n 0<p<n
More generally, we have the following proposition which can be easily checked.

Proposition 2.5 For any function f, and any time n > 1, we have

(f) =0 (f) @) with (f)=n.(f) [ m(Gp)

0<p<n

(2.17)

We end this section with a two-line proof of the pair of formulae (2.13)) and (2.13]). In the first

situation, combining the fixed point equation with the BGG transformation given below

N = nnMﬁn, a‘nd M = \I/Gn,71(nn—1) With Gn—l = exp [_(ﬁn - ﬂn—l)v]

we find that
M = MMg, = \I]Gnq(nn—l)Mﬂn

Also observe that

Zs, =X "Y) =001 (Gn1) Zs,_, = Zox [ m0(Gy)
0<p<n

In much the same way, in the second situation, combining the fixed point equation with the BGG

transformation given below
Mo =1MmMa, and n, =g,  (Ma—1) with Gu_1 =14,

we find that
M = nnMAn = \PGn,l(nnfl)MAn

2.6 Nonlinear Markov chain models

In this section we design a nonlinear Markov interpretation of the flow of Feynman-Kac probability
measures 17, associated with a pair of potential functions and Markov transitions (G, M,). To
simplify the presentation, we further assume that the potential functions G,, take values in [0, 1].
More general models can be handled using the developments of section dedicated to the trans-

formations ¥, associated with more general potential functions G,,.
Combining proposition with (2.3]), we readily find that

vn >0 N1 = Ya, (M) M1 and Vg, (n,) = nnSﬂ,nn

with the Markov transitions

S (T,y) = Gn(2) 1a(y) + (1 = Gu(2)) Ta, (02) ().
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This implies that

7771+1 Z (Z 7711 ,TIn )> Mn-‘rl(yﬂz)
= Znn (Z Sn M .’E y n+1(yv ))

from which we conclude that

77n+1 Z 77” "L+1777n (1‘, Z)

with the Markov transitions K1, defined as the matrix composition of the selection type transi-
tion S, 5, with the free exploration Markov transition M, 1 given by

Kyt (2, 2) ZS o (T3 Y) M1 (Y, 2)

We let (X,)n>0 be a Markov chain on E, with initial distribution 9 = Law(X,) and elementary
Markov transitions given by

P(Xnt1=y|Xn=21)=Kpp1,,(x,dy) with Law(X,)=rn,

By a simple induction on the time parameter, we can easily check that 7, coincides with the distri-
bution of the random states X,,.

Definition 2.6 The law of the paths of this non linear Markov chain

P ((Yoayla s 7?,”) = (Jfo,l‘h R ,J?n)) = 770(330)1(1,770 (.130,3)1) s Knﬂln—l(l‘n—l?xn)

is called the Mc-Kean measure associated with the Markov transitions Kpni1,, -

2.7 Feynman-Kac semigroup models

In section we have seen that the distribution of a Markov chain on some finite space can be
computed by simple matrix operations. In this case, if we denote the law of the chain 7, = Law(X,,)
at time p then we obtain the law at any time n > p by an elementary composition of (n—p) transition
matrices

n = NpMp n  with the matrix M, ,, := My 1 Mpio... M,

For the flow of Feynman-Kac measures 7, defined in (2.7) the situation is more involved. By
proposition [2.4] the measure 7,, is connected to 7,1 by some transformation given by

n = (I)n(nnfl) = \IJanl(nnfl)Mn

Definition 2.7 The semigroup of the flow of Feynman-Kac measures ny, is given by the composition
of the one step mappings ®,,; that is, we have

VO<p<n Sy =0,0P, 10...00,,

with the convention ®,, = Id the identity mapping. By construction, for any pair of indexes
0 < p < n, the measure n, and n, are connected with the following formula

n = Pp.n (1)
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Our next objective is to make more precise the definition given above.

First, using (2.15)) and (2.16) we find that

Vi >0 Yu(y) = Gao1Ma)(y) = Y Fn-1(@)Ma(z,y) and  Fu(w) = 70 (2)Gn(2)

x

from which we conclude that

'Yn(y) (7n 1Qn Z'Yn 1 Qn x y) with Qn(zyy) = Gn—l(I)Mn(Ly)

In other words, we have proved that

Tn = '-Yn—lQn = 'Yn—QQn—lQn ...
=7 Qp.n With the matrix Qpn = Qp+1Qp+2-.-@n

and therefore, for any function f on the set E, we have

'Yn(f) _ 'Vpr,n(f) _ 'Ypr,n(f)/'yp(l) _ anp,n(f)
Yn(1) Yp@pn(1) Yp@p.n(1)/7p(1) NpQpn(1)

In summary, we have proved the following proposition.

N (f) =

Proposition 2.8 For any function f on E we have

Wprm(f)

VO<p<n D)0 (np) (f) = 1,0y (1)

3 Interacting particle algorithms

3.1 Mean field particle interpretation models

In section we provide a nonlinear Markov interpretation of the flow of Feynman-kac measures 7,,.
In this interpretation, 7, can be seen as the distribution of the random states X, of a Markov chain
(Xn)n>0 on E, with initial distribution 79 = Law(X() and elementary Markov transitions given by

P(Xnt1=y | Xn=21)=Kpp1,,(x,dy) with Law(X,)=rn,

At a first level of analysis, let us suppose that the elementary transitions X, _; ~ X,, are easy
to sample. In this situation,we can approximate the flow of measures by sampling a series of N

independent copies (Y;)léig ~ of the chain X,,. By the well-known law of large numbers, in some
sense we have for any time horizon n and any function f

N

) = 3 ST e () = E (/X))

i=1

In the above displayed formula we have used the notation

N N )
Ve B ( Z S EAUED WAGIGEED Siee

More generally, for any function f,, on the path space E™t!, we have

N .
Z (Xor 0 Xo) —Nise E (fu(Xo,---, X))
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The schematic picture of this elementary Monte Carlo algorithm is given below

1

2 Fen Xop
n .
— Kn+1,nn .
- s
n XZ

n+1
—N Kn+1,nn
X . =N
n Xn+1
Unfortunately, for most realistic models we can rarely compute explicitly the law 7, of random states
of the chain X,. Nevertheless, we can use the occupation measure of the N samples at every time
step n to approximate the law 7,.
Nevertheless, under some appropriate regularity conditions on the Markov transitions K, 1 ,,
we have

(z,y)

((vj:EHR) Tlflv(f) =N1oco nn(f)) = Kn-{-l,nf;’(zay) =NToco Kn-&-l,nn(xvy)

We illustrate this rather abstract discussion with the Markov transitions K1, (2, 2) discussed
in section We recall that in this case, K, 11,4, (2, 2) is given by the following matrix composition

KnJrl,nn (l‘, Z) = Z Snmn (J}, y)Mn+1(y7 Z) (31)
Yy

with the Markov transitions

Spna (@,9) = Go(2) 12(y) + (1 = Gu(2)) Y, (1)(y)-

and the BBG transformation
1

V6, ) @) = o=

Gn(2) nn(2)

Replacing 7, by the occupation measure n} (z) = % Ef\il I (z), we find that

KnJrl,nf:r = Sn,n{,\” n+1 with Sn,nfy (fﬂ,y) = Gn(x) 1$(y) + (1 - Gn(x)) \IJGn (Uﬁv)(y)

and the weighted BBG occupation measures
G (X))
Vo, )y = 1 W)
1<j<N Zlgkgz\/ Gn(X5)

We use this mean field approximation strategy inductively to define a Markov chain

(gfrlw 37,7 .. 7577)7120

on the product state spaces E”V. The initial state (£&3,£2,...,&)) consists of N independent and iden-
tically distributed random variables with common distribution 7y termed particles. The elementary
transitions are defined by the following synthetic diagram

K
¢l b , ErlH-l

i
n+1
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The mean field particle interpretation of this nonlinear measure valued model is an EN-valued
Markov chain

&n = (660 6)) € BN

with elementary transitions defined as

N N
i . 1 Z

P (§n+1 = (1‘1, s 7$N) | gn) = H Kn+1,nfy( ns & ) with 7771:[ = N 15% (32)
=1

i=1

In other words, given the population of N particles &, = (£},&2, ..
of particles &1 = (&411,8211,---,&0,1) at time (n + 1) are independent random variables with

respective distributions

. ,fflv) at time n, the population

Kn-‘rl,nf}’( lexl) ’ Kn+1717£)’< 7217352) ) "'Kn+1,n£y(§7jy7xN)
The rationale behind this approximation is that 7 "1 is the empirical measure associated with NV
independent variables with distributions Kn+1,n,1)’( i x), so as soon as 1YY is a good approximation
of 1, then, in view of , n%., should be a good approximation of 7,1.

In the situation where K, 11, is given by the , the flow of Feynman-Kac measures evolves
according to the two-step updating/prediction transitions,

Snmn ~ Mn+1 e
M ————— Nlh = nnSn,nn =V¥gq, (nn) ——— Mnt1 = PnMni1 (33)

In the N-mean field particle interpretation model, this pair of recursions has been replaced by a
two-step selection/mutation transition in product spaces

selection — ~ mutation

bn € BN ——— &, € BV

ni1 € BN (3.4)

The genetic type evolution of the system is summarized by the following synthetic picture:

My 41

1 > 1
& &g — L
Sy N A ,

g | —— a8 —— &
N N N
€n EN -_ n+1
L Sn

with the selection Markov transition :

Gn(&h)

() =Gn(6) 1 () + (1= Gul6)) 30 = o e

lg (@)

Using the Feynman-Kac modeling techniques presented in section [2.4] it is now easy to check that
the corresponding mean field particle interpretations discussed above coincide with the algorithms
discussed in section [

3.2 Some particle estimates

In section [3.1] we have designed a mean field particle interpretation of the flow of Feynman-Kac
measures

M (f) = (f)/m(1) with 7,(f) =E | f(X) ] Go(X)

0<p<n
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We also recall from (2.17) that the normalizing constants «, (1) are expressed in terms of the flow of
measures (1,)o<p<n With the following multiplicative formula

(1) =E H Gp(Xp) | = H My (Gp)

0<p<n 0<p<n

This also implies that the unnormalized Feynman-Kac measures can be rewritten in the following
form:

Y () =00 (f) ¥ (1) with 3, (f) = n.(f) H np(G:D)

0<p<n

The mean field particle interpretation of these measures presented in section[3.1]can be seen as genetic
type algorithms with M,,-mutation transitions and G,-potential functions, where M,, represents the
Markov transition of the reference Markov chain X,,. Inversely, any genetic type model of that forms
converge, in some sense, as the size of the population N tends to infinity to the above Feynman-Kac
measures.

More formally, for any function f, on the product space E("t1) we have that

1 N . .
=1

::E:Zm“”zn7m(x0)I(Lno(x0>ml)--~](nmn,1(xn—17$n) fn(x0a~--7xn)

and for any function f on F
1 & ,
Jim 0 (F) =na(f) with 0 (F) = > fa (€0) (3.5)
i=1

The normalizing constants 7, (1) = limy_ 72 (1) can be computed using the unbiased particle
estimates 7Y (1) defined below

. 1 7
(1) = Ognnf (Gp)  with ¥n>0 0 (Gn) = :Gn(&)

To give a flavor of some non asymptotic variance estimates that can be obtained for such particle
estimates, we present a recent result for time homogeneous models (G,,, My,) = (G, M).

Theorem 3.1 ([5]) Suppose that the pair of potential-transitions (G, M) are chosen so that
Y(z,2',y) € B* G(x) <§ G(2') and M™(z,y) <8 M™(2',y) (3.6)

for some m > 1 and some parameters (8,3) € [1,00[%. In this situation, any n > 0, and any
N > (n+1)36™ we have

B[00 = 20)] £ (02 (5 (01 567 37)

More general results can be found in [§], under weaker regularity conditions. In this connection,
we mention that the N-particle approximation of the unnormalized measures 7, is given by the
unbiased estimates

T () =03 () X v (1) == N0 ¥ (f) = 1 (f) X 7a(1)
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At the end of this section, we discuss some path space particle estimates associated to these
genetic algorithms. First, it is important to observe that the above constructions can be extended
to Feynman-Kac models with reference Markov chains and potential functions on path spaces

X, = (X),.... X)) e E, = (EY"™ and G.(X,) = Gn(X),...,X]) (3.8)

This observation is essential for the analysis of the directed polymers and the self avoiding walks
discussed in section [I.7] In this situation, every particle at time n is a path-valued particle of length
n. The selection transition consists of selecting the path-particle with high potential value, while the
mutation transition simply consists of a path extension with an elementary move according to the
auxiliary process X/, with Markov transitions M/, on the state space E’.

When the potential functions only depend on the terminal value of the paths

G (Xn) = G (X)

for some fitness function G’,, we can check that the path-valued particle model represents the time
evolution of the genealogical tree model associated with the time evolution of the individuals &},
evolving with M) -mutations and G/ -selections. In this situation, if

E’:L = (g(i),m 'gi,n’ s »ffl,n)
stands for the i-th ancestral line of the current individual &, ,, after the n-th mutation, then for any

function f,, on E,, we have that

1

N E(fu(X5,..., X! LG (X
lim 72 fn (gé’n’gin’.“’g;)n) — (f( 0 ) H0§p< p( p))
i=1

E (o<pen Gp(X5))

Note that the n-th time marginals converge to the Feynman-Kac measures associated to the pair
(G!,, M}); that is, for any function f on the state space E’ we have

R (3.9

: i Y T\ o/ _ 'Y;L(f) i / o ! / /

Another quantity of interest is the complete ancestral tree defined by the whole population of indi-
viduals from the origin up to the current time horizon

vl <1< N (58,07 5%,17 tee 7£;fl,n717 ﬂm)

The occupation measures of this complete ancestral converge to the Mc-Kean distributions of the
nonlinear Markov chain with initial distribution 79 = nj and elementary transitions K7, , (z,y) on
E’ defined as the transitions K11 ,, by replacing the triplet (1, G, M) by the triplet (1}, G7,, M,).
In other words, we have

N
limpy oo N Z fn (50@751,1) cee 7§n7n)
=1

— Zxo’_”’wn n()(xo)KL% (xo,21) - .. K’/%’?Ll (Tn—1,2n) fn(zos-..,Txn)

3.3 An elementary proof

In this section, we provide a simple proof of the convergence result using a rather elementary
induction w.r.t. the time parameter n. To simplify the analysis we assume that the potential
functions G, are chosen so that §(G,,) = sup, ,(Gn(z)/Gn(y)) < oo and E is a finite set. The main
result of this section is the following elementary variance estimates.
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Proposition 3.2 For any function f on E, any time horizon n > 0, and any population size N, we
have the variance estimate

2 c(n
E ([ ()~ ma(N)”) < 2 ose()? (3.11)
for some finite constant c(n) < oo, whose values do not depend on the parameter N.

3.3.1 The initial particle approximation

We observe that the initial population & = (£5,&3, ..., &0Y) consists of N independent and identically
distributed random variables with common distribution 7ny. For any function f on E, we have

W) =ml)+ o= V()
with the random quantities
Nepy.o L iy _ _ N
V') = Iy [£(&6) = m0()] ijvo (2)f(2)
and the random occupation measures
V@) = = 3 [1g@) - m@)]

> [ -+ X 1) = m)] [£E) —mo(f)

1<i<N 1<i#j<N

2=

it is now a simple exercise to check that

E (V¥ (5)]°) = mollf — m(I?) = mo(f?) —mo(f)? < ose()?
where osc(f) stands for the oscillation of the function f

osc(f) =sup|f(z) — f(y)]

T,y

This shows that the initial distribution 7 is approximated using the initial occupation measure 77",
and we have the variance estimates

E ([0 () = m(H)) = 5 mllf ~m(HP) < 5 ose(f)

3.3.2 The local sampling errors

We recall that the population of particle at time (n+ 1) is the sequence of conditionally independent
random variables

1 2 N
gn-‘rl = (gn—&-l?gn—‘rl? e 7£n+1)
with respective distributions

Kn—‘—l,nfy( }L,l’l) ) Kn—&-l,nﬁ’( 72”932) ) cee Kn+1,nfy (SerVaxN)
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We observe that for any y € E and any n > 0, we have

E@a(le) =+ 3 EFE ) =5 X Ky (DED)

1<i<N 1<i<N

with the function

Kn+1,77,1)’ (f) (.’)3) = Z Kn+1,77£)’ ($7 y)f(y)

Yy
This implies that
E (Uivﬂ(f) | gn) = nyJLVKn-I—l,mJ:’ (f) = (I)n-i-l (77712]) (f)

with the probability measures
(anrl (777]:7) (y) = (nfrJLVKn+1,77£LV) (y> = valzv(m) X Kn+1777,1y (.’Ii,y)

On the other hand, for any function f on E, we have the decomposition

7]711\[-5—1(.]0) - ¢n+1 (777];’) (f) = nijV+1(f) - nijKn-Fl,nf:’ (f)

1 ; ; 1
=5 2 ) — Ky (HE)] = =
N 1<i<N VN
In the above displayed formulae, V, (f) stands for the random variable defined below
1

Vﬂu(f) = ﬁ Z [f( fl+1) - Kn+17n,ly<f)<§7iz)] = ZVnN(l‘)f(w)

with the random measures

VL@ = o= 2 [l 0~ Kasrp(€h.0)]

Rewritten in a different way, we have

1
777];[+1 =®, 1 (777]:[) + ﬁ VnJL

while the limiting measures satisfy the following equation

M1 = Prg1 (M)

These decompositions show that the random measures V,N can be interpreted as the local sampling
errors induced by the mean field particle transitions. The above formulae also show that the N-
particle model can also be interpreted as a stochastic perturbation of the limiting system.

Using the fact that

VAP =5 3 ) — K (E)
1<i<N
b Y )~ Ky (DE)] % [F(E0) ~ Koer iy (&)
1<i#j<N

It is rather elementary to check that

E (V5 (f)| &) =0 (3.12)

and

E(VNOPI6) =5 3 B([fEa) ~ Ky (DED] Ien) < ose(s)?

1<i<N

From these calculations, we readily prove the following local error estimates.
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Proposition 3.3 For any function f on E, any time horizon n > 0, and any population size N, we
have the almost sure estimates

E ([777]:]+1(f) =Pt (777];[) (f)]2| §n) <

N

3.3.3 The proof by induction

The main object of this section is to complete the proof of proposition |3.2
By definition of the one step mappings, for any function f on E, any time horizon n > 0, and
any population size N, we have

D1 (77711\[) (f)= TlflV(GnMnH(f))/ﬁiV(Gn)

and therefore ~
Cor1 (1) (F) = Pagr (0) (f) = 0 () /03 ()

with the functions

) = () X Mo [f = @i () (D) (2) and i) = o (33

Notice that the function fn is such that
nn(fn) =0 mu(gn) =1 and ||fn|| = SuP|fn(33)| < 0(Gy) osc(f)

From the above observations, we prove the following decomposition

Bt () (1) = P (1) (1) = s [ () = ()] (314)

This implies that

|(I)n+1 (775) (f) = @ns1 (mn) (f)| < 0(Gp) x Uﬁv(fn) - nn(fn)

and therefore
B ([0 (1) () = Buis () (O]7) <6607 B [15(5) ~ ma()] )

We end the proof of proposition [3.2] using the following decomposition

M1 (F) = s (F) = [0 (F) = @nsr () ()] + [@rsr (037) (F) = @rar () ()]

Using the conditional unbiased property (3.12]) and the local estimates stated in proposition we
prove that

E ([ () = maa (5]
=B ([m¥1(f) = @uss (1) (1)]°) +E ([@ns1 () () = @ra (1) (1))

< & ose(f)?+6(Gp)? E <[777]L\,(Jgn) - nn(fn)r)

The end of the proof of the variance estimates stated in proposition[3.2)is now clear. In section [3.3.]]
we have seen that is true at rank n = 0. Assuming that is true at rank n, the above
inequality implies that the result is also satisfied at rank (n+1). This ends the proof of the variance
estimates stated in the proposition.
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3.4 L,-mean error and bias estimates

We extend in this section the variance estimates stated in proposition @ to any Lg,-mean errors
bounds. The forthcoming analysis is developed under the regularity conditions stated in the begin-
ning of section [3.3]

Proposition 3.4 For any function f on E with osc(f) < 1, any time horizon n > 0, any population
size N, we have

[E (0 () = 1 (F)] < eln)/N (3.15)

for some finite constant c¢(n) < co. In addition, for any integer ¢ > 1, we have the variance estimate

VN E(|nY () = m(H[")" < bla) () (3.16)

for some finite constant c(n) < oo, and the collection of constants b(q) defined below for any p > 0:
b(2p)* = (2p), 277

2p+ 1
b(2p 4 1)%PF! ::Wz—@“/?) with (¢ +p)p := (¢ +p)!/p! (3.17)

In the further development of this section, we provide a rather elementary proof of the above
proposition based on a simple induction on the time parameter combined with Kintchine’s type
inequalities. The resulting estimates of the upper bound constants c¢(n) are far from being “sharp”.
Next, we present without proofs some more precise extensions of these results. Detailed proofs of
these results can be found in [§].

1. When the flow of measures is stable, in the sense that it forgets exponentially fast its initial
conditions, we can prove uniform estimates w.r.t. the time horizon. For instance, under the
regularity condition for some parameters (m,d, 5), we can prove that the L,-mean error
estimates holds with some constants ¢(n) such that

sup c(n) < 2mdo*m 133
n>0

2. Similar L,-mean error estimates can be derived for the convergence of the occupation
measures (3.9) associated with genealogical tree models. Up to a state space enlargement the
convergence analysis of models associated with path-valued Markov chains follows exactly
the same line of arguments. In addition, when the flow of marginal measures 7/, introduced
in is stable, we can prove L,-mean errors bounds for the occupation measures
of genealogical tree models with some constant that grows linearly w.r.t. the time parameter;
that is, such that ¢(n) = ¢ n, form some finite constant ¢ < oco.

3. The extensions of the L,-mean errors bounds (3.16)) to general state space models and Zolotarev’s
type seminorms

= nnl| - = sup | (f) = na(£)]

associated with some collection F of functions can also be found in [?].

4. Note that the mean value of the occupation measures coincides with the law of a given particle;
that is, we have that

E(mY() =~ D> E(f(&)=E(f(&)
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For finite state space models, the bias estimates (3.15)) states that
[Law (€)= mal,, = D [P(&) = 2) — nu()] < ¢(n)/N

One again, the constant c¢(n) can be uniformly bounded w.r.t. the time parameter under
appropriate regularity conditions. Furthermore, similar estimates holds true for the ancestral
line of the corresponding genealogical tree models. Notice that in this situation 7, is replaced
by the Mc-Kean measure introduced in definition [2.6

All of these estimates can be extended to general state space models and to the law of the first
q particles in the population

HLaw(f,ll, e~ Law(XL, . XY

., Sem) ¢’ /N

where Y; is a sequence of independent and identically distributed random variables with
common distribution 7,,. This property is called the propagation of chaos property in applied
probability.

We end this section with a pair of Bernstein’s type exponential concentration estimates recently
obtained in [I0]. For any N > 1, any n > 0, and any A > 0, we have

2 2 m
g (I —ml () 2 4 2) > <a+ ‘\%) +2) (r+ﬂ‘;)

-1

and
2
2
—% logP([miv—nn](f) > —+A) > A <8+\\%> + 2\r

with some parameters (r,7, ) such that
r < 4msim1pe 72 <16mé® ™ 13% 62 and &2 < 4ms>mipt
with the uniform local variance parameters:
2
0% i=sup 1 (Ko [fu = KnuF)]) (£1)

In the above displayed formula the supremum is taken over all integers n > 1, any probability
measures and all functions f on E with osc(f) < 1.

To see how these parameters enter into the local fluctuation variance, we notice that for any
probability measure we have

B ((F — oo (1))] = B00) [(7 = @) (9)2] — 1 [[Grnms (1~ 0 () (ML ()]
We also have the following formula

1% [Kn,u ((f - Kn,,u(f))Q)] = :U]-—‘Ln,“ (fa f) K [Ln,,u(f)2]

in terms of the operators

Ln,,u,(f) - anl (Mn - Id)(f)

+ (1= Gno1) [(Ynoa(p) = 1d) + Wy () (M, — Id)] (f)
and their “carré du champ” function I'r,,, , (f, f) defined for any » € E by

Cr (s @) = L (I = L D@)]) (@) = Lnu(£2)(@) = 2 () Lo (@)
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3.4.1 Kintchine’s type inequalities

The L,,-mean errors analysis developed in this section is based on the following Kintchine type
inequality for martingales with symmetric and independent increments.

Lemma 3.5 Let M, := > 5., Ay be a real valued martingale with symmetric and independent
increments (Ay)n>0. For any integer m > 1, and any n > 0, we have

n

E(IM,[™)" < b(m) E ([p];7%)™ (3.18)

with the smallest even integer m' > m, the bracket process [M], =3 . <, A2, and the collection

of constants b(m) defined in (3.17).

Proof:

We prove the lemma by induction on the parameter n. The result is clearly satisfied for n = 0.
Suppose the estimate (3.18)) is true at rank (n — 1). To prove the result at rank n, we use the
binomial decomposition

2m
N M Gl P T E

p=0
Using the symmetry condition, all the odd moments of A,, are null. Consequently, we find that
am) _ n— [ 2m 2(m—p) 5
E ((Mn_1 A ) = ( o ) E (Mn_1 » ) E (AZ)
p=0

Using the induction hypothesis, we prove that the above expression is upper bounded by the quantity

m 2m —(m—p) m—p A2p

Sito( 5y ) 27 @m = P B (M) E(AZ)

To take the final step, we use the fact that

2= (2m)m

2p 277 (2p)y

( 2m ) 27" (2(m = p)) (mp) = ( T; ) and (2p)y 2 27

to conclude that

E ((Mn—l + An)Qm) <27 (2m)m i (

p=0
— 2™ (2m),, E ([M]

=3

) E(17) B (a2)

33

)
For odd integers we use twice the Cauchy-Schwarz inequality to deduce that

E(|M, ") < E(MZ™) E(M;™Y)

< 27CmHD (9m),, (2(m + 1)) (me1) E ([M]m+1) m+1

n

Since we also have

2(m+ 1) 2m +1)!
2(m+ 1)) mt1) = ((erl))! :2( — ) =2 (2m + 1))
and 1 @m+nl 1
m—+1)!
2 = = 2 1
@M = 5T 2m 1 2m et Dimey
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we conclude that

2m + 1 1- ey
Bl ) <2 B g () T

This ends the proof of the lemma. [

3.4.2 Initial and local sampling estimates

By construction, for any function f on the set £ and any n > 0 we have

N
VN = ARG with AN = [£6) - Ky (D(E)
- 0= S 169~ R 016
For n = 0, we use the convention K, ,~ (f)( i ) =mno(f), so that

Vo' () = VN [ (f) = mo(f)]
Given &,_1, we let (¢})1<i<n be an independent copy of (£%)1<;<n. We readily check that

1 . .
A(N) =E ( ’:L - rlz n— )
For n = 0, the above conditional expectation is a simple expectation w.r.t. the initial random
variables &y and its independent copy (. This yields the formula

VX () =E (M) | &)

with the terminal value MT(L]\]’\;( f) of the martingale sequence defined below

ie{l,... Ny MV () =Y % 7(8) — £(cD)]
j=1

By a direct application of Kintchine’s inequality, we prove the following proposition

Proposition 3.6 For any N > 1, m > 1, n > 0 and any test function f we have the almost sure

estimate .

E (VNI lenr) ™ < bm) ose(f) (3.19)

The proof of the L,,-mean errors stated in proposition [3.4] follows the same line of arguments as
those developed in section Once again, we use the decomposition

M1 (F) = s (F) = [12s1 (F) = @ngr () (N)] + [@rsr (037) (F) = Prar () ()]

= VA (B () (1) = s () (1)

and the fact that

"bn-i-l (Thjy) (f) = Prt1 (7n) (f)| <6(Gy) x Uﬁ(fn) — N (fn)

with the function fn defined in l} to prove that

nr]y(fn) — 0 (fn)

Yo () = s ()] < \/—% VAL ()] +8(Ga) x
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This implies

1

E (’77711\[+1(f) - 77n+1(f)|m>m < 1 E (’anil(f)|m)m

3=

+6(G) ><IE<

nf(fn) - nn(fn) m)

1
m ) m

The end of the proof can be conducted using a simple induction on the time parameter.

< D2+ 3(G) X E (|1 () = a(Fa)

3.4.3 Proof of the bias estimates

The proof of the bias stated in proposition [3.4] needs a little bit more work. Using decomposition

(13.14])), we have

O,1 (0)) () = Prgr (ma) (f) = m |:T]7Izv(fn) - nn(fn)}
Using the fact that
I 1 u?
e TUTTTw
we obtain [ N ]2
TG T e G

Now we have

E ([nYo1(f) = mmsr(f)])

=E (®rntr () () = @1 () (f)
=E ([név(fn) - nn(fnﬂ) +E ({nr]:[(fn) - nn(fn)} X [1 - ery(ﬁn)])
+E ([nff (Fa) = 1 Fa)] [1_77257(;%)]2)
Using proposition we have
& ([ (Fa) = ()] (1= 22 @) )|

. 2\ 1/2 o\ 1/2
SE([nry(fn)_nn(fn)} ) X]E([l_m]’y(gn)] ) SC(’I’L)/N
and in much the same way
([ - mi)] < EREL ) | < ctnpv i)
for some finite constant ¢(n) < oco. This implies

B (021 (5) = s (DD < [E ([ (Fa) = ma(F)] ) | + e/

The end of the proof of the bias estimates stated in proposition is now clear.
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3.5 Central limit theorems

Let us come back to the interpretation of the mean field particle model as a stochastic perturbation
of the limiting system. This perturbation model is summarized by the pair of formulae

1
77712;1 =&, (777]:]) + ﬁ VnJYH
M1 = Prg1 (M)

with the centered random measures V,)V defined below

1 )
VM@ = o= 3 [la @) - Koy (6o00)
1<i<N

These quantities can be thought as a stochastic perturbation of the limiting system, while the
quantity \/—lﬁ is the usual precision of Monte Carlo approximation models.

Our next objective is to analyze the local sampling mean error variance associated with the
particle model. To clarify the presentation, we slightly abuse the notation, and we set

reE— Kn+1,7h]y ([f — Kn+1,n£’ (f)]2> (33)

the function on E defined for any x by

2

Kn-i—l,n,]:’ <[f - Kn+1,n71:’ (f)]Q) (3?) = Z Kn-&-l,nf)’ (l‘vy) [f(y) - Kn-l—l,n,]y (f)(l‘)]

Lemma 3.7 For any N > 1, any n > 0 and any functions f,g on E we have
E (VY (f)1n-1) =0
2
E (vav(f)2 |§n—1) = 7771;7_1Kn,nf¥71 ([f - Kﬂ,nﬁ’fl (f)} )

Proof:
The first assertion is immediate. Using the fact that

E ([£(6h1) = Karray (H(ED] 160 )

= 5 Koty (€0 ) [F(2) = Koy (DEN” = Koy ([F = Kuray (D)) (60)
we find that
E (VN (£)? 60-1)

= & Tician B ([f(€hin) = Knyray (NED] 160

= % 21931\/ Kn+1,ngy ([f - Kn+1,ngy (f)]Q) (ffz) = mlsznH,nfy <[f - Kn+1,n{y(f)]2)

This ends the proof of the lemma. [

The next theorem indicates that these random perturbations behave asymptotically as Gaussian
random perturbations. The details of the proof of this functional central limit theorem can be found
is [8].
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Theorem 3.8 For any fived time horizon n > 0, the sequence of random fields V¥ converges in law,
as the number of particles N tends to infinity, to a sequence of independent, Gaussian and centered
random fields V,, ; with, for any f, and n > 0,

E(V;L(f)Q) = ’r]n—lKn,’rjnfl ([f - Kn,'r/nf1 (f)]Q) . (320)

This fluctuation theorem can be used to analyze the fluctuations of the occupation measures 1’
around their limiting value 7, (cf. for instance [§], and the references therein). The extension of
these results to general mean field models can be found in [10].

Theorem 3.9 For any n > 0 and any function f, on E s.t. n,(fn) = 0, we have the following
convergence in law

Jim VN (f) =) Ve (@
q=0

Proof:
We consider the following matrices:

e Q ,n
VO<p<n Qp, n(@,y) = P (@.v) with  7,Qpn( an 2)Qpn(,y)
NpQp.n(1)
By construction, we have that o
NpQp.n = (3.21)

We also observe that

n(l n(1)
Np@pn(1) = ’Yp,ip(’l)( )= (1) H 1q(G

is a well defined semigroup of matrices, in the sense that

p<q<n

from which we prove that @, ,

Qp,n(mvy) Qpn z y H 7711

p<q<n

= H Uq(Gq) H Wq(Gq) (QPJ"QT,TL) (I7 y) = @p,r@r,n (‘Ta y)

p<qg<r r<g<n

The following easily checked decomposition is pivotal

n;J)Vipn(f) = néVQO,n(f) + Z [név*q,n(f) - 774\[71@(1—1771(]0)]
=00 Qon(F)+ D 1Y Quu(f) = T4 (101) Qyn(F)]

+ Z [(I)q (77(]1\[—1) @q n(f) = 7797—1@,1—1 n(f)]
Choosing f = f,, s.t. 9,(fn) = 0, we find that
VN 0@y n(fn) = Z VY (@un(f) + B (£)

with the remainder term

RN : \/JVZ 77q 1 (fn) 77(911@(171,71(]%)]

q=1
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Using the fact that
Ué\ilaq—Ln(fn) = név—laq—l,qéq,n(fn)
and N _ N = _
o, (né\f_l)@q,n(fn) _ nq—lqu—l,qu,n(fn) _ nq—qu;Lqu,n(fn)
anqufl’q(l) 77¢]1\L1Qq—1,q(1)

we prove that

[®q (13°1) Qqn(fn) = g1 Qq1,n(fn)] = g (03"1) (Qgn(fn)) [ = 1301 Qg1,4(1)]
By (B.21)), we conclude that

O (1301) (Qqn(fa)) [1—1001Q0—1,4(1)]

= [®4 (1"1) (Qqn(fn)) = g (14-1) Qg (1)) [14-1Qg-1.4(1) = 1" 1Qy—1,4(1)]

and therefore RIJX n(fn) @ Nooo 0, almost surely. The end of the proof is a now a direct consequence
of theorem [3.8] ]
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