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NOETHER’S FORMS FOR THE STUDY OF NON-COMPOSITE
RATIONAL FUNCTIONS AND THEIR SPECTRUM

LAURENT BUSE, GUILLAUME CHEZE, AND SALAH NAJIB

ABSTRACT. In this paper, the spectrum and the decomposability of a multi-
variate rational function are studied by means of the effective Noether’s irre-
ducibility theorem given by Ruppert in [@] With this approach, some new
effective results are obtained. In particular, we show that the reduction modulo
p of the spectrum of a given integer multivariate rational function r coincides
with the spectrum of the reduction of » modulo p for p a prime integer greater
or equal to an explicit bound. This bound is given in terms of the degree,
the height and the number of variables of r. With the same strategy, we also
study the decomposability of r modulo p. Some similar explicit results are also
provided for the case of polynomials with coefficients in A = K[Z].

INTRODUCTION

Consider a non-constant polynomial f € K[X3,...,X,], n > 2, where K is a
field. Denoting by K the algebraic closure of K, the spectrum of f is the set

o(f) ={A€K: f— X isreducible in K[X1,...,X,]} CK.

We recall that a polynomial f(Xq,...,X,) € K[Xi,...,X,] is said to be absolutely
irreducible if it is irreducible in K[ X1, ..., X,].

It is customary to say that f is non-composite if f cannot be written in the form
u(h(X)) with h(X) € K[X], u(t) € K[t] and deg(u) > 2. A famous theorem of
Bertini gives that f is non-composite if and only if o(f) is finite; see for instance
[0, Theorem 37]. Furthermore, Stein proved in [P3] that the cardinality of o(f) is
at most equal to deg(f) — 1; see also [E, E, ﬁ, .

Recently in [@], A. Bodin, P. Débes, and S. Najib have studied the behavior of
the spectrum of a polynomial via a ring morphism. Here we generalize this study
to the spectrum of a rational function and we give explicit bounds.

Suppose given two non-constant relatively prime polynomials f and g in the
polynomial ring K[Xy,...,X,], n > 2. The spectrum of the rational function
r=f/geK(Xy,...,X,) is the set

o(f,9) ={(\:p) e ]P’%K s uft — Ag* is reducible in K[Xg, X1, ..., X,]} C P}K

with
f._ Xng(T) Xi Xn f._ Xdcg(r) & &
f . 0 f XO,.”’XO 7g' 0 g Xov"'aXO )
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theorem, composite rational function.
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where deg(r) := max(deg(f),deg(g)). That is to say,

a(f,g):={(A:p) € P% : uf —Ag isreducible in K[X7y,...,X,]
or degpuf — Ag < degr}.

In a more geometric terminology, o(f,g) counts the number of reducible hyper-
surfaces in the pencil of hypersurfaces defined by the equations puf — Ag = 0 with
(A p) € Pr.

Again, r is said to be non-composite if r cannot be written in the form u(h(X))
with A(X) € K(X) and u(t) € K(¢), deg(u) > 2. Actually, o(f,g) is finite if
and only if r is non-composite and if and only if the pencil of projective algebraic
hypersurfaces pf* — Ag* = 0, (u : \) € Pk, has its general element irreducible
(see for instance [Ig, Chapitre 2, Théoréme 3.4.6] or [f, Theorem 2.2] for detailed
proofs). Notice that the study of o(f,g) is trivial if d = 1, and n = 1. Therefore,
throughout this paper we will always assume that d > 2, and n > 2.

The study of the spectrum is related to the computation of the number of re-
ducible curves in a pencil of algebraic plane curves. This problem has been widely
studied. As far as we know, the first related result has been given by Poincaré [[L§].
Poincaré’s bound was improved by a lot of works, see e.g. [L9, [td, B3, [, B In%
the authors study the number (counted with multiplicity) of reducible curves in a
pencil of algebraic plane curves. The method used relies on an effective Noether’s
irreducibility theorem given by W. Ruppert in [L]).

In this article, we follow the same strategy as in [ﬂ] using in addition basic
results of elimination theory. More precisely, in the first section we give some
preliminaries which are used throughout this work. In the second section, we show
that the spectrum consists of the roots of a particular homogeneous polynomial
denoted Spect; ;. If ¢ is a morphism then we get, under some suitable hypothesis,
that ¢(Spect ) = Specty,(f) o(g)- For two special situations, namely f,g € Z[X],
and ¢ is the reduction modulo a prime number p, or f,g € K[Z1, ..., Z;][X], and
w sends Z; to z; € K, we give explicit results in terms of the degree, the height and
the number of variables of f/g.

In the last section of this article we study the behavior of a composite ratio-
nal function. More precisely we show, under some suitable hypothesis, that “f/g
is composite over its coefficients field” if and only if “f/g is composite over any
extension of its coefficients field”. Thanks to the effective Noether’s irreducibility
theorem, we then show that if r is a non-composite rational function with integer co-
efficients and p is a “big enough” prime, then » modulo p is also non-composite. An
explicit lower bound is given for such an integer p. Finally, with the same approach
we also study the reduction of a non-composite rational function with coefficients
in K[Zy,...,Z,] after the specialization Z; = z; € K, i = 1,...,n. We end the
paper by showing that after a generic linear change of variables, a non-composite
rational function remains non-composite.

Notations. If
FXa o Xn) = > e X1 X € (X, X

then we set H(f) = max;,, i, [¢iy,. i, and [[fll1 = >, ;i lciy, i.]- The field
with p elements Z/pZ is denoted by F,. Given a polynomial f € Z[X] and a prime
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integer p € Z, we will use the notation Tp for the reduction of f modulo p, that is
to say, the class of f in F,[X]. Finally, for any field K we denote by K (one of) its
algebraic closure.

1. PRELIMINARIES

This section is devoted to the statement of some algebraic properties that are
deeply rooted to elimination theory.

1.1. Noether’s reducibility forms. We recall some effective results about the
Noether’s forms that give a necessary and sufficient condition on the coeflicients of
a polynomial to be absolutely irreducible. We refer the reader to [@, @, E, E]
for different types of such forms.

Theorem 1. Let K be a field of characteristic zero, d > 2, n > 2 and

f(Xy,.. ., X)) = > e XX €KX, X,
0<ei+:+e,<d

There exists a finite set of polynomials:
Di(...,Ceyense-) ELL .., Coy ey -]
such that
VE, ®i(.. o Coroeny---) =0 <= [ is reducible in K[X1,...,X,] or deg(f) < d,
< F(Xo,...,X,) is reducible in K[Xo, ..., X,],

deg(f)

where I is the homogeneous polynomial X, f (& Xn

STRRRRE, X_o) . Furthermore,

d d?—1
deg @, < d? — 1 and ||®,|; < d3d23(<”+ )2d) .
n

If K has positive characteristic p > d(d — 1), the coefficients of the ®;’s above are
to be taken modulo p.

Proof. In characteristic zero this theorem has been proved by Ruppert [@] Ac-
tually Gao showed in [E] that this theorem is also true in positive characteristic p
providing p > d(d — 1). This improvement of original Ruppert’s result is contained
in [, Lemma 2.4] where it is explained that the non-vanishing of a certain resultant
guaranties the statement of this theorem. (Il

It should be noticed that the above theorem is true without any hypothesis on
the characteristic of the ground field K, see e.g. [7 Theorem 7], but then the
degrees and the heights of these forms are with no comparison with the ones given
here.

1.2. GCDs of several polynomials under specialization. The following theo-
rem is a classical and old result taken from elimination theory. Modern statements
and proofs of this result can be found in [@, §2.10] and @, Corollaire of Théoréeme
1].

Theorem 2. Let A be a domain and fi1,..., fn be n > 2 homogeneous polynomials
in A[U,V] of degree di > -+ > d,, > 1 respectively. The polynomials fi,..., fn
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have a common root in the projective line over the algebraic closure of the fraction
field of A if and only if the multiplication mapEI

n n
@A[Ua V]lerdz*di*l = A[Ua V]lerdz*l : (917 S 7971) = Z gifi
i=1 i=1
does not have (maximal) rank dy + ds.

In particular, given a field L and a ring morphism p : A — L, p(f1),...,p(fn)
have a common root in the projective line over L if and only if p(p) does not have
(mazimal) rank dy + d2 (notice that we also denoted by p its canonical extensions
to some suitable matriz and polynomial rings).

This theorem allows to control the behavior of GCDs of several polynomials with
coefficients in a UFD ring under specialization. Hereafter, we will always assume
that polynomial GCDs over a field are taken to be monic with respect to a certain
monomial order (e.g. the lexicographical order).

Corollary 3. Let A be a UFD, f1,...,f, be n > 2 nonzero homogeneous poly-
nomials in A[U,V] and suppose given a ring morphism p : A — L where L is a
field. Let « € A be the leading coefficient of ged(f1,. .., fn) € A[U,V]. There ex-
ists a finite collection of algorithmically computable elements (¢;)icr in A with the
following property: if p(c;) # 0 for some i € I then

p(ged(f1,-- - fn)) = p()ged(p(f1), -, p(fn)) € LIU, V].

Proof. Set g, = ged(p(f1),...,p(fn)) € L[U, V], which is a monic polynomial, and
g = ged(f1,..., fn) € AU, V]. For all i = 1,...,n there exists a polynomial
h; € AU, V] such that f; = gh;. It follows that p(f;) = p(g)p(h;) and hence that

p(g) divides g,. Furthermore, hq, ..., h, have no homogeneous common factor of
positive degree in A[U, V], so by Theorem E there exists a multiplication map, say
©, with the property that p(h1), ..., p(h,) have no homogeneous common factor in

L[U, V] if the rank of p(¢) is maximal. Denoting (¢;)ier the collection of maximal
minors of a matrix of ¢, the fact that the rank of p(¢) is not maximal is equivalent
to the fact that p(c;) = 0 for all ¢ € I. Therefore, we deduce that p(g) and g, are
equal in L[U, V] up to an invertible element if p(c;) # 0 for some ¢ € I. Since g,, is
monic by convention, the claimed equality is obtained by comparison of the leading
coeflicients. O

In this paper we will be mainly interested in two particular cases, namely the case
where A = Z and p is the reduction modulo p, and the case where A = K[Z1,. .., Z;]
and p : A — K is an evaluation morphism. Our next task is to detail Corollaryﬂ
in these two particular situations.

Proposition 4. Suppose given n > 2 homogeneous polynomials f1, ..., fn € Z|U, V]
of positive degree and set d = max; deg(f;), H = max; H(f;).

(i) If f1,..., fn have no (homogeneous) common factor of positive degree in
ZIU, V], then J1', ..., Fa' have no (homogeneous) common factor of positive
degree in Fp[U, V] for all prime integer

p > d*H?.

Lthe notation A[U,V]4, d € N, stands for the free A-module of homogeneous polynomials of
degree d.
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(ii) Denoting by a € Z the leading coefficient of ged(f1,. .., fn) € Z|U, V], we
have

. ged(f, .. Fa') =ged(f1, -, fn) € F,U, V]
for all prime integer
p> dd(d + 1)d22d2H2d_

Proof. Denote by di > ds > ... > d, > 1 the degree of f1,..., f, respectively.
Observe that d = d;. By Theorem E, the hypothesis implies that the multiplication
map

D7 AU, Vdy 4do-di—1 — AU V]ayrds1: (g1, 19n) = > gifi
i=1

has maximal rank d; + d2. Using Hadamard’s inequality [@, Theorem 16.6] we
obtain that the absolute value of each (d; + d3)-minor of the matrix of the above
multiplication map is bounded above by

dq+do

(VdH?)+d2 — g==— gh+d: < gdg2d,

Therefore, one of these minors remains non-zero modulo p and TheoremE implies
that Ep, . ,ﬁp do not have a common root in the projective line over an alge-
braically closed field extension of F,. We deduce that ﬁp, e ,ﬁp do not have a
homogeneous common factor of positive degree in F,,[U, V] and (i) is proved.

To prove (ii) we use Corollaryﬂ and take again the notation of its proof. For all
i=1,...,n there exists a homogeneous polynomial h; € Z[U, V] such that f; = gh;
and we know that the claimed equality holds if ¢(hq),...,¢(hy,) does not have a
homogeneous common factor of positive degree in IF,,[U, V]. Since foralli =1,...,n
we have deg(h;) < d and H(h;) < (d+1)22?H by Mignotte’s bounds [24, Corollary
6.33] and (i) imply that the above condition is satisfied if

2d
p> edln(@ [(d n 1)%2dH} = edn(d) (g 4 1)d92d" f2d.
0

It should be noticed that a result similar to (i) has been proved in @, last
paragraph of page 136] but with a larger bound for the prime integer p, namely
e2nd” {124 Also, to convince the reader that the bound given in (ii) is not too rough,

we mention that in the case n = 2 it is not difficult to see that (see for instance [@,
Theorem 6.26] or [23], §4.4])

(1.1) gcd(f1, f2) = a.ged(fr, f2) € F,y[U, V]
if and only if p{Res(hi, he) € Z, where f; = ged(f1, fo)hi, i = 1,2 and Res(hq, ha)
is the resultant of h; and he. Therefore, it appears necessary to bound H(h;),
i=1,2, in terms of H(f;),i=1,2.

Now, we turn to the second case of application of Corollary E For that purpose,
we introduce a new set of indeterminates Z := 7y, ..., Zs.

Proposition 5. Let f1,...,fn, be n > 2 polynomials in K[Z][U,V] that are ho-
mogeneous with respect to the variables U,V of degree d with coefficients in K[Z].
Also, suppose given a ring morphism p : K[Z] — K and assume that all coefficients
of f1,.-., fn are polynomials in K[Z] of degree < k.
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(i) If f1,..., fn have no (homogeneous) common factor of positive degree in
K[Z][U, V], then there exists a finite collection (p;)icr of nonzero elements
in K[Z] of degree < 2dk such that p(f1),..., p(fn) have no (homogeneous)
common factor of positive degree in K[U, V] if p(pi), i € I, are not all zero.

(ii) Denoting by a € K[Z] the leading coefficient of ged(f1,. .., fn) € K[Z][U, V]
as a homogeneous polynomial in the variables U,V , there exists a finite
collection (q;)icr of nonzero elements in K[Z] of degree < 2dk such that

ple).ged(p(f1), -, p(fn)) = p(ged(f1, ..., fn)) € K[X]
if p(q;), 1 € 1, are not all zero.

Proof. Completely similar to the proof of Proposition @ O

2. STUDY OF THE SPECTRUM OF A RATIONAL FUNCTION

Let A be a UFD, K be its fraction field and suppose given a rational function
r=f/g € K(X1,...,X,) with f,g € A[X1,...,X,] and ged(f,g9) = 1. Set d :=
deg(r) = max(deg(f),deg(g)). We recall that, by definition, the spectrum of r is
the set

a(f,g):={(\:p)e MK uf* — Mg is reducible in K[Xo, X1,..., X,]} C P%

where
f._ Xng(T) X3 Xn f._ Xng(T) & &
fre 0 f XX, , g° 0 g XX, )

Assume that o(f, g) is finite and denote by ®:(U, V') the Noether’s reducibility

forms associated to the polynomial
Vfu(X07 s 7X’n«) - Ugu(X07 s 7X’n.) € A[U7 V][X07X15 o ,Xn]
These forms are all homogeneous polynomials in A[U, V] by construction. We will
denote their GCD by Spect; ,(U,V) € A[U, V]. By Theorem fl, for all (A : p) € ]Pﬂf
we have
Specty ,(A: ) =0 <= (A:p) €o(f,9).
As an immediate consequence of Corollary E, we have the following property.

Given a morphism p : A — L, where L is a field, there exists a non-zero element ¢
of A such that if p(c) # 0 then

p(Specty ;) = Spect 5 1(g)

up to multiplication by a non-zero element in L.

In what follows, we will investigate this property in two particular cases of in-
terest: the case where A = Z and p is the reduction modulo p, and the case where
A=K[Z,...,Z] and p: A — K is an evaluation morphism.

2.1. Spectrum and reduction modulo p.

Theorem 6. Suppose given f,g two multivariate polynomials in Z[X1,..., Xp]
such that ged(f,g) = 1. Set d = deg(f/g) = max(deg(f),deg(g)). For all prime
integer p > B with

B— 22(d2—1)2d2d2—2(d2 . 1)d2—1H2d

= () () s 0 )

where
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we have
Spect?pﬁp = fi.Spectﬁgp
in the polynomial ring Fp[U, V] with 0 # k € Fp.

Proof. From the definition of Spectf ,(U, V), this is a consequence of Theorem [l
Indeed, straightforward computations show that

H(® (V= Ugh) < || H((V S = UgH )

and
(W F -0 < (|4 )

It follows

) (117 7(6)

H(®,(V f* - Ugh) <

A (G5 i (e P

Now, applying Proposition @ with degree d? — 1 and height H; we obtain that

Spect o UVT = 5o (BV I~ T = ased(B VT~ Tg))
if p> B, where 0 # x € Fp,, and therefore that
Wp = k.Spectze -, (U, V)
by Theorem [ 0

As a consequence of this theorem we obtain an analog of Ostrowski’s result. The
classical Ostrowski’s theorem asserts that if a polynomial f is absolutely irreducible
then fp is absolutely irreducible providing p is big enough. In our context we get
the

Corollary 7. Under the notations of Theorem , if o(f,g9) =0 then a(?p,gp) =1
for all prime integer p such that p > B.

Before moving on, we mention that our strategy can be used similarly to deal
with the case of polynomials in A[X7, ..., X,] and reduction modulo a prime ideal
in A.

2.2. Spectrum of a rational function with coefficients in K[Z].

Theorem 8. Let f,g be two polynomials in K[Z1,...,Z|[X1,...,X,] such that
deg, (f) < k,deg,(g9) <k,degyx(f) < danddegy(g) <d. Givenz := (21,...,25) €
K*, denote by ev, the ring morphism K([Z, ..., Z,] — K that sends Z; to z; for all
i=1,...,s. There exists a finite collection of nonzero polynomials in K[Z], say
(¢i)icr, of degree smaller than 2(d* — 1)*k with the property that: if ev,(q;) € K
are not all zero then

ev,(Specty ;) = K.Spect

CV2(£):¢Vz(g)

where 0 # k € K.
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Proof. We consider again Noether’s forms (®;(V f# — Ug*))ser. By construction
we have degy (®¢(V f* — Ug?)) < (d* — 1)k and degy v (P¢(V f# — Ugh)) < d*> — 1.
Therefore, Proposition ﬂ shows the existence of a finite collection of polynomials
(q;)jes in K[Z] of degree smaller than 2(d* — 1)?k with the property that

ev,(Spect; ;) = k.Spect

€Vz(f)>¢Vz(g)

where 0 # k € K, if ev,(g;) # 0 for some j € J. O

This result has the following probabilistic corollary that follows from the well
known Zippel-Schwartz’s Lemma that we recall.

Lemma 9 (Zippel-Schwartz). Let P € A[X1,...,X,] be a polynomial of total
degree d, where A is an integral domain. Let S be a finite subset of A. For a
uniform random choice of x; in S we have

P({P@) = 0]z € S}) <d/IS|,
where |S| denotes the cardinal of S and P the probability.

Corollary 10. With the notations of Theorem E’, let S be a finite subset of K with
|S| elements. If o(f,g) = 0 then for a uniform random choice of the z;’s in S we
have
o(evy (), evz(g)) =0
2(d? — 1)3k?
s/

Proof. As o(f,g) =0, Spect; , =: ¢(Z) is a non-zero polynomial in K[Z] of degree
less than k(d? — 1). Therefore, if gic(z) # 0 for some i € I, where (g;);es is the
collection of polynomials in Theorem [, then Spect e K. (I

€Vz(f) €Vz(9)

with probability at least 1 —

3. INDECOMPOSABILITY OF RATIONAL FUNCTIONS

In the previous section we have studied the spectrum of a rational function. It
turns out that the spectrum of r(X1,...,X,,) € K(X1,...,X,) is deeply related to
the indecomposability of r over K. After recalling this link, we will study indecom-
posability of rational functions.

Theorem 11. Let K be a field of characteristicp > 0. Letr = f/g € K(Xq,...,X,)
be a non-constant reduced rational function. The following are equivalent:
(i) r is composite over K,
(ii) f— Ag is reducible in K[X1,. .., X,] for all A € K such that deg(f — \g) =
deg(r),
(iii) the polynomial f(X1,...,X,) —Tg(X1,...,Xn) is reducible in the polyno-
mial ring K(T)[ X1, ..., X,].

Remark 12. We recall that this kind of result is already known for the polynomial
case (see for instance [, Lemma 7]).

Proof of Theorem [(1. (i) <= (ii): see [B, Theorem 2.2].

(ii) = (iii): statement (ii) means that for all A € K such that deg(f — Ag) = deg,
we have ®;(f — Ag) = 0 for all . Then ®;(f — T'g) has an infinite number of
roots in K and thus ®,(f — Tg) = 0 for all ¢. This gives f — Tg is reducible in

K(T)[X1, ..., Xn].
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(iii) = (ii): statement (iii) means that ®;(f — Tg) = 0 € K[T] for all ¢. Hence, if
A € K is such that deg(f — \g) = degr, we can conclude thanks to Theorem ﬂ that
f — Ag is reducible in K[ X1, ..., X,]. O

The following theorem shows that under some hypothesis, r is composite over
K if and only if r is composite over K. Therefore, we will sometimes say hereafter
that r is composite instead of r is composite over its coefficients field.

Theorem 13. Let K be a perfect field of characteristic p = 0 or p > d* and let
r=f/g € K(X1,...,Xpn), n > 2, be a non-constant reduced rational function of
degree d. Then, v is composite over K if and only if v is composite over K.

Proof. Obviously, if r is composite over K then r is composite over any extension
of K and thus over K. So, suppose that r = u(h) with deg(u) > 2, u € K(T)
and h € K(X1,...,X,). We set u = uy/us where uy,us € K[T] and h = hy/hs
is reduced and non-composite with hi, hs € K[Xl, ..., Xp]. We are going to show
that there exist U € K(T') and H € K(Xy,...,X,) such that r = U(H).

The notation mdeg(f) denotes the multi-degree of f associated to a given mono-
mial order < and lc(f) denotes the leading coefficient of f associated to <.

First step: we claim that one can suppose that le(f) =1, lc(g) = 1 and mdeg(f) >
mdeg(g). Indeed, to satisfy the first condition, we just have to take f/le(f) and
g/lc(g). Then, for the second conditon, if mdeg(f) < mdeg(g) we take g/f, and
if mdeg(f) = mdeg(g) we set F = f, G = f — g and take F/G. Indeed, f/g is
composite over K if and only if F//G is composite over K.

Second step: we claim that one can suppose that lc(hy) = 1, le(he) = 1 and
mdeg(hi) > mdeg(hz). This actually follows from the same trick that we use in
the first step. We just have to remark that if » = u(hy/h2) then r = v(ha/h1) with
o(T) =u(l/T).

Third step: one can suppose that hi(0,...,0) = 0 and hs(0,...,0) # 0. Indeed, if
h2(0,...,0) # 0 then we can consider

hi(0,...,0)
Hy=h) — 222y
t=n <h2(0,...,0)) 2

and Hy = hy. Then we can write r = v(H;/Hz) with Hy and Hs satisfying the
above conditions and the ones of the second step.

Now, if ho(0,...,0) = 0 then a change of coordinates r(X; — a1, ..., X, — ayn),
with (a1,...,a,) € K" such that ha(aq,...,a,) # 0, gives the desired result. So
we just have to show that there exists such an element (ay,...,a,) € K" if p > d?
(it is clear if p = 0). To do this, we observe that deghs < d < p and proceed by
contradiction.

Assume that

hQ(Xla"'aXn) =
Co(Xl,...,anl)—|—01(X1,...,Xn,1)Xn+"'+Cd(X1,...,Xn,1)X7dl
with ¢;(X1,...,Xn1) € K[X1,...,X,_1], is such that
V(z1,...,2,) € K", hao(z1,...,2,) =0.
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Then, given (z1,...,2,_1) € K"™! we have that ha(z1,...,2, 1, X,,) € K[X,,] has
degree < d and at least p distinct roots in K. It follows that ho(x1,...,2n-1,X,)
is the null polynomial and hence that

Vi = 0,.. .,d, V(Il,. .. ,Infl) S Knil, Ci(Il,. .. ,In,1> =0.

Now, since ¢;(X1,...,X,—1) has also degree < d, we can continue this process in
the same way to end with the conclusion that hy = 0 in K[ X1, ..., X,].

Fourth step: we claim that ho(X1,...,X,) € K[X4,...,X,]. To show this, we are
going to prove that if r, h; and hy satisfies the hypothesis of the previous steps
then hy € K[ X4, ..., X,].

Let A € K such that deg(f — A\g) = degr = d. Since 7 is composite over K then
f — Ag is reducible over K by Theorem EI, and we have:

f + )\g =« H(hl + Aihg),
i=1

where \; are the roots of uy + Aus = a [[[~, (T — \;), see the proof of [, Corollary
2.4]. Thanks to step 1 and 2, le(f + Ag) = 1 and le(hy + A\jha) = 1 so that « = 1.
As hq/hs is non-composite we can find A € K such that for all ¢, hy + A\;hg is
irreducible over K because |o(h1,h2)| < d?> —1 and p = 0 or p > d? (the bound
lo(h1,hs)| < d? — 1 is proved for any field in the bivariate case in [[[f] and its
extension to the multivariate case is easily obtained using Bertini’s Theorem; see
for instance [f], Proof of Theorem 13] or [f{].)

Now let 7 € Galois(L/K), where L is the field generated by all the coefficients
of uy, us, hi, ha, we have:

f=2g=7(f=Ag) =

s

(T(hl) + T()\i)T(hz)).

1
As le(t(h1) +7(Xi)7(h2)) = 1 and 7(h1) + 7(A;)7(h2) is also irreducible over K, we

can write:

.
Il

hi+Ahy = 7(h1) +7(Xi))7(h2), (%)
hl + )\th = (hl + 7'( ) (hg)
Thus, (A1 — A2)he = (7(Ai;) — 7(A\i,))7(h2). As le(ha) = 1, we deduce that (A —

A2) = 7(N\i;) — 7(Aiy) and then hy = 7(hg). This implies that he € K[X4,...,X,]
because K is a perfect field.

Last step: we claim that hy € K[Xy,...,X,]. Indeed, (x) and the hypothesis
h1(0,...,0) = 0 (see step 3) implies that A1ha(0,...,0) = 7(A;;)h2(0,...,0). As
h2(0,...,0) # 0 (by step 3 again), we get Ay = 7(\;;). Then (x) means that
h1 = 7(h1) and this concludes the proof because K is a perfect field. O

Remark 14. First, notice that the above result remains obviously true when we
take any extension of K instead of K. Also, observe that this theorem is false for
univariateﬂ (n = 1) rational function; see [E, Example 5]. Finally, mention that
if p < d? and the field K is not perfect then the theorem is also false. Indeed, in
@, page 27] one can find the following counterexample: f(X,Y) = XP + bYP =

2Recall that a non-constant univariate rational function r(X) € K(X) is called composite over
a field K if r(X) = u(h(X)), where u, h € K(X) such that deg(u) > 2 and deg(h) > 2.
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(X + pY)P, with b € K\ KP and ? = b, is composite in K(/3) (which is clear) but
non-composite in K (which is proved in loc. cit.).

Theorem D and Theorem [L3| yield the
Corollary 15.
r = f/g is non-composite <= Spect; (T') # 0 in K[T]
<~ o(f,g) is finite.

Corollary E clearly implies several results about the indecomposability of r. For
instance, if r = f/g is a non-composite rational function where f, g € Z[X1, ..., X,],
and p is a prime integer bigger than H(Spect; ;) and the bound B of Theorem E,
then 7P is non-composite. Indeed, Spectfygp = Spectzr o # 0 in F, [T, for all
p> B.

With this strategy we could deduce several similar results but the bounds ob-
tained in this way can be improved. Indeed, when we use the polynomial Spect we
have to study the ged of the @4 (f —Tg)’s. But if r is supposed to be non-composite
then there exits an index ¢y such that @, (f —Tg) # 0. In this case it is enough to
study the behaviour of one polynomial instead of the ged of several polynomials.
Thus, in what follows we are going to study the indecomposability of a rational
function using Noether’s forms.

3.1. Reduction modulo p.

Theorem 16. Let r = f/g € Z(X) be a non-constant reduced and non-composite
rational function. If

n

— B . P .
then 7" is mon-composite and f~, g are coprime.

Proof. Thanks to Theorem [L1], we have that f—Tg is irreducible in Q(T)[ X7, . .., Xy].
Therefore, there exists t such that @, (f —Tg) # 0 in Z[T]. Now, if p > H then
<I>_top(fp — Tg”) # 0 (see the proof of Theorem E) This means that [~ — Tg" is

irreducible in F,(T)[X1, ..., X,,] and hence 7 is non-composite by Theorem [1]. Of
course, Tp and g? are coprime because otherwise Tp —T7g" cannot be irreducible. [

3.2. Indecomposability of rational function with coeflicients in K[Z].

Theorem 17. Let d and k be positive integers, K be a perfect field of characteristic
0orp>d® r=f/geK[Z(X) be a non-constant reduced rational function with
0 <degyx(r) <d, 0<deg,(r) <k and let S be a finite subset of K.

If r is non-composite over K(Z) then for a uniform random choice of z; in S we
have

’P({r(zl, ooy 28, X) 18 non-composite over K | z; € S’}) >1—k(d*-1)/]],
where |S| denotes the cardinal of S and P the probability.

Proof. Assume that r is non-composite over K(Z). Then, by Theorem IE, we have

that f—Tgis irreducible in K(Z)[X]. Thus there exists to such that ®;,(f—Tg) # 0
in K[Z][T]. We can write ®;,(f — Tg) = >0, a;T" with a; € K[Z] and ap # 0 €
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K[Z]. Therefore, for all z € K* such that ap(z) # 0 we have r(z,X) is non-
composite. Furthermore Theorem [[ gives deg, a; < k(d?> — 1). Then, Lemma []
applied to ap(Z) gives the desired result. ([

Remark 18. Theorem E is false with the hypothesis “r is non-composite over
K” instead of “r is non-composite over K(Z)”. Indeed, take n = 2 and s = 1 and
consider the polynomial f(X,Y, Z) = (XY )2+ Z. This polynomial is non-composite
over K (because deg,(f) = 1) but f(X,Y,2) = (XY)? + z is composite over K for
all value z € K.

3.3. A reduction from n to two variables. We give the following Bertini like
result.

Theorem 19. Let K be a perfect field of characteristic 0 or p > d?, S be a finite
subset of K and let r = f/g € K(X1,...,Xn) be a reduced non-composite rational
function.

For a uniform random choices of the u;’s, v; s and w; ’s in S, the rational function

(X,Y)=r(nX + 1Y +w,...,un X +0,Y +wy,) € K[X,Y].

is non-composite with probability at least 1 — (3d(d — 1) +1)/|S| where d is the
degree of r.

Proof. As we did before, we study f — Tg. This polynomial is irreducible over
m by Theorem @ Then we apply the effective Bertini’s Theorem given in [@,
Corollary 8] to this polynomial. We obtain that f(X,Y) — T§(X,Y) is irreducible
in K(T')[X, Y] with a probability at least 1 — (3d(d—1)+1)/|S|. Then by Theorem
@ yields the desired result about 7. (]
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