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Squaring the Circle with Weak Mobile Robots
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We present two non-trivial deterministic protocols that solve the circle formation problem (CFP) with 4 and 3 robots,
respectively. Both solutions do not require that each robotreaches its destination in one atomic step. This paper closes
CFP for any numbern (> 0) of robots in the semi-synchronous model.
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1 Introduction
Consider a distributed system where the computing units aremobile weak robots(sensorsor agents), i.e.,

devices equipped with sensors and designed to move in a two-dimensional plane. By weak, we mean that the
robots areanonymous, autonomous, disoriented, andoblivious, i.e.,devoid of(1) any local parameter (such
that an identity) allowing to differentiate any of them,(2) any central coordination mechanism or scheduler,
(3) any common coordinate mechanism or common sense of direction, and(4) any way to remember any
previous observation nor computation performed in any previous step. Furthermore, all the robots follow
the same program (uniform or homogeneous), and there is no kind of explicit communication medium.
The robots implicitly “communicate” by observing the position of the others robots in the plane, and by
executing a part of their program accordingly.

In such a weak model, there has been considerable interest inthe design ofdeterministiccoordination
protocols. One of the common features of these works is the study of the minimal level of ability the robots
are required to have to achieve the desired task. TheCircle Formation Problem(CFP) consists in the design
of a protocol insuring that starting from an initial arbitrary configuration (where no two robots is at the same
position),n robots eventually form a circle with equal spacing between any two adjacent robots. In other
words, the robots are required to form aregular n-gonin finite time.

The first attempt for formally and deterministically solving the CFP were presented in [1]. It works in
the semi-synchronous model (SSM) in which the cycles of all the robots are synchronized and their actions
are atomic. They ensure only asymptotical convergence toward a configuration in which the robots are
uniformly distributed on the boundary of a circle. In other words, the robots move infinitely often and never
reach the desired final configuration. The first solution leading n robots in a regularn-gon in finite time is
proposed in [4]. Designed for the fully asynchronous model (CORDA), it is also valid in SSM. It works
if n ≥ 5 only. Moreover, ifn is even, the robots may form abiangular circle in the final configuration,
i.e., the distance between two adjacent robots is alternatively either α or β. A general solution is given
in [2]. It works in SSM, for any numbern of robots, except 3 and 4. The approach in [2] is based on a
technique using tools from combinatorics on words and geometric properties of theconvex hullformed
by the robots. Following this work, both casesn = 4 andn = 3 remain open problems. Indeed, it is very
difficult to maintain a geometric invariant with such a few number of robots,e.g.,the smallest enclosing
circle, concentric cycles, properties of the convex hull, or a leader. As a matter of fact, due to the high rate
of symetric configurations, right now, the problem was suspected to be unsolvable with 4 robots.

In this paper, we first disprove this conjecture by presenting a non-trivial deterministic protocol that
solves CFP for the casen = 4 (Section 3). Next (Section 4), we present a solution for thecasen = 3. None
of the two solutions requires that each robot reaches its destination in one atomic step. Since a cohort ofn
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robots trivially always form a regularn-gon if n∈ {1,2}, this paper closes the circle formation problem for
any numbern (> 0) of robots in SSM.

2 Preliminaries
Model. We adopt the semi-synchronous model, below referred to asSSM. Thedistributed systemconsi-
dered in this paper consists ofn mobile robots. Each robot, viewed as a point in the Euclideanplane, move
on this two-dimensional space unbounded and devoid of any landmark. Any robot can observe, compute
and move with infinite decimal precision. The robots are equipped with sensors enabling to detect the ins-
tantaneous position of the other robots in the plane. Each robot has its own local coordinate system and
unit measure. The robots do not agree on the orientation of the axes of their local coordinate system, nor
on the unit measure. They areuniform andanonymous, i.e, they all have the same program using no lo-
cal parameter (such that an observable identity) allowing to differentiate any of them. They communicate
only by observing the position of the others and they areoblivious, i.e., none of them can remember any
previous observation nor computation performed in any previous step. At each time instantt j ( j ≥ 0), each
robot r is eitheractiveor inactive. The former means that, during the computationstep(t j ,t j+1), using a
given algorithm,r computes in its local coordinate system a positionp(t j+1) depending only on the system
configuration att j , and moves towardsp(t j+1). In the latter case,r does not perform any local computation
and remains at the same position. In every single activation, the maximum distance traveled by any robotr
is bounded byσr .

Basic Definitions and Properties. Given a setP of n≥ 2 pointsp1, p2, · · · , pn on the plane, the convex
hull of P, denotedH(P) (H for short), is the smallest polygon such that every point inP is either on an
edges ofH(P) or inside it. Informally, it is the shape of a rubber-band stretched aroundp1, p2, · · · , pn. The
convex hull is unique and can be computed with time complexity O(nlogn) [3].

A convex hullH is called a (convex) quadrilateral (respectively,triangle) if H forms a polygon with
four (resp. three) sides (or edges) and vertices (or, corners). In the sequel, we consider convex quadrilaterals
(resp. triangle) only. A quadrilateral is said to beperpendicularif and only if its diagonals are perpendicular.
Otherwise, it is called anon-perpendicularquadrilateral.

A triangle is said to beequilateral if all its sides are of equal length. Anisoscelestriangle has two
sides of equal length. A triangle having all sides of different lengths is said to bescalene. A trapezoidis a
quadrilateral with at least one pair of opposite sides parallel. An isosceles trapezoidis a trapezoid whose the
diagonals are of equal length. Aparallelogramis a quadrilateral with both pairs of opposite sides parallel.
A rectangleis defined as a parallelogram where all four of its angles are right angles. Asquareis a rectangle
perpendicular quadrilateral.

3 Four Robots
In this section, we present our algorithm that leads 4 mobilerobots to eventually form a square. We refer

to Figure 1 to explain our scheme.
Consider the convex hullH formed by the robots on the plane. If the 4 robots belong to thesame LineL,

thenH is reduced to the segment of line linking the 4 points (Figure1, CasesL). Otherwise (the 4 robots
are not aligned), there are only two possible forms forH : H forms either a quadrilateral or a triangle. If
H forms a triangle, then there is a robotr being located either insideH (CasenD-T) or between two of
the three corners of the triangle (CasesnP-D andP-D). In the latter case, three out of the four robotsq, r,
ands are aligned on a lineL (r belonging to the segment[q,s]), whereas the fourth robott does not. Such a
configuration is called a (arbitrary) delta. If the lineL′ passing throughr andt is perpendicular toL, then
the delta is said to beperpendicular(CaseP-D).

Our propotol is made of two steps : (1) Starting from an arbitrary configuration, move the robots to
eventually form an arbitrary perpendicular quadrilaterals ; (2) Starting from an arbitrary perpendicular qua-
drilateral, the robots eventually form a square.

Indeed, when the convex hullH forms an arbitrary perpendicular quadrilateral (Figure 1,CasePQ),
the diagonals ofH are perpendicular inO. The system eventually forms a square by sliding the closest
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FIG . 1: General Scheme with 4 robots.

robots away fromO along their diagonal until they reach the positions being atthe same distance fromO
than the farthest ones (dmax in Figure 1). To reach such an arbitrary perpendicular quadrilateral, we aim to
bring the system into an arbitrary delta. Starting from a perpendicular delta, CaseP-D in Figure 1 (q, r,
ands are aligned one a lineL, the lineL′ passing throughr andt is perpendicular toL), in one step, the
system becomes an arbitrary perpendicular quadrilateral by sliding r on L′ in the opposite direction oft.
Starting from a non-perpendicular delta (CasenP-D), the system eventually becomes a perpendicular delta
by movingt alongL′′, the line passing throught that is parallel toL, until L′ andL become perpendicular.

Clearly, the above scheme does not cover all the possible cases. In particular, it gives no details about the
“arbitrary” configurations considered in the above first item. In fact, we can detail the different classes of
such “arbitrary” configurations and the corresponding moves as follows :
1. The convex hull H forms an arbitrary quadrilateral that is not perpendicular, a rectangle, an isosceles
trapezoid, nor a parallelogram.In the sequel, such a configuration is called anasymmetricquadrilateral
(CaseAQ, in Figure 1). In that case, we show that there always exists arobot r being either the unique
closest or the unique farthest robot from the centerO of the quadrilateral. By moving eitherr or the opposite
robot (w.r.t. toO) along its diagonal towardO, the moving robot eventually reachesO. By the way, it crosses
one side of the triangle formed by the 3 other robots. The system then becomes a non-perpendicular delta,
and from this point on, adopts the above behavior.
2. The convex hull H of the4 robots forms a symmetric non-perpendicular quadrilateralthat is not redu-
ced to a line segment. In that case,H forms either an isosceles trapezoid (CasenR-IT ) or a parallelogram
(CasenR-P) — note thatH can be a non-perpendicular rectangle (CasenP−R) if it is both an isosceles
trapezoid and a parallelogram. In these cases, the robots move trying to form a square in one step. Clearly,
if they move synchronously and reach their respective positions to form a square, then they succeed. The-
refore, in every executing starting from either a non-rectangle isosceles trapezoid or a non-rectangle paral-
lelogram, the four robots eventually form either an asymmetric quadrilateral, or a square. Starting from a
non-square rectangle, the four robots eventually form either an asymmetric quadrilateral, a non-rectangle
isosceles trapezoid, a non-rectangle parallelogram, or a square—refer to Figure 1.
3. The convex hull H forms a triangle that is not an arbitrary delta. So, one of the four robots is located
inside the triangle (CasenD-T in Figure 1). In that case, the robotr inside the triangle moves toward the
closest side of the triangle — ifr is at the center of the triangle, then it arbitrarily choosesone side to move
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on. Again, the system reaches a configuration where the cohort of robots forms a delta.
4. The4 robots are aligned on the same Line L(CasesL). In that case, both robotsr1 andr2 located bet-
ween the two extremities of the segment formed by the 4 robotsare able to move perpendicularly toL. With
respect to the asynchrony, there are 5 possible resulting configurations : either a non-perpendicular qua-
drilateral (possibly, an isosceles trapezoid or a parallelogram) or a triangle (possibly, a non-perpendicular
delta).

4 Three Robots
In this section, we show that starting from an arbitrary configuration, 3 robots can form an equilateral

triangle in finite time. As for the casen = 4, consider the convex hullH formed by the robots on the plane.
If the 3 robots belong to the same LineL, thenH is reduced to the segment of line linking the 3 points.
Otherwise,H forms a non-aligned triangle. (In the following, when we consider a non-aligned triangle, we
will omit the term “non-aligned”.)

Let us consider the three following cases :
1.The three robots form an isosceles triangle.In that case, if the triangle is also equilateral, then the problem
is solved. If the triangle is not equilateral, then letr be the unique robot being placed at the unique angle
different from the two others robotss andt. Let p be the position ofL, the perpendicular bisector of[s,t],
such thatp, s, andt form an equilateral triangle. SinceH forms an isosceles triangle,r belongs toL. So,
it can move alongL towardp. Clearly, while the triangle is not equilateral —i.e., r does not reachp —, r
remains the single robot allowed to move. By fairness, the equilateral triangle is formed in finite time.
2. The three robots are on the same line L.Let s andt be the two robots located at the extremities of the
segment formed by the three robots. Letr be the median robot andd(s, r) (respectivelyd(t, r)) denotes the
distance betweensandr (resp.,r andt). There are two cases to consider :
a. d(s, r) = d(t, r) — r is located at the middle of[s,t]. In that case,r can move on any position on the
perpendicular bisector of[s, t]. After one step, the robots form an isosceles triangle, and the system behaves
as in the previous case.
b. d(s, r) 6= d(t, r). Then,r can move toward the positionp such thatd(s, p) = d(t, p). Clearly,r reachesp
in finite time, and the three robots behaves as above thereafter.
3. The three robots form a scalene triangle.Since the three robots form a scalene triangle, the three internal
angles are all different. Letr be the robots corresponding to the greatest internal angle.Then,r can move
toward the intersection between the opposite side formed bythe two others robots and the line passing
throughr that is perpendicular to the opposite side of the triangle. While the robots are not on the same
line, r remains the only robots allowed to move because its internalangle increases whereas the two others
internal angles decrease. By fairness, the three robots areeventually on the same line. Then, they behave as
above.

5 Conclusion
We closed the circle formation problem for any numbern(n > 0) of robots in SSM. We proposed two

non-trivial deterministic protocols solving CFP for 4 and 3robots, respectively. The proposed solutions do
not require that each robot reaches its destination in one atomic step. In a future work, we would like to
address and solve the problem for any number of robots in CORDA.
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