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Existence et unicité locales d’une ”bonne” solution
du systeme de Vlasov-Poisson unidimensionnel
avec une condition initiale a variation bornée

)

Résumé : Nous proposons un résultat d’existence et d’unicité locales d’une ”bonne’
solution du systeme de Vlasov-Poisson unidimensionnel. On établit le résultat pour
une condition intiale dans I’espace de Sobolev des fonctions intégrables a dérivées
intégrables, puis on étend le résultat a l’espace plus large des fonctions a variation
bornée, mais non nécessairement continues, bornées, ou a support compact.

Mots-clés : systeme de Vlasov-Poisson, fonctions a variation bornée, théoreme
de la contraction
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1 Introduction

1.1 Position of the problem

In this paper we study the one-dimensional Vlasov—Poisson system:

Y(t,x,v) € [0,T] x R?, %(t, x,v) + v%(t, x,v) + E(t,a:)%(t,:c, v) =0, (1)
Wta) 0T xR Gt = [ fta)d 2
Y(z,v) € R? f(0,2z,v) = fo(x,v). (3)

This system models the behaviour of a gas of protons in its self-consistent electro-
static field when the collisions between particles are neglected. In [6], Cooper and
Klimas show the existence and uniqueness of a global mild solution to this system,
i.e. a solution defined by characteristics, for a continuous initial condition which has
its first two moments in v uniformly bounded in . This was extended by Bostan [4]
to the initial-boundary value problem, with similar assumptions on the boundary
data. In [I0], Guo shows that there exists a unique local weak solution to
in the space L>([0,T], BV (R?)) for initial and boundary conditions with compact
support and in the space L>(R?) N BV (R?).

In this article we extend the results of Guo to the initial value problem with intial
data in the space BV (IR?), thus not necessarily compactly supported, bounded, or
continuous. Our proof is based on the contraction mapping principle of Banach,
and consists of two steps: first we establish the local existence and uniqueness
of a mild solution for an initial data fy in W(R?), then we extend the result
to fo € BV(R?). As will appear in the course of the proof, the hypothesis fy €
BV (R?) is close to the minimal assumption guaranteeing the well-posedness of the
characteristic system as times goes by, and thus the possibility of the existence of
a mild solution.

1.2 Notations and main results

We introduce the following notations (see [10]). Given T > 0, we denote
Ur =[0,T] xR and Vg =[0,T] x R2.

For s € [0,T], we denote Iy = {s} x R? the slice t = s of V7. Then we introduce
the following functional spaces:

L(T) = L*=([0, T], WHH(R?)),  X(T) = L*([0, T], W (R)).

The space L(T') will be that of the solutions f to the Vlasov equation with initial
data fo € WHL(R?); we equip it with its natural norm. As for X (7, it is a
space of electrostatic fields F for which the characteristic curves are globally well
defined and Lipschitz-continuous in all their variables [4]. This can be shown by
adapting the proof of the Cauchy—Lipschitz theorem: the only difference is that we
integrate L> functions instead of C° functions and so we get continuous solutions
differentiable almost everywhere in the first variable and with bounded derivative.
We equip it with the following norm:

VE € X(T), |Ellxr) =max([|E| L~ (jo,r)xr), [0z £ Lo (j0,1]xR))-
Morover, for any E € X (T), we set

C(E) = max([|0z Bl L= ((0,1]xr)> 1), (4)

RR n°® 6946



4 Labrunie & Marchal €& Roche

and we denote by Yg the Vlasov differential operator:

0 0 0
Y = —+FE
5=ty TELD G (5)
We recall the definition of the total variation of a function f € L'(R?) (see for

example [7], p.39):

vf € L'(R?), TV[f] = TV.[f] + TVi[f], (6)
where:
“+o0 “+o0
TV,.[f] = hmsup/ / ’f rtev) = flov) dxdv (7)
e—0 €
+oo  ptoo
TV,[f] = hmsup/ / ’f nute = flov) dxdv (8)
e—0 €
The space of functions of bounded variation is defined as:
BV(R?) = {f € L'(R?) : TV[f] < 400}, (9)

and equipped with the norm || f||gyvr2) = || fllz1(r2) + TV [f].

Finally, we denote by L' (T) the space L>([0,T], BV (R?)) equipped with its
natural norm. We shall establish the following two theorems:

Theorem 1 (Local existence and uniqueness in Wh!) Let fo € WH1(R?), and
let

1 R
R > max(”foHl, |fO|W111(R2)7 1) and T € |:07 — In ():| .
R |f0|W171(]R2)
Then there exists a unique mild solution (f, E) € L(T) x X(T) to (1H3).

Moreover, we have a lower bound on the existence time Ty of the mazximal
solution to (IH3) with initial condition fo. Setting Ro := max(1, ||fo|l1), there holds:

1

(e = 1) [folwra

1
T In Ro

1
ex — +
Ro |folwrr (e — 1)}

Theorem 2 (Local existence and uniqueness in BV) Let f, € BV (R?), and
let

. Ry
Tex > Zf ‘fO|W1’1 > ?a

, R
if | folwra < ?0~

1 R
R> TV[fol, 1 d Tel|o,=(—")].
> wax(l o1, TVIL 1) and T 0. (7]
Then there exists a unique mild solution (f,E) € L*(T) x X(T) to (1H3). The
existence time of the mazimal solution is bounded as in the W11 case, with | folw1.
replaced with TV [fo].

The proof is organised as follows. In §2| we recall the definitions of weak and mild
solutions to the linear Vlasov equation (i.e. (1) and with £ a known function
of (t,x)) and to the Vlasov—Poisson system . The next section (§3)) we estimate
the mild solutions to the linear Vlasov equation with initial data in W!(R?), and
use these results to construct a contraction mapping on a suitable set, whose fixed
point gives a mild solution to the Vlasov—Poisson system. Then we extend these
results to initial conditions lying in BV (R?) in

INRIA



BV solutions to Vlasov-Poisson 5

2 Weak and mild solutions

2.1 Definition of a weak solution

We recall the definition of a weak solution to (IH3) by using the spaces of test
functions and the functionals introduced by Guo in [9]. We define two spaces of
test functions, one for the Vlasov equation and the other for the Poisson equation:

V= C([0,T[xR?), M = C>([0,T[xR).

We define for (E, f, fo) € LS (Ur) x L

. Lo(Vr)x L (R?) and « € V (still like in [9])
the following functional:

T
A(f,E, fo, ) = /]R2 folx,v) a0, z,v) dedv +/O /]R2[(YEa) f1(t, z,v) dedo dt.

We define for (E, f, Eo) € LS.(Ur) x L' (Ry, L, . (Ur)) x LS, (R) and ¢ € M the
following functional:

T
C(f, B, Eo, ) :/0 /RE(tw)aww(t,x)dtdx—i—/REO(:U)Q/J(O,m) do

+/()T/R¢(t,x)/Rf(t,x,v)dvdzdt.

These functionals are well-defined.

A weak solution to the linear Vlasov equation associated to E € LS (Ur) with

initial condition fo € L{ _(R?) is a function f € L{ _(Vr) which satisfies:

loc loc
Va eV, A(f,E,fo,a)=0.

A weak solution to the one-dimensional Vlasov—Poisson system with intial condition
fo € L*(Ry, L'loc(R,)) is a pair (E, f) € LS, (V) x LY (R, Li (Ur)) which verifies:

loc loc

VOZEV, A(.fanf07a):0a
V¢EM7 C(f7E7E07¢):Oa

where Fj is a fixed primitive of the density function z — fj;o folz,v) dv; for
instance, if fo € L'(R?) one can take: Vo € R, Eo(z) = [*_ fj;f fo(y,v) dv dy.

2.2 Characteristic curves associated to F € X(T)

We recall the following results on the characteristic curves of a transport equation,
see for example [6] or [I1]. Given E € X(T) and (¢,z,v) € Vp, we consider the
differential system :

dX

=7,
O (5) = B(s, X(5),
(X(0,V (1) = (z.0). (10)

As remarked above, this system admits a unique solution for all (¢, z,v) € Vr, which
we denote T'(s;t,z,v) = (X (s;t,2,v),V(s;t,x,v)) and is called the characteristic
curve passing by (¢, z,v).

RR n°® 6946



6 Labrunie & Marchal €& Roche

As E is bounded on [0,T] x R, every characteristic curve is defined from s =
0 to s = T; moreover, the characteristic curves form a partition of V. Thus
for every characteristic T'(s; ¢, z,v), we can define an origin on Ily: T'(0;¢,2,v) =
(X(0;t,2,v),V(0;t,2,v)).

Let (t,s) € [0,T]. We denote by ¢; s the function:

¢rs : R? — R?
(z,v) — T(s;t,z,v). (11)

¢1s transports a point (¢,z,v) of the slice IT; to a point (s,z’,v’) of the slice Il
by following the characteristic curve passing by (¢, z,v). It is well-known that ¢, s
is a bijection (one-to-one and onto mapping) of R?, which admits bounded partial
derivatives and whose Jacobian is identically equal to 1.

2.3 Definition of a mild solution

Let E € X(T') and (X,V) be the associated characteristic curves. A mild solution
to the linear Vlasov equation associated to E with initial condition fy € L (R?)

loc
is a function f € L{ (V) which satisfies:

flt,z,v) = fo(X(05¢,2,v),V(0;t,z,v)) for ae. (t,x,v)€ V.
We recall the following result (see for example [2]):

Proposition 1 Let E € X(T) and fo € L'(R?). Then f € L'(Vr) is a weak
solution to the linear Viasov equation associated to E with initial condition fo if
and only if it is a mild solution.

This can be shown by using the characteristic change of variables: (t,z,v) +—
(t,x0,v0) = (t, Pro(x,v)), as e.g. in Guo [10]. We deduce the existence and unique-
ness of a solution f € L'(Vr) to the linear Vlasov equation associated to a field
E e X(T):

Corollary 1 Let E € X(T) and fo € L'(R?). The linear Viasov equation associ-
ated to E with initial condition fo admits a unique weak solution in L*(Vr) defined
as: ¥(t,xz,v) € Vp, f(t,x,v) = fo(X(0;t,z,v),V(0;t,z,v)).

Finally, a mild solution to the Vlasov-Poisson system with intial condition fy €
L'(R?) is defined as a weak solution (E, f), which belongs to X(T) x L'(Vr), and
such that f coincides a.e. with the mild solution to the linear Vlasov equation
associated to E with initial condition fy.

3 Proof of Theorem [1]

3.1 A priori estimates

The proof of Theorem [I] relies on the following two theorems whose version for a
half space is given by Guo in [I0].

Theorem 3 Let E € X(T) and p € [1,+00[. We suppose that u € LP(Vr) and
Yeu € Lp(VT) Then:

1. There exists ug € L, (Ily) ~ L} (R?), called the trace of u on Ily, such that
Va € C([0, T[xR?),

/ (Yeua +uYgpa)(t,z,v) dedvdt = — / uo(x,v) a0, z,v) dedv.
Vi R?

INRIA
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2. If ug € LP(R?), then Vs € [0,T], u(s) € LP(R?) and
s
/ |u(s)|P dadv = / |uo|? dedv —|—p/ / (sgnu [ulP~! Yeu)(7) dedv dr.
R2 R2 0 Jr2

Theorem 4 Let E € X(T). We suppose that u € L*(Vr) and Ygu € L' (Vr). Let
ug be the trace of u on Iy defined in Theorem @ If K is a measurable set of R?
with non-vanishing Lebesgue measure, then:

s
/ |u(s)|dwdv:/ |u0|dxdv—|—/ / (sgnuYgu)(7r) dedv dr.
¢0.S(K) K 0 ¢0,7‘(K)

The proofs rely on the characteristic change of variables and are entirely similar to
those of [I0].

With these results, we can prove the fundamental estimate on the solutions to
the linear Vlasov equation. We introduce the semi-norm | - |y1.1 defined by

Ve WHHR), [ flwis = [10afll1 + 100 £l

Theorem 5 Let E € X(T) and fo € WHL(R?). Let f be the unique mild solution
in LY(Vr) of the linear Vlasov equation associated to E. Then Vs € [0,T], f(s) €
WHL(R?) and

|f(8)|W1,1(R2) S |f0‘W1v1(R2) exp(C(E)s). (12)

Thus, integrating from 0 to T':

exp(C(ENT) —1 '

o (13)

T
/ |f(T)lwra ey dT < [folwrare)
0
Proof. The set of the indefinitely differentiable functions with compact support
on R? is dense in W1 (Tly) [IL p. 54]. Thus there exists a sequence (f§'),, of elements
of C°(R?), such that || f§" — follw.1 @2y — 0 when n — +o0.

Similarly, we regularise E € L*([0,T], WH*(R)) in the following way. We
define for all t € [0,T], E,(t,.) = E(t,.) * pn, where (p,) € C*(R,) is a mol-
lifying sequence. The sequence (E,), satisfies: E, € L>([0,T], W5 N CYR,));
[EnllLewzr) < Bl Lo ) 102 EnllLoe wr) < 102 E || Lo (U, and || E=Ey|| oo () —
0 when n — +o0.

Let f, be the solution to the linear problem associated to FE, with initial
condition fJ'. We recall that this solution is given for a.e. (t,z,v) € Vp by
falt,z,v) = fR(X"™(0;t,z,v), V™(0;t,2,v)); as f§ is compactly supported, so is
fn, since f,, is different from 0 only on the characteristics that start on the support
of fi'. Moreover, the characteristics associated to E, are Lipschitz-continuous in
all their variables (s,t,x,v), therefore f,, € WhH°(Vr).

All together, we have 9, f,, and 9, f,, € L (Vr), thus 0, f, and 8, f,, lie in L (V7).

Moreover Yg, Oy fn = —0:Epn Oy fn in D'(Vr), thus Yg, 0, f, lie in L*(Vr). By an
integration by parts, it can be shown that the trace of 0, f,, on Il is 0, f§. If K is a
measurable subset of R? of non-vanishing Lebesgue measure, we get by Theorem

Oz fn = azn_s amnamnavnTT;
/%‘S(K)| fa(s)] /K| ol /()/zzbo,T(K)(Sgn( fr) Oz Ep Oy fr)(7)d

RR n°® 6946
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for the sake of brevity we have omitted the kinetic integration element dzdv. Thus:

/ 100 fu(5)] < / 100 731+ 119 Eul = f0.01x2) / / 100 ()] dr,
0,5 (K) K 0 Jéo,r(K)

/ 100 fu(s)] < / 100121+ 10| e ) / / 10, fu(m) dr. (14)
$0,s (K) K 0 0, (K)

In the same way, we have 0,f, € L1(Vr) and Yg0,f, = —0:fn € D'(Vr), thus
Y0, f, liein L' (V7); and one shows that the trace of 9, f,, on Il is 8, f§. Reasoning
as above, we obtain:

[ o< [ o+ [ [ ol (15)
0,5 (K) K 0 J¢o,r(K)
We add and :

/ {100 Fa($)] + 100 fu(s)]} < / (10,17 + 10131}
bo,s(K) K

+ max(10s El| 1= (0, 1) / / {100 Fa (7)) + 100 fu ()]} dr
0 ¢O,T(K)
Then we utilize the Gronwall lemma, and we get:
/¢ L Fa 1Sl < explCE)) /K loufzl +1ouf5 (16)

Therefore:
: epCET)—1 [ .
/0 /o,S(K) [V fn(s)|ds < — om) /K IV £ (17)

Now we utilize the Dunford-Pettis weak compactness criterion in L', that can be
found for example in [B, p. 76] or [3, p. 167]:

Theorem 6 (Dunford—Pettis) Let (f,), be a bounded sequence of L*(Q). The
sequence is weakly compact if and only if {frn}nen is equiintegrable, that is to say:

n

Ve > 0, dK, compact C € s.t. sup/ |fn] dQ <€, and:
O\K.

Ve >0, dn > 0, VA C Q measurable, meas(A) < n = sup/ [ fn] dQ < e.
n Ja

Let ¢ > 0. The sequences (9 f), and (9, f})n converge in L'(R?), thus are
weakly compact in L'(R?). By the Dunford—Pettis criterion, these sequences are
equiintegrable. Thus, there exists a compact K. of R%, and 1 > 0 such that:

o [ 0.1+ 0S5l < CET e, and
n R2\K€
VA C R? measurable, meas(A) <1 = sup/ {102 f3] + 0o f2 ]} < e CET ¢,
n Ja

Reporting these inequalities in , we see that the sequences (0 f,(s)), and
(Oy fn(8))n verify the Dunford-Pettis criterion in L!'(R?), thus they are weakly
compact in L'(R?). Remember that ¢g s is a diffeomorphism and has a Jacobian
identically equal to one; hence, meas(¢g s(A)) = meas(A). Therefore, (9y fn(8))n
and (0, fn(8))n converge weakly (after extracting a subsequence) in L!(R?) toward
some functions g and h of L(R?).

INRIA
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On the other hand, we have Yg(f, — f) = (F — E,) Oy fn, thus f, — f and
Ye(f,— f) arein L*(Vr). Applying point 2 of Theorem and then the bound ,
we find:

IN

Liro-sol < [ in-si+ [ [ 1860~ Bnloasoldr

n eXp(C(E)T) -1 n
< /R2 |fo = fo'l + |1 = Enll L wr) O /]RZ V1ol

Thus, fn(s) converges toward f(s) in L*(R?). As a consequence, 0, f,(s) and
Oy fn(s) converge toward 9, f(s) and 9, f(s) in D'(R?); therefore g = 0, f(s) and
h = 0,f(s), i.e. 0,f(s) and O, f(s) lie in L'(R?). In other words, f(s) appears
as the weak limit in W11(R?) of the sequence (f,(s)),. By passing to the limit

in , we get:
[ 195 <timint [ 195,05 < exp(CE)S) [V foll s,
R2 n—-+00 R2
which is , and yields by integrating from 0 to 7T'. O

3.2 Construction of a contraction mapping

We now study the non-linear Vlasov—Poisson problem. We choose fo € W11 (R?),
and we construct a contraction mapping from a closed set of a Banach space to
itself. To this end, we define the following mappings:

e ¢ : X(T) — L*(Vr) maps E € X(T) to the unique weak solution f to the
linear Vlasov equation associated to E and with initial condition fy;

e ¢ : L'(Vr) — L>®°(Ur) maps f € L*(Vr) to the unique solution £ to the
Poisson equation satisfying V¢t € [0,T], lim &(¢,x) =0, namely:

E(t,z) = /_; /_;OO flt,y,v) dvdy.

We have in particular V(¢,z) € [0,T] x R, E(¢,z) > 0.
The following lemma will be crucial in our proof.

Lemma 1 For R > 0, let By be the closed ball of center 0 and radius R of the
Banach space (X(T),| - ||x(r)). Then, By is a closed subset of the Banach space
(L°(Ur), || - lloo), hence it is complete for this norm.

Proof. Let (E,), be a sequence of elements of By which converges in L (Ur)
toward E € L>(Ur). Of course, there holds: || E|loc < R.

Then, (0,Ey), is a sequence of elements of the closed ball of center 0 and
radius R of L (Ur). Thus, by the Banach—Alaoglu theorem, (9, F,), converges
for the weak-x topology of L (Ur) toward some g € L°°(Ur) with ||g|lcc < R.

In particular, (9,Fy,), converges to g in D/(Ur); but as (E,), converges to E

€ D’(&T)7 (0zEp)n converges to 0, FE in D’(TZ'T). Thus 0, F = g, i.e. ||0:F]cc < R.
This proves E € B, O

RR n°® 6946
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3.2.1 Stability and Lipschitz continuity of ¢, o ¢
Let E € X(T). Theorem [§| gives f = ¢1(E) € L(T); moreover we have:

61 (E)llLery < lfollt + [folwra ey exp(C(E)T).

Let f € L(T). By the definition of ¢2, we have: d,¢2(f)(t,z) = j;o ft,z,v)dv.
But, as f(t) € WHY(R?) for a.e. t € [0,T], we deduce by Fubini’s theorem that, for
a.e. (t,v) € [0,T] x R, the mapping z — f(t,z,v) is in WH1(R), hence it satisfies
lim, ., f(t,z,v) = 0. We have thus:

+oo

—+o0 x
8x¢2(f)(t’x) = / f(t,x,v) dv = /_ /_ 8acf(t7yav) dydv;

— 0o

—+00 x
.ot < [ [ 10urt 0l dyde < 0,50 e
10202 ()]l Loe (0,71 x®) < 102 1 Loo (0,77, L1 (R2))-
On the other hand: ||¢2(f)(t)||Lm®) = I[f(t)]|L1 (2); hence:

l62(F)ll o0, xr) = I fll oo, 12y and || d2(f)llx ) < N flleery-  (18)

So, we finally have:

VE € X(T), |l¢2 0 ¢1(E)lx(r) < max(|[foll, | folwrr ey exp(C(E)T)).  (19)

Now we show that ¢ o ¢1 is a Lipschitz-continuous mapping in the norm
of L>®(Ur). Let E1,Ey € X(T); we denote f1 = ¢1(F1) and fo = ¢1(FE2). There

hOldS: YE1 (fl — f2> = (YE2 — YEI)(f2) = (E2 — El) a,ufg. Thus, (fl — f2) S Ll(VT)
and Yz, (f1 — f2) € LY(Vr); we apply Theorem |3 and find:

/]R2 [f1(s) = fa(s)] < /OS /}R2 |EL(7) — By (7)|10 f2(7)| dr.

Thus ||f1_f2||Loo([07T]7L1(]R2)) S ||E1_E2||L°°(UT) ||8vf2||L1(VT); applymg the bOlHld ,
we obtain:

[¢1(E1) — d1(E2)l Loe (j0.1),21 (r2)) <

exp(C(E2)T) —1
By — E2|l Lo (ur) [folwrrme) ( é(;i) ) : (20)

Now let f1, fo € L(T). The linearity of the Poisson equation and the bound
allow one to write:

|¢2(f1) = d2(fo)ll ey < 11 = fallLoe(o.1),01 R2)) -

Finally we arrive at:

[p2 0 p1(E1) — ¢2 0 ¢1(E2)| oo () <

exXp
1 — Ea|Le ) | folwiare) C(B) : (21)
3.2.2 Local existence and uniqueness

We now give conditions on the parameters R and T in order to have: (i) the closed
ball B}, stable by ¢ o ¢1, and (ii) @2 o ¢1 a contraction mapping on Bj. The

INRIA
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stability estimate implies (i) provided: |fo|w1.1(r2) exp(max(R,1)T) < R and
[Ifolli < R. Thus we choose:

1 R
R> , d T< 1 .
7maX(|f0|W1,1(]R2),||fOH1) an = Hl&X(R,l) n(‘f0|W111(R2)

As for the point (ii), the Lipschitz estimate yields the sufficient condition R > 1
and | folw1.1(re) (exp(RT) — 1)/R < 1. We take for example:

1 R
R > max(1, , and T < —In 1+>.
(L ol ) i (1 e

Considering the two conditions, we obtain that given

1 R
fo e WHH(R?), R > max(L,|folwrarey, [ foll1), T<— In(——),
R |fO|W111(R2)
the mapping ¢20¢; goes from BY, into By and is a contraction for the norm || - || Lo (17

By Lemma B, is a complete space for this norm. Utilizing the contraction map-
ping principle, the mapping ¢, o ¢1 admits a unique fixed point E € Bj. If we
denote f = ¢1(F), the pair (E, f) € X(T) x L(T) is a mild solution to (1}H3]).

3.2.3 Estimation of the existence time

Let fo € WH(R?) be fixed; we define Ry = max(1,] fo|1). The function z ~

In(ax)/x admits a unique maximum at the point © = e/a, and its value is a/e.

Thus, the greatest value of expression + 1n(‘f0|i11) is attained at R = e|folw1.1
wis

and equal to (e|fo|w1.1)" .

There are two possibilities. If |folw11 > Rp/e, we can take R = Ry :=
elfolwis and T = Ty := (e|folwr1)~ " in §8.2.20 The estimate then shows
|f(T1)|wrr = elfolwr1. So, §3.2.2) proves the existence and uniqueness of the
solution to the Vlasov—Poisson problem with initial data f(77) during the time
Ty == (e|f(T1)|wr1)~t = (e?|folwr.1) L. Thus, the solution generated by the ini-
tial data fy exists during 77 + T5. By induction, we obtain an existence time at
least equal to:

1 (1 S )_ 1
|folwr: \e = e? e (e —1)[folwr1’

Now, if |folwi1 < Rp/e, the existence time given by §3.2.2] is maximal for R =
Ry and equal to is equal to Ty := Rioln(i). Applying (12), we obtain

[folw1.1
|f(To) w1 = efoTo | foly1a = Ry > Rg/e. Thus we can use the previous argument
to show that the solution to the Vlasov—Poisson problem with initial data f(7p)

exists for a time at least equal to ((e — 1) Rg)~!. Finally, the total existence time

1S No leSS ‘han
RO |JO“/]/1Y1 (e 1)

4 Proof of Theorem 2

4.1 Preliminary results

Here we collect some well-known results on the functions of W11(R?) and BV (R?).
The following proposition can be found, for example, in [8, pp. 3-4]:

Proposition 2 W1(R?) C BV(R?) and Vf € WHL(R?), |flwia = TV[f].

RR n°® 6946
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The following two theorems are taken from [§], p. 7 and p. 14:

Theorem 7 Let f € LY(R?) and (f,)n be a sequence in BV (R?) which converges
to f in L'(R?). Then:
TV[f] < liminf TV[f,].

n—--+00

Theorem 8 Let f € BV (R?). There exists a sequence (f,)n in C>(R?)N BV (R?)
such that:

hn—ls- Ifn = fllLrrey =0 and lim TV[f,] =TV[f].

n—--4oo

4.2 A priori estimates

Theorem 9 Let f € L' (Vr) be the unique mild solution to the linear Viasov equa-
tion associated to E € X(T) with initial condition fo € BV (R?). Then, Vs € [0,T],
f(s) € BV(R?) and

TVIf(s)] < TV[fo] exp(C(E)s).

Thus, integrating from 0 to T':

exp(C(ENT) —1

| rvisear < 7vim SRR

Proof. Let E, fy, and f be as in the statement of the theorem. Theorem [§ yields
the existence of a sequence (fg), in C*°(R?) N BV (R?) such that:

nin}roo Hf(? — fO||L1(R2) =0 and lim TV[fg’] = TV[fo]

n—-4oo

In particular, we have: Vn € N, fI € WH1(R?).

Let f,, be the unique mild solution to the linear Vlasov equation associated
to E with initial condition f{'. Using Theorem [5| we get that Vs € [0,T], fn(s) €
WLH1(R?), and

[fn($)lwra@e) < [fe'lwr ey exp(C(E)s),
thus, by Proposition
TV[fa(s)] < TV[fg'] exp(C(E)s).

We have Yg(fn — f) = Ye(fn) — Ye(f) = 0, so we can use Theorem [4] and obtain:

[t =161 = [ 185~ fol.

Therefore, lim f,,(s) = f(s) in L'(R?), for almost every s € [0,T]. Applying Theo-
rem [7] then yields:
TV[f(s)] < liminf TV[f,(s)] < liminf TV[f}] exp(C(E)s)
n—--+00 n—s-—4o0o

= TV[fo] exp(C(E)s),

which implies f(s) € BV(R?). O
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4.3 Construction of a contraction mapping

We now get down to the non-linear Vlasov—Poisson problem. We define the map-
pings ¢1 and ¢2 as in §3.2] and we find sufficient conditions for ¢ o ¢; to be a
contraction mapping from B}, to itself.

Let fo € BV(R?), E € X(T) and f = ¢1(E). By Theorem [9] f € L"(T) and
||¢1(E)\|va(T) < Hf0||BV(1R2)eXP(C(E)T)~

Let us examine the mapping ¢o. As in §3.2.1} we find: ||¢2(f)||Le(o,7]xr) =
||f||Lm([0,T]7L1(R2)) and 0, ¢2(f)(t,x) = fjoos f(t,x,v)dv. Then we state and prove
the following lemma:

Lemma 2 Let f € BV(R?). We denote by p[f] the function of L'(R) defined by
Vo e R, plfl(z) = [T F(,0)dv. Then, plf] € L*(R) and o[l < TVI7)
Proof. According to Theorem [8 there exists a sequence (f,), of functions in
C*(R?) N BV(R?) ¢ WH1(R?) such that ||f, — flli — 0 and TV[f,] — TV[f]
when n — +o0.

From we know that p[f,](x) < ||0zfnll1 < TV|[fn]. But p[f,] converges
to p[f] in L'(R), thus there exists a subsequence p[fy(,)] which converges almost

everywhere to p[f]. We have p[f,(n)](7) < TV|f,(n)] and passing to the limit we get
for a.e. x € R, p[f](z) < TV|[f]. Therefore, p[f] € L>(R) and ||p[f]|lcc < TV[f]. O

Lemmagives: lé2()llx 1y < I fllLee(ry- Thus we have:
VE € X(T), |¢20¢1(E)lx) < [ follpvre) exp(C(E)T).
Now we establish that the mapping ¢2 o ¢1 is Lipschitz continuous in the norm
of L*>°([0,T] x R). Let Eq, Ey € X(T); we denote f1 = ¢1(E1) and fo = ¢1(Es).

Moreover, as we did in the proof of Theorem [9] we approximate fy by a sequence
(f3")n whose terms lie in W11 (R?), and such that

dim (I = folles =0 and lim TVIf] =TV[fo).

The solutions to the linear Vlasov equation with field E; (resp. F3) and initial
condition fJ' will be denoted f7' (resp. f&'). Applying the W1 estimate to
these functions yields:

exp(C(ET) — 1

1" = f2 Lo o,11,21 r2)) < |1E1 — Eallpeeupy TV [fo'] C(B)

(22)

As seen in the proof of Theorem [, we have

||fzn(8) — fi(5)||L1(R2) = ||f61 — fOHLl(R2)7 for a.e. s € [O,T], and i = 1, 2.
Thus, f* converges toward f; in L°°([0,T], L'(R?)). Passing to the limit in (22),
we obtain:

If1 = falleqo,m,21 (®2)) < I1E1 — E2llzoe ) TV [ fo]

Then, the linearity of ¢o and the bound imply:
[f2 0 p1(E1) — d2 0 1 (E2)| poe () <

exp(C(E>)T) — 1
181 = Bl n) TV Il =G

Reasoning like in §3.2.2] we infer that ¢2 o ¢1 admits a unique fixed point in B,
for suitable values of R and T (using the contraction mapping principle of Banach),
then we deduce the local existence and uniqueness of a mild solution to (1H3]). The
existence time is estimated as in §3.2.3|

exp(C(E2)T) — 1
C(E2) .

(23)
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