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Abstract

We address the estimation of extreme level curves of heavy-tailed distributions. This prob-
lem is equivalent to estimating quantiles when covariate information is available and when
their order converges to one as the sample size increases. We show that, under some condi-
tions, these so-called “extreme conditional quantiles” can still be estimated through a kernel
estimator of the conditional survival function. Sufficient conditions on the rate of convergence
of their order to one are provided to obtain asymptotically Gaussian distributed estimators.
Making use of this result, some kernel estimators of the conditional tail-index are introduced
and a Weissman type estimator is derived, permitting to estimate extreme conditional quan-

tiles of arbitrary large order. These results are illustrated through simulated and real datasets.

Keywords: Conditional quantiles, heavy-tail distributions, kernel estimator, extreme-values.
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1 Introduction

Let (X;,Y;), i = 1,...,n be independent copies of a random pair (X,Y) in R? x R. We ad-
dress the problem of estimating extreme level curves, defined as the graphs of the functions
x € RP — g(ay|z) € R verifying P(Y > q(an|x)|X = z) = a, where o, — 0 as n — co. In
such a case, g(ay|z) is referred to as an extreme conditional quantile in contrast to classical con-
ditional quantiles (known as regression quantiles) for which «,, = « is fixed in (0,1). While the
nonparametric estimation of ordinary regression quantiles has been extensively studied (see for
instance the seminal papers [36, 39] or [15], Chapter 5), less attention has been paid to extreme
conditional quantiles despite their potential interest. In the financial econometrics literature, one

will to understand the extreme behavior between hedge fund returns and measures of risk. Here



the vector X represents the set of p risk factors (volatility or variance, kurtosis, ...) and the variable
Y is a returns measure (average return, skewness, ...). Hedge fund returns may exhibit particular
characteristics such as high degree of non-normality and fat tails that need to be incorporated into
the estimation procedure. Applications in the finance field include also work on Value at Risk, op-
tion pricing and the analysis of cross section of stock market returns (see, e.g., [33]). In climatology,
one may be interested in how climate change over years might affect extreme temperatures. Here,
the covariate is univariate (the time). Multivariate examples include the study of extreme rainfall
as a function of the geographical location. Parametric models are proposed in [11, 38] whereas
semi-parametric methods are considered in [3, 28]. Fully non-parametric estimators have been
first introduced in [10], where a local polynomial modeling of the extreme observations is used.
Similarly, spline estimators are fitted in [8] through a penalized maximum likelihood method. In
both cases, the authors focus on univariate covariates and on the finite sample properties of the
estimators. An important literature is devoted to the particular case where the conditional distri-
bution of Y given X = z has a finite endpoint ¢(x). The function ¢ is referred to as the frontier
and can be estimated via an estimator of the conditional quantile g(ay,|x) with o, — 0. As an
example, a kernel estimator of ¢ is proposed in [24] with «,, = 1/n, the asymptotic normality
being proved only in the situation where Y given X = x is uniformly distributed on [0, o(x)].
In this latter situation, regression on the extreme values of the sample has also been introduced
in [18, 23, 25, 34], the case where the density of Y given X = x is lower bounded being first studied
by Geffroy [21]. Extensions are provided in [22, 29, 30] to densities of Y given X = = decreasing
as a power of the distance from the boundary. We refer to [32] for more information on this topic.

Estimation of unconditional extreme quantiles is also widely studied since the introduction of
Weissman estimator [41], dedicated to heavy tail distributions, and Dekkers and de Haan estima-
tor [12] adapted to the general case.

In this paper, we focus on the setting where the conditional distribution of Y given X = x has
an infinite endpoint and is heavy-tailed, an analytical characterization of this property being given
in the next section. In such a case, the frontier function does not exist and g(ay,|z) — o0 as o, — 0.
Nevertheless, we show, under some mild conditions, that extreme regression quantiles g(ay,|z) can
still be estimated through a kernel estimator of P(Y" > .|z). We provide sufficient conditions on the
rate of convergence of «, to 0 so that our estimator is asymptotically Gaussian distributed. Making
use of this, some kernel estimators of the conditional tail-index are introduced and a Weissman
type estimator [41] is derived, permitting to estimate extreme conditional quantiles ¢(3,|x) where
Br, — 0 arbitrarily fast.

Assumptions are introduced and discussed in Section 2. Our main results are provided in
Section 3 and illustrated on simulated data in Section 4. An example of application to real data

is presented in Section 5. Proofs are postponed to the appendix.



2 Notations and assumptions

The conditional survival function (csf) of Y given X = z is denoted by F(y|z) =P(Y > y|X = z)
and the probability density function (pdf) of X is denoted by g. The kernel estimator of F(y|z) is
defined for all (z,y) € R? x R by

Fo(ylz) = ZKM— DIHY; >y} ZKhx— ), (1)
i=1

where I{.} is the indicator function and h = h, is a nonrandom sequence such that h — 0 as
n — oo. We have also introduced Kj(t) = K(t/h)/h? where K is a pdf on RP. In this context,
h is called the window-width. In Theorem 1, the asymptotic distribution of (1) is established
when estimating small tail probabilities, i.e when y = ¥, goes to infinity with the sample size
n. Similarly, the kernel estimators of conditional quantiles ¢(a|x) are defined via the generalized
inverse of P%n(\m)

dn(alz) = F (a|z) = inf{t, F,(tz) < al, (2)

n

for all @« € (0,1). Many authors are interested in this type of estimator for fixed @ € (0,1):
weak and strong consistency are proved respectively in [39] and [16], asymptotic normality being
established in [40, 37, 4]. In Theorem 2, the asymptotic distribution of (2) is investigated when
estimating extreme quantiles, i.e when a = «,, goes to 0 as the sample size n goes to infinity. The
asymptotic behavior of such estimators depends on the nature of the conditional distribution tail.
In this paper, we focus on heavy tails. More specifically, we assume that the csf satisfies

(F.1): Fyle) =y~ @e(y|x),
where ~(.) is a positive function of the covariate x and, for = fixed, £(.|x) is a slowly-varying
function at infinity, i.e for all A > 0,

t(Aylz)
yggo Uylz) (3)

To summarize, (F.1) amounts to assuming that the conditional distribution of Y given X = z is in
the Fréchet maximum domain of attraction. In this context, y(z) is referred to as the conditional
tail-index since it tunes the tail heaviness of the conditional distribution of Y given X =
Assumption (F.1) is also equivalent to stating that F(.|z) is regularly varying at infinity with
index —1/v(x). As remarked in [7], p.15, one can assume that

(F.2): ¢(.|x) is normalized,
without loosing generality since slowly-varying functions are of interest only asymptotically. In

such a case, the Karamata representation (see [7], Theorem 1.3.1) of the slowly-varying function

ttke) = cto)exo [ 0% (1)

where ¢(.) is a positive function and e(y|z) — 0 as y — oo. Thus, £(.|x) is differentiable and the

can be written as

auxiliary function is given by e(y|z) = y¢ (y|z)/¢(y|z). This function plays an important role in



extreme-value theory since it drives the speed of convergence in (3) and more generally the bias

of extreme-value estimators. Therefore, it may be of interest to specify how it converges to 0.

In [1, 2, 26], the auxiliary function is supposed to be regularly varying and the estimation of the

corresponding regular variation index is addressed. Here, we limit ourselves to assuming that
(F.3): |e(.]z)| is continuous and ultimately non-increasing.

Some Lipschitz conditions are also required. For all (z,2’) € R? x RP, the Euclidean distance

between z and 2’ is denoted by d(z,z’) and the following assumptions are introduced:
1

1
(L.1): There exists ¢y > 0 such that ’7(37) ~ @) < cyd(z,2").
log ¢ log £(y|x’
(L.2): There exist ¢, > 0 and yo > 1 such that sup og llylz) _ log Hyl") < ¢pd(z,2").
y>yo | 108Y logy

(L.3): There exists ¢, > 0 such that |g(z) — g(2)| < ¢,d(x,2).
The last assumption is standard in the kernel estimation framework.

(K): K is a bounded pdf on RP, with support S included in the unit ball of R?.

3 Main results

Let us first focus on the estimation of small tail probabilities F(y,|r) when y,, — oo as n — oc.

The following result provides sufficient conditions for the asymptotic normality of ﬁn(yn\x)
Theorem 1 Suppose (F.1), (L.1), (L.2), (L.3) and (K) hold. Let us introduce
e 0<ay <ag <---<ay where J is a positive integer,

e Y, — o0 such that nh?F(y,|z) — co and nh?*21log? (y,)F (yn|z) — 0 as n — oo,

i y"vj = ajyn fOTj = 17"'7J'

Then, for all x € RP such that g(x) > 0, the random vector

F(yn,j|x) =1,
_ 1@

2
is asymptotically Gaussian, centered, with covariance matric %C(m) where Cj ji(z) = N

for (j,3") € {1,...,J}2.

Note that nh?F(y,|z) — oo is a necessary and sufficient condition for the almost sure presence
of at least one sample point in the region B(x,h) x (yn,o0) of RPTL where B(x,h) is the ball
centered at x with radius h. See Lemma 3 in Appendix. Thus, this natural condition states
that one cannot estimate small tail probabilities out of the sample using ﬁn This result may be
compared to [13] which establishes the asymptotic behavior of the empirical survival function in the
unconditional case but without assumption on the distribution. Considering now the estimation
of extreme quantiles g(a,|x) when «,, — 0 as n — oo, the asymptotic normality of §,(a,|z) can

be established under similar conditions.



Theorem 2 Suppose (F.1), (F.2), (L.1), (L.2), (L.3) and (K) hold. Let us introduce
e 11 >T9 > >175 >0 where J is a positive integer,
o «a, — 0 such that nhPa,, — oo and nh?T2a,, log2(an) — 0 asn — o0,
® o, =Tja, forj=1,...,J.

Then, for all x € RP such that g(x) > 0, the random vector

(Vi (Bleatt) 1)}

q(an,j|) =1,

2(93)2 where X o = 1/Tjp;0 for

is asymptotically Gaussian, centered, with covariance matriz ||K||379(1)

(4,7) € {1,...,J}>.

Compared to [4], Theorem 6.4, where a,, = « is fixed in (0, 1), the asymptotic variance is larger
in Theorem 2 since it involves the additional term 1/a;,, — 0o as n — co. Let us also highlight
the important role of the conditional tail-index ~y(z). From the asymptotic variance point of view,
our model is equivalent to a csf with constant tail-index 1 and a pdf proportional to g(z)/v?(z).
In such a case, the number of points in the ball B(x, h) is asymptotically inversely proportional to

v2(z). A large value of the tail-index at  thus implies a difficult estimation of q(a,|z).

Remark 1 Clearly, the condition nhPa,, — oo implies h > (nay,)~Y/P eventually. Replacing
in condition nh?*2a, log*(a,) — 0 yields noy, log P (1/ay,) — oo which entails o, > logP(n)/n
eventually. This condition provides a lower bound on the order of the extreme quantiles for the

asymptotic normality of kernel estimators to hold.

Remark 2 Suppose nay, 10g2(an) — 00 as n — 0. To fulfill the assumptions of Theorem 2,
one can choose h = 1, (noy, log?(an)) Y @2 where (n,) is a sequence tending to zero arbitrarily
—2/(p+2)
. . . . . . 1 I n
slowly. This choice yields an asymptotic variance proportional to e =" (%) .
Note that, for p = 0, we find back the variance of estimators dedicated to unconditional extreme

quantiles.

A kernel version of Pickands estimator [35] for the conditional tail-index y(z) can be proposed on

the basis of §,(.|z), the kernel estimator defined in (2):

. 1 Gn(an|z) = Gn (200 |2)
P
= I
(@) = 1555 198 <@n(2an|x) — Gn(dan|z) )

where a,, — 0 as n — oo. We refer to [22] for a different variant of Pickands estimator in the

context where the distribution of Y given X = x has a finite endpoint. Letting o,, = (nhpan)*l/Q,

the asymptotic normality of 4F(x) is a consequence of Theorem 2.



Corollary 1 Suppose (F.1), (F.2), (F.3), (L.1), (L.2), (L.3) and (K) hold. If o, — O,
o thloga, — 0 and o, 'e(q(2an|7)|z) — 0 as n — oo, then, for all x € RP such that g(x) > 0,
o Y(AL(x) — y(x)) converges to a centered Gaussian random variable with variance

[ K3 72 () (227 4 1)2 -
g(z) 4(log2)2(27@® — 1)2° (5)

It should be clear that (5) is, up to the scale factor | K||3/g(x), the variance of the classical Pickands
estimator, see for instance [27], Theorem 3.3.5. Since this variance is huge for large values of the

conditional tail-index, it may be preferable to consider a kernel version of the Hill estimator [31]:

J
Z IOan T]an|x) loan O‘n|x Zlog 1/TJ ;
j=1

where (7;) is a decreasing sequence of weights.

Corollary 2 Suppose (F.1), (F.2), (F.3), (L.1), (L.2), (L.3) and (K) hold. Let1 =7 > 15 >

- > 77 > 0 where J is a positive integer. If o, — 0, 0, *hloga, — 0 and o, e(q(an|z)|z) — 0
as n — oo, then, for all x € RP such that g(z) > 0, o, (37(z) — v(x)) converges to a centered
Gaussian random variable with variance | K||3v?(x)Vy/g(x) where

2

J . J
Zau—;)H_ﬂ / 3 los(1/r)

As an example, choosing 7; = 1/j for each j = 1,...,J yields V; = J(J — 1)(2J — 1)/(61log?(J!)).
In this case, V; is a convex function of J and is minimum for J = 9 leading to Vy ~ 1.25. Moreover,

introducing
1 n
= EZKh(x—Xi) (6)
i=1

the classical kernel estimator of the pdf g(z), one may obtain pointwise confidence intervals for
extreme conditional quantiles by plugging g, (x) and 4% (x) or 4} (x) in the asymptotic covariance
matrix. Indeed, all estimates are consistent, as shown in Lemma 4, Corollary 1 and Corollary 2. As
pointed out in Remark 1, the kernel estimator of extreme quantiles ¢, (ay,|2z) requires a stringent
condition on the order «, of the quantile, since by construction it cannot extrapolate beyond
the maximum observation in the ball B(x,h). To overcome this limitation, a Weissman type

estimator [41] can be derived:

Q¥ (Bal) = Gn(anlz)(an/B) @

Here, G, (ap|z) is the kernel estimator of the extreme quantile considered so far and 4, (z) is an
estimator of the conditional tail-index ~(z). As illustrated in the next theorem, the extrapolation

factor (au,/Bn)7(*) allows to estimate extreme quantiles of order (3, arbitrary small.



Theorem 3 Suppose (F.1), (F.2), (L.1), (L.2), (L.3) and (K) hold. Let us introduce
e o, — 0 such that o,, — 0 and aglhlogan — 0 as n — oo,
e (B3,) such that Bp/o, — 0 as n — oo,
e 4, () such that o, 1 (4, (z) — v(x)) N N(0,v2(x)) where v*(z) > 0.

Then, for all x € RP,

O-’;l qA'rVLV(/BnLT) _ i> ,02 .
log(a”/ﬂn) ( Q(ﬂn|x) 1> N(Ov ( ))

Note that, when K is the pdf of the uniform distribution, this result is consistent with [20],

Theorem 3, obtained in a fixed-design and functional setting.

4 Numerical experiments on simulated data

Here, we limit ourselves to one-dimensional random variables X (p = 1) uniformly distributed

on F = [0,1]. Besides, Y given X = z is Fréchet distributed, its csf is given by F(y|z) =

exp(fyfl/ 7(””)), and the following conditional tail-index has been chosen:

y(z) = % (110 +sin (m)) G(l) - %exp(—64(:c - 1/2)2)) .

We focus on the estimation of conditional extreme quantiles q(a,|z) = (—loga,)~7®) of order
ay, = 5log(n)/n which is inspired from the lower bound given in Remark 1. To this end, we use
the estimator introduced in (2) with a bi-quadratic kernel defined as K (z) = 13 (1—2?%)?I{|z| < 1}.
The choice of the bandwidth h is an important issue. In the following, we propose a data-driven
strategy to select its value in a set H = {h; < hy < -+ < hp} where hy = 1/(5logn) and
hyr = 1/2. The minimum value h; is chosen to obtain approximately 2nhjc,, = 2 observations in
the area [x —hy, x+h1] x [g(ap|z), 00) while the maximum value hjs corresponds to a smoothing on
the whole [0, 1] interval. The points ha, ..., hpr—1 are regularly distributed in [hq, has] and M = 50
is used in practice. Two strategies are compared. The first one is derived from the cross-validation

approach introduced in [42] and implemented for instance in [17]:
n n . 2
hey = arg mi (1Y: 2 v3} = Fu (%31X0))
arghmelg;; Vi 2 Y3} = Fu i (V51X5)

where ﬁn’,i is the estimator (depending on k) given in (1) computed from the sample {(X/, Yy), 1 <
¢ <n, £#i}. The second approach is the oracle strategy which consists in minimizing a distance

A between the estimated conditional extreme quantile and the true one:

horace: in A n~7An ni-))s
te = arg min A(g(anl.), gn(an.))



with
L 1/2
A(g(eml.); Gnlonl.) = {i > (nlamlte) - Q(anlte))z} (7)
=1

and where t1,..., ¢, are regularly distributed on [0, 1]. Of course, this method cannot be applied
in practical situations where ¢(a,|.) is unknown. However, it provides us the lower bound on the
distance A that can be reached with our estimator.

The finite sample performance of these strategies is assessed on N = 100 replications of the
samples {(X;,Y:),i =1,...,n} of size n € {300,1000}. The bandwidths h') and hg:)acle are com-
puted on each replication r € {1,..., N} with the two strategies and the corresponding errors (7)
are denoted by AL} and A} As an illustration, the empirical distributions of Al and Al
obtained on samples of size n = 300, are superimposed on Figure 1. It appears that the mean
errors are approximately equal. Let us also remark that the cross-validation errors seem to have a
heavier right-tail than the oracle errors. Similar conclusions have been drawn for n = 1000. Let us
now focus on the estimators ¢, (o, |.) computed from the bandwidths associated to the quantiles of
order 10%, 50% and 90% of the cross-validation error distribution. They respectively correspond
to the best 10% estimator (in terms of the A error (7)), median estimator and worst 10% estimator
obtained with the cross-validation criterion. In Figure 2 (n = 1000) they are superimposed to the
true conditional quantile as well as to the estimated one with the oracle strategy on the same
replication. The vertical axis is represented in a logarithmic scale for the visualization sake. One
can see that the best 10% and median estimators obtained with the cross-validation strategy are
quite stable and as good as the ones obtained by the oracle strategy. In contrast, the worst 10%
estimator obtained with the cross-validation strategy is less accurate than the corresponding ora-
cle estimator, the reason being that the cross-validation strategy is more sensitive to the extreme
points than the oracle one. This phenomena may explain the heavy right-tail of the cross-validation
error observed on Figure 1. However, the cross-validation criterion provides satisfactory results in
most of the cases. Let us observe that the results obtained with n = 300 (not displayed here for the
sake of conciseness) are qualitatively equivalent. This phenomena is a consequence of ap00 < @300
which means that estimating q(a1ggo].) is more difficult than estimating q(asgo].). Finally, the tail
index estimated by 45 (z) is compared to the true one (z) on Figure 3 for different values of the
oy, sequence. The automatic choice of «,,, which is a recurrent problem in extreme-value theory,

is not addressed here. We refer to [19] for an heuristical solution.

5 Illustration on real data

As an illustration, we propose an application of our methodology in a hyper-spectral remote sensing
framework. The original data consists of n = 3184 pairs denoted by (S;, P;), i = 1,...,n. Each

S; is a spectra (in some high-dimensional space FE) representing the intensity of light energy



reflected from materials on Mars as it varies across different wavelengths. The analysis of these
spectral signatures allows the identification of the physical, chemical or mineralogical properties
of the surface that may help to understand the geological history of planets. We refer to [5]
for a detailed presentation of the physical context. Here, we focus on the physical parameter
P; € [0,1] representing a COy proportion. Dimension reduction techniques [6] have shown that a
one-dimensional predictor X; =< b,.5; > is sufficient to predict P;, with b € E and where < .,. >
denotes a dot-product in F that we do not specify here. Finally, the variables of interest are
Yi=(1—-P;) ! — (1 — Ppn) ! where Py, is chosen such that Y; € [0,00). The resulting scatter-
plot is depicted on Figure 6. We focus on the estimation of conditional extreme quantiles of order
apn, = Clog(n)/n with ¢ € {5,10,20}. The above described procedure yields h., ~ 0.12. Let us
denote by Z;, j = 1,...,m(z) the observations Y; such that X; € [x — hey, @ + hew), 1 =1,..., 0.
Our approach relies on the property that the Z;, j = 1,...,m(x) are approximately distributed
from (F.1). This assumption can be graphically checked on the QQ-plots obtained by drawing k
log-spacings versus standard exponential quantiles:

k Zm T)—j m(x .
<log,710g'(”)]+l’()7 j= 1,...,k> .
J Zm(w)fkr,m(a:)

These QQ-plots are based on the property that, under (F.1), the k log-spacings 10g(Zy,(z)—j+1,m(z)) —
10g(Zym(2)—k+1,m(z)) are approximately distributed from an exponential distribution with scale pa-
rameter y(x), see [14], Section 6.2, for a review on exploratory data analysis methods for extremes.
The obtained QQ-plots at three different locations (x = 0.25, = 0.50 and & = 0.75) are presented
on Figure 4 with k£ = 150. Let us note that the plots are approximately linear, confirming the
adequacy of the heavy-tailed model (F.1) to the dataset. The different slopes indicate some het-
erogeneity of the sample in terms of tail behavior. Figure 5 shows the obtained Hill-plots at three
different locations i.e. 4,i(x) for = 0.25, x = 0.50 and = = 0.75 (with 7; = 1/j for j =1,...,9)
as a function of the sample fraction k. Similarly to the unconditional case, the estimated condi-
tional tail index depends on k whose choice is difficult in practice. Here, k = 150 could be a good
choice in view of the QQ-plots (Figure 4) and because of the relative stability of the conditional
Hill estimator (Figure 5) on its neighborhood. Finally, the estimated extreme level curves are

superimposed to the scatter-plot on Figure 6.

6 Appendix: Proofs

6.1 Preliminary results

The first lemma is dedicated to the control of the local variations of the csf with respect to the

covariate x on a neighborhood of size h when the quantity of interest y goes to infinity.



Lemma 1 Suppose (F.1), (L.1) and (L.2) hold. If y, — oo and hlogy, — 0 as n — oo, then

sup
d(z,z')<h

Proof. Assumption (F.1) yields
1

lg(nyH)i < Dol (|35~ 39
" < (ey + o) log ypd(z, '),

Flal®) 1| oinio
Fanty ~1| = oo osn)

log (yn|z)  log £(yn|z')
log yn, log yn,

)

from (L.1), (L.2) and since, for n large enough, y, > 1. Thus,

log (M)‘ ~ O(hlogyn) — 0

as n — oo and taking account of log(u + 1) ~ u as u — 0 gives the result. [ |

sup
d(z,x’)<h

The second lemma is also of analytical nature. It provides a second order asymptotic expansion of

the quantile function.

Lemma 2 Suppose (F.1), (F.2) and (F.3) hold.
(i) Let 0 < B, < a, with a, — 0 as n — oco. Then,

|log ¢(Bn|x) — log q(an|z) + v(x)log(Bn/an)| = O(log(an/Bn)e(q(an|x)|z)).
(i) If, moreover, liminf 3, /a,, > 0, then

51 (8,7
a%(z)q(an\x)

Proof. (i) Let us introduce ¢(.,z) = log g(exp(.)|z). We thus have

=1+ O(e(g(ay|z)|7)).

A, = logq(Bulz) —logq(an|z) + v(z)log(Bn /)
= @(logﬂnax) _@(loganax) +’}/(.’E) log(ﬁn/an)‘
Under (F.1) and (F.2), Karamata representation (4) holds and thus ¢(.,z) is differentiable. A

first order expansion shows that there exists 0,, € (8., ay,) such that

A, = (y(z +<p(1og9mw))10g(ﬁn/an)
) (g(0ul2)o)
= (b e|x>|x> ) o8l

q(6n |m>:c>)<0nlx> ~ 1) 1) () log (B, /ovn)

B (1 ! (e BE
-

e —T) T o)
|

€
7?(2)e(q(On]x)|2) log(Bn/n) (1 + o(1)).
Since ¢(.|x) and |e(.|z)| are both ultimately non-increasing, it follows that |e(g(0,|z)|x)| < |e(q(an|2)|z)]
and thus |A,| = O(log(an/Bn)e(q(an|z)|x)), and the first part is proved.
(ii) Here, 0 < liminf 8, /o, < limsup B, /oy, < 1, and (i) entails |A,| = O(e(q(an|x)|z)) — 0 as

n — 0o0. As a consequence, exp(A,) =1+ A, (1 + o(1)) and the conclusion follows. [
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The following lemma provides a geometrical interpretation of the condition nh? F(y,|r) — oc.

Lemma 3 Suppose (F.1), (L.1), (L.2), (L.3) hold and let y, — oo such that hlogy, — 0 as
n — o0o. Consider the region of RP* defined as R,(x) = B(z,h) X (yn,o0) where x € RP is
such that g(xz) > 0. Then, P(Fi € {1,...,n},(X;,Y;) € Ry(z)) — 1 as n — oo if, and only if,
nhPF(y,|r) — o0o.

Proof. Standard considerations lead to
P(3i € {1,...,n}, (X5, i) € Ra(x) = 1 — (1 — P((X1,Y1) € Ra(2)))", (8)
and, in view of (L.3) and Lemma 1,

P((X1,Y1) € Ro(z))) = /B( , F(yn|u)g(u)du:F(yn|x)g(x)(1+O(hlogyn))/B( y du

= v,h? F(y,|2)g(z)(1 + O(hlogys,)),

where v, is the volume of the unit ball in R?. Clearly, this probability converges to 0 as n — oo

and thus (8) can be rewritten as
P(3i € {1,...,n}, (X0, Yi) € Ru(2)) = 1 — exp (—vpg(a)nh? Flyal2)(1 + 0(1))) ,

which converges to 1 if and only if nh? F(y,|z) — oo. [ ]

Let us remark that the kernel estimator (1) can be rewritten as ﬁn(y|x) = P (y, ) /Gn(x) where
. 1 &
Un(y,x) = — > Kn(z = X)I{Yi >y}
i=1

is an estimator of ¥(y,z) = F(y|z)g(z) and §,(x) is the classical kernel estimator (6) of the
pdf g(z). Lemma 4 gives standard results on the kernel estimator (see [9], Proposition 2.1 and

Proposition 2.2 for a proof) whereas Lemma 5 is dedicated to the asymptotic properties of 1/A1n(y, x).

Lemma 4 Suppose (L.3), (K) hold. If nh? — oo, then, for all x € RP,

(1) E(gn(z) - g(x)) = O(h),
(ii) var(gn(z)) = %]ljf“%(l +o(1)).
Therefore, under the assumptions of the above lemma, §,(x) converges to g(x) in probability.
Lemma 5 Suppose (F.1), (L.1), (L.2), (L.3) and (K) hold. Let us introduce
e 0<ay <ag <---<ay where J is a positive integer,
e y, — oo such that hlogy, — 0 and nh?F(y,|r) — co as n — oo,

® Ynj=ajyn, forj=1,....J.

11



Then, for all x € RP such that g(x) > 0,
(@) EWn(Yn.j» 7)) = ¢(Yn,j,2)(1+ O(hlogyy)), for j=1,...,J.

(ii) The random vector

g2
»J0 -1 y

Rt IRT]

is asymptotically Gaussian, centered, with covariance matriz | K||3C(x) where Cj ji(x) =

a0 for (j,5') € {1, J}2.

Proof. (i) Since the (X;,Y;), i =1,...,n are identically distributed, we have

]E('(Z)n(yn,jax)) = & I(h<3j - t) yn J|t dt / K ynJ|‘r - hu) (.’L‘ - hu)duv

under (K). Let us now consider

EWn(yng: @) = Yyng,2)|l < Flyngle) / K(u)lg(z = hu) — g(x)|du (9)
yn7]|x hu) - T — hu)du
+  F(yn,jlz) /K Flyn o) 1| g(x — hu)du. (10)
Under (L.3), and since g(z) > 0, we have
(9) < F(yn,jlx)cgh/sd(u, 0)K (u)du = 9(yn.j, 2)O(h). (11)

Besides, Lemma 1 implies that

F(y_nj x — hu)
F(yn,jlm)

and therefore, in view of (11),

sup
uesS

— 1‘ = O(hlogy, ;) = O(hlogy,)

(10) = F(yn,;l2)O(hlogys) /S K (u)g(z — hu)du = F(yn,;l2)g(z)O(hlog y,)(1 + o(1))
= Y(Yn,j,2)O(hlogyny). (12)

Combining (11) and (12) concludes the first part of the proof.
(ii) Let B # 0 in R7, A,,(z) = (nhP¢(yn,2)) /2, and consider the random variable

_ wn(ynm z) — E(qﬁn(yn,jvm))
= Zﬁ]( A (s ) )

o ! @Khw DHY: >y} BiKn(x — XY, > yn i}
a Z {Z yﬂ,ﬁ ) (Z (yn,j7 ) )}

i=1

= Z Zi,n-
i=1

12



Clearly, {Z;n, i = 1,...,n} is a set of centered, independent and identically distributed random

variables with variance

1{Y; > yn.
var(Z; n) = n2h2PA2 Zﬁj ( ) Eb(ynf g} = 2hpA2( )5t357

where B is the J x J covariance matrix with coefficients defined for (4,5’) € {1,...,J}? by

B, — Ajj
e G Yn,js D) (Y g )
1 - X ~-X
Ay = oo (5 ()1 2 b K (55 ) 1y 2 )

1 z—X
— 1188 (o (5 ) 1Y 2 s s}
= WPE(En(z = X)HY = yn i DE(K(z = X)HY > ynj0}),
with Q(.) =: K?2(.)/||K||2 also satisfying assumption (K). As a consequence, the three above

expectations are of the same nature. Thus, remarking that, for n large enough, y, jVyn, j© = Yn jvj,

part (i) of the proof implies

Ajgr = K139 (yn v 2) (1 + O(hlogyn)) = hP%(yn.j, 2)0 (Yn,jr, ) (1 + O(hlog yn))

leading to

15113
w(yn,j/\j’ 3 :E)

K13

B — S ||
3.3 Y(Yn,jnjrs T)

(1+O(hlogy,)) — h*(1+ O(hlogyy)) = (1+0(1)),

since Y(yn jnj,x) — 0 as n — oo. Now, from the regular variation property (F.1), it is easily
1 e IK|2C, ./ (x)

seen that ¥(yn jn,x) = ajA]M I)ip(yn,x)(l + o(1)) entailing B; ;» = W(l + o(1)) and

therefore, var(Z; ) ~ ||K|38:C(z)3/n, for all i = 1,...,n. As a preliminary conclusion, the

variance of ¥,, converges to ||K||33'C(z)3. Consequently, Lyapounov criteria for the asymptotic

normality of sums of triangular arrays reduces to y . | E Zin|® = nE|Z1.n)* — 0. Remark that

Z1 5 is a bounded random variable:

J
2|| lloo 2251 1541

Zin :2Kooa1/7m) BilAn(z)(1+ 0
| 1 | ( )hp¢(yn,J,I) || || J Zl ]| ( ))
and thus,
J
nE[Zial> < 2|Klseay " 18 An(x)nvar(Z1y) (1 + o(1))

J
2| K [l oo | K130 7318518 C () BAn (2) (1 + (1)) — 0

Jj=1
as n — 0o0. As a conclusion, ¥,, converges in distribution to a centered Gaussian random variable

with variance ||K||38!C ()8 for all 3 # 0 in RP. The result is proved. |

13



6.2 Proofs of main results

Proof of Theorem 1. Keeping in mind the notations of Lemma 5, the following expansion holds

J F (Yn.j|T) Ay + Agy — Ag
-1 | ZnnglT) ) Bln n n
A, (x);@ ( F(yn,jp:) 1| = RS , (13)

where

Arn = gl (z) Z Bi

<
| <

—
/N
“@ >

n(yn,jv T) — E(J}n(yn,jv r))
@/J(i‘/n’jvm)

J .
Ay = g(:v)Agl(x)Zﬁj (E(wn(y";z)’(gi)j_;f(y”mx))

A3,n

I
—
(]~
&2
N——————
-
S
[
—
8
~—
=
3
—
&
\
2
8
Nt

Let us highlight that assumptions nh?t21og?(y,)F(yn|z) — 0 and nh?F(y,|z) — oo imply that

hlogy, — 0 as n — oo. Thus, from Lemma 5(ii), the random term A , can be rewritten as

Arn = g@)[|Kll2v/ B C(x)5n, (14)

where &, converges to a standard Gaussian random variable. The nonrandom term A, is con-

trolled with Lemma 5(i):

Az = O(AL (@)hlog yn) = O (nh”*2 F(ya|2) log® () = o(1). (15)

)

Finally, A3 ,, is a classical term in kernel density estimation, which can be bounded by Lemma 4:

Ay = O(hA (@) + Op(A; () (nh?)~/2) = O (kP2 F(yal@))* + Op(F(yal2)) !/ = 0p(1).

(16)
Collecting (13)—(16), it follows that
J F(y, -
90 @) Y5 (W - 1) = 9@ Ko/ T + 0p(1).
=1 mJ
Finally, g, (z) £, g(z) yields
= = [ Fulynsl) BC ()8
hPF (y, | = 1| = [[K oy ——n 1
Vot Fnia) 3 <F<yn,j|x> Iy o 5 + 0p()
and the result is proved. u

Proof of Theorem 2. Introduce for j =1,...,J,

ong(@) = glanl)(nhra,) 2

vni(@) = o) nhra,)!?

Wi(@) = vny(@) (Fula(anle) + on(2)z0) = Flglanla) +0n;(@)z]2))
anj(@) = vn;(®@) (an; — Fg(anlz) + onj()z5]2))
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and z; € R. We examine the asymptotic behavior of J-variate function defined by

J J
Cu(z1,s20) =P | () {0,5(2)(dnl@n12) = dlangle) < 2} | =B | [ {Wa(@) < any(x))
j=1 j=1
Let us first focus on the nonrandom term a,, ;(z). From assumptions (F.1) and (F.2), Karamata
representation (4) shows that F(.|z) is differentiable. Thus, for each j € {1,...,J} there exists
0n,; € (0,1) such that

F(q(om j|7)|z) = F(q(an ;|2) + on,j(2)z]) = —0n ;(2) 2 F (gn ;12), (17)

where ¢, ; = q(an j|x) + On jon ;(x)z;. Tt is clear that q(oy, j|z) — oo and o, ;(x)/q(on jlz) — 0

as n — 0o. As a consequence, ¢, ; — oo and thus Karamata representation (4) entails

- n g F(gn5])
lim ———2 2 = —1/~(x). (18)
n—oo  F(gn,;lx)

Moreover, since ¢, ; ~ (o, j|lz) as n — oo and F(.|z) is regularly varying, it follows that

F(gn jlz) ~ F(g¢(an jlz)|r) = ap ;. In view of (17) and (18), we end up with

VU, (2) 0,5 () otn, 2

an,j(z) = (1+0(1)) = z;(1+o(1)). (19)

! v(@)q(an j|z) ’
Let us now turn to the random term W, ;(x). Defining a; = T]._W(x), Ynj = g j|T) + on ()25
for j=1,...,J and y, = q(an|z), we have y,, ; ~ ¢(an j|) ~ ajy, since ¢(.|z) is regularly varying

a 0 with index —y(z). Using the same argument, it is easily shown that logy, ~ —y(x)log a,. As

a consequence, Theorem 1 applies and the random vector

_VnhPE(yalz) _ o Wi,
{vn,xx)F(yn,ﬂz)W””}j_l e {56 }j_l ;

.....
yeeny

. . . . . K2 .
converges to a centered Gaussian random variable with covariance matrix %C’ (). Taking

account of (19), we obtain that ®,,(z1, ..., zy) converges to the cumulative distribution function of
2,2

a centered Gaussian distribution with covariance matrix %C (x) evaluated at (z1,...,27),

which is the desired result. n

Proof of Corollary 1. Introducing o, ; = Tjo, for all j € {1,2,3} with 7y = 4, m» = 2
and 73 = 1, Theorem 2 shows that §,(ay, ;|lz) = q(an ;|z)(1 + 0,&,,;) for j € {1,2,3} where

(€n1,En,2,&n,3)" converges to a centered Gaussian random vector with covariance matrix

1/4 1/4 1/4
1K 137*(2)/9(2) |1/4 1/2 1/2
1/4 12 1

15



Replacing in 4}, (x) yields

(log 2)7,,(x) =

in view of Lemma 2(i). As

(log 2)4, (z)

Standard calculations lead

log | —=(1+0néns) — 1 —0,&, 2>

q(ama|z)
log (1 +onn2 — d(amal2) (1+ Un§n,1)>

tog (24 (1 + Ole(a(an2/) ) (1 + 0nns) — 1~ 0nin2)

log (1+0uén2 — 27 (1 + O(=(glam 2l2)|2) (1 + 0uén1) )

a consequence of assumption &(g(ay, 2|x)|z))/0n — 0, we obtain

= log (27(I) -1+ UH(Q’Y(w)gn,B - 5n,2 + OP(l))>

tog (1 - 277 4 (602 — 27761 +0p(1)))

to

Gt = (142760 + 270060 5

UEI(IOg 2)(’?5(1') - '7(33>) (@ _ 1 + P(1)7

I K1157° (@) (227 )+ 41)?

which converges to a centered Gaussian random variable with variance T 1290 , and
the conclusion follows. [ ]
Proof of Corollary 2. Left us define ¢; = ijl log(1/7;), an; = Tj0n for j =1,...,J and

consider the expansion o,

YAm(x) = y(2)) = Tpa + T2 with

-1 y(z) A\ %n,j )
] L)
o ZOg( <an1|x>)

Let us first focus on T}, 1. Following Theorem 2, g (v ;|z)/q(cun, ;) .1 as n — oo and thus

e e (ot ) = 0o (Gt~

s

which converges in distribution to a centered Gaussian random vector with covariance matrix

| K372 (x)E/g(z). As a consequence T, 1 converges in distribution to a centered Gaussian random
variable with variance (8'S3)|| K [|37%(z)/(g9(z)c?) with 3 = (1—J,1,...,1)! € R’. Straightforward

calculations show that 3t¥3 = V]C?]. Finally, T;, 2 is a finite sum of J terms which can be controlled

with Lemma 2(ii): )2 = 0,'0(e(q(a1,n|x)|z)) With oy, = k/n and thus T,,» — 0 as n— oo

under the considered assumptions.
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Proof of Theorem 3. The proof is based on the following expansion:
—1 —1

Toa(a, 75, 108(dn (Bul@)) —log(a(Bal))

= m(QnJ +Qn2+Qny3)
where we have introduced

Qni = 0, (n(z) = (),
Qn2 = mlog(c}n(an\x)/q(anlw)),

-1

Un
Qna = log(a,/Bn)

(log q(am|2) —log q(Bn|z) + () log(am/Bn)).

First, Qn1 AN (0,v%(x)) as a straightforward consequence of the assumptions. Second, Theo-

rem 2 implies that ¢, (an|z)/q(am|x) 2,1 and

o, (én(an|w) ) Op(1)
np = —m 1) A+ op(1)) = — )
@2 = Togtan/B) \atanle) 1) 0P = iog(a, 75,
Consequently, Q2 L, 0asn — oco. Finally, from Lemma 2(i), Qn,3 = O(0;, *e(q(ay|z)|z)), which
converges to 0 in view of the assumptions. [ |
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Figure 1: Comparison between the error distributions obtained with the cross-validation strategy

(Agﬂ), light gray) and the oracle strategy (A(p )

oracles transparent) on N = 100 samples of size n = 300.
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0.0 02 04 06 08 10

Figure 2: Comparison of the true quantile (solid line) with the estimated ones obtained by the
cross-validation strategy (dotted line) and the oracle strategy (dashed line). The sample size is
n = 1000. The vertical axis is in a logarithmic scale. Top: worst 10% estimator, middle: median

estimator, bottom: best 10% estimator.
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Figure 3: Comparison of the true tail index (solid line) with the Hill type estimator obtained by
the cross-validation strategy (dotted line) and the oracle strategy (grey line). The sample size is
n = 1000. Top: worst 10% estimator, middle: median estimator, bottom: best 10% estimator.

Left: «,, = 0.2, center: «,, = 0.3, right: «,, = 0.4.
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Figure 4: QQ-plots obtained at three different points: = = 0.25 (x x x), = 0.50 (0 0 o) and
=075 (++4).
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Figure 5: Hill plots obtained at three different points: x = 0.25 (x x x), = 0.50 (o o o) and
x=0.75(+++).
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Figure 6: Real data scatter-plot (X;,Y;), i =1,...,n and estimated extreme level curves ({ = 20:

solid line, ¢ = 10: dashed line, { = 5 : dash-dotted line)
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