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Figure 1: Geometry of the problem.

1 Introduction

Consider a material composed of a two-dimensional object surrounded by a
very rough thin layer. We study the asymptotic behaviour of the steady-state
voltage potential when the thickness of the layer tends to zero. We present
approximate transmission conditions to take into account the effects due to the
layer without fully modeling it. This paper ends a series of 3 papers dealing
with the steady-state voltage potential in domains with thin layer with a non
constant thickness. Unlike [I6] [I7] in which the layer is weakly oscillating, and
unlike [IT], which deals with the periodic roughness case, we consider here the
case of a very rough thin layer. This means that the period of the oscillations is
much smaller than the mean thickness of the layer. More precisely, we consider
a period equal to e, while the mean thickness of the layer is of magnitude €7,
where 3 is a positive constant strictly smaller than 1. As for [IT], the motivation
comes from a collaborative research on the modeling of silty soil, however we are
confident that our result is useful for more different applications, particularly
in the electromagnetic research area.

1.1 Description of the geometry

For sake of simplicity, we deal with the two-dimensional case, however the three-
dimensional case can be studied in the same way up to few appropriate modifi-
cations.

Let Q be a bounded smooth domain of R? with connected boundary 9.
For € > 0, we split  into three subdomains: Q', Q™ and QY. Q! is a smooth
domain strictly embedded in 2. We denote by I' its connected boundary. The
domain Q™ is the thin oscillating layer surrounding Q! (see Fig. ). We denote

INRIA



Approximate transmission conditions for very rough thin layers 5

by I'c the oscillating boundary of Q7*:
I, =007 \T.
The domain Q2 is defined by
Q0 =\ (QtuQm).

We also write L
Q=0 \ QL.

We suppose that the curve I' is a smooth closed curve of R? of length 1,
which is parametrized by its curvilinear coordinate:

r— {’y(t), te ’JI‘},

where T is the torus R/Z. Denote by v the normal to I' outwardly directed to
Q. The rough boundary I is defined by

.= {VE(t)at € T},
where

2l =2(0)+£°7 (1.2) v,

where 0 < 8 < 1 and f is a smooth, (1, 1)—periodic and positive function such
that % < f < 2. Observe that the membrane has a fast oscillation compared
with the size 55 of the perturbation.

1.2 Statement of the problem
Define the piecewise regular function o, by
o1, if x € QF,

Ve e Q, o.(x) = on, if z € Q7
oo, if z € Q2,

where 01,0y, and oy are given positiv constants and let o : 2 — R be defined
byl
o1, if x € QF,
o(x) = .
oo, if x € Q°.
Let g belong to H*(2), for s > 1. We consider the unique solution u. to
V. (0eVue) =0, in Q, (1a)
ucloa = gloa- (1b)
Let u be the unique solution to the limit problem
V.(oVu) =0, in Q, (2a)
uloa = gloe- (2b)

1The same following results are obtained if o1, 0., and og are given complex and regular
functions with imaginary parts (and respectively real parts) with the same sign.
20 represents the piecewise-constant conductivity of the whole domain Q.

RR n° 6975



6 Ciupercaéd Perrussel € Poignard

Since the domains ©, Q! and Q° are smooth, the above function u belongs to
H#(Q') and H*(Q°). In the following we suppose that s > 3 hence by Sobolev
embeddings there exists sp > 0 such that u € C1*(Q1) and u € C1*0(00). We
aim to give the first two terms of the asymptotic expansion of u. for € tending
to zero.

Several papers are devoted to the modeling of thin layers: see for instance [8]
7, [16] for smooth thin layers and [T}, 2, [4} [T4} [TT] for rough layers. However, as
far as we know, the case of very rough thin layer has not been treated yet.
In [I0] Vogelius and Capdeboscq derive a general representation formula of the
steady-state potential in the very general framework of inhomogeneities of low
volume fraction, including the case of very rough thin layers. However their
result involves the polarization tensor, which is not precisely given. This paper
can be seen as an explicit characterization of the polarization tensor for very
rough thin layers.

Our main result (see Theorem [Z3]) is weaker than the results of [16, [11],
since we do not prove error estimates. Actually, using variational techniques
we prove that the sequence (u. — u)/e® weakly converges in LP(f2), for all
p € (1,2) to a function z. This function z is uniquely determined by the elliptic
problem (IIl), and the convergence does hold in L?, for s > 1 far from the layer
(see Theorem [27)).

In the present paper it seems difficult to obtain the H'® strong convergence in
Q as in [T1]. The main reason comes from the fact that according to Bonder et
al., the best Sobolev trace constant blows up for ¢ tending to zero in the case
of a very rough layer. Therefore, the analysis performed previously can not
be applied. To obtain our present result, we use a variational technique based
on the two-scale analysis. We emphasize that this technique can be applied to
obtain the limit problems presented in [16] [I1], even if the error estimates are
more complex to be achieved in such a way. We conclude by observing that
the two-scale convergence enables us to draw the target to be reached: another
asymptotic analysis as to be performed to obtain error estimates, however the
result is sketched.

The outline of the paper is the following. In the next section we present
precisely our main results using a variational formulation. Section [3]is devoted
to preliminary results. In particular, we show the first two limits easy to be
reached. In Section Ml we end the proof of the main theorems by computing
the limit of EY defined by ([[9). We then conclude the paper with numerical
simulations, which illustrate the theoretical results. We shall first present our
main results.

2 Main results
2.1 Variational formulations

Denote by z. the element of HJ(f2) defined by

Ue — U
B

Ze =

INRIA



Approximate transmission conditions for very rough thin layers 7

We shall obtain the limit of z. with the help of variational techniques. Since g
belongs to H*(2), for s > 3, we define by g + H}(2) the affine space

g+ H3() = {o € ') vlon = glon |
The variational formulation of Problem () is
Find u. € g + H(Q) such that: /QagVuE Vo =0, Yo € HL (D),
and respectively for Problem (2]
Find u € g + H3(Q) such that: /QO‘VU -V =0, Yo € HY ().

Taking the difference between the above equalities, z. belongs to H}(2) and
satisfies

1
/ 0:Vze - Vo =—— (0e —0)Vu- Vo, Ve Hi(Q), (3)
Q €™ Ja
or equivalently

1
/UVZE'V(pif/(O";*O')VZE'Vgﬁf
Q Q

— [ (0. —0)Vu-Vy, Vee H(Q).
e’ Jo

(4)
Notation 2.1 (Normal and tangential derivatives). Denote by 0(t) the tangent
vector to T' in any point v(t):

vteT, ()= (n(t),7%)"
The normal vector v outwardly directed to Q' is then given by
vteT, v(t)=(n(t)re(®)" = (1), -1 )"

In the following, for any x € T' and for any function @ smooth enough, we
denote the normal and tangential derivatives of ¢ respectively by

99"

) dp~ .
£ (z) yﬁ;glemvw(y) v, 5 () | Veo(y) - v,
e
%(90) = Vo(z) - 0.

We also write

T(z) = lim , “(z)= lim .
o) = lim o e(y) prw) =l ely)

Notation 2.2 (Green operator). We introduce the Green operator G : H=1(Q) —
HY(Q) given by G(¢) = ¢ iff ¢ is the unique solution of the problem

—V.(eVp)=1¢ inQ, (5a)
ploa = 0. (5b)

It is well known that if ¢ € L” (Q) with p’ > 2 then ¢ € W22 (Q*),k =0, 1,
then by Sobolev embeddings there exists sop > 0 such that ¢ € C'%(Q!) and
p € CH%0(QO).

RR n° 6975



8 Ciupercaéd Perrussel € Poignard

2.2 Approximate transmission conditions

Let fiin and finee be
min — i t7 d maxr — ta .
/ iy ft,m) - an f max f(t,7)

For sake of simplicity, we suppose that

1 3
_<min§ mamS_
2_f f 2

For any fixed t € T and s € R we denote by Q(s,t) the one-dimensional set
V(s,t) eERxT, Q(s,t)=4{7€T, s<f(t,1)},
and let ¢(s,t) be the Lebesgue-measure of Q(s,t):
Y(s,) €RX T, qls8) = [ X (n)dr ()
T
where x4 is the characteristic function of the set A. Observe that g satisfies

0 <gq(s,t) <1, q(s,t) =1 for s < fiin and q(s,t) =0 for s > finae. Moreover
since ¢ is a measurable function it belongs to L>°. We also write

f(t) = / f(t,7)dr. (7)

Our approximate transmission conditions need the two following functions

7 fmaz ‘f(svt)

Vel ni)= /0 7.0 + a1 a0
B fmaz q(S,t)[l - Q(Sat)]

VieT, r(t)= /mm ao(Y()q(s,t) + om(v(t))[1 — q(s,t)] ds.  (9)

To simplify notations, we still denote by 7 the function of I' equal to 7, 0y~ 1,

for k = 1,2. The aim of the paper is to prove the following theorem.

Theorem 2.3 (Main result). There exists z € N1<p<2LP(2) such that z. weakly
converges to z in LP(Q) for all p € (1,2). The limit z is the unique solution to

Vi) € Upisa L7 (),
- _ out Op™
/szdz 7/1“ [(00 — Om) (f+ (00 — Um)rl) o0 ov } dr

+ [ [0 —om) (7 (o0 = o) G558 ar,

(10)

where ¢ = G(V).

Remark 2.4. The ezistence and the uniqueness of z € Mi<p<2LP(2) solution
of Q) comes from the fact that for any p' > 2 the dual of L¥' (Q) is LP()
with 1/p+ 1/p’ =1 and that the expression of the right-hand side of ([Q) is a
continuous linear application from L (Q) to R with argument 1.

INRIA



Approximate transmission conditions for very rough thin layers 9

Remark 2.5. From the uniqueness of z we deduce that the whole sequence z.
converges to z.

Remark 2.6 (Strong formulation). We can write a strong formulation of (I0).
Supposing that z is reqular enough on Q° and on Q', and taking in (IQ) appro-
priate test functions, we infer that z satisfies the following problem

V.(0xV2)=0 in QY k=01, (11a)
t_ = (12 [F _ ou*
2T —27 = (1 p ) [f + (00 am)rl} 5, o T, (11Db)

0zT 0z~ 0 ou
00— -

5 5 90 [(00 — Om) (f—i— (o0 — am)rg) %] onT, (1lc)
zloa = 0. (11d)

Moreover, using the reqularity of u in H*(Q), with s > 3, we infer easily the
existence and the uniqueness of z in H*~1(QY) and H5~1(Q1).

Theorem 2.7 (Strong convergence far from the layer). Let D be an open set
such that T' C D and D C Q). Then the sequence z. converges strongly to z in
LP(2\ D), for allp > 1.

Remark 2.8 (The case of a thin layer with constant thickness). In the particular
case where f is independent on T, we have f = f(t) and

d0={o g 150 @2

" /()
ri(t) = ———= and 1ra(t)=0.
0= e 0
Then () becomes
V.(0,V2)=0 in QF k=01, (13a)
S (U du®
2T —z27 = <0m 1> f ey on T, (13b)
9zt dz= 0 ou
G0 1 = o (f(ao - O‘m)%) on T, (13c¢)
zlaq = 0. (13d)

which is the result obtained in [106, [17].

3 Some preliminary results

3.1 Preliminary estimates

Lemma 3.1. The following estimates hold.
i) There exists C > 0 such that

zel| mra o) < Ce™ P72,
i) For any p €]1,2[ there exists Cp, > 0 such that

2l zr(e) < Cp.

RR n° 6975



10 Ciupercaéd Perrussel € Poignard

Proof. i): Take ¢ = z. in (@) and use the regularity of u.

i7): For any p €]1,2[ we introduce the function z., defined on Q by z.,(z) =
ze () |22 (@) P72 X (oo 2y 220} - We have zepze = |2 [P,

Then we take ¢ = G(z:p) as a test function in (); in the left-hand side we
obtain ||ZEH]ZP(Q). Let p1 = 555 > 2, then

-1
IV6llz=(@) < Collzeplzm o = Ilzl12riny.

and using ) we easily see that the right-hand side of {@l) can be bounded by a
term like C|| 2| 1;(19). This gives the result. O

3.2 Change of variables

We shall use the change of variables:
T = a:(s,t), (14)
where a. : R x T — R? is an application given by
ac(s,t) = ~(t) + sv(t).
Denote by « the curvaturdd of I'. For & > 0, we denote by C. the rough cylinder
C.={(s,t), teT, 0<s< f(tt/e)}

Let dp be such that

1
0<dy< —— (15)

lllloo”

For all € € (0, dé/ h ), ae is a diffeomorphism between the rough cylinder C. and
Q7. The Jacobian matrix A, of a. equals

B
V(s,t) € (—1,1) x T, A.(s,t) = Jo(t) < 50 1 +€25H(t) > ’

where

VteT, Jo(t)= < 28 _ﬁg) )

According to ([[T), A. is invertible. Denote by Bc its inverse matrix

B
V(s,t) € (=1,1) x T, Be.(s,t) = ( 0 1/(1+gﬁsn(t>) >J0T(t).

For any functions v and w belonging to H'(R?), define the functions v and w
by

V(s,t) € (—1,1) x T, v(s,t) =voa(s,t), w(s,t)=woa(s,t).

3k is the function defined by

vt e T, v'(t) = k()Y (b).

INRIA



Approximate transmission conditions for very rough thin layers 11

Let V¢ be the gradient operator (9s,9;)T. Using the change of variables, and
since J& = J(;l we obviously have on (0,2) x T

(Vov - Vaw)oae = (Vauv)' Be(B) Vg ow,

1 1
= —=05v0;s ————— 0O w. 16
e2g VOV (1+efsk)’ o 16)

. is “ » v dw —280v dw
Hence Vyvoa. - Vawoae is “close” to G252 + 7P 529% on (0,2) x T.

3.3 First convergence results

For any fixed 1) € Up~oL? (Q) we take ¢ = G(¢) as a test function in (@). We
obtain

/ zepdw = (00 — o) (EL + EY), (17)
Q
where
1
El = o - Vu-Vedr, (18)
E! = / Vze - V. (19)
am

We pass to the limit in the left-hand side of (I7)) thanks to Lemma 31l Up to
an appropriate subsequence we infer

lim zgwdaz:/zd)dx. (20)
Q Q

e—0

The aim of the paper is to obtain the limits of E. and E”.
It is easy to compute the limit of E.. Actually, using the change of variables
(s,t) in the expression of E. we infer, for e small enought},

f@t/e)
EL = / / (1 +&Psk(t))Vuoac(s,t) - Vpoae(s,t)dsdt. (21)
TJo

)

We then deduce from the weak convergence of f(t, ﬁ) to f the limit of EL:

Out dpT  Oudp\
: ! e T zr
shi% Ee = /F < ov v 00 59) fdor. (22)

The regularity of u and ¢ implies that

0y
ov Ov

sup @a—@
s€(0,fmaz) 06 06

Vuoac(s,.) - Vooac(s,.)— <

e L2(T)

Therefore we have proved that up to a subsequence

out dpT  Oudp) ;
. . " o _ _ —__
(00 O'm);lmo E’ 7/921/) (00 Jm)/F ( 5 o0 + 20 69) fdor. (23)

To end the proof of Theorem 23] it remains to determine the limit of E”.

4i.e. such that €8 < (do/fmaz)-

RR n° 6975



12 Ciupercaéd Perrussel € Poignard

4 Computation of the limit of £”

The limit of EY is more complex to be achieved. Now for simplicity we still
denote by z. the composition z. o a.. Using the change of variables (s,t) we
infer:

E!'=¢P / /f(t,t/E (14 %sk) Laszgasgo + ;atzgatgo ds dt.
) TJo g2h (1+¢efsk)?

Unlike for E, the derivatives of z. inside the brackets do not converge strongly.
In the following, we show that for all M > f,,.. these derivatives two-scale
converge in the cylinder Py = (—M, M) x T, for ¢ tending to zero such that
Eﬁ < do/M

Denote by €25, the tubular neighbourhood of I' composed by the points at
the distance smaller than e?M of T'. By definition, a. is a diffeomorphism from
Py onto Q5 and ae(Pyr) contains Q7.

According to Lemma [l in order to obtain the limit of EY we just have
to prove the two-scale convergence of the derivatives of z. in Pp;. Actually we
have the following general result on the two-scale convergence.

Lemma 4.1. Let M > fraz. Let ve be a bounded sequence in L*(Py) and
let v € L?(Py x T?) be a two-scale limit of v. for ¢ tending to zero such that
eB < do/M. Let also ¢ be a regular enough function, defined on Py x T. Then
we have

f(tt/e) f(t,r)
lim// Ve (s, ) dsdt = // / (s,t,7)dr dydsdt.
e—=0 Jr Jo T2

Proof. Denote by b(s,t,7) = ¢(s,1,7)X0<s<f(t,)} defined on the set Py x T,
which is independent on . The difficulty comes from the fact that the function
b is not regular in 7, so we can not take it directly as a test function in the two-
scale convergence. Using the change of variables s = rf(t, £) with r € [0,1], we

infer
( t> ( ( ) t> 2 < t>
¢ S, tv - t - f t, — | drdt.
g g

dsdt =

/ /f(t=t/€)
T JO

By regularity, this last integral converges, when ¢ tends to 0 to

/T/Ol/TW(rf(t,T), D [f(t, 7)) drdrdt = // ”)/|¢s t,7)[2drdsdt.

We thus proved the following result:

t
/ b <s,t, —)
Py €

We similarly prove that for any ¢1 belonging to L2(Pys, C(T)) we havel

dtds H/ /|b s,t,7)[*drdsdt for & —0. (24)
Pn

t
/ b <s,t, —) d1 ( , ,—) dtds — b(s,t,7)p1(s,t,7)drdsdt  for € — 0.
P € PJWXT
(25)

5We can interpret (25) as a result of “partial “ two-scale convergence of b(s, t, g) to b(s,t, 7).
Moreover (24) says that this two-scale convergence is “strong”.

INRIA



Approximate transmission conditions for very rough thin layers 13

By simply adapting the proof of Theorem 11 of Lukassen et al. [I5] (see also
Allaire [3], Theorem 1.8) we prove that the convergences (24]) and (23] imply

lim b( > dsdt = / / (s,t,7)dr dy ds dt,
=0/ py Py J T2

which is the desired result. O

4.1 Two-scale convergence of ¢ %0,z and 0,z.
Prove now the two-scale convergence of the derivatives of z..

Lemma 4.2. Let p € (1,2). There exist two constants C' and C, such that for
any M > 2, for any 0 < €% < dy/M, we have

0z

) _ 30z
) H ot e

< -B
Os Ce

LZ(P]\/[)

I

LZ(P]\/[)
ii) zellLopay < Cpe™P/P.
Proof. According to Lemma B.1] and with the help of the change of variables

(@) we straightforwardly obtain (ii). For (i) we use the formula (I6) with
V=W = Ze. O

By two-scale convergence there exist a subsequence of ¢ still denoted by e
and &M (s,t,7,y) € L?(Pyx])0,1[%), k = 1,2, such that

0z
M .
—— in Py
68 1 ’
and 9
Z .
P=E M in Py,

ot 2
where —— denotes the two scale convergence.
For k =1,2 let ék (s, t,7) fo M(s,t,7,y)dy, which are functions defined on
the domain Py x T. The followmg estimate is obvious:

30> 0,YM > 2, Hg,ﬁ”‘ <C, k=12 (26)

LZ(PJWX 0 1[)

Moreover if M < Ms then the restriction of £M2 to the set {|s| < M} is exactly
M for k=1,2.

Lemma 4.3. For any M > fpas the following results hold.
i) &M s independent on T.
i1) fol MdAdr =0 ae (s,1).

Proof. i) Consider 6;(s,t,7) and 03(s,t,7) in D (Pp x T) arbitrary, such that

001 005
s T or

Using the two-scale convergence and also the fact that § < 1, we infer

0z t 0z t 1AM
- — f — 0.
fo [ (o) v (sa )] = [, [ wor e

RR n° 6975
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14 Ciupercaéd Perrussel € Poignard

On the other hand, by Green formula and according to (27)) and to Lemmald.2)(i7):

0z t 0z t 005 t
9 - 9 - = - 8_9 s Uy 7 — U, fi — U.
/M [ 891 (s,t,€)+5 t92 (s,t,s)} E/MZ ; (s t 5) 0 or € -0

We then infer

/ /élMel =0, for any (61, 602)satisfying (27]).

Using now the De Rham theorem, we deduce that the vector (€M, 0) is a gradient
in the variables (s, 7). Hence there exists a function H such that
0H
ds

o OH
M
d —=0
61 an 87_ ’
which proves 7).

7i) From Lemma (13), for any p €]1,2[ and M > 0 fixed we have
ePz. -0 in LP(Py) — strongly fore — 0, (28)

which implies

&b az: —0 in D(Py).

On the other hand, from Lemma (i) there exists £ € L2(Py;) such that, up
to a subsequence of ¢, we have

0z - .
gﬁa—zt —~ & in D(Py).

By identification we obtain

s
I
=

Since by the two-scale theory

~ 1,1
5:/ / M dr dy,
0 0

we infer the result. |
Define now the space H,,, o(Par) by
H}.,o(Pr) ={p € H'(Py), ¢ljs)=m = 0},
and let
Dy=10,2] xTxT and D={(s,t,7)€ Dy, 0<s< f(t,7)}.
The next lemma shows that é{w is independent on M, for 0 < s < 2.
Lemma 4.4. For any M > fnaz,

FM (00 —om)g  Ou”
! Umq+00(1 _q) ov

,  for 0<s<2,
where og, Om and ‘95’—; are evaluated in x = y(t) and q is defined by (6.
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Approximate transmission conditions for very rough thin layers 15

Proof. We take as test function in (B) an element ¢ € H}(Q) with support in
o (Pyr). Using the local coordinates (s,t) and (I6) we infer

1 M 1 1
p 1 p —=052:05 —————012:0 dsdt =
€ /O /—M( +e”sk)o:(ac) (€2ﬁ 205 + (1 + ePsn)? t2e0tP S

f(tt/e)
(o0 — Um)/ / (1 +ePsk) (V&t(p)T BV, u(a.)dsdt.
0

(29)
Take in the above equality a test function (s, t) which is an element of H},, o(Par)
and multiply by e”. Observe that JI V,u(y) = (2%(v), 9%(v))T hence
- /1 /O 825 890 /1 /f(t,t/a) az 880
e—0 0 -M 68 85 0 0 63 63
/ / azs 850 ( 1 / /f(t it/e) (9(,0 ou~T |
— o) lim
(¢, t/E "9s 9s o0 e—0 ds Ov
: . Oze . :
According to Lemma ET] with v. = 3 and ® in appropriate manner (for
s
example for the second integral we take ®(s,t,7) = Umg—f(s, t)), we infer
1 1 0
o 99 &p 9o _
[ Lo fomarGie [ ][, me%
o Jo J-Mm s ft,7) s (30)
(00 — o) Dy 8u+
0 p O0s Ov

Let ¢ be arbitrary such that ¢ = 0 for s < fi,0z- We deduce that é{” is
independent on s for s > fiae. On the other hand, according to (26]), the
L?-norm of ¢M is uniformly bounded in M hence

M — 0, for s> fmaz- (31)

1
Now choose ¢ € HperO(PM) arbitrary such that ¢ = 0 for s < 0 or s > 2.

Integrating (B0) first in 7 and using the independence of é{” on 7, we obtain

+
// Om q+ 00 (1—4q)] M&pd dt = // 8;1/ qg—fdsdt,

which gives

0

52 [ioma + o0t =)&) = 7 |00 - o) 5

Taking into account (BII) we obtain the result. O

The next lemma gives an useful information about éé” .

Lemma 4.5. For any M > fia. and any function d € C(T) we have

/T/qr/of(m d()&" ds dr dt = (o0 = o) / ZZ (t)ra () dt,

where ro is defined by ().

RR n° 6975



16 Ciupercaéd Perrussel € Poignard

Proof. In (29) we take a test function ¢ in the form ¢(s,t) = ®(s, ¢, £) where ®
is an enough regular function defined on | — M, M[xT?. Multiplying 29) by ¢
we obtain

li /1 /0 50z 0% t +/1 /f“»t/f) p02: 00 (1Y |
1 o1& = omed 2
e—0 0 —M ! at a 5 0 0 (9t a g
oM Dz OB t Ftt/e) au
L ] o] g
0 Jf(tt/e) ot or € e—0 Vor

Passing to the limit and using again Lemma [£1] we obtain

1 p1 0
[ Lo [ [ ], »5 -
o Jo J-m or ft,7)

o
L0 T G

By density argument, this equation is also valid for ® not regular in (s,t) but
with the H'-regularity in 7.

Taking first & arbitrary such that ® = 0 for s > 0, we deduce that fé”
independent on 7. With the help of Lemma [3(i7) we obtain

(32)

M =0, for s<O0. (33)
We similarly obtain .
féw =0, for s> fmaz (34)
Let ® be a test function such that
0P
Tmge = d(t) + ¢(s,t) on D,
2~ c(s.1), on Dy\ D
05— = c(s,1), on Do ,

where c(s, t) must be chosen such that fo 9 dr =0 in order to have the period-
icity in 7. Obviously, the function ® given on Dg by ®(s,t,7) = fo v1(s,t,7")dr’
where

d(t t
0 st
pr=1{ Om__ Om
c(s,) on  Dg\D,
)
with d
c(s,t) = — 709 (35)

00q + om(l —q)’
satisfies the required conditions. We then extend ® on s < 0 or s > 2 such that
®=0o0ns==xM.

Taking this ® as a test function in (32) and according to (B3)—(B4) we infer:

| aw@'+ [ el Y = [ o=zt (36)

From Lemma (7i) the second integral of this equality is equal to 0, which
gives the result, according to (35)). O
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Approximate transmission conditions for very rough thin layers 17

4.2 Proofs of Theorem [2.3] and Theorem [2.7]

We now end the proof of our main results.

4.2.a Proof of Theorem [2.3]

To prove Theorem 2.3 it remains to compute the limit of E”. Using local
coordinates (s,t), E! equals

f(tt/e)
B - / / (Vo) (@2) (B) Va2 det (A.)dsdt.
T JO

Using the regularity of og, 0y, and ¢ we infer

; ft t/s) 5825
hm E! = gg%// Voo () Jo 55& dsdt.
ot

Using now Lemma .1l we obtain

U a_(P cM / a(p+ cM
[e)

From Lemma B35 with d(t) = 55 (v(t)), we deduce
&p STal 3 ou,  Op
S & = (0= om) [ GGl dr
The expression of é{” of Lemma [£.4] leads to
8<,0 ‘M out Ot
| ! = (0= ) [ G )Tt

and this last three equalities give

lim E” = (o0 —Jm)/ (alﬁ O (t)+@%r2(t)) dr. (37)

e—0 ov Ov 00 00

Inserting (37) into [23)) leads to equality (I0) of Theorem [Z3]

4.2.b Proof of Theorem 2.7

Let us show that far away from the thin layer, the sequence z. is bounded in
H'. Then using a compacity argument we infer that z is the strong limit of z.
in L%, for all s > 1, which is exactly Theorem 2.7

Lemma 4.6. Let D be an open set such that T' C D and D C Q. Then
there exist two positive constants €y and ¢ depending on D such that, for any
e €0, eo[ we have

| zell &7, (D) < e

RR n° 6975



18 Ciupercaéd Perrussel € Poignard

Proof. We proceed as in [9]. We introduce the linear operator
R : HY(Q\ D) — HY(D) given by R(¢)) = ¢ iff ¢ is the unique solution of the
problem

{ —V - (6Vyp) =0 in D (38)

=1 on J0D.

It is clear, by interior regularity, that for any open set D; with D; C D there
exists a positive constant ¢; depending on D; such that

IR w10y < alllm@ypy, V€ H(Q\D). (39)
We now introduce the function ¢. defined in Q by

I EA in Q\ D
ve T {R(zs) in D. (40)

It is clear that ¢, € Ha(£2) so we can take it as a test function in the variational
formulation ({@). We obtain

1
/aVzg-Vgog = —/ (O’E—O’)VZE-VR(ZE)——H/ (6°—0)Vu-VR(z:). (41)
Q Qm €™ Jam

On the other hand, taking R(z.) — 2. € H}(D) as a test function in (B8) with
1) = z., we obtain

/ o|VR(z:)|? das:/ oVze - VR(ze)
D D

so, the left-hand side of (@Il becomes

/ 0|Vz8|2dx+/ o|VR(z:)|* dz
Q-D D

Now using i) of Lemma BJ] and the inequality ([B9) we easily control the terms
of the right of (4I]) and with the help of the Poincaré inequality on Q \ D we
obtain the desired result. |

5 Conclusion

In this paper, we have derived appropriate transmission conditions to tackle the
numerical difficulties inherent in the geometry of a very rough thin layer. These
transmission conditions lead to an explicit characterization of the polarization
tensor of Vogelius and Capdeboscq [10]. More precisely, suppose that oo = o1
and denote by G(x,y) the Dirichlet solution for the Laplace operator defined
in [5] pp33 by

Va (Jo(ZL')VzG(:L', y)) = —§,,in Q
G(z,y) =0, Vax e .

According to Theorem 27 the following equality holds almost everywhere in
o0

(ue —u)(y) =€ /Q A.G(z,y)z(x)dz + o(e7), y € IN.

INRIA



Approximate transmission conditions for very rough thin layers 19

According to (), simple calculations lead for almost every y € 9 to

On onG
_ — B _ n . n B
(e = 1)) == [ (7 = )M () (m) (VFG) (s, w)dr(s) + o),
where M is the polarization tensor defined by

_ (F+(oo—om)n 0
Vs e, M(s) = ( 0 f~+(000m)7’2>.

00/0m O

Observe that if f is constant, then M(s) = 0 1

) , which is the polar-

ization tensor given by Beretta et al. [0l [7].

One of the main feature of our result is the following. Unlike the case of the
weakly oscillating thin membrane (see [16]), if the quasi e-period of the oscilla-
tions of the rough layer is fast compared to its thickness, then the layer influence
on the steady-state potential may not be approximated by only considering the
mean effect of the rough layer.

Actually, if we were to consider the mean effect of the roughness, the approx-
imate transmission conditions would be these presented in ([[3), by replacing f
by its average f defined in ([@. Observe that our transmission conditions (I
are different since they involve parameters r; and ro quantifying the roughness
of Q". More precisely, denote by Z the correction, which only takes into ac-
count the mean effect of the layer. Then according to [I3]), Z will satisfy (for
simplicity, we consider the e-periodic case):

V.(o,VZ) =0 in Q¥ k=01,

Ot
z*—z:(ﬂ—1> aaL onT,
v

Om

9zt 9z~ 5 0%u
UQW—Ulw = (f(O’O—O'm)W) on F,
zlaa = 0.

To illustrate this assertion, we conclude the paper by numerical simulations
obtained using the mesh generator Gmsh [13] and the finite element library
Getfem++ [18].

The computational domain €2 is delimited by the circles of radius 2 and of
radius 0.2 centered in 0, while Q! is the intersection of  with the concentric
disk of radius 1. The rough layer is then described by f(y) = 1 + 2 sin(y) and
we choose = 1/2. One period of the domain is shown Fig. The Dirichlet
boundary data is identically 1 on the outer circle and 0 on the inner circle.
The conductivities op, o1 and o, are respectively equal to 1, 1 and 0.1. The
computed coefficients for quantifying the roughness are r; = 5.87 and o = 0.413
(three significant digits are kept).

The numerical convergence rates for both the H'- and the L?-norms in !
of the three following errors u, — u, ue — u — €%z and u. — u — %7 as € goes
to zero are given Fig. Bl for B = 1/2. The numerical convergence rates with
the thickness of the layer are comparable between the H'- and the L2-norms.

6The same numerical simulations have been performed for several values of 8 < 1. All the
results are very similar, hence we just show here the case 8 = 1/2.
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(a) One period.

(b) Error order 0.

(¢) Error order 1.

Figure 2: Representation of one period of the domain and the corresponding
errors with approximate solutions v and u + &”z. ¢ = 27/60. Do not consider
the error inside the rough layer because a proper reconstruction of the solution
in it is not currently implemented.
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Observe that they are also similar to the rates shown in [I7, [16] and in [11],
respectively for the case of constant thickness and for the periodic roughness
case. More precisely they are close to 1 for u. —u and for u. — (u+¢%%), whereas
the convergence rate is close to 2 for u. — (u 4 €%z). Therefore according to
these numerical simulations, the convergence of z. to z seems to hold strongly in
H' far from the layer, even if our method does not lead to such result: another
analysis should be performed.

To conclude, Fig. ] demonstrates that the convergence rate decreases dra-
matically for § = 1. This is in accordance with the theory, since the approximate
transmission conditions for § = 1 given in [I1], [12] are very different from the
conditions proved in the present paper.
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Figure 3: Error in the cytoplasm vs ¢° for three approximate solutions. We
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