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❆❜str❛❝t✿ ❲❡ ❞❡❛❧ ✇✐t❤ ♥❡✇ ♦♣t✐♠✐③❛t✐♦♥✲❝♦♥tr♦❧ ❛♣♣r♦❛❝❤❡s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
❤❛r♠♦♥✐❝ r❡❣✐♠❡s ✐♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝s✳ ❚❤✐s ❢r❛♠❡✇♦r❦ ✐s r♦❜✉st ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ❝❛♥
❡❛s✐❧② ❜❡ ❡①t❡♥❞❡❞ t♦ ✈❛r✐❛❜❧❡ ❞✐❛❧❡❝tr✐❝ ♠❡❞✐❛ ✇✐t❤ ♥♦ s♣❡❝✐✜❝ r❡❣✉❧❛r✐t② ♦♥ t❤❡ ❝♦♥❞✉❝t✐✈✐t②
❛♥❞ ♣❡r♠✐t✐✈✐t② ❝♦❡✣❝✐❡♥ts ✇❤✐❝❤ ❝♦✉❧❞ ❛❧s♦ ❜❡ t✐♠❡ ❞❡♣❡♥❞✐♥❣✳ ❇❡✐♥❣ ❣✐✈❡♥ ♦♥❡ ❢r❡q✉❡♥❝② ω
✭✇✐t❤ s♦♠❡ r❡str✐❝t✐♦♥ ❢♦r t❤❡ ✐♥t❡r♥❛❧ ♣r♦❜❧❡♠✮ ✇❡ ❛♣♣r♦❛❝❤ t❤❡ s♦❧✉t✐♦♥ E t♦ t❤❡ ❤❛r♠♦♥✐❝
▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❜② ❛ s♦❧✉t✐♦♥ Eα(t, x) t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ✭t✐♠❡ ❞❡♣❡♥❞✐♥❣✮ ▼❛①✇❡❧❧ s②st❡♠✳
❚❤❡ ❝♦♥tr♦❧ s❡tt✐♥❣ ✐s ✐♥t❡r❡st✐♥❣ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❛❞❥♦✐♥t ♣r♦❜❧❡♠ P ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ❛ ✐♥❣♦✐♥❣
s♦❧✉t✐♦♥ ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❙✐❧✈❡r✲▼✉❧❧❡r r❛❞✐❛t✐♥❣ ❝♦♥❞✐t✐♦♥ ❛t ✐♥✜♥✐t②✮✳ ❚❤✐s ❞✐✣❝✉❧t②
✐s ❝❛♣t✉r❡❞ ✐♥ t❤❡ ❝❛❧❝✉❧✉s ♦❢ t❤❡ ❘✐❝❝❛t✐ ♦♣❡r❛t♦r Q(t) s♦ t❤❛t ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ t❤❡
s②♥t❤❡s✐s ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ❡❧✐♠✐♥❛t❡s t❤❡ ❛❞❥♦✐♥t st❛t❡s P (t) s♦ t❤❛t ✇❡ r❡❛❧✐s❡ ❛ ♣❤②s✐❝❛❧
t✐♠❡ ✐♥✈❡rs✐♦♥ ✇✐t❤♦✉t ❛♥② s✉❝❤ ❞✐✣❝✉❧t②✳

❑❡②✲✇♦r❞s✿ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✱ ❤❛r♠♦♥✐❝ r❡❣✐♠❡✱ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥

∗ ■◆❘■❆ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s✱ ✷✵✵✹ r♦✉t❡ ❞❡s ▲✉❝✐♦❧❡s ✲ ❇P ✾✸✱ ✵✻✵✾✷ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s ❈❡❞❡①✱ ❋r❛♥❝❡✱

▲✉✐❣✐✳▼❛♥❝❛❅s♦♣❤✐❛✳✐♥r✐❛✳❢r
† ❈◆❘❙ ❛♥❞ ■◆❘■❆✱ ❈◆❘❙✲■◆▲◆✱ ✶✶✸✻ r♦✉t❡ ❞❡s ▲✉❝✐♦❧❡s✱ ✵✻✾✵✷ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s ❈❡❞❡①✱ ❋r❛♥❝❡✱ ❏❡❛♥✲

P❛✉❧✳❩♦❧❡s✐♦❅✐♥❧♥✳❝♥rs✳❢r



❯♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣❛r t❡❝❤♥✐q✉❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ♣♦✉r ❧❡s

s♦❧✉t✐♦♥s ❤❛r♠♦♥✐q✉❡s ❡♥ é❧❡❝tr♦♠❛❣♥ét✐s♠❡✳

❘és✉♠é ✿ ◆♦✉s ❝♦♥s✐❞ér♦♥s ✉♥ ♥♦✉✈❡❛✉ ♣r♦❜❧è♠❡ ❞❡ t②♣❡ ♦♣t✐♠✐s❛t✐♦♥ ❡t ❝♦♥trô❧❡ ♦♣t✐✲
♠❛❧❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡s r❡❣✐♠❡s ❤❛r♠♦♥✐q✉❡s ❡♥ é❧❡❝tr♦♠❛❣♥ét✐s♠❡ ✸❉✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❡st
r♦❜✉st❡ ❞❛♥s ❧❡ s❡♥s q✉❡ ❧❡s ❝♦❡✣❝✐❡♥ts ❞✉ ♠✐❧✐❡✉ ♣❡✉✈❡♥t êtr❡ ✈❛r✐❛❜❧❡ ❡t ♠ê♠❡ ✈❛r✐❡r ❧❡♥✲
t❡♠❡♥t ❛✈❡❝ ❧❡ t❡♠♣s✳ ❊t❛♥t ❞♦♥♥é❡ ✉♥❡ ❢réq✉❡♥❝❡ ω ♦♥ ❛♣♣r♦❝❤❡ ❧❛ s♦❧✉t✐♦♥ E ❞❡❧✬❡q✉❛t✐♦♥
❤❛r♠♦♥✐q✉❡ ♣❛r ❧❛ s♦❧✉t✐♦♥ Eα(t, x) ❞✉ s②stê♠❡ ❞✬é✈♦❧✉t✐♦♥ ❛ss♦❝✐é✳ ▲❛ str✉❝t✉r❡ ❞✉ ❝♦♥trô❧❡
❡st ✐♥t❡r❡ss❛♥t❡ ❛✉ s✉❥❡t ❞❡ ❧✬ét❛t ❛❞❥♦✐♥t✳ ❈❡❧✉✐✲❝✐ ❞♦✐t êtr❡ ♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ✏❡♥tr❛♥t✑
❛ss♦❝✐é à ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ r❛②♦♥♥❡♠❡♥t ❞❡ ❙✐❧✈❡r ▼✉❧❧❡r r❡♥tr❛♥t❡✳ ❈❡tt❡ ❞✐✣❝✉❧té ❡st ❧♦❝❛✲
❧✐sé❡ ❞❛♥s ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❘✐❝❝❛t✐ q✉✐ ❡❧❧❡ ♥❡ s❡ ❢❛✐t ♣❛s ❡♥ t❡♠♣s
ré❡❧✳ ❆✐♥s✐ ❧❛ s②♥t❤❡s❡ ❞✉ ❝♦♥trô❧❡ ♦♣t✐♠❛❧ é❧✐♠✐♥❛♥t ❧✬ét❛t ❛❞❥♦✐♥t ♣❡r♠❡t ❞❡ ré❛❧✐s❡r ❝❡
r❡t♦✉r♥❡♠❡♥t ❞✉ t❡♠♣s s❛♥s ❞✐✣❝✉❧té ❛❧❣♦r✐t❤♠✐q✉❡✳

▼♦ts✲❝❧és ✿ ➱q✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧✱ r❡❣✐♠❡ ❤❛r♠♦♥✐q✉❡✱ éq✉❛t✐♦♥ ❞❡ ❘✐❝❝❛t✐



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✸

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❝❛r❛❝t❡r✐s❛t✐♦♥ ❛♥❞ ❝❛❧❝✉❧✉s ♦❢ ❤❛r♠♦♥✐❝ s♦❧✉t✐♦♥ t♦ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✐♥ ✉♥❜♦✉♥❞❡❞
❞♦♠❛✐♥ ❛r❡ ❝❧❛ss✐q✉❡❧② ❞♦♥❡ ❜② t❤❡ ✉s❡ ♦❢ t❤❡ str❛tt♦♥✲❈❤✉ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r♠✉❧❛❡✳ ❲❡
❞❡✈❡❧♦♣ ❛ ♥❡✇ ❝♦♥tr♦❧ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❤❛r♠♦♥✐❝ s♦❧✉t✐♦♥ ✉s✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♠❛①✇❡❧❧ ❡q✉❛✲
t✐♦♥ ❛s ❛ ✏st❛t❡ ❡q✉❛t✐♦♥✑✳ ❲❡ s❤♦✇ t❤❛t t❤❡ t✐♠❡ ❞❡♣❡♥❞✐♥❣ s♦❧✉t✐♦♥ ✉♥❞❡r ❛♣♣r♦♣r✐❛t❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♠❡t❛❧❧✐❝ ♦❜st❛❝❧❡ B r❡s✉❧ts ✐♥ ✸ ✉s✉❛❧ s❝❛❧❛r ✇❛✈❡ ❡q✉❛t✐♦♥s✱
s♦❧✈✐♥❣ t♦❣❡t❤❡r t❤❡ r❛❞✐❛t✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✹✳✶✮✳ ❋♦r s❤♦rt♥❡ss ✇❡ ❧✐♠✐t❛t❡❞ ❤❡r❡ t❤❡ st✉❞② t♦
♠❡t❛❧❧✐❝ ♦❜st❛❝❧❡ ❜♦❞② B ✭✇✐t❤ ❜♦✉♥❞❛r② Γ✮ ❜✉t t❤✐s ♣❛♣❡r ♦❜✈✐♦✉s❧② ❡①t❡♥❞s t♦ ♠✉❝❤ ♠♦r❡
❣❡♥❡r❛❧ s❡tt✐♥❣s ✐♥❝❧✉❞✐♥❣ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ✐♥ ❤❛r♠♦♥✐❝ r❡❣✐♠❡ ♦❢ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✳

✷ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥ ✐♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω

❆ss✉♠✐♥❣ ♣❡r❢❡❝t ♠❡❞✐❛ ✭ǫ = µ = 1✮ t❤❡ ❆♠♣èr❡ ❧❛✇ ✐s

CurlH =
∂

∂t
E + J, ✭✷✳✶✮

✇❤❡r❡ J ✐s t❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❞❡♥s✐t②✳ ❚❤❡ ❋❛r❛❞❛②✬s ❧❛✇ ✐s

CurlE = −
∂

∂t
H. ✭✷✳✷✮

❚❤❡ ❝♦♥s❡r✈❛t✐♦♥s ❧❛✇s ❛r❡
❞✐✈ E = ρ, ❞✐✈ H = 0, ✭✷✳✸✮

✇❤❡r❡ ρ ✐s t❤❡ ✈♦❧✉♠❡ ❝❤❛r❣❡ ❞❡♥s✐t②✳ ❋r♦♠ ✭✷✳✶✮ ❛♥❞ ✭✷✳✷✮✱ ❛s ❞✐✈
Curl = 0✱ ✇❡ ♦❜t❛✐♥

❞✐✈ J = −❞✐✈ (Et) = −ρt. ✭✷✳✹✮

❲❡ ❛ss✉♠❡ t❤❛t ρ = 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❞✐✈ J = 0✳ ❯♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥ ❛♥② E
s♦❧✈✐♥❣ ✭✷✳✶✮ ✐s ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ❛s s♦♦♥ ❛s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ E0 ✐s✳ ❲❡ s❤❛❧❧ ❛❧s♦ ❛ss✉♠❡
❞✐✈ E0 = 0 s♦ t❤❛t ✭✷✳✻✮ ✇✐❧❧ ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✷✳✶✮✳

❲✐t❤ F = −Jt✱ ✇❡ s✐♠✐❧❛r❧② ❣❡t ❞✐✈ F = 0 ❛♥❞ E ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ✉s✉❛❧ ▼❛①✇❡❧❧
❡q✉❛t✐♦♥✿

Ett + CurlCurl E = F, E(0) = E0, Et(0) = E1. ✭✷✳✺✮

▲❡♠♠❛ ✷✳✶✳ ❆ss✉♠❡ t❤❛t ❞✐✈ F = ❞✐✈ E0 = ❞✐✈ E1 = 0✳ ❚❤❡♥ ❛♥② s♦❧✉t✐♦♥ E t♦ ▼❛①✇❡❧❧
❡q✉❛t✐♦♥ ✭✷✳✺✮ ✈❡r✐✜❡s t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✭✷✳✸✮ ✭✇✐t❤ ρ = 0✮✿

❞✐✈ E = 0. ✭✷✳✻✮

❲❡ ❤❛✈❡ t❤❡ ❝❧❛ss✐❝❛❧ ✐❞❡♥t✐t②

CurlCurl E = −∆E + ∇(❞✐✈ E) ✭✷✳✼✮

s♦ t❤❛t E ✐s ❛❧s♦ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛✈❡ ❡q✉❛t✐♦♥ ♣r♦❜❧❡♠

Ett − ∆E = F, E(0) = E0, Et(0) = E1. ✭✷✳✽✮

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✹ ▼❛♥❝❛ ✫ ❩♦❧és✐♦

✷✳✶ ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥s ♦♥ Γ

❚❤❡ ♣❤②s✐❝❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ♠❡t❛❧❧✐❝ ❜♦✉♥❞❛r② ✐s E × n = 0 ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✜❡❧❞ E✿

EΓ = ~I ♦♥ Γ. ✭✷✳✾✮

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❋♦✉r✐❡r✲❧✐❦❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡
∆bΩ = λ1 + λ2 ♦❢ t❤❡ s✉r❢❛❝❡ Γ

∆bΩ E.n + 〈DE.n, n〉 = −divΓ
~I ♦♥ Γ. ✭✷✳✶✵✮

■♥ ✢❛t ♣✐❡❝❡s ♦❢ t❤❡ ❜♦✉♥❞❛r② t❤✐s ❝♦♥❞✐t✐♦♥ r❡❞✉❝❡s t♦ t❤❡ ✉s✉❛❧ ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ▲❡t E ❜❡ ❛ s♠♦♦t❤ ❡❧❡♠❡♥t ✭E ∈ H2✱ s❡❡ ❜❡❧♦✇✮ ❛♥❞ t❤❡ t❤r❡❡ ❞✐✈❡r❣❡♥❝❡✲
❢r❡❡ ❡❧❡♠❡♥ts (E0, E1, F ) ∈ H2(Ω, R3) × H1(Ω, R3) × L2(0, τ ;H1(Ω, R3))✳ ❚❤❡♥ ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉s✐♦♥s✳

✐✮ ▲❡t E ❜❡ s♦❧✉t✐♦♥ t♦ ▼❛①✇❡❧❧✲♠❡t❛❧❧✐❝ s②st❡♠ ✭✷✳✺✮✱ ✭✷✳✾✮✳ ❚❤❡♥ E s♦❧✈❡s t❤❡ ♠✐①❡❞
✇❛✈❡ ♣r♦❜❧❡♠ ✭✷✳✽✮✱ ✭✷✳✾✮✱ ✭✷✳✶✵✮ ❛♥❞✱ ❢r♦♠ ▲❡♠♠❛ ✷✳✶✱ E s♦❧✈❡s ❛❧s♦ t❤❡ ❢r❡❡ ❞✐✈❡r✲
❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✻✮✳

✐✐✮ ▲❡t E ❜❡ s♦❧✉t✐♦♥ t♦ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✭✷✳✽✮ ✇✐t❤ ✏♠❡t❛❧❧✐❝✧ ❜✳❝✳ ✭✷✳✾✮✳ ❚❤❡♥ E ✈❡r✐✜❡s
t❤❡ ❋♦✉r✐❡r✲❧✐❦❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✵✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ E ✈❡r✐✜❡s t❤❡ ❢r❡❡ ❞✐✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥
✭✷✳✻✮✳

✐✐✐✮ ▲❡t E ❜❡ ❛ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ s♦❧✉t✐♦♥ t♦ t❤❡ ✏♠❡t❛❧❧✐❝✧ ✇❛✈❡ ♣r♦❜❧❡♠ ✭✷✳✽✮✱ ✭✷✳✻✮✱ ✭✷✳✾✮✱
t❤❡♥ E s♦❧✈❡s t❤❡ ▼❛①✇❡❧❧ ♣r♦❜❧❡♠ ✭✷✳✺✮✱ ✭✷✳✾✮✱ ✭✷✳✶✵✮✳

Pr♦♦❢✿
❲❡ ❝♦♥s✐❞❡r e = ❞✐✈ E❀ ✐❢ E ✐s s♦❧✉t✐♦♥ t♦ ▼❛①✇❡❧❧ ♣r♦❜❧❡♠ ✭✷✳✺✮ t❤❡♥ e s♦❧✈❡s t❤❡

s❝❛❧❛r ✇❛✈❡ ❡q✉❛t✐♦♥ ✇✐t❤ ✐♥✐t❛❧ ❝♦♥❞✐t✐♦♥s ei = ❞✐✈ Ei = 0, i = 0, 1 ❛♥❞ r✐❣❤t ❤❛♥❞ s✐❞❡
f = ❞✐✈ F = 0✳ ■❢ E s♦❧✈❡s ✭✷✳✶✵✮ t❤❡♥ ✇❡ ❣❡t e = 0✱ ❛s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇❡ ❣❡t
e = 0 ♦♥ t❤❡ ❜♦✉♥❞❛r②✿

▲❡♠♠❛ ✷✳✸✳ ▲❡t E ∈ H2(Ω) s♦❧✈✐♥❣ t❤❡ t❛♥❣❡♥t✐❛❧ ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ ✭✷✳✾✮✱ t❤❡♥ ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ tr❛❝❡ ♦❢ ❞✐✈ E✿

❞✐✈ E|Γ = ∆bΩ 〈E, n〉 + 〈DE.n, n〉 ♦♥ Γ. ✭✷✳✶✶✮

Pr♦♦❢✿ ❚❤❡ ❞✐✈❡r❣❡♥❝❡ s✉❝❝❡ss✐✈❡❧② ❞❡❝♦♠♣♦s❡s ❛s ❢♦❧❧♦✇s ❛t t❤❡ ❜♦✉♥❞❛r② ✿

❞✐✈ E|Γ = ❞✐✈ Γ(E) + 〈DE.n, n〉 = ❞✐✈ Γ(E.n~n) + ❞✐✈ Γ(EΓ) + 〈DE.n, n〉

= 〈∇Γ(E.n), n〉 + E.n❞✐✈ Γ(~n) + ❞✐✈ Γ(EΓ) + 〈DE.n, n〉 .
✭✷✳✶✷✮

❖❜✈✐♦✉s❧② 〈∇Γ(E.n), n〉 = 0✱ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ s✉r❢❛❝❡ Γ ✐s ∆bΩ = ❞✐✈ Γ(~n) ❛♥❞
✐❢ t❤❡ ✜❡❧❞ E s❛t✐s✜❡s t❤❡ t❛♥❣❡♥t✐❛❧ ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ ✭✷✳✾✮ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡
❡①♣r❡ss✐♦♥ ❢♦r t❤❡ r❡str✐❝t✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡✿

❞✐✈ (E)|Γ = ∆bΩ 〈E, n〉 + 〈DE.n, n〉 + divΓ
~I. ✭✷✳✶✸✮

■◆❘■❆



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✺

❚❤❡♥ ✐❢ E s❛t✐s✜❡s t❤❡ ❡①tr❛ ✏❋♦✉r✐❡r✲❧✐❦❡✧ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✵✮ ✇❡ ❣❡t e = 0 ♦♥ Γ✱ s♦ t❤❛t e = 0
✳

✷✳✷ ❚❤❡ ❲❛✈❡✲▼❛①✇❡❧❧ ▼✐①❡❞ Pr♦❜❧❡♠

❋r♦♠ ♣r❡✈✐♦✉s ❝♦♥s✐❞❡r❛t✐♦♥s✱ ✐t ❢♦❧❧♦✇s t❤❛t ✉♥❞❡r t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛ss✉♠♣t✐♦♥ ❢♦r t❤❡
t❤r❡❡ ❞❛t❛ E0✱ E1✱ F ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ♣r♦❜❧❡♠s ❛r❡ ❡q✉✐✈❛❧❡♥t ✭✐♥ t❤❡ s❡♥s❡ t❤❛t ❛♥②
s♠♦♦t❤ s♦❧✉t✐♦♥ ♦❢ ♦♥❡ ♦❢ t❤❡♠ ✐s s♦❧✉t✐♦♥ t♦ t❤❡ t✇♦ ♦t❤❡rs✮✿ ▼❛①✇❡❧❧ ♣r♦❜❧❡♠ ✭✷✳✺✮✱ ✭✷✳✾✮✱
❋r❡❡✲❲❛✈❡ ♣r♦❜❧❡♠ ✭✷✳✽✮✱ ✭✷✳✻✮✱ ✭✷✳✾✮✱ ❛♥❞ ▼✐①❡❞✲❲❛✈❡ ♣r♦❜❧❡♠ ✭✷✳✽✮✱ ✭✷✳✾✮✱ ✭✷✳✶✵✮✳ ❲❡
❡♠♣❤❛s✐③❡ t❤❛t ❛♥② s♦❧✉t✐♦♥ t♦ ▼❛①✇❡❧❧ ♣r♦❜❧❡♠ s❛t✐s✜❡s t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✻✮
❛♥❞ t❤❡ ❋♦✉r✐❡r✲❧✐❦❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✵✮✳ ❆♥② s♦❧✉t✐♦♥ t♦ t❤❡ ▼✐①❡❞✲❲❛✈❡ ♣r♦❜❧❡♠ s❛t✐s✜❡s ✭❢♦r
❢r❡❡✮ t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✻✮✳ ❆♥② s♦❧✉t✐♦♥ t♦ t❤❡ ❋r❡❡✲❲❛✈❡ ♣r♦❜❧❡♠ s❛t✐s✜❡s
✭❢♦r ❢r❡❡✮ t❤❡ ❋♦✉r✐❡r✲❧✐❦❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✵✮✳

✷✳✷✳✶ ▲♦❝❛❧ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥

❆s t❤❡ ❜♦✉♥❞❛r② Γ = ∂Ω ∈ C2 ✇❡ ❝❛♥ ❛♣♣❧② ❛❧❧ ✐♥tr✐♥s✐❝ ❣❡♦♠❡tr② ♠❛t❡r✐❛❧ ✐♥tr♦❞✉❝❡❞ ✐♥
✭❬✺❪✮✳ ❉❡♥♦t✐♥❣ ❜② p = pΓ t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛♣♣✐♥❣ ♦♥t♦ t❤❡ ♠❛♥✐❢♦❧❞ Γ ✭✇❤✐❝❤ ✐s s♠♦♦t❤❧②
❞❡✜♥❡❞ ✐♥ ❛ t✉❜✉❧❛r ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Γ✮ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦r✐❡♥t❡❞ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ b = bΩ =
dΩc − dΩ ✇❤❡r❡ Ωc = RN \ Ω✱ ❛♥❞ ✐ts ✏❧♦❝❛❧✐③❡❞ ✈❡rs✐♦♥✧ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✭❬✻❪✮✿ ❧❡t h > 0
❜❡ ✏❛ s♠❛❧❧✧ ♣♦s✐t✐✈❡ ♥✉♠❜❡r ❛♥❞ ρh(.) ≥ 0 ❜❡ ❛ ❝✉tt✐♥❣ s❝❛❧❛r s♠♦♦t❤ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t
ρh(z) = 0 ✇❤❡♥ |z| > h ❛♥❞ ρ(z) = 1 ✇❤❡♥ |z| < h/2✳ ❚❤❡♥ s❡t

bh
Ω = ρh ◦ bΩ ✭✷✳✶✹✮

❛♥❞ ❞❡✜♥❡ t❤❡ ❛ss♦❝✐❛t❡ ❧♦❝❛❧✐③❡❞ ♣r♦❥❡❝t✐♦♥ ♠❛♣♣✐♥❣

ph = Id − bh
Ω∇bh

Ω ✭✷✳✶✺✮

s♠♦♦t❤❧② ❞❡✜♥❡❞ ✐♥ t❤❡ t✉❜✉❧❛r ♥❡✐❣❤❜♦r❤♦♦❞

Uh(Γ) = {x ∈ D : |bΩ(x)| < h}. ✭✷✳✶✻✮

✷✳✸ ❚❤❡ t❛♥❣❡♥t✐❛❧ ❋✐❡❧❞ Eτ ✐s s♦❧✉t✐♦♥ t♦ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ♦♥ Γ

■♥ ❛ ✜rst st❡♣ ❝♦♥s✐❞❡r t❤❡ ✏t❛♥❣❡♥t✐❛❧ ✈❡❝t♦r ✜❡❧❞✧ ♦❜t❛✐♥❡❞ ❛s
Eτ = E − E.∇bh

Ω ∇bh
Ω✳ ❲❡ ❣❡t

Eτ
tt − ∆Eτ = (Ett − ∆E) − (Ett − ∆E).∇bh

Ω ∇bh
Ω + C. ✭✷✳✶✼✮

❚❤❛t ✐s A.Eτ = (A.E)τ + C✱ ✇❤❡r❡ t❤❡ ❝♦♠♠✉t❛t♦r C ∈ L2(0, T, L2(Ω, R3)) ✐s ❣✐✈❡♥ ❜②

C = −E.∆bh
Ω ∇bh

Ω − 2D2bh
Ω.∇bh

Ω ∇bh
Ω − E.∇bh

ΩD2bh
Ω − 2D2bh

Ω.∇(E.bh
Ω). ✭✷✳✶✽✮

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦r♠❛❧❧② ❞❡r✐✈❡s ❛s ❢♦❧❧♦✇s✿ ❛s Eτ ∈ L2(I, H1(Ω, R3)) ✇❡ ❣❡t t❤❡ tr❛❝❡s t❡r♠s

Eτ .n = Eτ
t = 0 ∈ L2(I,H1/2(Γ)). ✭✷✳✶✾✮

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾
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✷✳✹ ❚❤❡ ◆♦r♠❛❧ ❱❡❝t♦r ❋✐❡❧❞ e ✐s s♦❧✉t✐♦♥ t♦ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ♦♥

Γ

❙❡t
e = E.∇bh

Ω. ✭✷✳✷✵✮

▲❡♠♠❛ ✷✳✹✳

ett − ∆e = (Ett − ∆E).∇bh
Ω + θ, ✭✷✳✷✶✮

✇❤❡r❡

θ = D2bh
Ω..DE + ❞✐✈ (D2bh

Ω.E) ❛♥❞
∂

∂n
e = 〈DE.n, n〉 = −∆bΩ e ♦♥ Γ. ✭✷✳✷✷✮

❚❤❡♥ e ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ♣r♦❜❧❡♠✿

ett − ∆e = Θ, ✭✷✳✷✸✮

✇❤❡r❡
Θ = F.∇bh

Ω + D2bh
Ω..DE + ❞✐✈ (D2bh

Ω.E). ✭✷✳✷✹✮

✷✳✺ ❍❛r♠♦♥✐q✉❡ r❡❣✐♠❡

❯♥❞❡r ♣❡r✐♦❞✐❝❛❧ t❛♥❣❡♥t✐❛❧ ❝✉rr❡♥t g ♦♥ Γ✱ s❛② g(t, x) = exp(−iωt) G(x) ❛♥❞ F = 0✱ ✇❡
❧♦♦❦ ❢♦r s♦❧✉t✐♦♥ ✐♥ t❤❡ ❢♦r♠ Ē(t, x) = exp(−iωt) E(x) ✐♥ t❤❡ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω t♦ t❤❡ ✇❛✈❡
♣r♦❜❧❡♠ ✷✳✺✱ ✷✳✾✱ ✷✳✶✵✳ ◆❡❝❡ss❛r❡❧② t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s (E0, E1) ❛r❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

(E0, E1) = (Y, −iωY ), Y ∈ KG,

❲❤❡r❡
KG = {Y ∈ H2(Ω, C3), with

H Y.n + < DY.n, n >= −divΓG, Y × n = G on Γ }

✸ ◆♦♥ ③❡r♦ ♠❡❛♥ ❝✉r✈❛t✉r❡

❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡ ❞♦♠❛✐♥ Ω ❤❛s ❛ C1,1 ❜♦✉♥❞❛r② Γ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts α > 0, β > 0
✇✐t❤

a.e.x ∈ Γ, α ≤ |∆bΩ(x)| ≤ β

❚❤❡♥ t❤❡ ♣r❡✈✐♦✉s ❜♦✉❞❛r② ❝♦♥❞✐t✐♦♥ ❞❡r✐✈❡s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✏✐♠♣❧✐❝✐t ❉✐r✐❝❤❧❡t ❇♦✉♥❞❛r②
❈♦♥❞✐t✐♦♥✑

YΓ = ~g

Y.n = −
1

H
h

■◆❘■❆



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✼

❲❤❡r❡
h =< DY.n, n >

❚❤❛t ✐s
Y = ~g + h~n on Γ

✸✳✶ ❲❛✈❡ ✇✐t❤ ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ ~g + h~n ♦♥ t❤❡ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥

❜♦✉♥❞❛r②

❲❡ ❞❡♥♦t❡ ❜② H1
Γ(Ω) t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ f ∈ H1(Ω) s✉❝❤ t❤❛t f = 0 ♦♥ Γ✳ ❚❤❛♥❦s t♦ t❤❡

P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②✱ ❛ ♥♦r♠ ♦♠ H1
Γ(Ω)✱ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ H1(Ω)✲♥♦r♠✱ ✐s ❣✐✈❡♥ ❜②

‖φ‖ =

√

∫

Ω

|∇φ|2 dx, φ ∈ H1
Γ(Ω).

❋✐① g ∈ H1/2(Γ) ❛♥❞ y ∈ H1(Ω) s✉❝❤ t❤❛t y|Γ = g✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ✇❛✈❡ ♣r♦❜❧❡♠























∂2

∂t2
E − ∆E = Fe−iωt, ✐♥ [0, T ] × Ω,

E(t)|Γ = ge−iωt ∈ H1/2(Γ), t ∈ [0, T ]

E(0) = y

Et(0) = −iωy.

✭✸✳✶✮

✇❤❡r❡ F ∈ (H1
Γ(Ω))∗ ◆♦t✐❝❡ t❤❛t ✐❢ y ∈ H1(Ω) ❛♥❞ ∃∆y ∈ L2(Ω)✱ t❤❡♥ ∂y/∂n ✐s ✇❡❧❧ ❞❡✜♥❡❞

♦♥ ∂Ω ❛♥❞ ✐t ❜❡❧♦♥❣s t♦ H1/2(∂Ω)✳
❋♦r ❛ ✜①❡❞ g ∈ H1/2(Γ)✱ ♦✉r ♣r♦❜❧❡♠ ✐s ✜♥❞ t❤❡ ✉♥✐q✉❡ y∗ ∈ H1(Ω) s✉❝❤ t❤❛t y∗|Γ = g

❛♥❞ s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮ ❤❛s t❤❡ ❤❛r♠♦♥✐❝ r❡❣✐♠❡✱ t❤❛t ✐s E(t) = ℜe(y∗e−iωt)✳ ■t
✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t s✉❝❤ ❛ ❝♦♥❞✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t s♦ s♦❧✈❡ ❛ ❍❡❧♠❤♦❧③ t②♣❡ ❡q✉❛t✐♦♥✳ ❲❡
✇❛♥t t♦ ✜♥❞ ✐t t❤r♦✉❣❤ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞✳

✸✳✶✳✶ ❈❤♦✐❝❡ ♦❢ ω2

■t ✐s ✇❡❧❧ ❦♥♦✇♥ ❛♥❞ ❡❛s② t♦ s❤♦✇ t❤❛t t❤❡ ❤❛r♠♦♥✐❝ st❛t❡ y s♦❧✈❡s t❤❡ ❍❡❧♠❤♦❧③ ❡q✉❛t✐♦♥
{

ω2y + ∆y = F ♦♥ Ω

y = g ♦♥ Γ.

❇② ❋r❡❞❤♦❧♠ ❛❧t❡r♥❛t✐✈❡✱ ✇❡ ❤❛✈❡ t♦ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿ ✇❤❡♥ ω2 ✐s ❛ ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡
❧❛♣❧❛❝✐❛♥ ✇✐t❤ ③❡r♦ ❞✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦r ✇❤❡♥ ✐t ✐s ♥♦t✳

■♥ t❤❡ ✜rst ❝❛s❡✱ ✐❢ g 6= 0✱ t❤❡ ♣r♦❜❧❡♠ ✐s ✐❧❧✲♣♦s❡❞✳ ■♥❞❡❡❞✱ ✐❢ z ✐s ❛♥ ❡✐❣❡♥✈❡❝t♦r
❝♦rr❡s♣♦♥❞❡♥t t♦ ω2✱ t❤❡♥ y s♦❧✈❡s t❤❡ ❍❡❧♠❤♦❧③ ❡q✉❛t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Y = y − z s♦❧✈❡s

{

ω2Y + ∆Y = −ω2z ♦♥ Ω

Y = 0 ♦♥ Γ.

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾
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✇❤✐❝❤ ✐s ❝❧❡❛r❧② ♥♦t s♦❧✈❛❜❧❡✳
❚❤❡♥ ✇❡ ❤❛✈❡ t♦ ❛ss✉♠❡ t❤❛t ω2 ✐s ♥♦t ❛ ❡✐❣❡♥✈❛❧✉❡✳ ■❢ t❤✐s ✐s t❤❡ ❝❛s❡✱ t❤❡♥ t❤❡ ❍❡❧♠❤♦❧③

❡q✉❛t✐♦♥ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠ y = X+Y ✱ ✇❤❡r❡ X s♦❧✈❡s t❤❡ ❍❡❧♠❤♦❧③ ❡q✉❛t✐♦♥
✇✐t❤ ③❡r♦ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ Y s♦❧✈❡s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠ ✇✐t❤ Y = g
♦♥ Γ✳

✸✳✷ ▼✐♥✐♠✐③❛t✐♦♥

❋♦r ❛♥② t✐♠❡ ✐♥t❡r✈❛❧ [0, τ ]✱ τ > 0 ❛♥❞ Ω′ ⊂ Ω ✇❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥❛❧

J(h, Y ) =
1

2
Σk=1,3(

∫ T

0

∫

Ω′

∣

∣Ek(t;Yk)(x) − Yk(x)e−iωt
∣

∣

2
dxdt)

+

∫

Γ

| < DY.n, n > −h |2 dΓ

❲❤❡r❡ Ek(t;Yk) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮ ✇✐t❤ g = (~I +h n)k, k = 1, 3 ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ Yk✳
❲❡ ❧♦♦❦ ❛t Y ∗, h∗ ❛s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ J(Y ∗, h∗) = 0✱ t❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠

inf
h∈H1/2(Γ), Y ∈H1(Ω):Y |Γ=~g+ h ~n

J(h, Y ).

❖❜✈✐♦✉s❧② t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s ❢♦❧❧♦✇s✿

Inf{ j(h), h ∈ H1/2(Γ) },

✇❤❡r❡

j(h) = Inf{ J(h, Y ), Y ∈ H1(Ω), ∆Y ∈ L2(Ω, RN ), < DY.n, n >= h }

✹ ❯♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥

✹✳✶ ❘❛❞✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✐♥ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥

❲❡ ❝♦♥s✐❞❡r ❛ ❜♦✉♥❞❡❞ r✐❣✐❞ ❜♦❞② B ⊂ R3 ✇✐t❤ s♠♦♦t❤ ❜♦✉♥❞❛r② Γ E,H ❞❡♥♦t❡s t❤❡
❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ✐♥ t❤❡ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Bc = R3 \ B̄✳ ❲❡ ❛ss✉♠❡ t❤❛t 0 ∈ B ❛♥❞
❞❡♥♦t❡s r = |x|R3 ✳ ❚❤❡ r❛❞✐❛t✐♥❣ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ s♦❧✈❡s t❤❡ ❡q✉❛t✐♦♥s ✭✷✳✶✮✱ ✭✷✳✶✮✱ ✭✷✳✺✮
❜❡❧❧♦✇ ❛♥❞ t❤❡ ❙✐❧✈❡r✲▼ü❧❡r ❝♦♥❞✐t✐♦♥s ✇❤❡♥ r → ∞✿

E and H = O(
1

r
), E + x × H and H − x × E = o(

1

r
) ✭✹✳✶✮

❋♦r ❛ ♠❛t❤❡♠❛t✐❝❛❧ tr❡❛t♠❡♥t ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♣r♦❜❧❡♠ ✇❡ r❡❢❡r t♦ ◆é❞é❧❡❝ ❬✷❪ ✇❤♦
♣r♦♣♦s❡❞ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥s ✇✐t❤ ♥♦♥❧♦❝❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ❛♥ ❛rt✐✜❝✐❛❧ ❜♦✉♥❞✲
❛r② S ❜❛s❡❞ ♦♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❜② t❤❡ ❡①t❡r✐♦r ❝❛♣❛❝✐t② ♦♣❡r❛t♦r TS ∈ L(H1/2(S, R3),H−1/2(S, R3))✳
❚❤✐s ♦♣❡r❛t♦r ✐s ❡①♣❧✐❝✐t❧② ❦♥♦✇♥ ✇❤❡♥ S ✐s ❛ s♣❤❡r❡✱ s❛② S = {x ∈ R3, |x| = R }✳ ❚❤❡

■◆❘■❆



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✾

✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Bc ✇✐❧❧ t❤❡♥ ❜❡ ✏r❡♣❧❛❝❡❞✑ ❜② t❤❡ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω = Bc ∩ {x ∈
R3, |x| < R } ✇✐t❤ ❜♦✉♥❞❛r② Γ∪ S✱ ✇✐t❤ ❛ ♥❡✇ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦❢ ◆❡✉♠❛♥♥ ❦✐♥❞ ♦♥ S
r❡♣❧❛❝✐♥❣ ✭✹✳✶✮ ❛♥❞ ✐♥✈♦❧✈✐♥❣ TS ✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②s✐s t❤❡ ❜♦✉♥❞❛r② S ✐s ♥♦t ♥❡❝❡ss❛r✐❧②
❛ s♣❤❡r❡ s♦ ✇❡ ♠♦r❡ ❣❡♥❡r❛❧❧② ❛ss✉♠❡ t❤❛t D ⊂ R

N ✐s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✱ B ⊂ D ✇✐t❤
B̄ ⊂ D ❛♥❞ Ω = D \ B̄✳ ❚❤❡ ❜♦✉♥❞❛r② ∂Ω ♦❢ Ω ✐s s♣❧✐tt❡❞ ✐♥t♦ t❤❡ ❜♦✉♥❞❛r② Γ ♦❢ B ❛♥❞ t❤❡
❜♦✉♥❞❛r② S ♦❢ D✿ ∂Ω = S ∪ Γ, S ∩ Γ = ∅✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t ∂B ❛♥❞ Γ ❛r❡ C2 r❡❣✉❧❛r✳

❆ss✉♠✐♥❣ ♣❡r❢❡❝t ♠❡❞✐❛ ✭ǫ = µ = 1✮ t❤❡ ❆♠♣èr❡ ❧❛✇ ✐s

CurlH =
∂

∂t
E + J, ✭✹✳✷✮

✇❤❡r❡ J ✐s t❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❞❡♥s✐t②✳ ❚❤❡ ❋❛r❛❞❛②✬s ❧❛✇ ✐s

CurlE = −
∂

∂t
H. ✭✹✳✸✮

❚❤❡ ❝♦♥s❡r✈❛t✐♦♥s ❧❛✇s ❛r❡
❞✐✈ E = ρ, ❞✐✈ H = 0, ✭✹✳✹✮

✇❤❡r❡ ρ ✐s t❤❡ ✈♦❧✉♠❡ ❝❤❛r❣❡ ❞❡♥s✐t②✳ ❋r♦♠ ✭✹✳✷✮ ❛♥❞ ✭✹✳✸✮✱ ❛s ❞✐✈
Curl = 0✱ ✇❡ ♦❜t❛✐♥

❞✐✈ J = −❞✐✈ (Et) = −ρt. ✭✹✳✺✮

❲❡ ❛ss✉♠❡ t❤❛t ρ = 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❞✐✈ J = 0✳ ❯♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥ ❛♥② E
s♦❧✈✐♥❣ ✭✹✳✷✮ ✐s ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ❛s s♦♦♥ ❛s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ E0 ✐s✳ ❲❡ s❤❛❧❧ ❛❧s♦ ❛ss✉♠❡
❞✐✈ E0 = 0 s♦ t❤❛t ✭✷✳✻✮ ✇✐❧❧ ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✹✳✷✮✳

❲✐t❤ F = −Jt✱ ✇❡ s✐♠✐❧❛r❧② ❣❡t ❞✐✈ F = 0 ❛♥❞ E ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ✉s✉❛❧ ▼❛①✇❡❧❧
❡q✉❛t✐♦♥✿

Ett + CurlCurl E = F, E(0) = E0, Et(0) = E1. ✭✹✳✻✮

▲❡♠♠❛ ✹✳✶✳ ❆ss✉♠❡ t❤❛t ❞✐✈ F = ❞✐✈ E0 = ❞✐✈ E1 = 0✳ ❚❤❡♥ ❛♥② s♦❧✉t✐♦♥ E t♦ ▼❛①✇❡❧❧
❡q✉❛t✐♦♥ ✭✹✳✻✮ ✈❡r✐✜❡s t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✭✹✳✹✮ ✭✇✐t❤ ρ = 0✮✿

❞✐✈ E = 0. ✭✹✳✼✮

❲❡ ❤❛✈❡ t❤❡ ❝❧❛ss✐❝❛❧ ✐❞❡♥t✐t②

CurlCurl E = −∆E + ∇(❞✐✈ E) ✭✹✳✽✮

s♦ t❤❛t E ✐s ❛❧s♦ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛✈❡ ❡q✉❛t✐♦♥ ♣r♦❜❧❡♠

Ett − ∆E = F, E(0) = E0, Et(0) = E1. ✭✹✳✾✮

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✶✵ ▼❛♥❝❛ ✫ ❩♦❧és✐♦

✹✳✷ ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥s ♦♥ Γ

❚❤❡ ♣❤②s✐❝❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ♠❡t❛❧❧✐❝ ❜♦✉♥❞❛r② ✐s E × n = 0 ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✜❡❧❞ E✿

EΓ = ~g ♦♥ Γ. ✭✹✳✶✵✮

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❋♦✉r✐❡r✲❧✐❦❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡
∆bΩ = λ1 + λ2 ♦❢ t❤❡ s✉r❢❛❝❡ Γ

∆bΩ E.n + 〈DE.n, n〉 = −divΓ~g ♦♥ Γ. ✭✹✳✶✶✮

■♥ ✢❛t ♣✐❡❝❡s ♦❢ t❤❡ ❜♦✉♥❞❛r② t❤✐s ❝♦♥❞✐t✐♦♥ r❡❞✉❝❡s t♦ t❤❡ ✉s✉❛❧ ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ▲❡t E ❜❡ ❛ s♠♦♦t❤ ❡❧❡♠❡♥t ✭E ∈ H2✱ s❡❡ ❜❡❧♦✇✮ ❛♥❞ t❤❡ t❤r❡❡ ❞✐✈❡r❣❡♥❝❡✲
❢r❡❡ ❡❧❡♠❡♥ts (E0, E1, F ) ∈ H2(Ω, R3) × H1(Ω, R3) × L2(0, τ ;H1(Ω, R3))✳ ❚❤❡♥ ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉s✐♦♥s✳

✐✮ ▲❡t E ❜❡ s♦❧✉t✐♦♥ t♦ ▼❛①✇❡❧❧✲♠❡t❛❧❧✐❝ s②st❡♠ ✭✹✳✻✮✱ ✭✹✳✶✵✮✱ ✭✹✳✶✮✳ ❚❤❡♥ E s♦❧✈❡s t❤❡
♠✐①❡❞ ✇❛✈❡ ♣r♦❜❧❡♠ ✭✹✳✾✮✱ ✭✹✳✶✵✮✱ ✭✹✳✶✶✮✱ ✭✹✳✶✮ ❛♥❞✱ ❢r♦♠ ▲❡♠♠❛ ✹✳✶✱ E s♦❧✈❡s ❛❧s♦
t❤❡ ❢r❡❡ ❞✐✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✼✮✳

✐✐✮ ▲❡t E ❜❡ s♦❧✉t✐♦♥ t♦ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✭✹✳✾✮✱ ✭✹✳✶✮ ✇✐t❤ ✏♠❡t❛❧❧✐❝✧ ❜✳❝✳ ✭✹✳✶✵✮✳ ❚❤❡♥
E ✈❡r✐✜❡s t❤❡ ❋♦✉r✐❡r✲❧✐❦❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✶✶✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ E ✈❡r✐✜❡s t❤❡ ❢r❡❡ ❞✐✈❡r❣❡♥❝❡
❝♦♥❞✐t✐♦♥ ✭✹✳✼✮✳

✐✐✐✮ ▲❡t E ❜❡ ❛ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ s♦❧✉t✐♦♥ t♦ t❤❡ ✏♠❡t❛❧❧✐❝✧ ✇❛✈❡ ♣r♦❜❧❡♠ ✭✹✳✾✮✱ ✭✹✳✼✮✱ ✭✹✳✶✮✱
✭✹✳✶✵✮✱ t❤❡♥ E s♦❧✈❡s t❤❡ ▼❛①✇❡❧❧ ♣r♦❜❧❡♠ ✭✹✳✻✮✱ ✭✹✳✶✵✮✱ ✭✹✳✶✶✮✱ ✭✹✳✶✮✳

Pr♦♦❢✿
❲❡ ❝♦♥s✐❞❡r e = ❞✐✈ E❀ ✐❢ E ✐s s♦❧✉t✐♦♥ t♦ ▼❛①✇❡❧❧ ♣r♦❜❧❡♠ ✭✹✳✻✮ t❤❡♥ e s♦❧✈❡s t❤❡

s❝❛❧❛r ✇❛✈❡ ❡q✉❛t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ei = ❞✐✈ Ei = 0, i = 0, 1 ❛♥❞ r✐❣❤t ❤❛♥❞ s✐❞❡
f = ❞✐✈ F = 0✳ ■❢ E s♦❧✈❡s ✭✹✳✶✶✮ t❤❡♥ ✇❡ ❣❡t e = 0✱ ❛s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇❡ ❣❡t
e = 0 ♦♥ t❤❡ ❜♦✉♥❞❛r②✿

▲❡♠♠❛ ✹✳✸✳ ▲❡t E ∈ H2(Ω) s♦❧✈✐♥❣ t❤❡ t❛♥❣❡♥t✐❛❧ ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ ✭✹✳✶✵✮✱ t❤❡♥ ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ tr❛❝❡ ♦❢ ❞✐✈ E✿

❞✐✈ E|Γ = ∆bΩ 〈E, n〉 + 〈DE.n, n〉 ♦♥ Γ. ✭✹✳✶✷✮

Pr♦♦❢✿ ❚❤❡ ❞✐✈❡r❣❡♥❝❡ s✉❝❝❡ss✐✈❡❧② ❞❡❝♦♠♣♦s❡s ❛s ❢♦❧❧♦✇s ❛t t❤❡ ❜♦✉♥❞❛r② ✿

❞✐✈ E|Γ = ❞✐✈ Γ(E) + 〈DE.n, n〉 = ❞✐✈ Γ(E.n~n) + ❞✐✈ Γ(EΓ) + 〈DE.n, n〉

= 〈∇Γ(E.n), n〉 + E.n❞✐✈ Γ(~n) + ❞✐✈ Γ(EΓ) + 〈DE.n, n〉 .
✭✹✳✶✸✮

❖❜✈✐♦✉s❧② 〈∇Γ(E.n), n〉 = 0✱ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ s✉r❢❛❝❡ Γ ✐s ∆bΩ = ❞✐✈ Γ(~n) ❛♥❞
✐❢ t❤❡ ✜❡❧❞ E s❛t✐s✜❡s t❤❡ t❛♥❣❡♥t✐❛❧ ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ ✭✹✳✶✵✮ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡
❡①♣r❡ss✐♦♥ ❢♦r t❤❡ r❡str✐❝t✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡✿

❞✐✈ (E)|Γ = ∆bΩ 〈E, n〉 + 〈DE.n, n〉 + divΓ~g. ✭✹✳✶✹✮

■◆❘■❆



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✶✶

❚❤❡♥ ✐❢ E s❛t✐s✜❡s t❤❡ ❡①tr❛ ✏❋♦✉r✐❡r✲❧✐❦❡✧ ❝♦♥❞✐t✐♦♥ ✭✹✳✶✶✮ ✇❡ ❣❡t e = 0 ♦♥ Γ✱ s♦ t❤❛t e = 0
✳

✹✳✸ ❚❤❡ ❲❛✈❡✲▼❛①✇❡❧❧ ▼✐①❡❞ Pr♦❜❧❡♠

❋r♦♠ ♣r❡✈✐♦✉s ❝♦♥s✐❞❡r❛t✐♦♥s✱ ✐t ❢♦❧❧♦✇s t❤❛t ✉♥❞❡r t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛ss✉♠♣t✐♦♥ ❢♦r t❤❡
t❤r❡❡ ❞❛t❛ E0✱ E1✱ F ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ♣r♦❜❧❡♠s ❛r❡ ❡q✉✐✈❛❧❡♥t ✭✐♥ t❤❡ s❡♥s❡ t❤❛t ❛♥②
s♠♦♦t❤ s♦❧✉t✐♦♥ ♦❢ ♦♥❡ ♦❢ t❤❡♠ ✐s s♦❧✉t✐♦♥ t♦ t❤❡ t✇♦ ♦t❤❡rs✮✿ ▼❛①✇❡❧❧ ♣r♦❜❧❡♠ ✭✹✳✻✮✱ ✭✹✳✶✵✮✱
❋r❡❡✲❲❛✈❡ ♣r♦❜❧❡♠ ✭✹✳✾✮✱ ✭✹✳✼✮✱ ✭✹✳✶✵✮✱ ❛♥❞ ▼✐①❡❞✲❲❛✈❡ ♣r♦❜❧❡♠ ✭✹✳✾✮✱ ✭✹✳✶✵✮✱ ✭✹✳✶✶✮✳ ❲❡
❡♠♣❤❛s✐③❡ t❤❛t ❛♥② s♦❧✉t✐♦♥ t♦ ▼❛①✇❡❧❧ ♣r♦❜❧❡♠ s❛t✐s✜❡s t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✼✮
❛♥❞ t❤❡ ❋♦✉r✐❡r✲❧✐❦❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✶✶✮✳ ❆♥② s♦❧✉t✐♦♥ t♦ t❤❡ ▼✐①❡❞✲❲❛✈❡ ♣r♦❜❧❡♠ s❛t✐s✜❡s ✭❢♦r
❢r❡❡✮ t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✼✮✳ ❆♥② s♦❧✉t✐♦♥ t♦ t❤❡ ❋r❡❡✲❲❛✈❡ ♣r♦❜❧❡♠ s❛t✐s✜❡s
✭❢♦r ❢r❡❡✮ t❤❡ ❋♦✉r✐❡r✲❧✐❦❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✶✶✮✳

✺ ❍❛r♠♦♥✐q✉❡ r❡❣✐♠❡

❯♥❞❡r ♣❡r✐♦❞✐❝❛❧ t❛♥❣❡♥t✐❛❧ ❝✉rr❡♥t g ♦♥ Γ✱ s❛② g(t, x) = exp(−iωt) G(x) ❛♥❞ F = 0✱ ✇❡
❧♦♦❦ ❢♦r s♦❧✉t✐♦♥ ✐♥ t❤❡ ❢♦r♠ Ē(t, x) = exp(−iωt) E(x) ✐♥ t❤❡ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Bc t♦
t❤❡ r❛❞✐❛t✐♥❣ ✇❛✈❡ ♣r♦❜❧❡♠ ✹✳✻✱ ✹✳✶✵✱ ✹✳✶✶✱ ✹✳✶✳ ◆❡❝❡ss❛r✐❧② t❤❡ r❡str✐❝t✐♦♥s t♦ t❤❡ ❜♦✉♥❞❡❞
❞♦♠❛✐♥ Ω ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s (E0, E1) ❛r❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

(E0, E1) = (Y, −iωY ), Y ∈ KG,

❲❤❡r❡
KG = {Y ∈ H2(Ω, C3), divY = 0, with

❝✉r❧ Y × n = TS .Y on S, and Y × n = G on S }

✺✳✶ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✐♥ Ω = Bc ∩ { |x| < R }

❇② t❤❡ ✉s❡ ♦❢ t❤❡ ❝❛♣❛❝✐t② ♦♣❡r❛t♦r TS ✇❡ ❞❡r✐✈❡ ❛ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❤❛r♠♦♥✐q✉❡✳ ❚❤❡♥
✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠

ω2Y + ∆Y = 0 in Ω ✭✺✳✶✮

Y × n = G on Γ ✭✺✳✷✮

∆bΩ Y.n+ < DY.n, n >= 0 on Γ ✭✺✳✸✮

✭✺✳✹✮

■♥ ♦r❞❡r t♦ ❞❡r✐✈❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ Y ❢r♦♠ t❤❡ ❝❛❧❝✉❧✉s ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ s♦❧✉t✐♦♥ Ē(t, x) ✇❡
✐♥tr♦❞✉❝❡ t❤❡ ✏r❛❞✐❛t✐♥❣ ✇❛✈❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ✑ ❛s ❜❡✐♥❣ t❤❡ ✈❡❝t♦r ✜❡❧❞
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E(t, x) s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠ ✹✳✻ ✐♥ Ω✱ ✹✳✶✵ ❛♥❞ ✹✳✶✶ ♦♥ Γ ✱ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ◆❡✉♠❛♥♥
❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❛rt✐✜❝✐❛❧ ❜♦✉♥❞❛r② S✿

❝✉r❧ E × n = TS .Y on I × S ✭✺✳✺✮

❲✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

E(0) = Y,
∂

∂t
E(0) = −iωY

❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

inf
Y ∈H1(Ω,C3):Y |Γ=g

J(Y ).

❲❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✐s ❝❤♦s❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

J(Y ) =
1

2

∫ τ

0

∫

Ω

∣

∣E(t;Y )(x) − Y (x)e−iωt
∣

∣

2
dxdt.

❆♥❞ ✇❤❡r❡ Y |Γ ✐s t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❝t♦r Y ♦♥ Γ✳

✻ ❚❤❡ s✐t✉❛t✐♦♥ ❢♦r ❙❝❛❧❛r ❲❛✈❡

❆s ✉s✉❛❧✱ Lk(Ω)✱ 1 ≤ k < ∞ ✐s t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f : R
k → C

s✉❝❤ t❤❛t

‖f‖Lk =

(
∫

Ω

|f(x)|kdx

)
1
k

< ∞.

■❢ k = ∞✱ t❤❡♥ L∞(Ω) ✐s t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t

‖f‖L∞ = inf{λ > 0 : mes({|f | > λ}) = 0} < ∞.

❚❤❡ ♥♦r♠ ✐♥ Lk(Ω) ✐s ❞❡♥♦t❡❞ ❜② ‖ · ‖Lk ✳ ❋♦r ❛♥② m, k ∈ N✱ Wm,k(Ω) ✐s t❤❡ s♣❛❝❡ ♦❢ ❛❧❧
t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ✇❤♦s❡ ❛❧❧ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡✱ ✉♣ t♦ t❤❡ ♦r❞❡r m✱ ❜❡❧♦♥❣s
t♦ Lk✳ ❚❤❡ s♣❛❝❡s Wm,k(Ω) ❛r❡ ❡♥❞♦✇❡❞ ❜② t❤❡ ✉s✉❛❧ ❙♦❜♦❧❡✈ ♥♦r♠✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜②
‖ · ‖W m,k ✳ ❲❤❡♥ k = 2✱ ✇❡ s❡t Hm(Ω) ✐♥st❡❛❞ ♦❢ Wm,2(Ω)✳ ❚❤❡ s♣❛❝❡ ♦❢ ❢r❛❝t✐♦♥❛❧ ♦r❞❡r
❛r❡ ❞❡✜♥❡❞ ✈✐❛ ❝♦♠♣❧❡① ✐♥t❡r♣♦❧❛t✐♦♥✳

❲❡ ❞❡♥♦t❡ ❜② H1
Γ(Ω) t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ f ∈ H1(Ω) s✉❝❤ t❤❛t f = 0 ♦♥ Γ✳ ❚❤❛♥❦s t♦ t❤❡

P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②✱ ❛ ♥♦r♠ ♦♠ H1
Γ(Ω)✱ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ H1(Ω)✲♥♦r♠✱ ✐s ❣✐✈❡♥ ❜②

‖φ‖ =

√

∫

Ω

|∇φ|2 dx, φ ∈ H1
Γ(Ω).

■◆❘■❆



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✶✸

❋✐① g ∈ H1/2(Γ) ❛♥❞ y ∈ H1(Ω) s✉❝❤ t❤❛t y|Γ = g✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠






































∂2

∂t2
E − ∆E = Fe−iωt, ✐♥ [0, T ] × Ω,

E(t)|Γ = ge−iωt ∈ H1/2(Γ), t ∈ [0, T ]
∂E

∂n
(t)|S = Tye−iωt ∈ H−1/2(S), t ∈ [0, T ]

E(0) = y

Et(0) = −iωy.

✭✻✳✶✮

✇❤❡r❡ F ∈ (H1
Γ(Ω))∗ ❛♥❞ T : H1/2(S) → H−1/2(S) ✐s t❤❡ ❝❛♣❛❝✐t② ♦♣❡r❛t♦r✳

◆♦t✐❝❡ t❤❛t ✐❢ y ∈ H1(Ω) ❛♥❞ ∃∆y ∈ L2(Ω)✱ t❤❡♥ ∂y/∂n ✐s ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ ∂Ω ❛♥❞ ✐t
❜❡❧♦♥❣s t♦ H1/2(∂Ω)✳

❋♦r ❛ ✜①❡❞ g ∈ H1/2(Γ)✱ ♦✉r ♣r♦❜❧❡♠ ✐s ✜♥❞ t❤❡ ✉♥✐q✉❡ y∗ ∈ H1(Ω) s✉❝❤ t❤❛t y∗|Γ = g
❛♥❞ s✉❝❤ t❤❛t E(t) = ℜe(y∗e−iωt)✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t s✉❝❤ ❛ ❝♦♥❞✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t s♦
s♦❧✈❡ ❛ ❍❡❧♠❤♦❧③ t②♣❡ ❡q✉❛t✐♦♥✳ ❲❡ ✇❛♥t t♦ ✜♥❞ ✐t t❤r♦✉❣❤ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞✳

❖✉r ✐❞❡❛ ❝♦♥s✐sts ✐s ❧♦♦❦✐♥❣ ❛t y∗ ❛s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ J(y∗) = 0✱ ✇❤❡r❡ J ✐s t❤❡
❢✉♥❝t✐♦♥❛❧

J(y) =
1

2

∫ T

0

∫

Ω

∣

∣E(t; y)(x) − y(x)e−iωt
∣

∣

2
dxdt.

❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

inf
y∈H1(Ω):y|Γ=g

J(y).

▼♦r❡ ❣❡♥❡r❛❧❧② ❢♦r ❛♥② t✐♠❡ ✐♥t❡r✈❛❧ [0, τ ]✱ τ > 0 ❛♥❞ Ω′ ⊂ Ω ✇❡ ❝♦✉❧❞ ❝♦♥s✐❞❡r

Jτ,Ω′(y) =

∫ τ

0

∫

Ω′

∣

∣E(t; y)(x) − y(x)e−iωt
∣

∣

2
dxdt,

✇❤✐❝❤ r❡❛❝❤❡s ③❡r♦ ❛t t❤❡ ❤❛r♠♦♥✐❝ s♦❧✉t✐♦♥✳

✼ ❘❡❣✉❧❛r✐t② ❢♦r ❲❛✈❡ ♠✐①❡❞ ❉✐r✐❝❤❧❡t✲◆❡✉♠❛♥♥ ❇♦✉♥❞✲

❛r② Pr♦❜❧❡♠ s♦❧✉t✐♦♥ E

❲❡ ♦❜t❛✐♥ r❡❣✉❧❛r✐t② ❢♦r t❤❡ s♦❧✉t✐♦♥ E ♦❢ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥
∂E
∂n = h ♦♥ t❤❡ ❜♦✉♥❞❛r② S✳ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ ❞♦♠❛✐♥ ✐♥ RN ✇✐t❤ ▲✐♣s❝❤✐③t✐❛♥
❜♦✉♥❞❛r② ✿

∂Ω = Γ ∪ S, S̄ ∩ Γ̄ = ∅,

❛♥❞ A(x) = {aij(x)} ❜❡ ❛ ♠❛tr✐① ♦❢ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ Ω ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✐✮ aij ∈ L∞(Ω)

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾
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✭✐✐✮ ∃α > 0 s✉❝❤ t❤❛t ∀x ∈ Ω, ∀ζ = {ζi} ∈ RN , aij ζiζj ≥ α|ζ|2✳

❆ss♦❝✐❛t❡ ✇✐t❤ t❤❡ ♠❛tr✐① A(x) t❤❡ ♦♣❡r❛t♦r

AE = div(A(x)∇E).

●✐✈❡♥ τ > 0 ❛♥❞ t❤❡ ✐♥t❡r✈❛❧ I = [0, τ ]✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛✈❡ ❡q✉❛t✐♦♥ ♣r♦❜❧❡♠

Ett + A.E = f,
∂E

∂nA
= h, on S, E = g on Γ, E(0) = E0, Et(0) = E1. ✭✼✳✶✮

✼✳✶ ▲✐♥❡❛r✐t② ❛♥❞ ♣❛rt✐❛❧ r❡❣✉❧❛r✐t②

❲❡ ❞❡❝♦♠♣♦s❡✱ ❛s ✉s✉❛❧ ❢♦r ❧✐♥❡❛r ♣r♦❜❧❡♠✱ t❤❡ r❡❣✉❧❛r✐t② ✐♥ t✇♦ st❡♣s✿ E = E0 + Z ✇❤❡r❡
Z ✐s t❤❡ s♦❧✉t✐♦♥ ✇✐t❤ h = 0 ✇❤✐❧❡ E0 ✐s t❤❡ s♦❧✉t✐♦♥ ❢♦r f = E0 = E1 = g = 0✳ ❋♦r
t❤❡ ✜rst ❡❧❡♠❡♥t✱ s♦❧✉t✐♦♥ t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ S✱ t❤❡
❧✐t❡r❛t✉r❡ ❢✉r♥✐s❤❡s ❛❧❧ t❤❡ ❤♦♣❡❞ r❡❣✉❧❛r✐t②✿ t❤❡ s❡♠✐ ❣r♦✉♣ t❤❡♦r② ❛♥❞ t❤❡ s❤❛r♣ ❜♦✉♥❞❛r②
r❡❣✉❧❛r✐t② ♦❢ ▲❛s✐❡❝❦❛ ❛♥❞ ❚r✐❣❣✐❛♥✐ ❤♦❧❞✳ ❚❤❡♥ ❛❧❧ t❤❡ ❞✐✣❝✉❧t② ✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ t❤❡ s❡❝♦♥❞
❡❧❡♠❡♥t✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ ❞✐r❡❝t❧② ❞r♦♣ t♦ ③❡r♦ t❤❡ ♥♦♥ ❡ss❡♥t✐❛❧ ❞❛t❛ ✱ ♠❛❦✐♥❣
f = E0 = E1 = 0✳ ❲❡ s❤❛❧❧ ❛ss✉♠❡ ✐♥ t❤❡ s❡q✉❡❧ t❤❛t t❤❡ ◆❡✉♠❛♥♥ ❞❛t❛ ♦♥ S ✈❡r✐✜❡s
h ∈ W 1,1(I,H−1/2(S)) ✇❤✐❝❤ ✐s ✈❡r✐✜❡❞ ✐♥ ♦✉r ❝♦♥t❡①t ❛s ✇❡ ❤❛s h(t, x) = exp(−iωt)g(x)
❛♥❞ g ✐s ❣✐✈❡♥ ✐♥ H−1/2(S)✳

✼✳✶✳✶ ●❛❧❡r❦✐♥ s♦❧✉t✐♦♥ E0 ∈ L2(I,H1
Γ(Ω)) ∩ H1(I, L2(Ω))

Pr♦♣♦s✐t✐♦♥ ✼✳✶✳ ▲❡t F = g = E0 = E1 = 0 ❛♥❞ h ∈ W 1,1(I,H−1/2(S)). ❚❤❡r❡ ❡①✐sts ❛
s♦❧✉t✐♦♥ E ∈ L2(I,H1

Γ(Ω)) ∩ H1(I, L2(Ω)) t♦ t❤❡ ✇❛✈❡✲◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ✭✼✳✶✮✳

Pr♦♦❢✿ ▲❡t ✉s ❝♦♥s✐❞❡r ❛♥② ❞❡♥s❡ ♥✉♠❡r❛❜❧❡ ❢❛♠✐❧② e1, ...., em, .... ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❡❧❡♠❡♥t
Em = Σi=1,...,m Em

i ⊗ ei✱ t❤❛t ✐s ✿

Em(t, x) = Σi=1,...,m Em
i (t) ei(x)

s♦❧✉t✐♦♥ t♦ t❤❡ ♦r❞✐♥❛r② s❡❝♦♥❞ ♦r❞❡r ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ s②st❡♠✿
∫

Ω

(

(
∂2

∂t2
Em)ej+ < A.∇Em,∇ej >

)

dx =

∫

S

h(t, x) ej(x) dS(x),

∀t ∈ I, ∀j, 1 ≤ j ≤ m.

❲✐t❤ ❛❞❛♣t❡❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✿

Em(0) = 0,
∂

∂t
Em(0) = 0

❲❡ ❝❧❛ss✐q✉❡❧② ❝♦♥s✐❞❡r t❤❡ ❡♥❡r❣② t❡r♠ Em(t) = 1/2
∫

Ω
(( ∂

∂tE
m)2 + |∇Em|2 )dx✱ ❛♥❞ ✇❡

❣❡t
∂

∂t
Em(t) =

∫

S

h(t, x)
∂

∂t
Em(t, x) dS(x).

■◆❘■❆



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✶✺

Em(t) = −

∫

S

∫ t

0

∂

∂t
h(s, x) Em(s, x)ds dS(x)

+

∫

S

h(t, x) Em(t, x) dS(x) −

∫

S

h(0, x) Em(0, x) dS(x).

❙♦ t❤❛t ❛ss✉♠✐♥❣ h(0, .) = 0✱ ✇❡ ❣❡t✿

Em(t) ≤ ‖h(t)‖H−1/2(S) ‖E
m(t)‖H1/2(S) +

∫ t

0

‖
∂

∂t
h(t)‖H−1/2(S) ‖E

m(t)‖H1/2(S)dt

≤ c ‖h(t)‖H−1/2(S) ‖E
m(t)‖H1

Γ
(Ω) + c

∫ t

0

‖
∂

∂t
h(t)‖H−1/2(S) ‖E

m(t)‖H1
Γ
(Ω)dt,

≤ c ‖h(t)‖H−1/2(S) ‖E
m(t)‖H1

Γ
(Ω) + c

∫ T

0

‖
∂

∂t
h(t)‖H−1/2(S)dt ‖Em(t)‖L∞(I,H1

Γ
(Ω)),

❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡r✐✈❡ t❤❛t

Em(t) ≤ c ‖h(t)‖H−1/2(S) Em(t)1/2 + c sup
0<t<T

Em(t)1/2 ‖
∂

∂t
h(t)‖L1(I,H−1/2(S)).

❚❤❡♥

‖Em‖L∞(I) ≤ c (‖h(t)‖L∞(I,H−1/2(S)) + ‖
∂

∂t
h(t)‖L1(I,H−1/2(S)) ) ‖Em‖

1/2
L∞(I),

❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡r✐✈❡ t❤❛t t❤❡ ❡♥❡r❣② ♥♦r♠ ‖Em‖L∞(I) r❡♠❛✐♥s ❜♦✉♥❞❡❞ ❛s m → ∞✳ ❚❤❡♥
t❤❡ s❡q✉❡♥❝❡s ∂

∂tE
m, ∇Em r❡♠❛✐♥s ❜♦✉♥❞❡❞ ✐♥ L2(I × Ω) ❛♥❞ t❤❡ ✇❡❛❦ ❧✐♠✐t✐♥❣ ❡❧❡♠❡♥t ✐s

❝❧❛ss✐q✉❡❧② s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ✭✼✳✶✮✳

✼✳✷ ❚❤❡ ❝❛♣❛❝✐t② ♦♣❡r❛t♦r T

❉❡♥♦t❡ ❜② Ωe t❤❡ ❡①t❡r✐♦r ❞♦♠❛✐♥ Ωe = R
3 \ D̄✳ ❚❤❡ ❝❛♣❛❝✐t② ♦♣❡r❛t♦r T : H1/2(S) →

H−1/2(S) ✐s ❞❡✜♥❡❞ ❜②

Tu =
∂y

∂n
,

✇❤❡r❡ y ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥ ♦♥ R
3 \D ✇✐t❤ ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥s ♦♥ S ❡q✉❛❧

t♦ u ❛♥❞ ❙♦♠♠❡r❢❡❧❞ r❛❞✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✳ ❚❤❛t ✐s✱ y ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠


















k2y + ∆y = 0 ✐♥ R
3 \ D,

y = u, ♦♥ S,

lim
r→∞

∫

∂Br

∣

∣

∣

∣

∂y

∂r
− iky

∣

∣

∣

∣

2

ds(x) = 0.

✭✼✳✷✮

❛♥❞ n t❤❡ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ♦♥ t❤❡ ❜♦✉♥❞❛r② ∂Ω✱ ❞✐r❡❝t❡❞ ✐♥t♦ t❤❡ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥
R

3 \ D✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✶✻ ▼❛♥❝❛ ✫ ❩♦❧és✐♦

❍❡r❡ ❛♥❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ n t❤❡ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ♦♥ t❤❡ ❜♦✉♥❞❛r② ∂Ω ❛♥❞ ❞✐r❡❝t❡❞
✐♥t♦ t❤❡ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥ R

3 \ D✳
❆❝❝♦r❞✐♥❣ t♦ ❬✷✱ ❚❤❡♦r❡♠ ✷✳✻✳✻❪✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ y ∈ H1(Ω) ♦❢

♣r♦❜❧❡♠ ✭✼✳✷✮ ✇❤✐❝❤ s❛t✐s✜❡s
∫

R3\D

(∇y · ∇v)dx − k2

∫

R3\D

yvdx =

∫

S

Tyvdσ dx, ∀v ∈ {H1(R3 \ D); v|S = 0}.

❚❤❡ ♦♣❡r❛t♦r T ✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ✐t s❛t✐s✜❡s t❤❡ ❝♦❡r❝✐t✐✈✐t② ❛♥❞ ❝♦♥t✐♥✉✐t②
✐♥❡q✉❛❧✐t✐❡s

‖u‖L2(S) ≤ −ℜe(Tu, u)L2(S) ≤ ‖u‖H1/2(S)

0 ≤ ℑm(Tu, u)L2(S) ≤ k‖u‖L2(S),

s❡❡ ❬✷✱ ❈❤❛♣t❡r ✷✱ ➓✻✳✸❪✳ ❲❡ ♥♦✇ ❣✐✈❡ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ T ∗✳

❚❤❡♦r❡♠ ✼✳✷✳ ❋♦r ❛♥② v ∈ H1/2(S) ✐t ❤♦❧❞s

T ∗v =
∂z

∂n
,

✇❤❡r❡ z ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡①t❡r✐♦r ♣r♦❜❧❡♠ ✇✐t❤ ❝♦♥❥✉❣❛t❡❞ ❙♦♠♠❡r❢❡❧❞ r❛❞✐❛t✐♥❣ ❝♦♥❞✐t✐♦♥s



















k2z + ∆z = 0 ✐♥ R
3 \ D,

z = v, ♦♥ S,

lim
r→∞

∫

∂Br

∣

∣

∣

∣

∂z

∂r
+ ikz

∣

∣

∣

∣

2

ds(x) = 0.

✭✼✳✸✮

▼♦r❡♦✈❡r✱ T ∗ = T ✳

Pr♦♦❢✳ ❚❛❦❡ u, v ∈ H1/2(S) ❛♥❞ ❧❡t y ∈ H1(Ωe) ❜❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡①t❡r✐♦r ♣r♦❜❧❡♠ ✭✼✳✷✮
✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ S ❡q✉❛❧ t♦ u✱ ❛♥❞ ❧❡t z ∈ H1(Ωe) ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢
✭✼✳✸✮ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❡q✉❛❧ t♦ v✳ ❋✐① r ❜✐❣ ❡♥♦✉❣❤ t♦ ❤❛✈❡ S ⊂ Br✳ ❇②
●❛✉ss ❢♦r♠✉❧❛ ✇❡ ❤❛✈❡

∫

∂(Ωe∩Br)

(

z̄
∂y

∂n
− y

∂z̄

∂n

)

ds(x) =

=

∫

S

(

z̄T y − y
∂z̄

∂n

)

ds(x) +

∫

∂Br

(

z̄
∂y

∂n
− y

∂z̄

∂n

)

ds(x)

=

∫

Ωe∩Br

(z̄∆y − y∆z̄) dx =

∫

Ωe∩Br

(

z̄(k2 + ∆y) − y(k2 + ∆z̄)
)

dx = 0

s✐♥❝❡ y, z s♦❧✈❡s ✭✼✳✷✮✱ ✭✼✳✸✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥✱
∫

S

(

z̄T y − y
∂z̄

∂n

)

ds(x) =

∫

∂Br

(

y
∂z̄

∂n
− z̄

∂y

∂n

)

ds(x).

■◆❘■❆



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✶✼

▼♦r❡♦✈❡r✱
∫

∂Br

(

y
∂z̄

∂n
− z̄

∂y

∂n

)

ds(x) =

=

∫

∂Br

y

r

(

∂z

∂r
+ ikz

)

ds(x) −

∫

∂Br

z̄

r

(

∂y

∂r
− iky

)

ds(x) ✭✼✳✹✮

s✐♥❝❡ ∂y/∂r = r∇y · n✳
❇② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t

z(x)

x
,

y(x)

x
∈ L2(Ωe)

s❡❡ ❬✷❪✱ ♣❛❣ ✶✵✷✱ ❛♥❞ t❤❛t y, z ❛r❡ ❤❛r♠♦♥✐❝ ✭❤❡♥❝❡✱ ❝♦♥t✐♥✉♦✉s✮ ✐♥ Ωe✱ ✐t ❢♦❧❧♦✇s t❤❛t

lim
r→∞

∫

∂Br

|z(x)|2

r2
ds(x) = lim

r→∞

∫

∂Br

|y(x)|2

r2
ds(x) = 0.

❚❤✐s✱ t♦❣❡t❤❡r t♦ t❤❡ ❢❛❝t t❤❛t y, z s❛t✐s✜❡s t❤❡ r❛❞✐❛t✐♥❣ ❝♦♥❞✐t✐♦♥s ✭✼✳✷✮✱ ✭✼✳✸✮ ✐♠♣❧② t❤❛t
t❤❡ ❧❛st t❡r♠ ♦❢ ✭✼✳✹✮ ✈❛♥✐s❤❡s ❛s r → ∞✳ ❚❤❡r❡❢♦r❡✱

〈Tu, v〉σ(H−1/2,H1/2)

∫

S

v̄Tuds(x) =

∫

S

u
∂z̄

∂n
ds(x),

❢♦r ❛♥② u, v ∈ H1/2(S)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

T ∗v =
∂z

∂n
,

✇❤❡r❡ z ✐s s♦❧✉t✐♦♥ ♦❢ ✭✼✳✸✮✳
❋✐♥❛❧❧②✱ ♥♦t✐❝❡ t❤❛t t❤❛t ✐❢ y s♦❧✈❡s ✭✼✳✷✮✱ t❤❡♥ ȳ s♦❧✈❡s ✭✼✳✸✮ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

ȳ = ū✳ ❍❡♥❝❡✱

Tu =
∂y

∂n
=

∂ȳ

∂n
= T ∗ū = T ∗u.

✼✳✸ ❚❤❡ s♣❛❝❡ K0

❋♦r ❛♥② g ∈ H1/2(Ω)✱ t❤❡ s❡t Kg ❝♦♥s✐sts ✐♥ ❛❧❧ u ∈ H1(Ω) s✉❝❤ t❤❛t ∆u ∈ L2(Ω) ❛♥❞ u = g
♦♥ Γ✱ ∂u/∂n = Tu ♦♥ S✳

Pr♦♣♦s✐t✐♦♥ ✼✳✸✳ ❚❤❡ s❡t K0 ✐s ❞❡♥s❡ ✐♥ H1
Γ(Ω)✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ✐❢ f ∈ H1
Γ(Ω) ❛♥❞

∫

Ω

∇u · ∇f = 0, ∀u ∈ K0

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾
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t❤❡♥ f = 0✳ ◆♦t✐❝❡ t❤❛t ✐❢ u ✐s C∞(Ω) ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ Ω✱ t❤❡♥ ✇❡ ✜♥❞
∫

Ω

u∆f = 0.

❚❤✐s ✐♠♣❧✐❡s ∆f = 0 ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥ ♦♥ Ω✱ t❤❡♥ ∆f = 0 ❛s ❢✉♥❝t✐♦♥ ✐♥ L2(Ω)✳
❙✐♥❝❡ f ∈ H1(Ω) ❛♥❞ ∆f ∈ L2(Ω)✱ ✐t ❢♦❧❧♦✇s t❤❛t H−1/2(S)✳ ❙t✐❧❧ ❜② ●r❡❡♥✬s ❢♦r♠✉❧❛✱

∫

Ω

∇u · ∇f =

∫

S

u
∂f

∂n
= 0,

❢♦r ❛♥② u ∈ K0✳ ❇✉t
{u|S , u ∈ K0} = H1/2(S),

t❤❡r❡❢♦r❡ ∂f/∂n = 0✳ ❲❡ ❤❛✈❡ ❢♦✉♥❞ t❤❛t f ✐s s♦❧✉t✐♦♥ ♦❢














∆f = 0, ✐♥ Ω,

f = 0, ♦♥ Γ,
∂f

∂n
= 0 ♦♥ S.

❚❤✐s ❝❧❡❛r❧② ✐♠♣❧✐❡s f = 0✳

✼✳✹ ❖♣t✐♠❛❧✐t② ❙②st❡♠

❲❡ s❡t
E(t, x) = E(t; y)(x) − y(x)e−iωt − z. ✭✼✳✺✮

✇❤❡r❡ z = z(t) ✐s s♦❧✉t✐♦♥ ♦❢























ztt − ∆z = Fe−iωt,

z|Γ = 0, t ∈ [0, T ]
∂z

∂n
(t)|S = 0, t ∈ [0, T ]

z(0) = zt(0) = 0.

■❢ F ∈ H1(Ω)✱ st❛♥❞❛r❞ r❡s✉❧ts s❤♦✇ t❤❛t z ∈ C([0, T ];H2) ∩ C1([0, T ];H1)✳ ❲❡ ❛❧s♦
✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r

B(t)y = e−iωt(w2 + ∆)y.

◆♦t✐❝❡ t❤❛t
∫

Ω

By(t)fdx =

∫

yeiωt(w2 + ∆)fdx +

∫

∂Ω

e−iωt

(

f
∂y

∂n
− y

∂f

∂n

)

ds(x). ✭✼✳✻✮

■◆❘■❆



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✶✾

❚❤❡ ❢✉♥❝t✐♦♥ E ✐s s♦❧✉t✐♦♥ ♦❢






































∂2

∂t2
E − ∆E = B(t)y, ✐♥ [0, T ] × Ω,

E(t)|Γ = 0, t ∈ [0, T ]
∂E

∂n
(t)|S =

(

Ty −
∂y

∂n

)

e−iωt, t ∈ [0, T ]

E(0) = 0

Et(0) = 0.

✭✼✳✼✮

❚❤❡ ❢✉♥❝t✐♦♥❛❧ ❜❡❝♦♠❡s

Jα(y) =
1

2

∫ T

0

∫

Ω

|E(t; y)(x) + z(t;x)|2 dxdt +
α

2

∫

Ω

(|y(x)|2 + |∇y(x)|2)dx.

■t ✐s ✉s❡❢✉❧ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✼✳✼✮✳ ❲❡ ❞❡♥♦t❡ ❜② η(t)R = DyE(t; y) ·
R t❤❡ ●❛t❡❛✉① ❞✐✛❡r❡♥t✐❛❧ ♦❢ E(t; y) ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ R ∈ K0✳ ❙t❛♥❞❛r❞ r❡s✉❧ts s❤♦✇
t❤❛t η(t)R ✐s s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥







































∂2

∂t2
η(t)R − ∆η(t)R = B(t)R, ✐♥ [0, T ] × Ω,

η(t)R|Γ = 0, t ∈ [0, T ]
∂η(t)R

∂n
|S =

(

TR −
∂R

∂n

)

e−iωt, t ∈ [0, T ]

η(0)R = 0

ηt(0)R = 0.

❚❤❡ s♦❧✉t✐♦♥ η(t)R ❝♦rr❡s♣♦♥❞s✱ ❢♦r♠❛❧❧②✱ t♦ t❤❡ ●❛t❡❛✉① ❞❡r✐✈❛t✐✈❡ ♦❢ E ✇✐t❤ r❡s♣❡❝t t♦ y
❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ R✳ ◆♦t✐❝❡ t❤❛t η(t)R ❞♦❡s ♥♦t ❞❡♣❡♥❞s ❜② y✳ ❋✐♥❛❧❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡
❛❞❥♦✐♥t ❡q✉❛t✐♦♥







































∂2

∂t2
P (t; y) − ∆P (t; y) = E(t; y) + z(t), ✐♥ [0, T ] × Ω,

P (t; y)|Γ = 0, t ∈ [0, T ]
∂P (t; y)

∂n
|S = 0, t ∈ [0, T ]

P (T ; y) = 0

P (T ; y) = 0.

◆♦t✐❝❡ t❤❛t P (t; y) ✐t ✐s ♥♦t ❧✐♥❡❛r ✐♥ y✳
▲❡t ✉s ❜❛❝❦ t♦ t❤❡ ❢✉♥❝t✐♦♥❛❧ Jα✳ ❙✐♥❝❡ E ✐s ❧✐♥❡❛r✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ Jα ✐s str✐❝t❧② ❝♦♥✈❡①

✐♥ H1(Ω)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♠✐♥✐♠✐③✐♥❣ ❡❧❡♠❡♥t✳ ❚❤❛t ✐s✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦r❡♠ ✼✳✹✳ ❋♦r ❛♥② α > 0✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ y∗
α ∈ H1(Ω)✱ y∗

α|Γ = g ✇❤✐❝❤ ♠✐♥✐♠✐③❡s
Jα✱ ✐✳❡✳

Jα(y∗
α) = min

y∈H1(Ω),y|Γ=g
Jα(Ω).

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾
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❲❡ ♥♦✇ ❧♦♦❦ ❢♦r ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ y∗
α✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r

Aα✱ ❢♦r α > 0✳ ❚❤❡ ♦♣❡r❛t♦r Aα ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ❢♦r x ∈ C([0, T ];H2(Ω))✱ Aαx ✐s t❤❡
✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠























(I − ∆)w = −
1

α

∫ T

0

eiωt(ω2 + ∆)x(t)dt ♦♥ Ω

∂w

∂n
= −

1

α
T ∗

∫ T

0

eiωtx(t)dt ♦♥ S

w = g ♦♥ Γ.

✭✼✳✽✮

❆s ❡❛s✐❧② s❡❡♥✱ Aα : C([0, T ];H2(Ω)) → H2(Ω) ❛♥❞ ✐t ✐s ❧✐♥❡❛r✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ r❡s✉❧t ✐s
t❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦r❡♠ ✼✳✺✳ ❚❤❡ ♠✐♥✐♠✉♠ y∗
α ✐s ❣✐✈❡♥ ❜②

y∗
α = AαPα ✭✼✳✾✮

❛♥❞ ✐t ❜❡❧♦♥❣s t♦ H2(Ω)✱ ✇❤❡r❡ (Eα, Pα) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠



























































Ett − ∆E − B.AαP = 0

Ptt − ∆P − E = z

E(0) = Et(0) = 0

P (T ) = Pt(T ) = 0

E = P = 0 ♦♥ Γ
∂E

∂n
=

(

TAαP −
∂AαP

∂n

)

e−iωt ♦♥ S

∂P

∂n
= 0 ♦♥ S

✭✼✳✶✵✮

Pr♦♦❢✳ ❋♦r y ∈ H1✱ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ Jα ✐♥ y ❛❧♦♥❣ R ∈ H1
Γ(Ω) t❛❦❡s t❤❡ ❢♦r♠

DyJα(y) · R = ℜe

∫ T

0

∫

Ω

(

E(t; y)(x) + z
)

η(t)Rdxdt

+ αℜe

∫

Ω

(yR + ∇y · ∇R)dx ✭✼✳✶✶✮

■◆❘■❆



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✷✶

❙✐♥❝❡ Ptt − ∆P = E + z✱ t❤❡ ✜rs t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✼✳✶✶✮ ❜❡❝♦♠❡s

∫ T

0

∫

Ω

(

Ptt − ∆P
)

η(t)Rdxdt =

=

∫ T

0

∫

Ω

P (t; y) ((η(t)R)tt − ∆η(t)R) dxdt

+

∫

Ω

Pt(T ; y)η(T )Rdx −

∫

Ω

Pt(0; y)η(0)Rdx

−

∫

Ω

P (T ; y)ηt(T )Rdx +

∫

Ω

P (0; y)ηt(0)Rdx

−

∫ T

0

∫

∂Ω

(

∂P (t; y)

∂n
η(t)R − P (t; y)

∂η(t)R

∂n

)

ds(x)dt

=

∫ T

0

∫

Ω

P (t; y)B(t)Rdxdt +

∫ T

0

∫

S

P (t; y)
∂η(t)R

∂n
ds(x)dt. ✭✼✳✶✷✮

❍❡r❡ ✇❡ ❤❛✈❡ ✐♥t❡❣r❛t❡❞ ❜② ♣❛rts ❛♥❞ ✉s❡❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ η ❛♥❞ P ✳ ❇② ✉s✐♥❣
❢♦r♠✉❧❛ ✭✼✳✻✮ ❛♥❞ st✐❧❧ r❡♠❡♠❜❡r✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r P ❛♥❞ η✱ ✇❡ ✜♥❞ t❤❛t ✭✼✳✶✷✮
✐s ❡q✉❛❧ t♦

✭✼✳✶✷✮ =

∫ T

0

∫

Ω

eiωt(ω2 + ∆)P (t; y)Rdxdt +

∫ T

0

∫

S

eiωtP (t; y)TRdxdt.

◆♦t✐❝❡ t❤❛t t❤❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts t❛❦❡s s❡♥s❡ s✐♥❝❡ P (t; y) ∈ H2(Ω)✳
❚❤❡♥✱ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ Jα t❛❦❡s t❤❡ ❢♦r♠

DyJα(y) · R =ℜe

∫ T

0

∫

Ω

eiωt(ω2 + ∆)P (t; y)Rdxdt

+ ℜe

∫ T

0

∫

S

eiωtP (t; y)TRds(x)dt

+

∫

Ω

(yR + ∇y · ∇R)dx

✭✼✳✶✸✮

❙✐♥❝❡ y∗
α ✐s t❤❡ ♠✐♥✐♠✉♠✱ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ Jα ❛t y∗

α ❤❛s t♦ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥

DyJα(y∗
α) · R = 0, ✭✼✳✶✹✮

❢♦r ❛♥② R ∈ H1
Γ(Ω)✳ ❚❤❡r❡❢♦r❡✱ ❜② ✭✼✳✶✸✮✱ ✭✼✳✶✹✮ ✇❡ ✜♥❞ t❤❛t y∗

α ✐s t❤❡ ♠✐♥✐♠✉♠ ✐❢ ❛♥❞ ♦♥❧②
✐❢ ✐t ❤♦❧❞s

ℜe

∫

Ω

(

∫ T

0

eiωt(ω2 + ∆)P (t; y∗
α)dt + α(I − ∆)y∗

α

)

Rdx

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾
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+

∫

S

(

α
∂y∗

α

∂n
+ T ∗

∫ T

0

eiωtP (t; y∗
α)dt

)

Rds(x) = 0

❢♦r ❛♥② R ∈ H1
Γ(Ω)✳ ❚❤❡♥✱ y∗

α ✐s t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠























(I − ∆)y∗
α = −

1

α

∫ T

0

eiωt(ω2 + ∆)P (t; y∗
α)dt ♦♥ Ω

∂y∗
α

∂n
= −

1

α
T ∗

∫ T

0

eiωtP (t; y∗
α)dt ♦♥ S

y = g ♦♥ Γ

❚❤❛♥❦s t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ t❡r♠s✱ st❛♥❞❛r❞ r❡s✉❧ts s❤♦✇ t❤❛t y ∈ H2(Ω)✳ ❚❤✐s ♣r♦✈❡❞
t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥✳

❚❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦❧❧♦✇s ❜② ❛ ❜❛❝❦✇❛r❞ ❛r❣✉♠❡♥t✳

❈♦r♦❧❧❛r② ✼✳✻✳ ■❢ y ∈ H2(Ω)✱ ❢♦r ❛♥② α ≥ 0✱ t❤❡ ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❧ ♦❢ Jα ❛t y ❜❡❧♦♥❣s t♦
(H1

Γ(Ω))∗ ❛♥❞ ❤❛s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥

〈DyJα(y), f〉σ((H1
Γ
(Ω))∗,H1

Γ
(Ω)) =

∫

Ω

GΩ,α(y)(ξ)f(ξ)dξ +

∫

S

HS,α(y)(ξ)(γSf)(ξ)dξ,

✇❤❡r❡ 〈·, ·〉σ((H1
Γ
(Ω))∗,H1

Γ
(Ω)) ✐s t❤❡ ❞✉❛❧✐t② ❜❡t✇❡❡♥ (H1

Γ(Ω))∗ ❛♥❞ H1
Γ(Ω)✱ γS ∈ L(H1(Ω);H1/2(S))

✐s t❤❡ tr❛❝❡ ♦♣❡r❛t♦r ❛♥❞

❼ GΩ,α(y) ❜❡❧♦♥❣s L2(Ω) ❛♥❞ ✐t ✐s ❣✐✈❡♥ ❜②

GΩ,α(y)(ξ) = ℜe

(

∫ T

0

eiωt(ω2 + ∆)P (t; y)dt

)

(ξ)

+ ℜe α((I − ∆)y)(ξ), ξ ∈ Ω

❼ HS,α(y) ❜❡❧♦♥❣s t♦ H1/2(S) ❛♥❞ ✐t ✐s ❣✐✈❡♥ ❜②

HS,α(y)(ξ) = ℜe

(

T

(

∫ T

0

eiωtP (t; y)dt

)

(ξ) + α
∂y

∂n
(ξ)

)

, ξ ∈ S

Pr♦♦❢✳ ❚❛❦❡ ❢♦r♠✉❧❛ ✭✼✳✶✸✮✳ ❇② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rt ✭✇❤✐❝❤ ❤♦❧❞s ❜② t❤❡ ❢❛❝t t❤❛t y ∈ H2(Ω)✮
✇❡ ❝❛♥ ✇r✐t❡

DyJα(y) · R =ℜe

∫ T

0

∫

Ω

eiωt(ω2 + ∆)P (t; y)Rdxdt

+ ℜe

∫ T

0

∫

S

eiωtP (t; y)TRds(x)dt

+ ℜe α

∫

Ω

(I − ∆)yRdx

+ ℜe α

∫

S

∂y

∂n
Rds(x).

■◆❘■❆



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✷✸

❙✐♥❝❡ P ∈ C([0, T ],H2(Ω)) ✇❡ ❤❛✈❡ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ♦♥ Ω ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ s❝❛❧❛r
♣r♦❞✉❝t ♦♥ L2(Ω) ❜❡t✇❡❡♥ R ❛♥❞ GΩ,α(y)✳ ❖♥ t❤❡ ♦t❤❡r s✐❞❡✱ s✐♥❝❡ y ∈ H2(Ω) ✇❡ ❤❛✈❡
∂y/∂n ∈ H−1/2(S)✳ ▼♦r❡♦✈❡r✱

∫ T

0

∫

S

eiωtP (t; y)TRds(x)dt =

∫

S

T

(

∫ T

0

eiωtP (t; y)dt

)

Rds(x)

❍❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ T ∗ = T ❛♥❞ t❤❡ ❢❛❝t t❤❛t T ∈ L(H1/2(S);H−1/2(S))✳
❚❤❡♥✱

T

(

∫ T

0

eiωtP (t; y)dt

)

+ α
∂y

∂n

❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛♥ ❡❧❡♠❡♥t ♦❢ H−1/2(S)✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❚❤❡♦r❡♠ ✼✳✼✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ y∗ s♦❧✈✐♥❣

GΩ,0(y) + γ∗
SHS,0(y) = 0,

✇❤✐❝❤ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❤❛r♠♦♥✐❝ st❛t❡✳ Pr♦♦❢✿ ❙✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ J(y) ❤❛s ❛ ✉♥✐q✉❡
♠✐♥✐♠✉♠ ❣✐✈❡♥ ❜② t❤❡ ❤❛r♠♦♥✐❝ st❛t❡✱ s❛② y∗✱ ✐t ❢♦❧❧♦✇ t❤❛t ✐ts ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❧ ❛t t❤✐s
♣♦✐♥t ✈❛♥✐s❤❡s✳ ❍❡♥❝❡✱ ❜② ❈♦r♦❧❧❛r② ✼✳✻✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡s✉❧t✳

◆❡①t ✇❡ ❤❛✈❡ ❛ r❡s✉❧t ♦❢ ❝♦♥✈❡r❣❡♥❝❡✱✳

❚❤❡♦r❡♠ ✼✳✽✳ ▲❡t α > 0 ❛♥❞ ❧❡t (Pα, Eα) ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✼✳✶✵✮✳ ❚❤❡♥ Eα(t) =
E(t; y∗

α)✱ Pα(t) = P (t; y∗
α)✳

❚❤❡♦r❡♠ ✼✳✾✳ ❲❡ ❤❛✈❡
lim

α→0+
y∗

α = y∗

✇❡❛❦❧② ✐♥ H1
Γ(Ω)✱ ✇❤❡r❡ y∗ ✐s t❤❡ ❤❛r♠♦♥✐❝ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✻✳✶✮✳

Pr♦♦❢✳ ▲❡t y∗ ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥


















k2y + ∆y = 0 ✐♥ R
3 \ B,

y = g, ♦♥ Γ,

lim
r→∞

∫

∂Br

∣

∣

∣

∣

∂y

∂r
− iky

∣

∣

∣

∣

2

ds(x) = 0.

✭✼✳✶✺✮

❍❛s ✇❡❧❧ ❦♥♦✇♥✱ t❤❡ r❡str✐❝t✐♦♥ ♦❢ y∗ t♦ Ω✱ st✐❧❧ ❞❡♥♦t❡❞ ❜② y∗✱ ❣✐✈❡ t❤❡ ❤❛r♠♦♥✐❝ s♦❧✉t✐♦♥ ♦❢
♣r♦❜❧❡♠ ✭✻✳✶✮✳ ❚❤❛t ✐s✱ ✐❢ y = y∗ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ ✭✻✳✶✮✱ ✇❡ ❤❛✈❡ E(t; y∗) = y∗e−iωt✱
t ≥ 0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ y∗ = g ♦♥ Γ✱ ∂y∗/∂n = Ty∗ ∈ H−1/2(S) ✭❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
♦♣❡r❛t♦r T ✮ ❛♥❞ ✐t ✐s ❛♥❛❧②t✐❝✱ t❤❡♥ y∗ ∈ Kg✳ ❇② ✭✼✳✺✮ ✇❡ ❛❧s♦ ❤❛✈❡ E(t; y∗) + z = 0✳
❚❤❡r❡❢♦r❡

0 ≤ Jα(y∗
α) ≤ Jα(y∗) =

α

2

(
∫

Ω

|y∗|2dx +

∫

Ω

|∇y∗|2dx

)

. ✭✼✳✶✻✮

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✷✹ ▼❛♥❝❛ ✫ ❩♦❧és✐♦

❚❤✐s ✐♠♣❧✐❡s ‖y∗
α‖H1 ≤ ‖y∗‖H1 ✱ ∀α ≥ 0✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ y∗

αn
✱

n ∈ N ❛♥❞ ❛ ❢✉♥❝t✐♦♥ ŷ ∈ H1(Ω) s✉❝❤ t❤❛t αn ց 0 ❛♥❞ y∗
αn

→ ŷ ✇❡❛❦❧② ✐♥ H1(Ω)✳
❲❡ ♥♦✇ s❤♦✇ t❤❛t ŷ = y∗✳
❇② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t y 7→ E(t; y) ✐s ❧✐♥❡❛r ❛♥❞ t❤❛t y 7→ E(t; y) + z = E(t; y) −

ye−iωt ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥♦r♠ t♦♣♦❧♦❣② ♦❢ H1(Ω)✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ❢✉♥❝t✐♦♥

Kg → R; y 7→

∫ T

0

∫

Ω

|Eα(t; y)(x) + z|2 dxdt

✐s ❝♦♥✈❡①✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ❧♦✇❡r s❡♠✐ ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ♦❢ H1(Ω)✳
❚❤❡♥ ✐t ❤♦❧❞s

∫ T

0

∫

Ω

|Eα(t; ŷ)(x) + z|2 dxdt≤ lim
n→∞

∫ T

0

∫

Ω

∣

∣Eαn(t; y∗
αn

) + z
∣

∣

2
dxdt

≤ lim
n→∞

Jαn(y∗
αn

)

≤ lim
n→∞

Jαn(y∗)

= lim
n→∞

α

2

(
∫

Ω

|y∗|2dx +

∫

Ω

|∇y∗|2dx

)

= 0.

❚❤✐s ✐♠♣❧✐❡s E(t; ŷ)+ z(t) = E(t; ŷ)− ŷe−iωt = 0✱ ❢♦r ❛❧♠♦st ❛❧❧ t ∈ [0, T ]✳ ❇② t❤❡ ❝♦♥t✐♥✉✐t②
♦❢ ŷ 7→ E(t; ŷ) + z(t) ✇✐t❤ r❡s♣❡❝t t♦ t✱ ✐t ❢♦❧❧♦✇s E(t; ŷ) = ŷe−iωt ❢♦r ❛❧❧ t ∈ [0, T ]✳ ❙✐♥❝❡ t❤❡
❤❛r♠♦♥✐❝ s♦❧✉t✐♦♥ ✐s ✉♥✐q✉❡✱ ✐t ❢♦❧❧♦✇s t❤❛t ŷ = y∗✳ ❚❤❡♥✱ y∗

α → y∗ ✇❡❛❦❧② ❛s α → 0✳

✽ ❚❤❡ ❝♦♥tr♦❧❧❡❞ s②st❡♠

✽✳✶ ❙❡tt✐♥❣ ♦❢ t❤❡ ♣r♦❜❧❡♠

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr♦❧❧❡❞ s②st❡♠


































∂2

∂t2
E − ∆E = Fe−iωt, ✐♥ [0, τ ] × Ω,

E|Γ(t) = g(t) t ∈ [0, τ ]
∂E(t)
∂n = TSu(t), t ∈ [0, τ ]

E(0) = y1

Et(0) = y2.

✭✽✳✶✮

✇❤❡r❡ F ∈ H1(Ω)✱ g ∈ H1([0, τ ];H1/2(Γ))✱ y1, y2 ∈ H1(Ω) ✇✐t❤ y1|Γ = g✱ y2|Γ = g′✳ ❚❤❡
❝♦♥tr♦❧✱ u✱ ❛❝ts ♦♥ S ❛♥❞ ✐t ✐s t❛❦❡♥ ✐♥ t❤❡ s♣❛❝❡ L2([0, τ ];H1/2(S))✳

❖✉r ❛✐♠ ✐s t♦ ✜♥❞ u s✉❝❤ t❤❛t✱ ❛❢t❡r ❛ ✜①❡❞ t✐♠❡ ε ∈ (0, τ)✱ ❧❡❛❞s t❤❡ s♦❧✉t✐♦♥ E ♦❢ t❤❡
s②st❡♠ t♦ ❤❛✈❡ ❛ ❤❛r♠♦♥✐❝ r❡❣✐♠❡ ✐♥ ❛ r❡❣✐♦♥ Ω′ ⊂⊂ Ω✳ ❚❤❛t ✐s✱ ✇❡ s❡❛r❝❤ ❢♦r ❛ ❝♦♥tr♦❧ u
s✉❝❤ t❤❛t

E(t, x) = y∗(x)e−iωt, (t, x) ∈ [ε, τ ] × Ω′.

■◆❘■❆



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✷✺

◆♦✇✱ t❛❦❡ ρ ∈ C∞([0, τ ] × Ω; [0, 1]) ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ (0, τ ] × Ω ❛♥❞ s✉❝❤ t❤❛t
ρ = 1 ♦♥ [ε, τ ] × Ω′✳ ■t ✐s ❝❧❡❛r t❤❛t s✉❝❤ ❛ ❝♦♥tr♦❧✱ s❛② u∗

ρ✱ ♠✐♥✐♠✐③❡s t❤❡ ❢✉♥❝t✐♦♥❛❧

Jρ(u
∗
ρ) = min

u∈L2([0,τ ];H1/2(S))
Jρ(u) =

1

2

∫ τ

0

∫

Ω

ρ(t, x)

∣

∣

∣

∣

∂

∂t
E(t, x) + iωE(t, x)

∣

∣

∣

∣

2

dt

✽✳✷ ❚❤❡ ❝♦♥tr♦❧ ❢✉♥❝t✐♦♥❛❧

■♥ ♦r❞❡r t♦ ♣r♦❝❡❡❞✱ ✇❡ r❡❝❛❧❧ t❤❡ ❞✉❛❧✐t② ♦❢ t❤❡ ❜♦✉♥❞❛r② s♣❛❝❡ H1/2(S)✳ ❲❡ r❡♠❡♠❜❡r
t❤❛t H1/2(S) ❝♦♥s✐sts ✐♥ t❤❡ tr❛❝❡ ♦♥ S ♦❢ ❛❧❧ t❤❡ ❢✉♥❝t✐♦♥s ♦❢ H1(Ω)✳ ❲❡ ❡♥❞♦✇❡ H1/2(S)
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦r♠

‖u‖H1/2(S) =

√

∫

S

Nu(x)u(x)dσ(x),

✇❤❡r❡ N : H1/2(S) → H−1/2(S) ✐s t❤❡ ❉✐r✐❝❤❧❡t t♦ ◆❡✉♠❛♥♥ ♠❛♣ ❞❡✜♥❡❞ ❛s

Nu =
∂Y

∂n
♦♥ S,

✇❤❡r❡ Y ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ♦♥ Ω ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❡q✉❛❧
③❡r♦ ♦♥ Γ ❛♥❞ ❡q✉❛❧ u ♦♥ S✱ t❤❛t ✐s Y s♦❧✈❡s











∆Y = 0, ♦♥ Ω

Y = 0, ♦♥ Γ

Y = u, ♦♥ S.

✭✽✳✷✮

❖♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♥♦r♠ ♦♥ H1/2(S) ✐s ❞❡✜♥❡❞ t❤r♦✉❣❤ t❤❡ ❞✉❛❧✐t② ❜❡t✇❡❡♥ H1/2(S) ❛♥❞
✐ts t♦♣♦❧♦❣✐❝❛❧ ❞✉❛❧ H−1/2(S)✱ ✐✳❡✳

∫

S

Nu(x)u(x)dσ(x) = 〈Nu, u〉σ(H−1/2(S),H1/2(S)).

■♥ t❤✐s ❝❛s❡ Nu ✐s ❛ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ H−1/2(S) ❛♥❞ t❤❡♥ t❤❡ ❞✉❛❧✐t② ❝❛♥ ❜❡
❡①♣r❡ss❡❞ ❛s ❛♥ ✐♥t❡❣r❛❧ ♦♥ S✳

■♥ ♦r❞❡r t♦ ✈❡r✐❢② t❤❛t ‖·‖H1/2(S) ❞❡✜♥❡s ❛ ♥♦r♠✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♦❜s❡r✈❡ t❤❛t t❤❡ ●❛✉ss
❢♦r♠✉❧❛ ❧❡❛❞s t♦

∫

S

Nu(x)u(x)dσ(x) =

∫

Ω

|∇Y (x)|2dx

✇❤✐❝❤ ✐s✱ ♦❢ ❝♦✉rs❡✱ ❛ ♥♦r♠ ♦♥ H1/2(S)✳
■t ✇♦rt❤ t♦ ♥♦t✐❝❡ t❤❛t N ✐s ✐♥✈❡rt✐❜❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱

N−1 : H−1/2(S) → H1/2(S))

❛♥❞ N−1h✱ h ∈ H−1/2(S) ❝♦rr❡s♣♦♥❞ t♦ t❤❡ tr❛❝❡ ♦♥ S ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝❡
❡q✉❛t✐♦♥ ✭✽✳✷✮ ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ S ❡q✉❛❧ t♦ h✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✷✻ ▼❛♥❝❛ ✫ ❩♦❧és✐♦

✽✳✸ ❚❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❢✉♥❝t✐♦♥❛❧

❲❡ ❝♦♥s✐❞❡r ❤❡r❡ ❛ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ Jρ✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ✇❡ ❛r❡ ❛❜❧❡ t♦ ❣✐✈❡
❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ♣r♦❜❧❡♠✱ ❛♥❞ t❤❡♥ ✇❡
s❤♦✇ t❤❛t t❤❡s❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧s ❝♦♥✈❡r❣❡ t♦ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ Jρ ❛s t❤❡ ♣❡rt✉r❜❛t✐♦♥
✈❛♥✐s❤❡s✳

❲❡ ✇❛♥t t♦ ♠✐♥✐♠✐③❡ t❤❡ ❢✉♥❝t✐♦♥❛❧

Jρ,α(u) = Jρ(u) +
α

2

∫ τ

0

‖u(t)‖2
H1/2(S)dt

♦✈❡r ❛❧❧ u ∈ L2([0, τ ];H1/2(S))✳
■♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❢✉♥❝t✐♦♥❛❧✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ❛♥ ♦r❞❡r r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s✳

❙❡t

A =

(

0 I
∆ 0

)

, E =

(

E

∂E/∂t

)

, F̃ =

(

0

Fe−ωt

)

❈❧❡❛r❧②✱ E s♦❧✈❡s






























































∂

∂t
E − AE = F̃ , ✐♥ [0, τ ] × Ω,

E(t)|Γ ·

(

1

0

)

= g(t), t ∈ [0, τ ]

∂

∂n
E(t) ·

(

1

0

)

= TSu(t), t ∈ [0, τ ]

E(0) =

(

y1

y2

)

.

✭✽✳✸✮

❲❡ ❞❡♥♦t❡ ❜② ηR t❤❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ E ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥tr♦❧ u ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥
R ∈ L2([0, τ ];H1/2(S))✳ ❙❡tt✐♥❣ HR =

(

ηR

∂ηR/∂t

)

✱ t❤❡♥ HR s♦❧✈❡s s♦❧✈❡s































































∂

∂t
HR(t) − AHR = 0, ✐♥ [0, τ ] × Ω,

H(t)|Γ ·

(

1

0

)

= 0, t ∈ [0, T ]

∂HR(t)

∂n
·

(

1

0

)

= TSR(t), t ∈ [0, τ ]

HR(0) =

(

0

0

)

.

■◆❘■❆



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✷✼

❲✐t❤ t❤❡s❡ ♥♦t❛t✐♦♥s t❤❡ ❢✉♥❝t✐♦♥❛❧ Jρ,α t❛❦❡s t❤❡ ❢♦r♠

Jρ,α(u) =
1

2

∫ τ

0

(

ρ(t)

∫

Ω

((

iω

1

)

· E(t)

)2

dx

)

dt

+
α

2

∫ τ

0

〈Nu, u〉σ(H−1/2(S),H1/2(S))dt

❚❤❡♦r❡♠ ✽✳✶✳ ❋♦r ❛♥② α > 0✱ u ∈ L2([0, τ ];H1/2(S)) t❤❡ ❢✉♥❝t✐♦♥❛❧ Jρ,α ✐s ❞✐✛❡r❡♥t✐❛❜❧❡
✐♥ u✱ ❛♥❞ ✐ts ❞✐✛❡r❡♥t✐❛❧ t❛❦❡s t❤❡ ❢♦r♠

DJρ,α(u) = ℜe T ∗
SP2 + α Nu ✭✽✳✹✮

✇❤❡r❡ P2 = P ·
(

0
1

)

❛♥❞ P s♦❧✈❡s t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥











































∂

∂t
P + AT P = ρ

(

ω2 −iω

iω 1

)

E, ✐♥ [0, τ ] × Ω,

P (t)|Γ = 0, t ∈ [0, τ ]
∂P (t)

∂n
= 0, t ∈ [0, τ ]

P (T ) =

(

0

0

)

.

✭✽✳✺✮

❘❡♠❛r❦ ✽✳✷✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✐♥ ✭✽✳✹✮ ♠❡❛♥s t❤❛t ❢♦r ❛♥② R ∈ L2([0, τ ];H1/2(S)) ✇❡ ❤❛✈❡

〈DJρ,α(u), R〉σ(H−1/2(S),H1/2(S)) = −ℜe

∫ τ

0

∫

S

((T ∗
SP2) R)dσ(x)dt

+ α

∫ τ

0

〈Nu(t), R(t)〉σ(H−1/2(S),H−1/2(S))dt.

■♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✶ t❤❡ ❞✉❛❧✐t② 〈·, ·〉σ(H−1/2(S),H1/2(S)) ✇✐❧❧ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❞♦t
✏·✑ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❤❡❛✈② ♥♦t❛t✐♦♥s✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✭✽✳✶✮✳ ❋✐① α > 0 ❛♥❞ u ∈ L2([0, τ ];H1/2(S))✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ Jα

✐♥ u ❛❧♦♥❣ R ∈ L2([0, τ ];H1/2(S)) t❛❦❡s t❤❡ ❢♦r♠

DJρ,α(u) · R =ℜe

∫ τ

0

ρ(t)

∫

Ω

((

iω

1

)

· E(t)

)

(

(

iω

1

)

· HR(t)

)

dt

+ α

∫ τ

0

〈Nu(t), R(t)〉σ(H−1/2(S),H−1/2(S))dt

✭✽✳✻✮

▲❡t P ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t s②st❡♠ ✭✽✳✺✮✳ ❚❤❡ r✐❣❤t✲❤❛♥❞ t❡r♠ ✐♥ ✭✽✳✺✮ ❢♦❧❧♦✇s ❜②
t❤❡ ❡q✉❛❧✐t②

ρ

((

iω

1

)

· E

)(

−iω

1

)

=

(

ω2 −iω
iω 1

)

E.

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✷✽ ▼❛♥❝❛ ✫ ❩♦❧és✐♦

❇② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡❣✉❧❛r✐t② ♦❢ E✱ st❛♥❞❛r❞ r❡s✉❧ts s❤♦✇ t❤❛t P =
(

P1

P2

)

❜❡❧♦♥❣s t♦
C([0, τ ];H1

Γ(Ω)) × C1([0, τ ];L2(Ω))✳ ❆ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s

∫ τ

0

∫

Ω

(

∂P

∂t
+ AT P

)

·
(

HR(t)
)

dt

=

∫ τ

0

∫

Ω

P (t) ·

(

−
∂HR

∂t
+ AHR

)

dxdt +

∫ τ

0

∫

∂Ω

(

∂P2

∂n
ηR − P2

∂ηR

∂n

)

dσ(x)dt

= −

∫ τ

0

∫

S

P2 (TSR)dσ(x)dt

= −

∫ τ

0

∫

S

(T ∗
SP2) Rdσ(x)dt.

❚❤❡♥

DJρ,α(u) · R = −ℜe

∫ τ

0

∫

S

((T ∗
SP2)R)dσ(x)dt

+ α

∫ τ

0

〈Nu(t), R(t)〉σ(H−1/2(S),H−1/2(S))dt.

◆♦t✐❝❡ t❤❛t R ✐s r❡❛❧✱ t❤❡♥ R = R✳ ❚❤❡r❡❢♦r❡✱ ✭✽✳✹✮ ❢♦❧❧♦✇s✳

❈♦r♦❧❧❛r② ✽✳✸✳ ❚❤❡ ♠✐♥✐♠✉♠ ♦❢ Jρ,α ✐s r❡❛❝❤❡❞ ✐♥

u∗
ρ,α =

1

α
N−1 (ℜe T ∗

SP2) ,

✇❤❡r❡ P2 = P ·
(

0
1

)

❛♥❞ P s♦❧✈❡s ✭✽✳✺✮✳ ❚❤❛t ✐s✱

J(u∗
ρ,α) = min

u∈L2([0,τ ];H1/2(S))
Jρ,α(u).

✽✳✹ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ✉s❡ ♦❢ t❤❡ ❜❛❝❦✇❛r❞ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ ✏❧✐♥❡❛r✲
q✉❛❞r❛t✐❝✏ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ t❤❡♦r② ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤❡ ❜❛❝❦✇❛r❞ ❝❛❧❝✉❧✉s ♦❢ t❤❡ ❛❞❥♦✐♥t
st❛t❡ ❡q✉❛t✐♦♥ P ✳

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ P,E ❛r❡ t❤❡ s♦❧✉t✐♦♥s ♦❢ st❛t❡ ❛♥❞ ❝♦✲st❛t❡ ❡q✉❛t✐♦♥ r❡s♣❡❝t✐✈❡❧②✳ ❲❡
❛❧s♦ ✇r✐t❡

F̃ (t) =

(

0

Fe−iωt

)

, ω̃ =

(

ω2 −iω
iω 1

)

.

❲❡ ✇❛♥t t♦ ✇r✐t❡ P ✐♥ t❤❡ ❢♦r♠

P (t) = Q(t)E(t) + θ(t), t ∈ [0, T ],

■◆❘■❆



❖♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ❍❛r♠♦♥✐❝ ❘❡❣✐♠❡ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ✷✾

✇❤❡r❡ Q ✐s ❛ 2 × 2 ♠❛tr✐① ❞❡♣❡♥❞✐♥❣ ♦♥ t ∈ [0, T ]✱ θ ∈ C([0, T ], R2)✳
❆ ❢♦r♠❛❧ ❝❛❧❝✉❧✉s s❤♦✇s

∂

∂t
(QE + θ) = QtE + QEt + θt = QtE + QAE + QF̃ + θt.

❖♥ t❤❡ ♦t❤❡r s✐❞❡✱ QE + θ = P ✱ t❤❡♥

∂

∂t
P = −AT P + ρω̃E = −AT (QE + θ) + ρω̃E.

❚❤❡r❡❢♦r❡✱ Q✱ θ ❤❛✈❡ t♦ s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥

−AT QE − AT θ + ρω̃E = QtE + QAE + QF̃ + θt,

t❤❛t ✐s
(Qt + QA + AT Q − ω̃)E = QF̃ + θt + AT θ.

❙✐♥❝❡ ✇❡ ✇❛♥t t❤❛t t❤✐s ❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ❛♥② s♦❧✉t✐♦♥ E ♦❢ ❡q✉❛t✐♦♥ ✭✽✳✸✮✱ t♦ r❡❛❝❤ t❤❡
r❡s✉❧t ✐t ✐s s✉✣❝✐❡♥t t♦ ✜♥❞ Q✱ θ s♦❧✈✐♥❣ t❤❡ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥



















Qt + QA + AT Q = ρω̃, ✐♥ [0, τ ],

θt + AT θ + QF̃ = 0, ✐♥ [0, τ ],

Q(τ) = 0,

θ(τ) = 0.

✭✽✳✼✮

❚❤❡r❡ ✐s ❛ ❤✉❣❡ ❧✐t❡r❛t✉r❡ ❛❜♦✉t ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥s ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❬✶❪✮✱ ✇❤✐❝❤ t❡❧❧ ✉s t❤❛t

❚❤❡♦r❡♠ ✽✳✹✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ Q ∈ C([0, τ ]×Ω; R4) ❛♥❞ θ ∈ C([0, τ)×Ω; R2) ✇❤✐❝❤
s♦❧✈❡ ❡q✉❛t✐♦♥ ✭✽✳✼✮✳

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❣✐✈❡ ❛ ♠♦r❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥s s♦❧✈❡❞ ❜② Q✳
❲r✐t❡

Q =

(

Q1 Q2

Q3 Q4

)

❲❡ ❤❛✈❡

QA =

(

Q1 Q2

Q3 Q4

)(

0 ∆
I 0

)

=

(

Q2 Q1∆
Q4 Q3∆

)

AT Q =

(

0 ∆
I 0

)(

Q1 Q2

Q3 Q4

)

=

(

∆Q3 ∆Q4

Q1 Q2

)

❚❤❡♥✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✽✳✼✮✱ Q1, . . . , Q4 ❤❛✈❡ t♦ s❛t✐s❢②

∂Q1

∂t
+ Q2 + ∆Q3 = ρω2;

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾
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∂Q2

∂t
+ Q1∆ + ∆Q4+ = iρω

∂Q3

∂t
+ Q4 + Q1 = iρω

∂Q4

∂t
+ Q3∆ + Q2 = ρ

❲✐t❤ t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥s Qi(T ) = 0✱ i = 1, . . . , 4✳
❲❡ ❝❛♥ ♥♦✇ ❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ t♦ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ u∗

α ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡
❢✉♥❝t✐♦♥❛❧ Jα✳ ❲❡ ❤❛✈❡

u∗
α(t) =

1

α
N−1

(

ℜe

(

Q(t)E(t) + θ(t)) ·

(

0

1

)))

=
1

α
N−1

(

ℜe

(

Q3(t)E(t) + Q4(t)
∂E

∂t
(t) + θ2(t)

))

.

✽✳✺ ❖♣t✐♠❛❧✐t② s②st❡♠

❲❡ ❝♦♥s✐❞❡r t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ Eα t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✈♦❧✉t✐♦♥ ♦♣t✐♠❛❧✐t②❀ t❤✐s s♦❧✉t✐♦♥ s♦❧✈❡s
t❤❡ ♦✉t ❣♦✐♥❣ r❛❞✐❛t✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✹✳✶✮✿



































∂2

∂t2
Eα − ∆Eα = Fe−iωt, ✐♥ [0, τ ] × Ω,

Eα|Γ(t) = g(t) t ∈ [0, τ ]
∂Eα(t)

∂n = 1
αTS .N−1

(

ℜe
(

Q3(t)E
α(t) + Q4(t)

∂Eα

∂t (t) + θ2(t)
))

, t ∈ [0, τ ]

Eα(0) = y1

Eα
t (0) = y2.

✭✽✳✽✮

Pr♦♣♦s✐t✐♦♥ ✽✳✺✳ ❆s α → 0✱ α > 0 ✇❡ ❤❛✈❡

||
∂

∂t
Eα + i ωEα||L2(ǫ,1,L2(Ω)) −→ 0

♣r♦♦❢✿
∫ τ

ǫ

∫

Ω

|
∂

∂t
Eα + i ωEα|2dtdx ≤ Jαn(u∗

αn
) ≤ Jαn(u∗)

= αn

∫ τ

0

< N.u∗, u∗ > dt → 0, n → ∞

■◆❘■❆
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❬✶❪ ❆✳ ❇❡♥s♦✉ss❛♥✱ ●✳ ❉❛ Pr❛t♦✱ ▼✳ ❉❡❧❢♦✉r✱ ❙✳❑✳ ▼✐tt❡r✱ ❘❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❝♦♥tr♦❧
♦❢ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s✳ ❙❡❝♦♥❞ ❡❞✐t✐♦♥✳ ❙②st❡♠s ✫ ❈♦♥tr♦❧✿ ❋♦✉♥❞❛t✐♦♥s ✫
❆♣♣❧✐❝❛t✐♦♥s✳ ❇✐r❦❤➹↕✉s❡r ❇♦st♦♥✱ ■♥❝✳✱ ❇♦st♦♥✱ ▼❆✱ ✷✵✵✼✳

❬✷❪ ❏✳❈✳ ◆é❞é❧❡❝✱ ❆❝♦✉st✐❝ ❛♥❞ ❊❧❡❝tr♦♠❛❣♥❡t✐❝ ❊q✉❛t✐♦♥✳ ❆♣♣❧✐❡❞ ♠❛t❤✳ ❙❝✳ ✶✹✹✱ ❙♣r✐♥❣❡r
❱❡r❧❛❣✱ ✷✵✵✵✳

❬✸❪ ❏✳ ❊✳ ▲❛❣♥❡s❡✱ ❊①❛❝t ❇♦✉♥❞❛r② ❈♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ▼❛①✇❡❧❧✬s ❊q✉❛t✐♦♥s ✐♥ ❛ ●❡♥❡r❛❧
❘❡❣✐♦♥✳ ❙■❆▼ ❏✳❈♦♥tr♦❧ ❛♥❞ ❖♣t✐♠✐③✳ ✷✼✭✷✮ ✭✶✾✽✾✮ ♣♣✳ ✸✼✹✲✸✽✽✳

❬✹❪ ■✳ ▲❛s✐❡❝❦❛✱ ❘✳ ❚r✐❣❣✐❛♥✐✱ ❈♦♥tr♦❧ t❤❡♦r② ❢♦r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✿ ❝♦♥t✐♥✉♦✉s
❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ t❤❡♦r✐❡s✳ ■■✳ ❆❜str❛❝t ❤②♣❡r❜♦❧✐❝✲❧✐❦❡ s②st❡♠s ♦✈❡r ❛ ✜♥✐t❡ t✐♠❡ ❤♦r✐✲
③♦♥✳ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥s✱ ✼✺✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱
❈❛♠❜r✐❞❣❡✱ ✷✵✵✵✳

❬✺❪ ▼✳ ❈✳ ❉❡❧❢♦✉r✱ ❏✳ P✳ ❩♦❧és✐♦✱ ❙❤❛♣❡s ❛♥❞ ●❡♦♠❡tr✐❡s✳ ❆♥❛❧②s✐s✱ ❉✐✛❡r❡♥t✐❛❧ ❈❛❧❝✉❧✉s✱
❛♥❞ ❖♣t✐♠✐③❛t✐♦♥✿ ❆❞✈❛♥❝❡s ✐♥ ❉❡s✐❣♥ ❛♥❞ ❈♦♥tr♦❧✳ ❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞
▼❛t❤❡♠❛t✐❝s ✭❙■❆▼✮✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆ ✭✷✵✵✶✮✳

❬✻❪ ✖✖✖✖✖✖✖✖✖✖✖✖✕✱ ❊✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♦r✐❡♥t❡❞ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥✳
❙■❆▼ ❏✳ ❖♣t✐♠✳ ✭✷✵✵✸✮✳

❬✼❪ ▲✳ ▼❛♥❝❛✱ ❏✳P✳ ❩♦❧és✐♦✱ ❚✐♠❡ ✐♥✈❡rs✐♦♥ ✐♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s ❜② ❘✐❝❝❛t✐ ❊q✉❛t✐♦♥ s✉❜✲
♠✐t❡❞ t♦ ❆❞✈❛♥❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✐♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s ✭❆❆▼❙✮ ▼✐❧✐ ♣✉❜❧✐s❤❡r✱
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❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✸

✷ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥ ✐♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ✸

✷✳✶ ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥s ♦♥ Γ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✷✳✷ ❚❤❡ ❲❛✈❡✲▼❛①✇❡❧❧ ▼✐①❡❞ Pr♦❜❧❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✷✳✷✳✶ ▲♦❝❛❧ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺
✷✳✸ ❚❤❡ t❛♥❣❡♥t✐❛❧ ❋✐❡❧❞ Eτ ✐s s♦❧✉t✐♦♥ t♦ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ♦♥ Γ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺
✷✳✹ ❚❤❡ ◆♦r♠❛❧ ❱❡❝t♦r ❋✐❡❧❞ e ✐s s♦❧✉t✐♦♥ t♦ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ♦♥ Γ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻
✷✳✺ ❍❛r♠♦♥✐q✉❡ r❡❣✐♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✸ ◆♦♥ ③❡r♦ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✻

✸✳✶ ❲❛✈❡ ✇✐t❤ ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ ~g + h~n ♦♥ t❤❡ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❜♦✉♥❞❛r② ✳ ✳ ✼
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✹ ❯♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✽

✹✳✶ ❘❛❞✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✐♥ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
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✺ ❍❛r♠♦♥✐q✉❡ r❡❣✐♠❡ ✶✶

✺✳✶ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✐♥ Ω = Bc ∩ { |x| < R } ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✻ ❚❤❡ s✐t✉❛t✐♦♥ ❢♦r ❙❝❛❧❛r ❲❛✈❡ ✶✷

✼ ❘❡❣✉❧❛r✐t② ❢♦r ❲❛✈❡ ♠✐①❡❞ ❉✐r✐❝❤❧❡t✲◆❡✉♠❛♥♥ ❇♦✉♥❞❛r② Pr♦❜❧❡♠ s♦❧✉✲

t✐♦♥ E ✶✸

✼✳✶ ▲✐♥❡❛r✐t② ❛♥❞ ♣❛rt✐❛❧ r❡❣✉❧❛r✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✼✳✶✳✶ ●❛❧❡r❦✐♥ s♦❧✉t✐♦♥ E0 ∈ L2(I,H1
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